TOPIC 1 Functions and graphs ¢ EXERCISE 1.2 | 1

Topic 1 — Functions and graphs

1.2 Linear functions

1.2 Exercise

1 a The graph passes the vertical line test. It has a many-to-one
correspondence.
b Domain: x € [—4,2]
Range: y € [0, 16]
cf:[-4,2] - R f(x) =+
d Whenx = —2\/5,

y=(2V3
=4x3
=12
2 Correspondence | Domain | Range | Function?
a Many-to-one [-3,6) | [-9,7] | Yes
b One-to-many [0, 00) R No
c Many-to-many [-2,2] [-2,2] | No
d | One-to-one R R Yes
e Many-to-one R {2} Yes
f One-to-one R R Yes
3 L={(x-y) :3x—4y=12}.
alety=0.
s3x=12
sx=4
Letx = 0.
So—dy=12
sy=-3

The line goes through (4, 0) and (0, —3).

Y
T 3x—dy :y
0

>

X

b Rearranging the equation,
3x—4y=12
S3x—-12=4y
Sy = %x—3
.. 3
The gradient is vh
4 afiR—>R, f(x) =9 —4x
f0)=9=(0,9)
Let f(x) = 0.
S9—-4x=0
.9
X = Z

(3

Y
The range is R.
b gi (-3.5) ~ Rg (W) ==
g(0)=0=(0,0)
9 9. .
g(=3)= -3 => | -3, -3 is an open end point.
g(5) =3 = (5,3)is aclosed end point.

y)
o3
7T
(5,3)
- ©.0) >
D X
3,9
)
Y
. 9
The range is -5 31.
c2x+y=4,xe€[-2,4)
y-intercept: y =4 (0,4)
x-intercept:
2x=4
x=2(2,0)
End points:
x=-2,y=8(-2,8)
x=4,y=—4 (4,-4)
V)

2.8

0,4

5 0l@0 4x
“4. -4

The range is (—4, 8].
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2 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.2

2
dy=3+5 xel-15]
y-intercept: y =5 (0,5)

x-intercept:
2x

0=—=—+5
3+
2x
5=
3
—-15=2x

15 15
=7 (‘7"))

(outside the domain)
End points:

13 13
:—l, = — —1’—
=ta=5 (05)

25 25
:5,2— 5,—
== (53)

Ty

(1.18)e 0

Sy

<7 T
Y

The range is [E é] .

y=y1=mx—xi)
y—6=-3(x-2)
y—6=-3x+6
y=-3x+12
_»-n
_xz—x1
_5+4
+2

m

WMI\OH

Y=y =mx—x1)
y=5=3(x-1)
y—5=3x-3
y=3x+2
y+2x—3=0

y=-2x+3
m=-=2

Therefore, gradient of desired line = —2.

y=y1 =mx—x)

y—4=-2x+1)

y—4=-2x-2
y=-2x+2

b 3y—-6x=4

3y=6x+4

4

=2 —
y x+3
m=2
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1
Therefore, gradient of desired line: m = )

y=—y1=m(x—x1)
y—3=—%(x—2)

As the gradient is negative:

5
0=180°—tan"' ( =
an (6>

= 140.2°

b tan(8) =m
m = tan(45°)

=1

y=—yir=mx—x)

y—4=1(x+2)
y—4=x+2
y=x+6
. X1 +x2 y1+y
8aiM=(252057)
24+6 0-4
=<TT>
=4,-2)

i d=v(n-x)"+0:-)’
=V(6-2) + (-4 -0y
=V32
= 44/2 units

X1+ x2 y1+y2>
2 72

_(—=3+4 -2+3
-(5557)
(11
(34

it d=v0 —x1)+ (2 — )

biM:(

=@ +3*+3+2)7
=V7? +52
=4/74 units
9 axMzm

a+ 10

8:

2
16=a+ 10
a=6



YLty
bom =7
5 a-2
272
S5=a-2
a="17
c d=\/()€2—)61)2'|'(yz—y|)2
VB3 =V@a-1?+6-ay
V713 =19+ (6 — a)?
73 =9+ (6 —a)’
6—a=64
6—a==8
a=6%x8
=14,-2
d d=1(x—x1)* + (2 —y)?

Vas=v(-2 a7 + (-2~ 47
V45 =v/(=2 - a)* + 36
45=(-2—-a)* +36

(=2-aP=9
—2—-—a==3
—a==x3+2
a=%3-2
=-5,1

10 A(5,-3),B(7,8)and C(-2,p)

a The line 9x + 7y = 24 has a gradient of —%.
This is the gradient of AC since it is parallel to this line.

Mac = p+3

-2-5

9 p+3

7 -1

s9=p+3
-p=6

7
b A line perpendicular to AC would have a gradient of 5

The line through B (7, 8) perpendicular to AC has equation:

y—8=g(x—7)
S99y —=T72="7x-49
S99y —=Tx =23

¢ Let the point where 9y — 7x = 23 meets AC be Q. The
length of PQ is the shortest distance from B to AC.
To find Q, solve the pair of simultaneous equations:
Ix+T7y=24 [1]
9y —Tx=23 [2]
. . 11 75
Q is the point (7, %>
The length of BQ is

2 2
11 75 .
\/(7_2_6) +<8—2—6) ~ 8.3 units.
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1.2 Exam questions

1 Midpoint: (% M) given (1,-5),(d,2)

2
. 1+d -5+2
M t=( —, ——
idpoin < ) )

_(a+t 3
“\ 22

The correct answer is A.

2 fx)=4—x
fla=-2=>4—-a=-2= a=6included
fb)=6=>4—-b=06= b= -2not included
The domain is (-2, 6].
The correct answer is D.

_ 1= (=
3 Gradientm:yz—yl, som = J: § =2=mr
X2 — X1 3-0 3
Now mxmr = —1, somy = —.

The correct answer is C.

1.3 Solving systems of equations

1.3 Exercise

1 2x+ky=4 [1]
k-3)x+2y=0 [2]
There is a unique solution for all values of k except when the
gradients are the same.
From [1] : ky=-2x+4
2 4 -2
yz—zx+z o m=—~
2y=—(k—-3)x
S Gk P i)
2 2
Equating gradients, we have:
2 (k=3)
k2
22)=kk-3)
0=k -3k-4
O0=(k—-4)(k+1)
0=k—4 or O0=k+1
k=4 k=-1
If k = —1 or 4 the equations will have the same gradient, so
for all other values of k there will be a unique solution. That
is, ke R\ {—1,4}.
2 mx—2y=4 [1]
x+m-=3)y=m [2]
There will be infinitely many solutions if the equations are
identical.
From [1]: mx—-4=2y

From [2] :

From [2]: x+@m—-3)y=m
x—m=—(m-3)y
x—m=0B-m)y

Y=g —X—

3—-m
For the equations to be identical, m = 2. To check we should
look at the two gradients.
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4 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.3

m 2
For [1]: Gradient= — == =1
or [1] radien > 3

1 1
For [2]: Gradient= ——— = —— =
or [2] radien T332

The gradients are also the same. Therefore, m = 2 for an
infinite number of solutions.

x+my=3 [1]

4dmx+y =0 [2]

From [1]: my=—-x+3

1

1 3 . 1
y = ——Xx+ — where gradient, = ——
mm m

From [2]: y = —4mx where gradient, = —4m
There is no solution when the lines have the same gradient
and are parallel.
Gradient; = Gradient,
1

—— =—4m
m
1 = 4m?
1 2
i om
4
m—+l
T2

| —

There is no solution if m = +
x+3ky=2 [1]

k—-1Dx—-1= -6y 2]
From [1]: 3ky=—x+2
1

. 1
e + % where gradientm; = %
From [2]: 1—-(k—1)x= 6y
1 (k-1 k—1

x =y where gradientm; = ———

6
The lines have a unique solution for all vales of k except for
when the gradients are the same.
mp =myp

1 k-1

0=3k-3k-6
0=k —k-2
0=k=2)k+1)
k—=2=0 or k+1=0
k=2 k=-1
Lines have a unique solution when k€ R\ {—1,2}.

5a-2x+my=1 [1]

m+3)x—2y=-2m 2]
From [1]: my =2x+1
2 1 . 2
y = —x + — where gradient;, = —
m m m

From [2]: (m+3)x+2m =2y

(m + 3)x + m =y where gradient, = mT-l-S

The lines have a unique solution for all vales of k except for

when the gradients are the same.
Gradient; = Gradient;

2_m+3
m_ 2
4=m+3m

0=m’>+3m—4
O=m+4)(m-1)

m+4=0 or m—1=0
m=—4 m=1
The lines have a unique solution when m € R\ {—4, 1}.
b The lines have no solution when the gradients are the same
because the lines are parallel.
Ifm=-4
“2x—4y=1 [1]
—x—-2y=38 [2]
[2] X2 = -2x—4y =16
Therefore, if m = —4, the gradients are equal, but the
y-intercepts are not. Therefore, the lines are parallel
¢ The lines have infinitely many solutions when both the
equations are identical. This is when their gradients are the
same and so too are the y-intercepts.
Ifm=1:
—2x+y=1 [1]
4x -2y =-2 [2]
[11X-2=4x—-2y=-2
The lines are identical, so there are infinitely many
solutions when m = 1.
6 2m—4n—-p=1 [1]
dm+n+p=>5 [2]
3m+3n—-2p=22 [3]
[1]x2and [2] X 2:
dm—-8n—-2p =2 [4]
8m+2n+2p =10 [5]
(31— [4]:

—m+ 11n =20 [6]
[31+[5]:
11m+ 5n =32 [7]
[6] x11:
—1lm+121n =220 [8]
[71+[8]:
126n = 252
n=2
Substitute n = 2 into [6]:
—-m+11(2)=20
22-20=m
m=2
Substitute m = 2 and n = 2 into [2]:
42)+2+p=5
10+p=5
p=-5
7 2d—e—f=-2 [1]
3d+2e—-f=5 2]

d+3e+2f=11 3]
[1]x 2 and [2] X 2:
4d—2e—2f= -4 [4]
6d+4e—2f=10  [5]
[31+[4]:
Sd+e=1 [6]
[3]+[5]:
7d +Te = 21

d+e=3 (7]

(6] - [71:
4d =4

d=1
Substitute d = 1 into [7]:
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1+e=3 [4] - [3]:
e=2 S5v—10w =50 6
Substitute d = 1 and e = 2 into [1]: v=2w=10 (6l
2()=2—-f=-2
M ?_2 (61 - [51:
8 CAS can be used for all parts or the equations can be solved 3w=-6
by hand. w=-=2
5 -1 ! Substitute w = —2 into [6]:
asrry—= [ y—2(=2)=10
—x—-3y+z=-13 2] b4 4 =10
—4x+3y—z=-2 [3] i
[21+ B3I Substitute w = =2 and v = 6 into [1]:
_5x=3_15 U+2(6) —4(=2) =23
X =
u+12+8=23
meenoimn
2] = 3y3z+—_ 13 datbt+c=4 (1]
vTeT (51 2a-b+2c=17 [2]
-3y+2z=-10
[4] + [5]: —a-3b+c=3 [3]
—2y=—4 [1]+[3]:
y=2 —2a+2c=1 [4]
Substitute into [4]: [3]1x2:
2—-7=6 —2a=6b+2c=6 [5]
7=—4 [4] x =2:
bm+n—p=6 (] 4b —4c=-14 [6]
3m+5n-2p=13 [2] (6] +[7]:
5m+4n—"Tp =34 [3] -3b=9
[1]x3: b=-3
3m+3n-3p=18 [4] Substitute b = —3 into [4]:
[2] - [4]: -2(=3)+2c=7
2n+p=-5 [5] 6+2c=7
[1]x5: 26=11
Sm+5n—5p =30 [6] czz

(6] —[31:

nt2p = —4 7] Substitute b = =3 and ¢ = % into [1]:

[7]% 2: a—3+%=4
2n+4p=-8 [8
n+4p (8] s g
[8] —[5]: a=5=3
3p= -3 13
p:—l a= —
Substitute p = —1 into [5]: 9 Let a be the smallest angle, b be the largest angle and ¢ be the
2n—1=-5 third angle.
2n=—-4 b=a+20 [1]
n=-2 a+b=c+60 [2]
Substitute p = —1 and n = =2 into [1]: a+b+c=180 [3]
m—2+1=6 Substitute [1] into [2] and [3] :
m="1 a+a+20=c+60 (4]
cu+2v—4w =23 [1] 2a —c =40
3u+4v —2w =37 [2] a+a+20+c¢=180 5]
B3u+v-2w=19 [3] 2a + c =160
[1]1%x3: 5 ny
3u+6v—12w=169 [4] [4] + [230-
[4] - [2]: o
2v=10w =32 Substitute @ = 50° into [1]:
v—5w=16 [5]

b=50+20=70°
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6 | TOPIC 1 Functions and graphs ¢« EXERCISE 1.3

10

11

12

13

Substitute @ = 50° and b = 70° into [3]:
50+ 70+ ¢ =180

120 + ¢ =180
c=60°
The largest angle is 70°, the smallest angle is 50° and the third
angle is 60°.
w—=2x+3y—2z=10
2w4+x+y+z=4

—-w4+x+2y—z=-3

3w—-2x+y=11
Solve using CAS:
w=1, x=-3, y=2andz=3
2x—y+az=4 [1]

a+2)x+y—-z=2 [2]
6x+(a+1)y—2z=4 [3]
Solve using CAS:
=2(a+2) =4(a+2)andz=4—1
ala+4)’ a(a+4) " a
x+2y+2z=1 [1]
2x=2y+z=2 |[2]
a [1]+[2]:
3x+3z=3
b Letz = A.
3x+34=3
x+4i=1
x=1-24
Substitute z = A and x = 1 — A into [2]:
2(1l=-)—-2y+4=2
2-2A-2y+A=2

-A=2y
__A
)

¢ This solution describes the line along which the two planes
are intersecting.
x+2y+4z=2 [1]
x—y-3z=4 [2]
(2] -1[11:
—3y-Tz=2
3y+Tz=-2
Letz = A.
3y+74=-2
3y=-74-2
_=Ti=2
-3
TA+2
3

2
into [2]:

Substitute z = Aandy = _7)” +

7442 o,

)
3

9A+12-74-2
B 3
24410
T3
_2(A+5)
=73

X+

x=31+4-

14

15

16

x+y—-2z=5 [1]
x=2y+4z=1 [2]
[11-[2]:

3y—6z=4
Letz = A.
3y=61+4
_2(34+2)
Y=73
Substitute y = M into [1]:
+39%12—2A=5
3x+6A+4—-64A=15
3x=11
!
T3
—2x+y+z=-2 [1]
x—3z=0 2]
Letz=A.
From [2]:
x—34=0

x=34
Substitute z = A and x = 34 into [1]:
20@)+y+i=-2
y—54=-2
y=54-2
3x+2y=-1 [1]
mx+4y=n [2]

From [1]: 2y=-3x-1
y= —§x _1 where gradient, = _3
27 2 T2
From [2]: 4y=-mx+n
m_n . m
y=-gx + 71 where gradient, = 7

If gradient, = gradient,,

3 0m

2 4
12=2m
m=6

a The lines have a unique solution for all values of k except
for when the gradients are the same. Therefore, m € R\{6}
andneR.

b The lines have infinitely many solutions when both the
equations are identical. This is when the gradients are the
same and so too are their ¢ values. If the gradients are the
same, then m = 6, and if the ¢ values are the same, then:

I _n
274
-4 =2n

n=-2

Therefore, for an infinite number of solutions,
m=6,n=-2.

¢ The lines have no solution when the gradients are the same
but the y-intercepts are different (lines are parallel).
Therefore, m = 6 and n € R\{-2}.
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1.3 Exam questions

1 Consider the simultaneous equations:

ax—3y=5 [1]

3x—ay=8—-a [2]

There will be no solutions when the gradients of both
equations are the same and the y-intercept is different.
First, rearrange the equations to determine the gradient of
each line.

ax—3y=5 [1]
—3y=—ax+5
a 5
y=3773
Gradient = =

3x—ay=8-a [2]
—ay=-3x+8—-a

3 8§—a
y=-x-

a a
Gradient = —
Solve for when the gradients are equal.
a_3
37 a
=9
a==3

Now test each a value to see which one(s) means that the
y-intercepts are different.

a=3:
3x—3y=5 [1]
3x-3y=5 2]

When a = 3, the equations are the same; therefore, there
would be infinitely many solutions.
a=-=-3
—3x-3y=5 [1]

3x+3y=11 2]
The gradients of both equations are the same; however, the
y-intercepts are different.
Therefore, when a = —3, there are no solutions.
The correct answer is B.
Consider the simultaneous equations:

—2x —my=—4 [1]

m—Dx+6y=2(m—-1) [2]
There will be a unique solution provided the gradients of the
two lines are not equal.
First, rearrange the equations to determine the gradient of
each line.

—2x—my=-4 [1]
—my =2x—4
2 4
y=——x+ —
m m
Gradient = ——

(m—Dx+6y=2m—-1) [2]

6y=—m—1x+2(m—-1)
m—1 m—1
y:— x+_

6 3
-1

6

Gradient =

TOPIC 1 Functions and graphs ¢ EXERCISE 1.4 | 7

Solve for when the gradients are equal.

2 m-—1
m 6
12=m*-m
0=m*—m—12
=(m—-4(m+3)
m=4,-3

Therefore, there will be a unique solution for all values other
than 4 and —3.

meR\{-3,4}

The correct answer is C.

A unique solution represents only one value for each of the
three variables and will only occur at a point.

The correct answer is C.

1.4 Quadratic functions

1.4 Exercise

1

2

3

4

alsw—u—-2=0Gu-2)Gu+1)

b 6d° — 284+ 16 =2 (3d" — 14d +8) =2(3d —2)(d — 4)
c37+12/-6

=3("+4/-2)

=3(P+4+2° -2 -2)

=3((G+2°-6)

—3<(/+2)— )2)
=3(j+2-v6) (j+2+V6)

db2—1=(b—1)(b+1)

afl-12f-28=(f—14)(f+2)
bg+3g—4=(g+4 -1
a 8x° +2x—3=0
@x+3)2x=1)=0
,=_31
T 4’2
b2x*—4x+1=0
A = b* — dac
=(—4)?-4x2x1
=16-38
=8
= —b+v/b? — dac
- 2a
4+4/8
T o2x2
42242
T4

22
T2

asly’=1
81y’ —1=0
@) -1=0

OGy-1DOy+1)=0

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual
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99—-1=0 or 9+1=0 Therefore, the graph has a minimum turning point at
1 1 2
Y=3 y=-3 <§,—8>-
b 472 +2874+449=0 y-intercept: let x = 0.
' ’ oy — 2
22* +2Q2) (N +7* =0 Sy=2(-2) -8
Qz+77=0 .'6yo= 0
2+7=0 ©.0) )
27=-7 The axis of symmetry is x = 3 so the other x-intercept must
7 4
=73 be <§ 0).

c 5m* +3 = 10m

5m* — 10m+3=0

10£V/(-10)> —4x5x% 3
m=

2X%5
_ 10+4/40
10
_10%£24/10
B 10
+‘(
= > _5 10 Domain R, range [—8, c0)
7 af:(-2,2) - Rf(x)=3(1-x>+2
d ¥ —dx=-3 TP = (1, 2)
X —4x+3=0 End points:
(x=3)x-1=0 x=-2,f2)=31-27%+2
x=3=0 or x-1=0 =3x(-1)*+2
x=3 x=1 =5
5 a 48p =24p* + 18 o (=2,5)
24p* —48p + 18 =0 x==2,f(-2)=3(1+2"+2
4p* —8p+3=0 =3x(3)+2
2p-1DH@2p-3)=0 =29
p-1=0 or 2p-3=0 ©+ (=2,29)
1 3 Lowest value = 2, highest value = 29
r=3 rP=3 Therefore, range = [2, 29).

b iy=x-2)2x+3), xe[-2,3]
y-intercept, x = 0:
y=0-2)(0+3)

b 39 = 4k* + 77
4K —39% +77=0
@k-11)(k=7)=0

=-6
k= T k=17 x-intercepts, y = 0:
0=(x-2)2x+3)
c m?> +3m =4
i+ 3m—4=0 =23
+4)(m-1)=0
(m+4)(m—1) (2,0),<_§,0
m+4=0 or m—1=0 2
m=—4 m=1 Tl.le turning point occurs halfway between the
x-intercepts:
d 4n* =8 -5n 23 1
- 2 _ 2 _
4n* +5n-8=0 x=—t=2=7
—5+1/(5° -4 x4 x -8 1 1
= =(--2)(2%x-+3
" 1% 4 1 3t
—-5+4/153 =_ZXZ
=— 472
49
_ -5+3y/17 =-3
8 oo (1%
6 y=23x—-2?%-8 “\4 8

2
Turning point: when3x —2 =0, x = 3
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End points:
x=-2,y=(-2-2)(-4+3)=4
S(=2,4)
x=3,y=3-2)(6+3)=9
(3,9

YA (3,9

© _6)v (

9]

Range =

8
ii y= > +4x+2, xER
y-intercept, x = 0:
y=2
0,2)
x-intercepts, y = 0:
0=—x*4+4x+2
A =b* —4ac
=42 _4x-1x2
=24

—bx\/b* —dac
2a
—4++/24
-2
_ —4£2v/6

_2ave
(2—\/8,0),(2+\/6,0)

Turning point:
-4
= — = 2
R}
y=-2"+42)+2
=6
TP = (2,6)

YA

(2,6)

2-+6,0)/0 (2 + 6, 0)

Range = (—o0, 6]
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iii y=-2(x+1)7-3, xe (-3,0]
y-intercept, x = 0:
y==20+17-3
=-5

0,-5)

x-intercepts, y = 0:
0=—-2(x+17>-3

—%z(x+1)2

No x-intercepts

TP = (-1, =3)

End points:

x=-3,y=-2(-3+17%-3
=-2x(-2?%-3
=-11

5o(=3,-11)

x=0,y=-20+1?*-3

=-2x(1)7-3
=-5
5 (0,=5)
YA
D 0 x
-1,-3)
»(0, -5)

(-3,-11)

Y
Range = (—11,-3]

iv y= %(2x— 3 -1, x€R
y-intercept, x = 0:

_1 2
y=30-37~1

7
(O’ z)
x-intercepts, y = 0:
0= %(2)5—3)2—1
2 =(2x — 3)?

i\/§=2x—3

*V24+3=2x

3+4/2

2
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10 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.4

3
™=(2-1
(2’ )

Range = [-1, )
8 fLRTU{0} > R, f(x) =4x* — 8x + 7.

a The discriminant determines the number of x-intercepts.

A=b"—dac,a=4,b=-8,c=17
A=64-4x4x%x7
=64 —-112
<0
There are no x-intercepts.
b f(x) =4x* —8x+7
Completing the square:

f(x)=4<x2—2x+ %)
7

=4<(x2—2x+1)—1+z>

=4<(x— 1)2+§>

=4(x-12+3
¢ The restricted domain is R* U {0}.
Minimum turning point (1, 3), y-intercept and
end point (0, 7)
y
y=4x>-8x+7

0,7)

Y

The range is [3, o).

(1,3)

2y

9 x-intercept at x = —l = (2x + 1) is a factor.
x-intercept at x = 4 = (x — 4) is a factor.
Let the equation be y = a (2x + 1) (x — 4).
Substitute the point (0, 2):

S 2=a(l)(—4)
1

Soa=—=

2
The equation is y = —% 2x+1)(x—4).

The turning point is halfway between the x-intercepts.

Therefore,
_4-05
)
35
7
T4

Substitute this x-value back into the original equation.

S
=06

81

16

Therefore, the turning point is <%, ?—é) .

10 a Let the equation be y = a(x — h)* + k.

The turning point is (=6, 12).

Ly=alx+ 6)* + 12

Substitute the point (4, —3):
s =3=a(10y* + 12

- 100a = —15
-
CTT20

The equation is y = —23—0(x +6)* + 12.

b The points (=7,0) and (—2%, 0> are the two x-intercepts.

1
The equation has linear factors (x + 7) and <x + 25) or

2x+5).
Let the equation be y = a (x + 7) 2x + 5).
Substitute the point (0, —20):
So=20=a(7)(5)

.4

Soa= —7

.. 4
The equation is y = -3 x+7)(2x+5).
¢ As the points (=8, 11) and (8, 11) have the same

y-coordinate, the turning point and the axis of symmetry lie
midway between them.

. 8
Axis of symmetry: x = =>x=0.

The minimum value of a quadratic function is the y-value of
its minimum turning point.

Therefore, the turning point is (0, —5).

Let the equation be y = ax® — 5.

Substitute the point (8, 11):

1l=a(64) -5

- 6da =16
.a_l
na=g

1
The equationis y = sz -5.

11 a - +2x-5

=—(x2—2x+5)
=—((-2x+1)-1+5)
=— (=1 +4)
=—(x-17-4

b y=-x*+2x-5

Ly=—(x-17%-4
The turning point is (1, —4).

¢ The turning point is a maximum, so the range is (—oo0, —4].
There are no x-intercepts. The y-intercept is (0, —5).
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y=-x>+2x-5
(1, -4)
0, -5)

\\:
T
»
2
=
=

y=-x>+2x-5
(1, -4)

Y

The line y = x + 3 passes through the points (-3, 0) and
(0, 3). As the diagram shows, this line will never intersect
the concave down parabola.
e The graphs of y = x + k and y = —x* 4+ 2x — 5 will intersect
when
x+k=—x*+2x-5

X —x+k+5=0
For one intersection, A = 0.
A=b"—4ac,a=1,b=—l,c=k+5

=1-4(k+)5)

=—4k-19
So—4k—19=0

kZ_I

. . 19
For exactly one intersection, k = ——.

4
12 2% =kx—2
2% —kx+2=0
A = b — dac
= (k) —4x2x2
=k -16
A<0
P -16<0
(k—4)(k+4)<0
ke (—4,4)
13 ¥ =1=-3-2mx
X +2mx+2=0

TOPIC 1 Functions and graphs ¢ EXERCISE 1.4 | 11

A =b? — dac
=02m) -4x1x2
=4m* -8
A>0
4m* -8 <0
m —2<0

(k-\/i) (k+\/§><o

e (~o0.v2) U (Va.w)
14 ¥ -2=2x-3

X =2x+1=0

A = b — dac
=(-2%-4x1x1
=4-4
=0
As A =0, the graph of y = 2x — 3 is a tangent to the graph of
y=x—2.
15 a kx® — 3x + k = 0 has no solutions if the discriminant is less
than zero.
A<O
(=3 -40) (k) <0
9—4k* <0

(B-2k)B3+2k) <0

<
o T T T T T

-5 -1 -05 0 05 1 1f5

Y

Thus, {k: k < =15} U {k: k> 1.5}
bk +4x—k+2=0
A=16—-4XkX(—k+2)
=16+ 4k — 8k
=4 (K -2k+4)
=4 (K -2k+1° =17 +4)
=4[+ 1)’ +3]
=4k+ 1>+ 12
As(k+ 1) >0,
LAKk+17 20
and4(k + 1) + 12 > 0.
A is always greater than zero. Therefore, the equation will
always have a solution for all values of k.
16 (m—1)x* + <¥>x+2m=0

This has two solutions if the discriminant is greater than zero.
b —4ac > 0

2
(5_2’") —4m-1)2m>0

2
Using CAS:

N 25
—Tm” +3m + T >0

e <3—2\/E 3+2\/R>\{1}

14 14

Note: m # 1 as the coefficient of x> would be zero if m = 1.
Therefore, no parabola would exist.
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1.4 Exam questions
1 2+2x—k=0

A=Q2?+4k=4+4k>0
k>—1,(-1,00)
The correct answer is B.
y= X =2bx+1
y= (¥ =2bx+b*) +1-0
y=@-b’+1-0
The turning point is V (b, 1- bz).
Define the distance, s, from the origin, O, to the turning point,
V, in terms of b.
dov = s(b) =/b? + (1= 1)’
Enter the function in your CAS calculator and determine
which b value gives the smallest value of the square root, the
distance from the origin.
When b = L or —L, the distance is é
2 W2 4
The correct answer is C.
yr=mx+c, y2 = ax2
For intersection points, y; = y2:
mx+c=a’ >ax’ —mx—c=0
For no points of intersection, the discriminant,
A =m? +4ac < 0.

m* < —4dac = ¢ > —Z—l if a < 0. Dividing by a positive does
a

not reverse the inequality.
The correct answer is D.

1.5 Cubic functions

1.5 Exercise

1 a 1254 = 276 = (5a)° — (3b)®
= (5a — 3b) ((5a)° + (5a) (3b) + (3b))
= (5a — 3b) (254 + 15ab + 9b°)
b 2% + 6¢%d + 6¢d® + P
=2(+37d+3cd +d°)
=2(c+dy
c40p’ —=5=5(8p’ —1)
=5(2py’ -1°)
=5Qp-1(@py +2p+1)
=5Qp-1) (4> +2p+1)
d 8 — 12> +6x—1
= (20" - 320 (1) +3 @0 (1> = (1)
=@2x-1)

2 a277 —5472 +36z-38

=32’ =332’ +3(32) (2 +2°
=(3z-2)

b m*n® + 64
= (mn)’ +4°
=(mn+4) ((mn)2 — 4mn + 42)
=(mn+4) (mzn2 —4mn + 16)

3 a3 —xy—3x+y

=3 —3x—xy+y
=3xx—-1—-yx-1)
=(x-DBx-y)

b 3y® +3y’2% — 2zy — 27°
= 3y2 (y+z2) -2z (y+z2)
= (v+2) (3" - )
a 94> — 16b* — 12a + 4
=94" — 12a + 4 — 16b°
= (3a)®> —2(3a) (2) + 2% — (4b)*
= (Ba - 2)* — (4b)*
=(Ba—2 —4b)(Ba -2 +4b)
b n?p* —4m* —4m -1
= (np)? — (4mz +4m + 1)
= (np)’ — (@m)* +2(2m) + 1)
= (np)’ — 2m+ 1)’
=mp—-Cm+1)(np+(2m+1))
=mp-2m—1)(np+2m+1)
Let P(x) = x° — 2x% — 21x — 18.
P(=D)=(=1P =2(=1)* =21(-1) - 18
P(-1)=—-1-2+421-18
P(-1)=0
Thus, (x + 1) is a factor.
X =28 =2lx— 18 =(x+ 1) (x* - 3x — 18)
=x+1)x—-6)(x+3)
a7r—49°2 +r-7
=77 (r=-N+T-1)
=(@r=7(77+1)
b 36V + 6V +30v + 5
=6V (6v+ 1) +56v+1)
=(6v+1)(6v* +5)
¢ 2m® + 3m® — 98m — 147
=m* 2m+3) — 49 2m + 3)
= (2m+3) (m* — 49)
=C2m+3)m—-T)(m+17)
d27 -7 +27-1
=7 2z-D+@Qz-1)
=Qz-D(Z+1)
e 4x> — 28x + 49 — 25y7
=(Q2x =7 - (5y)
=Q2x—7-5y)2x -7+ 5y)
f 164> — 40> = 12b—9
= (4a)’ — (40" + 12 +9)
= (4a)* — 2b + 3)°
= (4a — (2b +3)) (4a + 2b + 3)
=(4a—2b—-3)(4a+2b+3)
gV —4—w+dw
= - (W2—4w+4)
=17 — (w—2)
=(v-w=-2)(v+Ww-2)
=(v-w+2)(v+w-=2)
h 4p> — 1 +4pg + ¢
=4p> +4pg+ ¢* — 1
=Q2p+q’ -1
=Q2p+q-1DQC2p+q+1)
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7 28— —10x+5=0
Xx-1)-52x-1)=0
@x—1)(x¥*=5)=0

(2x — 1)(x—\/§) (x+\/§) =0

= -, x£v/5
)

8 aletP(b)=0b"+5b>+2b-8.
P(=1P+517°+2(1)-8=8-8=0
Thus, b — 1 is a factor.

b +5b°+2b—8=(b—1) (b’ +6b+8)
=b-1DGB+2)(B+4)
Ifb° 4+ 50> +2b -8 =0,
G-DOb+2)b+4=0
b—1=0 or b+2=0 or b+4=0
b=1 b=-2 =—4
b —2m® +9m* —m—12=0
2m —9m* +m+12=0
Let P (m) = 2m*> — 9m® + m + 12.
P(-D)=2(-1P -9-1)*-1+12
=-2-9-1+12
=—12+12
=0
Thus, m + 1 is a factor.
2m’ —9m* +m+12=(m+ 1) (2m* — 11m + 12)
=m+1)2m-=-3)(m—4)
If2m® —9m* +m+12=0
m+1)2m-=3)(m—-4)=0
m+1=0 or 2m—3=0 or m—-4=0

m=-—1 m= m=4

[\SY SN}

c Let P(x) =2x° —x* — 6x + 3.

/()0 -+

1
11 543
1737
-0

Thus, (2x — 1) is a factor.

2 =X —6x+3=2x—1)(x* = 3)

If2x° — x> —6x+3=0,
@x-1(¥=-3)=0

2x—1=0 or x*-3=0

xX== =3

2
x=%/3
d2’+77% +2x-3=0
Let P(x) = 2x° + 7x* 4+ 2x — 3.
P(=1)=2(=1)* +7(=1)* +2(=1) -3
=-247-2-3
=0
Thus, (x + 1) is a factor.
28+ 73 +2x-3=0
G+ 1D (2 +5x-3)=0
E+Dx=D@E+3)=0
x+1=0 or 2x—1=0 or x+3=0

x=-1 X =
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14 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.5

9 a Let P(f) = 3£ + 227 + 37t + 10.
P(=5) =3(=5)* + 22(=5)> + 37 (=5) + 10
=—-3754+550 - 185+ 10
= —560 + 560
=0
Thus, t + 5 is a factor.
3° +220 4371+ 10=(t+5) (37 + Tt +2)
=@+50C+2)@r+1)
If 37 + 227 + 37t + 10 =0,
t+30e+2)Bt+1)=0
t+5=0 or t+2=0 or 3t+1= 0

=-5 =-2 [Ep——

b Let P(d) = 3d> — 164> + 12d + 16.
P(2)=32)°-162° +12(2) + 16
=24 -64+24+16
=64 — 64
=0
Thus, d — 2 is a factor.
3d® — 16d° +12d + 16 = (d — 2) (3d° — 10d — 8)
=d-2)(d-4)Bd+2)
If 3d> — 16d* + 12d + 16 = 0,
d=2)(d-4)(Bd+2)=0

d-—2=0 or d-4=0 or 3d+2=0
2
d=2 d=4 d=—§
10 AC+(B-DX+B+Ox+D=3" - +2x—7
A=3, B-1=-1 B+C=2 and D=-7
B=0 0+C=2
Cc=2
11 P2 +9°% -2+ 1= +dx+e)’+4
40 -2+ 1= +dx* 4+ 2dex + ¢ +4
& =9,2(*3)e=-2
d=2%3 *6e=-2

e==*

W] =

12 a5 -32+4z—1=a’ +b” +cz+d
a=5, b=-3,c=4andd = -1
bxX—62+9%—1=x(x+a’—-b
x3—6x2+9x—15x(x2+2ax+a2)—b
X6 +9%—1=x>+2a +a*x—b
2a=-6 b=1
a=-3
13 28 -5 +5x -5
=ax-1P+bx-1Y+c@x-1)+d
a(x3—3x2+3x—1)+b(x2—2x+l)+cx—c+d
=ax’ —3ax’ +3ax—a+bx* —2bx+b+cx—c+d
=a’ +(3a+b)x* +Ba-2b+c)x+(—a+b—c+d)
Equating coefficients:
a=2 -3a+b=-5 3a-2b+c=5 —-a+b-c+d=-5
-32)+b=-5 3Q2)-2(1)+c=5 -2+1-1+d=-5

—-6+b=-5 6—-24c=5 —2+d=-5
c=1

Thus, 23> =52 +5x=5=26 - 1’ +(x = D>+ (x = 1) = 3.

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



14 P (x) = ax® + bx* — 4x — 3 where (x + 3) and (x — 1) are
factors.
a(=3)* + b(=3)> —4(=3)-3=0
—27a +9b =-9
3a-b=1 [1]
a(1® +b(1* —4(1)-3=0
a+b=7 2]
[1] + [2]
4a=38
a=2
Substitute a = 2 into [2]: 2+ b =7, sob = 5.
15 y= —4(x+2)° + 16
Stationary point of inflection at (-2, 16)
y-intercept: let x = 0.

Ly=-42)P° +16
Sy=-16
(0,-16)

x-intercept: let y = 0.
0=—-4(x+2)° +16

S+ =4
.'.x=\3/4_1—2
(Vi-20)

YA

Y= 4 +273+ 16
(-2,16)

(@Z ~2.0)
L

(0, -16)

A
R
X

A
16 f:[-2,4]1 - R, f(x) = 4x° — 8x* — 16x + 32
a 4x’ —8x* — 16x + 32
=42 (x=2)=16(x=2)
=4(x=-2) (¥ —4)
=4(x -2 (x+2)
b f(x) =4(x—2)> (x+2), xe [-2,4]
x-intercepts: x = 2 (turning point), x = —2 (which is also an
end point)
y-intercept: f(0) = 32 = (0,32)
Right end point: f(4) = 4(2)* (6) = 96 = (4, 96)

y=4x3—8x>— 16x + 32

¢ The maximum value of the function f is 96 and its
minimum value is 0.
17 ay=x"—x"—6x
.‘.y=x(x2 —x—6)
Sy=x(@x-3)(x+2)
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The factors show the graph cuts the x-axis at (0, 0), (3,0)
and (-2, 0).
The leading term has a positive coefficient.

y

(2,0

y=x>—x>—6x

Y
1
by=1—§(x+1)3

Stationary point of inflection (-1, 1)

y-intercept: let x = 0.

. _ 1 3

sLy=1 8(1)
_7
=8

x-intercept: lety = 0.
1

S 0=T- 20+ 1)

S+’ =8
Sx+1=2

sox=1
(1,0)
End points:
x=-3,y=1- %(—3+ 1)}

L3
=1- —(=2)
8( )
1
=]—— —_—
8>< 8
=2 ..(-3,2)

x=2,y=1—%(2+1)3

YA

'
\,

<
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16 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.5

cy=12(x+ 1) =3x+1)
Ly=3+ 1)@ - (x+ 1)
Ly=3+ 1’3 —x)
The factors show the graph touches the x-axis at (—1,0) and
cuts it at (3, 0).
y-intercept: let x = 0.
Sy=310*3)=9
0,9
Y y=1200+ 1) =30+ 1)

0,9

(3,0)

)

-1,0) 0

Y

18 The x-intercepts indicate the linear factor and its multiplicity.
In the diagram each factor will have multiplicity 1.
Cut at x = 0 = x is a factor.

4
Cutatx =0.8 = 3 = (5x — 4) is a factor.

Cutatx=1.5= % = (2x — 3) is a factor.

Let the equation be y = ax (5x — 4) 2x — 3).
Substitute the point (2, 24):
L 24=a2)(6)(1)
S 12a=24
La=2
The equation is y = 2x (5x — 4) (2x — 3).

19 The x-intercept at x = —4 = (x + 4) is a factor.
The x-intercept at x = 1 = (4x —5) is a repeated factor of
multiplicity 2.

Let the equation be y = a (x + 4) (4x — 5)°.
Substitute the point (0, 10):
S 10=a ) (=5)?

2. 10 =100a
gz L
)

1
The equation is y = ) (x + 4) (4x — 5)%.

20 a f(x) = -2 +9x* —24x+ 17
fH)=-24+9-24+17=0
. (x—=1)is afactor.
By inspection,
—20 + 9" = 24x + 17 = (x — 1) (=247 + Tx — 17)
Consider the discriminant of the quadratic factor

—2x* +7x - 17.
A=49 —4(=2)(-17)
=49 — 136
<0

Since the discriminant is negative, the quadratic cannot be
factorised into real linear factors and therefore it has no real
Zeros.

For the cubic, this means there can only be one x-intercept,
the one which comes from the only linear factor (x — 1).

b For there to be a stationary point of inflection, the equation
of the cubic function must be able to be written in the form
y=a(x+b) +c.

Let —2x° + 9x* = 24x + 17 = a(x + b)* + c.
By inspection, the value of @ must be —2.
L2049 = 24x 4+ 17 = 2 (X +3°b + 3" + 1) + ¢
Equate coefficients of like terms:
3

x2:9=—6b=>b=—§
x1 =24=-6b"=>0b" =4

It is not possible for b to have different values.

Therefore, it is not possible to express the equation of the
function in the form y = a(x + b)* + c.

There is no stationary point of inflection on the graph of the
function.

¢ The leading term has a negative coefficient. Therefore, as
x— £o0,y = Foo.

d Given the function has a one-to-one correspondence, there
cannot be any turning points on the graph. The graph of a
decreasing function that has no stationary point of
inflection nor any turning points and passes through (1, 0)
and (0, —17) is required.

A

=03 2_
©, 17) y=-2x"+9x" - 24x + 17

{,0)

1.5 Exam questions

1 pk =X =2a +x-1
p(2)=—8—-8a-2-1=5
8a=-16
a=-2
The correct answer is E.
2 Letf: [-3,.0] = R,f(x) = (x +2)°(x — 1).
a f)=(x+27°x-1)
= +4x+Hx-1D
= - +4% —dx+4x—4
= +3% -4 [1 mark]

b The x-intercepts are x = —2 and x = 1. (x = 1 is outside the
domain, but it is useful to know for the shape of the graph.)
There is a maximum turning point at (—2, 0).

Check for another turning point:
') =3x* 4+ 6x

0=3x(x+2)

x=0,-2
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£0) = 2*(=1) Substitute x = a”:
=—4 a* =2, a* = —4 (no solution)
Therefore, there is a minimum turning point at (0, — 4). a= i\/z
Y 3a F-17P+16=0
(F=1)(P-16)=0
I-DIA+DHI-H(I+4=0
2.0) I-1=0or/+1=00rl—-4=00rl+4=0
° > =1 I=-1 [=4 l=-4
0 * b +32—4c—12=0
Let P(c) = ¢* + ¢ — 10¢* — 4c + 24.
(-3, -4) 0= PQ2) =" +(2)° - 102 —4(2) +24
=16+8-40-8+24
Y =48 — 48
Award 1 mark for correct end points. =0
Award 1 mark for the maximum turning point. Thus, (¢ — 2) is a factor.
Award 1 mark for correct shape. A+ =102 —4c+24=(c-2) (C3 +3c% —4c— 12)
3 First consider f(x) = x* — 3x%. Let Q(c) = ¢ +3¢® —4c — 12.
Using CAS or calculus, there is a maximum turning point at 0Q) = 2 4+ 3(2)2 —42)-12
(0, 0) and a minimum turning point at (2,—4). =8+12-8—12
Currently there are two x-intercepts. To obtain three distinct -0

x-intercepts, the graph needs to be translated upwards by no .
. .. Thus, (¢ — 2) is a factor.
more than the magnitude of the y-value of the minimum 3 ) )
turning point. A+3% —4c—12=(c-2) (> +5c+6)
Hence, c €(0,4). =(-2)(+2(c+3)
The correct answer is D. Therefore,
A+ =10 —de+24=(c=2P(c+2)(c+3)
(c=2(c+2)(c+3)=0

1.6 Higher degree polynomials ¢c—=2=0o0rc+2=0 orc+3=0
16 E - c=2 c=-2 c=-3
0 Bxercise 4 a a* =104 +9=0
1 LetP(x) = x* — 5% — 32x" + 180x — 144. (@=1)(@-9)=0

P()=(1)*=5(1)° —=32(1)* + 180 (1) — 144
P(1)=1-5-32+180— 144
P(1)=181-181

a-D@+1@-3)a+3)=0
a—1=0ora+1=0 ora-3=0o0ra+3=0

a=1 a=-1 a=3 a=-3
P(H=0 4 )
Thus, (x — 1) is a factor. b 4k — 101k +25=0
X =507 = 3207 +180x— 144 = (x — 1) (x* — 42 — 36x + 144) (4 —1) (K -25)=0
Let Q (x) = x° — 4x* — 36x + 144. Qk-=1)Q2k+1)(k—=5)(k+5)=0
Q(2)=2j‘4(2)z—36(2)+1447“’ %—-1=0 or2k+1=0 ork-5=0o0rk+5=0
Q@) =4 — 447 —36(4) + 144 1 1
k== k=—= k=5 k=—5
=64 — 64 — 144 + 144 2 2
=0 c 9z — 1452 +16=0
Thus, (x — 4) is a factor. (922—1) (Z2—16)=0

X —4x’ —36x + 144 = (x — 4) (x* — 36)
=@x—-4)x—-6)(x+06)

Bz-DCBz+DNEz-Hz+4=0

So 3z—1=0 or3z+1=0 orz—4=0o0rz+4=0

2 =50 =320 + 180x — 144 = (x — 1) (x — 4) (x — 6) (x + 6) Z:% Z=_% =4 I
2a -8 +17+2x—-24=0 : i
G=—HEx=-3NE=-2)x+1)=0 d (¥ —2x)" =47 (x* —=2x) —48 =0
x=4=0 x-3=0 x-2=0 x+1=0 LetA = (x* = 2x).
x=4, x=3, x=2, x=—1 A —47A -48=0
ba*+24*-8=0 A-48)A+1)=0
Let x = o (x2—2x—48) (x2—2x+1)=0
P +2x—-8=0 x=8)E+6)(x—-17>=0
x-2)x+4) =0 x—8=0 or x+6=0 or x—1=0
x=2,-4 x=28 x=-6 x=1

5 P(x) =x* + ax’ + bx® + cx + 24 where (x + 2), (x — 3) and
(x + 4) are factors.
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(2" +a(=2)* + b(=2)* +¢(-2) +24 =0
16 —8a+4b—2c+24=0
—8a+4b —2c=-40
4a -2b+c=20 [1]
G +aB)’ +bBP +c(3)+24=0
81+27a+9 +3c+24=0
27a + 9b + 3¢ = —105
9a+3b+c=-35 [2]
(' + a4y + b(—4) +c(-4)+24=0
256 — 64a + 16b —4c+24 =0
—64a + 16b — 4¢ = —280
16a —4b+ ¢ =170 [3]
Solve using CAS:a =2, b = —13andc = —14.
y=x -5
y=x> (1 - xz)
=1 -x0+x
The graph has a turning point at (0, 0) and cuts the x-axis
at (£1,0).

1,0

Rearranging the equation x* — x* + x — 2 = 0 gives

x—2=x—x"

The number of intersections of the line y = x — 2 with the

graph of y = x* — x* will be the number of solutions of the

equation.

The line y = x — 2 passes through (0, —2) and (2, 0). It is

drawn on the diagram, showing it makes two intersections

with the quartic curve.

