TOPIC 1 Functions and graphs ¢ EXERCISE 1.2 | 1

Topic 1 — Functions and graphs

1.2 Linear functions

1.2 Exercise

1 a The graph passes the vertical line test. It has a many-to-one
correspondence.
b Domain: x € [—4,2]
Range: y € [0, 16]
cf:[-4,2] - R f(x) =+
d Whenx = —2\/5,

y=(2V3
=4x3
=12
2 Correspondence | Domain | Range | Function?
a Many-to-one [-3,6) | [-9,7] | Yes
b One-to-many [0, 00) R No
c Many-to-many [-2,2] [-2,2] | No
d | One-to-one R R Yes
e Many-to-one R {2} Yes
f One-to-one R R Yes
3 L={(x-y) :3x—4y=12}.
alety=0.
s3x=12
sx=4
Letx = 0.
So—dy=12
sy=-3

The line goes through (4, 0) and (0, —3).

Y
T 3x—dy :y
0

>

X

b Rearranging the equation,
3x—4y=12
S3x—-12=4y
Sy = %x—3
.. 3
The gradient is vh
4 afiR—>R, f(x) =9 —4x
f0)=9=(0,9)
Let f(x) = 0.
S9—-4x=0
.9
X = Z

(3

Y
The range is R.
b gi (-3.5) ~ Rg (W) ==
g(0)=0=(0,0)
9 9. .
g(=3)= -3 => | -3, -3 is an open end point.
g(5) =3 = (5,3)is aclosed end point.

y)
o3
7T
(5,3)
- ©.0) >
D X
3,9
)
Y
. 9
The range is -5 31.
c2x+y=4,xe€[-2,4)
y-intercept: y =4 (0,4)
x-intercept:
2x=4
x=2(2,0)
End points:
x=-2,y=8(-2,8)
x=4,y=—4 (4,-4)
V)

2.8

0,4

5 0l@0 4x
“4. -4

The range is (—4, 8].
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2 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.2

2
dy=3+5 xel-15]
y-intercept: y =5 (0,5)

x-intercept:
2x

0=—=—+5
3+
2x
5=
3
—-15=2x

15 15
=7 (‘7"))

(outside the domain)
End points:

13 13
:—l, = — —1’—
=ta=5 (05)

25 25
:5,2— 5,—
== (53)

Ty

(1.18)e 0

Sy

<7 T
Y

The range is [E é] .

y=y1=mx—xi)
y—6=-3(x-2)
y—6=-3x+6
y=-3x+12
_»-n
_xz—x1
_5+4
+2

m

WMI\OH

Y=y =mx—x1)
y=5=3(x-1)
y—5=3x-3
y=3x+2
y+2x—3=0

y=-2x+3
m=-=2

Therefore, gradient of desired line = —2.

y=y1 =mx—x)

y—4=-2x+1)

y—4=-2x-2
y=-2x+2

b 3y—-6x=4

3y=6x+4

4

=2 —
y x+3
m=2
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1
Therefore, gradient of desired line: m = )

y=—y1=m(x—x1)
y—3=—%(x—2)

As the gradient is negative:

5
0=180°—tan"' ( =
an (6>

= 140.2°

b tan(8) =m
m = tan(45°)

=1

y=—yir=mx—x)

y—4=1(x+2)
y—4=x+2
y=x+6
. X1 +x2 y1+y
8aiM=(252057)
24+6 0-4
=<TT>
=4,-2)

i d=v(n-x)"+0:-)’
=V(6-2) + (-4 -0y
=V32
= 44/2 units

X1+ x2 y1+y2>
2 72

_(—=3+4 -2+3
-(5557)
(11
(34

it d=v0 —x1)+ (2 — )

biM:(

=@ +3*+3+2)7
=V7? +52
=4/74 units
9 axMzm

a+ 10

8:

2
16=a+ 10
a=6



YLty
bom =7
5 a-2
272
S5=a-2
a="17
c d=\/()€2—)61)2'|'(yz—y|)2
VB3 =V@a-1?+6-ay
V713 =19+ (6 — a)?
73 =9+ (6 —a)’
6—a=64
6—a==8
a=6%x8
=14,-2
d d=1(x—x1)* + (2 —y)?

Vas=v(-2 a7 + (-2~ 47
V45 =v/(=2 - a)* + 36
45=(-2—-a)* +36

(=2-aP=9
—2—-—a==3
—a==x3+2
a=%3-2
=-5,1

10 A(5,-3),B(7,8)and C(-2,p)

a The line 9x + 7y = 24 has a gradient of —%.
This is the gradient of AC since it is parallel to this line.

Mac = p+3

-2-5

9 p+3

7 -1

s9=p+3
-p=6

7
b A line perpendicular to AC would have a gradient of 5

The line through B (7, 8) perpendicular to AC has equation:

y—8=g(x—7)
S99y —=T72="7x-49
S99y —=Tx =23

¢ Let the point where 9y — 7x = 23 meets AC be Q. The
length of PQ is the shortest distance from B to AC.
To find Q, solve the pair of simultaneous equations:
Ix+T7y=24 [1]
9y —Tx=23 [2]
. . 11 75
Q is the point (7, %>
The length of BQ is

2 2
11 75 .
\/(7_2_6) +<8—2—6) ~ 8.3 units.
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1.2 Exam questions

1 Midpoint: (% M) given (1,-5),(d,2)

2
. 1+d -5+2
M t=( —, ——
idpoin < ) )

_(a+t 3
“\ 22

The correct answer is A.

2 fx)=4—x
fla=-2=>4—-a=-2= a=6included
fb)=6=>4—-b=06= b= -2not included
The domain is (-2, 6].
The correct answer is D.

_ 1= (=
3 Gradientm:yz—yl, som = J: § =2=mr
X2 — X1 3-0 3
Now mxmr = —1, somy = —.

The correct answer is C.

1.3 Solving systems of equations

1.3 Exercise

1 2x+ky=4 [1]
k-3)x+2y=0 [2]
There is a unique solution for all values of k except when the
gradients are the same.
From [1] : ky=-2x+4
2 4 -2
yz—zx+z o m=—~
2y=—(k—-3)x
S Gk P i)
2 2
Equating gradients, we have:
2 (k=3)
k2
22)=kk-3)
0=k -3k-4
O0=(k—-4)(k+1)
0=k—4 or O0=k+1
k=4 k=-1
If k = —1 or 4 the equations will have the same gradient, so
for all other values of k there will be a unique solution. That
is, ke R\ {—1,4}.
2 mx—2y=4 [1]
x+m-=3)y=m [2]
There will be infinitely many solutions if the equations are
identical.
From [1]: mx—-4=2y

From [2] :

From [2]: x+@m—-3)y=m
x—m=—(m-3)y
x—m=0B-m)y

Y=g —X—

3—-m
For the equations to be identical, m = 2. To check we should
look at the two gradients.
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4 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.3

m 2
For [1]: Gradient= — == =1
or [1] radien > 3

1 1
For [2]: Gradient= ——— = —— =
or [2] radien T332

The gradients are also the same. Therefore, m = 2 for an
infinite number of solutions.

x+my=3 [1]

4dmx+y =0 [2]

From [1]: my=—-x+3

1

1 3 . 1
y = ——Xx+ — where gradient, = ——
mm m

From [2]: y = —4mx where gradient, = —4m
There is no solution when the lines have the same gradient
and are parallel.
Gradient; = Gradient,
1

—— =—4m
m
1 = 4m?
1 2
i om
4
m—+l
T2

| —

There is no solution if m = +
x+3ky=2 [1]

k—-1Dx—-1= -6y 2]
From [1]: 3ky=—x+2
1

. 1
e + % where gradientm; = %
From [2]: 1—-(k—1)x= 6y
1 (k-1 k—1

x =y where gradientm; = ———

6
The lines have a unique solution for all vales of k except for
when the gradients are the same.
mp =myp

1 k-1

0=3k-3k-6
0=k —k-2
0=k=2)k+1)
k—=2=0 or k+1=0
k=2 k=-1
Lines have a unique solution when k€ R\ {—1,2}.

5a-2x+my=1 [1]

m+3)x—2y=-2m 2]
From [1]: my =2x+1
2 1 . 2
y = —x + — where gradient;, = —
m m m

From [2]: (m+3)x+2m =2y

(m + 3)x + m =y where gradient, = mT-l-S

The lines have a unique solution for all vales of k except for

when the gradients are the same.
Gradient; = Gradient;

2_m+3
m_ 2
4=m+3m

0=m’>+3m—4
O=m+4)(m-1)

m+4=0 or m—1=0
m=—4 m=1
The lines have a unique solution when m € R\ {—4, 1}.
b The lines have no solution when the gradients are the same
because the lines are parallel.
Ifm=-4
“2x—4y=1 [1]
—x—-2y=38 [2]
[2] X2 = -2x—4y =16
Therefore, if m = —4, the gradients are equal, but the
y-intercepts are not. Therefore, the lines are parallel
¢ The lines have infinitely many solutions when both the
equations are identical. This is when their gradients are the
same and so too are the y-intercepts.
Ifm=1:
—2x+y=1 [1]
4x -2y =-2 [2]
[11X-2=4x—-2y=-2
The lines are identical, so there are infinitely many
solutions when m = 1.
6 2m—4n—-p=1 [1]
dm+n+p=>5 [2]
3m+3n—-2p=22 [3]
[1]x2and [2] X 2:
dm—-8n—-2p =2 [4]
8m+2n+2p =10 [5]
(31— [4]:

—m+ 11n =20 [6]
[31+[5]:
11m+ 5n =32 [7]
[6] x11:
—1lm+121n =220 [8]
[71+[8]:
126n = 252
n=2
Substitute n = 2 into [6]:
—-m+11(2)=20
22-20=m
m=2
Substitute m = 2 and n = 2 into [2]:
42)+2+p=5
10+p=5
p=-5
7 2d—e—f=-2 [1]
3d+2e—-f=5 2]

d+3e+2f=11 3]
[1]x 2 and [2] X 2:
4d—2e—2f= -4 [4]
6d+4e—2f=10  [5]
[31+[4]:
Sd+e=1 [6]
[3]+[5]:
7d +Te = 21

d+e=3 (7]

(6] - [71:
4d =4

d=1
Substitute d = 1 into [7]:
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1+e=3 [4] - [3]:
e=2 S5v—10w =50 6
Substitute d = 1 and e = 2 into [1]: v=2w=10 (6l
2()=2—-f=-2
M ?_2 (61 - [51:
8 CAS can be used for all parts or the equations can be solved 3w=-6
by hand. w=-=2
5 -1 ! Substitute w = —2 into [6]:
asrry—= [ y—2(=2)=10
—x—-3y+z=-13 2] b4 4 =10
—4x+3y—z=-2 [3] i
[21+ B3I Substitute w = =2 and v = 6 into [1]:
_5x=3_15 U+2(6) —4(=2) =23
X =
u+12+8=23
meenoimn
2] = 3y3z+—_ 13 datbt+c=4 (1]
vTeT (51 2a-b+2c=17 [2]
-3y+2z=-10
[4] + [5]: —a-3b+c=3 [3]
—2y=—4 [1]+[3]:
y=2 —2a+2c=1 [4]
Substitute into [4]: [3]1x2:
2—-7=6 —2a=6b+2c=6 [5]
7=—4 [4] x =2:
bm+n—p=6 (] 4b —4c=-14 [6]
3m+5n-2p=13 [2] (6] +[7]:
5m+4n—"Tp =34 [3] -3b=9
[1]x3: b=-3
3m+3n-3p=18 [4] Substitute b = —3 into [4]:
[2] - [4]: -2(=3)+2c=7
2n+p=-5 [5] 6+2c=7
[1]x5: 26=11
Sm+5n—5p =30 [6] czz

(6] —[31:

nt2p = —4 7] Substitute b = =3 and ¢ = % into [1]:

[7]% 2: a—3+%=4
2n+4p=-8 [8
n+4p (8] s g
[8] —[5]: a=5=3
3p= -3 13
p:—l a= —
Substitute p = —1 into [5]: 9 Let a be the smallest angle, b be the largest angle and ¢ be the
2n—1=-5 third angle.
2n=—-4 b=a+20 [1]
n=-2 a+b=c+60 [2]
Substitute p = —1 and n = =2 into [1]: a+b+c=180 [3]
m—2+1=6 Substitute [1] into [2] and [3] :
m="1 a+a+20=c+60 (4]
cu+2v—4w =23 [1] 2a —c =40
3u+4v —2w =37 [2] a+a+20+c¢=180 5]
B3u+v-2w=19 [3] 2a + c =160
[1]1%x3: 5 ny
3u+6v—12w=169 [4] [4] + [230-
[4] - [2]: o
2v=10w =32 Substitute @ = 50° into [1]:
v—5w=16 [5]

b=50+20=70°
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6 | TOPIC 1 Functions and graphs ¢« EXERCISE 1.3

10

11

12

13

Substitute @ = 50° and b = 70° into [3]:
50+ 70+ ¢ =180

120 + ¢ =180
c=60°
The largest angle is 70°, the smallest angle is 50° and the third
angle is 60°.
w—=2x+3y—2z=10
2w4+x+y+z=4

—-w4+x+2y—z=-3

3w—-2x+y=11
Solve using CAS:
w=1, x=-3, y=2andz=3
2x—y+az=4 [1]

a+2)x+y—-z=2 [2]
6x+(a+1)y—2z=4 [3]
Solve using CAS:
=2(a+2) =4(a+2)andz=4—1
ala+4)’ a(a+4) " a
x+2y+2z=1 [1]
2x=2y+z=2 |[2]
a [1]+[2]:
3x+3z=3
b Letz = A.
3x+34=3
x+4i=1
x=1-24
Substitute z = A and x = 1 — A into [2]:
2(1l=-)—-2y+4=2
2-2A-2y+A=2

-A=2y
__A
)

¢ This solution describes the line along which the two planes
are intersecting.
x+2y+4z=2 [1]
x—y-3z=4 [2]
(2] -1[11:
—3y-Tz=2
3y+Tz=-2
Letz = A.
3y+74=-2
3y=-74-2
_=Ti=2
-3
TA+2
3

2
into [2]:

Substitute z = Aandy = _7)” +

7442 o,

)
3

9A+12-74-2
B 3
24410
T3
_2(A+5)
=73

X+

x=31+4-

14

15

16

x+y—-2z=5 [1]
x=2y+4z=1 [2]
[11-[2]:

3y—6z=4
Letz = A.
3y=61+4
_2(34+2)
Y=73
Substitute y = M into [1]:
+39%12—2A=5
3x+6A+4—-64A=15
3x=11
!
T3
—2x+y+z=-2 [1]
x—3z=0 2]
Letz=A.
From [2]:
x—34=0

x=34
Substitute z = A and x = 34 into [1]:
20@)+y+i=-2
y—54=-2
y=54-2
3x+2y=-1 [1]
mx+4y=n [2]

From [1]: 2y=-3x-1
y= —§x _1 where gradient, = _3
27 2 T2
From [2]: 4y=-mx+n
m_n . m
y=-gx + 71 where gradient, = 7

If gradient, = gradient,,

3 0m

2 4
12=2m
m=6

a The lines have a unique solution for all values of k except
for when the gradients are the same. Therefore, m € R\{6}
andneR.

b The lines have infinitely many solutions when both the
equations are identical. This is when the gradients are the
same and so too are their ¢ values. If the gradients are the
same, then m = 6, and if the ¢ values are the same, then:

I _n
274
-4 =2n

n=-2

Therefore, for an infinite number of solutions,
m=6,n=-2.