There are two solutions to the equation x* — x> + x —2 = 0.
y=x*-6x°

Ly=x (x—6)

The graph has a stationary point of inflection at (0, 0) and cuts

the x-axis at (6, 0).
)7

The graph of y = x* — 6x° + 1 is a vertical translation of 1 unit
upwards of the graph of y = x* — 6x°. Its point of inflection
would lie above the axis, but the graph would still intersect
the x-axis at a point between x = 0 and x = 6 as well as ata
point where x > 6. There will two intersections.

Check: a point below the axis, such as (1, —5) for example,
would still lie below the x-axis if it was vertically translated up
one unit, so the graph must cross the axis to reach this point.
8 y=akx+b)+c

The axis of symmetry x = —b lies midway between the

10

11

12

Xx-intercepts.
-9-3

So=b=
2

b=6
y=akx+6)" +c
As the range is (—oo, 7], the maximum turning point is (—6, 7).
The equation becomes y = a(x + 6)* +17.
Substitute the point (-3, 0):

S0=a3)* +7
cg= L
T8l

The equationis y = —%(x + 6)* + 7 with

7
a——ﬁ,b—6,c—7.

Therefore, the turning point is (—6, 7).
Draw the graphs using CAS. At the intersection of the two
graphs, x* =2 =2 — x°.
Therefore, x* + x> — 4 = 0. The roots of the equation are the
x-coordinates of the points of intersection of the two graphs.
Use CAS to obtain these.
To 2 decimal places the roots are x = —1.75 and x = 1.22.
Sketch each graph and use the tools to obtain the points
required.
ay= (x2+x+1) (x2—4)
Minimum turning points (—1.31, —3.21) and (1.20, —9.32),
maximum turning point (—0.64, —2.76)
by=1-dx—x*-x
No turning points or stationary point of inflection
cy= % ((x=2) (x+3)+80)
Minimum turning point (—2.17, —242), stationary point of
inflection (2, 20)
y=@x+1°+10
Minimum turning point (—1, 10)
There are no x-intercepts as the turning point lies above
the x-axis
y-intercept: let x = 0.

Sy=M+10
sy=11
,11)

)
/y=(x+ 1)+ 10
O, 11)

(-1, 10)

>
>
X

0

\
y=@+4)(x+2>*x-2)>x-5)

The graph cuts the x-axis at x = —4, touches the axis at

x = =2, saddle cuts the axis at x = 2 and cuts the axis at x = 5.
Its degree is 7 and the leading coefficient is positive. Its
long-term behaviour is as x — * 00,y — + 0.

y-intercept: let x = 0.

Ly=@ Q=2 (=5

Sy =640

(0, 640)

The y-intercept is positive.
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y=@+4)x+2)2(x-2)>3x-5)

(2,0

(4.0

Y

13 a Let the equation be y = a(x — h* + k.

The turning point is (=5, 12).
Ly=ax+5*"+12
Substitute the point (—3, —36):
L=36=al2]*+ 12
s 16a = —48
sa=-3
The equation is y = —=3(x + 5)* + 12.
by=Q2+x(1-x?
There is an x-intercept at (—2, 0) and a stationary point of
inflection at (1, 0).
The y-intercept is (0, 2).
The coefficient of x* is negative.
V)

y=Q+x0(1-x?

(-2, 0) 021 0
0 X

A
c i —x'+x7+10x7 —4x—24
Let f(x) = —x* + x* + 10x% — 4x — 24.
By trial and error,
f2)=-16+8+40-8—-24=0= (x—2)is a factor.
f(-2)=-16-8+40+8-24=0=> (x+2)isa
factor.
Therefore, (x — 2) (x + 2) = x* — 4 is a factor.
By inspection,
P4+ 10% —4x—24
= (x2 —4) (—)c2 +x+6)
=—(x2—4) (xz—x—6)
=—x-2)x+2)x—-3)(x+2)
=—(x+2’(x-2)(x—3)
i y=—x*4+2+108* —4x—24
ay=—(@+2P@x-2)(x—=3)
The factors indicate there is a turning point at (-2, 0)
and two other x-intercepts at (2, 0) and (3, 0).
The y-intercept is (0, —24).
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YA
y=—x*+ 3+ 10x> - 4x - 24
(-2,0)

(0, -24)
/

14aiy=xandy=x

y = x% is of even degree, so its graph has similarities
with y = x%.

y = x' is of odd degree, so its graph has similarities with
y = x°. As it has the higher degree, it will be steeper
than y = x5 for x > 1.

YA

(-1, 1) 1,1
(0,0) “x

The points of intersection of the two graphs are (0, 0)
and (1, 1).

ii {x:x6 +x > O}
x% —x7 > 0 when x° 4+ x”. The graph of y = x° lies above
that of y = x” for x < 0 and 0 < x < 1, and the two
graphs intersect at x = 0 and x = 1. Hence,
{)c:x6 x> O} ={x:x <1}

y=16-(x+2)*

The equation is of even degree, so there is a maximum

turning point at (-2, 16).

y-intercept: let x = 0.

Sy =0=(0,0).

Axis of symmetry x = —2 = (—4, 0) is the other x-intercept.

y=16-(x+2)°

This equation is of odd degree, so there is a stationary point

of inflection at (-2, 16).

y-intercept: let x = 0.

Sy=16-32=-16 = (0,16).

x-intercept: let y = 0.

S0=16—-(x+2)°

x+2° =16 (2 +{/B,0)

Sx=-24 \S/E

Points of intersection of the two graphs occur when:
16— (x+2)* =16 - (x +2)°
42 = (427
LD -(x+2)]=0
L+ (-1=-x0=0
SLox=-2o0rx=-1
The points of intersection are (—2, 16) and (-1, 15).
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<Y

y=16-(x+ 2)*

(0,-16)

¢ i The x-intercepts determine the factors.
The graph touches the x-axis at x = —=3 = (x4 3)*is a

factor.

The graph cuts the x-axisatx = -1 = (x + 1) is

a factor.

The graph saddle cuts the x-axis atx =2 = (x —2)° is a
factor.

These factors imply the degree is2 + 1 4+ 3 = 6. The
shape suggests the long-term behaviour of an even
degree polynomial function with a positive leading
term.

The equation is of the form

y=alx+3)(x+1) (x-2).

Since it is a monic polynomial, a = 1. Therefore, the
equationisy = (x + 32 (x+ 1) (x—2)°, degree 6.

ii An additional cut at x = 10 = (x — 10) is also a factor.
The graph would now have the behaviour that as x — oo,
y — oo, showing it to be an odd degree function with a
negative coefficient of its leading term.

The degree is 7 and a possible equation is
y=@+3)?* @+ Dx—-2)7>10-x).

and is equal to zero at the x-intercepts.
Therefore, x € [3,4] U {0}. [1 mark]

3 y=a@+3)x+1)(x-2)(x—4)

Whenx =0, y=-24.
Now —24 =24a, soa = —1.
SLy=—@+3)E+DHEx-2)(x—4)

y

30
20
10
< T T T >
4 | 2 6
-20
-30

The correct answer is C.

1.7 Other algebraic functions

1.6 Exam questions

YA

L b NUPERAY

o c

>
>
X

Y
The graph is a negative quartic, crosses at x = b,x = cis a
double root, and x = d. Its equation could be
y=—k(x-b(x—-cP@x—d),k>0k=2.
The correct answer is C.
VCAA Assessment Report note:
Most students chose option A,
y==2x+bx-0)2x-4d,
but the factor (x + b) is incorrect.

'+ 70 — 122 =0
—x’ (x2 —Tx+ 12) =0

—(x—4x-3)=0

x=0,4,3 [1 mark]

The graph is inverted, so when solving —x* + 7x* — 12x* > 0,
the graph is only above the x-axis between x = 3 and x = 4,

1.7 Exercise
x—6

1 =
ay x+9

If x + 9 = 0, then x = —9 and the function would be
undefined.
The domain is R\ {—9}.
by=v1-2x
The domain requires 1 —2x > 0.
1

Sx< =
)
1
The domain is <—oo, E]
-2
c — 2
(x + 3)?
The denominator would be zero if x = —3, so the domain is
R\ {-3}.
1
d —
x2+3

Since the denominator is the sum of two positive terms, it
can never be zero, so the domain is R.
. a
a Let the equation be y = P + k.
X —

The asymptotes are x = =3 and y = 1.
Ly= et
YT IE3
The graph has an x-intercept at x = —9.
Substitute the point (-9, 0):

a
L0=—+1
—6+
La=6
The equation is —L+1
q YT Ir3 '
b i y=5x—2
x—1

If x = 1, the denominator would be zero and the
function would be undefined. Its maximal domain
is R\{1}.
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Sx=2 _S5x=-1)+3

x—1 x—1
3
=5+
x—1
y=5+ has asymptotes x = 1,y = 5.

x—1
y-intercept: letx = 0, theny =2 = (0, 2)
x-intercept: let y = 0.

O 5x =2

Tx—=1 =0

S5x=2=0

\

The range is R\ {5}.
4
3 y=—F
S |
Vertical asymptote: 1 —2x=0=> x = 3 is the vertical

asymptote.

The horizontal asymptote is y = 0. There is no x-intercept.

y-intercept: let x = 0.
Sy =4(0,4)

y

0,4)

Domain R\ { % } and range R\ {0}

4
4ay=—-+5
X
Asymptotes: x =0,y =5
No y-intercept
x-intercept: lety = 0.

2 24s5=0
x
So4=-5x
4
-

TOPIC 1 Functions and graphs ¢ EXERCISE 1.7 | 21

Yx=0
Domain R\ {0} and range R\ {5}
by=2-
Y x+1
Asymptotes: x = =1,y =2

y-intercept: let x = 0.
3

Ly=2—-==-1
Y 1
(01_1)
x-intercept: lety = 0.
S2- 3 =0
x+1
3
S 2=
x+1
L 2x+2=3
=L
T2
1
—,0
(30)
YA
I
| 3
i \:2_3(:!—1
! 1
i (E’O) y=2
____________ E___i___________
- log™ X
LN
[ [©.-D
i
|
I
x=-1'yY
Domain R\ {—1} and range R\ {2}
c _4x+3
P
_22x+ D +1
T 2 +1
sy=2
A T

1
Asymptotes: 2x+1=0=>x= -3y = 2

y-intercept: let x = 0.

3
..y—T—3
0,3)
x-intercept: let y = 0.
D Ax+3
T+l
SLA4x+3=0
.. 3
..X——Z
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<_?_L’ 0> 5 a Letthe equationbey = ﬁ + k.
Asymptotes x = =3 andy =6
WA y=—2_ 416
! 4x+3 X+ 3
i y= 7’)‘_ " l Substitute the point (—4, 8):
| 2;
! 8= i] +6
| —
! (03 a=-2
----------- N R -
y = . . _
~N i*—x=—% Theequat10n1sy-x+3+6.
< / io i b Let the equation be y = ﬁ +k.
I
3
| — [
(—é, 0) ! Asymptotes x = —2 and y 5
4 : .. a B %
LY TV
1 . . _2 _9).
Domain R\ {—5 } and range R\ {2} Substltute;he p(;lnt (=3,-2):
L=2=—-=
dxy+2y+5=0 -1 2
Sy +2)=-5 o1
L -5 S.a= 5
R +2 The equation is y = ! 3
Asymptotes: x = =2, y =0 2(x+2) 27
No x-intercept. 6 y= Lz -
y-intercept: let x = 0. x+2)
_5 Asymptotes: x = =2, y = -2
* = —_— = —2 5 .
Y= : y-intercept: letx = 0.
0,-2.5) C oy
Ly=— -
Py @7
| sy=0
L +2y+5=0 The origin is the intercept on both the axes. By symmetry
: about the vertical axis, there is another x-intercept at (—4, 0).
: y= Q I y \
- o “x |
| |
| ! 8
. I =
o2 : e
! (-4,0) : (0, 0)
X =- < T >
' / 0 x
Domain R\ {-2} and range A{O} A
ey= 10 | y=-2
= - |
oo =-2 : (
Asymptotes: 5—x=0=>x=5,y=-5 X=-2,
y-intercept: let x = 0. Domain R\ {—2} and range (-2, )
10 2 2
-'~y=?—5=—3 7ay=——+lory=——+1
0.3 B—x) (x—3)
. ©.-3) Asymptotes: x =3,y =1
x-intercept: lety = 0.
10 y-intercept: let x = 0.
S 5=0 2 11
Ly=—+4+1=—
s10=505-x) 9 9

11
SS5=x=2 —_
N <O’ 9)

Lx=3 There are no x-intercepts as the graph lies above its

(3,0 horizontal asymptote.
YA x=5 11
G, 01 10 The point (6, 3> is symmetric about the vertical
B ¥ | “5-x > 11
:__d——o‘(' i “x asymptote to <0, F)
__________ N ___.
y=-5 (0.-3)}
|
i
I
/ !

Domain R\ {5} and range R\ {—5}

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



¢y

TOPIC 1 Functions and graphs ¢ EXERCISE 1.7 | 23

v) 5 (-2.0). (~1,0)
| | YA
| |
|
i | y=—1 -1
1 : : 2x + 3)
) | |
I I
N\ | |
_— _:, :
| |
0 | BT B S R
| ‘_J : \4 ’ ;
I
\ =3 .;, ______ —> _
Domain R\ {3} and range (1, c0) i \y =1
- I
= - | 8
oy - |e
Asymptotes: x =1,y = =2 2 \
y-intercept: let x = 0. 3
-3 11 Domain R\ -3 and range (—1, o)
Ly=s—-2=—-—
1‘1‘ 4 gy 2581
(o-2) )
4 25
There are no x-intercepts as the graph lies below its LY = 52 52
horizontal asymptote. 1
Ly=5-—
The point (2, —%) is symmetric about the vertical Y 5x?
1 Asymptotes: x =0,y =5
asymptote to <O, - I) . No y-intercept
v . x-intercepts: lety = 0.
®o J25 -1
i 502
i S25¢% —1=0
1
! L2
- ! A= e
0 : X = +l
______________ + T TS
TN 1y
tz,
o= (+9)
i YA
|
|
LT
I
|
|
|
i (-0.2,0)
Y ! 0
Domain R\ {1} and range (—o0, —2)
1
C(x+3)
3 Y
Asymptotes: 2x+3=0=>x=—§,y=—1 x=0
y-intercept: let x = 0. Domain R\ {0} and range (-0, 5)
1 8 . a
Ly==-—1=—-= 8 Letthe equationbey = —— +k
Y=3 9 a s
<0 _§> The asymptotes are x = 0 and y = —1.
9 a
x-intercepts: let y = 0. sy=5-1
1 . . 1
S———1=0 Substitute the point | =,0 |:
(2x+3) 2
S l=02x+3)? 0= % _
R 3
26+ 3=%1 (3)
s 2x=—4or -2 .'.0=4;a—1
Sx=-2orx=-1 a=—
4=
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. 1 y
The equationis y = — — 1. \
quation is y yre
9 a Letthe equationbey = Ry +k. (-9,2) y=—x+9+2
X —
The asymptotes are x =4 and y = 2. (-5, 0)
a < >
Ly=s——+2 N x
a4 0
Substitute the point (5, —1): ?
—1=242
o 1 Y
a=-3 3 Range is (—o0, 2].
The equation is y = (x— 4 +2. b Lflt the.eque;t.ioz be.y =. av/ ()3c —h)+k.
b Let the equation of the graph be y = Lz +k. The pon;t of inflection is (1, 3).
(x—h) SLy=ayx—1+43
As the range is (—4, o), the horizontal asymptote Substitute the point (0, 1):
isy=—4 “l=aV-1+3
O sl=
"y_(x_h)z Sl=—a+3
Given f(—1) = 8 and f (2) = 8, the points (-1, 8) and (2, 8) sLa=2
lie on the graph. As these points have the same The equation is y = 2 {/}: +3

y-coordinate, they must be symmetrically placed around the

. -intercept: lety = 0.
vertical asymptote. . P Y

3
142 1 S2Vx—143=0
Therefore, the vertical asymptote is x = 7 =3 N 3
.. —_ _5
The equation becomes y = 4 ; ) 5 —4 5
xX—3 3
. N -1=(-3)
This can be written as y = ——— —4or
-1 -
y= L — 4, where b = 4a.
2x—=1)? ) 19
Substitute the point (2, 8): A= By
b
s8=-—-4 1
8 9 The x-intercept is (—5,0)
b =108
™ o of th h 108 A
e equation of the graphisy = ——— —
q grapnis y 1)
1
The domain is R\ { 3 } so the function is (1.3)
y=2%—1+3

1 108 ’ ’
: 1 _ _ 0,1
f.R\{z}aR,f(x) 1) 4. - / 0, 1)
10 ay=—/x+9+2 (——,O)

i For the function to have real values, x + 9 > 0. This
means x > —9, so the maximal domain is [—9, o).

4

© E\
=]

=)

ii End point: (-9,2) 11 ay=3y4x-9-6
y-intercept: let x = 0. The domain requires 4x — 9 > 0 = x > 49—1
Sy = —\/5 +2 9
sy=-1 The maximal domain is [Z’ oo).
(-1,0)

. 9
x-intercept: let y = 0. End point: when4x -9 =0, x = T

S0==/x+9+2 The end point is (%,—6)

x+9=2 . .
There is no y-intercept.

SLx+9=4 .
Cr=_5 x-intercept: let y = 0.
&SQ' L3V4x-9-6=0
SV4x—-9=2
SLAx—-9=4
Sodx =13
'x—]3
Lx=
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<E,0> 13 ay=1-3x

4 Domain: 3x > 0 = x > 0. The domain is [0, o0).
YA End point: (0, 1), which is also the y-intercept
x-intercept: lety = 0.
T 1=43x=0
SV3x=1
S3x=1
1
T3
1
~.0
. (39)
0 A
y=1- \“’37
e (0, 1)
Y < k >
0 X

The range is [—6, ).

1
b y = (10 — 3x)3. This is the cube root function

y=v10 = 3x. )
10 . . .
When 10 - 3x =0, x = 3 so the point of inflection The range is (—o0, 1].
s E,O . by=2y/-x+4
3 Domain: —x>0=>x<0
The point of inflection lies on the x-axis. The domain is (—c0, 0].
y-intercept: let x = 0. End point: (0,4), which is also the y-intercept
Ly=v10=> <0,\3/ 10) x-intercept: lety = 0.
A So24/=x+4=0

W=

Sy —x=-2
)= (10 — 3x) .. . . . .
‘\]‘ y=( 0 This is not possible, so there is no x-intercept (also possible

(0 | 05) to anticipate this as a > 0).
’ > Letx = —1, then y = 6, so a point on the graph is (-1, 6).

_ 3
< 0 >
* YA
y=2V=x+4

4
12 a(y—-2>=4(x-3)

SLy=—2=H/4(x-3)

¢ (0,4)
Sy=2£24/(x-3)
The upper branch is the function with rule
y =24/(x — 3) + 2. Its domain is [3, o). B _
Its end point is (3, 2), so its range is [2, c0). N 0 x
The other function is the lower branch y = —24/(x — 3) + 2 v
with the same domain [3, c0) but range (—o0, 2].
by +2y+2x=5 The range is [4, 00).
Completing the square: cy=2v4+2x+3
(y2+2y+1)—1+2x=5 Domain: 4 +2x > 0= x > -2, [-2, )
S+ 1D =6-2x End point: (-2, 3)
y+l=1% /6 — 2x y-intercept: let x = 0.
The upper branch is the function with rule 0.7
y=1/=2(x - 3) — 1 and end point (3, —1). There will not be an x-intercept.

Its domain requires 6 — 2x > 0 = x < 3. The domain is
(—o0, 3] and the range is (—1, oo].
The lower branch is the function with rule

y=—/—2(x —3) — 1. Its domain is (—o0, 3] and its range

is (=00, —1].

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



26 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.7
The range is [3, o).

Ry

0,7

y=2V4+2x+3

(=2.3)

A

<

0

\
dy=—/3-v12-3x

Domain: 12 - 3x > 0= x <4, (-0, 4].
End point: (4, —\/5)

y-intercept: let x = 0.

Ly==/3-v12

Sy = —\/g - 2\/§

Sy = —3\/5

(0313

There is no x-intercept as the range is (—oo, —\/5] .

YA

A

0 “x

l6.-4%)

/ (0,-3V3)

y=—3-12-3x

Y
14 af:[5,0] > R f(x)=a\x+b+c
The end point of the graph is (5, —2), so
fxX)=aVx—-5-2.
The point (6, 0) is on the graph, so f(6) = 0.

0=ay6-5-2
s0=a-2
sa=2

Hence, f(x) =2y/x—=5—-2witha=2, b= -5, c=-2.

b f:(-0,2) > R,f(x) =Vax+b+c
i Lety=vax+b+c.

The end point is (2,-2), soa[2] + b =0and ¢ = -2.

sb=-2aand c = -2
y=vVax—2a-2
Substitute (0, 0):
S0=v-2a-2
SV =2a=2
So—2a=4
sa=-=2
Since b = —2a, b = 4.
fx)=vV-2x+4-2witha=-2,b=4,c=-2.

ii Reflecting the graph in the x-axis would make the end
point (2, 2) and the range (—o0, 2]. The graph would still
pass through the origin.

The equation of the reflected graph would be

y=—-2x+4+2.
15 a {(x,y) : y=\3/x+2—1}

3
y=vVx+2-1
Point of inflection (=2, —1)
y-intercept: let x = 0.

x-intercept: let y = 0.

0=vx+2-1
sVx+2=1
x+2=1°
Lx+2=1
Sx=-—1
(=1,0)
i S
(0. 92-1)
. Lo, ~
0 X
(=2,-1
(
1—\3/x+8
b f() = —5—
Lety = f(x).
Ly= % (1 —\3/x+8>
= % - %\3/x+ 8

The implied domain is R and the range is R.
1
Point of inflection <—8, 5)

y-intercept: let x = 0.

e (1-48)

-1

x-intercept: let y = 0.

;0:%(1—0@1%)

AVx+8=1
Lx+8=1
Sx=-=7
(=7,0)

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



(o2 >=HiEF ]

<ﬂ\‘(—l 0) ‘

) u'._gc
p 1
©0.-3)
Y

c g:[-3,6] > R, g(x) =\3/—x+ 5
End points: g(-3) = V_ = 2,50 (—3,2) is an end point.

g(6) = \3/ —1=-1,s0(6,—1) is an end point.
Point of inflection: (5, 0), which is also the x-intercept.

y-intercept: g (0) = \3/3 > (0,\3/3 )
Y

y=g=J=a+5

Q2 o

(5.0

0 A

6,-1)

Y
Domain [-3, 6], range [—1, 2].
d Let the equation be y = a\3/x —h+k
The point of inflection is (0, —2).
Ly=aifx=2
Substitute the point (1, 0):
S 0= a% -2
S 0=a-2
sa=2
The equation is y = 2{/x — 2.
e Let the equation be y = a\S/ x—h+k
The tangent is vertical at the point of inflection, so (—1, —2)
is the point of inflection.

3
Sy=ayx+1-=-2
Substitute the point (-9, 5):

.'.5=a\3/—_8—2

s5=-2a-2
S 2a=-T7
.a___7
La=-z
3
L TVx+1
The equation lsyz—T—Z.

f (y+2)° =64x—128

Take the cube root of each side:

Sy +2=1v64x— 128
y=v64(x-2)-2
Ly=4y/x-2)-2

The point of inflection is (2, —2).

16 y=v/Q2-x)(x+3)
For the graph to exist, (2 — x) (x + 3) > 0.
Solve 2 —x)(x+3)=0=>x=2,-3.
Sketch the graph to solve the inequality.
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YA
y=2-xx+3)

(-3.0) 2.0)

<

o

x€ [-3, 2]
3
17 ay=x4
y= \4/; = 4th root of x*
As the even root of the third quadrant section of the x
polynomial cannot be taken, the graph has one first
quadrant branch with domain R* U {0}.
As 4 > 3, the root shape dominates. The graph contains the
points (0, 0) and (1, 1), and lies above y = x for 0 < x < 1

and below y = x for x > 1.
y

3

(0.0)

‘,’,l
e

b y=x3
Sincey = {/;, the cube root of x* is required.
The x* polynomial lies in the first and second quadrants.
The cube root of both sections can be formed, so the graph
has two branches and domain R.
As 4 > 3, the polynomial shape dominates. The graph
contains the points (0, 0), (1, 1) and (-1, 1), and lies below
y=xfor0 <x < 1andabovey=uxforx> 1.

Y 4

/
/

4 /
3

-1, 1) (1, 1)

A
y

18 ay=x5
y =\5/;=> 5th root of x
The line y = x lies in the first and third quadrants. The fifth
root of both sections can be formed, so the graph has two
branches and domain R.
For the first quadrant, the graph contains the points (0, 0)
and (1, 1), and lies above y = x for 0 < x < 1 and below
y=xforx> 1.
By symmetry for the third quadrant, the graph contains the
points (0, 0) and (-1, —1), and lies below y = x for
—1 <x < 0andabovey =xforx < —1.

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual
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19

b

a

y=as

y =\8/;: 8th root of x

As the even root of the third quadrant section of the y = x
line cannot be taken, the graph has one first quadrant
branch with domain R* U {0}.

The graph contains the points (0, 0) and (1, 1), and lies
above y = x for 0 < x < 1 and below y = x for x > 1.

y

Ly =Vx

The graph of y = x° lies in the first and third quadrants.
However, where x° < 0, the square root of these values
cannot be formed.

Therefore, the graph of y = x% lies only in the first quadrant
and has domain R* U {0} and range R* U {0}.

As 5 > 2, the polynomial shape dominates the function
v

The graph intersects the line y = x at (0,0) and (1, 1).

5 y /4
2 i
y=x S y=x
4
4
’
- oolfan
7’ X

y= x§

Ly = \3/ x>

The cube root of both the negative and positive sections of
y = x> can be formed.

Therefore, the graph of y = xg lies in both the first and
third quadrants and has domain R and range R.

The graph intersects the line y = x at (0,0), (1, 1) and
(=1,-1).

As 5 > 3, the polynomial shape dominates the function

Ve

Cc

20 a

YA 2 q

=

3
y= x5
Ly =%
The graph lies in both the first and third quadrants and has
domain R and range R.
The graph intersects the line y = x at (0,0), (1, 1) and
(=1,=1).

. . 5
As 3 < 5, the root shape dominates the function y = \/; .

ny=ik
The line y = x lies in the first and third quadrants. The
fourth root of its negative sections cannot be formed.
Therefore, the graph of y = x*% lies only in the first
quadrants and has domain R* U {0} and range R* U {0}.
The graph intersects the line y = x at (0, 0) and (1, 1).

As 1 < 4, the root shape dominates the function y = \4/ xl.

YA A
y=x,
4
Ly =02
7
0,07 (1,1)
’ “x
/7
/7
4
4
4
/7
/7
4
7/
¥ y

1
y=x3isy= \3/)_6 Its graph could be formed by drawing the

line y = x and finding the cube roots of appropriate y-values
to construct the shape. The root shape dominates since

3> 1.

The two graphs both contain the points (1, 1), (0, 0) and
(=1,—1). The line lies in quadrants 1 and 3. Since cube

roots of negative numbers can be taken, the graph of
1

y = x3 will exist in both quadrants 1 and 3.
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YA

¢ x3 —xwhenx3 —x.
From the diagram, this occurs for 0 < x < 1 and if x < —1.
The solution setis {x: x < -1} U {x: 0 <x < 1}.

1.7 Exam questions

3x+2
5—x
_3x+2  -35-x+17
T 5—x 5—x
fo) =34 2
5—-x

x = 51is a vertical asymptote.

y = =3 is a horizontal asymptote.

The correct answer is E.
2 ae (0,00),bER

h: [=a,0]U (0,a) — h(x) = )“-C +b

h(@=b+1,h(—a)=>b-1
x = 0 1is a vertical asymptote.
y = b is a vertical asymptote.
The correct answer is D.

2
3 /=5

-5 . .
! 1 has maximal domain R\ (1).
x = 11is a vertical asymptote.
The correct answer is A.

1f:D-Rf(x)=

fx)

1.8 Combinations of functions

1.8 Exercise
—\3/)_6, x< -1
Lafw=qx, -l1<x<lI
2—x, x>1
f(=8): Use the rule f(x) = _{/}
f(=8)=—/(=8)

=2
f(=1): Use the rule f(x) = x°.
f=H =1’

=-1
f(2): Use the rule f(x) =2 — x.
f@=0
b f(x) = —/x
If x = —1, f(—=1) = 1. The point (-1, 1) is open for the cube
root function. The point (-8, 2) lies on this branch.
[ =x
There is a stationary point of inflection at the origin. The
points (—1, —1) and (1, 1) are closed points for this cubic.

TOPIC 1 Functions and graphs ¢ EXERCISE 1.8 | 29

J)=2-x
The point (1, 1) is an open point for the line, and the point
(2,0) lies on the line.

YA

(-1, 1)
DY a1

< (2.0)

>
>

=1,-1

Y
¢ i The function is not continuous at x = —1.
ii The domain is R and the range is R.
2 aye —2x, x<0
y= 4-x, x>0
y = —2x contains the points (0, 0) (closed point) and
(-1,2).

y = 4 — x* has an open turning point at (0,4), and the
x-intercept in the restricted domain is (2, 0).
Y

0.4)

(0,0)\ (2, 0)

e

The domain is R and the range is R. The function is
discontinuous at x = 0.

{/)_c, x<1

y= V; has an open point (1, 1) and inflection point (1, 1).

1

y = — has a horizontal asymptote y = 0 (vertical asymptote
X

is not in its domain) and a closed point (1, 1).

YA

1,1
0.0) 1,1

The domain is R and the range is (—oo0, 1]. There is no point
where the graph is discontinuous.

L
(x+1)*°
3= X —x —-1<x<2
8 — 2x, x>2

x< -1

1

a i Usetherule f(x) = ——.
1 (x+ 1)

1
fe)=—5
ii Use the rule f(x) = 2=z
fQ=2-2=2
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b The truncus has a vertical asymptote x = —1 and horizontal 6 The left branch is a parabola on the domain section where
asymptote y = 0. x < 0.
The parabola has closed end points (—1, 3) and (2, 2), and Let its equationbe y =a(x + 3) (x + 1)
x-intercepts at the origin and (1, 0). Substitute point (0, 4)
The line has an open end point (2,4) and x-intercept (4, 0). n4= i 3) (M

Soa= <

3

The parabola branch has equation y = g x+3)x+1).

The middle branch is y = 4 for the domain section x € [0, 2].
The line through points (3, 2) and (4, 0) has gradient m = —2.
Its equation is y = =2 (x — 4).

The rule for the hybrid function could be expressed as

%(x+3)(x+1), x<0

y =
¢ The domain over which the function is continuous is 4, 0<x<2
R\{-1,2}. —2x+ 8, x>3

7 fx)=—/1+xand g(x) = /1 —x

Domains: x+1>0=>x>—-land 1 —x>0=>x< -1

1x3+5, x< -3

4 R>RO=1/1"x -3<x<l dr = [-1,00) and dy = (=00, 1].
x—2, x> 1 a Sincedy = [-1,), d; = (-0, 1], thend;nd, = [-1,1].
a The branch to the left of x = 1 has the rule f(x) =4/1 — x, y=U+9w
sof(1) = 0. =f(x)+gx)
The branch to the right of x = 1 has the rule f(x) = x — 2, so =—V1l+x—-VI1l-x
f(1) = —1 (open circle). The domain is the same as drNd, = [—1, 1].
These branches do not join, so the hybrid function is not The graph is obtained from f(x) = —\/1 + x and
continuous at x = 1. g =—-/1-x
b The cubic function’s point of inflection is not in its 1 0 ]
restricted domain. The point (=3, 2) is an open point. d —
The square root function has closed domain end points fx) 0 -1 —\/E
—3,2)and (1,0).
(=3,2) and (1,0) . . g () —~2 -1 0
The line has an open end point (1, —1) and contains point
20 f&) +g®) 2 | 2 | 2
YA
y
3
=3.2)
2

(-35.0)

Many-to-one correspondence

cfn=4
The graph shows only the linear branch has a point with y=(f + Q)
y=4. ) . . o
Letx—2=4 b The domain of fg is the same as drnd, = [—1, 1].
Lx=6 (fe) () =f(x) x g (x)

=—/1+xx—/1—-x
VA +x)(1-x)

5 The line for which x < 0 has equation y = x, the horizontal
line for x € (0,4) is y = 4, and the line for 4 < x < 8 is also

y = x closed at x = 8. The function is continuous, so one way =1 -x2
to express its rule is This is the rule for a semicircle, top half, centre (0, 0),
x+4, x<0 radius 1. Therefore, the range of fg is [0, 1].
y=14, 0<x<4 8 f(x) =x° and g (x) =
X, 4<x<8 (f-9®W=f0-g®
=32
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The graphs of fand g intersect when x = 0,x = 1, so these
must be the x-intercepts of f — g.

9
y=U+29w
/
10 a y)
6
54
4 y=28)
34
2
y =) + g(x) 14 y = fix)

11 fx)=5-2x,dr=Randg(x) =2x—-2,d, =R.
ay=(+9w
Rule:
y=5-2x+2x-2
SLy=3
Domain:
dpg =drNdy
df+g =R

The graph of y = (f+ g) (x) is the horizontal line through

(0, 3). Its range is {3}.
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Y)
y= 3
,3)

A

<)

0
A
by=(-2x
Rule:
y=5-2x—-(2x-2)
Sy=T—4x
Domain:
dp—g = dr N dy
Sodig =R
The graph of y = (f — g) (x) is a straight line through (0, 7)

and (%,O.) Its range is R.

»
0,7

cy=()®
Rule:
y=05-2x)2x-2)
Ly=206-2x)(x—-1)
Domain: dig = drndy; =R
The graph is a concave down parabola with x-intercepts

<%, O) and (1, 0), y-intercept (0, —10).

Turni . % L7
t: = = —
urning point: x ) 2

() ()

3 3

:2 —_ —_
><2><4

=2

T4

7 9Y\. . . .
1) the maximum turning point.

The range is <—oo, g]

y=205-2x)(x-1)
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12 f) =+ —land g(x) =vx + 1 14 y=x*-1
ai(g-pHQ3) The parabola has turning points (0, —1), and x-intercepts
=53)-fG) 1,0). .
—\i-3 The graph of y = (x* — 1)” will have the same x-intercepts,
but the point (0, —1) will become the point (0, 1) on this
=6 graph. This graph lies on or above the x-axis. Its domain is R
i (gf)(8) and its range is [0, 00).
=g f(®
=19x%x63
=189
b dr=R,d; =[-1,)
df+g = df N dg
=[-1,00)

¢ i Graphoff+g
Add the ordinates together.

y =)+ g

y=(s()’
2 Square ordinates
' )7
ii Graphof g—f )
Subtract the ordinates. y = (g(x)?

V)
54 1-9(0, 1)

y =8 -f(x)

y=2gW)

iii Graph of fg b The graphs of y = f(x) and y = (f(x))? will intersect at

Multiply the ordinates together. places where y =0 or y = 1.
For the function f(x) = X = 2x, let fx)=0.
.‘.x(xz—Z) =0
Sx=0,x= i\/z
Letf(x) = 1.
a0 -2x=1
X -2x—1=0
S+ (x2 —-x— 1) =0
sx=—lorx—x—1=0
13 y=x+\/—_x Consider x> —x— 1 =0.
Draw the line y; = x and the square root function y, = \/—_x = lxy1+4
The common domain is (—oo, 0]. 2
1£5
T2

The two graphs intersect at

(0,0),(i\/§,0) (=1,1) and (11‘/5, 1).

2
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16 Y

(-1, ) e——e(1, 1) 3.0)

A

Y

0
a,-2)

3
4 8

\

The minimum turning point of the parabolic branch needs to

be obtained to form the range. The parabola
y = (2x — 1) (x — 3) has a minimum turning point at

L
4 8 )
. L 25
The range of the hybrid function is —5 %)

X+ a, X € (—o0,—8]

7 F = f+2, x€ (-8,8]

- x€ (8,0)
X

a The branches must join at x = —8.
Leftofx =-8,f(x) =x+a
f(-8)=-8+a
Right of x = —8, f(x) = /x +2
f(=8) =/(=8)+2=0
For continuity, -8 + a =0 = a = 8.
The branches must also join at x = 8.
Left of x = 8, f(x) = v/x +2

f® =@ +2=4
Right of x = 8, f(x) = b
X
b
8)=-
f(®) 3
For continuity, g =4=>b=32.

x+ 38, X € (—o0,-8]
Vx+2, x€(-8,8]

J&x) =
—, x € (8, )
X
y
(8,4)
(-8,0) 0,2)

:/ Ol )
b f(x) = kis a horizontal line.
Looking at the graph to determine in how many ways a

horizontal line can intersect the graph gives the values
for k.

i No solution if k > 4
ii One solutionifk=4o0rk <0
iii Two solutions if 0 < k < 4

TOPIC 1 Functions and graphs ¢ EXERCISE 1.8 | 33

¢ {x:f(x)=1}
There will be two solutions, one on the cube root branch
and one on the hyperbola branch.

Lety/x+2=1
Syfx=-1
Sox=-1
Let2 =1.
X
Sox=32

The solution set is {—1,32}.

1.8 Exam questions

1

y
fo 4

8(x)

A
(=)
/sd'

h(x)

Y
Using addition of ordinates,

h(x) =g+ (=f(®) =g (x) —f).

The correct answer is E.

(=00, -2)U (—=1,00) = R\(-2,-1)

fx)=vx+3: domf = [-3,00] and ranf= [0, 0]
g(x)=v1—x:domg =(—o0,1) and ran g = [0, 0]
ranf= [0, co]

ran g = [0, o]

y=f@)-g®)=vVx+3-v1-x

domf—g=domfn g=[-3,1] andran fn g =[-2,2]
YA
2_

%

=Y

2
Y

The correct answer is E.

3 f(-1) does not exist and the range is

(=00, —2] U (=1, 00) = R\(=2, —1].
YA

4 -

2_

4 |

—6 -

Y
The correct answer is D.
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1.9 Modelling and applications

1.9 Exercise

1 a

b

2 a

0 1 3
y 4 2 10 8

The data points increase and decrease, so they cannot be
modelled by a one-to-one function. Neither a linear model
nor an exponential model is possible.
The data is not oscillating, so it is unlikely to be
trigonometric. The jump betweenx = 1 and x =3 isa
concern, but the data could be modelled by a polynomial
such as a cubic with a turning point between x = 1 and
x = 3. However, y = x" requires the point (0, 0) to be on it,
and that is not true for the data given.
. a
1 y= ;t?§'+k

Substitute the point (0, 4):

a

..4—-:5-+k

S 8=—a+2k [1]

Substitute the point (3, 10):

a
S 10= -4k
1+

s 10=a+k [2]
Add the two equations:
3k=18
k=6
Soa=4
Lo 4
The equation is y = ) + 6.
ii The graph has a vertical asymptote at x = 2 and a
horizontal asymptote at y = 6.
Y

(3, 10)
(4, 8)

L

=Y

P (000s) A
50—

45
40|
35+
%0, 32.5)
30—

25—

20

b

The data appears to be linear.
(2,38.75) and (4,45)

_45-38.5

S 4-2

_ 625

T2

=3.125
P—45=3.125(t—-4)

S P=3.125t-1254+45

S P=3.125t+325
Letr=0.
S P =325
There were 32 500 bees in January.
The gradient gives the rate of increase
The bees are increasing at 3.125 thousand per month.
The point is (0,2) so a = 2.

b Reading from the diagram, the coordinates are (2, 2).

The turning point is (5, 0), so let the equation be of the form
y=alx— 5)%.
Substitute the point (2, 2):
52 =a(=3)?
L2
S.a= 5
. 2 5
The equation is y = §(x -5)7,2<x<9

For 0 < x < 1, the line has gradient 2 and y-intercept at
y=2.
Its equation is y = 2x + 2.
The rule for the hybrid function can be expressed as
2x + 2, -1<x<0

2, 0<x<2
2 2
§(x—5), 2<x<9

There are three positions where the skateboarder would be
at a height of 1.5 metres above the ground. One is when the
person climbs the connecting ladder and the other two are
on the parabolic ramp.

Consider 2x +2 = 1.5:

S 2x=-05
Sox=-025

Consider %(x -5?2 =15

27
N
So(x=95) 7
.'.x=51%
2
1
Theanswerisx:Si#orx:—Z.

The garden area is the area of the entire square minus the
area of the two right-angled triangles.
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1 1
A=40X40 - 5 xxxx— 3 X (40 =) X 40 6 N:R"U{0} > RN(f) = “[’:2"
1, at+b
= - = — — N t) =
1600 7% 20 (40 — x) aN(@ P
1 N(@©0) =10
=1600 — =x* — 800 + 20x b
= —%xz +20x + 800 L b=20
N() =30
b Both x > 0 and 40 — x > 0, since these are lengths. The Sa + 20
restriction that needs to be placed is that 0 < x < 40. -30= 7
¢ Completing the square: ~.210=5a+20
A=—1 (x* = 40x — 1600) -~ 5a =190
2 .
{ Soa=38
=3 ((x* = 40x + 400) — 400 — 1600) Hence, a = 38,5 = 20.
) i bN(t)=38[+20
=3 ((x = 20)* = 1000) +2
1 _38(t+2)—-76+20
=—§(x—20)2+1000 a t+2
- _ 380+ _ 56
i 20 ) r+2
ii 1000 m?; the greatest area is 1000 m*> when x = 20. 56
5 a The stationary point of inflection at x = 0 = x° is a factor SON(@) =38 - 2! 2 0.
of the graph’s equation. The graph is a hyperbola with horizontal asymptote N = 38.
The cuts at x = +/5 = x +1/5 and x — /5 are factors. The vertical asymptote ¢t = —2 lies outside the domain.
Let the equation be y = ax’ (x + \/§> (x - \/5) The points (0, 10) and (5, 30) lie on the graph.

NA
Substitute the point (\/5, - 12\/5 ):

LoVi=a(VE) (VE-vB) (VB+VE) e MR

2 2
s —12y/3=ax3 3x((\/§) —(\/§> ) = 3r+20
o —12¢/3=3V3ax (3 - 5) (0. 10)4
o —12¢/3=-613a _
La=2 0 !
The equation is y = 2: (x _\/5) <x +\/§> ¢ The horizontal asymptote shows that as r — co, N — 38.

The population of quolls will never exceed 38.

b y=2x (x—\/g) <x+\/§)

y=20 (x - \/5) (x +\/§) 1.9 Exam questions
Ly=2x° (xz—S) 1 V=Iwh
Ly=20 —105° =(8-2x)(6—-2x)x
¢ i The maximum turning point on the graph of y = g (x) Domain: x € (0, 3)
has coordinates <_\/§ 12 \/3 ) A horizontal Sketch the graph and find the turning point using CAS over
' the domain x € (0, 3).
translation of 4/3 units to the right is required for this TP = (1.13, 24.26)
point to have a x-coordinate of 0. Therefore, maximum volume occurs when x = 1.1.
The minimum turning point on the graph of y = g (x) The correct answer is B.
has coordinates (\/5, —12\/3 ) A vertical translation 2y A
of 124/3 + 1 units upward is required for this point to .
have a y-coordinate of 1.
ii The y-coordinate of point A is
124/3 + (12 3+ 1) = 244/3 + 1. The height of A
above the water is (24 3+ 1) ~ 42.6 metres. ¢
[ ]
iii B has an x-value of /3 +\/_ = 24/3, so the o
coordinates of B are (2\/5, l). °
[ J
Cis the point <\/§, 123 + 1)
0 “x
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36 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.10

The shape of the graph is a hyperbola, y = f_c'

The correct answer is C.
3 a Intriangle ODC, OC is of length 7 — 4 cm, h > 4.
Using Pythagoras’ theorem,

(h—4P2 + =47
P =16—(h—4)
r=\16—(h-=4%r>0
Sor=\8h—h? [1 mark]
1

b V= gnrzh

V=ix (8h—h*) h
V= Eﬂhz 8 —h) [1 mark]

h>0and 8 —h > 0, so the restrictionon his 0 < h < 8.

This would be seen on the graph to be the domain interval

where V > 0. [1 mark]
¢ Vi
1
(5? 79.4)
=1 32
V= 3 mh (8—h)
(8,0)
(0, 0) - h

Award 1 mark for correct shape.

Award 1 mark for correct turning point and end points.
d Using CAS, the greatest volume is 79 cm’.

The range is R\ {5}. [1 mark]

1.10 Review

1.10 Exercise
Technology free: short answer

1 a 3 —5x=4

382 —5x—4=0
A=(=57-4x3x—4
=73
5+4/73
~ T %6
b 4x’ — 8 —3x+6=0

43 (x=2)-3(x-=2)=0
(x-2)(4*-3) =0

(x=2) (2x—\/§) (2x+\/§> =0

x=2, £

S

c2m*=5m*-3=0
Let a = m°.

2 -5a-3=0

QRa+1D)@-3)=0

(2m* +1) (m*=3)=0

m2=—%,3
m=/3

d 283 +122%2 -22x+12=0
=62 +11x—-6=0
P)=1-6+11-6=0
Therefore, x — 1 is a factor.
X —6x*+1lx-6=0
=D (¥ =5x+6)=0
x-Dx=-3)x-2)=0
x=1,273
a Let P(m) = 4m* — 11m® — 19m® + 44m + 12.
If m — 2 is a factor, then P (2) = 0.
PQ2)=42)* - 11(2)° — 192)* + 44 (2) + 12
=4x16-11x8—19x4+88+12
=64 —-88—76+88 + 12
=76—88 — 76+ 88
=0
.. m— 2 is a factor.
b 4m* — 11m® — 19m* + 44m + 12
=d4m* — 8m® = 3m® + 6m* — 25m> + 50m — 6m + 12
=4m* (m—2) - 3m* (m —2) — 25m(m —2) — 6 (m — 2)
= (m—2) (4m’ — 3m*> — 25m — 6)
Let Q (m) = 4m> — 3m* = 25m — 6.
Try different values for m to determine another factor.
Q(-2)=4(-2 -3(-2)’ -25(-2) -6
=4x-8-3x4+50-6
=-32-12+50-6
=50-50
=0
... m+ 2 is a factor
4m?® = 3m* —25m — 6
=4m’ + 8m* — 11m* — 22m
=4m*m+2)—1lm@m+2)=3m+2)
=(m+2) (4m* = 11m = 3)
Substitute
4m® = 3m* —25m — 6 = (m + 2) (4m* — 11m — 3) back
into the original factorisation.
Am* — 11m® — 19m® + 44m + 12

= (m—2) (4m’ = 3m*> — 25m — 6)
=(m—2)(m+2) (4m> — 11m = 3)

=(m-2)(m+2)dm+1)(m—3)
Hence, solve the equation
dm* = 11m® — 19m* + 44m +12 =0

(m=2)(m+2)(@dm+1)(m—-3)=0

1
SLm=——,%23
m 1
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3 LetP(x) =x" +ax’ +bx* + cx — 6.

Therefore, since (x + 1) is a factor,
P(-1)=0.
~D*+a(=1* +b(=1)* +c(=1) -6 =0
l—a+b—-c—-6=0
—a+b-c=5 [l1]
Therefore, since (x + 2) is a factor,
P(-2)=0.
(=2)* + a(=2)* + b(=2)* + c(=2) -6 =0
16-8a+4b—-2c—6=0
—8a+4b—-2c=-10 [2]
Therefore, since (x + 3) is a factor,
P(-3)=0.
(=3)* + a(=3° +b(=3)* +c(-3)-6=0
81 —-27a+9—-3¢c-6=0
—27a+9b—-3c=-75 [2]
—a+b—-c=5 [1]
—8a+4b—2c=-10 2]
—27a+9b—-3c=-75 [3]
2x[1]=> -2a+2b—-2c=10
2x[1]-[2] =
6a —2b =20 [4]
3x[1]=> -3a+3b—-3c=15
3x[1]1-[3]=>
24a — 6b = 90 [5]
3% [4] = 18a—6b =60
3x[4]-[5]1=>
—6a = -30
_ =30
R—
a=>5
Substitute a = 5 into equation [4]:
[4] = 6a —2b =20
6Xx5-2b=20
30-2b=20
—2b=-10
-10
b==3
b=5
Substitute a = 5 and b = 5 into equation [1]:
[Ml=>—-a+b—-c=5
—-54+5-c=5
—-c=5
c=-=-5
sa=5b=5c=-5
4 ay= %@—2)4—1
Quartic polynomial with maximum turning point (2, —1)
y-intercept: let x = 0.

L oy
y=g -2 -1

__%
o8l

65
(‘*‘ﬁ)

x-intercepts: let y = 0.

by=1-
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0= %(x— 2 -1
SL(x=2)* =81
Sx—2=23
Sx=-1,x=5
(=1,0),(5,0)

(1,0

<

0 X

-5 @™

Domain R, range [—1, o)
4
(x=2)
Truncus with asymptotes x = 2,y = 1
y-intercept: let x = 0.
4
= 1 _——_-= 0
Y 2
(0, 0) is both an x- and a y-intercept.
By symmetry with the vertical asymptote, there is a second
x-intercept at (4, 0).
YA
|
|
I
I

X

Domain R\ {2}, range (—o0, 1)

cy=Qx+1)0°+8

Cubic polynomial with stationary point of inflection
1
at <— E N 8)
y-intercept: let x = 0.
Sy=9= (0,9
x-intercept: lety = 0.
0=@2x+1’+8

Lx+1)P=-8
S 2x+1==2
-
)
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38 | TOPIC 1 Functions and graphs ¢ EXERCISE 1.10

Y

y=Qx+ 1> +8

=9 Yo,

Domain R, range R
5 Use CAS to solve, or solve by hand.
m+n—p=-2 [1]
3m+5n—2p=1][2]
Sm+4n+2p =9 (3]
2-2x[1]=>
m+3n=>5 [4]
[2]1+[3] =
8m+9n =10 [5]
[5S]-3x[4] >
Sm=-5
m=—1
Substitute m = —1 into equation [4]:
[4]=>m+3n=>5
—-14+3n=5
3n=6
n=2
Substitute m = —1 and n = 2 into equation [1]:
[Il]l=>m+n—p=-2
—14+2-p=-2
1-p=-2
—-p=-3
p=3
om=—-1,n=2,p=3
6 2x+y—-z=7 [1]
—x—y+3z=1[2]

[11+012]1=>
x+2z=28 [3]
Let z = A and substitute into [3]:
31>
x+2z=28
x+24=38
x=8-24

Substitute z = A and x = 8 — 24 into equation [2]:
2] =>
2x+y—2z=17
2@8=20)4+y—-4=17
16-4A+y—-A1=7
16 —=5A+y="17
y=54-9
Sx=8-2Ay=54-9,z=41
\3/x 1, x<0
7afx)=94@3-x(x+1), 0<x<3
x+ 3, x>3
y=3x+1,x<0
This is a cube root function.

(—1,0) is a point of inflection.

(0, 1) is a closed end point for this function.
y=@-x)(x+1),0<x<3

This is a parabola with x-intercepts at x = 3 and x = —1, not
in the domain.

There is a maximum turning pointatx = 1,y = 3, i.e.

at (1, 3).

(0,3) is an open end point and (3, 0) is a closed end point
for the parabola.

y=x+3,x>3

This is a line with open end point (3, 6) and passing through

“,7).
(3,6)

(1,4)
“1,0) . 1) (3,0

i/—/ 0 X

0,3)

b The hybrid function is discontinuous at x = 0 and x = 3.
¢ The domain is R and the range is R\ (4, 6].
a

f) =vx+2and g(x) =V4 -2

Domainof f x+2>0=> x> -2

dr = [-2,00)
Domain of g: 4 -x*>0
4>
<4
S=2<x<L2
dy = [-2.2]

Common domain: drNd, = [-2,00) N [-2,2]
cdin dy =D =[-2,2]
b The graph of y = f(x) is a square root function with end
point (=2, 0).
Since the domain is restricted to [—2, 2], the other end point
is (2,2).
The y-intercept is (0,\/5 )
The graph of y = g (x) is a semicircle, centre (0, 0),
radius 2.
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y=>U+g®

The graph has domain D.

When x = -2,

f(=2)=0,8(=2)=0
(e (=2)=0

When x = 0,

f0)=v2,g(0) =2
L (f+90)=V2+2=34

When x = 2,
f21=2,2(0)=0
L (f+H9l21=2
YA
(0, 242 ) y=(+8
(2,2)
(2,0 -
< ® 5 -
(

Technology active: multiple choice

9 Grouping two and two:
4x> —2x* = 36x + 18
=27 2x-1)—-182x—-1)
=(@2x—1) (26" - 18)
=2Q2x-1) (¥ -9)
=22x-1D)@x=-3)(x+3)
The correct answer is D.

10 6x° —5x% —2x+ 1
=6 -6+ x> —x—x+1
=6 (x—D+x(x=—D=-(x=1)
=@-1)(6x" +x—1)
=x-DGBx-DQx+1)
Sx=-DGBx—-Dx+ D=0

x=l,x=%andx=%

The correct answer is A.
11 el +b+ex+d=3(x-2+2(x—-2)
=3 (X -6 +12x—8) +2(x-2)
=30 — 182 +36x—24+2x— 4
=3x> — 18x* +38x — 28
na=3,b=-18,¢=38,d=-28
The correct answer is D.
12 2kx+(k+2)y=1 [1]
dx+ Gk+ Dy=2 [2]
1= (k+2)y=1-2kx
1 — 2kx

2] = Gk+1)y=2—4x
_2—4x

T S5k+1

_ 4x 2
TSkl kA1

Y

13

14

15

16

17

TOPIC 1 Functions and graphs ¢ EXERCISE 1.10 | 39

_ 4 2

T R
There are infinitely many solutions when both the gradients
and y-intercepts are identical.

Gradients:
2k —4

k+2 Sk+1
—2k(Sk+1) = -4 (k+2)
—10K* =2k = -4k -8

10k =2k -8 =0
52 —k—4=0
Gk+4)(k—1)=0
4
k=—§,1
y-intercepts:
k+2 Sk+1
Sk+1=2(k+2)
Sk+1=2k+4
3k=3
k=1

Therefore, k = 1.

The correct answer is E.

The graph is a hyperbola with asymptotes x = 2,y = —1, so
eliminate all options other than A or B. The hyperbola lies in
the second and fourth quadrants defined by its asymptotes.
The correct answer is B.

From the behaviour at the x-intercepts, the equation is of the
formy=a(x+ 2) 2% (x = 3).

This is an even degree 6 polynomial, so a < 0.

A possible equation is y = — (x + 2) x* (x — 3), which can be
written as y = (x + 2) 23 =2x).

The correct answer is C.

The denominator cannot be zero. As it involves a cube root,
that is the only restriction.

The domain is R\ {64}.

The correct answer is B.

Of the choices, C is the most likely fit.

The correct answer is C.

Where the graphs intersect, there must be an x-intercept on
the function y = g (x) — f(x). There are two intersections.
The correct answer is C.

Technology active: extended response

18

19

a (m*+2)" =13 (m* +2) +42
=m* +4m® +4 — 13m* - 26+ 42
soamt + b’ + cm® +dm + e = m* — 9m? + 20
na=1,b=0,¢c=-9 d=0ande =20
b (m*+2)° =13 (m?+2) +42=0
m* —9m* +20=0
(m*—4) (m*=5)=0
m—4=0,m*-5=0
m=4,m* =5
m=i2,i\/§
(m+ D2 +2x+3m=0
For two solutions, A > 0.
A=22—4xm+1)x3m
=4—-12m(@m+1)
=4—12m* - 12m
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0=-3m>-3m+1

3+(=3)% —4x-3x1
m=
-6
3+4/21

-6
LA>0
=3m* —3m+1>0
As A is an upside down parabola, A > 0 between the
m-intercepts:

3-421 3+121
-6 -6
have two solutions.
20 x—y+z+w=5
2x+y—z+2w=1
xX+2z-w=0
2y —3z-2w = —11
Solve the system of equations using CAS:
x=0,y=-2,z=1,w=2
21 ay=ax*+bx+c
As there is a turning point at (3, 4), let the equation be
y=ax -3 +4.
Substitute the point (2, 3):
S 3=a(-1)+4

Sa=-—1

> for the original equation to

The equationis y = —(x — 3)? +4.

Expanding,

y= —(x2—6x+9) +4

Ly=—xX*+6x-5

The answerisa = -1, b =6, ¢ = -5.
by=-x*+6x-5

Lety=0.

S 0=—x+6x-5

L —6x+5=0

=D =5=0

Lx=lorx=35

A is the point (1, 0) and B is the point (5, 0).
¢ The length of AB is 4 units and the height of the triangle

ABC is also 4 units.

The area of the triangle is % X 4 X 4 = 8 square units.
d i y=ax’—6ax+8a+3,aecR\{0)
Letx=2
y=4a—12a+8a+3
=3
Every parabola in this family passes through the point
(2,3).
ii For two x-intercepts, A > 0
s (=6a)* —4a8a+3)>0
~.36a" —32a* — 12a > 0
4d® —12a>0
Sdaa-3)>0
a<0ora>3
22 a 8+4x—2x—x
=4Q2+x)-x(2-x)
=2+x (4—x2)
=Q2+x)2+x)2-x)
=Q2+x’Q2-x)

b

Cc

y=8+4dxr—2x" —x°

Ly=Q+x"2-x)
The graph touches the x-axis at x = —2 and cuts it at x = 2.
The y-intercept is (0, 8) and the cubic function has a
negative leading term.
y=Q2+x*2-x) ,

)

0, 8)

(2,0)

Y

(2,00 0

Y
The maximum turning point lies in the interval between
x=-2andx=2.

i Square roots cannot be formed where the graph lies
below the x-axis. For the interval [-2, a], the largest
value a can take so the square root function can be
formed is a = 2.

il y=v8+4x—2x2—x forxe [-2,2]
L=V2+0T2-x)
L=V 42 xV2 —x
=2+ x0)V2—x

The polynomial function is the linear function with rule
f(x) =2+ x,x€ [-2,2], and the square root function

has the rule g (x) =v2 — x,x€ [-2,2].

iii The range of function f'is [0, 4] and the range of
function g is [0, 2].

iv f(x) =2+ x,x€ [-2,2] is linear with domain end
points (=2,0) and (2, 4), and y-intercept (0, 0).
g(x) =V2 —x,x€ [-2, 2] is a square root function
with end point (-2, 0), y-intercept (O,\/E) and point
(=2,2).

<

=Y

v The mountain range is the product of the two functions
fand g.
y=(/8) @) =f(x) g (x) and y = (fg) (x) has domain
[-2,2].
Some values of this function are:
(J9)(=2)=0x2=0

(f2) (0)=v2x2=2V2
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(fe)[21=4x0=0
and (fg) (1) =3x1=3.

YA
Y=A8 +4x—2x2—x°
0,2+2) (1,3)
€20 2.0
¢ 5 ® -
Y

1.10 Exam questions

1
1 f: [a,b)—>R,f(x)=;

b>a >10 |
f0) =5 <~ =f@
a
The endpoint at x = a is included, but the endpoint at x = b is
not included.

The range is l,l]
b a

The correct answer is D.
2 f1(=1,2] >R, f(x) = =xX* +2x =3

End point included: f(2) = -4+4 -3 = -3

End point, not included: f(—-1)=-1-2-3=—-6

Turning points: ' (x) = -2x+2=0=>x=1

fH=-1+2-3=-2

Range: (-6, —2]
YA
2_
1 —

-1,-6)
The correct answer is C.
3 yi=kx—4, yy =x>+2x
Vi =yzf»kx—4=x2+2x
F+Q2-kx+4=0
A=Q2-k>-4x1x4
=k —4k—12
=(k-6)(k+2)
A>0=>k>60rk< -2
The correct answer is B.
4 Consider the simultaneous equations:
=3x+my=m-1 [1]
(m+ 1)x—10y=-8 [2]
There will be an infinite number of solutions provided the
gradients and y-intercepts of the two lines are equal.
First, rearrange the equations to determine the gradient of
each line.

—3x+my=m-—1 [1]
my=3x+m-—1
3 m—1

y=—x+—
m m
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Gradient:E
m
(m+ 1x—10y=-8 [2]
—10y=—-(m+1)x—38
_m+1 +4_1
Y710 ' s

m+1
Gradient = ——
radien 10

Solve for when the gradients are equal.

3 m+1

m 10

30=m>+m
0=m*+m-30
=(m—5)(m+6)

m=25,-6

Now test each m value to see which one means that the
y-intercepts are the same.

m=>5:
—3x+5y=4 [1]
6x — 10y = -8 [2]

If equation 1 is multiplied by —2, it is the same as equation 2.
Therefore, when m = 5, the equations are the same and there
would be infinitely many solutions.
m = —6.

-3x—-6y=-7 [1]
—5x—10y=-8 [2]
The gradients of both equations are the same; however, the
y-intercepts are different.
So, when m = 5, there are an infinite number of solutions.
The correct answer is B.

R

15-a(@+2)=0

15—a*—2a=0
(a+5@-3)=0
a=-5 a=3 [1 mark]

Ifa = -5, 3x — 5y =5 and —3x + 5y = -5, lines are the same
and there are infinite solutions.

If a =3, 3x+ 3y = 5 and 5x + 5y = 3, lines are parallel and
there are no solutions.

No solutions, a = 3 [1 mark]
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Topic 2 — Trigonometric functions

e cos(—6x) =1

2.2 Trigonometric symmetry properties [ (3,;) |
sin[ =— ) =—
2.2 Exercise 5 a sin (7 — 6) = sin ()
37\ _ A T\ _ _ b cos (67 — 6) = cos (6)
1 atan<4>—tan(ﬂ 4) tan(4> 1 ¢ tan (x4 6) = tan (©)
S5x T T \/5 d cos(—6) = cos (0)
beos{ g =C°S<”_€)=_°°S(6>=‘7 e sin (180° + 8) = —sin (8)
_ z x 1 f tan (720° — 6) = —tan (6)
e sin(-7) =-sin(7)=-— (2 . .
\,/E 6 acos<g)+cos<?>=cos(ﬂ+g)+cos<n—§>
d cos = =cos<27t+7—r>=cos(£>=l b4 T
3 3 3 2 =—cos<g>—cos(§>
T T
o (-5) =-en(5) =2 g ()

2 2 2

( b2Sin(7£>+4sin<5—”>=2sin 2= I+
2 atan(%)=tan(z—%)=—tan(%>=_L 4 6 ‘ <” 7[4>
3 4sm<7r—€)
(% (

—_
SIS
8
N———
I
»
z.
=
o
3]
3
|
N
N——
I
|
<
=
/N
N
—
I
|
N —

b cos %)zcos(Sn—g)z—cos g)z—% =—2$in(§)+4sin(%>
c tan —%)z—tan<¥) =_2xg+4xé
= —tan 7z+7—r>=—tan<£>=—l =-V2+2
! * c 3tan(5—”>—tan<5—”> =\/§tan(n+z>—
d cos <—3—”) =cos<3—n> =cos(7r—7—r> 4 3 4
<7[) ) 4 4 tan(2n’—§)
=—cos(~)=—-—
4 \/5 = 3tan(%>+tan<§>
esin<—23—”>=—sin<23—”>=—sin<7z—§> =V3+V3=2v3
d sin? <83—”> + sin <%T”) = sin’ (37r— g) + sin (27r+ %)
:—sin(%):—? .2 (T . T
Ny ; ) - I = sin (32)+s1n<4)
3111(?)—sm<€>—5111(7[—6)—5111(6)—5 =<ﬁ> +L
3 a sin<73—”> = sin <27r+ g) =sm(g> = \/75 3+22\/5 2
bCOS(%I)=C0$<27C+—>=COS<§>=% - Sx e ) 1
Sz\ T\ T 1 3 € oo <_Z>_ s (7>_
can (3) = an (5= ) = —un (£) = - =% ) ( 1 > |
d sin(150°)=sin(180°—30°)=sin(30°)=% =1_1\/§
7 V3 =
ecos(%) =COS<ﬂ+g)=_COS<g>=_7 \/5 ¢ tan(]%’[)cos(—ﬁ:)=tan(47r+§)cos(—7r)
7 1 - lix 1z
f tan (—%) = tan (—%) = —tan(%) = __3 = sin (—2%) tan(z)s:(n_(lﬁ )
4 acos<g>=0 =m
b =t
d tan(z) =0 =-2
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7 a sin(2zr —6) = —sin (8) = —0.4695
b cos(x — a) = —cos (a) = —0.5592
¢ tan (—p) = —tan (f) = —0.2680
d sin(z + 6) = —sin (6) = —0.4695
e cos (2r — a) = cos (a) = 0.5592
f tan (z + f) = tan () = 0.2680
8 a sin® (0) + cos® (0) = 1
cos? (6) = 1 —sin® (6)
cos (8) = +\/1 —sin’ (8)
cos (8) = £/1 — (0.4695)>
cos (6) = +0.8829

As we are dealing with the fourth quadrant,

cos (6) = 0.8829.

Thus, cos (—8) = 0.8829.
sin(0)  0.4695
ban® = 5@ = 08829

tan (180° — ) = —tan () = —0.5318

sin? (@) + cos® () = 1

= 0.5318

(<]

sin? (@) = 1 — cos? (a)
sin (&) = /1 — cos? (a)
sin (@) = £V/1 — (0.5592)*
sin (&) = £0.8290
As we are dealing with the first quadrant,
sin (360 + a) = sin (a) = 0.8290.

d tan (360° — @) = —tan ()

tan (360° — a) = — sin (a)
cos (@)

o _ 08290

tan (360° — a) = 035503

tan (360° — @) = —1.4825
Fis .
9 a cos (5 —a) = sin (@)
1
bt 0° =-
an (90° + @) oy

¢ sin (270° — a) = — cos (@)

d tan H—”—a = 1
2 tan (@)

3z .
e cos 5 +a | =sin(a)

f sin (90° — a) = cos ()
10 a sin (f n e) = cos (6) = 0.8829
’ - =0

b cos <377[ - 6) = —sin (0)
sin? (8) + cos® () = 1
sin? (8) = 1 — cos? (6)
sin(6) =4/1 — cos? (0)
sin(6) =v/1 — (0.8829)?

sin(9) = 0.4696

cos <3777.' - 6) = —sin(6) = —0.4696

ctan(%—@):w
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2
sin? (@) + cos? (@) = 1
cos? (@) = 1 —sin’ (@)
cos? (@) =v/1 — sin’ (@)
cos () =v/1 — (0.1736)*
cos () = 0.9848
3z

5 + a) = —cos (a) = —0.9848

d sin (31 + a) = —cos (a)

sin

/N

. T
e sin (E — a) = cos (a) = 0.9848
3z
f tan <7 +a> = —cot(a)
—sin (2 +6
tan (3—” + 6> = EZ )
2 cos (¥ +0)
_ —cos(0)
TG
_ —0.9848
~0.1736
=-5.6729

11 sin (6) + cos® (8) = 1
cos? (8) = 1 —sin® (6)
cos (0) =4/1 — sin® (6)
cos () = £/ 1 — (0.8290)*

cos (6) = +£0.5592

Since we are dealing with the first quadrant, cos (6) = 0.5592.

sin? (B) + cos® () = 1
sin? (f) = 1 — cos? ()
sin(f) =4/1 — cos? (f)
sin () = £/ 1 — (0.7547)*

sin (f) = +0.6561

Since we are dealing with the first quadrant, sin (f) = 0.6561.

a sin (90° — 6) = cos (6) = 0.5592
b cos (270° + 6) = sin (6) = 0.8290
R _ sin(90° +0)
¢ tan (90° + 6) = —cos(90°+9)
cos (6)
—sin (6)
_ 05592
~ —0.8290
=—0.6746
d sin (270° — B) = —cos (B) = —0.7547
o sin (90° — f)
e tan (90° — ) = m
_ cos(p)
- sin(p)
_ 0.7547
~0.6561
=1.1503
f cos (270° — B) = —sin (f) = —0.6561
12 a sin(2x —6) = —sin(6) = —0.9511
b sin(x — 6) = sin(6) = 0.9511
¢ cos (g - 6) =sin () = 0.9511
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sin (6)
cos (8)
sin’ (8) + cos? () = 1
cos? (8) =1 —sin’ (6)
cos (8) =v/1 — sin” (6)
cos (8) =v/1 — (0.9511)?
cos (6) = 0.3089
sin(@) 09511
@n(®)=°55@ ~ 03089
e cos 3z +6) = —cos () = —0.3089
f tan 2z — 0) = —tan (6) = —3.0792
13 a cos (180° — a) = — cos (a) = —0.8572
b cos (—a) = cos (a) = 0.8572

¢ sin (377: + a) = —cos (@) = —0.8572

d tan(0) =

d tan (180° — a) = —tan (a)
sin? (@) + cos? (a) = 1
sin? (@) = 1 — cos? ()
sin (&) =4/1 — cos? (a)
sin (@) =1/1 — (0.8572)?
sin (&) = 0.5150
sin(@) _ 0.515
cos(a)  0.8572
tan (180° — a) = —tan (@)
= —0.6008
e cos (360° — a) = cos (a) = 0.8572

tan (a) =

e cos(90° —6) =sin(0) = 15—3

1 12
— = Z-24
tan (6) 5

16 a sin?(x) + cos?(x) = 1

f tan (90° - 0) =

cos’(x) _ 1
cos2(x)  cos2(x)

sin?(x)
c0s2(x)

3.0792 tan’(x) + 1 =

as required
cos2(x) q

b sin(x) = 0.6157
(0.6157)% + cos*(x) = 1
0.3791 + cos*(x) = 1
cos’(x) = 1 —0.3791
cos(x) =v/1 — 0.3791
cos(x) =0.788
1
(0.788)2
tan?(x) = 1.6105 — 1
0.6165 = 0.7814

tan?(x) + 1 =

tan(x) =

17 a v=12+3sin(%t)
Initially = 0.
v =12+ 3sin(0) = 12cm/s
b Whent =15,

v=12+3sin<53—7[>

0.6008

sin (5 +a
ftan(%”’):# =12+ 3sin (22— 2

cos (5 +a) v=12+ sm(n 3)

_ cos(a) r

~ “sin(e) v=12—3sm<§)
0.8572
-0.5150 =12-2Y-

= —1.6645 V=12 cmls

14 For the right angle triangle of (3,4, 5) in the first quadrant, ¢ When =12,

sin(f) = g, cos(f) = %and tan (f) = g

a cos(p) = _g
b tan (f) = _4
=-3 2 2
¢ sin® () + cos® () = (%) + <_§>
sin’ () + cos’ (§) = % * %

sin? (B) + cos® (B) = 1

, o 3 2 4 2
d cos” (f) — sin (ﬂ)_<—5) —(5)

2o st (g 2 10 _ T
cos” (B =sin"(f) = 55 = 75 = =33

15 asin(6) = 15—3

b tan (0) = %

¢ cos(B) = %

d sin (90° — 6) = cos (B) = %
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v=12+3sin(1§—”>

v=12+3sin(4x) = 12cm/s
18 h(t):O.Scos(%) +1.0
a At6am,r=0.
h(0)=0.5cos(0)+1.0=1.5mor %m
b At2pm,t=8.
8
h(8) =0.5cos <§> +1.0

T

h(8) = 0.5cos (= §> +10

(
(

h(8) = 0.5cos <2—”> +1.0

h(8) = 0.5 cos ) +1.0

z
3

h(8)=%x—%+1=0.75m0r%m
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¢ At 10 pm, ¢t = 16. 2 T . ..
16 5 suggests e Since cos is positive,
h(16) = 0.5 cos (W) +1.0

[ ]
h(16) = 0.5 cos (4—”> +1.0
3 °
T
h(16)=0.500s(7r+—>+1.0
3 _r _r z _r z _r
16— 05 - i 36—4,271' 4,27r+4,47r 4,475+4,67r 1
10/=-03e0s(3) 1. 9% Ir 9 15n 17x 2
1 1 3 T4 47 47 47 47 4
h(16)——§><§+1—0.75m0r1m 3 7_” 3_” 5_77 17_” &[
TI127127 47 47 120 12
b 2sin@x+7)+y3=0 -—r<x<nx

2.2 Exam questions

. V3
1 sin (_4_,,) =—Sil’l<4£> _ _é _ @ s1n(2x+7r)_—7 —r<2x+7x<3n
3 3 2 2 3 .
The correct answer is A. 5 suggests 3 Since sin is negative,
2 Option B is false since cos® (z) + sin® (7) = (=1)* + 0° = —1.
Therefore, A, C, D and E are true.
The correct answer is B.

3 Itcan be seen than A, B, C and D are true. E is false since (] °
sin (z + 6) + sin 2z — 6) = =2 sin ().
The correct answer is E. x4+ r=—-1+ f, —7—t, T+ E, 27 — z
3 3 3 3
2r & 4n Sm
S e N
2.3 Trigonometric equations
2z T ¥4 kY4
- 2X=—— -, —% — A, — — ", — — T
2.3 Exercise 3 3 3 3
1 a2cos(©)+v3=0 0<6<2x Jyo_dF _4m oz 2z
\/3 3 37373
cos®) =~ xo 3E 2oz oE
T 67 36’3
3 T . .
5 suggests 3 Since cos is negative, 3a \/Esin ©=-1 0<6<2r
1
° sin () = ——
V2
° 1 T .. .
— suggests —. Since sin is negative,
\/5 4
O=r—2, 1+
6’ 6
Sz Irn
0= 6’ 6 o | o
b tan(x) +v/3 =0 0 <x<720° e=ﬂ+§,2ﬂ_§
tan (x) = _\/5 - Sz In
\/§ suggests 60°. Since tan is negative, T4 4
° b 2cos(B) =1 0<6<L2rx
1
cos(6) = =
° 2
1 T . "
— suggests —. Since cos is positive,
x = 180° — 60°, 360° — 60°, 540° — 60°, 720° — 60° 2 3
x =120°, 300°, 480°, 660° °
2 a2cos(36)—V2=0 0<6<2x
2 [ ]
cos (36) = \/_ 0<36<6r

2
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T T
0==, 27— =

3773

T Sm
p=2, =

3° 73

¢ tan(36) —/3 =0 0<6<2x
tan(30)=13  0<30<6x
T . . ..
\/5 suggests 3 Since tan is positive,
[ ]
[ ]

T T T T T T
36—g,n+§,27r+§,3ﬂ+§,4ﬂ+§,5”+§
oo % 4 Iz 10x Bx l6x

737373737 373
g 4z Tz 10z 13z 16z
79799’ 9’7 9’ 9
dtan<6—§>+1=0 0<0<2r
T T T T
B N Y P T
tan<6 2) ;S0-5s2-3

T . .
1 suggests 1 Since tan is negative,

(o
|
|
|

[

|

w N
|
INTRY

o NIy NIy

BN RIS RN
N R

(98]
~|§

+
+
S|

T Swm
iy
4 a2cos(x)+1=0 0°<x<360°
2cos(x) =—1

)

cos (x) = —%

1 . . .
3 suggests 60°. Since cos is negative,

x = 180° — 60°, 180° + 60°
x = 120°, 240°
b 2sin(2x) +V2 =0

V2

sin (2x) = -5 0° <2x < 720°

0° <x <360°

2 . . .
5 suggests 45°. Since sin is negative,

2x = 180° 4 45°, 360° — 45°, 540° 4 45°, 720° — 45°

2x = 225°, 315°, 585°, 675°
x=112.5° 157.5°, 292.5°, 337.5°
5 a2sin(20)+vy3=0 -n<6<r=x

V3

SID(ZG)Z—T —27[529§27[

3 T .. .
- suggests 3 Since sin is negative,

o | o
A - 7 r
20=— = =7 =, 2= =
7l'+3 3 7l'+3 /4 3
2 m 4rx Sr¢
w=-= -2 2 22
0 3’ 3373
g _F _Z 2z 5z
T3 67376
b\/icos(SG):l -7<0<nx

cos (36) = L -37<36<3n

2
1 T . .
7 suggests r Since cos is positive,
2
[ )
[ )
V4 V1
=2r-Z2, 2zr+=>, -2, 2 27—
36 v T 7r+4, 11 V4
3p=_2% Iz _z z Iz 9z
T4 47 44 47 4
0= 3_75 Tr r nw© Ix 3_75

T4 12 127 120 120 4
ctan(20)+1=0 —-r<0<r
tan(20) = -1 —27<20<2x

T . .
1 suggests T Since tan is negative,

°
[ ]

A 4 T T
26——7[—4, Z,ﬂ' 4,27[—Z
S & 3x Ix

BET T T T
- Sr =& 3_71' T
T 8’ 8 88
d 2cos(0) =1 —-7<0<r~r
1
0)==
cos(0) 7
1 T . ..
3 suggests 3 Since cos is positive,
°
°
T T
6=—-—=, =
3’3
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6 aZsin<2x+§>=\/§ —r<x<nrm d2005(3x—g>+ 3=0 0<x<2rx
2 3
sin<2x+f>=£ —2r <2x<2m cos<3x—f>=—\/—— <3x<6x
4 2 2 2
. T \/E T T T T \/5 T T T
- )= — - - < - < - —— )= - =< - =< - =
s1n<2x+4) > 27t+4_2x+4_2n'+4 cos<3x 2) > 2 < 3x 2_677 >
2 T .. .. 3 T . .
> suggests T Since sin is positive, > suggests & Since cos is negative,
° ° o
°
T T T T T T T T n 4 b4
L R DI BN B P - L3234 L
x+4 71'+4 V4 171 T 7 7r+4 3x 5 T 6,7r+6,37r 6,37r+6,
b4 Tn Szm n 3m 9« .4 T
__z2 2z = = St— =, 57+ =
e R R I 6 6
3z T 7 Sz Tz 17z 19z 29z 3lx
= — —_—— — 3 —_—_— e — — —_——.——_—— —
2x 2r, 2,0,2,27r X 3 6° 6" 66" 6" 6
3 pa _57r 37 7Tr 3x 177 3z 1927 3=«
x=-m =50, 77 S S A A R
297 3z 31z 3=z
b2cos(x+7r)=\\//_3_ —-r<x<nrm e F’T-'-F
3
cos(x+7m)=— 0<x+n<2r 3x=4—”, 5_”, &7 11_”, @,&
2 3’33737 3" 3
fe o4z 55 10 llx 16z 17z
Tsuggests g.Smcecos is positive =99 9" 9" 9" 9
° 7 a3sin(@)-2=0 0<6<2x
2
i@ =2
R sin (6) 3
2 ¢ .. ..
pe pe — suggests 0.7297°. Since sin is positive,
X+r=—,2r—— 3
6 6
seast L b
66
_z_, U=m_
x—6 T, G T
6=0.7297, = — 0.7297
(5% 5m
"% % 6=0.73, 2.41
or solve on CAS
ctan(x — ) =—1 —rx<x<nrm b 7cos(x)—2=0 0° < x <360°
tan(x — ) = —1 2r<x—-n<0 cos(x):z
7
It suggests g Since tan is negative,

5 suggests 73.3985°. Since cos is positive,

°
°
°
[ )
T
X—r=-m——, ——
4" 4 x =73.3985°, 360° — 73.3985°
g _FE _E x =73.40°, 286.60°
4° 4 or solve on CAS.
== in Zan 8 a sin(0) +0.5768 =0
4 4 sin (6) = —0.5768
r=_= 3z 0.5768 suggests 36.2258°. Since sin is negative,
44
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6 = 180° + 36.2258°, 360° — 36.2258°
0 =215.23°, 324.77°
Or solve on CAS.

b sin(x) = 1x= —377[, %for—er <x<2m.

9 sin (36) = cos (20)
Using CAS:
0 =0.314, 1.571, 2.827, 4.084, 5.341

10 2sin (2x) — 1 =—%x+1

Using CAS:
x =0.526, 1.179
11 cos?(8) —sin(B)cos(@)=0 0<6<2x
cos (0) (cos (B) — sin(6)) =0
cos(®) =0 or cos(6)—sin(6) =

o=1, 37” cos (6) = sin (6)
cos(0) _ sin(0)
cos (8) ~ cos(6)

1 =tan ()
1 suggests % Since tan is positive,
[ ]
[ )
T T
6 = Z, T+ Z
T Sm
6=-, —
4> 4
n &m Srt 3rx
Therefore, 6 = T i
12 2cos (0) +3cos(@)=—1 0<6<2
2c0s> (@) +3cos (@) +1=0 oge

2cos®B) +1)(cos(®)+1)=0
2cos(@)+1=0 or cos(@®)+1=0

1
cos(@):—z cos(@)=-1s0b6=nr
1 T . .
3 suggests 3 Since cos is negative,
[ )
[ )

T V3
6—7r—§,7t+§
2r 4rm
=", =
373
Therefore, 6 = —” T, 4—”
T30 30
¥4
The sum of the solutlons—?+ +?
_ o
3
=3z

The correct answer is C.
13 a tan(@)—1=0 0<6<2x
(tan (@) — 1) (tan (8) + 1) =0

tan(6)—1=0 or tan(B)+1=0
tan(6) =1 tan (6) = —
T Sr 3z In
by =T 7
o="=, 3_” Sz 1z
4444

b 4sin’ (9)—<2+2\/§)sin(e)+ 3=0 0<6<2r
(25in(6)—\/§)(251n(9)—1)=0
2sin(@) —V3=0  or 2sin(@)—1=0

sin (6) = @ 2sin () = =

@ suggests z and l suggests z
3 gg 3 3 gg 6

Since sin is positive,

[ ] [ ]
T T T T
6== - = 6== - =
37773 6" %6
n 2r n Sr
=33 =%
g% Z 2z 37
T6°3 376
14 a sin(a) —cos’ (@)sin(@) =0 —z<a<nx
sin (a) (1 — cos® (@) =0
sin (@) (1 — cos (@) (1 + cos (a)) =0
sin (@) =0 l—cos(a)=0orl+cos(a)=0
a=-x,0, 7 or cos(a) =1 cos(a) = —
a=0 o=—-7,7
Thus, a« = —x, 0, 7.
b sin(2a)=\/§cos(2a) —r<a<lnm
sin (2a) _ cos 2a) Cor<2a<2n
cos (2a) cos 2a)
tan 2a) =

T . .
\/5 suggests 3 Since tan is positive,

[ )
[

T T V4
20=-2 = - =, = =
a 7r+3 7r+3, 3,7r+3
dg=_F _2m m 4z
T3 T3 33

__o% E & 2z
T 67 36 3
¢ sin’ (@) = cos® (@) —nlalnm

sin’ (@) — cos? (a) =
(sin (@) — cos ()) (sin (a) + cos (a)) =0

sin (&) — cos (a) = sin (@) + cos (@) =

sin () = cos(a) or sin (@) = —cos (a)
tan () = 1 tan (a) = —
3 & _m 3x
T =TT 7
_ 37 & & 3z
T4 8 s
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d4cos’(@)—1=0 —n<a<lnm
(2cos(@)? -12=0 2.4 General solutions of trigonometric equations
2cos(a)—1)2cos(a)+1)=0 ;
2cos (@) - 1=0 2cos (@) +1=0 24 Exercise
COS(G)Z% or COS(Q)Z—% 1 alen(e)—\/§=0
3
1 z sin (0) = g
3 suggests 3 Since cos is both positive and negative, all
3
four quadrants. — suggests z
o= x4 E E L T 2 :
373737 3 O=2nz+Zand Qn+ Dz—- 2, nez
2z T 2r 3 3
0!=—?, 33 3 _bnr+x 32n+r—x
T3 3
_bnr+n 6nr+2n nez
-3 3

2.3 Exam questions
b y3tan(20)+1=0

tan (26) = —L

\/5

The basic angle for L is —g (quadrant 4).

1 tan(a) =d, a=tan"'(d), O<x<%

tan(2x) =d, 0<2x< 577[

2x=a, rw4+a 2r+a
] E) 3
3 . \/—
Z(in)=3ﬂ+3a=3(ﬂ+a) 26=n7r+(—g>,nEZ
i-1
3 bnr —
3(r+a _
Z (i) = —( 5 ) - 6
i-1
T ez
The correct answer is E. .
\/5 For 6 € [—x, ], the solutions are:
2 sin(2y) = > n=-2; 6= —%T (outside the domain)
__x Zrzzix 1z
= 6° 3°6'3 6 n=-1; 6:—5
Add solutions together until the sum is equal to —z: n=0 0=_-=%
5r wx o x_ ’ 12
6 3'6 3 n=1. 6= 51_721
The solution x = %[ is included in the sum but the solution ix
n=2, 6=—
x= 7—” is not included in the sum; hence, g <d< %[ 12
The correct answer is C. ca__Im = 5z llx
3 200s(2x)=—\/§for0§x§7z 127 127127 12
\/5 2 a2cos(x)+1=0
cos (2x) = —— 1
2 cos(x) = —=
2
2% = cos™! _é) The basic angle for —% is 23—” (quadrant 2).
2 General solution:
2x = 5—” 7—” 2
T %6 x=2n7ri?,neZ
_Sz Iz 6nr+2n
TR =T nez
Award 1 mark for solving the trigonometric equation. )
Award 1 mark for both of the correct values. b 2sin(x) =2 =0

sin (x) =

oI%

IS

suggests ~
g8 4
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6=2n7r+%and(2n+1)ﬂ—§,neZ

_8nwr+rm 42n+ Dr—x

4 4
_8nr+x 8nm+3xm nez
T4 7 4

3 2sin(2x)+1=0

sin (2x) = —%

The basic angle for —% is—Z (quadrant 4).

26=2n7r+(—%)and(2n+1)7r—<—g),nez
12ne—7n 6Q2n+ Hr+x
20 = ,
6 6
_ DRnz—n 12nx+x nez
- 6 bl 6 b
2nr—n 12nz+7n
O=—f—— 1 "€
T I
n=0: 9——E, E
11z 19z
n=li 8= 13
23z 3lx
n=2 0=

_7z Uz 197 23x
T127 127 127 12

4 \/5sin<x+g) =cos<x+g>
\/gtan<x+g) =1
tan<x+g) = L

V3

% is the base angle

General solution:

x+ﬂ—n7r+ﬂ nez
2 6’

T
X=nr— -

3

T 2r

33
5 2c0s(260)—2=0
cos(20) =1
20=..—-2r,0,2n,4n...
6=..—nm0,nx27.
O=nr,nez
6 3un (20 + %) =0

tan<29+g) =0

/s
20+ =
+6

. — 7, 0,7, 2m...
20 + % =nn,n€”Z

T
20=nr— 2
nr 6

bnr —x
6
_bnr—=x

G—T,I’IGZ

2.4 Exam questions

1 2cos<2x—7§r)+1=0
T

2 ‘<2——)=—1
cos ( 2x 3

T 1
2——):——
cos(x 3

2
2x—7—[—2k7r+cos’l —l
37707 2
T 2r
2x — = =2knt —
TTFTATET
T
2x = 2kx + 7, 2kn — =

3
b4
2x =n(2k+ 1), §(6k— 1)

T

V3
=Z@k+1), Zk-1
x=3@k+1), 2(6k=1)

T T
x=2(6k+3), Z(6k~1).k€Z

The correct answer is D.

2 x—Z —sin™! ﬁ + 27n and

3 2
X — %r =C2n+1D)rn—- sin™! <\£§) where n€Z [1 mark]
x—%rz§+27mandx—§=(2n+l)ﬂ—§,
whereneZ

x=2?”+27mandx=(2n+1)ﬂwhereneZ [1 mark]

3 sin(2x) = -1

2x =sin"' (1)

2x=—g +2nr,ne’Z

dx = ﬂ,nez
2

x= BT
4

X=nm— %,neZ

The correct answer is C.

2.5 The sine and cosine functions

2.5 Exercise
1 a y=06sin(8x)
2
Period % = g, amplitude 6

Mean position y = 0, so the range is [—6, 6].
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by=2—3cos<%>

Period 27 + i = 8z, amplitude 3

Mean position y = 2, so the range is [—1, 5].
cy=-sin(3x—6)

. 27 .

Period 3 amplitude 1

Mean position y = 0, so the range is [—1, 1].
d y=3(5+2cos (67xx))

y =15 + 6 cos(67x)

Period 27 _ l, amplitude 6
6z 3

Mean position y = 15, so the range is [9,21].

2 ay=2cos(4x)—3,0<x<2x

2w

Period — = =

eriod 7= = 7
Amplitude 2

Mean position y = =3
Range [-3 —2,-3 + 2] = [-5,-1]
No x-intercepts

y
T(O, -

T
Ea
4

y=2cos(4x) -3

b Let the equation be y = a sin(nx) + k.
The period of the graph is 2.

2

R
n

SNn=r

The mean position is 5.
y=5=>k=>5.

@r,-1)

The range is [—3, 13], which means the amplitude is 8.
As the graph has an inverted sine shape, a = —8.

The equation is y = —8 sin(zx) + 5.
3 £:[0,27] > R, fix) =1 —2sin <3§>

y=fix)=1 —2sin<37x>
4

3
Amplitude 2, inverted graph
Mean positiony = 1

Range [—1, 3]

x-intercepts: lety = 0.

3
Period 27 + = =
eriod 27 >

.'.sin<3—x>=— <3—<37r
2 2777 2 °
37)6 %,ﬂ—g,2ﬂ+g,37z—g
.3 x5z 13z 1ix
266 6 6
qy= 227 L7 1z
3’37373
. _ & 5z 13z 17
T3 9 g
y-intercept: let x = 0.

y=1-2sin(0) =1

TOPIC 2 Trigonometric functions ¢ EXERCISE 2.5 | 51

0,1

y () =12 sin %)

3
2, 1
Ao /\ s

‘_1% A Ba~——17r 22"
9 9

9 9

. 3z e _ 3z
f: [O, ?] — R, fix) = —6sin <3x 7 >

y = flx) = —65sin <3x— 37”

VA
L)
y sin x=7
Horizontal translation % units to the right
2z
Period —
eriod =

The amplitude is 6, and the graph is inverted.
Mean position y = 0, so the range is [—6, 6].
End points:

f(0) = —655in (—%)

=32
3z . 157z
A5 o ()

=312
End points are (0,3\/5) and (%3\/5)

. . . T
x-intercepts: Either translate those of y = —6 sin(3x) i units

to the right or solve —6 sin <3x - 37”) =0.
Solving the equation:
sin | 3x — ) 0
7)) =

S3x— % =0,7,2x 37

3z Iz 1z 15z

A s
n Trn 11z Sn

TP 120a

)2\
(0,3V2) 4
e
2
< 5 |
o\ 72l x| se 3
4 12, 12 4 2
6
Y

fx)=-6 Sin(}x _37”)
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52 | TOPIC 2 Trigonometric functions ¢ EXERCISE 2.5

5 ay=-7cos(4x),0<x<nr

2
Period Tﬂ = E, amplitude 7, graph is inverted, mean
position y =0, range [-7,7]

A =-7 cos(4/—\

-7-4(0,-7)

PN
.

(., =T7)

b y=5-sinkx), 0 <x<2x
Period 27z, amplitude 1, graph is inverted, mean position
y =5, range [4, 6]

YA

y=5-sin(x)

6 —
. ?."\/h 5)

N
|

cy= %cos(2x)+3, -1 <x<2x
. 2z . 1 ..
Period > = &, amplitude 3 mean position y = 3,
range [2.5,3.5]

y= jcos(2x) +3

ENVANVAVE

NN

(

dy=2-4sin(3x), 0 <x<2xn
Period 2—”, amplitude 4, graph is inverted, mean position
y = 2, range [-2, 6]
y-intercepts: lety = 0.
s0=2-4sin(3x), 0 <x <27

1
».sin(3x) = 3 0<3x<6rn

.'.3x=%,7[—%,27[+g,37r—g,4ﬂ+%,57[—%
3o £ 5% 13n 17x 251 29x
666" 6" 66
.. _m 5z 13z 1lx 25z 29z
TR I8 18 180 18
Y

y =2-4sin(3x)

6
4
0,2
2 -2 (2r, 2)
Sz 13z

0 177; 257\ [29x

o 1818 18 18 18 18

=Y

ey=2sin(x+7—r>,0SxS27r

4
Period 2z, amplitude 2, horizontal shift = to left, mean

position y = 0, range [-2, 2]
y-intercept: let x = 0.

Ly=v2

YA
2

¥0.2) (27,V2)

y=2 sin(.x‘ + %)
0 ir 3z ir In 2',, B
4 4 4 4

-
Y

Points on y = 2 sin(x) are moved IZF to the left.
3z

fy=—4 (3__) 4, -Z<x<Z
y cos {3x— 7 + 7 Sx< 3

y=—4cos(3 (x—’é))+4

2
Period ?” amplitude 4, graph is inverted, horizontal
translation % to the right, mean position y = 4, range [0, 8]
x-intercepts: lety = 0.

'.—4cos(3x—§)+4 0, — 37

<x< —
SX S )
cos(3x—§>—l r<3x-Z <o

S 3x - g =2r,-r0,72x

PN
27 2727272

_w mrm 7w
=TI TEE 6
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y-intercepts: let x = 0.
y=4
End points: let x = —g.