¢ The lines have no solution when the gradients are the same
but the y-intercepts are different (lines are parallel).
Therefore, m = 6 and n € R\{-2}.
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1.3 Exam questions

1 Consider the simultaneous equations:

ax—3y=5 [1]

3x—ay=8—-a [2]

There will be no solutions when the gradients of both
equations are the same and the y-intercept is different.
First, rearrange the equations to determine the gradient of
each line.

ax—3y=5 [1]
—3y=—ax+5
a 5
y=3773
Gradient = =

3x—ay=8-a [2]
—ay=-3x+8—-a

3 8§—a
y=-x-

a a
Gradient = —
Solve for when the gradients are equal.
a_3
37 a
=9
a==3

Now test each a value to see which one(s) means that the
y-intercepts are different.

a=3:
3x—3y=5 [1]
3x-3y=5 2]

When a = 3, the equations are the same; therefore, there
would be infinitely many solutions.
a=-=-3
—3x-3y=5 [1]

3x+3y=11 2]
The gradients of both equations are the same; however, the
y-intercepts are different.
Therefore, when a = —3, there are no solutions.
The correct answer is B.
Consider the simultaneous equations:

—2x —my=—4 [1]

m—Dx+6y=2(m—-1) [2]
There will be a unique solution provided the gradients of the
two lines are not equal.
First, rearrange the equations to determine the gradient of
each line.

—2x—my=-4 [1]
—my =2x—4
2 4
y=——x+ —
m m
Gradient = ——

(m—Dx+6y=2m—-1) [2]

6y=—m—1x+2(m—-1)
m—1 m—1
y:— x+_

6 3
-1

6

Gradient =

TOPIC 1 Functions and graphs ¢ EXERCISE 1.4 | 7

Solve for when the gradients are equal.

2 m-—1
m 6
12=m*-m
0=m*—m—12
=(m—-4(m+3)
m=4,-3

Therefore, there will be a unique solution for all values other
than 4 and —3.

meR\{-3,4}

The correct answer is C.

A unique solution represents only one value for each of the
three variables and will only occur at a point.

The correct answer is C.

1.4 Quadratic functions

1.4 Exercise

1

2

3

4

alsw—u—-2=0Gu-2)Gu+1)

b 6d° — 284+ 16 =2 (3d" — 14d +8) =2(3d —2)(d — 4)
c37+12/-6

=3("+4/-2)

=3(P+4+2° -2 -2)

=3((G+2°-6)

—3<(/+2)— )2)
=3(j+2-v6) (j+2+V6)

db2—1=(b—1)(b+1)

afl-12f-28=(f—14)(f+2)
bg+3g—4=(g+4 -1
a 8x° +2x—3=0
@x+3)2x=1)=0
,=_31
T 4’2
b2x*—4x+1=0
A = b* — dac
=(—4)?-4x2x1
=16-38
=8
= —b+v/b? — dac
- 2a
4+4/8
T o2x2
42242
T4

22
T2

asly’=1
81y’ —1=0
@) -1=0

OGy-1DOy+1)=0
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99—-1=0 or 9+1=0 Therefore, the graph has a minimum turning point at
1 1 2
Y=3 y=-3 <§,—8>-
b 472 +2874+449=0 y-intercept: let x = 0.
' ’ oy — 2
22* +2Q2) (N +7* =0 Sy=2(-2) -8
Qz+77=0 .'6yo= 0
2+7=0 ©.0) )
27=-7 The axis of symmetry is x = 3 so the other x-intercept must
7 4
=73 be <§ 0).

c 5m* +3 = 10m

5m* — 10m+3=0

10£V/(-10)> —4x5x% 3
m=

2X%5
_ 10+4/40
10
_10%£24/10
B 10
+‘(
= > _5 10 Domain R, range [—8, c0)
7 af:(-2,2) - Rf(x)=3(1-x>+2
d ¥ —dx=-3 TP = (1, 2)
X —4x+3=0 End points:
(x=3)x-1=0 x=-2,f2)=31-27%+2
x=3=0 or x-1=0 =3x(-1)*+2
x=3 x=1 =5
5 a 48p =24p* + 18 o (=2,5)
24p* —48p + 18 =0 x==2,f(-2)=3(1+2"+2
4p* —8p+3=0 =3x(3)+2
2p-1DH@2p-3)=0 =29
p-1=0 or 2p-3=0 ©+ (=2,29)
1 3 Lowest value = 2, highest value = 29
r=3 rP=3 Therefore, range = [2, 29).

b iy=x-2)2x+3), xe[-2,3]
y-intercept, x = 0:
y=0-2)(0+3)

b 39 = 4k* + 77
4K —39% +77=0
@k-11)(k=7)=0

=-6
k= T k=17 x-intercepts, y = 0:
0=(x-2)2x+3)
c m?> +3m =4
i+ 3m—4=0 =23
+4)(m-1)=0
(m+4)(m—1) (2,0),<_§,0
m+4=0 or m—1=0 2
m=—4 m=1 Tl.le turning point occurs halfway between the
x-intercepts:
d 4n* =8 -5n 23 1
- 2 _ 2 _
4n* +5n-8=0 x=—t=2=7
—5+1/(5° -4 x4 x -8 1 1
= =(--2)(2%x-+3
" 1% 4 1 3t
—-5+4/153 =_ZXZ
=— 472
49
_ -5+3y/17 =-3
8 oo (1%
6 y=23x—-2?%-8 “\4 8

2
Turning point: when3x —2 =0, x = 3
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End points:
x=-2,y=(-2-2)(-4+3)=4
S(=2,4)
x=3,y=3-2)(6+3)=9
(3,9

YA (3,9

© _6)v (

9]

Range =

8
ii y= > +4x+2, xER
y-intercept, x = 0:
y=2
0,2)
x-intercepts, y = 0:
0=—x*4+4x+2
A =b* —4ac
=42 _4x-1x2
=24

—bx\/b* —dac
2a
—4++/24
-2
_ —4£2v/6

_2ave
(2—\/8,0),(2+\/6,0)

Turning point:
-4
= — = 2
R}
y=-2"+42)+2
=6
TP = (2,6)

YA

(2,6)

2-+6,0)/0 (2 + 6, 0)

Range = (—o0, 6]
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iii y=-2(x+1)7-3, xe (-3,0]
y-intercept, x = 0:
y==20+17-3
=-5

0,-5)

x-intercepts, y = 0:
0=—-2(x+17>-3

—%z(x+1)2

No x-intercepts

TP = (-1, =3)

End points:

x=-3,y=-2(-3+17%-3
=-2x(-2?%-3
=-11

5o(=3,-11)

x=0,y=-20+1?*-3

=-2x(1)7-3
=-5
5 (0,=5)
YA
D 0 x
-1,-3)
»(0, -5)

(-3,-11)

Y
Range = (—11,-3]

iv y= %(2x— 3 -1, x€R
y-intercept, x = 0:

_1 2
y=30-37~1

7
(O’ z)
x-intercepts, y = 0:
0= %(2)5—3)2—1
2 =(2x — 3)?

i\/§=2x—3

*V24+3=2x

3+4/2

2
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10 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.4

3
™=(2-1
(2’ )

Range = [-1, )
8 fLRTU{0} > R, f(x) =4x* — 8x + 7.

a The discriminant determines the number of x-intercepts.

A=b"—dac,a=4,b=-8,c=17
A=64-4x4x%x7
=64 —-112
<0
There are no x-intercepts.
b f(x) =4x* —8x+7
Completing the square:

f(x)=4<x2—2x+ %)
7

=4<(x2—2x+1)—1+z>

=4<(x— 1)2+§>

=4(x-12+3
¢ The restricted domain is R* U {0}.
Minimum turning point (1, 3), y-intercept and
end point (0, 7)
y
y=4x>-8x+7

0,7)

Y

The range is [3, o).

(1,3)

2y

9 x-intercept at x = —l = (2x + 1) is a factor.
x-intercept at x = 4 = (x — 4) is a factor.
Let the equation be y = a (2x + 1) (x — 4).
Substitute the point (0, 2):

S 2=a(l)(—4)
1

Soa=—=

2
The equation is y = —% 2x+1)(x—4).

The turning point is halfway between the x-intercepts.

Therefore,
_4-05
)
35
7
T4

Substitute this x-value back into the original equation.

S
=06

81

16

Therefore, the turning point is <%, ?—é) .

10 a Let the equation be y = a(x — h)* + k.

The turning point is (=6, 12).

Ly=alx+ 6)* + 12

Substitute the point (4, —3):
s =3=a(10y* + 12

- 100a = —15
-
CTT20

The equation is y = —23—0(x +6)* + 12.

b The points (=7,0) and (—2%, 0> are the two x-intercepts.

1
The equation has linear factors (x + 7) and <x + 25) or

2x+5).
Let the equation be y = a (x + 7) 2x + 5).
Substitute the point (0, —20):
So=20=a(7)(5)

.4

Soa= —7

.. 4
The equation is y = -3 x+7)(2x+5).
¢ As the points (=8, 11) and (8, 11) have the same

y-coordinate, the turning point and the axis of symmetry lie
midway between them.

. 8
Axis of symmetry: x = =>x=0.

The minimum value of a quadratic function is the y-value of
its minimum turning point.

Therefore, the turning point is (0, —5).

Let the equation be y = ax® — 5.

Substitute the point (8, 11):

1l=a(64) -5

- 6da =16
.a_l
na=g

1
The equationis y = sz -5.

11 a - +2x-5

=—(x2—2x+5)
=—((-2x+1)-1+5)
=— (=1 +4)
=—(x-17-4

b y=-x*+2x-5

Ly=—(x-17%-4
The turning point is (1, —4).

¢ The turning point is a maximum, so the range is (—oo0, —4].
There are no x-intercepts. The y-intercept is (0, —5).
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y=-x>+2x-5
(1, -4)
0, -5)

\\:
T
»
2
=
=

y=-x>+2x-5
(1, -4)

Y

The line y = x + 3 passes through the points (-3, 0) and
(0, 3). As the diagram shows, this line will never intersect
the concave down parabola.
e The graphs of y = x + k and y = —x* 4+ 2x — 5 will intersect
when
x+k=—x*+2x-5

X —x+k+5=0
For one intersection, A = 0.
A=b"—4ac,a=1,b=—l,c=k+5

=1-4(k+)5)

=—4k-19
So—4k—19=0

kZ_I

. . 19
For exactly one intersection, k = ——.

4
12 2% =kx—2
2% —kx+2=0
A = b — dac
= (k) —4x2x2
=k -16
A<0
P -16<0
(k—4)(k+4)<0
ke (—4,4)
13 ¥ =1=-3-2mx
X +2mx+2=0

TOPIC 1 Functions and graphs ¢ EXERCISE 1.4 | 11

A =b? — dac
=02m) -4x1x2
=4m* -8
A>0
4m* -8 <0
m —2<0

(k-\/i) (k+\/§><o

e (~o0.v2) U (Va.w)
14 ¥ -2=2x-3

X =2x+1=0

A = b — dac
=(-2%-4x1x1
=4-4
=0
As A =0, the graph of y = 2x — 3 is a tangent to the graph of
y=x—2.
15 a kx® — 3x + k = 0 has no solutions if the discriminant is less
than zero.
A<O
(=3 -40) (k) <0
9—4k* <0

(B-2k)B3+2k) <0

<
o T T T T T

-5 -1 -05 0 05 1 1f5

Y

Thus, {k: k < =15} U {k: k> 1.5}
bk +4x—k+2=0
A=16—-4XkX(—k+2)
=16+ 4k — 8k
=4 (K -2k+4)
=4 (K -2k+1° =17 +4)
=4[+ 1)’ +3]
=4k+ 1>+ 12
As(k+ 1) >0,
LAKk+17 20
and4(k + 1) + 12 > 0.
A is always greater than zero. Therefore, the equation will
always have a solution for all values of k.
16 (m—1)x* + <¥>x+2m=0

This has two solutions if the discriminant is greater than zero.
b —4ac > 0

2
(5_2’") —4m-1)2m>0

2
Using CAS:

N 25
—Tm” +3m + T >0

e <3—2\/E 3+2\/R>\{1}

14 14

Note: m # 1 as the coefficient of x> would be zero if m = 1.
Therefore, no parabola would exist.
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1.4 Exam questions
1 2+2x—k=0

A=Q2?+4k=4+4k>0
k>—1,(-1,00)
The correct answer is B.
y= X =2bx+1
y= (¥ =2bx+b*) +1-0
y=@-b’+1-0
The turning point is V (b, 1- bz).
Define the distance, s, from the origin, O, to the turning point,
V, in terms of b.
dov = s(b) =/b? + (1= 1)’
Enter the function in your CAS calculator and determine
which b value gives the smallest value of the square root, the
distance from the origin.
When b = L or —L, the distance is é
2 W2 4
The correct answer is C.
yr=mx+c, y2 = ax2
For intersection points, y; = y2:
mx+c=a’ >ax’ —mx—c=0
For no points of intersection, the discriminant,
A =m? +4ac < 0.

m* < —4dac = ¢ > —Z—l if a < 0. Dividing by a positive does
a

not reverse the inequality.
The correct answer is D.