3z =«
=—4 - = 4
y cos( 2 2>+
= —4cos(—2m)+4
=0
Letx = —

9r =&
=—4 — - = 4
y cos<2 2>+
= —4cos(4r) +4
=0

The end points are (—g, 0) and (37”,0).

y=-4 COS(3.X 79 +4

6 To find k, take the average of the maximum and minimum
3+-1
=1.

The amplitude is the distance from the mean position to the
maximum (or minimum): amplitude = 2. This means that
a = 2 (we were told the function is positive).
Substitute in the point:
y=2sin(x—h)+ 1
V2+1=2sin(zr—h)+1

V2 = 2sin(z — h)

values (mean position): k =

V2
in(r— Iy = Y2
sin(z — h) >
T—h= ;_r (only need to consider first quadrant)
b4
h=r——
Ty
_3n
T4

Therefore, y = 2sin (x - %) + 1.

The correct answer is A.
7 a i 2sin2x) +4/3 =0 forxe[0,2x]

3
cLosin(2x) = —%, 2x € [0,4r]

.'.2x=7r+§,27r—%r,37r+§,4ﬂ—§
cpendr 3% 10r 11z
3°'3°3°3
_ 2z 5z S5z =z
37636

il Graph of y = sin(2x) for x € [0, 27]
Period 7z, amplitude 1, range [—1, 1]

TOPIC 2 Trigonometric functions ¢ EXERCISE 2.5 | 53

Y y = sin(2x)
1
Y00 /\ (27, 0)
< - - 3=
g ﬂ 3n T Sz

N z 2\ 3 Y N
14 42 4 2

3
iii {x: sin(2x) < —g, 0<x< 27[}

3
Draw the line y = —\/7— on the graph of y = sin(2x). At

.. . . 3
their intersections, sin(2x) = —7; therefore,

2 sin(2x) +v/3 = 0, the solutions to which were found

. . 2r Sz S5z 1lx
inpartaiasx = —, —, —, —.

3’6’37 6
The sine curve lies below the line for 2{ <x< Sér and
S Mr
3 6

The solution set is

wZrcZl ez L
"3 6 "3 6 J°

b The function f{x) = 2 — 3 cos (x + %) has arange [—1, 5],

so its maximum value is 5.

This occurs when cos <x + %) = —1. The first positive

solution occurs when x + n= 7, giving the value
1z

X=1 for when the function is at its greatest value.

8 y = cos(2x) — 3 cos(x) for x € [0, 2x].
y = y1 + y2 where y; = cos(2x) and y» = —3 cos(x)
y1 = cos(2x) has period z, amplitude 1, range [—1, 1].
y2 = —3 cos(x) has period 2z, amplitude 3, inverted graph,
range [-3,3].

(7, 4)

y = cos(2x) — 3 cos(x)

24 e21,-2)

Vo = 73‘ éos(.x)

9 To sketch the graph of y = (sin(x))? = sin?(x) for x € [-, 7],
remember that (—1)> = 1,0° = 0, 1> = 1. The squared graph
will not lie below the x-axis.

y=sin(x)

10 a y =sin(2x) —4sin(x), 0 < x <27
y1 = sin(2x) has period z and amplitude 1.
y2 = —4sin(x) has period 2z and amplitude 4, and its graph
is inverted.
The required graph is y = y; + y».
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54 | TOPIC 2 Trigonometric functions ¢ EXERCISE 2.6

_6—‘

b y=x+sin(x), 0 <x <27
Mixing an algebraic function with a trigonometric function
creates a challenge with the scaling of the axes. This can be
overcome by using the decimal approximations

T b4
6)2 xX=r+ §,7I - §
y = sin(2x) —4sin(x)
L
T 3’3

Award 1 mark for finding one correct trigonometric value.
Award 1 mark for both correct answers.

b vy

4 —

27 3
3_‘(0,3) (2, 3)

f(x) =2cos(x) + 1

-1 3 3
(m =1)
-2

/

Award 1 mark for correct minimum and shape.

T %157, z~ 314, 37” ~ 4.71, 27 ~ 6.28 for these

2
key points. Award 1 mark for correct axial intercepts.
3 Award 1 mark for correct end points.
x=0|x=2 | x=x |x=22 |x=2z X
2 2 3f:R—>R,f(x)=1—2cos(7>
yi=x 0 1.57 3.14 4.71 6.28 0
- T=—=4,range [1 -2,14+2]=[-1,3]
y2 = sin(x) 0 1 0 -1 0 5
y=yi+y2| O 2.57 3.14 3.71 6.28 The correct answer is B.
A 2.6 The tangent function
(2. 21) 2.6 Exercise
7 1 a y=tan(4x)
e Period =
”’ 4 /4 T
e Asymptote when 4x = 5 >x= 3
/’ y = x+sin(x) x
e by=9+8tan<f>
e Period 7+ = = 7x
/'/“V:X Asymptote when = = = = x = I
P, ymp 772772
0.0) ,/,v NSy = sin(x) 2, 0) cy= _g tan ﬂ
< T T T Vad > 2 5
0 n PAN 3 ) X
2 S~ f o Period = + 4_or
T "5 4
Y Asymptote when 457x = g >x= %
d y =2tan (6zx + 37)
Period = = 1
2.5 Exam questions 6z 6 x
) Asymptote when 67x + 37 = 3
. X
1f.R—>R,f(x)=3s1n<?>—2 .‘.67rx+37r=§—37t
Period T = 27” =5m . Sm
H S6mx = —7
Range [-3 —2,3 — 2] = [-5,1] 5
The correct answer is B. SX= T
2 a2cos(x)+1=0 For the first positive asymptote, add multiples of the
2cos (x) = —11 period 1
cos(x):—z _i+3xl_i
12 6 12
The first positive asymptote is x = L

12
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2 y=3tan(%)forx€[—ﬂ,7r] 4 a y=—tan(2x),x€ [0, n]
1 Period z, graph is inverted.
Period 7+ - =27 2
2 x AsrntoteswhenZ)czI—If,vxz7—randx=7—[+z=3—7r
First positive asymptote: = = 5 >x=r yimp 2 4 4 2 4

For x € [—=, n], there is only one other asymptote at
xX=r-21=-nx.
x-intercept midway between the two asymptotes is x = 0.

YA

y = —tan(2x)
To illustrate the dilation effect. let x = g, then

y=3tan(f> = 33£ =\/§.

6

=<
! y ' 0 z z\ 3z®0
| & 0 /| oo
s — 3 tan(X |
: vl S | |
| > | | |
: : |l
< T T T Yy Y4 ¥ 4
_ w3 0 z i X ! !
| 3 2 | x
! ! by=3tan<x+Z>,xE[O,27r]
I I
x= 4:! B Y x= n! Period 7z, horizontal shift % to the left. The asymptote
3 y=—tan(2x—7) E;)r X € [—n, x]. y= g on y = 3 tan(x) is moved by this translation to
y=—tan<2(x—§)) .
. x = —. There must also be one other asymptote at
Period 5 4 s
/4 V4
Horizontal shift g units to the right and the graph is inverted. Y=g trE=a=o
T x-intercept midway between the pair of asymptotes is
An asymptote occurs when 2x — 7 = —. 3 T
ir 2 x = —. One other x-intercept is a period apart at x = T
S2x= ) Others are outside the given domain.
_x_37r End points: 1etx=OSoy=3tan<%)=3.
B 4 Let x = 2x.
3z =« T 7 7 z
Oth otesatx =2 —Z =T gndxy=2_T__T y=3tan(27r+—>
er asymptotes a x3 7 5 =gadx=g-3 ) 2
T 7 pia
d = — = ——. = —_
and x 777 2 3tan ( 4)
b4 T g 3z _
The asymptotes arex=——5, X=-7,x=7,x= . =3
x-intercepts lie midway between the asymptotes as the mean End points are (0, 3) and (27, 3).
positionisy = 0. o .
T T . YA A 1
They are at x = —5 X= 0, x= 5 and at the end points ! !
X=-7, X=T1. I |
i 1y=3 Lan(x + %)
. 0y . . I I
o ]
| | | | $(0,3) | (@, 3)
| | | ! 1 i
| i i | ~ i | —>
| | | | z [3x 5z [Ix2x
| | |
! ! ! X i y = —tan(2x — 7) ? 4 ? 4
) = 7l _m _3n
x——T”i x= 1 x—4: x—4i i i
< i i i T : > | |
L\3z _z\_x O\ z a\3m . 7 | !
A A AT RA y |
| | i | ' ' 5
| | | z =27
i : : ! S S
| I I |
! i i i X
| ! : : cy:tan(§>+ 3,x€[0,6rx]
i i i i The period is 37.
I Y 3 Lo
' : : : An asymptote occurs at ;—C = % >x= 7” As the period is
. 3 9
3z, there is another asymptote at x = 7” +37 = 77[
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3z 24
The asymptotes are x = o=
The mean position is y = \/g

x-intercepts: lety = 0.

tan(%) +1/3=0, xe[0,67]

X X
..tan<§>—— 3. S €l0.27]
X T T
A § Al
3777373
LEo2E 0w
37373
Sox=2m 5%

End points: let x = 0.
y=tan(0) + \/5
=13

Let x = 6.
y=tan (2x) + \/5
V3
The end points are (0,\/5 ) and (671,\/5 )

Y F

y= tan( ; ) + 3

(67,V3)

>

67rx

3z
2

'
|
|
|
|
|
|
|
|
|
|
|
|

< T
|
|
|
|
|
|
|
|
|
|
|
|

'X

d y=5v3tn (nx— g) _5,xe(=2,3)

v syun (e (x- 1)) -3

LT . . . .
Period = = 1, horizontal shift 3 to the right, mean position

7
y=-5.

An asymptote when
X Va3 w
X — — ==
2 2
LAX=T
sx=1

Others are spaced 1 unit apart.
The asymptotes are x = =2, x = —1,x =0,
x=1x=2,x=3
x-intercepts: lety = 0.
/3

.5 3tan<7rx— 5) 5=0,xe(-2,3)

272

ctan (n

TN _ 5
_§>_5\/§

V.4 1 T
tan<7rx— 5) =—,xX— <€

\/5 2

r _r Tm13zm Sz 1z
"T2T6%6 6 T T 6 e
. 2z Sz 8xm 4z
HEFT 3T TT
258 1 4
=3337373

No end points as these are asymptotes.

y=5V3 tan(;rx 7%) -5

A

“

Y
x=-2 x=-1x=0 x

5 y=3tan(27x) —\/gfor—% <x

N 1
Period — = -
eriod =~ = 5
Mean position x = —\/§
T 1
An asymptote occurs at 27x = 5 >x= T
Other asymptotes occur at ! + L_3
X = - _—= -
ymp 47271
at L 1andat S
TiT2 Ty 3"_ 4727
The asymptotes are x = -7 X = -7 X =

x-intercepts: lety = 0.
3tan(27x) —1/3 =0

S
3
=

s tan(2zx) = 3 <2mx <
.'.27rx=z,7r+7—tor —7z+7—r
6 6 6
.'.27rx=z 7—ﬂor —5—”
6’6 6
R 5
TR TR

. 7
End points: let x = ——.

8
r
y—3tan <—T>

=3
7
Letx= -
et x g
ks
=3t —
v (4)
=-3

The end points are <—%,3> and <%,—3>.
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3 tan(27x) — V3

i Y\ i .

I I I I

I I I ]

I I I ]

I ] ] I

I I I :

| | | |
7
,_,3I | | |
(53)! | | |
<~ —L— : -
RN G Y R e

4 4 4 /2 4 (7

: L 00-3) i (5-3)

. ! : !

| : | :
=gl =l real] e

6 y=1—tan<x+%>f0r0§x§2n’.

. . Lo .
Period 7, horizontal translation 5 units to the left, graph is

inverted.
Mean position y = 1

An asymptote when x + g ==

7 2z
X=c—Tg=——=

3 3’
domain given.

The asymptotes are x =

x-intercepts: lety = 0.

z
3

> X =

RIYES

Wy

4z
Other asymptotes are at x = — + 7 =— and

3 3

_ 4z

1—tan<x+fé>=0,0$x§2n'

. T _1
..tan<x+€>— 5
T _

ST T

T _ =z

5T T
..z

X=1

End points: let x = 0.

—l—tan( )
V3

=]— _—
3
Letx = 2x.

T
=1t (2 +—)
y an (27 + =

=1—tan(%>

g_x§27r+g
b4
77,'+Z
Sx
4
137
12

End points are <0 1- —) and <2

but the second one is not in the

5)

y=1 —lan \+
y : :
5 : |
| 3
(0 17@) i i (2”’ 1‘3)
P | : >
0 T\ & 137 4 u
1213 12 \ 3
1 I
-5 iz 1
T3 173

7
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y = atan(nx)

) n. 2xm .
The distance between the asymptotes at x = ig is 3 so this

is the period.

z
n
n3=

The equation becomes y = a tan

T 1
bstitute th int{——,—=|.
Substitute ep01n< & 2)
Y (3
2 276
—1—atan<—ﬂ)
2" 4
—%:ax—l
.
a=3
1 3x
Th ti ==t .
e equation is y 2an<2>

a As the x-intercepts lie midway between successive pairs of
asymptotes, the mean position is y = 0. Hence, there has
been no horizontal translation applied.

b The period is the distance between successive pairs of
asymptotes. Using the asymptotes x = —% and x = %

shows the period is g

¢ Since only a ‘possible’ equation is required, let the equation
be y = atan(nx).

Z=Zon=2

_——= - n=

n 2

The equation becomes y = a tan(2x).

Substitute the point (g,\/g >

/3 =atan <23—”>
A3=ax—/3

sa=-—1
A possible equation could be y = — tan (2x).
To find another possible equation, let y = atan (2(x — h)).
The graph passes through the origin.

.0 = atan (-2h)
sotan(—2h) =0
—tan(2h) =0
S2h=kmkeZ
T
ch= (f) kez
k 5 ke

Choosing k = —2, for example, the equation becomes
y = atan(2x + 2x).

Substitute the point ( g,\/g >

\/§=atan (23—”+27r>
AB3=ax—/3

sa=-—1
So the equation could be expressed as y = — tan (2x + 27x).
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9 a The 13 points of intersections of the graphs of y = sin(2x)
and y = tan(x) for -2z < x < 27 are
(F27,0),(+7,0),(0,0),

(TG ) (20
() (5 (5

b The solutions to sin (2x) = tan (x) are the x-coordinates of
the points of intersection of the graphs of y = sin (2x) and
y = tan (x) . These are integer multiples of z or odd integer

multiples of %
The general solution of the equation for x €R is

x=nrx,n€Zorx=2n+ 1)%,7162.

—sin(x), =27 < x < —g

T

T
10 a f(x) = tan(x), ) <x< >

cos(x), g <x<2x

(5) - m(5) -5
ii f(x)=cos(x)=-1

i f(—g) = —sin (-%’) =1
’ ; g Q2r, 1)

|
S
|
w
S
|

—
|

!
Y NG Sy A

/

=
1l
|
(S|

.. . T
¢ The function is not continuous at x = iE.

d The domain is [—2x, 2x] and the range is R.

Award 1 mark for the correct value of a.
Award 1 mark for the correct value of b.

y = tan (ax)
The period of y = tan (ax) is E.
a
x-intercepts occur at multiples of the period, n—”, nez.
a

1
When a = 3 the period is 27, meaning that the x-intercepts

occur at 0, 27, 4.
1

S.a= <

The correct answer is C.

2.7 Modelling and applications

2.6 Exam questions
1 Period = 2 =2

z
2
The correct answer is B.

2 y=tan(ax+b)
£ (117)
\/§=tan(a+b)
a+b=tan™ (\/3) = g [1]

Q(-1,-1)

—1 =tan(b —a)
b—a:tan_l(—1)=—§ 2]
[11+[2]:

T T T
2:———:—
b=3-7171
pe E gof_x _1Ix

Award 1 mark for two correct equations.

2.7 Exercise

1 a Periodis 2z + % = 24 hours.

b Mean position is d = 12.5 and amplitude is 1.5.
Maximum height is 12.5 + 1.5 = 14 metres
Minimum height is 12.5 — 1.5 = 11 metres

it
d=15sin () +125

c sin | 15 +

Whent=0,d = 1.5sin(0) + 12.5 = 12.5
The boat is 12.5 metres above the seabed.

d dk it
d=15sin(5)+ 125

14

©, 14) (24,12.5)
(0, 12.5)8
114

(18, 11)
- T T T T 7
0y 6 12 18 2!

e Maximum height occurs when ¢ = 6, so between ¢ = 4 and
t = 8 the depth exceeds a value of d = h for a continuous
interval of 4 hours.

T
sh=15si (— 4) 12.
5sin 12)( +12.5
. T
..h—1.551n(§)+12.5

V3

Sh=15X—+125
X ) +

=230 3gm
4
f The first minimum after 12 hours (half a cycle) have passed
occurs when ¢ = 18. It will be safe to return to shore
18 hours after 9:30 am. This makes the time 3:30 am the

following day.

2 a h=a cos(n(t—0.5)+c

Amplitude = 100-0
=50
Mean position = 1002+ 0
=50
. c=50
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Period = 1
2,
n
n=2r

S h =50cosxa(t —0.5)) + 50
b 40 = 50 cos(2x(t — 0.5)) + 50
t = 0.3 seconds

it
3ah=5-35 (—)
a CoS 30

Whent=0,h=5-35cos(0)=5-35=15m
b hmax =5 — 35(—1) =85m

¢ Period = 27” =60s
30
Therefore, 1 rotation takes 60 seconds.
d Solve 5 — 3.5 cos (3%) = 7for0 <1 < 60.

t =20.808,39.192

Time spent above 7m = 39.192 — 20.808 = 18.4 seconds
4 a h(t) = asin(nt) + k

The range of the function is between 0.7 and 1.7 metres

travelled in 2 seconds.

Midway between these values is 1.2, so k = 1.2 and the

amplitude is 0.5. As the girl rises from mean position,

a=0.5.

It takes half a period for the function to range between its

greatest and least values, so the period is 4.

2
27 _,
n
.n_ﬂ-
=3

Hence, a =0.5,n = g,k =1.2.
b h(t) = 0.5 sin (gz) +12

For 0 <t < 6, one and a half cycles will be covered.

hgin = 0.5 sin(

S1)+12

g

(6,1.2)

Y

~

< T T T
Ol 2 4 6

hioy = 0.5 sin(5 f)+12

¢ Let h = 1.45. From the graph there will be four
intersections of the line 7 = 1.45 with the curve showing
the girl’s height.

O‘SSin<gl> +12=145

. V4
c.sin <§t> =05
S Eox 3m Br 1z
227676766
Golsp
3’33’3

.. 1 5. 4
The time interval between — and = is 3 so over the first

. . . 8
six seconds she is at 1.45 metres or higher for 3 seconds.
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d The graph is shown in part b; its equation is
hiboy = —0.5 sin (g:) +12.

h:3—2.5sin<%(r—1)>

a At7:30am, r=0.5,s0 h =3 —2.5sin(-0.25) ~ 3.619.
The water level is approximately 3.619 metres below
the jetty.

b Mean position is 3, amplitude is 2.5, so the distances below
the jetty lie between 3 — 2.5 =0.5and 3+ 2.5 =5.5.
The greatest distance below the jetty is 5.5 metres and
the least distance is 0.5 metres.

hA

551 h=3-2.5sin (%(1—1))

) (24,5.19)

0.5+

- T >

o 12 24

The first maximum occurs for ¢ ~ 10.42 and the first
minimum for ¢ = 4.14. (Solve using CAS.)

d The difference between low and high tide is 5 metres, so an
additional 5 metres of rope is needed.

a N(t)=45sin<%t> —35cos(%’)+68 0<i<15

N(0) = 45sin (%O)> — 35cos (%0)> + 68

N(0) =33

b Sketch the graph on CAS and find the minimum.
The coordinates are (6.4643, 1.2529).
The quietest time is when 7 = 6.4643 or 6 hours and
28 minutes after 8 am, which is 2:28 pm.

¢ When 7 = 4 (midday),

N(0) = 45sin (?) —35cos (?) + 68

N@) =112
At midday there were 112 customers in line.

d The maximum number of customers in the queue between
3pm(t=7)and 7 pm (¢ = 11) is 86.

2T=14=Z ="
n

2.7 Exam questions
1 When =0,k =25, and when ¢ = 30, h = 5; amplitude is 10.

2 T
1=60="Z n=2
7" 30

h(t) = 15 + 1ocos(3%)

The correct answer is E.
T

7
f0)=0,714)=0

Range [0, 10]

This is only satisfied by y = f(x) =5 — Scos (%’)
The correct answer is B.
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3 ah@=14+8sin(73).0<r<24 ctan(@)=Sin((g))
S
hmin = 14 — 8 1
— - 4
=6m Vis
bh(:)—14+851n<1’)—10 !
- 12/ _ 1
8sin(%>=10—14=_4 =
nt 1 tan(z + 6) = tan(6)
sin(3) =3 1
ﬁ=7z+7—r,27!—7—r V15
12 6 6
Tr 1lx dSlIl(*—e):COS(@)
=% 6
1=14,22 _Vh
Award 1 mark for solving the trigonometric equation. 4
Award 1 mark for both correct values of t. 3 a i sin*(a)+cos’(a)=1
2\2
.2 < _ 1
sin“(a) + (3)
2.8 Review sin(a) = 1 — g
2.8 Exercise sin®(a) = >

Technology free: short answer

9
2r 2 sin(a) = + §
1 a sin <—?> =—sin<?> in(a) =+ 5

V5

= —sin <§> sin(a) = iT
_é However, since 3z < a < 2z and sin is negative in this
2 quadrant,
b cos (7x) = cos (x) 5
-1 sin (a) = —g
. (1lz\ _ (T . sin(a)
¢ sin < 6 > = s1n(6> i tan(a)= cos(@)
1
=73 _V5.2
373
d tan <—— = —tan (7>
) __ V5.3
1 3 2
\/5
2

2 a sin(—6) = —sin ()

025 b sin®(a) + cos*(a) = £ —>
b sin® (8) + cos’(8) = 1 3
Ly’ 20) =1 = § :
1 + cos“(0) = =9 9
1 =1
16 +cos’(0) = 1 sin? (@) + cos? (a) = 1
4 acos(2x)=-1, 2r<x<2rx
cos*(6) = 16 Need to change the domain to be for that of the given
\/— variable
cos(6) = _T cos(2x)=—-1, -4n < 2x < 4rn

2x=-3r,—x, 7,37

V15 L. 37 n© m 3rm
4

cos(6) = —— (B is in st quadrant) x=—

PRI
COS(37[+6) = 005(71'(;')6) b 4C052 (e) _ (2\/5_ 2) cos (6) —\/EZ 0,0< 0<2rx
= —COS
Vs (2cos(e)+1)(2cos(e)—\/§) =0
T4
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2cos(@)+1=0 or 2cos(®) —v2=0 o+ L =_5_”, -, 7_”7 Lz
2cos(0) = —1 2cos(6) =12 2
: 5 g _rn _n_x Iz
cos(@):% cos(@):T 12 127 12 127 12
_r Uz _z
_ 2z 4 o=~ 17 2’1212
>0 v __6z 2z 6x 10x
T gl gt g T PN
4 3 3 4 n & m Sm
6=-2, -2, 2, =
cV3sin(2x) = —cos(2x), —x<x<=x 26 26
Need to change the domain to be for that of the given f 2cos(x+ z) =\/§, overR
variable: 6
/3 sin(2x) = —cos(2x), —27 < 2x < 2 ( 71') V2
cos(x+=)=—
. 6 2
sin(2x) L
cos(2x) \/3 Therefore, the base is cos™! (22> = g
1
tan(2x) = —— YA
V3
The basic angle is %, tan is negative in 2nd and 4th
quadrants. < X -
peo 1z _x 57 lix
T 67 67676
(o _Tx _x 5 llx v
127 127127 12 x+7é=2nﬂ+§, 2nn‘—§
d \/3sin(®) —2sin(B)cos(0) =0,0<6 <2x z -
sin(e)<\/§—2cos(e))=o X=dnmh g - - -
sin(6) =0 or \/5—2005(6):0 x:zn”+3_”_2_”,2m,;_3_”_2_”
12 12 12 12
0=0, x, 27 —2cos(9) = /3

T Sz
x=2nr+ —, 2nxr — — whereneZ

\/5 12 12
0)=—
cos( 2 5 ay=3sin2-5x)+6
0= g, % Period = 2?”, amplitude = 3
b y=2-3tan(3x
.'.6=0,6=%,6=7[,9=%,@=27t e &9
e Need to change the domain to be for that of the given Period 3
variable: . The first positive asymptote occurs when
25in(2(0+ 75 ) ) +1=0,-r<6<x =Tyt
/4 /4 /4
-+ =<0+ =<7+ — 6 a f:[-x, ] > R, f{x) = 2sin(2x) + 1
12 12 12 )
“llzx r 13z Amplitude = 2, period = =~ = 7
<0+ —<— 2
12 127 12 y-intercept = (1,0)
5 (—117r> < (9 + l) <2 (Llr Maximum value = 3, minimum value = —1
12 12 1 x-intercepts, y = 0:
_161”32(9+1—7[2>S%[ 10=25in(2x)+l —-r<x<rm
p —— = sin(2x) -2 <2x < 2rx
2 5in(0+ 15)+1=0 2 .
Basic angle = —, sine is negative in 3rd and 4th quadrants.
. b4 6
2 sin2@+ —=))=-1 T T T 4
12 =+ =2 — —,——, -+ —
. T 1 6 6 6 6
sm(2(9+§))=—ﬁ 2x—7—” llz 7 5z

6°6° 6> 6
_ Iz 1z nm Szx

TR T2
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fix) =2 sin(2x) + 1

(7, 1)

() (59 (32

b £:[0, 47?]—>Rf(x)—5+5cos(§—§)

f(x)=5+5005<% <x—’2—’>>

1
Period 27 + 5= 4z, amplitude 5, mean positiony = 5,

range [0, 10], horizontal translation g to right

End points:
T
f(0)=5+5cos ("Z)

5V2

_5+_

5V2

Since the end points are a period apart, f(4z) =5 + -

2
The end points are <0,5 + %) and (471 54 i)

x-intercepts: lety = 0.

5+5<:0s(

. COS (

)
3= ONEE)

T T T T T T ™%
7 3z 2z Sz 3z Iz 4z
2 2 2

A
-
STERE

Technology active: multiple choice
7 cos(3x — 6) =cos(x —0)
= —cos(6)

=-0.362
The correct answer is E.

10

11

12

The correct answer is A.
cos 13—” — 2sin 5—7[ +v/3tan 4—”
4 6 3
4
=cos(¥)—2sin<5§>+ 3tan<?ﬂ>
=—%—2x%+\/§xx/§
2

=L 143

V2

:2—L

V2
The correct answer is B.
2sin (x — 6) sin (5 — 6)
2 —2cos? (0)
2 sin (6) cos (6)
2(1=cos?(8))
sin (6) cos (6)
sin? (6)
cos (6)
sin (6)
1
tan (6)

The correct answer is C.

sin (3—” - 6> = —cos(6)
2
= —0.6402

The correct answer is B.
Need to change the domain to be for that of the given variable

T T T T
~Z)_1= _Z<p-L <« _Z
200s<6 2) 1=0, 0-2<0-Z<2-2

V4 n _3rx
2o
2 2 2
200s<6—g> 1=0 or 6—z=§
2 cos (6 =1 6=2+Z2
cos (6-3) = =3+3
T 1 2z 3z
cos(6-3)=3 °=%"%
T -7 57[
06— ==— = —
2 3 0 6
- T
6=—+ =
3 72
-2z  3x
0= =422
6 "6
T
6=—
6
The correct answer is A.
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13 2sin(x) =3 =0
2sin(x) =1/3
V3
2

Therefore, the base is sin™" <\/§> = E.

sin(x) =

2 3
Sine is positive in quadrants 1 and 2.

YA

Y

\

x=2n7r+7§r, Cn+ 1)z — gwhereneZ

_bnr+nm 3Q2n+Dr—=x

3 7 3
_bnr+n 6nm+2rw nez
-3 3

The correct answer is C.
14 The asymptotes are 7 units apart, so the period is z. Eliminate
options C and E.
The shape is not inverted, so eliminate A.
There is a horizontal shift g to the right.
The correct answer is D.
X
15 y=2un(25) -1
y an (
First asymptote:
y/a

xX=—
2n
T

|
X
EE]

B oin|y o

The correct answer is E.

16 Amplitude is 8, mean position is y = 3, so the range is
[3-8,3+8]=[-511].
The correct answer is D.

Technology active: extended response

17 a Maximum temperature when

it
Y= —1
°°S<12>

Therefore, the maximum temperature is
it
T=2-6cos (1)
cos {5
=2-6x-1
=2+6
=8°C

Minimum temperature when

it
ZY=1
C°s<12>

TOPIC 2 Trigonometric functions ¢ EXERCISE 2.8 | 63

Therefore, the minimum temperature is
it
T=2-6¢cos <E )
=2-6x1
=2-6
= —4°C
nt

b Solve 2 — 6 (
olve COS 12

0<r<24.

S t=4.77019, t = 19.2981 hours

4 hours and 0.7019 x 60 = 42.12 minutes after 4:00 am is
8:42 am.

19 hours and 0.2981 x 60 = 17.88 minutes after 4:00 am
is 11:18 pm.

) = 0 on a calculator over the domain

¢ Maximum temperature when

it
Y=
°°s(12>

_
="
12
t=nwX —
b4
t = 12 hours

12 hours after 4:00 am is 4:00 pm.
d At8:00 am, 7 = 4.

T=2—6c0s<£t>

12
4
=2-6 —
cos<12>
T
=2-6 <7)
cos 3
1
=2-6X =
%3
=2-3
=-1°C
18 a y=—cos(2x) andy=\/§sin(2x) forxe [—%,g]

y = — cos(2x) has period z, amplitude 1, graph is inverted.
y =4/ 3 sin (2x) has period z, amplitude \/5
)

y = —cos(2x)

¥y =3 sin(2x)

b At the points of intersection, \/3 sin(2x) = — cos (2x).

. sin(2x) _L
" cos(2x) V3
cotan(2x) = —@
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There are two points of intersection from the graph.
cope T b

nx=—emo g

n Sm

66

T Sm

12712

Substitute these values in y = — cos (2x).

S2x=—

SX ==

z V3

The points of intersection are 12

sz V3
1272 )
c {x:\/gsin(Zx)+cos(2x) >0, —g <x< g}

V/3sin(2x) + cos(2x) > 0 = 1/3sin(2x) > — cos(2x)
From the graph in part a, the sine curve lies above the
cosine curve between the points of intersection.

57r
Th luti i - — — .
e solution set is {x 12 <x< 12}

d i f(0)=2sin<—g>

=—ZSin(g>

1
=-2x=
2

ii The graph of
. r . b
f(x) =2sin (2x— 6) —2s1n<2(x— E))

is a horizontal translation of 1—’; to the right of the graph

of y = sin(2x).

Move the key points on y = sin(2x) according to this

translation.

YA

y= 25in(2x - g)

The x-intercepts of y = \/3 sin(2x) are translated to

x——7—[+£——5—7[andx—0+£—l
T2 120 12 B 12_123

i - =) > ——< <-=
Hence, 2912<2x 6) 0 for 3 X B and for
7< < =,
2=-"=7

The solution set is

x——< <—5—” U{x'£<x<7—r}
237 BV

19 a Maximum depth =2.5 + 2

=45
Minimum depth =2.5 — 2
=05

[\

b Period = 7” = 12 hours
6
¢ d(3) = 2sin (é’ >+25

+25

||
A
N
~

1
=2X 5
=35m
zt
d42= 2sm(g - §> +2.5
t =3.94, 6.06 hours
= 3 hours 56 minutes, 6 hours 4 minutes
The depths are recorded from 10 am, so the times that the
depth is at least 4.2 m over a 24-hour period are from
1:56 pm to 4:04 pm and from 1:56 am to 4:04 am.

[\)

20 a Amplitude = 8-22 _5
sa=3
Mean position = k = 25
Period = 12
2
o
n
ne ™
6

T= 3cos<%(x—h)> +25
Point (6, 28):
28 = 3 cos (g(6 - h)) +25

3 =3cos <g(6—h))

1 = cos (g(G - h))
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(z, 1)
T
ST = 3003(6()(—6)) +25
b At10am, r = 2.
T =3 cos (f(2—6)> +25
- 6

_ -2
=3cos<%>+25 Y

Award 1 mark for correct intersection points.

=3cos (%) +25 Award 1 mark for the correct graph.
3 Period T = 22—” =3
=3cos 2z +25 (?ﬂ)
3 The correct answer is C.
=—3cos<§) +25 4 a (tan(8) — 1)<sin(6)—\/§cos(6))
1 (sin(9)+\/§cos (6)) =0
=-3Xx=+25
2 (tan (6) — 1) (tan ©) —\/5) (tan ©) +\/§) =0
=23.5°C
T tan(®) = 1,1/3
¢ 24=3cos (8(x - 6)) +25 Award 1 mark for all three correct values.
The times below 24°C in a 24-hour period are: )
010 2.35, 9.65 to 14.35 and 21.65 to 24. (Sm ©) +V3cos (9>) =0
So the total time is 9.4 hours. = (tan(8) — 1) (sin2 (6) — 3cos’ (@)) =0
= tan(®) = 1,tan (0) = —\/3,tan () = /3,0 < O < x
T 2x
: >6=22.3
2.8 Exam questions 4°3°3
1 al[-22] [1 mark] Award 1 mark for the correct method.
. 2r Award 1 mark for all three correct values.
Period = — = 1 k
b Period = =~ == [1 mark] 5 f:R— R, f(x) = 2sin (3x) — 3
3 2
¢ sin(2x) = g Period: T = ?”
_z 2_7: Range: [-2,2] -3 =[-5,—1]
2= 3 + 2k, 3 + 2km, keZ  [2 marks] The correct answer is A.
x=%+k7r, §+kn,kez [1 mark]
2 al-cos (g) = cos (%) for x€ [-2x, x]

X
200s(5)=1

x\ 1
ws(3)=3
X _rm =z
27373
2z 2=
r=5

Award 1 mark for solving.
Award 1 mark for the correct answers.
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Topic 3 — Composite functions, transformations and

inverses

3.2 Composite functions

5 fl) = 2% + 1,8(x) =/x and h(x) = %

Dom Ran
fx) R [1,00)
€ [0, 00) [0, o)
h(x) R\{0} R\{0}

3.2 Exercise
1 a g(hv) =g (v7)

=24/x-3

b fog(x) =f(gx))
=f(2x-3)
=—2x-3)7+1

a g(h(x)) =g (1—-x*)
= (1 —xt = 3)2
= (-2
= (x4 + 2)2

b o flx) = h(f(x)

=h<xj-2> 4
=1_(le>

_ 1
(x+2)*

a f(g(x)) exists because the range of g(x), which is [0, ), is
a subset of the domain of f(x), which is R.
Dom = [0, o0)

b g (f(x)) exists because the range of f{x), which is [1, o), is a
subset of the domain of g(x), which is [0, o).
Dom =R

¢ h(g(x)) does not exist because the range of g(x), which is
[0, 00), is not a subset of the domain of /(x), which is R\{0}.

d A (f(x)) does exist because the range of f{x), which is
[1, ), is a subset of the domain of A(x), which is R\{0}.
Dom =R

6 flx) = x°, g(x) =\/xand h(x) = _)1_«

3 ) =(x—1)(x+3) and g(x) = x°

Dom Ran
S R [—4, )
8x) R [0, o0)

For f(g(x)), the range of g(x) is [0, c0), which is a subset of
the domain of f{x), which is R, so f(g(x)) exists.
fe)=(F-1) (¥ +3)=@-D@E+1) (¥ +3)
where dom = R

For g (f(x)), the range of f(x) is [—4, o), which is a subset of
the domain of g(x), which is R, so g (f(x)) exists.

gUfl) = ((x— D +3)* =(x—1)* (x+3)’

where dom = R

fix)y=2x—landg(x) = L

x—=2
Dom Ran
fx) R R
g(x) R\{2] R\{0}

For f(g(x)), the range of g(x) is R\{0}, which is a subset of the
domain of f(x), which is R, so f(g(x)) exists.

fgW) = —2_ _ | where dom = R\{2}
x—2

For g (f(x)), the range of f{x) is R, which is not a subset of the
domain of g(x), which is R\{2}, so g (f(x)) does not exist.

Dom Ran
Jx) R [0, 00)
8(x) [0, 00) [0, 00)
h(x) R\{0} R\{0}

a f(g(x)) exists because the range of g(x), which is [0, o) is a
subset of the domain of f{x), which is R.

The rule is f(g(x)) =f<\/;c> = <\/)—c>2 = x where
dom = [0, ©).
b g (f(x)) exists because the range of f(x), which is [0, o) is
equal to the domain of g(x), which is [0, ).
The rule is g (f(x)) = f(x*) = /22 where dom = R.
¢ h(f(x)) does not exist because the range of f{x), which is
[0, 00), is not a subset of the domain of A(x), which is R\{0}.
d g (h(x)) does not exist because the range of A(x), which is
R\{0}, is not a subset of the domain of g(x), which is [0, c0).

7 fiR = R, fix) =x* + 1 whereran = [1, c0)

g:[-2,00) = R, g(x) =vx+ 2 whereran = [0, o)
f(g(x)) exists because the range of g(x), which is [0, 00), is a
subset of the domain of f{x), which is R.

fg@) =7(Va+2) = (\/m)z Fl=x+43

where dom = [-2, c0) and ran = [1, c0).

8 f:(0,00) = R, fix) = 1 where ran = (0, 00)

X

g:R\{0} = R, filx) = iz where ran = (0, c0)
X
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a g (f(x)) exists because the range of f{x), which is (0, ), is a
subset of the domain of g(x), which is R\{0}.

bg(fx)=¢ <£> = where dom = (0, o) and
ran = (0, 00).

Cc YA

v =g(f(x)

(0, 0) x

A

C
\

Y

9 fix)=vx+3andg(x) =2x—-5

b For f(g(x)) to have a domain for its existence:

(x—3)21_
T
(x—3)2=%

x—3==

=
Il
H+

-l
\S} o

+3

ie x€ [3—%,3>U <3,3+é]

12 f: (-0,2) » R, fix) =1/2 — x and

Dom Ran
S [-3, ) [0, o0)
g R R

g:R—> R, gx) = - +2
x—1
Dom Ran
S (—00,2) [0, o0)
8 R\{1} R\{2}

a f(g(x)) is not defined because the range of g(x), which is R,
is not contained in the domain of f{x), which is [-3, c0).

b We want ran g = [-3, o0).
Solve 2x — 5 > -3.
If the domain of g(x) is restricted to [1, o) to produce the
function A(x), then f(h(x)) exists, because the range of A(x)
will be [—3, 00), which equals the domain of f{x).
Soh(x) =2x—5,x€[1,0)

¢ f(h(x)) =V2x — 5 + 3 =/2x — 2 where x€[1, )

10 fix) = x*and gx) = L

a g (f(x)) is not defined because the range of f(x), which is
[0, ), is not contained in the domain of g(x), which is
R\{1}.

b For g (fi(x)) to have a domain for its existence, the domain
must be (—oo, 2]\{1}.

fid) =V2 —x,xe(—00,2\{1}
1
¢ g(fi(x)) = ————— +2 where x € (—c0, 2]\{1}
1 V2—-x-1

13 f:[4,0) = R, fix) =V/x—4andg:R — R, g(x) =x* —2

x—4
Dom Ran
fx) R [0, 00)
8(x) R\{4} R\{0}

Dom Ran
Jx) [4, 00) [0, 00)
8 R [-2, 00)

a g (f(x)) is not defined because the range of f(x), which is
[0, ), is not contained in the domain of g(x), which is
R\{4}.

b We want ran f # 4.

Solve x* # 4.

If the domain of f{x) is restricted to R\{—2,2} to produce
the function A(x), then g (h(x)) exists, because the range of
h(x) will be R\{4}, which equals the domain of g(x).

s h(x) =2, x € R(=2,2}

¢ g(hx)) = )ﬁ where x e R\{-2,2}

11 gx) = a _13)2 —2andfix) =4/x.
Dom Ran
g(x) R\(3) (=2, 00)
S [0, o0) [0, o0)

a f(g(x)) is not defined because the range of g(x), which is
(-2, ), is not contained in the domain of f(x), which is
[0, c0).

a g (f(x)) exists because the range of f(x), which is [0, o), is
the subset of the domain of g(x), which is R.
2
b g(f(X))=g( x—4> = ( x—4> — 2 = x — 6 where the
domain is [4, ).
¢ YA

\

d f(g(x)) does not exist because the range of g(x), which is
[—2, 0), is not the subset of the domain of f(x), which is
[4, 00).

e If the domain of g(x) is restricted to

(—oo, —\/g] U [\/g, oo) , then a new function is formed,

which is g; : (—oo, _\/E] U [\/g, oo) SR, g1(x) =x* -2,
so f(g(x)) exists.
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ffi(g(x) =Vx2 —2—4=1/x2 — 6 where

ve (~eo.~VE] U [V6.co).

14 f: [1,00) = R, f(x) = —/x + k and

g: (—0,2] - R,
glx) = X4k
Dom Ran
fx) [1, 00) (=00, —1 + k]
8(x) (—0,2] [k, 0)

Ran fC dom g, so [1, ) C [k, o0); therefore, k > 1.
Ran g C dom f; so (—o0, —1 + k] C (—00, 2]; therefore, k < 3.
Therefore, overall, k € [1, 3].

3.2 Exam questions
1 g(f(-1)=g@ =6
The correct answer is D.
2 fix)=2x,gx+2)=3x+1
g =3x-2)+1

=3x-6+1
=3x-5

fgx) =2(3x-3)
=6x—10

The correct answer is D.

3 fly)=4x°

flgx) =f3x+ 1)

=403x+ 1)

fig@) =4@Ba+ 1)

The correct answer is A.

3.3 Transformations

3.3 Exercise

1 a i y=2x’ hasbeen dilated by a factor of 3 parallel to the
y-axis or from the x-axis to produce y = 3x°.
y

i (=2,-8) = (=2,-24)

b i y =’ has been translated 2 units to the left or in the
negative x-direction to produce y = (x + 2)*.

ii (-2,-8) > (—4,-8)
¢ i y=x’ has been reflected in the x-axis to produce

y=—x.

ii (-2,-8) - (-2,8)
d i y=x’ has been translated up 1 unit or in the positive
y-axis direction to produce y = x* + 1.

ii (-2,-8)— (-2,-7)
2 a y = sin(x) has been dilated by a factor of 4 parallel to the
y-axis or from the x-axis to produce y = 4 sin(x).
YA
6 -
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1 y
b y = sin(x) has been dilated by a factor of = parallel to the 160D @m )
2 y = cos(2x)
x-axis or from the y-axis to produce y = sin(2x). 0.5
<5 :
sin(2x) n
-0.5
-1
¢ y =cos(x) » y = —cos(x)
y = cos(x) has been reflected in the x-axis.
Y
1] y = —cos(x)
0.5
< T —>
¢ y = sin(x) has been translated g units to the left or in the 0 ko 3 o *
. - . T 054 /? 2
negative x-direction to produce y = sin (x + 5 )
y y = sin(x + %) -1-9%0.-1 @z, 1)

d y =cos(x) > y=cos(x)—1
y = cos(x) has been translated down 1 unit or in the
negative y-direction.

d y = sin(x) has been translated up 2 units or in the positive
y-direction to produce y = sin(x) + 2.
}7

y=sin(x) + 2
y=cos(x)—1

4 ay=)l€—>y=f(x—2)

1
y=1 has been translated by a factor of 2 parallel to the

x-axis or in the positive x-direction.

1 )

3 ay=cos(x) >y= 3 cos(x) YA
. 1

y = cos(x) has been dilated by a factor of 3 parallel to the

y-axis or from the x-axis.

ly ~—0]
0,0.5) (27, 0.5)
< > Y x=2
AN S by=1toy=
05 2 2 x
1 r= %COS(X) y= )1—6 has been reflected in the x-axis.

b y = cos(x) - y = cos(2x)

y = cos(x) has been dilated by a factor of % parallel to the
x-axis or from the y-axis.

x=0)
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1
cy=-—>y=3fx

1 . .
y = — has been dilated by a factor of 3 parallel to the y-axis
X

or from the x-axis.
YA

(=]

Yx=0
1
dy=<->y=A2)

y= 1 has been dilated by a factor of % parallel to the
X

x-axis or from the y-axis.
y

A

(x=0
5 y=sin(x) > y = —2sin [2x—’§’] +1

y =sin(x) - y=—2sin [2<x— %)] +1

y = sin(x) has been

* reflected in the x-axis

* dilated by a factor of 2 parallel to the y-axis or from the
X-axis

1
dilated by a factor of 3 parallel to the x-axis or from the
y-axis

translated 1 units to the right or in the positive x-direction

translated 1 unit up or in the positive y-direction.
x+1

ex—>y=§e(2)—2

¢* has been

<
Il

dilated by a factor of % parallel to the y-axis or from the
X-axis
dilated by a factor of 2 parallel to the x-axis or from the
y-axis
translated 1 unit to the left or in the negative x-direction
translated 2 units down or in the negative y-direction.

2

1 2
ay=x —>y=§(x+3)2—§

1
y = x* has been dilated by a factor of 3 parallel to the

y-axis or from the x-axis, translated 3 units to the left or in

the negative x-direction, and translated % units down or %

units in the negative y-direction.
by=x->y==2(1-x+1

y = x> has been reflected in the x- and y-axes, dilated by a

factor of 2 parallel to the y-axis or from the x-axis,

translated 1 unit to the right or in the positive x-direction,

and translated 1 unit up or in the positive y-direction.

10

11
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cy= -y ory

! = —lory= 3 -1
X T (2x+6) T 2(x+3)

1 . .
y = — has been dilated by a factor of 3 parallel to the y-axis
x

1
or from the x-axis, dilated by a factor of — parallel to the

x-axis or from the y-axis, translated 3 units to the left or in
the negative x-direction, and translated 1 unit down or in the
negative y-direction.

4 4 2
a(-2,4) - (—2,§> - (—5,3) - (—5,§>

b ((,1)->(-1,-1) - (-1,-2) - (0,-2) - (0,—-1)

c (2, %) -2, D)>{,1)>(=2,1)—>(=2,0)

a y=cos(x) > y=2cos [Z(x— g)] +3
y = cos(x) has been dilated by a factor of 2 parallel to the
. L 1
y-axis or from the x-axis, dilated by a factor of 3 parallel to
the x -axis or from the y-axis, translated g units to the right
or g units in the positive x-direction, and translated 3 units
up or in the positive y-direction.
b y=tan(x) > y=—tan(—2x) + 1
y = tan(x) has been reflected in both axes, dilated by a
1
factor of 3 parallel to the x-axis or from the y-axis, and

translated 1 unit up or in the positive y-direction.
cy=sin(x) > y=sin(3x—x)—1lor

T
y = sin [ X 3
1
y = sin(x) has been dilated by a factor of 3 parallel to the
x-axis or from the y-axis, translated g units to the right or

— units in the positive x-direction and translated 1 unit

down or 1 unit in the negative y-direction.
g(x) = #? is reflected in the y-axis: — 1 (—x)* = x% is
translated 4 units to the right — (x — 4)? is dilated by a factor

2
of 2 from the y-axis — (g - 4) is translated 3 units down —

2
(% - 4) — 3 is dilated by a factor of % from the x-axis —

Loy

2
.'.f(x):%(x;8> —1

Therefore, the correct answer is A.

1
h(x) = o is dilated by a factor of 3 parallel to the
. 1
x-axis - - = =
3

. . 3
is translated up 2 units - — +2
X
. . . 3
is reflected in the y-axis - —— + 2
x

is translated 1 unit to the left — —i +2
x+1

is reflected in the x-axis > —— — 2
x+1

3
=—=-2
) x+1
Therefore, the correct answer is D.
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12 h()=yx >y x>~ (=3) =1 _(§—3)
_af x—6
a 2
3 x—6
Therefore, f(x)=1/—< > )

| | |
B h0=5- (x+2)2_3_)_<(x+2)2 _3) -

() =i #0 - g+
x+2) (x + 2)? 2 —x)?

Therefore, f(x) = — +9
Sx) 27
14 =20 -3--2"+3->20x)"+3=-18"+3 >
—18(x—1)*+1
Therefore, fix) = —18 (x — D?+ 1.
15 h(x) = )
1
- —
2x+2
1 1
d - = —3
2x+3)+2 2x+ 8
1

-3
- —2x+ 8

1
2 -3
< -2x+38 )
1
N _
—x+4
1
Therefore, fix) = —— — 6.
4—-x

16 yo 25

x—1
_2(x-1)-3
B x—1
_2(x-=1 3
T x-1
3
x—1

x—1

=2 -

1 . . L
y = — has been reflected in the y-axis or the x-axis, dilated by
X

a factor of 3 parallel to the y-axis or from the x-axis,

translated 1 unit to the right or in the positive x-direction, and

translated 2 units up or in the positive y-direction.
dom = R\{1} and ran = R\{2}.

yATi
I

17

18

y=3—‘/5;x —)yz\/)_c
y=3 -1 / > gx has been reflected in both axes, translated

5 units to the right or in the positive x-direction, dilated by a

1
factor of 3 parallel to the x-axis or from the y-axis, and

translated up 3 units or in the positive y-direction.

y==20x=1 +5 s y=(x-27-1

y=-203x—- 1)> + 5 has been reflected in the x-axis, dilated
1

by a factor of 5 parallel to the y-axis or from the x-axis,

dilated by a factor of 3 parallel to the x-axis or from the y-axis,

translated 3 units to the left or in the negative x-direction, and

3 . . . L
translated 3 units up or in the positive y-direction.

1

3.3 Exam questions

Since f passes through (-2,7), f(-2) = 7.
hw=1(3)+5hH=f-2)+5=T+5=12
Alternatively, double the x-value and add 5 to the y-value:
f1(=2,7) = h:(-4,12)

The correct answer is C.

y =1V 2x — 5 reflected in the x -axis becomes y = —\/2x — 5.

1
Dilation by a factor of 3 from the y-axis, that is parallel to the

y-axis, replaces x — 2x.

Therefore, f(x) = —\/4x - 5.

The correct answer is D.
To map y = v/ 8x3 + 1 onto the graph of y =1/x* + 1, replace
x with %, which represents dilation by a factor of 2 parallel to

the x-axis or away from the y-axis.
The correct answer is A.

3.4 Inverse graphs

1

3.4 Exercise

ay=(l—-x)(x+)5) and the inverse is x = (1 —y) (y + 5).
Y

b y = (1 —x) (x+5) is a many-to-one mapping and is a
function.
The inverse is a one-to-many mapping and is a relation.
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¢ Function: dom = R and ran = (—c0, 9]
Inverse: dom = (—o00,9] and ran = R

2 aandb
YA A
7
7

7

Inverse d

//
7 Pp—
Y =X
7
7
7
7
Y —
7 y =\X
7
7
Y
7
0,07
~ ~ >
7
7
//
™
Y

¢ y =4/x is a one-to-one mapping, so it is a function.
y = x?,x > 0 is a one-to-one mapping, so it is a function.
3 a

Inverse

4 3 2
/// -2
/// _3_
4
¥ (

d

Inverse

Y

4 aandb

5 a f{x) = cos(x) is a many-to-one function.
b gx)=1- x> is a one-to-one function.
chx)=4—-x*isa many-to-one function.

1
d k(x) =2+
x—

6 A y=x*—1is a many-to-one function, so its inverse is a

one-to-many relation.

3 is a one-to-one function.

y = —— is a many-to-one relation, so its inverse is a
(x+2)
one-to-many relation.
Cy= ] is a one-to-one function, so its inverse is a

one-to-one function.

D y = x* — x” is a many-to-one function, so its inverse is a
one-to-many relation.

E y = 10 is a many-to-one function, so its inverse is a
one-to-many relation.

Therefore, C is the correct answer.

7 A y = x* is a many-to-one function and y = #y/x is a
one-to-many relation.

B y = x*,x € (—c0, 0] is a one-to-one function and y = \/)_c isa
one-to-one function but not an inverse pair.

C Two one-to-one functions

Dy= X+ 1,x€]0, 00) is a one-to-one function and
y= - —1,xe [0, ) is a one-to-one function but not an
inverse pair.

E y = (x — 2)? is a many-to-one function and y = +/—x — 2
is a one-to-many relation. The two graphs are also not an
inverse pair.

Therefore, C is the correct answer.
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8 x=(—-2"hasa turning point at (0, 2) and cuts the x-axis at
(0,4), so its inverse will have to have a turning point at (2, 0)
and cut the y-axis at (4, 0)

Therefore, A is the correct answer.
9 a

/

»
b POI = (2.828,2.828), (0, 0), (—2.828, —2.828)
10 a y)

» \
b POI = (3.532,3.532)
11 a x-intercepts occur at x = 1,x = —5. The TP is halfway
between them, so the x-value of the TP is x = —2. To obtain
the maximum domain, we restrict the parabola about the TP.
Therefore, a = —2.

b YA 1
(-2,9) e

)

9.-2)

Inverse

¢ Fory=(1 —x)(x+5),dom = (—oc0,—2] and
ran = (—o0,9].
Forx=(1-y)(y+5),dom = (—0,9] and
ran = (—oo, —2].
12 If the domain for y = — (x — 3)? is restricted to [3, o), the

inverse will be a function also.
YA 7

Inverse 4

A

«

13 a andb

y=@+Hx-2)

b The parabola is a many-to-one mapping and the inverse is a
one-to-many relation.

¢ The inverse is not a function as functions must be
one-to-one or many-to-one mappings.

d Function: dom =R and ran = [-9, 0)
Inverse: dom = [-9, c0) and ran = R

e The largest domain for an inverse function is either
xE(—oo,—1]orxe[—1, o).

14 a y

b Graph: one-to-one function
Inverse: one-to-one function
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¢ The inverse is a function because it is a one-to-one Only a = T makes g a one-to-one function. Check with
mapping. CAS.
d Graph: dom = R and ran = R The correct answer is A.
s In‘ée:)se: dom = R and ran = R 3 A line parallel to the y-axis crosses the graph at infinitely
a an : — 5 ;
y many points, so the graph of x = —5 is not a function.
i YA
l 3
| -
lx=5 4
I 34
1 24
l 1-
|
T T T
3432 123 45"
0 I —1
// } -2
7 Inverse ! 3
, // } _4 —
/// } _5 —
// \ 4
7 The correct answer is C.
i /
b Graph: many-to-one function
Inverse: one-to-many relation 3.5 Inverse functions
¢ The restricted domain to produce an inverse function is
X € (=00, 0). 3.5 Exercise
d A 1 y = x’ is a one-to-one function with dom = R and ran = R.
L Inverse: swap x and y.
///‘\' =X x= 3
y= \/—
L7 This is a one-to-one with dom = R and ran = R.

1
2 y = — is a many-to-one function with dom = R\{0} and
X
> ran = (0, 00).
Inverse: swap x and y.

Inverse
x =

==
Il
<o '\<N|_

+ =y

1
v
Graph: dom = (—c0,0) and ran = (0, %) This is a one-to-many relation and thus is not a function.

Inverse: dom = (0, c0) and ran = (—o0, 0) dom = (0, 00) and ran = R\{0}.
16 y = 20 - 12x+ l.:;3has a turning point where: Jay= §(x — 3) is a one-to-one function where dom = R and

y=2(x —6X+7> ran = R.

13 Inverse: swap x and y.
y=2<x2—6x+(3)2 3y + ) le(y_3)

3
y=2(x-3*-18+13 3x+3=y
y=2(x-3)?*-5 y=3@x+1)
=G, - 5 ); 80 the largest possible domain for the inverse which is a one-to-one function where dom = R and ran = R.
to be a function is (~co, 3). Therefore, a = 3. by=@x-5*isa many-to-one function where dom = R and
ran = [0, 00).
Inverse: swap x and y.
3.4 Exam questions x=(y—-5)?
1 Reflect the original graph in the line y = x, so option C is the i\/_ =y=5
correct graph. y=5 i\/)_c
The correct answer is C. which is a one-to-many relation where dom = [0, co0) and
T ran = R.
2 g: [~a,a] > R, ='(2(——)>

g: [=a.al = R, g(x) = sin . 6 cy=3x+1—2,dom=R,ran=R
For the inverse to be a function, the original function must be Inverse: swap x and y.

a one-to-one function.
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x=yy+1-2
x+2=1/y+1
+2°=y+1
y=@x+27>-1

y= V/x + 1 — 2 is a one-to-one function; therefore, the
inverse will also be a one-to-one function.
Inverse: domain = R, range = R

dy=x- 1)? is a one-to-one function where dom = R and

ran = R.

Inverse: swap x and y.
x=@u-1°

Yr=y-1
y=1x+1

which is a one-to-one function where dom = R and ran = R.

e y =4/x is a one-to-one function where dom = [0, o0) and
ran = [0, 00).
Inverse: swap x and y.
£=y5
X = y where x € [0, o0)
which is a one-to-one function where dom = [0, co0) and
ran = [0, o).

fy= + 2 is a many-to-one function where

(x—1)
dom = R\{1} and ran = (2, o).
Inverse: swap x and y.

_ 1
-1y
x—2= !
-1y
1
=(y—1)?
P o0-D
=+ =y—1
x—=2
y=1% !

which is a one-to-many relation with dom = (2, c0) and
ran = R\{1}.

4 fi(=,2) = R, flx) = ————— is a one-to-one function

(x—

where ran = (—o0, 0).
Inverse: swap x and y.

C(y-2p

1
1/; =y —2sincex € (—c0,0)

2— —l=y
V x

This is a one-to-one function where ran = (—o0, 2).

fli(=00,0) > R, f7' () =2 —1 /_%

5 f:[3,00) — R, fix) =V x — 3 is a one-to-one function where

ran = [0, c0).
Inverse: swap x and y.
x=\y=3
X¥=y-3
y=x2 + 3 where x € [0, 00) and y € [3, o0)
Fi0,0) > R, fl ) =x"+3

6 flx) = S XFE =2
x+2
Inverse: swap x and y.
1
T2
1
—=y+2
X
y=x-2
X
flw =1 -2, x40
X
af(f'w) = 1 = x as required.
l-242 !

bf_l(f(x))=%—2=x+2—2=xasrequired‘

x+2

7 k(x)=x -1

Inverse: Let y = k(x), swap x and y.
X = y3 -1
x+1=9y
3
y=Vx+1

K =\3/x+1
ak(k'()= <\3/x+ 1)3 -1

=x+1-1
= x as required.
b k! (k(x) =V — 1+ 1
3
Ve

= x as required.

8 a f(x) = (x+ 1)* where dom = R and ran = [0, o). This is a

many-to-one function.
Inverse: swap x and y.
x=@+1)7
i\/} =y+1
*4/x — 1 = ywhere dom = [0, o) andran = R
The inverse is not a function as f(x) is not a one-to-one
function.

b If the domain for the function is restricted to [—1, 00), it is a
one-to-one function, so the inverse is also a function. Thus,
b=-1.
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df:0,00) = R, [T (0) =/x—1
e The graphs do not intersect.
9 flx) = 24/x+ 2 is a one-to-one mapping with dom = [-2, c0)
and ran = [0, 00).
f(x) and its inverse intersect where
2/x+2=x

4(x +2) = x*
dx+8=x
¥ —4x—-8=0
4+4/(—42 -4 x -8 x 1
X =
2
4+4/48
2
_4x44/3
T2

=2+2V3asxe [-2, o)

When x = 2 + 24/3,

y=2+243

POl = (2 +23.2+ 2\/5)

10 a fi(—c0,a] - R, flx) =x* = 2x— 1

To find the TP: y = x* — 2x — 1
y=x*-2x+1-2
y=@k-17-2
The TP is at (1, —2), so the largest possible value of a is 1.
Thus, f:(—o0, 1] = R, fix) = x* — 2x — 1.

b Inverse: swap x and y.

x=(@-17%-2
x+2=(-17
x+2=y-1

y==Vx+2+1asdomf=(-c0,1)
fhi=200) = R W= Vx+2+1

0=x-3x-1
3+4/(-32 -4 x1 x—1
= 2
_3+y/13
2
= 3_2\/E,domf=(—oo,l)

2 72
11 a f:R — R, f(x) = x* is a many-to-one function. The inverse
will be a one-to-many relation.
b f:R — R, fix) = 2x* — 7x + 3 is a many-to-one function.
The inverse will be a one-to-many relation.
¢ fiR\{3} > R, fx) = ——
FR3) = RS = =5
function. The inverse will be a one-to-many relation.
d f:[-2,00) = R, f(x) =4/x+ 2 is a one-to-one function
with dom = [-2, o) and ran = [0, o).

Therefore, POI = (

3-4/13 3—\/5)

+ 2 is a many-to-one

Inverse: swap x and y.
x=4/y+2,x€[0, )
P=y+2
y=x> —2wherey € [-2, o)
Thus, f~':[0, c0) = R, f~'(x) = x* — 2 where y € [-2, c0).
YA , 7

(0,12)

N\
y="x +7

(=2,0) 0

z

// '
10,-2)

P
12 f(x)=4x_7
x—=2
_Ax=-2)+1
- x—2
4(x —2) 1
) +x—2

1
=4+ —
X

flx) = ;2 + 4 where dom = R\{2} and ran = R\{4}
X —
Inverse: swap x and y.

= ﬁ + 2 where dom = R\{4} and ran = R\{2}

V) i A
I 7/
I //
I /
: Jy=x
7 |y=
y=4 (O’ 2)¥ J f(:* (3+42,3+2)
S A S i V) I . e
0.\ |
22 DN N\ T
e e et
y=f-1(0) ATBR2,3-1)
- “ { I >
0 ! ha. x
AL T6)
A G
EI |
7 | |
’ I I
e Ix =72
// | I —4
» s
I I
I I
\ ! |

13 a fix)=(@x+ 2). If the maximal domain is (—oo, —2], the
inverse will be a function.
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Inverse: swap x and y.

x=(+2)? xe[0, )

—Va=y+2

TOPIC 3 Composite functions, transformations and inverses ¢ EXERCISE 3.5 | 77

y= —\/;c — 2 where y € (—o0, —2]

Thus, f~':[0, ) — R,

ran = (—oo, —2].

YA
2 —

o=

Two inverse functions are:

=
)

2

Yy
= 1—-—=—
* 4
2
2 y
=]1-=
* 4
2
y
2 -1
3
2
yzzl—x2
%:i‘\/l—x2
y=12y/1—x2

Thus, we have

01 - R T =2

x — 2 where

1 — x2 where ran = [0, 2] or

F7100,11 = R, £ (x) = =2V/1 — x2 where ran = [-2,0].
YA 4
0.2) ¢~ _y=f"0)
0,1 .
©.D1 y=f(x)
T
7 (1,0)  (2,0)
///i\‘: X
¥ /
YA A
y=f) o.n ot
L
Y A d IO/ L 2 '_X
7 y=r
//// S
S 10.-2)

15 a fix) = x* — 10x + 25 = (x — 5), which is a many-to-one
function. For the inverse to be a function, the domain must
be restricted to [5, 00), so a = 5.
b Inverse: swap x and y.
x=(@y- 5)2 where x € [0, c0)
Vr=y-5
y=4/x+ 5 where y €[5, )
F71:[0,00) = R, f7'(x) =4/x + 5 where ran = [5, o)
16 f:[=2,4) > R, flx) = 1 — ’3—‘

15
d = —2,4 d = - =
a dom = [ ) and ran < 3 3]
b Inverse: swap x and y.
—1-2
T3
%:l—x
y=31-x
-1 15 1
i =3 3| 2 RS @ =301 -x) where
ran = [-2,4)

33
S POI = <Z’Z)

17 af:D - R, flx) =v1-3x

The maximal domain is D = <—oo, %] .

b Inverse: swap x and y.

x =14/1 — 3y where x € [0, 0)

x2=1—3y
3y=1-x
y= 1 (1 —x2) where ran = | —o0 1
3 3
F1:00,00) > R, f7 (%) = % (1-x7)

1
where ran = (—oo, §]
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¥=1-3x = 3
0=x>+3x—-1
_x-—1 1
—3+/(3)2 -4 x1 x—1 =7t
X =
2 1+3
x =
_ -3+4/13 = 3
) 2 +2
X
-3+4/13 =
=+T,d0mf=[0,oo) 3
- POL= =3 +4/13 =3+4/13
- - 2 2 3.5 Exam questions
1
d y . =
¥ =fx) y 1 f: (2,00) = R, where f(x) G2
dom f = (2,0) = range f~' and dom f~! = (0, ) = range f
-3+ . 1
=3 fy=o5
flhx= 1 =>@y-27= ! :»y—2+L
h -2 x RV
Take the positive value, since range f~' = (2, o).
1
0,00 =R =2+ ?
X
Award 1 mark for transposing and rearranging the function.
+ Award 1 mark for the correct rule.
18 f:[l,00) = R, flx) =Vx — 1 where ran = [0, c0) Award 1 mark for the correct domain of the inverse function.
a Inverse: swap x and y. VCAA Examination Report note:
x=4y—-1x>0,y>1 Students appeared to manage this question confidently.
y= 2+1 However, some students did not handle the algebraic

_ _ manipulation correctly and others used incorrect notation,
F71:00,00) = R, f7'(x) = 22 + 1 whereran = [1, o] 1puat y and others | ;
stating their final answer or in stating the domain.

bf! =" (Vx-1

fen =1 ( " 2) 2 g:[3,00] = Rg(¥) =v2x -6
=<\/x—1) +1 domg=rang_l=[3,oo]
=x—-1+1 dom g~' =ran g = [0, ]
= x where dom = [1, oo] g:y=V2x—-06

_ _ X+
YA g1:x=\/2y—6=>x2=2y—6,y=g1(x)=T
X +6
2

g1 [0,00] > R g () =
The correct answer is D.

1
3 f: (_2700)_)R3f(x)=

x+2

range f = R* = domain

_ [x+2-3 1t 1 =l_
=fl<— T) f:R R, (x) =z 2

The correct answer is A.
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3.6 Literal equations

3.6 Exercise

1 amy—nx=4x+kz
my — kz = nx + 4x
my—kz=xmn+4)

_my—kz

T on+4
b p _m _ 3¢
X x—-c X

2p(x—c) —mx =3c(x—c)
2px — mx — 3cx = 2pe — 3¢2

x(2p—m—36)=2pc—362
_ 2pc — 3c?
T 2p—-m-3c
x—my _

px+y
x—my=2(px+Yy)

x—my=2px+2y
X —2px =my+ 2y
x(1=-2p)=y(m+2)

_x(1-2p)
T om+2
30 B _ o
x+ 3y

kx +dy = =2k (x + 3y)

kx + dy = —2kx — 6ky

kx + 2kx = —6ky — dy
3kx = =y (6k + d)

__y(6k+d)
- 3k
p Mty —x+g
p
mx — px = pq — ny

x(m—p) =pq—ny
pq —ny
x=——
m-—p
c ﬂ—k=—+m
X X
m — kx =3k + mx
m — 3k = mx + kx
m—3k=x(m+k)

_m—=3k
T om+k
d k _ 2d
m+x m-—x
k 2

k(m—x)=2d(m+ x)
km — kx = 2dm + 2dx

TOPIC 3 Composite functions, transformations and inverses ¢ EXERCISE 3.6 | 79

km — 2dm = 2dx + kx
m(k—2d) =xQ2d+k)
m(k — 2d)
T Tk+2d
4 byfax+cd=3
by/ax=3—cd
bax=9 — 6cd + Ad®
x=9—6cd+c2d2

ab?

5 x+y=2k [1]
mx+ny=d [2]
From [1]:
y=2k—x [3]

Substitute [3] into [2]:

mx+nQRk—x)=d

mx+2nk —nx=d
mx —nx =d — 2nk
x(m—n)=d-2nk
d—2nk

X =

m-—n

. d
Substitute x =

— 2K o [3]:

-n
d —2nk
m-—n

_ 2k(m—n)—d+2nk
r= m-—n
2km — d
y:

m-—n

y=2k-—

6 anx—my=k [1]
nx + my = 2d 2]
1]+ [2]:
2nx =k +2d

_k+2d
= 2n

k+2d into [1]:

Substitute x =

n
<k+2d>
n —my=k
2n

%(k+2d)—my=k

%k+d—k=my
d— lk=my
2
_2d-k
YT Tom
b nx+my=m [1]
mx+ny=n [2]
[1] X m and [2] X n:
mnx+m2y=m2 [3]
mnx+n2y =n? [4]

(3] - [4]:
m’y —n’y=m*>—n

y(mZ—nz)zmz—n2
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Substitute y = linto [1]:
nx+m(l)=m

nx=20

x=0
7 a 2mx+ny =3k [1]
mx+ny =-d [2]

[1] = [2]:
2mx —mx =3k+d

mx=3k+d
3k+d
X =
m
Substitute x = k+d into [2]:
m(3k+d>+ny=—d
3k+d+ny=—d
ny =-2d — 3k
__2d+3k
B n
X y
b —+==2 1
2" b B
2 4
T2y 2]
b a

[1] X 2ab = xb + 2ay = 4ab [3]
[2] X ab = 2ax + 4by = 8ab [4]
[3] X 2a = 2abx + 4a’y = 8a’b  [5]
[4] X b = 2abx + 4b*y = 8ab®  [6]
[5] - [6]:
40y — 4by = 8a°b — 8ab®
a’y — b’y = 2a’b — 2ab’
y(@® — b*) = 2ab(a — b)
_ 2ab(a-1b)
Y= a—b)a+b
_ 2ab
T a+b
Substitute into [3]:

xb+2a< 2ab > = 4ab
a+b

2

a“b
= 4ab
a+b “

xb +

xb(a + b) + 4a*b = 4ab(a + b)
x(a + b) + 4a* = 4a(a + b)

x(a + b) = 4a* + 4ab — 4d°

4ab

=a+b

8 2x—y+az=4 [1]

a+2x+y—z=2 [2]

6x+(a+1)y—-2z=4 [3]
Solve using CAS:

_2(@+2) 4@+2)

Ta@+4) T a@+4

andz=4—t
a

3.6 Exam questions
1 b

x+a «x
x=b(x+a)
x=bx+ab

x—bx=ab

x(1=>b)=ab
ab
1-b
The correct answer is B.
2 mx+n=nx+m

X =

mx—nx=m-—n
x(m—n)=m-—n

x=1
The correct answer is E.

3 ax+by=r [1]
ax—by=s [2]
[11 +[2]:
2ax=r+s

_rts

2a
[11-[2]:

2by=r—s

_r=s

TS

_r+s  —=s+r
T2 7T T

The correct answer is A.

3.7 Review

3.7 Exercise
Technology free: short answer

1 f)=vx+2andg(x)=2+4"-5

Dom Ran
S [-2, ) [0, c0)
g(x) R [-5, 00)

Consider f(g (x)). The range of g (x) is [—5, 00), which is not a
subset of the domain of f(x), which is [—2, o0). Therefore,

f(g (x)) does not exist.

Consider g (f(x)). The range of f(x) is [0, o0), which is a
subset of the domain of g (x), which is R. Therefore, g (f(x))

exists.

g(fn =g (Va+2)
=2(¢m>2—5
=2(x+2)-5
=2x+4-5
=2x-1

Domain of g (f(x)) = domain of fix) = [-2, o0)

The range is [—5, ).
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-1 -1
2 a In order to expressx in the formi+n, we need to x=x
x—2 x—2 x—2
express x — 1 in terms of x — 2. x(x=2)=x-1
x—1l=x-2+1 ¥ —2x=x-1
Therefore, X=3x+1=0
-l _=D+1 35(37 -4 x1 x1
x=2 x=2 A= )
=x—2+ 1 _31\/5
x—2 x-2 T
—4 L POl = 3-v5 3-45)\ [(3+V5 3+V5
x-2 Sl U S R S N
= ! +1
x=2 Y
So,m=1landn=1.
b 1 1 y
YEY TV n@)
2

Translation of 2 units to the right

1

1
r= x=2 x—2
Translation of 1 wnitwp
1 D

cy=r;3t! - (0,0.5) R

Asymptotes: x =2andy = 1 (3_ V5 3 \/g) /)0 L0 x

2 2 )
YA e

N
-
R

e
3 af:R—>R,f(x)=§

Y

dom = R\{2} and ran = R\{1}
d To find the rule for the inverse, swap x and y.
1

=——+1
X =2
1
1= — y
* )
1 One-to-one inverse function
y-2= T—1 To find the rule for the inverse, swap x and y.
3
1 x=>
y=-—7t2 3
X v =3x
dom = R\{1} and ran = R\{2} — /3
e Since the inverse has a one-to-one correspondence, it is a yl_ . s
one-to-one function. STIR->R, [T (0)=V3x
f To find the POI of the inverse and the original graph, solve
x—1
x=——.
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b f:R - R, f(x) =

Y
flx) = 2x*

9

(0,0)

\

Not a function as a one-to-many mapping

¢ fiR = R, fix) = 3x — 1)
YA
fi)y=@x-1y

<

\

Not a function as a one-to-many mapping

d f:[3,0] & R, flx)=vx-3

v
f)="x-3
h 0 3,0) "X

\

One-to-one inverse function
To find the rule for the inverse, swap x and y.

x=4/y—3
y—3=x*
y=x"+3
f00,00) = R, )= +3
4 afl)=4/x

-V

-3
-1
- 2
1 /x=3 1
—_ —— [p—
2 2 2
1 [x=3 1
.g(x) 3 5 T3

b fix) = (x—2)
- (3x=2)?
- —(Bx=2)?

- -G +3)—-27+2=-C@x+77>+2
g =—-Cx+7)P2+2
5ay=x’>y=32x-57+1
y=32x-5>+1
5\\2
=3(2(+-3)) 1
Reading from left to right, the transformations are:
Dilation of factor 3 from the x-axis or parallel to the y-axis

1
Dilation of factor 3 from the y-axis or parallel to the x-axis

. 5 .. .
Translation of 5 units right and 1 unit up

Note: Other answers are possible.

b y=—{/

Need to undo all the existing transformations.
Translation down 1 unit:

s/S—x 5[5
y=- +l—)y_
Reflection in the x-axis: y = —\/

5
Reflection in the y-axis: y_‘/ T y=y ;

Translation 5 units right:

; 5+x ; 5+(x 5 _
-V -V 2 2

Dilation of factor Efrom the y-axis or parallel to the x-axis:

z\z/g_) 32x \;/—

Note: Other answers are possible.

S}

=

6 Given that —cd = —%, solve the equation for x.
x+2 X
S5—cd 2k
x+2  x
S5—cd x(x+2) 2k x(x+2)
X =—=Xx—-—
x+2 1 X 1

x(5 —cd) = —2k(x +2)
S5x — cdx = —=2kx — 4k
5x — cdx + 2kx = —4k

x(5 —cd +2k) = —
4k
T 5—cd+2k
a 4k
T ed-2k-5

Technology active: multiple choice
7 Replace x with /4 (x) in equation g (x)
gh() =2+ 1> -1
=2(x2+2x+1) -1
=27 +4x+2-1
=2 +4x+1
Therefore, the answer is A.
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Domain Range
f) [1, ) [1,00)
g(x) R [-1, 00]
h(x) R R

10

11

A: For g (h(x)) to be defined, ran & C dom g

Since R C R, g (h(x)) is defined.

B: For g (f(x)) to be defined, ran f C dom g

Since [1, o0] C R, g (f(x)) is defined.

C: For h (f(x)) to be defined, ran f C dom &

Since [1, 00) C R, h (f(x)) is defined.

D: For f(g(x)) to be defined, ran g C dom f

Since [—1, 0] ¢ [1, ), f(g(x)) is not defined.

E: For / (g(x)) to be defined, ran g C dom &

Since [—1,00) C R, f(g(x)) is defined.

Therefore, the correct answer is D.

For g (h(x)) to exist, ran 7 C dom g

Therefore, we want the range of / (x) to be a subset of or
equal to the domain of g (x). So since the domain of g (x) is
[1, oo], the range of & (x) must be a subset of [1, o).

Domain Range
A R\{0} (1, 0)
B R [0, o)
C [-1,00) (=00,0]
D R\{-1} R\{0}
E R R

Therefore, A is the only option where the domain range of
h (x) is a subset of or equal to the domain of g (x) since
(1,00) C[1, ©00).

y=—f3x+1)-2

(1)

Transformations are:
Reflection in the x -axis. Point: (3,5) = (3,-5)

1
Dilation of factor 3 from the y-axis or parallel to the x-axis.

Point: (3,-5) — (1,-5)

1
Translation of — units left and 2 units down.
. 2
Point: (1,-5) —» 5’_7

2
So, the image of point (3,5) is (5, —7>.

Therefore, the answer is C.
Reflected in the x-axis: y = sin(x) — y = —sin (x)
Dilated by a factor of 4 parallel to the y-axis or from the
X-axis:
y = —sin(x) » y = —4sin (x)

. 1 .
Dilated by a factor of 3 parallel to the x-axis or from the
y-axis:
y = —4sin(x) - y = —4sin (3x)
Therefore, the answer is E.

12 fix) =2 - fix) = %x3

Dilation by a factor of % parallel to the y-axis or from the

X-axis

13

14

15

16

f) = 36 = f0 = 3 29

Dilation by a factor of % parallel to the x-axis or from the
y-axis

Translation of one unit in the positive x-direction
ﬂm=%a@—nf~ﬂn=%@u—nf+4
Translation of 4 units up

Therefore, the answer is D.

1
The rule for the graph shown would be y = Pl Therefore,
x

to find the rule for the inverse, swap x and y.

1

xX=—"
y+1

1

y+1l=-

X

1
y=--1

X

Therefore, the answer is C.

For f(x) to have an inverse, it must be a one-to-one function.
Therefore, the domain needs to be restricted to make f(x) a
one-to-one function. To do this, first we need to find the
turning point of the parabola.

) =+ Dx-3)

=x-2x-3
=(x2—2x+1)—1—3
=@x-1%-4

Therefore, this parabola has a turning point at (1, —4)
Therefore, the maximal domain must be restricted to [1, co)
Therefore, the answer is B.

To find the rule for the inverse, swap x and y.
x=@+17

y+1=5/x
y=H/x—-1

Next, we need to work out the domain and range of the
inverse and then determine whether the positive or negative
square root function is required.
domf’1 (x) =ran f(x)
Therefore, the domain of f~! (x) is [0, o).
ran £~ (x) = dom f(x)
Therefore, the range of ffl (x) is [—1, o0) and the positive
square root function is required.
So,f7':[0,00) = R, f7'(x) =/x - 1.
Therefore, the answer is D.
p _n
2x4+n  2x+p
pQ2x+p)=n2x+n)
2px + p* = 2nx + n’

2px —2nx=n* —p?
x(2p — 2n) = n* — p*
n — p?
T -2
_(n=p)n+p)
2(p —n)
_—p=n+p)
2p-n)
xz—m+m
2
Therefore, the answer is C.
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Technology active: extended response
17 a

Dom Ran
Jx) R [—4, c0)
8(x) (2,00) (0, 0)

For f(g(x)) to be defined, ran g C dom f.
Since (0, 00) C R, f(g(x)) is defined.
b Replace x with g (x) in equation f(x).

1 \2
flgx) = <m> -4
_ 1
-2
The domain of f(g(x)) will be equal to the domain of the
inner function g (x).
dom = (2, )
Since f(g(x)) is a positive truncus and has an asymptote at
y = —4, ran = (—4, ).
¢ For g (f(x)) to be defined, ran f C dom g.
Since [-4, 0] ¢ (2, o), g (f(x)) is not defined.

d To make [—4, oo], the range of f(x), a subset of or equal to
(2, o), the domain of g(x), it must be restricted to (2, 00).
Therefore, we want the range of f(x) to be (2, o). We then
need to find the domain that gives this restriction.

P —-4=2
=6

A
Y

Y

Therefore, for x> — 4 > 2, and the range of f(x) to be
restricted to (2, 00), x € (—oo, —\/6) U (\/g, oo).

Therefore,
fit (—oo,—\/é) U (\/6,00> SR i) =4
1
e g(fikx) = 2_4_2
1
x2—6
The domain of g (fi(x)) will be the domain of the inner
function fi (x).
Therefore, the domain is <—oo, —\/8) U (\/g, oo).
18 a fix)y=/3(x-2)—-1
Therefore, the graph has an end point at (2, —1), so the
maximal domain would be [2, oo].
oD =12,00]

b f(x) =X = f() =V/3x

1
Dilated by a factor of 3 parallel to the x-axis or from the

y-axis

@ =1V3x = fx) =\/3x-2)

Translated 2 units to the right or in the positive x-direction

fO)=3x-2) > f®)=13(-2)-1
Translated 1 unit down or in the negative y-direction
¢ To find the inverse, swap x and y.
=B =6 -1
VB0 =x+1
3y—6=(x+1)?
3y=(x+ 12 +6

1
y=§((x+1)2+6)

1 2
y=§(x+1) +2

f—l(x)=%(x+1)2+2

Since the domain of fis [2, ), the range off‘1 is [2, 00).
Since the range of fis [—1, o), the domain of £~ is
[—1, c0).
1
Therefore, f~': [-1,00] = R, f~' (x) = 0+ 1% + 2.

d
Y )‘=%(x+ 1242 //

/7 @.-D
¥ /

19 Forf: [3,00) — R, fx) = > + k,
the domain is [3, o0). In order to work out the range,
substitute x = 3 into f(x).
f3=3+k
=9+k
Therefore, the endpoint is (3,9 + k) and the range is
[9 + k, ).
Forg: [2,00] = R, gx) = l +k,
the domain is [2, c0). In ordgr to work out the range, substitute
x =2 into g(x).

1
g(2)—§+k

Therefore, the endpoint is <2, % + k) and the range is

1
<k,§+k>.
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Domain Range
f®) [3, o0] [9 + k, o0]
g [2, 0] (k, % +k

For f(g(x)) to be defined, ran g C dom f.
Therefore, <k, % + k> C [3, o).

So, k > 3.
For g (f(x)) to be defined, ran f C dom g.
Therefore, [9 + k, 00] C [2, 0).
So,
9+k>2
k>-7
Therefore, applying both conditions, k > 3 and k > —7. The

overall possible values for k such that both f(g(x)) and g (f(x))

are defined are k > 3.

20 a Positive parabola with a turning point at (3, 0) or translated

3 units right
Yl

fx) = 2(x = 3)2

Y

0 (3,0)

Y
The domain of fis R and the range of fis [0, o).
b To find the rule for the inverse, swap x and y.
x=2(y-3)

2%
v-3"=3

X
3=/
y \ﬁ
X
=4,/ =

y \/;4'3

dom = [0, o) and ran = R

d The domain of f needs to be restricted at its turning point so
that the inverse is also a function. Therefore, the domain of
fmust be [3, 00).

e Therefore, f: [3,00] = R, fix) =2(x — 3)%.

Since the range of ™! is equal to the domain of f; it is
[3, ). Therefore, the positive square root function is
required.

f“:[O,oo)—»R,f(x)z\/§+3

f POLI: Solve x = f(x).
x=2(x—13)?
x=2(*—-6x+9)
x=2x"—12x+ 18
0=2x"—13x+18
0=2x—-9Nx—-2)

9
x=§,2

Because ran ! = [3, 00], x = %

99
~POI= (2,2

YA A
y=2(x-3)? s

3.7 Exam questions

1

2

fgBN=r2=5

The correct answer is E.

The inverse function is the graph reflected in the line y = x.
The correct answer is E.

1
Aisonf{x); Pison g(x) = Ef(x —-1).
Dilate by a factor of % from the x-axis:

@~ (%3).43.2 6.1
Translation of one unit in the positive x-direction:

(x, %) = (x+ 1, %),(3, )= P@&1)

The correct answer is C.
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1 1
4 afR\{g} —>R,f(x)= ﬁ

f:y=3x—1
Swap x and y.
1
1. _
Sha=g
1
3y—1=-
X
1 1 x+1
=1 = — - =
=AW=ty

Award 1 mark for swapping x and y and making y the
subject.
Award 1 mark for the correct result.
b Domain of f~' = range of f = R\{0}
5af[0,00) >R, fx)=vVx+1
dom f= [0, ), ran f = [1, 00)
bigi(-0,c]l>RgX)=X+4x+3=x+2"-1
CHdx+3=@+3)E+D20=>x=-3,-1
So ¢ = -3, so the range of g C [0, ).
Award 1 mark for finding the x-intercepts or a graph
with the x-intercepts labelled.
Award 1 mark for the correct value of c.
ii Since (—oo, —3] is the domain of g, the range of g
becomes [0, o0), which is the same as the domain of f.
Therefore, the range of fis the same as the range of

f(g&x).
S(g )
=f(x +4x+3)
Y v
= |x+2|
= —x —2since x < =3
dom f{g(x)) = dom g (x = (—o0, =3)
So ran f(g(x)) = [1, o].
ch:R>Rh(x)=x*+3
S (x)
=f(x*+3)
dom (h(x)) =R
ran (h (x)) = [3, 00)
s.dom (g (x)) =[3, o)
ranf(h(x)) =[2, o)
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Topic 4 — Exponential and logarithmic functions

4.2 Logarithm laws and equations

4.2 Exercise

1 a 6> =216
log,(216) =3
b 28 =256
log,(256) = 8
c 3* =81
log,(81) =4
d 10~ = 0.0001
log,,(0.0001) = —4
e 573 =0.008
logs(0.008) = -3
f 7'=7
log,(7) =1
2 a log,(49) +log,(32) — logs(125)
= log; (7)° + log, (2)° — log, (5)°
= 2log,(7) + 51og,(2) — 3logs(5)
=245-3
=4
b 5log;,(6) — 5log,,(66)
= 5(log,,(6) — log,,(66))

R0)
)

=5log,, (1D
=-5
c log, (25)

log, (625)

_ log, (5

" log, (5)*
2log, (5)

~ Zlog, (5)
1

2

voe ()
=log, < (2—7)%>

=log, (2)™'
=-1
3 a 7log,(x) — 9log,(x) + 2log,(x) =0

b log,(2x — 1) + log, (2x — 1)
=log,(2x — 1) + 2log,(2x — 1)
=3log,(2x - 1)

c log,, (x— 1) = 2log,,(x — 1)
=3log,,(x — 1) — 2log,,(x — 1)
=log,,(x—1)

4 a log,(256) + log,(64) — log,(128)

256 x 64
=logs { 55

=1log,(2 x 2%
= log, @)
=71og,(2)
=7
b 5log,(49) — 5log,(343)
= 5(log,(49) — log,(343))

= 5log, (%)

= 5log;, !
= —5log,(7)
=-5

6f 1
clog4< 64)

1
=log,((2)™)6
=log, (2)™'
= log, (4)7%

1
=73 log,(4)

1
=12, )

=log, (42
= —2log,(4)
=-2
logs(32)
€ 3log(16)
_ log, (2)5
" 3log, (2)*
Slog,(2)
~ 210g,(2)
5
Y

. 6log, ({/})

log, (%)
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1
_ 6log, (x)3
B log, (x)5
_ 2log, (x)
" Slog, (x)
2

5
5 a log,(x —4) +log; (x — 4)
=log;(x —4) + 2log;(x — 4)
=3logs(x—4)
b log, 2x + 3)* — 2log,(2x + 3)
=3log,(2x + 3) — 2log,(2x + 3)
=log,(2x + 3)
¢ logs )+ log; )’ -5 logs(x)
= 2logs(x) + 3logs(x) — 5logs(x)
=0
d log,(5x + 1) + log, (5x + 1)* — log, (5x + 1)?
=log,(5x+ 1) + 3log,(5x + 1) — 2log,(5x + 1)
=2log,(5x+ 1)

6 a log,(125) =x

5 =125
5 =5
sx=3
b log,(x — 1) + 2 =log,(x + 4)
log,(x — 1) +2log, 4 =log,(x + 4)
log,(x = 1) +log, 4% = log,(x+4)
log,(16(x — 1)) =log,(x +4)
16(x—1)=x+4
l6x—16=x+4
15x =20

x==

3
¢ 3 (log,(x))* = 2 = 5log,(x)
3 (log,())* = 5log,(x) =2 =0
(31og,(x) + 1) (log,(x) —2) =0
3log,(x) + 1 =0o0r log,(x) =2 =0

1
log,(x) = -3 log,(x) =2
) 2=y
x=273 x=4

d log,(4x) + log,(x — 3) = log,(7)
log, (4x(x — 3)) = log,(7)
4x(x=3)=17

42 -12x-7=0
Cx-=72x+1)=0

7

xX==,-

7

NS

1. . .
x= ) isn’t a valid solution as x > 3.

Therefore, x = z

7 alog;(x) =35

3P =x
x =243

88 | TOPIC 4 Exponential and logarithmic functions ¢ EXERCISE 4.2

b log;(x —2) —log;(5 —x) =2

x—=2
10g3 (m) =2

x—2
3= 5—x
x—=2
TS5«
95 —-x)=x-2
45 -9x=x-2
47 = 10x
47
10
8 a log,(81) =x
3 =81
3 =3
x=4
b log, <L> =x
216
N 1
~ 216
6" =67
x=-3
¢ log (121) =2
¥ =121
P =117
x=11
d log,(—x) =7
27 = —x
128 = —x
x=-128
9 alog,2x—1)=-3
e =2x—1
e 4+1=2x
X = % ((3_3 + 1)
b log, <1> =3
X
log(,(x)_1 =3
—log, (x) =3
log, (x) = -3
x=e3
¢ log;(4x—1)=3
P =dx-1
274+ 1=4x
28 =4x
x=17
d log,(x) — log;y(3) = log;,(5)
log, (%) =log,((5)
X
§ =5
x=15

e 3log,,(x) +2 = 5log,,(x)
2 = 5log,,(x) — 3log,,(x)
2 =2log,,(x)
1 =log,,(x)
x=10
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f log, (x*) —log,, (x2+ 2) =log,, (x +3)

X
log,, (m) =log,, (x +3)
2

= 3
x+2 Xt

X=x+3)x+2)
X=x>+5x+6

0=5x+6
=0
5

10 a 2log,(x) —log, (2x — 3) =log, x — 2
log, (x)* —log, 2x — 3) = log, (x — 2)

2
X
loge (ﬁ) = loge (X— 2)

x2

2x-3
¥ =x-2)2x-3)
X=22-Tx+6
0=x*-7x+6
0=(x—-1(x=-6)
x=1 x=6

b log,,(2x) —log,,(x — 1) =1

2x
! — ) =1
Og]O <X—1>

2x

10=x—1
10(x—1)=2x
10x — 10 = 2x
10x —2x =10
8x=10

=x-2

X = -

4
¢ log,(x) + 2log;(4) — log,(2) = log,(10)
log,(x) + log; (4)* — log,(2) = log,(10)
log,(16x) — log,(2) = log,(10)

16x
log, (7) =log;(10)
8x =10

x==

4
d (log,(x) (log,y (x)*) = 5logo(x) +3=0
(log,p(x)) (210gy(x)) — 5logy(x) +3 =0
2 (log,p(x))* = Slog () +3=0
Let a = log,,(x).
2a* -5a+3=0
(2a—-3)a-1)=0
Substitute back for a = log,,(x).
(21og,o(x) = 3) (logy(x) —=1) =0

2log,,(x) =3=0 or log,,(x)—1=0
2log,(x) =3 log,,(x) =1
log,,(x) = % 10" =x
3
x=102 x=10

e (log‘_,()c))2 =log,(x) +2
(log,(®)* —log,(x) =2 =0
(log,(x) = 2) (log,(x) + 1) =0

TOPIC 4 Exponential and logarithmic functions ¢ EXERCISE 4.2 | 89

log,(x) =2=0 or log,x)+1=0

log,(x) =2 log,(x) = —1
x=é x=¢"

1

xX=-

e
f logg(x —3) +logg(x+2) =1
loge(x —=3)(x+2)=1
6=x-3)(x+2)
6=x>—-x—06
0=x’—x—-12
O0=x—-4)x+3)
x—4=0o0rx+3=0

x=4 x==-3
Butx>3, ..x=4

log,,(9
11 a log,(©) = 2£10®
log,,(5)

lo 12

b log;(12) = %l)

2 log,, (5)

12 a i log,(12) = 1.2770 (using CAS)
1
ii log, <Z) = —1.2619 (using CAS)

b z=log;(x)
F=x
i 2x=2x%x3°
log,(27
i log,(27) = 2D
’ log(x)
_log; (3)°
B log;(x)
_ 3log;(3)
- log;(x)
3

13 a log,(7) = 1.7712

1
1 — )| =-6091
b 0g2<121> 6.9189
14 If n —logs(x), then 5" = x.

asSx=5x5"=5"

b log, (5x7) =logs (5% (5")*)
=log; (5% 5™)
= log, (5)2+!
= (2n+ 1)logs (5)
=2n+1

¢ log (625)

_ logs(625)

B logs(x)
logs (54)

=—

4
n
15 a ® -3 =1log,(2x+ 1)
Solve using CAS.
x = —0.463, 0.675
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bx—-1= log,(x) b If x = log,,(m) and y = log,, (n), then 10" = m and 10" = n
Solve using CAS.
x=0451, 1 1001 100 (10°)?
log,, - log,, - 1
Solve using CAS. 10% % 10%
x=1.5518,1.4422 =logy| ——
17 a log,,(y) = 2log,, 2 — 3log,,(x) 10% x 102
3
log,,(y) = log,, 22; log,, ®? ~log 10 x 107y
log,,(y) = logy, B 10 105«
3y N
y=2 = log,, (102*7 : >
X

b log,(y) = =2 + 2log,(x)

3
- (2 + 2 Sx) 1og;(10)
log,(y) = 2log,(x) — 21og,(4) 2

log,(y) = log, (x)* — log,(4%) -4 3 Sx
log,(y) = lo 2 . 2
8=\ 16 21 a 13 +log, (0.2* )>7
y=x 2 log, (0.2) > —6
16 L 6
P 0
18 a log, 3xy) = 1.5 log, (0.2)
3 6
logy (3xy) = = log, 9 3/ _
’ 27 * <\ Tiog, 02)

x < 4.0956

3
log, (3xy) =log, (3%)2
b (20s69) =9

logy (3xy) = log, 3*

3xy =27 23 log4(5x) _ 9
xy=9 4%X3lug4(5x) -9
9
y=- 3
X 10g4[(5x)2]
2 4 =9
b log, <l> +2 =1log, (2) .
2yx (502 =9
logg <;> + 2logg (8) = logg (2) 2
3
2% ) x= 2 =0.8653
logg [ == | + logg (8)* =1log (2) 5
Y 22 a Lety = f(x).
logg (@) =logg (2) Switch x and y to find an inverse.
Y x=e" 42
128x=2 P
y
y = 64x log, (v=2) =2y
19 8log,(4) = log,(x) 5 log,(x—=2) =y
8log,(4)  log,(x) 1 |
log, @)  log,(2) f )= 3log, (x-2)

8log,(4) xlog,(2) = [logz(x)]2

The domain of ! (x) is the range of f(x), which is [2, o).
81og,(2%) x log,(2) = [log,(x)|’

1
1610g,(2) X log(2) = [log, ()] b f(F @) = 02 1o
16 = [logz(x)]2 _ elog((x—Z) +2
log, (x) = +4 =x-2+2
x=24 2;4 —
=16, 1 5}_\
20 a 3log,(x) =3log,(27) 4
3log,,(x) = 3log,,(m) + log,, (3)° 37
3log, (x) = 3log, (m) + 3log,,(3) 27
log,, (x) = log,,(m) + log,,(3) B _
log, (x) = log, (3m) -_'110_ 12345"
x=3m (
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e (= @) = er—%loge<2x—2) +2

—e log, (2x—2)

+2

1
log,,( __ >
=e 242

130 = 101og,, (TI_IZ>
13 =log,, (1x 10")
13 =log,,(]) + log,, (10)"
13 =log, (/) + 121og,, (10)

1 13 =log, (D) + 12
=552 13 = 12 = log,, (1)
1 2(2x—2) 1 =log,,(D)
T 2x-2 2x-2 I=10
_ 4x -3 The intensity is 10 watt/m?.
2x—2

1
2 L= 1010g]0 <W)

When I = 10*,

10*
L= IOIOgIO (W)

L=10log,, (10* x 10'*)
L=10log,,(10)'

4.2 Exam questions

1 2log,(x+5)—1log, x+9)=1
log, (x+5)?% - log, (x+9)=1

<(x+ 5)2)
log, =1
x+9 L=160log,, (10) = 160dB
(x+5)° —al =9 Loudness is 160 dB.
x+9 3 pH = —log,, [H']
(x+57=2(x+9) When H* = 0.001,
x* +10x+25=2x+18 pH = —log,,[0.001]
2 4+8+7=0 pH = —log,, (10)~
G+7Ex+1)=0 pH = 31log,,(10) = 3
x=-7,x=—1butx> -5 Lemon juice has a pH of 3, which is acidic.
4 a pH = —log,, [H+]

x =—1only

Award 1 mark for using the correct log laws. When pH = 0,
Award 1 mark for solving. 0=—1log,, [H+]
Award 1 mark for only one correct answer. 0 =log,, [H*]
VCAA Examination Report note: 10° = [H*]
Students confidently attempted this question; however, many 1 mole/litre = [H*]
incorrect uses of the logarithmic laws were observed. Those b When pH = 4,
who did end up with the appropriate quadratic equation and 4=—log [H+]
solved it correctly did not always check the validity of their oL
answers; these students failed to reject the solution x = —7. —4 =logy [H ]

2 log,(n+1)=x,xeZ" 107 = [H+]

0.0001 moles/litre = [H|
¢ pH = —log,, [H*]

log, (n+1) =k kez*
n+1=2n=2k-1

The correct answer is B. When pH = 8,
3 By the change of base rule: 8 = —log,, [H*]
log, (b) = ——— -8 =log,, [H*]
log, (a) 1078 = [H*]

IR
log, (x) = log, ()

The correct answer is D.