1.5 Cubic functions

1.5 Exercise

1 a 1254 = 276 = (5a)° — (3b)®
= (5a — 3b) ((5a)° + (5a) (3b) + (3b))
= (5a — 3b) (254 + 15ab + 9b°)
b 2% + 6¢%d + 6¢d® + P
=2(+37d+3cd +d°)
=2(c+dy
c40p’ —=5=5(8p’ —1)
=5(2py’ -1°)
=5Qp-1(@py +2p+1)
=5Qp-1) (4> +2p+1)
d 8 — 12> +6x—1
= (20" - 320 (1) +3 @0 (1> = (1)
=@2x-1)

2 a277 —5472 +36z-38

=32’ =332’ +3(32) (2 +2°
=(3z-2)

b m*n® + 64
= (mn)’ +4°
=(mn+4) ((mn)2 — 4mn + 42)
=(mn+4) (mzn2 —4mn + 16)

3 a3 —xy—3x+y

=3 —3x—xy+y
=3xx—-1—-yx-1)
=(x-DBx-y)

b 3y® +3y’2% — 2zy — 27°
= 3y2 (y+z2) -2z (y+z2)
= (v+2) (3" - )
a 94> — 16b* — 12a + 4
=94" — 12a + 4 — 16b°
= (3a)®> —2(3a) (2) + 2% — (4b)*
= (Ba - 2)* — (4b)*
=(Ba—2 —4b)(Ba -2 +4b)
b n?p* —4m* —4m -1
= (np)? — (4mz +4m + 1)
= (np)’ — (@m)* +2(2m) + 1)
= (np)’ — 2m+ 1)’
=mp—-Cm+1)(np+(2m+1))
=mp-2m—1)(np+2m+1)
Let P(x) = x° — 2x% — 21x — 18.
P(=D)=(=1P =2(=1)* =21(-1) - 18
P(-1)=—-1-2+421-18
P(-1)=0
Thus, (x + 1) is a factor.
X =28 =2lx— 18 =(x+ 1) (x* - 3x — 18)
=x+1)x—-6)(x+3)
a7r—49°2 +r-7
=77 (r=-N+T-1)
=(@r=7(77+1)
b 36V + 6V +30v + 5
=6V (6v+ 1) +56v+1)
=(6v+1)(6v* +5)
¢ 2m® + 3m® — 98m — 147
=m* 2m+3) — 49 2m + 3)
= (2m+3) (m* — 49)
=C2m+3)m—-T)(m+17)
d27 -7 +27-1
=7 2z-D+@Qz-1)
=Qz-D(Z+1)
e 4x> — 28x + 49 — 25y7
=(Q2x =7 - (5y)
=Q2x—7-5y)2x -7+ 5y)
f 164> — 40> = 12b—9
= (4a)’ — (40" + 12 +9)
= (4a)* — 2b + 3)°
= (4a — (2b +3)) (4a + 2b + 3)
=(4a—2b—-3)(4a+2b+3)
gV —4—w+dw
= - (W2—4w+4)
=17 — (w—2)
=(v-w=-2)(v+Ww-2)
=(v-w+2)(v+w-=2)
h 4p> — 1 +4pg + ¢
=4p> +4pg+ ¢* — 1
=Q2p+q’ -1
=Q2p+q-1DQC2p+q+1)
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7 28— —10x+5=0
Xx-1)-52x-1)=0
@x—1)(x¥*=5)=0

(2x — 1)(x—\/§) (x+\/§) =0

= -, x£v/5
)

8 aletP(b)=0b"+5b>+2b-8.
P(=1P+517°+2(1)-8=8-8=0
Thus, b — 1 is a factor.

b +5b°+2b—8=(b—1) (b’ +6b+8)
=b-1DGB+2)(B+4)
Ifb° 4+ 50> +2b -8 =0,
G-DOb+2)b+4=0
b—1=0 or b+2=0 or b+4=0
b=1 b=-2 =—4
b —2m® +9m* —m—12=0
2m —9m* +m+12=0
Let P (m) = 2m*> — 9m® + m + 12.
P(-D)=2(-1P -9-1)*-1+12
=-2-9-1+12
=—12+12
=0
Thus, m + 1 is a factor.
2m’ —9m* +m+12=(m+ 1) (2m* — 11m + 12)
=m+1)2m-=-3)(m—4)
If2m® —9m* +m+12=0
m+1)2m-=3)(m—-4)=0
m+1=0 or 2m—3=0 or m—-4=0

m=-—1 m= m=4

[\SY SN}

c Let P(x) =2x° —x* — 6x + 3.

/()0 -+

1
11 543
1737
-0

Thus, (2x — 1) is a factor.

2 =X —6x+3=2x—1)(x* = 3)

If2x° — x> —6x+3=0,
@x-1(¥=-3)=0

2x—1=0 or x*-3=0

xX== =3

2
x=%/3
d2’+77% +2x-3=0
Let P(x) = 2x° + 7x* 4+ 2x — 3.
P(=1)=2(=1)* +7(=1)* +2(=1) -3
=-247-2-3
=0
Thus, (x + 1) is a factor.
28+ 73 +2x-3=0
G+ 1D (2 +5x-3)=0
E+Dx=D@E+3)=0
x+1=0 or 2x—1=0 or x+3=0

x=-1 X =
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14 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.5

9 a Let P(f) = 3£ + 227 + 37t + 10.
P(=5) =3(=5)* + 22(=5)> + 37 (=5) + 10
=—-3754+550 - 185+ 10
= —560 + 560
=0
Thus, t + 5 is a factor.
3° +220 4371+ 10=(t+5) (37 + Tt +2)
=@+50C+2)@r+1)
If 37 + 227 + 37t + 10 =0,
t+30e+2)Bt+1)=0
t+5=0 or t+2=0 or 3t+1= 0

=-5 =-2 [Ep——

b Let P(d) = 3d> — 164> + 12d + 16.
P(2)=32)°-162° +12(2) + 16
=24 -64+24+16
=64 — 64
=0
Thus, d — 2 is a factor.
3d® — 16d° +12d + 16 = (d — 2) (3d° — 10d — 8)
=d-2)(d-4)Bd+2)
If 3d> — 16d* + 12d + 16 = 0,
d=2)(d-4)(Bd+2)=0

d-—2=0 or d-4=0 or 3d+2=0
2
d=2 d=4 d=—§
10 AC+(B-DX+B+Ox+D=3" - +2x—7
A=3, B-1=-1 B+C=2 and D=-7
B=0 0+C=2
Cc=2
11 P2 +9°% -2+ 1= +dx+e)’+4
40 -2+ 1= +dx* 4+ 2dex + ¢ +4
& =9,2(*3)e=-2
d=2%3 *6e=-2

e==*

W] =

12 a5 -32+4z—1=a’ +b” +cz+d
a=5, b=-3,c=4andd = -1
bxX—62+9%—1=x(x+a’—-b
x3—6x2+9x—15x(x2+2ax+a2)—b
X6 +9%—1=x>+2a +a*x—b
2a=-6 b=1
a=-3
13 28 -5 +5x -5
=ax-1P+bx-1Y+c@x-1)+d
a(x3—3x2+3x—1)+b(x2—2x+l)+cx—c+d
=ax’ —3ax’ +3ax—a+bx* —2bx+b+cx—c+d
=a’ +(3a+b)x* +Ba-2b+c)x+(—a+b—c+d)
Equating coefficients:
a=2 -3a+b=-5 3a-2b+c=5 —-a+b-c+d=-5
-32)+b=-5 3Q2)-2(1)+c=5 -2+1-1+d=-5

—-6+b=-5 6—-24c=5 —2+d=-5
c=1

Thus, 23> =52 +5x=5=26 - 1’ +(x = D>+ (x = 1) = 3.
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14 P (x) = ax® + bx* — 4x — 3 where (x + 3) and (x — 1) are
factors.
a(=3)* + b(=3)> —4(=3)-3=0
—27a +9b =-9
3a-b=1 [1]
a(1® +b(1* —4(1)-3=0
a+b=7 2]
[1] + [2]
4a=38
a=2
Substitute a = 2 into [2]: 2+ b =7, sob = 5.
15 y= —4(x+2)° + 16
Stationary point of inflection at (-2, 16)
y-intercept: let x = 0.

Ly=-42)P° +16
Sy=-16
(0,-16)

x-intercept: let y = 0.
0=—-4(x+2)° +16

S+ =4
.'.x=\3/4_1—2
(Vi-20)

YA

Y= 4 +273+ 16
(-2,16)

(@Z ~2.0)
L

(0, -16)

A
R
X

A
16 f:[-2,4]1 - R, f(x) = 4x° — 8x* — 16x + 32
a 4x’ —8x* — 16x + 32
=42 (x=2)=16(x=2)
=4(x=-2) (¥ —4)
=4(x -2 (x+2)
b f(x) =4(x—2)> (x+2), xe [-2,4]
x-intercepts: x = 2 (turning point), x = —2 (which is also an
end point)
y-intercept: f(0) = 32 = (0,32)
Right end point: f(4) = 4(2)* (6) = 96 = (4, 96)

y=4x3—8x>— 16x + 32

¢ The maximum value of the function f is 96 and its
minimum value is 0.
17 ay=x"—x"—6x
.‘.y=x(x2 —x—6)
Sy=x(@x-3)(x+2)
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The factors show the graph cuts the x-axis at (0, 0), (3,0)
and (-2, 0).
The leading term has a positive coefficient.

y

(2,0

y=x>—x>—6x

Y
1
by=1—§(x+1)3

Stationary point of inflection (-1, 1)

y-intercept: let x = 0.

. _ 1 3

sLy=1 8(1)
_7
=8

x-intercept: lety = 0.
1

S 0=T- 20+ 1)

S+’ =8
Sx+1=2

sox=1
(1,0)
End points:
x=-3,y=1- %(—3+ 1)}

L3
=1- —(=2)
8( )
1
=]—— —_—
8>< 8
=2 ..(-3,2)

x=2,y=1—%(2+1)3

YA

'
\,

<
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16 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.5

cy=12(x+ 1) =3x+1)
Ly=3+ 1)@ - (x+ 1)
Ly=3+ 1’3 —x)
The factors show the graph touches the x-axis at (—1,0) and
cuts it at (3, 0).
y-intercept: let x = 0.
Sy=310*3)=9
0,9
Y y=1200+ 1) =30+ 1)

0,9

(3,0)

)

-1,0) 0

Y

18 The x-intercepts indicate the linear factor and its multiplicity.
In the diagram each factor will have multiplicity 1.
Cut at x = 0 = x is a factor.

4
Cutatx =0.8 = 3 = (5x — 4) is a factor.

Cutatx=1.5= % = (2x — 3) is a factor.

Let the equation be y = ax (5x — 4) 2x — 3).
Substitute the point (2, 24):
L 24=a2)(6)(1)
S 12a=24
La=2
The equation is y = 2x (5x — 4) (2x — 3).

19 The x-intercept at x = —4 = (x + 4) is a factor.
The x-intercept at x = 1 = (4x —5) is a repeated factor of
multiplicity 2.

Let the equation be y = a (x + 4) (4x — 5)°.
Substitute the point (0, 10):
S 10=a ) (=5)?

2. 10 =100a
gz L
)

1
The equation is y = ) (x + 4) (4x — 5)%.

20 a f(x) = -2 +9x* —24x+ 17
fH)=-24+9-24+17=0
. (x—=1)is afactor.
By inspection,
—20 + 9" = 24x + 17 = (x — 1) (=247 + Tx — 17)
Consider the discriminant of the quadratic factor

—2x* +7x - 17.
A=49 —4(=2)(-17)
=49 — 136
<0

Since the discriminant is negative, the quadratic cannot be
factorised into real linear factors and therefore it has no real
Zeros.

For the cubic, this means there can only be one x-intercept,
the one which comes from the only linear factor (x — 1).

b For there to be a stationary point of inflection, the equation
of the cubic function must be able to be written in the form
y=a(x+b) +c.

Let —2x° + 9x* = 24x + 17 = a(x + b)* + c.
By inspection, the value of @ must be —2.
L2049 = 24x 4+ 17 = 2 (X +3°b + 3" + 1) + ¢
Equate coefficients of like terms:
3

x2:9=—6b=>b=—§
x1 =24=-6b"=>0b" =4

It is not possible for b to have different values.

Therefore, it is not possible to express the equation of the
function in the form y = a(x + b)* + c.

There is no stationary point of inflection on the graph of the
function.

¢ The leading term has a negative coefficient. Therefore, as
x— £o0,y = Foo.

d Given the function has a one-to-one correspondence, there
cannot be any turning points on the graph. The graph of a
decreasing function that has no stationary point of
inflection nor any turning points and passes through (1, 0)
and (0, —17) is required.