107* moles/litre = [H*]
d pH = —log,, [H']
When pH = 12,
12 = —log,, [H|
—12 =log,, [H]
10712 = [H*]
107"* moles/litre = [H*]
5 a pH = —log,, [H]

[H*] = 0.000015 8 moles/litre
pH = —log,, (0.000 015 8)
pH=4238

The hair conditioner has a pH of 4.8, which is acidic.

log, (v) + log, (2) =

4.3 Logarithmic scales

4.3 Exercise

1
1 L= 1010g10 (w)
When L = 130dB,
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b pH = —log,, [H']
[H*] = 0.000002 75 moles/litre
pH = —log,, (0.000 002 75)
pH = 5.56

The shampoo has a pH of 5.56, which is acidic.

6 a M =0.67log,, (g)

If M =55and E = 10, then

13
5.5=0.67log,, (%)

13
8.2090 = log,, (%)

10842090 — E
K

103
= 108-2090

K =10*"1" = 61 801.640
Thus, K ~ 61 808 J.

E

M=0.671 -

b 0.6 ogIO(K)
When M = 9and E = 10",

17
9=20.67log,, (%)

13.4328 = log,, (10)"7 — log,,(K)
log,,(K) = 171log,,(10) — 13.4328
log,,(K) = 17 — 13.4328
log,,(K) = 3.5672
103.5672 =K
K =3691.17]

E
M=0.671 -
c 0810 (K)
When M = 6.3,

6.3 =0.67log,, <E;(3 )

63 o Ess

067 80\ k

Es3

9.403 =1 —_—
ogl() ( K >

Es3
100403 _ £63
K
252911074 K = Eg3
When M = 6.4,

6.4 =0.67log,, (E;(“)

ﬁ—lo &
067 B0\ g

9.5522 = log,, (%)

1095522 — Esa
K
3566471 895K = Es4

E¢4:Ec3 =3566471895 K : 252911074 K

=1.4101:1

The magnitude 6.4 earthquake is 1.41 times bigger than the
magnitude 6.3 earthquake.

1 1
7 L=10log,, <E> = 10log,, <107_12>

If I =20,

20
L= lOlOglO <W>

L=10log,, (20 x 10"?)

L=10log,, (2% 10")

L=10log,, (2) + 10log,, (10")
L=10log,,(2) + (13 x 10) log,, (10)
L=10log,,(2) + 130
L=133.0103dB

If 7 = 500,

500
L= 1010g]0 <w>

L=10log,, (5% 10°x 10"%)

L=10log,, (5% 10")

L =10log,,(5) + 10log,, (10)**

L=101log,,(5) + (10 X 14)log ,(10)

L=10log,,(5) + 140

L =146.9897dB

A 500-watt amplifier is 146.9897 — 133.0103 = 13.98 dB

louder than a 20-watt amplifier.
8 a N =0.5N,

0.5Ny = Noe™
Ly
5=
lo L —mt
g, 5=
log, Q) '=—mt
—log,(2) = —mt
log,(2) = mt
log,(2
t= ﬂ as required
m
b N(f) = 0.3Ny
When t = 5750 years,
log,(2
5750 = ﬂ()
m
5750m =log,(2)
log,(2)
= ——=10.000121
5750

0 3N() — Noe—O.OO() 121

03 = e—OAOOO 121

log,(0.3) = —0.000 121¢
log,(0.3)
—0.000121 —

t=9987.55
The skeleton is 9988 years old.

9 m; —m; = 2.5]0g10 (?)
2

Sirius: m; = —1.5 and b; = -30.3
Venus: my = —4.4and b, = ?
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—4.4 — (=1.5) =2.5log,, (%)
2

-2.9=2.5]log, <ﬂ>
b>

=29 _ (=303

25 o8\ Ty,

—1.16 =log,, <$>
2

_116  —30.3
10 =

-30.3
10-116
_ =303
7 0.0692

= —437.9683

The brightness of Venus is —437.97.

by =
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4.4 Indicial equations

4.3 Exam questions

1 n=12001log,, (?) [1 mark]
1

fi =256, fr, =512

n=12001log,, (%)

n =361 cents [1 mark]

1
2 L= lOlOg,O (1()7_”)
.22 rifle:

I=(25%10")1I
=25x 10" x 107"
=25x%x10 [1 mark]
L=10log,, <72'150>f130>
L =10 (log,, (2.5 % 10) — log,, (10)™"?)
L =10 (log,, (2.5) +log,,(10) + 121og,,(10))
L =10 (log,, (2.5) + 13)
L=133.98 [1 mark]
The loudness of the gunshot is about 133.98 dB, so ear
protection should be worn. [1 mark]

E
3 M=0.671 -
0810 <K>
San Francisco: Msg = 8.3

SF

8.3 =0.67log,, (E?) [1 mark]

12.3881 = log,, (ﬁ)

K
10123881 _ Esr (1 mark]
K
South America: Msa = 4EgF
Msa = 0.67log,, <4‘?F> [1 mark]
E
Substitute 102! = %

Msa =0.67log,, (4 % 1012.3881)
=87 [1 mark]

The magnitude of the South American earthquake was 8.7.

4.4 Exercise
1 a 3% %277~ =81
32x+1 x (33)271\' — 34
32ty 36-3r _ 3¢
37-x _ 3
Equating indices,
T—x=4
x=3
b 10*'-5=0
102l = 5
log,,(5) =2x—1
log,,(5) + 1 =2x

1 1
x= 3 log,,(5) + 5
c 4 -1604"+3)=0

4“-16=0 or 4+3=0
4" =16 4"=-3
4 = 4* No solution
x=2

d 2(10%)-7(10%+3=0

21072 = 7(10 +3 =0

(2(10)° = 1)((10)* =3) =0
210 —1=0 or (10=3=0
10" = % 10°=3

1
x =log,, <§> x =log,,(3)

’ 1
2 2A+3 =
a 64

2x+3 — i

64
2X+3 — 2—6
Equating indices,
x+3=-6
x=-9
b 2% -9=0
2% =9
log,(9) = 2x

0

X = %10g2(9)
[ 3¢ =5 -2=0
3(e)—5¢"-2=0
B+ 1) =2)=0
3¢ +1=0 or ¢—-2=0

3" = -1 e'=2
No solution x=log,(2)
d ¥ —-5¢"=0
e -5=0
=0 or ¢-5=0
No solution =5
x=log,(5)
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3a7?!=5
log,(5) =2x -1
log,(5) +1=2x
1 1
x= 3 log,(5) + 3

b3 -93-1)=0
3-9=0 or 3-1=0

3=9 =1
3,3(:32 3X=30
x=2 x=0

¢ 25-5-6=0
(5°)"=5"-6=0
5 -5-6=0
(5"-3)(5"+2)=0

5=3=0 or 5+2=0
SX = 3 SX = —2
logs(3) =x No solution

d 6(9%)-19(99+10=0
692 =199 +10=0
BOHY-2)2OH-5=0

39-2=0 or 2099-5=0
39=2 209 =5

X _g X _é
(9)—3 ®)=3

x =log <2)
=log, | =
3

4 alex2¥3 =8g%
24 X 22x+3 — 23(—2x)
22x+3+4 — 2—6x

2x+7=—6x
8x=-7
U
T8
b 2x3*' =4
3x+1 =2
log;(2)=x+1
x=logs(2) -1
10
c 2(5% — 12=—§

259 - 12(5%+10=0
Y -6(5)+5=0
G"-1DGE-5=0

5—-1=0 or 5-5=0

5'=1 5'=5

5 = 50 5 = 51

x=0 x=1
d 4x+1 - 31—.’(

log, (4y*! =log, 3)'™
(x+ Dlog, (4) = —x)log, (3)
xlog, (4) + log, (4) = log, (3) — xlog, (3)

x=10g9<

5

2

)

xlog, (4) + xlog, (3) =log,(3) —log,(4)
x (log, @) + log, (3)) = log, (%)

Lo Toe(3)
log, (4) + log, (3)
L loe (5)
log, (12)
5a202""-3)+4=0
2(27'-3)=—4
2l _3=22
2=
2):—1 =20
x—1=0
x=1
b2(57%)-3=17
2(5'"™) =10
5 =5
51—2)5 =51
1-2x=1
0=2x
x=0
6 a &r-2=17
&2=9
log,(9) =x—-2
log,(9) +2=x
log, 3)* +2=x
x=2log,(3) +2

log,(2) =

x=4log,(2)
c ¥ =3¢
¥ -3¢ =0
e -3)=0
=0 or ¢&-3=0
e'=3

x=log,(3)

No solution

de’ +2=4
ex2=2
x* =log,(2)
x=/log, @
7 a F=e+12
X —e—12=0
(€)P—(H-12=0
(=4 +3)=0
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ef—4=0 or e +3=0 =x'- -
=4 e&f=-3 I=51
log,(4) = x log,(~3) = x e
x+1—x
2log,(2) =x No solution X+
b ¢ =12-32¢" ol +
e —12+327=0 +
@) - 12()+32=0 =1 s
(" —4) (e —8)=0 ’1‘
e—4=0 or e—-8=0 =;—x—1
=4 e'=8 2
3—4x —4x+3 X7
log,(4) =x log,(8) =x b 3—dx 2 —4:33 - 6);2 -
log. (2} = x log (2%) = x 27X 3T (2x3) =1
g Ee 3=dx g 3det o 7 x 3.:2 -1
2log,(2) =x 3log,(2)=x -

C—dxd3 |, a P —det3 _
ce2x_4=28x 2 X 3 =1

22— 4 =0 65443 — g0

2
R /—(_2)2_4(1)(_4) x*—4x+3=0
€ = 5 x-—Dx-3)=0
21‘/20 x—1=0 or x—3=0
e =T x=1 x=3
m—kx __
212\/5 10 a ¢ =2n
= > m — kx = log,(2n)
B —kx =log,(2n) — m
e =1%5 _ log,@n)—m
x=log€(li\/§> = —k
-1 2
Therefore,x:loge<l+\/§> asl—\/gfo =%gf(n),keR\{O},neR+
-5
de'—12=— b 8™ x4"=16
ezx_ ]2eX+5 -0 23171,\')(22(2/1) =24
3mx+4n 4
12441400 5) =2
e = 5 3mx+4n=4
3mx=4—4n
oo 125V144-20 4 dn
- 2 x= , meR\{0}
3m
. 12+4/124 c 2¢™ =5+ 4e™™
2 2™ =5 —4=0
oo 12£2V31 g IEV(5)? — 44
2 - 2(2)
Y =6+
¢ =6£V3l e STV 32
x=log, (64/31) M=
8 (logy(dm))* =250 e 3EV57
log,(4m) = £5n ¢ T3
37" = 4m or 3" =4m o SHVST
1 3" M=y e >0
BEREVET S
5+V57
9 a 1! I mx = log, 1
1-—
1+4x —
Yl 1 x:lloge<5+ 57), mée R\ {0}
= - m 4
1-71
1”; 11 a2"<03
=x"'- - log,(0.3) < x
11— —1.737 > x
x<—=1.737
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b (0.4 <2
log,,(2) < x
—0.756 < x
x> —0.756
12 y = m(10)"
When x = 2, y = 20,50 20 = m(10)*".

When x = 4, y = 200, s0 200 = m(10)*".

[2] = [1]:

200 m(10)"
20 T m(0)>
10 =10
log,((10) = 2n
1=2n
1
=2

Substitute n = % into [1]:

20 = m(10)° (3)

20 = 10m
m=2
13 y=ae™
When x =2, y =3.033.
3.033 = ge™* [11
When x = 6, y = 1.1157.
1.1157 = ae™% 2]
[11 +[2]:
3.033  qe®
11157 aeo
2.7185 = ¢*

log, (2.7185) = 4k
% log, (2.7185) =k

k=0.25
Substitute k = 0.25 into [1]:

3.033 = qe~ 20

3.033 = qe %
3.033
05
a=5

14 A= Pe"
When t =5, A = $12 840.25.
12840.25 = Pe™ [1]
When 1 =7, A = $14 190.66.
14190.66 = Pe™" 2]

[2]+[1]:
14190.66 _ Pe’”

12840.25 = Pe'r
1.1052 = ¢*

log, (1.1052) = 2r

%loge(l.1052)=r

0.05=r
r=5%
Substitute » — 0.05 into [1]:
12840.25 = P>
12840.25
N5 P
P =3%$10000

(1]
(2]

4.4 Exam questions
1 y=ada"% 42

y— 2= ah—4x
log,(y —2)=b—4x

4x=b—log, (y—2)
1
x=—(b-log, (y-2))

4
The correct answer is A.
2 3¢'=5+8e" . .
Letu=¢é": e'=—=-
e u
3u=5+§
u
3u* = 5u+8
3 —5u—-8=0
Bu—-8)u+1)=0
u=e’=§oru=e’=—1 (no solution)

t=log, <§>

Award 1 mark for solving for u.

Award 1 mark for rejecting one of the solutions.

Award 1 mark for the correct final value.

VCAA Assessment Report note:

This question was not answered well. Many students were
unable to create the quadratic equation evolved from
manipulating e~'. Many students solved via the quadratic

formula rather than using simpler factorising techniques. The

feasibility of only one answer was generally well handled.
3 23x—3 — 82—x

03x=3 _ (23)2—X

=26—3X
3x—3=6-3x
6x=9
3
T2

Award 1 mark for correct manipulation of indices.
Award 1 mark for the correct answer.

VCAA Assessment Report note:

Some students chose to work with a common base of 8.
Students are reminded to simplify their final answer,
especially for fraction answers.

4.5 Logarithmic graphs

4.5 Exercise

1 a The graph cuts the x-axis when y = 0.
log,(x)+3=0
log,(x) = -3

x=e3
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Whenx=1,y=1log,1+3=3.

YA
y=1log, (x)+3

x=0

b The graph cuts the x-axis when y = 0.

log,(x) —=5=0
log,(x) =5
x=e

YA y=log, (x)-5

A

0 (€, 0) *

\
x=0

¢ The graph cuts the x-axis when y = 0.

log,(x) +0.5=0

log,(x) = —0.5
=05
Whenx =1,y =log,(1)+ 0.5 =0.5.
YA

y=log,(x) + 0.5

Y
x=0

2 a The graph cuts the x-axis when y = 0.

log,(x—4)=0
L=x—4
1=x-4
x=5

When x = 10,

=Y

TOPIC 4 Exponential and logarithmic functions ¢ EXERCISE 4.5 | 97

y =log,(10 — 4) = log,(6).
YA i y =log, (x—4)
(10, log, (6))

<Y

Y

x=4
b The graph cuts the x-axis when y = 0.
log,(x+2)=0
L =x42
lxx+2
x=-1
When x =0,
y =1log,(0 +2) = log,(2).

A
m
(0, log, (2))
(-1, 0),

Y

¢ The graph cuts the x-axis when y = 0.
log,(x+0.5)=0

L =x+0.5
1~x+0.5
x=0.5

When x =0,
y =1log,(0 + 0.5) = log,(0.5).
)

i

|

|

|

|

i

i

! .

: 0 / X
|

! (0, log, (0.5))
|

i

|

|

|

i

A
x=-0.5
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3 a The graph cuts the x-axis when y = 0.

4 a The graph cuts the x-axis when y = 0.
1 -
—log,(x)=0 log,(3x) =0
4 & =3x
log,(x) =0 1 =3x
& =x 1
x=1 x= 3
The graph does not cut the y-axis. The graph does not cut the y-axis.
YA YA
1 y =1log,(3x)
y = glog,(x)
a, ‘0%—» /
< 0 :x < :x
°| 5.9
\
x=0 \
b The graph cuts the x-axis when y = 0. x=0
3log,(x)=0 b The graph the cuts x-axis when y = 0.
log,(x) =0 lo (X> _
g \7 )= 0
& =x 4
x=1 = ﬁ
The graph does not cut the y-axis. X
vy 1==
y = 3log, (x) :‘
X =
The graph does not cut the y-axis.
YA
S0 6 y=log, (%
4, 0)
-
0 X
A
x=0 xlO
¢ The graph cuts the x-axis when y = 0. ¢ The graph cuts the x-axis when y = 0.
6log,(x) =0 log,(4x) = 0
log,(x) =0 & = dy
& =x 1 =4x
x=1 1
The graph does not cut the y-axis. =7
YA The graph does not cut the y-axis.
YA
y = 6log,(x) y = log, (4x)
1,0 < >
-5 > O /0.25,0) x
\
x=0
Y

5 a The graph cuts the y-axis when x = 0.
y =log,(4)
Domain = (—4, o) and range = R
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)
y=log,(x +4)

(=3.0)

N/

Y

[=]

A
x=-4

b The graph cuts the x-axis when y = 0.
log,(x)+2=0

log,(x) = -2
x=e?
When x =1,
y=log,(1)+2
=2
Domain = (0, o) and range = R
YA
y=log,(x) + 2
(1,2)

o [z ¥

Y
x=0
¢ The graph cuts the x-axis when y = 0.
4log,(x) =0

log,(x) =0
L =x
x=1
When x = 2,
y =4log,(2).
Domain = (0, o) and range = R
YA
y =4log,(x)
/@;»
< 0| /(1,0) £
Y
x=0
d The graph cuts the x-axis where y = 0.
—log,(x—4)=0
log,(x—4)=0
S =x—4
1+4=x
x=5
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Domain = (4, ) and range = R
YA

y=-log, (x~4)

(5,0

>
>

X
(6, -log, (2))

6 ay=log;(x+2)-3
The graph cuts the x-axis when y = 0.
log;(x+2)—-3=0
log;(x+2)=3
P=x+2
27=x+2
x=25
Domain = (-2, o) and range = R
YA

y=log;(x +2)-3

50 ¢
X

(0,1ogz(2) -3)

:
|
|
|
|
I
i
|
|
l
0
|
|
|
I
i
|
|
|
|

Y
x=-2
b y=3logs(2 —x)
The graph cuts the x-axis when y = 0.
3log;2—-x)=0

log;(2—x)=0
3¥=2-x
x=2-1

x=1

Domain = (—o0, 1) and range = R
Ry
y=23logs(2-x)

<

1,0

;J

:
|
|
|
|
|
|
|
:

o \ i
|
|
|
|
|
|
|
|

x=2

¢ y=2log,(x+1)
The graph cuts the x-axis where y = 0.
2log,(x+1)=0
log,((x+1)=0
10°=x+1
x=0
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Domain = (—1, c0) and range = R )
YA

y=2logjo(x + 1) y =log, (2x + 4)

/‘ ©. log, (4))

|

1

1

1

1

|

i 1, 2log; (2))
/10,0 X
i

1

1

1

1

1

]

/_1.5, 0y !
\
x=-2
¢ The graph cuts the x-axis when y = 0.
( 1 x _
= Eloge<1>+l—0
1 X
—x =_
dy=log, (") yloe(3)=-1
The graph cuts the x-axis when y = 0. X\ _
log, (5°) =0 e (3) =2
2> 2 - e_2 _ ‘E
i 4
2 x=4de?
x=-2 The graph does not cut the y-axis.
Domain = (—o0, 0) and range = R YA
YA )
y= %Iogy(%)+ 1
y=log, (7%) B (43?2, 0) _
0 X
‘\(_2’ 0)
1.-nx’ '
\
x=0
X=0 8 y=log,(x—m)+n
. The vertical asymptote is x = 2, so m = 2.

y=log,(x-2)+n
Whenx=e+2,y=3
3=log(e+2-2)+n
3=log,(e)+n

7 a The graph cuts the x-axis when y = 0.
1-2log,x—1)=0
2log,x -1 =1

loge(x—l)zé 3=1+n
1 n=2
e2=x-1 y=log,(x—-2)+2
r=14e% 9 y=alog, x—h)+k
. The graph asymptotes to x = —1,
The graph does not cut the y-axis. o hgz El an}(]i ypz alog, (o4 1)+
YA i The graph cuts the y-axis aty = —=2.
: 0,-2)=> —2=alog, (1) +k
: k=-2
i y=1-2log, (x-1) sy=alog, (x+1)—2
: The graph cuts the x-axis at x = 1.
4 ! (€3 +1,0) _ (1,0) > 0=alog, (2) -2
0 : \:f 2=alog, (2)
i 2
SN “Zlog, @
b The graph cuts the x-axis when y = 0. Thus, y = 2 log, (x+ 1) — 2.
log,(2x +4) = 0 log,(2)
¢ o 10 y=plog,(x—¢q)
e =2x+4 Whenx =0, y = 0.
1-4=2x 0 =plog,(—q) [1]
P Whenx = 1, y = —0.35.
2 —035=plog(1-q) 2]
The graph cuts the y-axis when x = 0. From [1]:
log 2(0)+4) =y 0 = log,(—q)
y=log,(4)
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== Substitute m = 4§1 into [1]: 3= % log, (—2n)
q=-1 12
Substitute ¢ = —1 into [2]: 5= log, (—2n)

-0.35 =plog,(1 = (-1)) 12

—0.35 = plog,(2) 25 ==2n

035 B
log,2 7’ 25

T 2
P= 20T0g,2) ]
- 7

The correct answer is D. Thus, m = 1.25 and n = —25 as required.

11 a y =alog, (bx)

Whenx =1, y = log,(2).

log,(2) = alog,(b) [1] 4.5 Exam questions
Whenx =2,y=0. 1a y
0 = alog,(2b) [2]

(2] - [1I:
0 —log,(2) = alog, (2b) — alog, (b).

—log,(2) = a (log, (2b) — log, (b))
—log,(2) = alog, <%> y=f()
—log,(2) = alog, (2)

log, (2) 1,00 \0 x
_loge 2) =4

a=-1
Substitute a = —1 into [1]: Award 1 mark for correct curve and labelled asymptote.
log,(2) = ~log, (b) b 0
log, (2) = log, (b)™' i
log,(2) =log, <%) i
1 ix=1
I
2 = - I
’ |
_1 Poy=fa-1)
b= E i /
3 o /20 *
b Whenx = 3,w = —log, 5= —0.4055. |
|
12 y = mlog,(nx) i
Whenx = -2, y=3. |
3 = mlog,(-2 1 5
mlog, 1 ") 1 [ Award 1 mark for correct curve and labelled asymptote.
Whenx=—--,y= —.
2 2 ¢ y
1 n
s=mlog, (-2) 121 x=0 R
T =it
(11— 121 —
1 0
3 — = = mlog,(~2n) — mlog, (-f) 2.0 x
2 2
5 n
S=m (10g2(—2n) ~log, (—5 ))
% =m (10g2 (—2n - _g )) Award 1 mark for correct curve and labelled asymptote.
2 f(x)=—log, (x+1)
% = mlog,(4) The correct answer is E.
% = mlog, (2)°
% =2m
oS
T4

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



102 | TOPIC 4 Exponential and logarithmic functions ¢ EXERCISE 4.6

3 The graph shown is y = log, (1 — x). It has domain (-0, 1) A
and range R.

Ry

=
1l
—_

0,0

Y

Y y=-2¢"-3

Domain R, range (—o0, —3)
by=4e* -4
Asymptote: y = —4

\

Hence,a=—-1and b = 1.

The correct answer is D. y-intercept: let x = 0.

ny=4e" -4
. sy=0
4.6 Exponential graphs (Oy 0)
4.6 Exercise The origin is alsc]) the x-intercept.
1 f0) = —10° Point: letx:—g.
a fi2) = —10° Sy=4e—-4>0
=—100 }‘:46 3,\74
b The graph of y = 10" contains (0, 1) and (1, 10).
The graph of y = —10" contains the points (0, —1) and
1,-10). (0, 0)
The graph of y = 107" contains the points (0, 1) and
(-1, 10).

(-1, 10)

v =10 Domain R and range (—4, ©).
’ cy=5¢"2
Asymptote: y =0
There is no x-intercept.
y-intercept: let x = 0.

A

Sy=5e72
(0,5¢7%)

Point: let x = 2.
Sy=5¢

sy=5
1 X
¢ y = 107" can be expressed as y = (E) ory=0.1% 2,5)
y
2ay=-2-3
Asymptote: y = =3
y-intercept: let x = 0.

ny=-2¢"-3

Ly=-5 0.5¢%) y=0
0,-5) - Ol “x
There will not be an x-intercept.

Domain R, range R*
4
3 a y= g x 10*
Asymptote: y =0
y-intercept: let x = 0.
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4 4 2\
=_x10"=- =—(z
Y= TS 4= <3>
<0 4_1> Asymptote: y = 0
5 y-intercept: let x = 0.
Point: letx = 1. y=_<g>0=_1
y=2x10 =38 3
5 ©,-1)
1,8 Point: letx = 1.
Y)

Asx — o0, y = 00.

y=3x47 Asx — 0,y > —©
A§ymptote.: ly = 0_ . 4ay=¢-3
Y -glt;r:efot._e; =0 Asymptote: y = =3
z} 0_3) - y-intercept: let x = 0.
0
s =e —3=-2
Point: let x = —1. io _2)
— I _ >
y=3x4 =12 x-intercept: lety = 0.
(-1,12) &f-3=0
" Let=3
L y=3 x4+ ~-x=log(3)
’ (log,(3),0)
V)
0,3) \
< -~
- 0 0 X 0
) =
\ (0,-2) L/ (log.(3), 0)
Asx — oo,y — 0. /
_x y=-3
y=—5x32 R Rt

Asymptote: y = 0
y-intercept: let x = 0.
y=-5x3"=-5
0,-5)

Point: let x = —2.
y=-5x3"=-15
(-2,-15)

The range is (-3, ).

by=-2e"-1
Asymptote: y = —1
y-intercept: letx = 0.
y=-2"-1=-3
0,-3)

No x-intercept
Y

Asx > o0,y — 0.

The range is (—oo0, —1).
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1
cyzze_4‘+3

Asymptote: y =3
y-intercept: let x = 0.

1
y=§eO+3=3.5

0,3.5)
No x-intercept
YA
y= %e’d“ +3
0, 3.5) b 5
y=3
< >

The range is (3, 00).
dy=4-¢~

Asymptote: y = 4

y-intercept: let x = 0.

y=4-¢"=3
0,3)
x-intercept: let y = 0.
4-¢¥=0
neF=4
.~ 2x =log,(4)

1
SXx= 3 log,(4)

1
( 3 log,(4), 0) or (log,(2),0)

- 0 “x
y=4- e

The range is (—0, 4).
ey=4e"%42
Ly=4"Y 402
Asymptote: y = 2
y-intercept: let x = 0.
y=4eS+2~201
0,4e7% +2)
No x-intercept
Point: let x = 3.
Ly=48+2=6
(3,06)

Y

(3.6

y=4e2642

(0, 4%+ 2)

The range is (2, 00).
_xt1

fy=1-¢ 2

a

Asymptote: y = 1
y-intercept: let x = 0.
y=1-¢"" %039

(0, 1 —e‘o's)
x-intercept: let y = 0.
_xt1
l—e 2 =0
_xt1
e 2 =1
_xt1
e 2 =¢°
x+1
- =0
2
Sx+1=0
Sox=-—1
(-1,0)

0,1-¢)

The range is (—o0, 1).

y=2e""—4

Asymptote: y = —4

y-intercept: let x = 0.

Ly=2e'-4

(0,2¢ — 4)

This point lies above the asymptote, so there will be an
x-intercept. Approximately, 2e —4 = 1.4.

x-intercept: lety = 0.

527 —4=0
n2e =4
sel =2

Convert to logarithm form.
1 =3x=log,(2)
S 3x=1-log,(2)

SoX= %(1 —log,(2))
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1
The x-intercept is <§(1 —log,(2)), 0>, which is
approximately (—0.1, 0).

1
Point: let x = 3

ny=2¢"—4
Sy=-=-2

()

by=3x2"-24
Asymptote: y = —24
y-intercept: let x = 0.

Ly=3x2"-24
=-21
0,-21)
x-intercept: lety = 0.
S3x20-24=0
n20=8
sx=3
(3,0
YA
y=3x2"-24
< G.9) >
0 X
0,-21
( ) v
Y

Domain R and range (—24, c0)
6 ay=ae"+D
From the graph, the asymptote isy =2, so b = 2.
The equation becomes y = ae* + 2.
The graph passes through the origin.
Substitute (0, 0).
n0=ac® +2
s 0=a+2
sa=-=2

The equation is y = —2¢* + 2 witha = =2,b = 2.

b y=ax10"
Substitute the point (4, —20):
=20=ax10% [1]
Substitute the point (8, —200):
5. =200 = a x 10% (2]
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Divide equation [2] by equation [1]:

. =200  ax10*
20 T ax 10%
s 10 = 10%
s1=4k

1
k==
4

1
Substitute k = 1 in equation [1]:

s =20=ax10'
sa=-=-2

The equation is y = —2 X 104.

7C

y=axe"
Substitute the point (2, 36):
n36=axe* (1]
Substitute the point (3, 108):
~ 108 =axe™ 2]
Divide equation [2] by equation [1]:
108 ax e*
36 axeX
3=k
s k=1log,(3)
Substitute & = 3 in equation [1]:
36=axe*
36 =ax ()’
~36=ax(3)
.36 =9a
sa=4
Answer: a = 4,k = log,(3)
8 afix)y=ae"+b
Asymptoteisy = 11so b = 11.
The equation becomes f(x) = ae* + 11.
The graph passes through the origin, so f{0) = 0.
nal +11=0
La+11=0
sa=-11
The rule for the function is flx) = —11e* + 11 with
a=-11,b=11.
The domain of the graph is R, so as a mapping the function
is written f1R — R, f(x) = —11e" + 11.
b y=Ae"+k
The asymptote is y = 4, so k = 4 and the equation becomes
y=ae" +4.
Substitute the point (0, 5):
S 5=a +4
SS5=a+4
sa=1
The equation becomes y = ™ + 4.
Substitute the point (—1,4 + ¢*):
A+l =44

net=e™"

S2=-n
Son=-=2

The equation is y = ¢™ + 4.
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ciy=2"+c¢
Substitute the point (0, —5):

-5=2"4¢ (1]
Substitute the point (3,9):

9=2"4¢ 2]
Subtract equation [1] from equation [2]:
S14=27" -2

L 4= %270 -2
Ll4=8x2" -2
L 14=7x27"

n2=2"

Sb=-1
Substitute b = —1 in equation [1]:
SLo=5=2+4c¢

se=-17

Hence, b = -1, c = —7.

ii The equation of the graph is y = 2! — 7. Its asymptote
is y = —7 and the given points lie above this asymptote.
Therefore, the range of the graph is (-7, o).

diy=4c"2+B
The long-term behaviour x - —o0, y = —2 means there

is an asymptote at y = —2.
Therefore, B = —2 and the equation becomes
y=Ae"? 2.
Substitute the point (2, 10):
S 10=Ae" -2
LA=12

Answer: A =12, B=-2
ii The equation is y = 12¢"™% — 2.

Substitute the point <a, 2 <g - 1)):
n2 <§ - 1) =122 -2
e

12e7 —2=12e"7 -2
el =2
SLa—-2=-1
sa=1
9 a flx) =2log,(3x +3)
Domain = (-1, o) and range = R
Inverse: swap x and y.
x=2log,3y+3)

L =log, By +3)
2
e%=3y+3
e2 =3 =3y
1
y—§e2—1
=t -1
3

Domain = R and range = (-1, o0)

b fix) =log, 2(x—1)) +2
Domain = (1, o0) and range = R
Inverse: swap x and y.

x=log, 2(y-1)+2
x—2=log, 2Q(y—-1)

er=20-1)
%e“z =x-1
1
x= Eex_z +1

= %e)“z +1
Domain = R and range = (1, o)
¢ flx) =2log,(1-x) -2

Domain = (—o0, 1) and range = R

Inverse: swap x and y.
x=2log, (1 -y)—2
x=2log,(1—y)—2

x+2=2log,(1-y)

%(x +2)=1log, (1 -y)

X
20 1 _

y

y=1- e%(x+2)

|
fle=1-a""
Domain = R and range = (—o0, 1)

10 a YA

b YA :
! 3.68, 3.68
! ( )\
Iy =1log,2(x— 1) 4+ 2)
|
%e""2+l
o
~ o _____.y=1
]
]
]
|
0 Nl >
e i (Le’2+l,0)
A | ! 2
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\ i
y=2log,(1-x)-2 (1-¢0) i y=x-
]

2,0y~

-7 170.81,-0.81) 25+
4 x=1
11 The domain is R for both fix) = 2* and g(x) = 27"
=>drnd, =R
The domain of f— g is R.
y=(-8x
= flx) — g&)
=¥ _
To sketch the difference function, sketch it as
y = f(x) + (—g(x)) and add y-coordinates.
X -1 0 1
fx) 1 1 2
2
—g(x) -2 -1 1
2
fo)+ gy | —12 0 1
2 2

As x — oo, the graph of f dominates and as x - —oo, the
graph of —g dominates.

y=-gx)

0,-1

The range of the graph is R.

12 Draw the graphs of y; = ¢" and y, = ¢~ on the same of axes

and add their ordinates.

V)

4.6 Exam questions
1 £iR" - R,f(x) = klog, (x), kER
[f=8sf® =1
F(®)=klog, (8) =1

log, ) = 7
2%:8:23
k=3

The correct answer is B.
2 For the function f, y = 3 is a horizontal asymptote that crosses
the y-axis at (0, 2).
The inverse function f~' has x = 3 as a vertical asymptote that
crosses the x-axis at (2, 0).
The correct answer is E.
3 Allof A, B, C, and E are true, and D is false when
y=0.

1 1
2—e"‘=0=>e"x=20re"X=E,sox:loge <§>

YA

/
The correct answer is D.

4.7 Applications

4.7 Exercise

1 A=Pe"
Western Bank: P = $4200, r = 5% = 0.05s0A = 4200¢"%"
Common Bank:
P =$5500, r = 4.5% = 0.045 so A = 5500
Investments equal in value when

%5500
£0.045¢ - 4200
55
0.005r __ 29
AT

log, (%) = 0.005¢

log, <55> +0.005=1¢

42
t=53.9327
It takes 54 years for the amounts to be equal.
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2 A=Pe" s
When ¢ = 10, P = $1000 and r = — = 0.05,

100
A = 1000”719
A=$1648.72
3 aA=P

A=3P,t=15
3P = Pe'™

3 — elSr

log,(3) = 15r

log,(3) _
15
r=0.0732

The interest rate of the investment is 7.32%.
b A = Pe”
P =$2000, r =4.5% = 0.045, A = $9000
9000 = 2000e"%
9000 _ 045t

2000

log, <%> = 0.045¢

log, <g> +0.045 =1
t=33.42

It takes 33 years and 5 months for the investment to grow to

$9000.
4 n(t)=log,(t+e>), >0
a Initially r = 0, n(0) = log, (¢*) = 2log,(e) = 2
Initially there were 2 parts per million.
b Whent = 12, n(12) = log, (12 + ¢*) = 2.9647
After 12 hours there are 2.96 parts per million.
¢ When n(t) = 4,
4=log, (t+¢°)
et=1+é
et —et=t
t=472
It takes 47.2 hours before the four parts in a million of
fungal bloom exists.
5aPl)=83-65""1>0
P(0) =83 — 65¢°
=18
There were 18 possums initially.
b P(1) = 83 — 65¢7%2
=~ 30
The population has increased by 12.
¢ LetP =36
236 =83 - 65¢7"%
56570 =47
. —02r _ 47
.e = %

s —02t=log, <2—;>

st=-=5log, (g—;)

~ 1.62
The population doubled in 1.62 months.

d P(H) =83 - 65¢%,t>0
Horizontal asymptote at P = 83. Points (0, 18), (1, 30) and
(1.62,36) lie on, or close to, the graph.
y

=)
<)

e The presence of the asymptote at P = 83 shows that as
t = oo, P — 83. The population can never exceed 83, so
the population cannot grow to 100.
P(#) = 200" + 1000
Initially ¢ = 0, so P(0) = 200° + 1000 = 1001.
When ¢t =8and P = 3 x 1001 = 3003,
3003 =200* + 1000
2003 = 200*
log,(2003) = log, (200)%
log,(2003) = 8klog,(200)

log,(2003)
log,(200)
log,(2003)
81log,(200)
k=0.1793
— 3 —kt _ _ 1
P = 7 (1—¢™) and when7=3and P = T500°
1 3 .
500 =2 (1 =¢)
4 -3k
=1 =e¢
4500 ¢
4
-3k _ 1 _
" =1- 150
e =0.999

log,(0.999) = -3k
—% log,(0.999) =k
k =0.0003

8 Q — Qoe—0.000 124¢

a When Qp = 100 and ¢ = 1000,
0 = 100¢0-000 124(1000)
Q=01

QO = 88.3 milligrams
1
b When Q0 = on =50,

50 = 100670000 124¢
0.5 = e—0.000 124¢

log,(0.5) = —0.000 124¢
log,(0.5)
-0.000 124
t =5589.897
It takes 5590 years for the amount of carbon-14 in the fossil
to be halved.
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9 W= Wy(0.805)
a When =10,
W = W5(0.805)' = 0.114 28 W,.
There are 0.114Wy words remaining after 10 millennia, or
88.57% of the words have been lost.

2
b W = =W, since one-third of the basic words have been lost.

%Wo = Wo(0.805)"

2
log, <§

2
1 z
Oge ( 3

log, <§> +1o0g,(0.805) =1t
t=1.87
It takes 1.87 millennia to lose a third of the basic words.
10 F(r) =10+ 2log,(t +2)
a When =0, F(0) = 10 + 2log,(2) = 11.3863.
b Whent =4,
F(0)=10+2log,(4 +2)
=10+ 2log,(6)
= 13.5835
¢ When F = 15,
15=10+2log,(t +2)

5=2log,(t+2)

= (0.805)
= log, (0.805)'

= tlog,(0.805)

S— —— W[

=log,(t+2)

| D

=t+2

x
(eI

5
e2—-2=t
t=10.18
After 10.18 weeks Andrew’s level of fitness is 15.
11 Q — Qoe—04000 124¢
When Q = 20% of Qyp = 0.2Q,,
0.200 = Qpe~ 000 124
02 = e—0.000 124¢

log,(0.2) = —0.000 124¢
log,(0.2)
-0.000124
t=12979
The age of the painting is 12979 years.

12 R(x) = 800 log, (2 + 2;‘—0) and C(x) = 300 + 2x

a P(x) = R(x) — C(x)

X
P(x) = 8001 (2 —)—300—2
(x) og, + 750 X

b When P(x) =0,
X
800 log, <2+ ﬁ) ~300—2x=0

800 log, (2 + 2;_‘—0) =300+ 2x

x=329.9728
x =~ 330
330 units are needed to break even.

13 a V=ke™
When ¢ = 0, V = 10000.
10000 = ké°
10000 = k
V = 10000e™
When 7 = 12, V = 13 500.
13500 = 10 000e'?"
1.35 = ¢!
log,(1.35) = 12m

iloge(l‘35) =m

12
0.025=m
V = 10000e"%%
b When ¢ = 18, V = 10000*°2!® = $15685.58.
¢ Profit = P
P = 1.375 x 10000e*°%" — 10000
P = 137509 — 10000
d When ¢t = 24,
P = 13750¢%%%@% _ 10000 = $15059.38.
14 a P=alog,(tH)+c
When 7= 1, P = 10000.
10000 = alog,(1)
10000 = ¢
P = alog,(?) + 10000
When 7 = 4, P = 6000.
6000 = alog,(4) + 10000
—4000 = alog,(4)
—4000 _
log,(4)
a=-28854
b P =-2885.4log,(t) + 10000
P =10000 — 2885.4 log,(?)
When r = 8,
P = 10000 — 2885.4log,(8) = 4000.
There are 4000 after 8 weeks.
¢ When P = 1000,
1000 = 10000 — 2885.4 log, ()
2885.4log, (1) = 9000
log (1) = 9000
¢ 2885.4
log,(r) = 3.1192
31192 _
t=22.6
After 22.6 weeks there will be fewer than 1000 trout.
15 aM=a-log, (t+b)
Whent = 0, M = 7.8948,

e

7.8948 = a —log, (b) [1]
When = 80, M = 7.3070,
7.3070 = a — log, (80 + b) [2]

(1] -12]

7.8948 — 7.3070 = a — log, (b) — (a — log, (80 + b))
0.5878 = a — log, (b) — a + log, (80 + b)
0.5878 = log, (80 + b) — log, (b)

(80 + b)>

0.5878 = log, ( :
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T8 _ (80 + D)

b
1.8b=80+b
0.8b =80

b =100

Substitute » = 100 into [1]:

7.8948 = a —log, (100)

7.8948 + log, (100) = a
125=a

M =12.5 —log, (t + 100)

Thus, a = 12.5and b = 100.

b When r = 90,

M = 12.5 — log, (90 + 100)
M =125 — log, (190)
M=17253g

4.7 Exam questions

3
1ach= %te_f

5 3
c'(t) = Ze 2 (2-131

For maximum or minimum:

' M=0
=>2-3t=0
1—2
3

c<§) =§e" =0.61 mg/L

Award 1 mark for the correct maximum value.