A

=03 2_
©, 17) y=-2x"+9x" - 24x + 17

{,0)

1.5 Exam questions

1 pk =X =2a +x-1
p(2)=—8—-8a-2-1=5
8a=-16
a=-2
The correct answer is E.
2 Letf: [-3,.0] = R,f(x) = (x +2)°(x — 1).
a f)=(x+27°x-1)
= +4x+Hx-1D
= - +4% —dx+4x—4
= +3% -4 [1 mark]

b The x-intercepts are x = —2 and x = 1. (x = 1 is outside the
domain, but it is useful to know for the shape of the graph.)
There is a maximum turning point at (—2, 0).

Check for another turning point:
') =3x* 4+ 6x

0=3x(x+2)

x=0,-2
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£0) = 2*(=1) Substitute x = a”:
=—4 a* =2, a* = —4 (no solution)
Therefore, there is a minimum turning point at (0, — 4). a= i\/z
Y 3a F-17P+16=0
(F=1)(P-16)=0
I-DIA+DHI-H(I+4=0
2.0) I-1=0or/+1=00rl—-4=00rl+4=0
° > =1 I=-1 [=4 l=-4
0 * b +32—4c—12=0
Let P(c) = ¢* + ¢ — 10¢* — 4c + 24.
(-3, -4) 0= PQ2) =" +(2)° - 102 —4(2) +24
=16+8-40-8+24
Y =48 — 48
Award 1 mark for correct end points. =0
Award 1 mark for the maximum turning point. Thus, (¢ — 2) is a factor.
Award 1 mark for correct shape. A+ =102 —4c+24=(c-2) (C3 +3c% —4c— 12)
3 First consider f(x) = x* — 3x%. Let Q(c) = ¢ +3¢® —4c — 12.
Using CAS or calculus, there is a maximum turning point at 0Q) = 2 4+ 3(2)2 —42)-12
(0, 0) and a minimum turning point at (2,—4). =8+12-8—12
Currently there are two x-intercepts. To obtain three distinct -0

x-intercepts, the graph needs to be translated upwards by no .
. .. Thus, (¢ — 2) is a factor.
more than the magnitude of the y-value of the minimum 3 ) )
turning point. A+3% —4c—12=(c-2) (> +5c+6)
Hence, c €(0,4). =(-2)(+2(c+3)
The correct answer is D. Therefore,
A+ =10 —de+24=(c=2P(c+2)(c+3)
(c=2(c+2)(c+3)=0

1.6 Higher degree polynomials ¢c—=2=0o0rc+2=0 orc+3=0
16 E - c=2 c=-2 c=-3
0 Bxercise 4 a a* =104 +9=0
1 LetP(x) = x* — 5% — 32x" + 180x — 144. (@=1)(@-9)=0

P()=(1)*=5(1)° —=32(1)* + 180 (1) — 144
P(1)=1-5-32+180— 144
P(1)=181-181

a-D@+1@-3)a+3)=0
a—1=0ora+1=0 ora-3=0o0ra+3=0

a=1 a=-1 a=3 a=-3
P(H=0 4 )
Thus, (x — 1) is a factor. b 4k — 101k +25=0
X =507 = 3207 +180x— 144 = (x — 1) (x* — 42 — 36x + 144) (4 —1) (K -25)=0
Let Q (x) = x° — 4x* — 36x + 144. Qk-=1)Q2k+1)(k—=5)(k+5)=0
Q(2)=2j‘4(2)z—36(2)+1447“’ %—-1=0 or2k+1=0 ork-5=0o0rk+5=0
Q@) =4 — 447 —36(4) + 144 1 1
k== k=—= k=5 k=—5
=64 — 64 — 144 + 144 2 2
=0 c 9z — 1452 +16=0
Thus, (x — 4) is a factor. (922—1) (Z2—16)=0

X —4x’ —36x + 144 = (x — 4) (x* — 36)
=@x—-4)x—-6)(x+06)

Bz-DCBz+DNEz-Hz+4=0

So 3z—1=0 or3z+1=0 orz—4=0o0rz+4=0

2 =50 =320 + 180x — 144 = (x — 1) (x — 4) (x — 6) (x + 6) Z:% Z=_% =4 I
2a -8 +17+2x—-24=0 : i
G=—HEx=-3NE=-2)x+1)=0 d (¥ —2x)" =47 (x* —=2x) —48 =0
x=4=0 x-3=0 x-2=0 x+1=0 LetA = (x* = 2x).
x=4, x=3, x=2, x=—1 A —47A -48=0
ba*+24*-8=0 A-48)A+1)=0
Let x = o (x2—2x—48) (x2—2x+1)=0
P +2x—-8=0 x=8)E+6)(x—-17>=0
x-2)x+4) =0 x—8=0 or x+6=0 or x—1=0
x=2,-4 x=28 x=-6 x=1

5 P(x) =x* + ax’ + bx® + cx + 24 where (x + 2), (x — 3) and
(x + 4) are factors.
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(2" +a(=2)* + b(=2)* +¢(-2) +24 =0
16 —8a+4b—2c+24=0
—8a+4b —2c=-40
4a -2b+c=20 [1]
G +aB)’ +bBP +c(3)+24=0
81+27a+9 +3c+24=0
27a + 9b + 3¢ = —105
9a+3b+c=-35 [2]
(' + a4y + b(—4) +c(-4)+24=0
256 — 64a + 16b —4c+24 =0
—64a + 16b — 4¢ = —280
16a —4b+ ¢ =170 [3]
Solve using CAS:a =2, b = —13andc = —14.
y=x -5
y=x> (1 - xz)
=1 -x0+x
The graph has a turning point at (0, 0) and cuts the x-axis
at (£1,0).

1,0

Rearranging the equation x* — x* + x — 2 = 0 gives

x—2=x—x"

The number of intersections of the line y = x — 2 with the

graph of y = x* — x* will be the number of solutions of the

equation.

The line y = x — 2 passes through (0, —2) and (2, 0). It is

drawn on the diagram, showing it makes two intersections

with the quartic curve.

There are two solutions to the equation x* — x> + x —2 = 0.
y=x*-6x°

Ly=x (x—6)

The graph has a stationary point of inflection at (0, 0) and cuts

the x-axis at (6, 0).
)7

The graph of y = x* — 6x° + 1 is a vertical translation of 1 unit
upwards of the graph of y = x* — 6x°. Its point of inflection
would lie above the axis, but the graph would still intersect
the x-axis at a point between x = 0 and x = 6 as well as ata
point where x > 6. There will two intersections.

Check: a point below the axis, such as (1, —5) for example,
would still lie below the x-axis if it was vertically translated up
one unit, so the graph must cross the axis to reach this point.
8 y=akx+b)+c

The axis of symmetry x = —b lies midway between the

10

11

12

Xx-intercepts.
-9-3

So=b=
2

b=6
y=akx+6)" +c
As the range is (—oo, 7], the maximum turning point is (—6, 7).
The equation becomes y = a(x + 6)* +17.
Substitute the point (-3, 0):

S0=a3)* +7
cg= L
T8l

The equationis y = —%(x + 6)* + 7 with

7
a——ﬁ,b—6,c—7.

Therefore, the turning point is (—6, 7).
Draw the graphs using CAS. At the intersection of the two
graphs, x* =2 =2 — x°.
Therefore, x* + x> — 4 = 0. The roots of the equation are the
x-coordinates of the points of intersection of the two graphs.
Use CAS to obtain these.
To 2 decimal places the roots are x = —1.75 and x = 1.22.
Sketch each graph and use the tools to obtain the points
required.
ay= (x2+x+1) (x2—4)
Minimum turning points (—1.31, —3.21) and (1.20, —9.32),
maximum turning point (—0.64, —2.76)
by=1-dx—x*-x
No turning points or stationary point of inflection
cy= % ((x=2) (x+3)+80)
Minimum turning point (—2.17, —242), stationary point of
inflection (2, 20)
y=@x+1°+10
Minimum turning point (—1, 10)
There are no x-intercepts as the turning point lies above
the x-axis
y-intercept: let x = 0.

Sy=M+10
sy=11
,11)

)
/y=(x+ 1)+ 10
O, 11)

(-1, 10)

>
>
X

0

\
y=@+4)(x+2>*x-2)>x-5)

The graph cuts the x-axis at x = —4, touches the axis at

x = =2, saddle cuts the axis at x = 2 and cuts the axis at x = 5.
Its degree is 7 and the leading coefficient is positive. Its
long-term behaviour is as x — * 00,y — + 0.

y-intercept: let x = 0.

Ly=@ Q=2 (=5

Sy =640

(0, 640)

The y-intercept is positive.
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y=@+4)x+2)2(x-2)>3x-5)

(2,0

(4.0

Y

13 a Let the equation be y = a(x — h* + k.

The turning point is (=5, 12).
Ly=ax+5*"+12
Substitute the point (—3, —36):
L=36=al2]*+ 12
s 16a = —48
sa=-3
The equation is y = —=3(x + 5)* + 12.
by=Q2+x(1-x?
There is an x-intercept at (—2, 0) and a stationary point of
inflection at (1, 0).
The y-intercept is (0, 2).
The coefficient of x* is negative.
V)

y=Q+x0(1-x?

(-2, 0) 021 0
0 X

A
c i —x'+x7+10x7 —4x—24
Let f(x) = —x* + x* + 10x% — 4x — 24.
By trial and error,
f2)=-16+8+40-8—-24=0= (x—2)is a factor.
f(-2)=-16-8+40+8-24=0=> (x+2)isa
factor.
Therefore, (x — 2) (x + 2) = x* — 4 is a factor.
By inspection,
P4+ 10% —4x—24
= (x2 —4) (—)c2 +x+6)
=—(x2—4) (xz—x—6)
=—x-2)x+2)x—-3)(x+2)
=—(x+2’(x-2)(x—3)
i y=—x*4+2+108* —4x—24
ay=—(@+2P@x-2)(x—=3)
The factors indicate there is a turning point at (-2, 0)
and two other x-intercepts at (2, 0) and (3, 0).
The y-intercept is (0, —24).
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YA
y=—x*+ 3+ 10x> - 4x - 24
(-2,0)

(0, -24)
/

14aiy=xandy=x

y = x% is of even degree, so its graph has similarities
with y = x%.

y = x' is of odd degree, so its graph has similarities with
y = x°. As it has the higher degree, it will be steeper
than y = x5 for x > 1.

YA

(-1, 1) 1,1
(0,0) “x

The points of intersection of the two graphs are (0, 0)
and (1, 1).

ii {x:x6 +x > O}
x% —x7 > 0 when x° 4+ x”. The graph of y = x° lies above
that of y = x” for x < 0 and 0 < x < 1, and the two
graphs intersect at x = 0 and x = 1. Hence,
{)c:x6 x> O} ={x:x <1}

y=16-(x+2)*

The equation is of even degree, so there is a maximum

turning point at (-2, 16).

y-intercept: let x = 0.

Sy =0=(0,0).

Axis of symmetry x = —2 = (—4, 0) is the other x-intercept.

y=16-(x+2)°

This equation is of odd degree, so there is a stationary point

of inflection at (-2, 16).

y-intercept: let x = 0.

Sy=16-32=-16 = (0,16).

x-intercept: let y = 0.

S0=16—-(x+2)°

x+2° =16 (2 +{/B,0)

Sx=-24 \S/E

Points of intersection of the two graphs occur when:
16— (x+2)* =16 - (x +2)°
42 = (427
LD -(x+2)]=0
L+ (-1=-x0=0
SLox=-2o0rx=-1
The points of intersection are (—2, 16) and (-1, 15).
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<Y

y=16-(x+ 2)*

(0,-16)

¢ i The x-intercepts determine the factors.
The graph touches the x-axis at x = —=3 = (x4 3)*is a

factor.

The graph cuts the x-axisatx = -1 = (x + 1) is

a factor.

The graph saddle cuts the x-axis atx =2 = (x —2)° is a
factor.

These factors imply the degree is2 + 1 4+ 3 = 6. The
shape suggests the long-term behaviour of an even
degree polynomial function with a positive leading
term.

The equation is of the form

y=alx+3)(x+1) (x-2).

Since it is a monic polynomial, a = 1. Therefore, the
equationisy = (x + 32 (x+ 1) (x—2)°, degree 6.

ii An additional cut at x = 10 = (x — 10) is also a factor.
The graph would now have the behaviour that as x — oo,
y — oo, showing it to be an odd degree function with a
negative coefficient of its leading term.

The degree is 7 and a possible equation is
y=@+3)?* @+ Dx—-2)7>10-x).

and is equal to zero at the x-intercepts.
Therefore, x € [3,4] U {0}. [1 mark]

3 y=a@+3)x+1)(x-2)(x—4)

Whenx =0, y=-24.
Now —24 =24a, soa = —1.
SLy=—@+3)E+DHEx-2)(x—4)

y

30
20
10
< T T T >
4 | 2 6
-20
-30

The correct answer is C.

1.7 Other algebraic functions

1.6 Exam questions

YA

L b NUPERAY

o c

>
>
X

Y
The graph is a negative quartic, crosses at x = b,x = cis a
double root, and x = d. Its equation could be
y=—k(x-b(x—-cP@x—d),k>0k=2.
The correct answer is C.
VCAA Assessment Report note:
Most students chose option A,
y==2x+bx-0)2x-4d,
but the factor (x + b) is incorrect.

'+ 70 — 122 =0
—x’ (x2 —Tx+ 12) =0

—(x—4x-3)=0

x=0,4,3 [1 mark]

The graph is inverted, so when solving —x* + 7x* — 12x* > 0,
the graph is only above the x-axis between x = 3 and x = 4,

1.7 Exercise
x—6

1 =
ay x+9

If x + 9 = 0, then x = —9 and the function would be
undefined.
The domain is R\ {—9}.
by=v1-2x
The domain requires 1 —2x > 0.
1

Sx< =
)
1
The domain is <—oo, E]
-2
c — 2
(x + 3)?
The denominator would be zero if x = —3, so the domain is
R\ {-3}.
1
d —
x2+3

Since the denominator is the sum of two positive terms, it
can never be zero, so the domain is R.
. a
a Let the equation be y = P + k.
X —

The asymptotes are x = =3 and y = 1.
Ly= et
YT IE3
The graph has an x-intercept at x = —9.
Substitute the point (-9, 0):

a
L0=—+1
—6+
La=6
The equation is —L+1
q YT Ir3 '
b i y=5x—2
x—1

If x = 1, the denominator would be zero and the
function would be undefined. Its maximal domain
is R\{1}.
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Sx=2 _S5x=-1)+3

x—1 x—1
3
=5+
x—1
y=5+ has asymptotes x = 1,y = 5.

x—1
y-intercept: letx = 0, theny =2 = (0, 2)
x-intercept: let y = 0.

O 5x =2

Tx—=1 =0

S5x=2=0

\

The range is R\ {5}.
4
3 y=—F
S |
Vertical asymptote: 1 —2x=0=> x = 3 is the vertical

asymptote.

The horizontal asymptote is y = 0. There is no x-intercept.

y-intercept: let x = 0.
Sy =4(0,4)

y

0,4)

Domain R\ { % } and range R\ {0}

4
4ay=—-+5
X
Asymptotes: x =0,y =5
No y-intercept
x-intercept: lety = 0.

2 24s5=0
x
So4=-5x
4
-

TOPIC 1 Functions and graphs ¢ EXERCISE 1.7 | 21

Yx=0
Domain R\ {0} and range R\ {5}
by=2-
Y x+1
Asymptotes: x = =1,y =2

y-intercept: let x = 0.
3

Ly=2—-==-1
Y 1
(01_1)
x-intercept: lety = 0.
S2- 3 =0
x+1
3
S 2=
x+1
L 2x+2=3
=L
T2
1
—,0
(30)
YA
I
| 3
i \:2_3(:!—1
! 1
i (E’O) y=2
____________ E___i___________
- log™ X
LN
[ [©.-D
i
|
I
x=-1'yY
Domain R\ {—1} and range R\ {2}
c _4x+3
P
_22x+ D +1
T 2 +1
sy=2
A T

1
Asymptotes: 2x+1=0=>x= -3y = 2

y-intercept: let x = 0.

3
..y—T—3
0,3)
x-intercept: let y = 0.
D Ax+3
T+l
SLA4x+3=0
.. 3
..X——Z
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<_?_L’ 0> 5 a Letthe equationbey = ﬁ + k.
Asymptotes x = =3 andy =6
WA y=—2_ 416
! 4x+3 X+ 3
i y= 7’)‘_ " l Substitute the point (—4, 8):
| 2;
! 8= i] +6
| —
! (03 a=-2
----------- N R -
y = . . _
~N i*—x=—% Theequat10n1sy-x+3+6.
< / io i b Let the equation be y = ﬁ +k.
I
3
| — [
(—é, 0) ! Asymptotes x = —2 and y 5
4 : .. a B %
LY TV
1 . . _2 _9).
Domain R\ {—5 } and range R\ {2} Substltute;he p(;lnt (=3,-2):
L=2=—-=
dxy+2y+5=0 -1 2
Sy +2)=-5 o1
L -5 S.a= 5
R +2 The equation is y = ! 3
Asymptotes: x = =2, y =0 2(x+2) 27
No x-intercept. 6 y= Lz -
y-intercept: let x = 0. x+2)
_5 Asymptotes: x = =2, y = -2
* = —_— = —2 5 .
Y= : y-intercept: letx = 0.
0,-2.5) C oy
Ly=— -
Py @7
| sy=0
L +2y+5=0 The origin is the intercept on both the axes. By symmetry
: about the vertical axis, there is another x-intercept at (—4, 0).
: y= Q I y \
- o “x |
| |
| ! 8
. I =
o2 : e
! (-4,0) : (0, 0)
X =- < T >
' / 0 x
Domain R\ {-2} and range A{O} A
ey= 10 | y=-2
= - |
oo =-2 : (
Asymptotes: 5—x=0=>x=5,y=-5 X=-2,
y-intercept: let x = 0. Domain R\ {—2} and range (-2, )
10 2 2
-'~y=?—5=—3 7ay=——+lory=——+1
0.3 B—x) (x—3)
. ©.-3) Asymptotes: x =3,y =1
x-intercept: lety = 0.
10 y-intercept: let x = 0.
S 5=0 2 11
Ly=—+4+1=—
s10=505-x) 9 9

11
SS5=x=2 —_
N <O’ 9)

Lx=3 There are no x-intercepts as the graph lies above its

(3,0 horizontal asymptote.
YA x=5 11
G, 01 10 The point (6, 3> is symmetric about the vertical
B ¥ | “5-x > 11
:__d——o‘(' i “x asymptote to <0, F)
__________ N ___.
y=-5 (0.-3)}
|
i
I
/ !

Domain R\ {5} and range R\ {—5}
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v) 5 (-2.0). (~1,0)
| | YA
| |
|
i | y=—1 -1
1 : : 2x + 3)
) | |
I I
N\ | |
_— _:, :
| |
0 | BT B S R
| ‘_J : \4 ’ ;
I
\ =3 .;, ______ —> _
Domain R\ {3} and range (1, c0) i \y =1
- I
= - | 8
oy - |e
Asymptotes: x =1,y = =2 2 \
y-intercept: let x = 0. 3
-3 11 Domain R\ -3 and range (—1, o)
Ly=s—-2=—-—
1‘1‘ 4 gy 2581
(o-2) )
4 25
There are no x-intercepts as the graph lies below its LY = 52 52
horizontal asymptote. 1
Ly=5-—
The point (2, —%) is symmetric about the vertical Y 5x?
1 Asymptotes: x =0,y =5
asymptote to <O, - I) . No y-intercept
v . x-intercepts: lety = 0.
®o J25 -1
i 502
i S25¢% —1=0
1
! L2
- ! A= e
0 : X = +l
______________ + T TS
TN 1y
tz,
o= (+9)
i YA
|
|
LT
I
|
|
|
i (-0.2,0)
Y ! 0
Domain R\ {1} and range (—o0, —2)
1
C(x+3)
3 Y
Asymptotes: 2x+3=0=>x=—§,y=—1 x=0
y-intercept: let x = 0. Domain R\ {0} and range (-0, 5)
1 8 . a
Ly==-—1=—-= 8 Letthe equationbey = —— +k
Y=3 9 a s
<0 _§> The asymptotes are x = 0 and y = —1.
9 a
x-intercepts: let y = 0. sy=5-1
1 . . 1
S———1=0 Substitute the point | =,0 |:
(2x+3) 2
S l=02x+3)? 0= % _
R 3
26+ 3=%1 (3)
s 2x=—4or -2 .'.0=4;a—1
Sx=-2orx=-1 a=—
4=
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. 1 y
The equationis y = — — 1. \
quation is y yre
9 a Letthe equationbey = Ry +k. (-9,2) y=—x+9+2
X —
The asymptotes are x =4 and y = 2. (-5, 0)
a < >
Ly=s——+2 N x
a4 0
Substitute the point (5, —1): ?
—1=242
o 1 Y
a=-3 3 Range is (—o0, 2].
The equation is y = (x— 4 +2. b Lflt the.eque;t.ioz be.y =. av/ ()3c —h)+k.
b Let the equation of the graph be y = Lz +k. The pon;t of inflection is (1, 3).
(x—h) SLy=ayx—1+43
As the range is (—4, o), the horizontal asymptote Substitute the point (0, 1):
isy=—4 “l=aV-1+3
O sl=
"y_(x_h)z Sl=—a+3
Given f(—1) = 8 and f (2) = 8, the points (-1, 8) and (2, 8) sLa=2
lie on the graph. As these points have the same The equation is y = 2 {/}: +3

y-coordinate, they must be symmetrically placed around the

. -intercept: lety = 0.
vertical asymptote. . P Y

3
142 1 S2Vx—143=0
Therefore, the vertical asymptote is x = 7 =3 N 3
.. —_ _5
The equation becomes y = 4 ; ) 5 —4 5
xX—3 3
. N -1=(-3)
This can be written as y = ——— —4or
-1 -
y= L — 4, where b = 4a.
2x—=1)? ) 19
Substitute the point (2, 8): A= By
b
s8=-—-4 1
8 9 The x-intercept is (—5,0)
b =108
™ o of th h 108 A
e equation of the graphisy = ——— —
q grapnis y 1)
1
The domain is R\ { 3 } so the function is (1.3)
y=2%—1+3

1 108 ’ ’
: 1 _ _ 0,1
f.R\{z}aR,f(x) 1) 4. - / 0, 1)
10 ay=—/x+9+2 (——,O)

i For the function to have real values, x + 9 > 0. This
means x > —9, so the maximal domain is [—9, o).

4

© E\
=]

=)

ii End point: (-9,2) 11 ay=3y4x-9-6
y-intercept: let x = 0. The domain requires 4x — 9 > 0 = x > 49—1
Sy = —\/5 +2 9
sy=-1 The maximal domain is [Z’ oo).
(-1,0)

. 9
x-intercept: let y = 0. End point: when4x -9 =0, x = T

S0==/x+9+2 The end point is (%,—6)

x+9=2 . .
There is no y-intercept.

SLx+9=4 .
Cr=_5 x-intercept: let y = 0.
&SQ' L3V4x-9-6=0
SV4x—-9=2
SLAx—-9=4
Sodx =13
'x—]3
Lx=
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<E,0> 13 ay=1-3x

4 Domain: 3x > 0 = x > 0. The domain is [0, o0).
YA End point: (0, 1), which is also the y-intercept
x-intercept: lety = 0.
T 1=43x=0
SV3x=1
S3x=1
1
T3
1
~.0
. (39)
0 A
y=1- \“’37
e (0, 1)
Y < k >
0 X

The range is [—6, ).

1
b y = (10 — 3x)3. This is the cube root function

y=v10 = 3x. )
10 . . .
When 10 - 3x =0, x = 3 so the point of inflection The range is (—o0, 1].
s E,O . by=2y/-x+4
3 Domain: —x>0=>x<0
The point of inflection lies on the x-axis. The domain is (—c0, 0].
y-intercept: let x = 0. End point: (0,4), which is also the y-intercept
Ly=v10=> <0,\3/ 10) x-intercept: lety = 0.
A So24/=x+4=0

W=

Sy —x=-2
)= (10 — 3x) .. . . . .
‘\]‘ y=( 0 This is not possible, so there is no x-intercept (also possible

(0 | 05) to anticipate this as a > 0).
’ > Letx = —1, then y = 6, so a point on the graph is (-1, 6).

_ 3
< 0 >
* YA
y=2V=x+4

4
12 a(y—-2>=4(x-3)

SLy=—2=H/4(x-3)

¢ (0,4)
Sy=2£24/(x-3)
The upper branch is the function with rule
y =24/(x — 3) + 2. Its domain is [3, o). B _
Its end point is (3, 2), so its range is [2, c0). N 0 x
The other function is the lower branch y = —24/(x — 3) + 2 v
with the same domain [3, c0) but range (—o0, 2].
by +2y+2x=5 The range is [4, 00).
Completing the square: cy=2v4+2x+3
(y2+2y+1)—1+2x=5 Domain: 4 +2x > 0= x > -2, [-2, )
S+ 1D =6-2x End point: (-2, 3)
y+l=1% /6 — 2x y-intercept: let x = 0.
The upper branch is the function with rule 0.7
y=1/=2(x - 3) — 1 and end point (3, —1). There will not be an x-intercept.

Its domain requires 6 — 2x > 0 = x < 3. The domain is
(—o0, 3] and the range is (—1, oo].
The lower branch is the function with rule

y=—/—2(x —3) — 1. Its domain is (—o0, 3] and its range

is (=00, —1].
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26 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.7
The range is [3, o).

Ry

0,7

y=2V4+2x+3

(=2.3)

A

<

0

\
dy=—/3-v12-3x

Domain: 12 - 3x > 0= x <4, (-0, 4].
End point: (4, —\/5)

y-intercept: let x = 0.

Ly==/3-v12

Sy = —\/g - 2\/§

Sy = —3\/5

(0313

There is no x-intercept as the range is (—oo, —\/5] .

YA

A

0 “x

l6.-4%)

/ (0,-3V3)

y=—3-12-3x

Y
14 af:[5,0] > R f(x)=a\x+b+c
The end point of the graph is (5, —2), so
fxX)=aVx—-5-2.
The point (6, 0) is on the graph, so f(6) = 0.

0=ay6-5-2
s0=a-2
sa=2

Hence, f(x) =2y/x—=5—-2witha=2, b= -5, c=-2.

b f:(-0,2) > R,f(x) =Vax+b+c
i Lety=vax+b+c.

The end point is (2,-2), soa[2] + b =0and ¢ = -2.

sb=-2aand c = -2
y=vVax—2a-2
Substitute (0, 0):
S0=v-2a-2
SV =2a=2
So—2a=4
sa=-=2
Since b = —2a, b = 4.
fx)=vV-2x+4-2witha=-2,b=4,c=-2.

ii Reflecting the graph in the x-axis would make the end
point (2, 2) and the range (—o0, 2]. The graph would still
pass through the origin.

The equation of the reflected graph would be

y=—-2x+4+2.
15 a {(x,y) : y=\3/x+2—1}

3
y=vVx+2-1
Point of inflection (=2, —1)
y-intercept: let x = 0.

x-intercept: let y = 0.

0=vx+2-1
sVx+2=1
x+2=1°
Lx+2=1
Sx=-—1
(=1,0)
i S
(0. 92-1)
. Lo, ~
0 X
(=2,-1
(
1—\3/x+8
b f() = —5—
Lety = f(x).
Ly= % (1 —\3/x+8>
= % - %\3/x+ 8

The implied domain is R and the range is R.
1
Point of inflection <—8, 5)

y-intercept: let x = 0.

e (1-48)

-1

x-intercept: let y = 0.