VCAA Assessment Report note:

This question was answered well. Some students had
incorrect units, such as mm for milligrams. Some left their
answers in exact form. Some found 7 correct to two decimal
places and left their answer as 0.67.

b Solving using CAS:

c®)=05=>1t =033
Award 1 mark for the correct time.
VCAA Assessment Report note:
This question was answered well. Some students gave two
answers, 0.33 and 1.19, instead of only the first one, as
specified in the question. Some students rounded
incorrectly and gave 0.32 as their answer.
ct) =05=>1 =0.32631, =1.1876
th —t; = 1.1876 — 0.3263

= (.86 hours
Award 1 mark for finding the other time.
Award 1 mark for subtracting times, correct to 2 decimal
places
VCAA Assessment Report note:
Students should always work to suitable accuracy in
intermediate calculations to support rounding the answer to
the required accuracy. Some students wrote down the two
values but did not find the difference for the length of time.
Some added the two values. Some students incorrectly
converted the time to minutes.
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2 a C=Alog,(kt)
Whentr =2, C=0.1,

0.1 = Alog,(2k) (1
Whent = 30, C = 4,
4 = Alog,(30k) 2]

[2] = [1]:

Alog,(30k) 4

Alog,2k) 0.1

log,(30k) = 401og,(2k)
log,(30) + log, (k) = 40 (log,(2) + log,(k))
log,(30) + log, (k) = 401og,(2) + 401log, (k)
log,(30) —401log,(2) = 40log, (k) — log, (k)
log,(30) — 401log,(2) = 391og, (k)
—24.3247 = 39log, (k)

—24.3247
=T —log (k
39 og,(k)
-0.6237 = log, (k)
6_0'6237 — k

k=0.536 [l mark]
Substitute k = 0.536 into [1]:
0.1 =Alog,(2x0.536)
0.1 = 0.0695A

A =1.439
C =1.4391o0g,(0.5361)
b Whent =15,
C =1.43910g,(0.536 x 15) = 2.999 M
The concentration after 15 minutes is 2.999 M. [1 mark]
¢ When C =10 M,
10 = 1.43910g,(0.5361)
6.9493 = log,(0.5361)
e = 0.536¢
1042.4198 = 0.536¢
t = 1945 (to the nearest second)
After 1945 seconds, or 32 minutes and 25 seconds, the
concentration is 10 M. [1 mark]
3 T=20+75"0*
a Whent =0, T=20+75 =95, so the initial temperature
was 95 °C. [1 mark]
b The exponential function has a horizontal asymptote at
T=20,s0as t = oo, T =20.
The temperature approaches 20 °C. [1 mark]
¢ Let T =65.
265 =20 + 75¢00%
—oo62 _ 45
¢ -7

- 0062 _ 3

5

[1 mark]

.. —0.062f =log, (g)

L= — ! lo é
1= 70062 %%\ 5

St~ 8.24 [1 mark]
It takes approximately 8.24 minutes to cool to 65 °C.
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d T=A+Be "

As the temperature cannot exceed 85 °C, A = 85. [1 mark]

T = 85 + Be "%
Substitute (8.24, 65):
- 65 = 85 4 Be005x8.24
- e—0.412 — _20
~.B =20
B~ -30 [1 mark]
e T =20+ 75"
TA

(0, 95)

T =20 + 75¢ 00

T = 85 — 30 —0.05¢
(8.24, 65) ¢

3 >

0y !

Award 1 mark for correct minimum and starting point.

Award 1 mark for correct graph shape.

4.8 Review

4.8 Exercise
Technology free: short answer
1a i 2log,(x)—1log,(x—1)=log,(x—4)
log, (x)* = log,(x = 4) + log,(x — 1)
log, (x)* =log, ((x —4)(x — 1))
log,(x*) =log, (x* — 5x +4)

P=x-5x+4
0=4-5x
S5x=4

_ 4

¥=3

ii 2log,(x +2) —log,(x) =log,3(x — 1)
log, (x +2)* — log,(x) = log,(3x — 3)

( (x +2)?
loge

) =log,(3x - 3)
X

(x +2)?

=3x-3
(x+2)% =3x% = 3x
X 4+4x+4=3x>-3x
2% +7x+4=0
2% —Tx—4=0

2x+1)x-4)=0

2x+1=0,x-4=0
1
x= —5, x=4
Therefore, x = 4, sincex > 0.
ii 2(log,(x)* =3 — log, (")

2(log,(®))* +5log,(x) =3 =0

Let a =log,(x).
2a* +5a-3=0
Qa-1)(@+3)=0

2a-1=0,a+3=0
1

5,02—3

a=

log, (x) =

b i log,(y) =2log,(x) -3
log,(y) = log, (x* -3x log,(2)
log,(y) = 1og2(x2)2— log,(2°)

X
log,(y) = log, T

2
y=5 >0
i log;(9x) — log,(x*y) =2
log;(9x) — log, (x*y) = 2 x log,(3)

log, <XQT);> =log, (3%)

9
log, <W > =log; (9)

>
X7y

1
y=—3,(x>0)
X

3

4q° 4q2

¢ log, 62(] = log, —6 ‘31
rva P

3
= log, (64) + log, <q2> —log, (p*)

3

=log, (4°) + 3 log, (¢) — 3log, (p)
3

= 3log, (4 + 3 log, (¢) — 3log, (p)

3
=3+ 510g4 (@) —3log, (p)

Substitute in log,(p) = x and log,(q) = y:

644 3
10g4< 1 >=3+§10g4(Q)—310g4(P)

Pva
LY
=3+ E —3x
=3-3x+ %y
2 ai [H]=001
=107
pH = —log,, [H*]
= —log,, (10_2)
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=—1x-2log,, (10)

=2
Therefore, since pH < 7, vinegar is acidic.
i [HY]=107"
pH = —log,, [H*]
= —log,, (107"")
=—1x—11log,, (10)
=11
Therefore, since pH < 7, ammonia is basic.
b i pH=3
—log), [H+] =
log,, [H*] = -3
log, [H*] = =31log,, (10)
log,, [H"] =1log,, (107)
'] = 107
= 0.001 moles/litre
ii pH=14
—log,, [H*] = 14
log,, [H"| = -14

H'| =log,, (107)
H+] = 107" moles/litre
3a -8 +15=0

(€)Y -8 +15=0

[

log,, {H | = —141og,, (10)
[
[

Leta = ¢".
@ —8a+15=0
(@=3)@a-5=
a=3,a=5

=3 e=5
x =log,(3), x =log,(5)
b 2¢™ — 35 =9¢
»_9¢ —35=0
22 =9 —35=0
Leta=¢".
2a* = 9a —35=0
QRa+5)(@-7=0
2a+5=0,a-7=0

a=—§,a=7
exz—g,e" =17
s x=log, (7),(e" > 0)
c 2P+ 18x27 =11
18
2+ —=11
+ >

Q2 +18=11x2"
Y -11x2°4+18=0
Leta=2".
a@—1la+18=0
(a—2)(a-9)=
a=2,a=9
2°=2,2=9
x=1, x=1log, (9)
4 a 37 x 9 =27, where ke R\{0} and me R
3% % 92 = 27
3 x (32" =37

3K i 34 =33
Skx+4m=3

kx=3—4m
_3—-4m

,where k€ R\{O} andm €R

b 3¢ —4 = 6e ", where k€ R\{0}

b4 = 6e™™
6
kx _
3e _4_e_kx

3 ()’ -4 =6
3 () -4 —6=0
Let & = a.
3a*—4a—-6=0
A=(-4>-4%x3%x-6
=88

_ 4x4/88
6
_4x2y/22

- 6
R

3

k)c 21\/Z

1< 2 ()

- <2+‘/_> where k€ R\{0}

Say=log(x-1)+3
x—int= (y=0)
0=log,(x—-1)+3

log,(x—1) = =3
o3

=x-1

x=e+1

= (7 +1,0)
y—int=>(x=0)

y=1log, (0-1)+3
Therefore no y-intercept since for log, (a),a > 0
Asymptote: x = 1
YA

y=log,(x-1)+3

<

/ =1
Dom = (1, oo) and rai

1
I
1
1
I
1
1
I
1
1
I
1
1
I
1
1
I
1
1
I
1
1
I
1
1
I
1
1
I
)
I
1
1
I
1
1
:
ral
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b y=log,(x+3)—1
x—int= (y=0)
0=log,(x+3)—1

log,(x+3) =1
el =x+3
x=e—-3
=>(e—-3,0)

y—int=> (x=0)
y=log,(0+3)-1
= log, (3) - 1
= (0, log, (3) - 1)
Asymptote: x = —3
YA

y=log,(x+3)—-1

J0.log.3)- 1)
(ei—=3,0)/10

.Y

Y

x=-3
Dom = (-3,) and ran = R
¢ y=2log,(—x)

x—int = (y =0)
0= 2log,(—x)
log, (—x) =0
—x=¢°
—-x =1
x=-1
=>(-1,0)
y—int=> (x =0)
y = 2log,(0)

Therefore no y-intercept since for log, (a),a > 0
Asymptote: x =0

YA
y = 2log.(—x)
L0\ O x
x=0
/

Dom = (—c0,0) and ran = R
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dy=—log, (x—4)
x—int=> (y=0)
0=—log,(x—4)

log,(x—4) =0

x—4=¢"
x=14+4

x=5
=>(5,0)

y—int= (x = 0)
y = —log,(0—4)
Therefore no y-intercept since for log, (a),a > 0
Asymptote: x = 4

v i
l
| y=-log,(x—4)
I
I
|
|
|
I
|
|
|
|
I
I
|
|
:
NG

< 0 : ‘N
I
:
|
\ L x=4

Dom = (4, 00) and Ran = R

6 ay=6x2"1-12
Horizontal asymptote y = —12
y-intercept: let x = 0.
y=6x2""—12=-9=(0,-9).
x-intercept: lety = 0.
6x2"'—12=0

L2 =2
Lx—1=1
Sx=2
2,0
Point: letx = 1,theny =6 — 12 = —6.
(1,-6)
YA
< @ 0>/
< 0 ~

Range (12, )
1
b y=5 (63_X+5)

1 _.
. _ —,~=3)
ARY ze + 5

5

. 5
Horizontal asymptote y = 3

y-intercept: let x = 0.
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13
=3

1, 5
<0,§€ +2>

No x-intercept

~ 12.54

NIUI

1 5
Point: letx = 3,theny = = + =
Y=3%3
the curve.
YA
y=L@+5)
13,5
(0,76 + 5

= 3. The point (3, 3) is on

Range (2.5, )
7 a L=90

1
90 = 10]0g10 (w)

I\ _ 9
2o \ 1012 ) = 10

1
loglo <W) =9

10{12 =10
I=10° x 107
I=1073
= 0.001 watt/m>

b I=10"

107
L= 1010g10 (m)
= 10log,, (10°)
=10 x 61log,, (10)

=60 dB

Technology active: multiple choice

8 3 log,(5) +2log,(2) — log,(20)
=log, (5)° + log, (2)* — log,(20)
=log,(125) + log,(4) — log,(20)

125 x 4
=log. { 75

= log,(25)
= log, (5)*
= 2log,(5)
The correct answer is D.
9 2,0)=>
0 = a log,(2b)
0 = log,(2b)
2b =1

1
b=—
2

.y =alog (x)
.. _ e 5
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10

11

12

13

(15w (3)) >

—3log,(2) = alog,

3log, ()" = aloge<
310&»( >—aloge<

a=3
.‘.y=3loge(

Therefore, to find m, substitut

b ss,(3)
=3log, (%)

1
La=3,b= 7 m= 3log, (%)
The correct answer is E.

51og,(x) — log,,(¥*) = 1 +log,,(»)

= = N =
N~ — ——

d
2
e

= ~—

5log,,(x) = 2log,,(x) =log,,(10) + log,,(»)

3log,,(x) =log,,(10y)
log,, )’ = log,,(10y)

x* =10y
x=4/10y

The correct answer is C.

37 43 +1=0

3 %3 —4x3 +1=0
3x3F—4x3+1=0
33 —4x3+1=0
Leta = 3".

3> —4a+1=0
Ba-1(a-1)=0

3a—1=0,a—-1=0

a= %,a =1
Therefore, substitute back into a = 3*.
1
3F== 3=1
3
=31 3=30
x=-1,x=0

The correct answer is A.
B log.()-log,(3v) _ e(loz;e (x)3—10ge(3x))

log, <L)
=e 3x

log‘,<L>
=¢ 3

X

3
The correct answer is E.
Using the change of base rule,

log, (m) + log,,(p) + log, (n)
_log,(m) log,(p) log,(n)
~log,(n) " log,(m) " log,(p)
__1 + 1 + 1

log,,(n) logp(m) log, ()
The correct answer is B.

W

o

= 3 into the equation.
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14 A

h(x) =log, (x—m) + k

>
>
X

4
x=m

'
|
|
|
|
|
|
|
|
|
|
|

< T
|
|
|
|
|
|
|
|
|
|
|

h(x) = log,(x — m) + k has a maximal domain of (m, o).
The correct answer is E.
15 7¢* =3

ax =log <§)
=log, | 5

x—llo §
Ta Ee 7

The correct answer is C.
16 log, (4¢™) =log,(4) +log, (™)
=log,(4) + 3xlog,(e)
=log,(4) + 3x

The correct answer is E.
17 The asymptote is y = 2 and the graph passes through (0, 1).
The equation is of the form y = ae® + 2.
Its orientationisa < 0, k> 0
The correct answer is A.

Technology active: extended response

18 a i fiy=1log,(x+5)+ 1, where dom = (=5, co) and

ran = R.
To find the inverse f~' : swap x and y and rearrange
for y.

x=log,(y+35)+1
log, y+5)=x-1

y+5=e"""

y=e""bV_5
Then the domain of f becomes the range of f~' and the
range of f becomes the domain of .

&=D _ 5 where dom = R

The inverseis y = f~'(x) = e
and ran = (=5, c0).
ii y

(0, log,(5)+ 1)
y

iii Point of intersection(s) when f(x) = x
Solve on CAS for x.
log,(x+5)+1=x
x =-4.998, x = 3.091

The points of intersection are (—4.998, —4.998) and

(3.091,3.091).
b i glx)=log,(x—h)+k
As x = —2 is a vertical asymptote, h = 2.
glx) =log,(x+2)+k
ii Whenx =0, g(0) =0.
(x)=1log, (x+2)+k
0=1log,(0+2)+k
k = —log,(2) as required

iii g(x) =log, (x+2) —log, (2)

~log (x+2>
=log, ( =5

19 a When Qp = 150 milligrams and ¢ = 2000,
0 = 1500000 1242000)
0 = 117.054 milligrams
b When Q = 75 milligrams,
75 = 1500000 1241
0.5 = ¢~0-000 1241

—0.000 1241 =log, (0.5)

_ log, (0.5)
~ —0.000 124
t=5590
It takes 5590 years for the carbon-14 to be halved.
1
¢ oo Q150
n n
150 — 1500000 1241
n
1 — 0000 1241
n
1 1
n e0000124s
11 = 0000 1241
When n = 10,

10 = eOAOOO 124¢

0.000 124¢ = log,(10)
_ log,(10)
~0.000 124
t=18569
It takes 18 569 years.

20 a P=alog,()+b

When -1, P =150,
150 =alog,(1) + b
150=ax0+b

b =150
S P=alog, () + 150
When t = 6, P = 6000,
6000 = alog,(6) + 150
5850 = alog,(6)

0= 5850

log,(6)
a=3264.947
a = 3265

.. P =32651og,(f) + 150
a ~ 3265, b =150
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b In 2020, r =13,
P =3265log,(13) + 150
= 8525

Therefore, there were expected to be 8525 quokkas in 2020.

¢ i PR=P-025P
Pr =0.75P
Pr = 0.75 (3265 log, () + 150)
Pr =2448.75log, (1) + 112.5

ii In 2020, ¢ =13,

Pr =2448.751og,(13) + 112.5
Pr =6393
The revised population for 2020 is 6393 quokkas.

4.8 Exam questions

1 y=log,(x) +log,(2x)
= log,(2x%)
The correct answer is C.
2 T=Ae™+18
a Whenr=0,T = 98.
598 =A+18
SA=80 [1 mark]
The rule becomes T = 80¢™ + 18.
At3pm,t=2and T = 58.
.58 =80e7%* + 18

1
so=2k=1 =
k =log, (2>
1 1
Sk= —zloge <§>

sk~ 0.3466 [1 mark]
b T =80e " +18
At 11 pm, t = 10.
S T=80e*° +18
~.T=20.5 [1 mark]
The temperature is 20.5 °C at 11 pm.
¢ T=280e""+18,1>0
Horizontal asymptote at 7 = 18, contains the points (0, 98),
(2,58) and (10, 20.5).

T)
@ (0, 98)
T = 80e7034601 1 18
0

Award 1 mark for correct shape and starting point.
Award 1 mark for correct asymptote.
d T = 22; either use a CAS graphing screen or solve as

follows.
22 = 80e "% 418
- 034661 _ i

20

2. —0.34661 = log, (21—0>

St= L log (i>
0.3466 7\ 20
St 8.64
As the graph is decreasing, the temperature will be less than
22°C when t > 8.64.
The temperature is less than 22 °C from approximately
9:38 pm onwards. [1 mark]
e Ast — oo, T — 18, the horizontal asymptote value. In the
long run, the temperature cools to 18 °C. [1 mark]
3aN=22x2
Let N = 2816.
2816 =22x2'
n2'=128
n2=27
st=T7
In 7 days the number of bacteria reaches 2816. [1 mark]
b Ast— oo, N = o0, so the number of bacteria will increase
without limit. [1 mark]

66
i N= %0
. 1+ 2e 02
Lett=0.
66
T 1420
66
SN=—
3
SN=22 [1 mark]

Reconsider the first model, N = 22 x 2"

Ift =0, N =22. [1 mark]

Both models have an initial number of 22 bacteria.
ii Ast— o0, e %% > 0.

Therefore N — ﬂ = 66.
1+0

The number of bacteria will never exceed 66. [1 mark]
4 a P@t) = A
When ¢ = 0, P(0) = 200,
200 = Ae’
200=A %1
A =200
- P(#) = 200"
When ¢ = 30, P(30) = 1000,
1000 = 200¢**

[1 mark]

5= e30k
30k =log,(5)
_ log,(5)
T30

k=0.0536 [1 mark]
~P(1) = 200"
b When ¢ = 60,
Pr(60) = 200¢" >3
~ 4986
Therefore, there were 4986 expected cases after 60 days.
[1 mark]
¢ When P(t) = 6000,
P(t) = 200£"05%6"
6000 = 200”3
30 = 005361

0.0536¢ = log,(30)

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



TOPIC 4 Exponential and logarithmic functions ¢ EXERCISE 4.8 | 117

log,(30)
"~ 0.0536
t=63.5
It took 63.5 days for the number of cases to reach 6000.
[1 mark]
d When P(r) = 38 000,
P(1) = 200"
38000 = 200e"03¢
190 = (005360
0.05361 = log,(190)
log,(190)
~0.0536
t=979
It took 97.9 days for 38 000 young people to be infected.
[1 mark]
5 Letw=¢".
w=3w+2=0
w=-2)yw—-1)=0 [1 mark]
w=2orw=1

ef=2ore =1
x=1log,(2) orx=0 [1 mark]
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Topic 5 — Differentiation

5.2 Review of differentiation

5.2 Exercise
1laf=Q2-x"+1
fx+h)=Q—-Gx+h)+1
=4—4(x+h+x+h>+1
=8 —dx—4h+xX*+2xh+ 1 +1
=9 —4x —4h+ x>+ 2xh + K?
fx—m=Q-x-h)*+1
=4—-4(x-h)+Ex-h*+1
=8 —dx+4h+x* —2xh+ 1 +1
=9 —4x+4h+x> —2xh+ I?
£ zf(x+h)2—hf(x—h)
9—dx—dh+x* +2xh+h* — (9 — dx +4h+ x> = 2xh + %)
f'o) =~ T

, —8h + 4xh
e m =

2h(—4+2
i~ LR

fx)~—4+2x
bx=1
J()=-4+2(1)
=-2
2 afx)=12—-x
fx+h)=12—(x+h)
=12—x—-h
fx—h)y=12—(x—h)
=12-x+h
F+h) = fx—h)
2h
12—x—h-=(2—-x+h)
2h

frx) =

[ =~
’ N__Zh
fo~—
[~ -1
b f(x) = 3x —2x — 21

fGa+h)=3x+h)* =2+ h) -21
=3x% + 6xh + 3h* — 2x — 2h — 21

fx=h=3x-h?>-2x—-h)-21
=3x% — 6xh + 3h* — 2x 4+ 2h — 21
Ja+h)—fx=h

')~ o
3x% + 6xh + 3h% — 2x — 2h — 21 — (3x% — 6xh + 3h* = 2x + 2h — 21)
fr=
2h
, 12xh — 4h
f'o) = ——
o L 2h(6x=2)
[~ —
ffx)~6x-2
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1 1 1 1
3 a f(x)=4x3+—+—=4x3+—x_2+_

32 2 3 2
2 2
1o 2 -3 _ 2
f(x)—12x—§x —12x—§
2\/)_c—x4 2 .5 1
b f(x)=T=§x2—§x
, 1 1 1
fO=—x2-s=-7-3
X2

c =@+ +D)=x"+3"+x+3
F)=3>+6x+1
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When x = =2, f(x) = &2_4 =4.
When x =2, fix) = % =0.

Therefore, gradient = 1 at (2, 0) and (-2, 4).

6 a fy=x*-3

[ =2x
f'@)=22)=4

b f=C-0Dx-4=-+7x-12
fx)y==-2x+7
ff(H==2)+7=5

4—\x ¢ fly=(-2)
d fi)= N =4x2—x =2 = 3(0)*Q2) +3(x0)(2)° - (2)°
B i 6 1 =x -6 +12x—8
fle)=-6x2+x =-5+t3 fl@) =3 —12x+ 12
x2 Fi@ =34 -124)+12=12
3 1 3.5 1 3
4ay=E_E+4ZZx —zx +4 df(x)z\/}—;+2x

1
dy 15 ¢ 1, 15 1 =x2 —3x7"+2x

oa__2 e 2
6 2 1
dx 1?) A }2 1 4x6  2x f’(x):%)f? +32 42
b f)= =t ot -2 L 3
x =2—+;+2
X
Fl@) = =30x~* 4+ 2072 — 4n™ __0,2 4
v Fa=—— 42 42=143 4
| | =—F 3 =+ —
cy=yi-—— =y L3 20/a 4 4716
24/x 2 4 3 32 39
| 3 2,2 22_27
§=%x*5+ix—5=L+L3 6" 16" 16 16
x 2\/; 4x2 7Ty=(x—-a)-1D=x-a’—x+a
—x)3 dy
a fo="22 D3¢ ax—1
d
27— 2T+ 9% — x=-2,2 =327 -2-2a-1=12+4a-1=11+4a
- 2x 8 a The turning point is (-2, —9), so f’(x) cuts the x-axis at
27 o, 27 9 1 x = —2. For x < =2, f'(x) is negative, and for x > -2, f'(x)
=yt Zx— 24 . -
2 2 2 2 1S positive.

27
fx) = —Tx_z + g -X
_ 2T el
o 2
S a fx) = —iz +2x
X
=—x2 42
ffo=27+2
2
= F + 2
1 2
v <——> =—=+2
2/ (=)
=-16+2 b The domain of the gradient function shown is
=—14 XE (—00,2)\{-2}.
ox—4 » 9 f(x) has a stationary point of inflection at x = =2, so the
b fl)= . 2-4x turning point of f/(x) is at x = —2. The parabola lies above the

x-axis for all other values of x.

Fo=4t= 2

Iff'(x) = l,theni =1
X

2
4=5x
x:

X
*2
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A d i Domain = R\ {0}
ii y

y=fx

V=) (2.0)

A
=

(2,00 0 X

10 a i Domain =R

ii

Y
11 ay=x(x—27(x—4) = (" —4x) (¥ —4x+4)
=x* — 8x* +20x* — 16x

YA

y=1 % = 4x* — 24x* + 40x — 16
d
' x=3, d—y =4(3)> —24(3)> +40(3) — 16 = —4
3 X
_ ( 2° 0) (3,0 N Equation of tangent that passes through (x, y;) = (3, —3),

where mr = —4:

Yy =y =mr(x —x1)

y+3=-4(x-3)

y+3=—-4x+12
y=—4x+9

v b Equation of the line perpendicular to the tangent, where
1

J
——
=

b i Domain =R mp = 5
ii YA y—y = r;lp(x_xl)
Y+3=Z(x—3)
y=f +3_1x_§
o y+3=gx—3
’ ’ _1x_15
Y=g
12a flo=@+DE+3)=x+4x+3
Y flx)=2x+4

¢ i Domain = (—c0,4)\{-2}

, Fi(=5)=2(=5)+4=—6
11 YA

Whenx=-5,y=(-5+1)(-5+3)=8.

Equation of the tangent that passes through the point
(x1,y1) = (=5, 8), where mr = —6:
y—y1=mr(x—x1)

y=1) y—8=—6(x+5)
(2, H0—F——e (4, 1) y—8=—-6x—30
< o > y=—6x—-22
(=2,-D b flx)=8—x
[0 =-32
[ =-3d’

Whenx=a, y= 8—a’.
Equation of the tangent that passes through the point
x1,y1) =(a,8 — a3), where mr = —3d%:
y—yi =mr(x—x1)
y—8-d*)=-3a*(x—a)
y—8+a’ = -3d’x+3d’
y=-3a’x+2a>+8
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1
¢ flx)y=24/x-5=2x2-5

foy=x1=4
X

1
F3=—
V3

Whenx=3,y=243-5
Equation of the tangent that passes through the point

x1,y1) = (3,2\/3— 5), where mr = %:
3

y—=y1 =mr (x —Xx1)

1
y-2V3-5=—@x-3)
V3

y—2\/§+5=Lx—i
3 3
y= e 2 42V3-5
Vi V3
3
y=§x+\/§—5
2 1
d f(x)=—;—4x——2x —4x
=2 —d=2 4
=20 —d== -
2 7
/—2 = —_— = = _
e 5
2
Whenx=-2,y=—-——-—-4(-2)=9
T

Equation of the tangent that passes through the point
(x1,y1) = (=2,9), where mr = —5

y=y1 =mr(x—x1)

y=9= —% x+2)

y—9=—%x—7

y= —%x +2
13 a Equation of the perpendicular line that passes through the
1
point (x1,y1) = (=5, 8), where mp = 6:

Y=yt =mp(x —x1)

y—8=%(x+5)

y—8=éx+%
1 5 48
YEgtet e
Sl
6 6

b Equation of the perpendicular line that passes through the

point (x1,y1) = (a,8 — a®), where mp = — :

3a?
y=yr=mp(x—x1)
y—(8—a3)=3—(112(x—a)
y—8+a’ = 3;2)6 #
y 3—:2x—3i+8—a3
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¢ Equation of the perpendicular line that passes through the
point (x1,y1) = (3, 2\/3 —5), where mp = —\/5:
y—y1=mp(x—x1)
y=2V3-5=-/3x-3)
y=2v3+5=-/3x+33
y=—=3x+5V3-5
d Equation of the perpendicular line that passes through the

point (x1,y1) = (-2,9), where mp = %:
y=—yi=mpx—x1)

y—9=%(x+2)

2 4
y—9—7x+7
2,4,
7 7 7
yzzx+g
7 7

14 a Any line parallel to y = 3x + 4 has a gradient of 3.
O =—-@x-2+3=-X+d—4+3=-*+4x—1

f(x)y=-2x+4
3=-2x+4
i
L

1 1\’ 1 1 3
Whenx—i,)’——<§> +4<§>—1——Z+1—Z

Equation of the tangent that passes through the point
( )= l E where
LyD=\ 57 )

mT=3is

y—y1=mr(x—x1)

3 3
yo3=Ros
6 3
=3—— —
=R
3
:3——
y=3-7

b A line perpendicular to 2y — 2 = —4xory = —2x + 1 will

have a gradient of 5

2
fo=-S+1=-2"+1
X

4
=47 ==
e
14
2783
3
X
=X
4
g=x
2=x
2 1 1
=2 = —_-—— 1]=—= 1=-
rELysETp =Tt =g

Equation of the perpendicular line that passes through the

. 1 1
point (x1,y1) = (2, 5) where mp = z:

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



15 a,b

122 | TOPIC 5 Differentiation ¢ EXERCISE 5.2

y=y1=mp(x—x1)
1 1
y—z—z(x—z)
y—%z%x—l
11
r=33

(-0.83,3.31)

y=GE+2)2-0)

(4.83, —19.31)

(=0.83,3.31),(1,3) and (4.83,-19.31)

cf)=x+2)2—-x)=4-x

e+ =(x+h)+2)Q2—(x+h)

fa+h)=4—(x+h?=4—-x"-2xh— I’
. x+h) —fix

f,(x)sz( Iz fx)

4—x*—2h—H —4+x°

h

[ =}gr(}
, . =2xh—n’
S =n =
S = }}rr(}(—Zx —h),h#0
J'(x) =-2x

Whenx =1, /(1) = =2(1) = =2.

f)=x@4—x) =4 =

fox+h)=4x+h)? - (x+h)
fox+h)=4(X +2xh+ 17) — (X + 350+ 3xh” + )
fox+ h) = 4% + 8xh + 4h* — x° — 3x°h — 3xh* — 1

von 1 S+ h) = flx)
f@=n=—

437 + 8xh+ 4h* —= X = 3°h = 3xh® = b — 4% + %3

f/(x) =lim 7

, 8xh + 4h* = 3x*h — 3xh?® — It
S =lin 7

f'@) =1lim (8x+4h—3x" —=3xh—1*),h #0
F/(x) = 8x —3x°
Whenx = l,f/(l) = 8(1) — 3(1)2 =35.

YA

y=x(x-2)(x+3)

(-3,0) (3,0)

(0, -18)

y=02-x)(x+3)(x-3)

Y

b The point of intersection is <§ —2>

27 8

cy=x(x—2)x+3)=x+x*—6x

dy

= =37 +2x-6
dx *
3
Wh =z,
en x 22
dy 3 3
a=(3) +2(3) s
27
=—-3
4
_21 12
T4 4
I
T4
The equation of the tangent that passes through the point
(x1,y1) = <%,—%> and has a gradient of mr = 14—5 is

Yy =y =mr(x — x1).

L2 _15( 3
8 4 2

27 15 45
+ — =

g8 47773
_Is 4527
YEFTT R TR
1
y=§x—9

The equation of the perpendicular line that passes through

2
the point (x1,y1) = <3 ——7> and has a gradient of

278

mp = —— is:

15
Y=y =mp(x—x1)

L2243
TR TS 2

27 4 2
T 155
4 2 27
V=TS TR
4119
TR
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17 The tangent and perpendicular intersect where:

18

19

y=-2x+5 [1]
y= %x + % [2]
[11=[2]:
—2x+5= %x + %

—4x+10=x+5

5=>5x

x=1
Substitute x = 1 into [1]:
y=-2(1)+5=3
The general rule for the parabola is y = ax® + bx + ¢, and the

general rule for the derivative is % =2ax+ b.

Whenx=0,y=4, soc=4ory=ax*+bx+4.
Whenx=1,y=3,s03=a+b+4or—1=a+b.

d
Whenx=0, = =0, 500=b.
dx
Ifb=0, thenfor — 1 =a+b,a=-1.
Hence, y = 4 — x? is the equation of the parabola.
YA

\

The tangent to the parabola at x = 4 is y = —x + 6. When
x=4,y=—4+6=2. The parabolay = ax’ + bx + ¢
passes through the points (4, 2), (0, —10) and (2, 0).

At (0,-10), =10 = a(0)* + b(0) + ¢, so ¢ = —10.
0=a2)*+2b—100r

4a+2b=10 =2a+b=5 [1]

At (4,2),

2=a(4)* +4b—100r

16a+4b=12 = 4a+b=3 [2]
2)-D2a=-2=a=-1

Substitute a = —1 into [1]:

2(-1)+b=5,s0b=17.

The equation of the parabola is y = —x* + 7x — 10.

The tangent to a cubic function at x = 2 has the rule
y=11x—-16. If x =2, then y = 11(2) — 16 = 6. The cubic
passes through the points (0, 0), (—1,0) and (2, 6).

The general rule for the cubic is y = ax® + bx* + cx + d.
d=0

Sy=axr + b 4+ cx

-1,00=>0=—-a+b—-c [1]

(2,6) >6=8a+4b+2c [2]

d
—y=3ax2+2bx+c
dx

m=11,x=2

11 =12a+4b+c [3]

20
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Using CAS to solve:
a=1,b=0,c=-1
Ly=x —x
1
The line perpendicular to y = 2\/— = 2x2 has the equation
1
y = —2x + m. Thus, the gradient of the curve is 3

1 1
Ify=2x2,then?=x 2:?.
X X

L1

then\/_=2=>x=4.

When x = 4,y = 2/4 = 4.

The perpendicular line passes through the point (4,4). Thus,
4==24)+m

4=-8+m

m=12

5.2 Exam questions

1

y=x—ax’ +1

x=1 y(l)=1—-a+1=2-a
dy _ dy
a_3x2 2ax, x=1 —=3-2a

T:y—-2-a)=0CB-2a)x—-1)
at(0,0) —-2-a)=-3-2a)
a=1

The correct answer is B.

The gradient is negative for x < 5, The gradient is positive for
x>5

The gradientis zeroatx = 0and x =5
The correct answer is A.

The gradient is negative for x € (—3, g)

The correct answer is D.

5.3 Differentiation of exponential functions

5.3 Exercise

1

1
—=X

a y=e 3
dy 1 -1
= = —— 3
-3¢
b y=3x"- e
? = 1223 — e (—4x) = 1223 + dxe >
X
c _det—e"+2
B 3e3x
4 1 2
y= ge—ZX e—4x + 56—%\
dy 8 -4 -3
= = - X 24 2 X
-3¢ T3 ¢
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124 | TOPIC 5 Differentiation ¢« EXERCISE 5.3

2 a di‘i (5¢7 +2e) = =207
d [ L 13, | R
— 2 —X = ——¢ 2
b o e 2 + 3)c ) Ze +x
1 , oV
c d 463 — —SVE _ 3732 ) _ 10p% _ 3e + QeI H2
dx 2 &

= (63X —e 4 2672}6)

=36 + 37 — 47

er

65'¥—€7X+2) d

-9
SIS
/X R R

d ex (2_6_33') — d 2x —x\ _ 2x —x
e% w)—a(ze —e )—48 +e
d x —x d X X —X
f a((el +3)(e'—1))=a(e — " +3e7 = 3)

=" =25 — 3¢

1
3 fo)= EESX +e™*

f/(x) — 263.\' —e

2
1
FO=3 =1
4 a y=2e"
dy =-2¢"
dy dx
= =2"==2
dxx=0 ¢
4 —2x
b = ; =4e
dy —2x
— =-8
dx ¢
b gll)
— = -8 2
dXx=f ¢
=—8¢!
__8
T e
c y= %eh
@ 3 3x
dx ~ 2
dy 333)_3
paca e 3) = 2
drg-1” 2°€ 2¢
d y=2x—¢"
dy _ .
a7
? =2-=2-1=1
Xx=0
5 a y=e¥
& =2¢*
dy dx
=  =220=2
dxx:() ¢

b i Whenx=0,y=¢e"=1.
The equation of the tangent that passes through
(x1,y1) =(0,1) with my = 2 is:
y=yi=mr(x—xi)
y—1=2x
y=2x+1
ii Therefore, the equation of the perpendicular line is

y=—§x+1.

y=e 44
d
. d—i =3¢
Y _ -30) _
= =-3 =-3
dxx =0 ¢

Whenx=0,y=¢"+4=>5.
The equation of the tangent that passes through
(x1,y1) = (0,5) with mr = =3 is:
y =y =mr(x —x1)
y—5=-3x
y=-3x+5
The equation of the perpendicular line that passes through
(x1,y1) = (0,5) with mp = % is:

y=yi=mp(x—x1)

y=e -2
d
mr = d_i}c = 3™
When x = 0, my = =3¢ = —3andmp = %

Whenx=0,y=e>0_2=1-2=-1
The equation of the tangent with mt = —3 that passes through
the point (x1,y1) = (0, —1) is:
y =y =mrlx—x1)
y+1=-3x-0)

y==3x-1

1

The equation of the perpendicular line with mp = — that
passes through the point (x;,y1) = (0, —1) is:
Yy —y1 =mp(x — x1)

y+l=%(x—0)

y=§x—1
y= \/;+1
dy_ o
dx 2. /%
dy 6‘\6

When x =3, y=e‘/§+ 1.

The equation of tangent that passes through the point
V3

is:

(x1,) = (3,e‘/§+ 1) with mr =
21/3

Yy =y =mr(x — x1)

\/:\;
y—fo1= (-3

2v/3

e‘ﬁ 3e\/5

V31

y= X — +e
23 23
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10

11

12

13

The equation of perpendicular line that passes through

2V3 .

18:

(3, M4 1) with mp = —

&3
Yy = y1 =mp(x —x1)
—ei o 1= —2\/3 -3
y—e o x=3)
= —2—\/§x + % + o +1
&3 &3
— ex2+3x—4
% =(2x+3) ¢F I
dy 1243(1)-4
— =2()+3)e
dxx:]
dy 0
— =5 =5
dx x=1 ¢

Whenx=1,y=¢" P04 =0 =1,

The equation of tangent that passes through (x1,y1) = (1, 1)
with mt = 5 is:
y =y =mrlx—x)

y=1=5x-1)
y=5x-4
y=e*
d
mT=%C=—Ze_2"

When x = —%, mr = —26_2(_%> = —2e.

When x = —%, y= e_z(_%) =e.

The equation of tangent with mt = —2e that passes through

the point (x1,y1) = <—%,e> is:

Yy =y =mp(x —x1)

1
y—e=-2e <x+ 5)

y=-2ex—e+e

y=-2ex
The correct answer is E.
ay=2>4+1 [I]

y= X =3x [2]
The point of intersection occurs where [1] = [2].
2 +1=x>—3x
x~1.89
y = (1.8854)% — 3(1.8854)
y =~ 1.05
Therefore, POI = (1.89, 1.05).
b mr = ;l—)yc =3x-3
When x = 1.8854, mr = 3(1.8854)% — 3 ~ 7.66.
fo) = 3%
Using CAS technology:
[0 =2log,(3) x 377
f'(2) = 2log,(3) x 3*@~*
f'(2)=2log,(3)
a fl=e > 2
Fx) = =272
f/(=2) = =277 = —2¢7
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b —2¢ >3 =_2
e—ZX+3 =1
e—2x+3 — 60

Equating indices,

-2x+3=0
—2x=-3
3
=32
e +2 2 .
14 a fix)= = =e" +2e

fl(x) =2e" —2¢7
f()=2¢ —2¢7! =2e% - 2
e

b 2e¥—2eF=0
2x

et —e*=0

e (63" - 1) =0
e*=0o0re"—1=0
Not possible ¢** = 1
= O
x=0

15 a A =Age ™
Whent=0,A =2.
2= A 20690

2=Ag
Thus, A = 2¢70%,
b A _ —0.69 x 2706
dr
dA
paaa— —138 —0.69¢
di ¢
When 7 = 0, ‘2—/: = —1.38¢7000 = _138.

16 fix) =Ae" + Be™
f'(x)=Ae" = 3Be™
When f'(x) =0,

Ae* —3Be™¥ =0
e Ae* = 3B)=0
e~ = 0, no real solution

0=Ae*-3B
So,
3B =A™
3B
Ax _ 27
© T

5.3 Exam questions

1 y=2e®
& = —6e™¥ [1 mark]
dx

2 y=e¢"a#0
Atx =c,y=¢" and P (c, ¢*)
@ = ae™ at x = ¢, mr = ae’
o =c,mr =

Tangent: y — ¢* = ae® (x — ¢) passes through the
origin (0, 0).

y = axe
-0 = —cae® + e“

ac

—cae” + ¢
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126 | TOPIC 5 Differentiation ¢« EXERCISE 5.4

e{ll) — Caeuc

>ca=1

1
>c=-
a

The correct answer is B.
3 Simplify:
er e—2x
r= o * er
= e ¥ [1 mark]

d
d_z =" =3¢ [1 mark]

5.4 Applications of exponential functions

5.4 Exercise
1 afx)=e"+qge+3
When x = 0, f(0) =0, so
94 +3=0
1+g+3=0
qg+4=0
g=-4
b flx) = e* —4¢" +3

The graph cuts the x-axis where y = 0.

e —4e" +3=0
(€)Y —4()+3=0
(e =3)e"-1)=0

e&—-3=0 oref—=1=0
=3 e =1
x=log,3 e =¢
x=0

Thus, (m, 0) = (log, 3,0).
¢ f(x) = 2e% — 4¢*
df0)=2""—-4"=2-4=-2

2 af)=eF4ze+2

fl0)=0
V42" +2=0
1+z+2=0
z+3=0
z=-3

by=fix)y=e > -3¢ +2

The graph cuts the x-axis where y = 0.

e =3¢ +2=0
@ =3Ee"+2=0
(e =1)(e*=2)=0

e*—=1=0ore*=-2=0

e =1 e =2
e =¢ —x=1log,2
x=0 x=—log,2

Thus, (n,0) = (= log,(2), 0).
¢ f=eP -3¢ +2
Flo) = —2e7% 43¢
df0)=-2e""+3"=-2+3=1
3 aM= Ae_O'OOl 52t
When t = 0, M = 20.
20 = Ae—O.OOl 52(0)
20=A
Thus, M = 20e™000152,

b

ar_ —0.001 52(20)e 0001 52
dt
diw — _0.03046—04001 52t
dt
When ¢ = 30,
d7M — _0'03046—0,001 52(30)
dt
am
— =-0.0291
dt

The rate of decay is 0.0291 g/year.
[ = Jpe 000224

a
When d = 315,
1= 106_0'0022(315)
I1=0.51
dl
A 0.0022] 00022
b 7d 0.00221ye
When d = 315,
dl _ —0.0022(315)
i 0.00221pe
dl
— =—-0.00221 x 0.05
dd 0
dl
— =—0.00111
dd 0
Intensity is decreasing at a rate of 0.0011/p.
5aA=Ape™
When =0, A = 120.
120 = Age ™
120 = Ay
Thus, A = 120e7.
b A = 0k
dt
dA &
— = —kx 120e7
dr ¢
dA
— =—kXA
dt
dA
—aA
dt
¢ A=120e"
90 = 120
§ — —2k
4

3
—2k =log, <Z)
1 3
:——] -
k 3 og, <4>
1 4
k= Eloge (§>

1 4
A=120e", k= =1 =
d 0e™, k 2oge<3>

‘fiit‘ = —120(0.1438) ¢, where k = 0.1438
dA .

L= 17387

di ¢

Whent =35,

‘;—/: = —17.38¢>%143% = _8 408 units/min

Therefore, the gas is decomposing at a rate of
8.408 units/min.
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e Ast — 00,A — 0. Technically the graph approaches the
line A = 0 (with asymptotic behaviour, so it never reaches
A = 0 exactly). However, the value of A would be so small
that in effect, after a long period of time, there will be no
gas left.

6al= LOeO.SQ()t

Whent=0,L=11.
11 = L39O
11=1Lg

So L = 11",

b L _ 0.599 x 113
dt
dL

= —6.589 0.599¢
dt ¢

¢ When't =3,
dL

i 6.589¢%3°® = 39,742 mm/month

When the bilby is 3 months old, it is growing at a rate of
39.742 mm/month.
a P = Pye0®
When ¢t = 0, P = 8.2 million.
8.2 = Pyl 0160
82="P
Thus, P = 8.2¢""'%".
In 2015, t = 2015 — 1950 = 65.
P = 8.2¢""%9 = 232 million
b 20 = 8.2¢%01%0
Solve for ¢ using CAS:
t=55.72

Therefore, the population reaches 20 million in September
2005.

¢ P _0.016x 82020
dt
ap _ 0.1312¢0016
dt

When 2000, ¢t = 2000 — 1950 = 50.

P
%{ =0.1312£%01650 = 029199
The change in population is 0.29 million/year.
P
d P = 0016 x 8200
dt
P _ 01312200
dt
0.1312¢%%1% > 0.4
Solve using CAS:
0.1312£%01% > 0.4
t> 69.67

Therefore, the rate of increase exceeds 400 000 people per
year in 2019.

8 a h=0.295(¢"+¢™)

Height of post at x = 0.6, so

h=0.295(c"° + ¢7*°)

h=0.6994m

Height of chain at lowest point, x = 0:

h=0.295(" + ¢”) = 0.295(2) = 0.59m

The amount of sag is 0.6994 — 0.59 = 0.1094 metres or
10.94 centimetres.
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b h=0.295(" +¢™)

dn _ 0.295(¢" — ™)
dx

When x = 0.6

dn _ 0.295(¢% — ¢709)
dx

dh

T =0.3756 ~ 0.4 metres

If 6 is the angle the chain makes with the post,
tan(8) = 0.3756

6 = tan™'(0.3756)

6 =20.6°

9 a The graph cuts the y-axis where x = 0.

f0) =€’ -05*” =1-05=05
Therefore, (0, 0.5)
b f/) =~ + e

cf'(x)=0
—e " +e P =0
e e =1)=0
e —1=0ase™ > Oforallx
et =1
e =¢
x=0

Maximum TP at (0, 0.5)
df@)=—-e"+e™
When x = —log,(2),
f/(=log,(2)) = =" 4 ¢ lee®)
= =2+ 5@
=-2+4
=2
Let 6 be the angle that the graph makes with the positive
direction of the x-axis.

tan(0) =2
g =tan"!(2)
6 =634°
emr=f'(x)=—e*+e >

mr=f'(1) = —e' + 2V = —0.2325

A =e!' —0.5e20 =0.3002

The equation of the tangent with mt = —0.2325 that passes
through the point

(x1,y1) = (1,0.3002) is given by:
y =y =mr(x—x1)
y—0.3002 = -0.2325(x — 1)
y—0.3002 = —0.2325x + 0.2325
y=-0.2325x + 0.5327

1
me—m—4.3011

Equation of the perpendicular line with mp = 4.3011 that
passes through the point

(x1,¥1) = (1,0.3002) is given by:
y =y =mp(x —Xx1)
y—0.3002 =4.3011(x - 1)
y—0.3002 =4.3011x — 4.3011
y=4.3011x — 4.0009
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2_
10 a y=x ,5
er
@__x3—6x
dx_ g"z
dy
b When — =0,
endx 3
x’ —6x
-—— =0
e
X —6x=0
x> =6)=0
x=00rx*—6=0
2
- (1) =

<x—\/8><x+\/g)=0
x—\/g=00rx+\/g=0
x=\/€ x=—\/g
2
+/6) -5
Whenx:iw/g;y=< ) > =6_65=L6
26(1\/5) 2e 2¢!
The coordinates are 4_1/6 L
2e

3 —
¢ Whenx = 1.5, 4y _ (@57 -6(.5
dx 6(1'5)2

=0.593

11 a T =Ty
Whent=0, T=30
30 = Toet®
30="To
Thus, T = 30"
b When t = 7 days and k = 0.388,
T= 3060.387(7)
T= 3062709
T = 450000

ar _ 0.387 x 30387

(]

dt
dl’
dt
When =3,
dTr

o= 11.61%%7®) = 37072.2/day

d C= Cype™
When =0, C =450
450 = Coe™®
450 = Cy
So C = 450e™
e Whent = 7,90
C =450 - 100 X 450

C =450 — 405

C=45

45000 cane toads remain after 7 days.
f 45 = 450¢™

0.1=¢™

log,(0.1) =Tm

=11.61e"%"

1
7 log,(0.1) =m

m= —% log,(10)
(m =-0.3289)

C= 450670,328%

c _ —0.3289 x 450¢0-328%

dt

ac _ —148.0233¢70328%

dt

When t = 4,

dC —0.3289(4)

- —148.0233¢ = —39.710 156 thousand/day

After 4 days, the rate of decline is 39 711 cane toads per
day.

5.4 Exam questions
1 a Whent=0,T=95-20=7175.

3

a

75 = Tope ™

75="Tp

So T =75¢. [1 mark]
T = 750034

9T 0,034 x 75670054

dt

dTr

“f _255 —0.034r

dr ¢

When 1 = 15,

ar —0.034(15) o .