;0:%(1—0@1%)

AVx+8=1
Lx+8=1
Sx=-=7
(=7,0)
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<ﬂ\‘(—l 0) ‘

) u'._gc
p 1
©0.-3)
Y

c g:[-3,6] > R, g(x) =\3/—x+ 5
End points: g(-3) = V_ = 2,50 (—3,2) is an end point.

g(6) = \3/ —1=-1,s0(6,—1) is an end point.
Point of inflection: (5, 0), which is also the x-intercept.

y-intercept: g (0) = \3/3 > (0,\3/3 )
Y

y=g=J=a+5

Q2 o

(5.0

0 A

6,-1)

Y
Domain [-3, 6], range [—1, 2].
d Let the equation be y = a\3/x —h+k
The point of inflection is (0, —2).
Ly=aifx=2
Substitute the point (1, 0):
S 0= a% -2
S 0=a-2
sa=2
The equation is y = 2{/x — 2.
e Let the equation be y = a\S/ x—h+k
The tangent is vertical at the point of inflection, so (—1, —2)
is the point of inflection.

3
Sy=ayx+1-=-2
Substitute the point (-9, 5):

.'.5=a\3/—_8—2

s5=-2a-2
S 2a=-T7
.a___7
La=-z
3
L TVx+1
The equation lsyz—T—Z.

f (y+2)° =64x—128

Take the cube root of each side:

Sy +2=1v64x— 128
y=v64(x-2)-2
Ly=4y/x-2)-2

The point of inflection is (2, —2).

16 y=v/Q2-x)(x+3)
For the graph to exist, (2 — x) (x + 3) > 0.
Solve 2 —x)(x+3)=0=>x=2,-3.
Sketch the graph to solve the inequality.
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YA
y=2-xx+3)

(-3.0) 2.0)

<

o

x€ [-3, 2]
3
17 ay=x4
y= \4/; = 4th root of x*
As the even root of the third quadrant section of the x
polynomial cannot be taken, the graph has one first
quadrant branch with domain R* U {0}.
As 4 > 3, the root shape dominates. The graph contains the
points (0, 0) and (1, 1), and lies above y = x for 0 < x < 1

and below y = x for x > 1.
y

3

(0.0)

‘,’,l
e

b y=x3
Sincey = {/;, the cube root of x* is required.
The x* polynomial lies in the first and second quadrants.
The cube root of both sections can be formed, so the graph
has two branches and domain R.
As 4 > 3, the polynomial shape dominates. The graph
contains the points (0, 0), (1, 1) and (-1, 1), and lies below
y=xfor0 <x < 1andabovey=uxforx> 1.

Y 4

/
/

4 /
3

-1, 1) (1, 1)

A
y

18 ay=x5
y =\5/;=> 5th root of x
The line y = x lies in the first and third quadrants. The fifth
root of both sections can be formed, so the graph has two
branches and domain R.
For the first quadrant, the graph contains the points (0, 0)
and (1, 1), and lies above y = x for 0 < x < 1 and below
y=xforx> 1.
By symmetry for the third quadrant, the graph contains the
points (0, 0) and (-1, —1), and lies below y = x for
—1 <x < 0andabovey =xforx < —1.
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28 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.7

19

b

a

y=as

y =\8/;: 8th root of x

As the even root of the third quadrant section of the y = x
line cannot be taken, the graph has one first quadrant
branch with domain R* U {0}.

The graph contains the points (0, 0) and (1, 1), and lies
above y = x for 0 < x < 1 and below y = x for x > 1.

y

Ly =Vx

The graph of y = x° lies in the first and third quadrants.
However, where x° < 0, the square root of these values
cannot be formed.

Therefore, the graph of y = x% lies only in the first quadrant
and has domain R* U {0} and range R* U {0}.

As 5 > 2, the polynomial shape dominates the function
v

The graph intersects the line y = x at (0,0) and (1, 1).

5 y /4
2 i
y=x S y=x
4
4
’
- oolfan
7’ X

y= x§

Ly = \3/ x>

The cube root of both the negative and positive sections of
y = x> can be formed.

Therefore, the graph of y = xg lies in both the first and
third quadrants and has domain R and range R.

The graph intersects the line y = x at (0,0), (1, 1) and
(=1,-1).

As 5 > 3, the polynomial shape dominates the function

Ve

Cc

20 a

YA 2 q

=

3
y= x5
Ly =%
The graph lies in both the first and third quadrants and has
domain R and range R.
The graph intersects the line y = x at (0,0), (1, 1) and
(=1,=1).

. . 5
As 3 < 5, the root shape dominates the function y = \/; .

ny=ik
The line y = x lies in the first and third quadrants. The
fourth root of its negative sections cannot be formed.
Therefore, the graph of y = x*% lies only in the first
quadrants and has domain R* U {0} and range R* U {0}.
The graph intersects the line y = x at (0, 0) and (1, 1).

As 1 < 4, the root shape dominates the function y = \4/ xl.

YA A
y=x,
4
Ly =02
7
0,07 (1,1)
’ “x
/7
/7
4
4
4
/7
/7
4
7/
¥ y

1
y=x3isy= \3/)_6 Its graph could be formed by drawing the

line y = x and finding the cube roots of appropriate y-values
to construct the shape. The root shape dominates since

3> 1.

The two graphs both contain the points (1, 1), (0, 0) and
(=1,—1). The line lies in quadrants 1 and 3. Since cube

roots of negative numbers can be taken, the graph of
1

y = x3 will exist in both quadrants 1 and 3.
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YA

¢ x3 —xwhenx3 —x.
From the diagram, this occurs for 0 < x < 1 and if x < —1.
The solution setis {x: x < -1} U {x: 0 <x < 1}.

1.7 Exam questions

3x+2
5—x
_3x+2  -35-x+17
T 5—x 5—x
fo) =34 2
5—-x

x = 51is a vertical asymptote.

y = =3 is a horizontal asymptote.

The correct answer is E.
2 ae (0,00),bER

h: [=a,0]U (0,a) — h(x) = )“-C +b

h(@=b+1,h(—a)=>b-1
x = 0 1is a vertical asymptote.
y = b is a vertical asymptote.
The correct answer is D.

2
3 /=5

-5 . .
! 1 has maximal domain R\ (1).
x = 11is a vertical asymptote.
The correct answer is A.

1f:D-Rf(x)=

fx)

1.8 Combinations of functions

1.8 Exercise
—\3/)_6, x< -1
Lafw=qx, -l1<x<lI
2—x, x>1
f(=8): Use the rule f(x) = _{/}
f(=8)=—/(=8)

=2
f(=1): Use the rule f(x) = x°.
f=H =1’

=-1
f(2): Use the rule f(x) =2 — x.
f@=0
b f(x) = —/x
If x = —1, f(—=1) = 1. The point (-1, 1) is open for the cube
root function. The point (-8, 2) lies on this branch.
[ =x
There is a stationary point of inflection at the origin. The
points (—1, —1) and (1, 1) are closed points for this cubic.
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J)=2-x
The point (1, 1) is an open point for the line, and the point
(2,0) lies on the line.

YA

(-1, 1)
DY a1

< (2.0)

>
>

=1,-1

Y
¢ i The function is not continuous at x = —1.
ii The domain is R and the range is R.
2 aye —2x, x<0
y= 4-x, x>0
y = —2x contains the points (0, 0) (closed point) and
(-1,2).

y = 4 — x* has an open turning point at (0,4), and the
x-intercept in the restricted domain is (2, 0).
Y

0.4)

(0,0)\ (2, 0)

e

The domain is R and the range is R. The function is
discontinuous at x = 0.

{/)_c, x<1

y= V; has an open point (1, 1) and inflection point (1, 1).

1

y = — has a horizontal asymptote y = 0 (vertical asymptote
X

is not in its domain) and a closed point (1, 1).

YA

1,1
0.0) 1,1

The domain is R and the range is (—oo0, 1]. There is no point
where the graph is discontinuous.

L
(x+1)*°
3= X —x —-1<x<2
8 — 2x, x>2

x< -1

1

a i Usetherule f(x) = ——.
1 (x+ 1)

1
fe)=—5
ii Use the rule f(x) = 2=z
fQ=2-2=2
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b The truncus has a vertical asymptote x = —1 and horizontal 6 The left branch is a parabola on the domain section where
asymptote y = 0. x < 0.
The parabola has closed end points (—1, 3) and (2, 2), and Let its equationbe y =a(x + 3) (x + 1)
x-intercepts at the origin and (1, 0). Substitute point (0, 4)
The line has an open end point (2,4) and x-intercept (4, 0). n4= i 3) (M

Soa= <

3

The parabola branch has equation y = g x+3)x+1).

The middle branch is y = 4 for the domain section x € [0, 2].
The line through points (3, 2) and (4, 0) has gradient m = —2.
Its equation is y = =2 (x — 4).

The rule for the hybrid function could be expressed as

%(x+3)(x+1), x<0

y =
¢ The domain over which the function is continuous is 4, 0<x<2
R\{-1,2}. —2x+ 8, x>3

7 fx)=—/1+xand g(x) = /1 —x

Domains: x+1>0=>x>—-land 1 —x>0=>x< -1

1x3+5, x< -3

4 R>RO=1/1"x -3<x<l dr = [-1,00) and dy = (=00, 1].
x—2, x> 1 a Sincedy = [-1,), d; = (-0, 1], thend;nd, = [-1,1].
a The branch to the left of x = 1 has the rule f(x) =4/1 — x, y=U+9w
sof(1) = 0. =f(x)+gx)
The branch to the right of x = 1 has the rule f(x) = x — 2, so =—V1l+x—-VI1l-x
f(1) = —1 (open circle). The domain is the same as drNd, = [—1, 1].
These branches do not join, so the hybrid function is not The graph is obtained from f(x) = —\/1 + x and
continuous at x = 1. g =—-/1-x
b The cubic function’s point of inflection is not in its 1 0 ]
restricted domain. The point (=3, 2) is an open point. d —
The square root function has closed domain end points fx) 0 -1 —\/E
—3,2)and (1,0).
(=3,2) and (1,0) . . g () —~2 -1 0
The line has an open end point (1, —1) and contains point
20 f&) +g®) 2 | 2 | 2
YA
y
3
=3.2)
2

(-35.0)

Many-to-one correspondence

cfn=4
The graph shows only the linear branch has a point with y=(f + Q)
y=4. ) . . o
Letx—2=4 b The domain of fg is the same as drnd, = [—1, 1].
Lx=6 (fe) () =f(x) x g (x)

=—/1+xx—/1—-x
VA +x)(1-x)

5 The line for which x < 0 has equation y = x, the horizontal
line for x € (0,4) is y = 4, and the line for 4 < x < 8 is also

y = x closed at x = 8. The function is continuous, so one way =1 -x2
to express its rule is This is the rule for a semicircle, top half, centre (0, 0),
x+4, x<0 radius 1. Therefore, the range of fg is [0, 1].
y=14, 0<x<4 8 f(x) =x° and g (x) =
X, 4<x<8 (f-9®W=f0-g®
=32
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The graphs of fand g intersect when x = 0,x = 1, so these
must be the x-intercepts of f — g.

9
y=U+29w
/
10 a y)
6
54
4 y=28)
34
2
y =) + g(x) 14 y = fix)

11 fx)=5-2x,dr=Randg(x) =2x—-2,d, =R.
ay=(+9w
Rule:
y=5-2x+2x-2
SLy=3
Domain:
dpg =drNdy
df+g =R

The graph of y = (f+ g) (x) is the horizontal line through

(0, 3). Its range is {3}.
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Y)
y= 3
,3)

A

<)

0
A
by=(-2x
Rule:
y=5-2x—-(2x-2)
Sy=T—4x
Domain:
dp—g = dr N dy
Sodig =R
The graph of y = (f — g) (x) is a straight line through (0, 7)

and (%,O.) Its range is R.

»
0,7

cy=()®
Rule:
y=05-2x)2x-2)
Ly=206-2x)(x—-1)
Domain: dig = drndy; =R
The graph is a concave down parabola with x-intercepts

<%, O) and (1, 0), y-intercept (0, —10).

Turni . % L7
t: = = —
urning point: x ) 2

() ()

3 3

:2 —_ —_
><2><4

=2

T4

7 9Y\. . . .
1) the maximum turning point.

The range is <—oo, g]

y=205-2x)(x-1)
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12 f) =+ —land g(x) =vx + 1 14 y=x*-1
ai(g-pHQ3) The parabola has turning points (0, —1), and x-intercepts
=53)-fG) 1,0). .
—\i-3 The graph of y = (x* — 1)” will have the same x-intercepts,
but the point (0, —1) will become the point (0, 1) on this
=6 graph. This graph lies on or above the x-axis. Its domain is R
i (gf)(8) and its range is [0, 00).
=g f(®
=19x%x63
=189
b dr=R,d; =[-1,)
df+g = df N dg
=[-1,00)

¢ i Graphoff+g
Add the ordinates together.

y =)+ g

y=(s()’
2 Square ordinates
' )7
ii Graphof g—f )
Subtract the ordinates. y = (g(x)?

V)
54 1-9(0, 1)

y =8 -f(x)

y=2gW)

iii Graph of fg b The graphs of y = f(x) and y = (f(x))? will intersect at

Multiply the ordinates together. places where y =0 or y = 1.
For the function f(x) = X = 2x, let fx)=0.
.‘.x(xz—Z) =0
Sx=0,x= i\/z
Letf(x) = 1.
a0 -2x=1
X -2x—1=0
S+ (x2 —-x— 1) =0
sx=—lorx—x—1=0
13 y=x+\/—_x Consider x> —x— 1 =0.
Draw the line y; = x and the square root function y, = \/—_x = lxy1+4
The common domain is (—oo, 0]. 2
1£5
T2

The two graphs intersect at

(0,0),(i\/§,0) (=1,1) and (11‘/5, 1).

2
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16 Y

(-1, ) e——e(1, 1) 3.0)

A

Y

0
a,-2)

3
4 8

\

The minimum turning point of the parabolic branch needs to

be obtained to form the range. The parabola
y = (2x — 1) (x — 3) has a minimum turning point at

L
4 8 )
. L 25
The range of the hybrid function is —5 %)

X+ a, X € (—o0,—8]

7 F = f+2, x€ (-8,8]

- x€ (8,0)
X

a The branches must join at x = —8.
Leftofx =-8,f(x) =x+a
f(-8)=-8+a
Right of x = —8, f(x) = /x +2
f(=8) =/(=8)+2=0
For continuity, -8 + a =0 = a = 8.
The branches must also join at x = 8.
Left of x = 8, f(x) = v/x +2

f® =@ +2=4
Right of x = 8, f(x) = b
X
b
8)=-
f(®) 3
For continuity, g =4=>b=32.

x+ 38, X € (—o0,-8]
Vx+2, x€(-8,8]

J&x) =
—, x € (8, )
X
y
(8,4)
(-8,0) 0,2)

:/ Ol )
b f(x) = kis a horizontal line.
Looking at the graph to determine in how many ways a

horizontal line can intersect the graph gives the values
for k.

i No solution if k > 4
ii One solutionifk=4o0rk <0
iii Two solutions if 0 < k < 4
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¢ {x:f(x)=1}
There will be two solutions, one on the cube root branch
and one on the hyperbola branch.

Lety/x+2=1
Syfx=-1
Sox=-1
Let2 =1.
X
Sox=32

The solution set is {—1,32}.

1.8 Exam questions

1

y
fo 4

8(x)

A
(=)
/sd'

h(x)

Y
Using addition of ordinates,

h(x) =g+ (=f(®) =g (x) —f).

The correct answer is E.

(=00, -2)U (—=1,00) = R\(-2,-1)

fx)=vx+3: domf = [-3,00] and ranf= [0, 0]
g(x)=v1—x:domg =(—o0,1) and ran g = [0, 0]
ranf= [0, co]

ran g = [0, o]

y=f@)-g®)=vVx+3-v1-x

domf—g=domfn g=[-3,1] andran fn g =[-2,2]
YA
2_

%

=Y

2
Y

The correct answer is E.

3 f(-1) does not exist and the range is

(=00, —2] U (=1, 00) = R\(=2, —1].
YA

4 -

2_

4 |

—6 -

Y
The correct answer is D.
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1.9 Modelling and applications

1.9 Exercise

1 a

b

2 a

0 1 3
y 4 2 10 8

The data points increase and decrease, so they cannot be
modelled by a one-to-one function. Neither a linear model
nor an exponential model is possible.
The data is not oscillating, so it is unlikely to be
trigonometric. The jump betweenx = 1 and x =3 isa
concern, but the data could be modelled by a polynomial
such as a cubic with a turning point between x = 1 and
x = 3. However, y = x" requires the point (0, 0) to be on it,
and that is not true for the data given.
. a
1 y= ;t?§'+k

Substitute the point (0, 4):

a

..4—-:5-+k

S 8=—a+2k [1]

Substitute the point (3, 10):

a
S 10= -4k
1+

s 10=a+k [2]
Add the two equations:
3k=18
k=6
Soa=4
Lo 4
The equation is y = ) + 6.
ii The graph has a vertical asymptote at x = 2 and a
horizontal asymptote at y = 6.
Y

(3, 10)
(4, 8)

L

=Y

P (000s) A
50—

45
40|
35+
%0, 32.5)
30—

25—

20

b

The data appears to be linear.
(2,38.75) and (4,45)

_45-38.5

S 4-2

_ 625

T2

=3.125
P—45=3.125(t—-4)

S P=3.125t-1254+45

S P=3.125t+325
Letr=0.
S P =325
There were 32 500 bees in January.
The gradient gives the rate of increase
The bees are increasing at 3.125 thousand per month.
The point is (0,2) so a = 2.

b Reading from the diagram, the coordinates are (2, 2).

The turning point is (5, 0), so let the equation be of the form
y=alx— 5)%.
Substitute the point (2, 2):
52 =a(=3)?
L2
S.a= 5
. 2 5
The equation is y = §(x -5)7,2<x<9

For 0 < x < 1, the line has gradient 2 and y-intercept at
y=2.
Its equation is y = 2x + 2.
The rule for the hybrid function can be expressed as
2x + 2, -1<x<0

2, 0<x<2
2 2
§(x—5), 2<x<9

There are three positions where the skateboarder would be
at a height of 1.5 metres above the ground. One is when the
person climbs the connecting ladder and the other two are
on the parabolic ramp.

Consider 2x +2 = 1.5:

S 2x=-05
Sox=-025

Consider %(x -5?2 =15

27
N
So(x=95) 7
.'.x=51%
2
1
Theanswerisx:Si#orx:—Z.

The garden area is the area of the entire square minus the
area of the two right-angled triangles.
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1 1
A=40X40 - 5 xxxx— 3 X (40 =) X 40 6 N:R"U{0} > RN(f) = “[’:2"
1, at+b
= - = — — N t) =
1600 7% 20 (40 — x) aN(@ P
1 N(@©0) =10
=1600 — =x* — 800 + 20x b
= —%xz +20x + 800 L b=20
N() =30
b Both x > 0 and 40 — x > 0, since these are lengths. The Sa + 20
restriction that needs to be placed is that 0 < x < 40. -30= 7
¢ Completing the square: ~.210=5a+20
A=—1 (x* = 40x — 1600) -~ 5a =190
2 .
{ Soa=38
=3 ((x* = 40x + 400) — 400 — 1600) Hence, a = 38,5 = 20.
) i bN(t)=38[+20
=3 ((x = 20)* = 1000) +2
1 _38(t+2)—-76+20
=—§(x—20)2+1000 a t+2
- _ 380+ _ 56
i 20 ) r+2
ii 1000 m?; the greatest area is 1000 m*> when x = 20. 56
5 a The stationary point of inflection at x = 0 = x° is a factor SON(@) =38 - 2! 2 0.
of the graph’s equation. The graph is a hyperbola with horizontal asymptote N = 38.
The cuts at x = +/5 = x +1/5 and x — /5 are factors. The vertical asymptote ¢t = —2 lies outside the domain.
Let the equation be y = ax’ (x + \/§> (x - \/5) The points (0, 10) and (5, 30) lie on the graph.

NA
Substitute the point (\/5, - 12\/5 ):

LoVi=a(VE) (VE-vB) (VB+VE) e MR

2 2
s —12y/3=ax3 3x((\/§) —(\/§> ) = 3r+20
o —12¢/3=3V3ax (3 - 5) (0. 10)4
o —12¢/3=-613a _
La=2 0 !
The equation is y = 2: (x _\/5) <x +\/§> ¢ The horizontal asymptote shows that as r — co, N — 38.

The population of quolls will never exceed 38.

b y=2x (x—\/g) <x+\/§)

y=20 (x - \/5) (x +\/§) 1.9 Exam questions
Ly=2x° (xz—S) 1 V=Iwh
Ly=20 —105° =(8-2x)(6—-2x)x
¢ i The maximum turning point on the graph of y = g (x) Domain: x € (0, 3)
has coordinates <_\/§ 12 \/3 ) A horizontal Sketch the graph and find the turning point using CAS over
' the domain x € (0, 3).
translation of 4/3 units to the right is required for this TP = (1.13, 24.26)
point to have a x-coordinate of 0. Therefore, maximum volume occurs when x = 1.1.
The minimum turning point on the graph of y = g (x) The correct answer is B.
has coordinates (\/5, —12\/3 ) A vertical translation 2y A
of 124/3 + 1 units upward is required for this point to .
have a y-coordinate of 1.
ii The y-coordinate of point A is
124/3 + (12 3+ 1) = 244/3 + 1. The height of A
above the water is (24 3+ 1) ~ 42.6 metres. ¢
[ ]
iii B has an x-value of /3 +\/_ = 24/3, so the o
coordinates of B are (2\/5, l). °
[ J
Cis the point <\/§, 123 + 1)
0 “x
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36 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.10

The shape of the graph is a hyperbola, y = f_c'

The correct answer is C.
3 a Intriangle ODC, OC is of length 7 — 4 cm, h > 4.
Using Pythagoras’ theorem,

(h—4P2 + =47
P =16—(h—4)
r=\16—(h-=4%r>0
Sor=\8h—h? [1 mark]
1

b V= gnrzh

V=ix (8h—h*) h
V= Eﬂhz 8 —h) [1 mark]

h>0and 8 —h > 0, so the restrictionon his 0 < h < 8.

This would be seen on the graph to be the domain interval

where V > 0. [1 mark]
¢ Vi
1
(5? 79.4)
=1 32
V= 3 mh (8—h)
(8,0)
(0, 0) - h

Award 1 mark for correct shape.

Award 1 mark for correct turning point and end points.
d Using CAS, the greatest volume is 79 cm’.

The range is R\ {5}. [1 mark]

1.10 Review

1.10 Exercise
Technology free: short answer

1 a 3 —5x=4

382 —5x—4=0
A=(=57-4x3x—4
=73
5+4/73
~ T %6
b 4x’ — 8 —3x+6=0

43 (x=2)-3(x-=2)=0
(x-2)(4*-3) =0

(x=2) (2x—\/§) (2x+\/§> =0

x=2, £

S

c2m*=5m*-3=0
Let a = m°.

2 -5a-3=0

QRa+1D)@-3)=0

(2m* +1) (m*=3)=0

m2=—%,3
m=/3

d 283 +122%2 -22x+12=0
=62 +11x—-6=0
P)=1-6+11-6=0
Therefore, x — 1 is a factor.
X —6x*+1lx-6=0
=D (¥ =5x+6)=0
x-Dx=-3)x-2)=0
x=1,273
a Let P(m) = 4m* — 11m® — 19m® + 44m + 12.
If m — 2 is a factor, then P (2) = 0.
PQ2)=42)* - 11(2)° — 192)* + 44 (2) + 12
=4x16-11x8—19x4+88+12
=64 —-88—76+88 + 12
=76—88 — 76+ 88
=0
.. m— 2 is a factor.
b 4m* — 11m® — 19m* + 44m + 12
=d4m* — 8m® = 3m® + 6m* — 25m> + 50m — 6m + 12
=4m* (m—2) - 3m* (m —2) — 25m(m —2) — 6 (m — 2)
= (m—2) (4m’ — 3m*> — 25m — 6)
Let Q (m) = 4m> — 3m* = 25m — 6.
Try different values for m to determine another factor.
Q(-2)=4(-2 -3(-2)’ -25(-2) -6
=4x-8-3x4+50-6
=-32-12+50-6
=50-50
=0
... m+ 2 is a factor
4m?® = 3m* —25m — 6
=4m’ + 8m* — 11m* — 22m
=4m*m+2)—1lm@m+2)=3m+2)
=(m+2) (4m* = 11m = 3)
Substitute
4m® = 3m* —25m — 6 = (m + 2) (4m* — 11m — 3) back
into the original factorisation.
Am* — 11m® — 19m® + 44m + 12

= (m—2) (4m’ = 3m*> — 25m — 6)
=(m—2)(m+2) (4m> — 11m = 3)

=(m-2)(m+2)dm+1)(m—3)
Hence, solve the equation
dm* = 11m® — 19m* + 44m +12 =0

(m=2)(m+2)(@dm+1)(m—-3)=0

1
SLm=——,%23
m 1
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3 LetP(x) =x" +ax’ +bx* + cx — 6.

Therefore, since (x + 1) is a factor,
P(-1)=0.
~D*+a(=1* +b(=1)* +c(=1) -6 =0
l—a+b—-c—-6=0
—a+b-c=5 [l1]
Therefore, since (x + 2) is a factor,
P(-2)=0.
(=2)* + a(=2)* + b(=2)* + c(=2) -6 =0
16-8a+4b—-2c—6=0
—8a+4b—-2c=-10 [2]
Therefore, since (x + 3) is a factor,
P(-3)=0.
(=3)* + a(=3° +b(=3)* +c(-3)-6=0
81 —-27a+9—-3¢c-6=0
—27a+9b—-3c=-75 [2]
—a+b—-c=5 [1]
—8a+4b—2c=-10 2]
—27a+9b—-3c=-75 [3]
2x[1]=> -2a+2b—-2c=10
2x[1]-[2] =
6a —2b =20 [4]
3x[1]=> -3a+3b—-3c=15
3x[1]1-[3]=>
24a — 6b = 90 [5]
3% [4] = 18a—6b =60
3x[4]-[5]1=>
—6a = -30
_ =30
R—
a=>5
Substitute a = 5 into equation [4]:
[4] = 6a —2b =20
6Xx5-2b=20
30-2b=20
—2b=-10
-10
b==3
b=5
Substitute a = 5 and b = 5 into equation [1]:
[Ml=>—-a+b—-c=5
—-54+5-c=5
—-c=5
c=-=-5
sa=5b=5c=-5
4 ay= %@—2)4—1
Quartic polynomial with maximum turning point (2, —1)
y-intercept: let x = 0.

L oy
y=g -2 -1

__%
o8l

65
(‘*‘ﬁ)

x-intercepts: let y = 0.

by=1-
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0= %(x— 2 -1
SL(x=2)* =81
Sx—2=23
Sx=-1,x=5
(=1,0),(5,0)

(1,0

<

0 X

-5 @™

Domain R, range [—1, o)
4
(x=2)
Truncus with asymptotes x = 2,y = 1
y-intercept: let x = 0.
4
= 1 _——_-= 0
Y 2
(0, 0) is both an x- and a y-intercept.
By symmetry with the vertical asymptote, there is a second
x-intercept at (4, 0).
YA
|
|
I
I

X

Domain R\ {2}, range (—o0, 1)

cy=Qx+1)0°+8

Cubic polynomial with stationary point of inflection
1
at <— E N 8)
y-intercept: let x = 0.
Sy=9= (0,9
x-intercept: lety = 0.
0=@2x+1’+8

Lx+1)P=-8
S 2x+1==2
-
)
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38 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.10

Y

y=Qx+ 1> +8

=9 Yo,

Domain R, range R
5 Use CAS to solve, or solve by hand.
m+n—p=-2 [1]
3m+5n—2p=1][2]
Sm+4n+2p =9 (3]
2-2x[1]=>
m+3n=>5 [4]
[2]1+[3] =
8m+9n =10 [5]
[5S]-3x[4] >
Sm=-5
m=—1
Substitute m = —1 into equation [4]:
[4]=>m+3n=>5
—-14+3n=5
3n=6
n=2
Substitute m = —1 and n = 2 into equation [1]:
[Il]l=>m+n—p=-2
—14+2-p=-2
1-p=-2
—-p=-3
p=3
om=—-1,n=2,p=3
6 2x+y—-z=7 [1]
—x—y+3z=1[2]

[11+012]1=>
x+2z=28 [3]
Let z = A and substitute into [3]:
31>
x+2z=28
x+24=38
x=8-24

Substitute z = A and x = 8 — 24 into equation [2]:
2] =>
2x+y—2z=17
2@8=20)4+y—-4=17
16-4A+y—-A1=7
16 —=5A+y="17
y=54-9
Sx=8-2Ay=54-9,z=41
\3/x 1, x<0
7afx)=94@3-x(x+1), 0<x<3
x+ 3, x>3
y=3x+1,x<0
This is a cube root function.

(—1,0) is a point of inflection.

(0, 1) is a closed end point for this function.
y=@-x)(x+1),0<x<3

This is a parabola with x-intercepts at x = 3 and x = —1, not
in the domain.

There is a maximum turning pointatx = 1,y = 3, i.e.

at (1, 3).

(0,3) is an open end point and (3, 0) is a closed end point
for the parabola.

y=x+3,x>3

This is a line with open end point (3, 6) and passing through

“,7).
(3,6)

(1,4)
“1,0) . 1) (3,0

i/—/ 0 X

0,3)

b The hybrid function is discontinuous at x = 0 and x = 3.
¢ The domain is R and the range is R\ (4, 6].
a

f) =vx+2and g(x) =V4 -2

Domainof f x+2>0=> x> -2

dr = [-2,00)
Domain of g: 4 -x*>0
4>
<4
S=2<x<L2
dy = [-2.2]

Common domain: drNd, = [-2,00) N [-2,2]
cdin dy =D =[-2,2]
b The graph of y = f(x) is a square root function with end
point (=2, 0).
Since the domain is restricted to [—2, 2], the other end point
is (2,2).
The y-intercept is (0,\/5 )
The graph of y = g (x) is a semicircle, centre (0, 0),
radius 2.
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y=>U+g®

The graph has domain D.

When x = -2,

f(=2)=0,8(=2)=0
(e (=2)=0

When x = 0,

f0)=v2,g(0) =2
L (f+90)=V2+2=34

When x = 2,
f21=2,2(0)=0
L (f+H9l21=2
YA
(0, 242 ) y=(+8
(2,2)
(2,0 -
< ® 5 -
(

Technology active: multiple choice

9 Grouping two and two:
4x> —2x* = 36x + 18
=27 2x-1)—-182x—-1)
=(@2x—1) (26" - 18)
=2Q2x-1) (¥ -9)
=22x-1D)@x=-3)(x+3)
The correct answer is D.

10 6x° —5x% —2x+ 1
=6 -6+ x> —x—x+1
=6 (x—D+x(x=—D=-(x=1)
=@-1)(6x" +x—1)
=x-DGBx-DQx+1)
Sx=-DGBx—-Dx+ D=0

x=l,x=%andx=%

The correct answer is A.
11 el +b+ex+d=3(x-2+2(x—-2)
=3 (X -6 +12x—8) +2(x-2)
=30 — 182 +36x—24+2x— 4
=3x> — 18x* +38x — 28
na=3,b=-18,¢=38,d=-28
The correct answer is D.
12 2kx+(k+2)y=1 [1]
dx+ Gk+ Dy=2 [2]
1= (k+2)y=1-2kx
1 — 2kx

2] = Gk+1)y=2—4x
_2—4x

T S5k+1

_ 4x 2
TSkl kA1

Y

13

14

15

16

17

TOPIC 1 Functions and graphs ¢ EXERCISE 1.10 | 39

_ 4 2

T R
There are infinitely many solutions when both the gradients
and y-intercepts are identical.

Gradients:
2k —4

k+2 Sk+1
—2k(Sk+1) = -4 (k+2)
—10K* =2k = -4k -8

10k =2k -8 =0
52 —k—4=0
Gk+4)(k—1)=0
4
k=—§,1
y-intercepts:
k+2 Sk+1
Sk+1=2(k+2)
Sk+1=2k+4
3k=3
k=1

Therefore, k = 1.

The correct answer is E.

The graph is a hyperbola with asymptotes x = 2,y = —1, so
eliminate all options other than A or B. The hyperbola lies in
the second and fourth quadrants defined by its asymptotes.
The correct answer is B.

From the behaviour at the x-intercepts, the equation is of the
formy=a(x+ 2) 2% (x = 3).

This is an even degree 6 polynomial, so a < 0.

A possible equation is y = — (x + 2) x* (x — 3), which can be
written as y = (x + 2) 23 =2x).

The correct answer is C.

The denominator cannot be zero. As it involves a cube root,
that is the only restriction.

The domain is R\ {64}.

The correct answer is B.

Of the choices, C is the most likely fit.

The correct answer is C.

Where the graphs intersect, there must be an x-intercept on
the function y = g (x) — f(x). There are two intersections.
The correct answer is C.

Technology active: extended response

18

19

a (m*+2)" =13 (m* +2) +42
=m* +4m® +4 — 13m* - 26+ 42
soamt + b’ + cm® +dm + e = m* — 9m? + 20
na=1,b=0,¢c=-9 d=0ande =20
b (m*+2)° =13 (m?+2) +42=0
m* —9m* +20=0
(m*—4) (m*=5)=0
m—4=0,m*-5=0
m=4,m* =5
m=i2,i\/§
(m+ D2 +2x+3m=0
For two solutions, A > 0.
A=22—4xm+1)x3m
=4—-12m(@m+1)
=4—12m* - 12m
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0=-3m>-3m+1

3+(=3)% —4x-3x1
m=
-6
3+4/21

-6
LA>0
=3m* —3m+1>0
As A is an upside down parabola, A > 0 between the
m-intercepts:

3-421 3+121
-6 -6
have two solutions.
20 x—y+z+w=5
2x+y—z+2w=1
xX+2z-w=0
2y —3z-2w = —11
Solve the system of equations using CAS:
x=0,y=-2,z=1,w=2
21 ay=ax*+bx+c
As there is a turning point at (3, 4), let the equation be
y=ax -3 +4.
Substitute the point (2, 3):
S 3=a(-1)+4

Sa=-—1

> for the original equation to

The equationis y = —(x — 3)? +4.

Expanding,

y= —(x2—6x+9) +4

Ly=—xX*+6x-5

The answerisa = -1, b =6, ¢ = -5.
by=-x*+6x-5

Lety=0.

S 0=—x+6x-5

L —6x+5=0

=D =5=0

Lx=lorx=35

A is the point (1, 0) and B is the point (5, 0).
¢ The length of AB is 4 units and the height of the triangle

ABC is also 4 units.

The area of the triangle is % X 4 X 4 = 8 square units.
d i y=ax’—6ax+8a+3,aecR\{0)
Letx=2
y=4a—12a+8a+3
=3
Every parabola in this family passes through the point
(2,3).
ii For two x-intercepts, A > 0
s (=6a)* —4a8a+3)>0
~.36a" —32a* — 12a > 0
4d® —12a>0
Sdaa-3)>0
a<0ora>3
22 a 8+4x—2x—x
=4Q2+x)-x(2-x)
=2+x (4—x2)
=Q2+x)2+x)2-x)
=Q2+x’Q2-x)

b

Cc

y=8+4dxr—2x" —x°

Ly=Q+x"2-x)
The graph touches the x-axis at x = —2 and cuts it at x = 2.
The y-intercept is (0, 8) and the cubic function has a
negative leading term.
y=Q2+x*2-x) ,

)

0, 8)

(2,0)

Y

(2,00 0

Y
The maximum turning point lies in the interval between
x=-2andx=2.

i Square roots cannot be formed where the graph lies
below the x-axis. For the interval [-2, a], the largest
value a can take so the square root function can be
formed is a = 2.

il y=v8+4x—2x2—x forxe [-2,2]
L=V2+0T2-x)
L=V 42 xV2 —x
=2+ x0)V2—x

The polynomial function is the linear function with rule
f(x) =2+ x,x€ [-2,2], and the square root function

has the rule g (x) =v2 — x,x€ [-2,2].

iii The range of function f'is [0, 4] and the range of
function g is [0, 2].

iv f(x) =2+ x,x€ [-2,2] is linear with domain end
points (=2,0) and (2, 4), and y-intercept (0, 0).
g(x) =V2 —x,x€ [-2, 2] is a square root function
with end point (-2, 0), y-intercept (O,\/E) and point
(=2,2).

<

=Y

v The mountain range is the product of the two functions
fand g.
y=(/8) @) =f(x) g (x) and y = (fg) (x) has domain
[-2,2].
Some values of this function are:
(J9)(=2)=0x2=0

(f2) (0)=v2x2=2V2
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(fe)[21=4x0=0
and (fg) (1) =3x1=3.

YA
Y=A8 +4x—2x2—x°
0,2+2) (1,3)
€20 2.0
¢ 5 ® -
Y

1.10 Exam questions

1
1 f: [a,b)—>R,f(x)=;

b>a >10 |
f0) =5 <~ =f@
a
The endpoint at x = a is included, but the endpoint at x = b is
not included.

The range is l,l]
b a

The correct answer is D.
2 f1(=1,2] >R, f(x) = =xX* +2x =3

End point included: f(2) = -4+4 -3 = -3

End point, not included: f(—-1)=-1-2-3=—-6

Turning points: ' (x) = -2x+2=0=>x=1

fH=-1+2-3=-2

Range: (-6, —2]
YA
2_
1 —

-1,-6)
The correct answer is C.
3 yi=kx—4, yy =x>+2x
Vi =yzf»kx—4=x2+2x
F+Q2-kx+4=0
A=Q2-k>-4x1x4
=k —4k—12
=(k-6)(k+2)
A>0=>k>60rk< -2
The correct answer is B.
4 Consider the simultaneous equations:
=3x+my=m-1 [1]
(m+ 1)x—10y=-8 [2]
There will be an infinite number of solutions provided the
gradients and y-intercepts of the two lines are equal.
First, rearrange the equations to determine the gradient of
each line.

—3x+my=m-—1 [1]
my=3x+m-—1
3 m—1

y=—x+—
m m
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Gradient:E
m
(m+ 1x—10y=-8 [2]
—10y=—-(m+1)x—38
_m+1 +4_1
Y710 ' s

m+1
Gradient = ——
radien 10

Solve for when the gradients are equal.

3 m+1

m 10

30=m>+m
0=m*+m-30
=(m—5)(m+6)

m=25,-6

Now test each m value to see which one means that the
y-intercepts are the same.

m=>5:
—3x+5y=4 [1]
6x — 10y = -8 [2]

If equation 1 is multiplied by —2, it is the same as equation 2.
Therefore, when m = 5, the equations are the same and there
would be infinitely many solutions.
m = —6.

-3x—-6y=-7 [1]
—5x—10y=-8 [2]
The gradients of both equations are the same; however, the
y-intercepts are different.
So, when m = 5, there are an infinite number of solutions.
The correct answer is B.

R

15-a(@+2)=0

15—a*—2a=0
(a+5@-3)=0
a=-5 a=3 [1 mark]

Ifa = -5, 3x — 5y =5 and —3x + 5y = -5, lines are the same
and there are infinite solutions.

If a =3, 3x+ 3y = 5 and 5x + 5y = 3, lines are parallel and
there are no solutions.

No solutions, a = 3 [1 mark]
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Topic 2 — Trigonometric functions

e cos(—6x) =1

2.2 Trigonometric symmetry properties [ (3,;) |
sin[ =— ) =—
2.2 Exercise 5 a sin (7 — 6) = sin ()
37\ _ A T\ _ _ b cos (67 — 6) = cos (6)
1 atan<4>—tan(ﬂ 4) tan(4> 1 ¢ tan (x4 6) = tan (©)
S5x T T \/5 d cos(—6) = cos (0)
beos{ g =C°S<”_€)=_°°S(6>=‘7 e sin (180° + 8) = —sin (8)
_ z x 1 f tan (720° — 6) = —tan (6)
e sin(-7) =-sin(7)=-— (2 . .
\,/E 6 acos<g)+cos<?>=cos(ﬂ+g)+cos<n—§>
d cos = =cos<27t+7—r>=cos(£>=l b4 T
3 3 3 2 =—cos<g>—cos(§>
T T
o (-5) =-en(5) =2 g ()

2 2 2

( b2Sin(7£>+4sin<5—”>=2sin 2= I+
2 atan(%)=tan(z—%)=—tan(%>=_L 4 6 ‘ <” 7[4>
3 4sm<7r—€)
(% (

—_
SIS
8
N———
I
»
z.
=
o
3]
3
|
N
N——
I
|
<
=
/N
N
—
I
|
N —

b cos %)zcos(Sn—g)z—cos g)z—% =—2$in(§)+4sin(%>
c tan —%)z—tan<¥) =_2xg+4xé
= —tan 7z+7—r>=—tan<£>=—l =-V2+2
! * c 3tan(5—”>—tan<5