T = —2.55¢ = —1.531°C/min [1 mark]

Therefore, the temperature is decreasing at a rate of
1.531 °C/min.

y= Ae™
Whenx=0,y=35
5=A¢"
A=5
Thus, y = 5¢7 [1 mark]
d
d—i =-2x X 5€_X2
D jope [1 mark]
dx
i When
dy —(=0.5)2
x=-05, - = —10(-0.5e" """ =389 [1 mark]
d )
i Whenx=1, d—y = —10(1)e™ ™ = —3.68 [1 mark]
X

P = Pye™
When h = 0.5, P = 66.7 > 66.7 = Pye **.
When h = 1.5, P =52.3 = 52.3 = Pye™ %, [1 mark]

Solve using CAS: Py = 75.32 cm of mercury, k = 0.24  [1 mark]
So P =75.32¢7".

P =75.32¢7024
dpr
=—-0.24 30=024h
T 0.24 x 75.32¢
dpP _ —0.24h
i 18.0768¢
Whenh =5,

dPdh = —18.0768¢%%*® = —5 44 cm of mercury/km
The rate is falling at 5.44 cm of mercury/km.

[1 mark]
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5.5 Differentiation of trigonometric functions

5.5 Exercise

1

a % (5x + 3 cos(x) + 5sin(x)) = 5 — 3 sin(x) + 5 cos(x)
b % (sin(3x + 2) — cos(3x%)) = 3cos(3x + 2) + 6xsin(3x)
d (1.
¢ =3 sm(9x)> = 3 cos(9x)
d di (Stan(Zx) - 2x5) = 10sec’(2x) — 10x*
x
d x\\ _ 2 (X
L () 2w (3)
d ) AX\N _ T o (nxX
P g (@) =22 (ta“<20>> =20 (20)
a y=2cos(3x)
% = —6sin(3x)
b y=cos((x°)
= cos <”—x>
Y= (180
B n (=)
dx 180 180
¥/
c y—3cos(§ —x)
dy _ b3
e 3sin ( > x)
X
i)
d y sin 3
dy 4 X
w3 (3)

e y=sin(12x°)

—sin<ﬂ—x>
=TS
dy =& X
=15 (3)
f y=2sin<§+3x>
2
%=6005<g+3x>
1 2
g yz—ztan(Sx)

dy __l 2
e 2><10x><sec (5x2)

= —5x sec? (5x2)
h y=tan(20x)
dy

= =20sec? (20x)
dx

sin(x)cos?(2x) — sin(x)

sin(x) sin(2x)

2
- —Cossif(’;) L sin( #0
_ —sin*(2x)

sin(2x)

= —sin(2x), sin(2x) # 0
Thus,
d (sin(x) cos?(2x) — sin(x)) d

dx sin(x) sin(2x) = I (= sin(2x)) = -2 cos(2x)

4
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y = —cos(x)

D _
mr = i sin(x)

When x =

SIEESIE

When x = —,y=—c0s<g> =0

The equation of the tangent with mr = 1 that passes through
the point

(x,y1) = (75[0) is given by:

y—yi =mr(x —x1)

T
_ =1< __>
y—0 X 7

—x_Z
Y=ET 3
y = tan(2x)
d
I’I1T=_y=2S€C2(2)C)
dx
When x = -2, my = 2 N : 2=2+l=4
cos? (=7) 2

~
S
~—

When x = —g, y = tan (—g) =1
The equation of the tangent with mr = 4 that passes through
the point
(x1,y1) = <—7§[,—1) is given by:
y=y1 =mrlx —xi)
b

+1=4 ( + —)

y X g

y=4x+g—1

=%, mT=—3sin<g)=_3xl=_§.

The equation of the tangent with mr = —% that passes
through the point
Gy =(Z 3V3 is given by:
X1, Y1) = 6 2 g y:
y =y =mrlx —x1)
3v3 3 7
YT T (x )

2

6

—%,y=2tan(%> =2.

= 2sec’ (x)
T (T 2 1
= —, mr = 2sec <7>=—=2+—=4
4 4) " cos? (%) 2
The equation of the tangent with mt = 4 that passes through
the point (x1,y1) = <§, 2) is given by:

Yy =y =mr(x — x1)
T

~2m4(e- )
y x-7
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y—2=dx-=x 10 y=—251n<%)forxe[0,2ﬂ]
y=4x+2-7 dy X
8 a y=sin(3x) i —Cos (5)
2 2
Whenx = 2=, y = sin ( 3x == | = sin(27) = 0. 1 rx
3 3 5 =—cos (3
dy
= -—= 1
mr dx 3 cos(3x) -3 = cos (%) for = € [0, 7]
When
27 2r 1 T . .
x= =, mr = 3 cos <3 % ?> = 3 cos(27) 3 suggests 3 Since cos is negative, the second quadrant.
1 x_ .z
=3andmp = —=. 2 3
3
x 2z
The equation of the tangent with mr = 3 that passes 2773
through the point 4r
xX=—=
(1, y1) = (%,O) is given by: 3
Wh _4rx - o4 4 1
Y=y =mrlx—x1) enx=-3 y=-asin e Xs
2r
r=0-3(-3) -2 (%)
y=3x-2x 7
1 = —2sin (n - —)
The equation of the perpendicular line with mp = -3 that 3
passes through the point = —2sin (f) = _\/5
Gy = (2.0 is given by: 4 ’
P =3 & v The point is (g,—ﬁ)
y =y =mp(x —xi) The correct answer is A.
y— 2_1 <x—2—ﬂ) 11 a f{x) = sin(x) — cos(x)
3 3 £0) = sin(0) — cos(0) = —1
1 2z
y= —gx + 9 b fix)=0
X sin(x) — cos(x) =0
b y =cos <§> sin(x) = cos(x)
Whenx:n,y:cos(%) =0. tan(x) = 1
o @ _ 1 ; <{) 1 suggests % Since tan is positive, 1st and 3rd quadrants.
TT a2 2 7z 7
1. (z 1 Y=g.7ty
When x = z, mr = —= sin (7> =——andmn = 2.
2 2 2 ] T 5n
The equation of the tangent with mr = —= that passes Y17
through the point (x1, y1) = («, 0) is given by: ¢ f'(x) = cos(x) + sin(x)
y =y =mr(x —x1) d f@®=0
y—0= _% (x—7) cos(x) + sin(x) =0
sin(x) = —cos(x)
yz—%x+g tan(x) = —1
V4 . . .
The equation of the perpendicular line with mp = 2 that 1 suggests T Since tan is negative, 2nd and 4th quadrants.
passes through the point (x,y1) = («, 0) is given by: w=g_Z 2z T
Y=y =mp(x —x1) 4 4
y=0=2(x-1) =% Iz
y=2x-2x 44
9 a sin(x) cos(x) + sin?(x) _ sin(x)(cos(x) + sin(x)) 12 a fix) = \/5 cos(x) + sin(x)
sin(x) cos(x) + cos2(x)  cos(x)(sin(x) + cos(x)) f0) = \/5 cos(0) + sin(0) = \/5
= s1n((x)) prov sin(x) # — cos(x) b f=0
cos(x .
— tan(x) \/5 cos(x) + s%n(x) =0
b i Sin(x) COS(X) + Sinz(x) 3 i (tan(x)) 3 gecz(x) Sln(x) =—/3 COS(-X)
dx \ sin(x) cos(x) + cos?(x) | ~ dx o tan(x) = —/3
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\/5 suggests g Since tan is negative 2nd and 4th

quadrants. 5.5 Exam questions
=2 ,_Z 1 Although the function is continuous at x = 0, so that
3 3 sin (0) = 0, it is not differentiable at x = 0. [ mark]
c=_= 2n This is because there is a sharp point at x = 0.
3’3 The correct answer is B.
2 Letu= 2x).
¢ f'(x) = —\/3sin(x) + cos(x) ot u. c:)s}f x)
d f/(x)zo "y_ (M)
du .
—\/3sin(x) + cos(x) =0 prie —2 sin(2x)
cos(x) = \/5 sin(x) dy
1 =/3 tan(x) AR
L = tan(x) d_y _ d_y du
\/3 dx du dx

= h'(u) X =2 sin(2x)
= —2h'(cos(2x))(sin(2x))
quadrants. The correct answer is D.

1 . .
— suggests g Since tan is positive, 1st and 3rd

T 3 f(x) - esin(Zx)
X=—-rn+ -, — , sin(2x)
6 6 f'(x) =2 cos(2x) e
_ Sz = f (7—[> =2 cos(n) P = -2
T 6 2
13 On CAS, solve f'(x) = 0, _751' <x< %f The correct answer is D.
x =0.243,0.804.
The points where the gradient is zero are 5.6 Applications of trigonometric functions
(0.243,1.232) and (0.804, 0.863).
14 On CAS, solve f'(x) =0, 0 < x < ’5’ 5.6 Exercise

x =-0.524,0.524
The points where the gradient is zero are
(—0.524,0.342) and (0.524, —0.342).

1aA= %ab sin(c)

15  y=sin(2x) A= %(6)(7) sin(0)
ﬂ =2 cos(2x) A =215in(6) asrequired
dx
dA
Let O be the angle that the curve makes with the positive b 20 = 21cos(6)

direction of the x-axis.
Hrectiofn of the x-axs ¢ When8 = Z; A =21cos (f> —2Ix =105
tan6=2cos<2x§) 3 3 2
The rate of change is 10.5 cm?/radian

2 a L(tr) =2sin(at) + 10

tan 6 = 2 cos(x)

tan® = _2_1 When ¢ = 0; L(0) = 2sin(0) + 10 = 10.
6 =tan™ (-2) L
6=116.6° b — =2xcos(xt)

dt

16 fix) = sin(2x) sof"(x) = 2 cos(2x) ¢ When ¢ = 1 second d—L = —2x cm/s
T dt -

f(x) = cos(2x) sof'(x) = =2 sin(2x) x

When the gradients are equal, 3 a The period of the function is 27z + = 12 hours.

2cos(2x) = ~2sin(2x) where x € [~7, ] b Low tide occurs when sin (EI) =-—1,s0
Hiow tige = 1.5+ 0.5(=1) = 1m.

1.5+0.5sin (%’) =1

cos(2x) = —sin(2x) where 2x € [—2x, 27]

cos(2x) _ —sin(2x)

cos(2x) B cos(2x)
I'= —tan(2x) 0.5sin (%’) 05
—1 =tan(2x) ]
. T
1 suggests g Since tan is negative, 2nd and 4th quadrants. st (E) =-1
T pia b T o .
2x=—m— 11" and 27 — i 1 suggests 5 Since sin is negative, 3rd quadrant.
5t & 3=x Tx a_ T
2x=—-—,—=, —and — =1+
TTTT T T MNy 6 2
x= oz 37 and Iz == z
8 8 8 8 6 2
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t= 37” 6 _ =9or3pm b Length of sleepers required is
V3

=2asin(@) + 2+ a+ 2 + acos(6)

Low tide = 1 metre at 3 pm = 2asin(8) + acos(d) + a + 4

dH © 1 w\ _w mt dL .
¢ E—gxgc‘”(g)—ﬁcos(g) c %=2acos(6)—asm(6)
d At7.30 am, r = 1.5 hours. da=2=L=4sin6)+2cos(®)+6
di{—”cos E><3 —”cos(§>—”><\/E Using CAS:
dr 12 672) 12 4) 7127 2 dL c
— =0,6=1.1
\/57[ db
- 6 a 100 cos(0)
24
T wt _\/Ezr
¢ ECOS(€> T 24 100 sin(0) 100 cm 100 5in(®
sin sin
cos () = Y2 12 _ V2
6/ 24 "z 2

100 cos(6) 0

2
> suggests % Since cos is positive, 1st and 4th

0
quadrants.
at b
6177 100 sin (6) 100 sin (6)
100 cm
m_x Tx
6 4 4
;:fx§,7_”><9 100 cos (6)
4 7 4
3 21 L=3x%100cos(®) + 4 x 100sin(8) + 2 x 100
I= 2’ 7 L =300 cos(8) + 400 sin(6) + 200 as required
The second time is when ¢ = 10.5 hours or at dL .
430 pm. b o= —300 sin(6) + 400 cos(6)
. 1
4 a 2sin(dx)+1= 3 ¢ Maximum length occurs when Z—é =0.
. 1 —300 sin(6) + 400 cos(6) =
2sin(4x) = —= .
400 cos(8) = 300 sin(6)
sin(4x) = —% 400 = 300 tan(0)
= tan(6)
x =~ 0.849, 1.508
b Max/min values occur when f’(x) = 0. tan~! ( 4 ) —0
f(x) = 8 cos(4x) 3
0 = 8 cos(4x) 0 =0.93°
0 = cos(4x) Limax = 300 ¢c0s(0.9273) + 400 sin(0.9273) + 200
0 n 3z Lnax = 700 cm
suggests =, —. . . .
27 2 Therefore, the maximum length is 700 cm and this occurs
PR when 0 = 0.93°.
27 2
y=Z 3
8’ 8

Maximum when

AT =2 (5) 12

Mlnlmum when

3z T
o= 2(2) -2 (7>
The coordinates are (g ) ( >

cf’(i—{) =8COS<4XZ> =-8

d The rate of change is positive for (O, g) U

5 a BD = asin(6) and CD = acos(9). Distance = velocity X time
Distance + velocity = time

3 &« . . .
<3 ) Distance + time = velocity
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b

So d(NP) = 400 cos(6).
400 cos(6)
2
Tobstactes = 200 cos(6)
dvp =200 %x 26

dwp = 4000

4008
Thurdles = T =806

Tobstacles =

Tiotal = Tobstactes + Thurdles
Tlotﬂl =200 COS(@) + 806

Tiotal = 40(5 cos(6) + 26) as required

T = 40(5 cos(6) + 20)
dT .
B 40(=5sin(0) + 2)
0 = 40(=5 sin(6) + 2)
0=-5sin(0) +2

5sin(@) =2
. 2
sin(6) = 3

i (2 x
6 =sin <5) 0<6< 7

8=04115

¢ Tmax = 40(5cos(0.4115) + 2(0.4115))

a

C

Tmax = 216.2244 seconds
Timax = 3 mins 36 seconds

—zcos(g)+§0<x<
) 20/ 7T27="=
5

7
ymax=§x1+§=6m

@——7—ﬂsin<ﬂ>
dx ~ 40 \20

i Wh =5 —=—-——rsi
i enx =25, o 4osm

d
ii When x = 10, d_z = —Z—g sin

dy 1x (

d i Wheny=0,

X
— =2.3664
20
= 2.3664 x 20

T
x=15m
ii When x = 15.0649,
dy Tr . ( 7 x15.0649
— =——sin| —————
dx 40 20

dy
— = -0.3848
dx

If 6 is the required angle,
tan(6) = —0.3848
6 = tan™'(—0.3848)

20

)
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6 =180° — 21.05°
0 =158.95°

9 a h(x)= 1000s<77x> -5x4+90 0<x<45

10

b —

When x = 0, h(0) = 10cos (0) — 5(0) + 90 = 100 cm.

7 X 4.
When x = 4.5, h(4.5) = 10 cos < X 4.5 > —5(4.5)+90
=57.5cm
Therefore, the coordinates are (0, 100) and (4.5, 57.5).

b h'(x) = —35sin (77)6) -5

Minimum value occurs when 4'(x) = 0.

. Tx
—35sin <7> -5=0
sin <7—x> = 1
2 7
Ix =sin™! (—l>
2 7

1
7 suggests 0.1433. Since sin is negative, 3rd quadrant.

77)6 =7+ 0.1433

Tx
— =13.2849
2

x~0.94

7% 0.9386

x = 0.9386, 7(0.9386) = 10 cos < 5

) —5(0.9386) + 90

h(0.9386) = 75.41 cm
The coordinates are (0.94, 75.41)

¢ Whenx =04,
1'(0.4) = —35sin (7 X20'4> _5
h(0.4) = —39.5
a h(x)—25—25cos<f) -5<x<5
=2. . ) <x<

h(5)=2.5—2.5cos G)

h(5) =1.7117
The maximum depth is 1.7 metres.
dh _ 25 sin <f)
dx 4 4

h
% =0.625sin (%)

¢ Whenx =3,
dh . (3
a =0.625 sin (Z)
dh
— =0.426
dx

d When % = (.58,

dx

0.58 = 0.625 sin (

A=

x\ =5 x _5

928 =si <*>7<—<—

0.928 = sin 1 W W

0.928 suggests 1, 1890. Since sin is positive, 1st quadrant
because of the domain.

X
— =11
1 890

x = 4.756 metres
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5.6 Exam questions
1 a

2XOY = 20 because the angle at the centre of the circle is

twice the angle at the circumference.
£2XOM = £YOM = % x 20
£XOM = 0 as required

b XM = rsin(6)

XM
m = tan(@)
rsin(0) _ sin(0)
h—r ~ cos(6)
ro 1
h—r  cos®)
h—r
= cos(0)
,
ﬁ — 1 =cos(®)
;
é =cos(0) + 1
h
¢ r=3cm, 3 =cos(B) + 1
h=3cos(®) +3
dh .
B —3sin(6)
© dh (T 3
d When 6 = 5 1 ——3sm<8) =-3

2 aP=-2cos(mt)+n
Whent=0,P =4
4=-2cos(0)+n

442=n
n==6
The period, m:
3 2z
2" m
3m=4r
_4rx
3

b P=—2cos(%> +6

ap_8x g, (47
it~ 3 3

[1 mark]

[1 mark]

[1 mark]

[1 mark]

[1 mark]

[1 mark]

[1 mark]

¢ When ¢ = 0.375,

dp _8x . (47x0375
dt ~ 3 3
8r . (x 8 .
=3 sin (E) = ?m/mln [1 mark]
3 ax(t)=1.551n(%t)+1.5 0<r<12
y(t)=2.0—2.000s(%t) 0<r<12 [1 mark]

Solve x(f) = y(f) on CAS.
The first time the emissions are equal is at t = 1.9222 or
1 hour and 55 minutes after 6 am. So at 7.55 am the

emissions are both 2.86 units. [1 mark]
b i T@) =x(@) + y(t)
. it it
() = 1.5sin <§) +1.542—2cos (§>
T(t)=3.5+1.5sin<%’)—2cos(%’> [1 mark]

at
3

) +35- 2.()005(”[)

T(6t) T = 1.5 sin( 5

< . o
Ol 6 2!
[1 mark]

ii Maximum emission of 6 units at = 2.3855 or 2 hours

and 23 minutes after 6 am, which is 8.23 am, and at

t = 8.3855 or 8 hours and 23 minutes after 6 am, which
is 2.23 pm. [1 mark]
Minimum emission of 1 unit at £ = 5.3855 or 5 hours
and 23 minutes after 6 am, which is 11.23 am, and again
at = 11.3855 or 11 hours and 23 minutes after 6 am,
which is 5.23 pm. [1 mark]

¢ As the emissions range is 1-6 units, they lie within the

required range.

[1 mark]

5.7 Differentiation and application of logarithmic
functions

5.7 Exercise

1 a

b

FlaZais
—~
N
<)
3

d X 7
(e (5)) =1 2
i 3 ) O 203x +4x)
o (2log, (" +2x 1))_)6—3“%2_l
d N (2e2" +e™)
7 (3log, (e —e ))_W
3¢+ 1) 3027+ 1)
e (e —1) (e -1)
3 a2 _ _ 3 —6x+7
(loge(x 3x” 4+ Tx 1))_x—3—3x2+7x—1

G)=%
sin(x)

(—6 log, (Cos(x)) = 6cos(x)

= 6tan(x)
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3 ay=-5log, (2x)

dy 1
i
@=—§,xe(0,oo)
dx X
by=10g9<i>
x=2
=log,(x —2)™!
=—log, (x-2)
%=—x12,x€(2,oo)
¢ y=log <ﬂ>=log x+3)—1log, (x+ 1)
C\x+1 ¢ ¢
dy 1 1
dx  x+3 x+1
_x+1-(x+3)
T @43+

2
T+ + D)
for x € (—o0,-3) U (—1, 00)
d y=log, (¥ —x—6)
dy  2x-1
dr  X2—-x—6
4 a Dom = (2,00) and ran = R
b The graph cuts the x-axis where y = 0.
2log,(x=2)=0
log.(x —2)=0
dS=x-2
1=x-2
x=3
Thus, (a,0) = (3,0),s0a = 3.
¢ y=2log, (x-2)

@_ 2
dx  x=2
dy 2
Wh =3 =—=—"—=2
en x , mr &= G.2)

, XE (—00,-2)N (3, 00)

The equation of the tangent with mt = 2 that passes

through (x1,y1) = (3, 0) is given by
y=y1=mr(x—xi)
y—0=2x-3)

y=2x-6

1
d The equation of the perpendicular line with mp = -3 that

passes through (x1,y1) = (3,0) is given by

y =y =mp(x—x1)
y-0=-3G-3
1

———x+§
YETET S

5 ay=log,(2x-2)

The gradient of the tangent is mr = Z—i

h :].’ :—:2
When x 5, mr 51

The equation of the tangent with mr = 2 that passes

through (x1,y1) = (1.5,0) is given by
y—yi1=mr(x—x1)
y—0=2x-1.5)

y=2x-3

2
T 2x=2

1

x—-1

6
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b y =3log,(x)
d
The gradient of the tangent is mr = d—i} ==
When x = e, mr = z

. . 3
The equation of the tangent with mt = — that passes
e
through (x1,y1) = (e, 3) is given by

y—yi=mr(x—x1)

y—3=§@—@
e
y—3=§x—3
e
y=:-x

e
y=4log,(3x—1)

dy 12

dx 3x—1

If the tangent is parallel to 6x —y+2 = 0 or y = 6x + 2, then

the gradient is 6.

12
e
12=6(3x - 1)
12=18x-6
18 = 18x
1=x

When x =1, y =4log,(3(1) — 1) = 4log,(2).
The equation of the tangent with mr = 6 that passes through
(x1,y1) = (1,4log,(2)) given by
y=yir=mr(x —xi)
y—4log,(2) = 6(x— 1)
y—4log,(2)=6x-6
y=06x+4log,(2) -6

7 ay=2log,(2x)

dy 2

dx x
. e . e 4
b The gradient of the tangent at (E,Z) ismr=2+ 5=
e

4

The equation of the tangent with mr = — that passes
e

through (x1,y1) = (%, e) is given by

y =y =mr(x—xi)

= 2-3)
) e 2

y—e=-x-2
e

4
y=-x—-2+e
e

8 y=uxisatangenttoy = log,(x — 1)+ b.

The gradient of the tangent is mt = 1.

d 1
Also, the gradient of the tangent is mt = 9 —
dx x-1
Thus,
1
=1
x—1
l=x-1
x=2

Whenx =2, y=2.
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2=log.2—-1)+b 2 y = log, (2x)
2 = log,(1) +b dy _1_,
b=2 dx x
Thus y = log, (x — 1) + 2. =1
The correct answer is A. 2
9 y = —2x + k is perpendicular to y = log,(2(x — 1)). y=log, (1)=0
The gradient of the perpendicular line is mp = —2. P (l O)
The gradient of the tangent is mr = l 2
P { Tangent :
Also, the gradient of the tangent is mt = d—z =7 y—0=2 <x _ %)
Thus,
1 1 y=2x-1
Y—1 2 The tangent crosses the y-axis aty = —1.
x—1=2 The correct answer is C.
x=3 3 f(x) =log, (x) +log, (2)
When x = 3, y =log,(2(3 — 1)) = log,(4) ~ 1.3863. )= 1 [1 mark]
1.3863 = -2(3) + k X
7.3863 =k =1 [1 mark]
k=174
Thus,y = —2x +7.4.
10 Use CAS for this question 5.8 Review
d . .2
a e (210g5(x)) given x =5 is 5 logs(e). 5.8 Exercise
b di (% log, (x + 1)) given x = 2 is ék’g3(e)' Technology free: short answer
by
d 5 . ) 1 a Stationary points occur at x = 0 and x = 2, so these will be
¢ I (logﬁ(x - 3)) given x = 3 is logs(e). the x-intercepts on the gradient graph. The original graph is
d /1 5 ) 1 a positive cubic, so the gradient graph will be a positive
d I (5 logg (x )) givenx =c¢is —. parabola.
11 The equation of the tangent is y = mt x + c. A

When y =0, x = 0.3521
0=0.3521mr + ¢

—-0.3521mr =c¢

Thus,

y=mtx — 0.3521mr

y=mr(x —0.3521)

dy 2
But mr = i e
Thus, y = (x —0.3521).
2x—1
Atx=n,y= (n—0.3521).
2n—1

Alsoatx =n, y =log,(2n —1).
[11=1[2]:
(n—0.3521) =log,(2n — 1)

n =2 as nis an integer

2n—1

y=f

(0,0) (2,0)

<Y

(1]
(2]

Y

x+2
-3

b i

o

dx X

)

5.7 Exam questions

1 fix)=—1log, (x+2)
0) = ~log, (2)
c=—log, (2)
T: when x = 0 has ¢ = —log,(2)
The correct answer is C.

= i(logf(x +2) —log,(x — 3))
dx

1 1
x+2 x-3

x—3 x+2
x+2)x=-3) +2)(x-3)
_x=3-(x+2)
T +2)(x-3)

-5
x+2)(x=3)
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Restrictions on x: 4 x—2y=5
x+2 50 dy=x—5
x—3 x 5
2 y=5"%
;‘+3x(x—3)2>0x(x—3)2 2 2
- 1
x+2)x—-3)>0 mp =2, Somr = =2
S XE(—00,-2) U (3, 0) fy=x*—2x+3
ii di (loge(x +2)°) fxy=2x-2
:l“ —2=2x-2
== (2log, (x+2)) x=0
5 fO)=0-1?+2
) =142
Restrictions on x: =3
(x+2)% > 0 for all values except x = —2 The equation of the tangent with m = —2 that touches the
Therefore, x € R\ {—2) curve at (0, 3) is given by:
2 a flx)=3sin(2x) — 4 y=3=-2(x-0)
F/00 = 6¢0s(2%) y=-2x+3
2 5 a } YA
bf/(%r>=6cos ({) | y:tan(
|
1 1
=6X -3 i
=-3 1
€ fA < i |
.
! 2 0, -1)
|
|
|
|
|
|
|
|
|
|
! 4
X=-r
b fx)= 1sec2 <§>
2 2
1
= T 3
Y 2 (cos (3))
The gradient is positive for {x:O <x< g} f,<7_r> _ 1
=
3 y=—3cos<%)+7 3 2 (cos (5))
mr = @ =Zsin (E) = 1
T2 6 -, (\/5)2
. 2 2
Whenx=3,mT=gsm(72j)=gandmpz—j—r. =§ 2
3y 7(3) -
Whenx=3,y= 3cos<T>+7—7. 6 a f(x):ke*z
The equation of the tangent with mt = g and (x1,y1) = (3,7) [ = 2xke”
is given by: f/(4) = 8ke'®
y—yi =mr(x—x1) . 8ke'® = 4e'®
V4
y=7=3(x=3) k=1
2
T 3z 2
y=gx— 5 +7 b f'(x) = xe*
The equation of the line perpendicular to the curve with f@=2¢ =2¢*
mp = _2 and (x1,y1) = (3,7) is given by: ¢ mt =f’(21) =2¢*
b
y—)’1=mp2(x—m) e =54
y—7=—;(x—3) f(2)=%e4

2 6
y=—-=x+-—-+7
T T
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Equation of the line perpendicular to the curve with

1 . 1
mp = ~5 and passing through <2, Ee“):

1, 1
VT3 =Tt

Technology active: multiple choice

7 fix) = m cos(3x)
f'(x) = =3m sin(3x)
7(§)=-3msin(3)
/()<=

Som = 1.
The correct answer is A.

8 y=e*+3
dy
="
When x =0,
dy
o
The correct answer is C.

—X

- =—1

3
X — 4x°

? y= 2x3

wloo

=5 -

11

d_ 8, .x3 _
&~ 37 2
_ 4 2
1 2
33

The correct answer is C.
10 @ (3in’®) + sin(®)cos’(6)
dx cos(6)

_d sin()[sin?(8) + cos?(8)]
T dx cos(0)

_d [ sin(0)

T dx (cos(@))

= i(tan(e))
dx

-1
cos2(6)

The correct answer is E.

11 y=10g2<g>
X

dy

(=) x2x72

i loge(2x’l)
dy —2x72

dx ~ 2x!

dy —2x72
dc 2

dy 1

dx ~ x

The correct answer is E.
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12

13

14

15

16

y =2 tan(3x)
d_y _ 6
dx  cos?(3x)

The correct answer is C.
dhigh =6+2(1)=8m
diow =6+ 2(—1) =4m
The correct answer is C.
it
d=6+2 (7)
+2cos 3
@ =z sin <£t)
a3 6
When ¢ = 4 hours or 2 pm,

ﬁ——i—[sin 2—7[
= 3 3

dd _ _x sin<£)

- 3 3
dd _ 3z
"~ 6

The correct answer is A.
y=2x—e >

d
mT=d—1=2+26_2’c

Whenx =0, mr =242 =4
Whenx =0, y=2(0) — e’ = —1

The equation of the tangent with mr = 4 and (x1,y1) = (0,—1)

is given by:

y=yi =mr(x—x1)

y+1=4x-0)
y=4x—-1

The correct answer is D.
y=log, (x+5)

Whenx =e¢ -5,

y = loge(e —5+5)
log.(e)

=1

=>(e-51)

d 1
Gradient of tangent = mt = Y-

dc x+5
Whenx =¢ -5,
_ 1
T e—5+5
1

e

mr

1
SLy=-x+c
e
Substitute in point (e — 5, 1).

lzl(e—5)+c
e

5
l=1-=-+¢
e
5
c="=
e
1 5
>y=-X+ -
e e
ey=x+5

The correct answer is B.



Technology active: extended response
17 a y = fix) = asin(x) + b cos(x)

When x = 0, y = 7; thus,

7 = a sin(0) + b cos(0)

b=1

y = a sin(x) + 7 cos(x)

When x = g y = 3; thus,

3=a sin(g>+7cos<g)

a=3
y =3 sin(x) + 7 cos (x)
b The maximum and minimum values of the function over

the given domain can be determined using a graph page on

CAS. They are found to be 7.6 and —7.6 respectively.
Therefore, the range is [—7.6, 7.6].

c fix)=0 0<x<2m
3sin(x) + 7 cos(x) =0
3 sin(x) = —7 cos(x)
3tan(x) = -7
tan(x) = —z
3

x = 19757, 5.1173
d f'(x) =3 cos(x) — 7 sin(x)
f(1.9757) =3 cos(1.9757) — 7sin(1.9757) = -7.616
f'(5.1173) =3 cos(5.1173) — 7sin(5.1173) = 7.616
18 a M and P are the end points of the function

y = 2sin(2x) + %

x=0,y=2sin(0)+%=—

x=7r,y=25in(27r)+§=—

oo
(-3

b y=2sin2x) + %

@ =4 cos(2x)
dx

2
¢ Whenx = ?ﬁ

The gradient of the track is 0.5.
1
ey= 5xr+-c

The value of ¢ can be found by substituting the point

TOPIC 5 Differentiation ¢ EXERCISE 5.8 | 139

27 5
=, 2 —v/3).
(53-v3)
5 1 2x
E —-\/§ = E X 75- +c
5 T
Cc= z —-\/5'— 5
o1 5 b4
.y—2x+2 \/5 3
19 a B = By
When ¢t = 0, B = 1.5 units.
1.5 = Bye®
Byo=1.5
b B =15
dB .
= = 1.5k
d ¢
5.0.55 = 1.5ke™

Solving this equation by using CAS yields the solution
k=0.1791.
¢ B(r) = Age™
When ¢ = 10,
Age'” =9 (1
When r = 14,

Age' =7 2]
14h

@+ = =

el

4h
e =

7
4h =1 =
h 0g€'<9>
1 7
h= Zloge <§>

= —0.0628
Substitute into [2]:
Age!4 X 00628 _ 7
Ao = 16.8696

d  B(r) = 16.8696¢ %928
B'(1) = —1.0599¢ 00628
B'(14) = —1.0599¢ 00028 < 14
=-044

Therefore, the rate of decrease of the biomass is
0.44 units/day.

Ol Ol

20 a P = Py

When ¢t =0, P =500, so

500 = Poe”

500 = Py

Thus, P = 500"

When r = 7.2, P = 1000, so

1000 = 500¢*7
9= %
log,(2) =7.2k

% log,(2) =k
k =0.0963

So P = 500" %

b When 7 = 50, P = 500¢>%%60 = 61 673.

P = 62000 bacterial cells to the nearest thousand.
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c dap _ 0.0963 x 500¢"2963
dt
dip =48 15e0.09()3t
dt '

When 7 = 30, ‘g = 48.15¢"79C0
= 865.5 bacterial cells/hour.
d P = Qpe™
Whent=0, P=61673, so
61673 = Qpe"®
61673 = Q
Qo = 62000
e If m = —0.2008, P = 62 000¢ 02008

v _ —0.2008 x 62 000e 02008
dt
P _ _ 15 449 ge-02008
dt

dp —0.2008x10
t=10, - = —12449.6¢"

=-1671.44
The rate of decrease is 1671 bacterial cells/hour.

5.8 Exam questions

1af@=x"+3x+5

f(H)=14+3+5=9#0, so the point P (1, 0) is not on the
graph of y = f(x)

Award 1 mark for the correct explanation.

b i Q(af(a) ,
m(PQ) = fla) - = _a -;— ial—k 5

Award 1 mark for the correct answer.

ii f/(x)=2x+3, f'(a)=2a+3
Award 1 mark for equating and solving.

iii f'(a) =
—(a*+3a+5)=Qa+3)(1-a)
—a*-3a-5=-2a*—a+3

a*-2a-8=0
(@a-H@+2)=0
a=-2,4

Award 1 mark for equating and solving.
Award 1 mark for both correct values of a.
iv a=4f @) =11 y=1lx-1)=1lx-11
or
a=-2f(-2)=-1 y=-1x-1)=1-x
Award 1 mark for the correct tangent.
¢ The turning point on the graph of fat x = —% needs to be
above the point P,
so translate f, % +1= % so that k = g
Award 1 mark for the correct method.
Award 1 mark for the correct value of k.
2 The gradient is negative for x € (—oo, —2) U %, oo)

The correct answer is C.

3y=x"-5

Positive x-intercept: A <\/§ O) y-intercept B (0, —5)

5-0
0—\52\7_\[
——Zx—\/_:x—%

The correct answer is D.

Gradient myp=

4 af:[0,87] —>R,f(x)=2cos<§>+zzr

Period = ZT” =4r,range [-2 + 7,2 + 7]

2
Award 1 mark for the correct period.
Award 1 mark for the correct range.

VCAA Assessment Report note:
This question was answered well. However, some students
included round brackets instead of square brackets for the
range. Range = [2 + x, —2 + 7] was occasionally seen.
Some students gave approximate answers instead of exact
answers.

2 —_ 3 E
f'(x) = —sin ( 2)
Award 1 mark for the correct derivative.

VCAA Assessment Report note:
This question was answered well. Some students did not

=2

. . . . . (X
write an equation, leaving their answer as — sin (E )

Others made errors when using the chain rule. Some had
their technology in degree mode rather than radian mode.

f(7r)=2cos<g) tr=m

(g}

f/(x) = —sin (g) = _1,P(z, 1)
T:y—n=-1(x—-n)
y=-x+2n
Award 1 mark for the correct tangent equation.
VCAA Assessment Report note:
This question was answered well. Students were not
required to show any working. The answer could be
obtained directly using technology. Some left their answer
as —x + 2.
d f'(x) = —sin (%) —land0<x<8r

x=3x,Tr,
f@Brm)=nf(In)=n
T,: y—zn=1(x-3n)

y=x-2m
T: y—-z=1x-"Tn)
y=x-—06x

Award 1 mark for each correct tangent equation. 2 marks
total.

VCAA Assessment Report note:

Once students found x = 3z or x = 7x the rest of the
question could be completed using technology. Some
students gave only one of the equations of the tangents.
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efX)=2fx)+rx
2003(%) +7r=—2sin<

SRS
N— N
+
N

2cos(§)=—25in(%
tan(%):—l, 0<x<8r
x 3z Trx llzx 15z
PR ey
_ 3z Irx llzx 15z
T T2

Award 1 mark for solving the tangent equation.
Award 1 mark for all four correct solutions.
VCAA Assessment Report note:

z S5z 97 13«

Some students gave x = — —, —— as the answer.

2’272 2
Others tried solving 2f'(x) + # = 0 instead of
27’ () + = f(x).
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dy dy

5 y=x2=>a=2x,a _2=4P(2,4)
Tiy—4=4(x-2)
=4x -8
y=4x-4

Whenx=3,y=12-4=8
(3, 8) lies on the tangent.
The correct answer is B.
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Topic 6 — Further differentiation and applications

6.2 The chain rule

6.2 Exercise
1
1a y=Va2-Tx+1=(x-7x+1)2

1 —
& _ 1(2x—7)(x2 -Tx+1)2= X

dx 2 2Vx2 —=Tx+1

b y=0GB2+2x-1)

dx
¢ y=sin’(x) = (sin(x))?

d_y = 2 cos(x) sin(x)

dx
d y= ecos(3x}

@ =-3 Sin(3x)ecos(3x)
dx

2 ay=gw=3("+1)"
Letu:x2+1so@ = 2x.

ddx ;
- ly 5
Lety =3u' — =-3 =—-—.
o ! du “ W2
@ dy L du
dx du dx
@ —i X2x = — 6x
dx u (22 + 1)2
b y= g(x) — ecos(x)
du .
Let u = cos(x) so — = —sin(x).
dx
Lety =¢" so @ = ¢V,
du

ﬂ dy < 3 du
dx  du’ dx
d Q|
G~ sin(x) = — sin(x)e™
dx

cy=g@) =+ +2= (x2+2x+3)%

Letu=x2+2x+3so%=2x+2.

1 1
Lety:uisoﬂzlu_fz ! .
du 2 2\/;
@ dyxdu
dx du dx
%: 1 ><2(x+1)=$
2\/u Va2 +2x+3

1 o
d = = —=
y=gx) S0 (sin(x))

Let u = sin(x) so @ = cos(x).
dx

_ dy _ 2
Lety=u>s0 —=—-2u"> =—=.
ety =u-so e u 3

@ dy o du

dx  du’ dx

dy 2 2 cos(x)
— =—— Xcos(x) = —

dx u? sin®(x)
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d
A 3(6x +2)3x% + 2x — 1)° = 6(3x + (3> + 2x — 1)

ey=flx)=Vx>—4x+5= (x2—4x+5)%

di
Letu=x2—4x+530—u=2x—4.

dx
1 i
Lety = u2 soﬂ =-uz2= ! .
du 2 2\/;
@ dy o du
dx  du’ dx
dy 1 2= x—2
dx 2\/; VX2 —4x+5
fy=fx) =3cos (x2 - 1)
Letu=x"—1 50@ 2x.
dx
Let y = 3 cos(u) so Z— = —3sin(u).
Q dy o du
dx  du’ dx
% = =3 sin(u) x 2x = —6xsin (x* — 1)
Jay=fx)= 5¢3° !
Letu = 3x* — 1 so d—u = 6x.
dx
Lety = 5¢" so Zy = 5¢".
@ dy o du
dx  du’ dx
& = 5¢" x 6x = 30xe™ !
dx

2\ 2
b y=fix)= <x — F) - (x3 —2x_2)_2

d 4
Letu=x—2x"2s0 a_ 3 4+ 4x73 = (3x2+ —).
dx x3

dy

Lety=u>s0 —=—-2u">=—=.

du
B _dv du

dx  du

dy 2 , 4
i M3X<3x +x3>

-y
6 +8
T 32y
(-3
V2—x 1
cy=flx)= > =
-X 2—x
du
Letu=2 —=-1
et u xsodx 3
Lety—uZSogz—%u“
@ dy du
dx  du’ dx
2u?2 2(2-x)2
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4

d y =fx) = cos’ 2x + 1) = (cos(2x + 1)° d fio= 3 (3x2 _ 2)4 — (3x2 _ 2)5
Let u = cos(2x + 1) so % = —2sin(2x + 1). 4 1
dy /@ =3 (3% -2)3 x6x = 8xy/3x2 - 2
Lety = u’ so — = 3u®. 3 s
du £ (1) =8(1R3(12-2=38
@ — ﬂ X d_u sin?(x)
dx ~ du” dx 7a y=e
% =31 x —2sin(2x + 1) = —6sin(2x + 1) cos’(2x + 1) % = 2 cos(x) sin(x)es™
dy dy du _rody _ TN\ (T sin?(Z
EC_EXE Whenx—Z,dx—2005(4>sm<4>e (4)
' =30 x~25in(2x + 1) = ~6sin(2x + 1) cos’ x4 1) s g y 726(\@2
d d 1
4 a = (Viog,3-29) = = (log,3 - 2v)> -
=2 1 -1 b f(x) = (cos(3x) — 1)°
= —(log,(3 - 2x)) 2
G2y X3 l0e3-20) £/ = 5 x =3 sin(3x) (cos(3x) — 1)*
_ -1 = —15sin(3x) (cos(3x) — 1)*
(3 = 2x)4/log,(3 — 2x) pa . (3% 3z ¢
1 f’(—):—lSsm <—> <cos <—>—1>
= 2 2 2
(2x — 3)1/log,(3 — 2x) =—15(—l)(—14)=15
d (1 d (1 1 8 a flx) = glcos(x)]
P& < 2 loe. (V- 2)) =& <510ge (= 2)2) £1(0) = = sin()g’ [eos(x)]
d (1 1 b flx) =g (2¢)
= a <§ X E IOge ()C— 2) f’(x) — 6x2g/ (2x3)
L 9 =5 (36)
47 x=2 F(x) = 6eXH g’ (382x+1)
1 1
=4(x—2) df(x):g(\/sz—x>=g<(2x2—x)2>
5 y=sin’() = (sin()’ )= % (4x—1) (22 - x)_%g’ <(2x2 - x)%)
@y _ in? 4r—1
e 3 cos(x) sin“(x) = —2 ; - g (\/E)
Whenx:z, Q=3cos<z> e
3 dx 3 9 a fx) = [h(x)]? sof'(x) = =2h'(x) [h(x)] >
L (V3 2y b f(x) = sin’ [hA(x)] so f'(x) = 2/(x) sin [A(x)]
=3xX=X|—=— ] == 1 2
2 ( 2 > 8 ¢ fix) =v/2h(x) + 3 so f/(x) = 3 ') Qh(x) +3)73
6 a f(x) =tan(4x + ) 2h'(x)
’ _ = 2
F0= et 3 2h(x) +3)3
£ (z) - 4 __4 d flx) = =2¢"* 50 f'(x) = =2k’ (x)e" "
P o (4(5) +x) o) 10 /10 = % 50200 = f(fl0) = —— ="
b fo=C-x7 ! )
F0 =21 @ =97 = —— gw=dd
2-x 11 a y= - =(@x-17
()2 el =D
2) (a1 T8 27 dy 3o 4
(2-3) i L e e
¢ f)=e dy 4
f/(x) - 4xe2x2 i b When x = l, E = —(2 — 1)3 =
=D =41 = -4 Whenx=1,y= — =

Q-173

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



144 | TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.2

12

13

14

15

16

17

The equation of the tangent with mt = —4 that passes

through the point (x1, yi) = (1, 1) is given by
y—yi =mr(x—x1)
y—1=—4x-1)
y—1=—4x+4
y=—-4x+5
fix)=(x—1)%and gx) = ¢
a flg(x)) = fle) = (¢' = 1)’
b h(x) = (¢ — 1)° and I’ (x) = 3¢"(e" — 1)°
¢ At (0, 0), #'(0) = 3¢°%° — 1)> = 0.
The equation of the tangentis y = 0.
F(x) = sin? (2x) = (sin (2x))?

f'(x) = 4cos (2x) sin(2x), 0<x<nr
0 = 4 cos (2x) sin (2x), 0<2x<2n
cos(2x)=0or sin 2x) =0
r 37w
2x= =, — 2x = 2
X ) x=0, m, 27
x=§,37r4 x=0, g,zr

f(0) =sin® 2(0)) =0
()= ()
7(3)=sn*(2(3)) =0

/() o)

f(x) =sin® 2(x)) = 0
Therefore, the coordinates are

©, 0), (’Zt 1), (g 0), <3Tﬂ 1),(;:, 0).

z =4y’ —5and y = sin(3x)

z=4(sin(3x))* = 5
% =4(2) (3 cos(3x)) (sin(3x)) = 24 cos(3x) sin(3x)
f(x) = 2sin(x) and h(x) = ¢
a i m(x) =flh(x)) = f(e") = 2sin(e")

i n(x) = h(fx)) = h(2sin(x)) = 57O
b m'(x) = 2¢* cos () and n'(x) = 2 cos(x)e

Solve using CAS for 0 < x < 3.

m'(x) =n'(x)

1

2 sin(x)

2¢* cos (€*) = 2 cos(x)e? "W

€* cos (¢¥) = cos(x)e” '@

x =1.555, 2.105, 2.372

a m(n(x)) = m()C2 +4x-5) = 3X2+4x—5
i Cadr—5) _ it
b 2 (37) = 1.0986x + 9
=2.1972(x 4 2)3* 5
Whenx =1,

di (3*‘“4*—5) 6.5916 = 2.1972(1 + 2)3V+40-3
X

=2.1972x3 % 3" =6.5916
a g(x) = flh(x)) = f2x — 1) =/(2x — 1)?
b glx) = (2x— 1)% s0 g'(x) = %(2) 2x — 1)‘% -

3
¢ mratx =1 g’(l)z;:iL
3v2)-1 3

3yv2x -1

4
The equation of the tangent with mt = 3 that passes
through (x;, y1) = (1, 1) is given by
y =y =mr(x—x1)
4
y=l=3G-1
4 4

y=§x—§+l

Y=3773

mTatx=O:g’(0)=—4 =_i

3720-1 3
4
The equation of the tangent with mt = -3 that passes
through (x1, y1) = (0, 1) is given by
y =y =mrlx—x1)
_ 2

y-1=-36-0)

——ix+l
Y=73

d The tangents intersect where

4 1
=-x—— 1
y=3*¥-3 [1]

y=—§x+1 [2]

[11=1[2]
4 1 4
X

_4/1 1 2 1 1
’y_§<i>_§_§_§_§'
The tangents intersect at (%, %)

(210ge(x))2 =2log,(x)
(21og,(x)* = 2log,(x) = 0
2log,(x) (2log,(x) = 1) =0

log,(x) =0or 2log,(x)—1=0
0

e =x 2log,(x) =1
x=1 _
05 log,(x) =0.5

Whenx =1, y =2log,(1) = 0.

When x = ¢™, y = 2log, ()™ = 1.

The points of intersection are (1, 0) and (eo‘s, 1).
Ify = (2log,)),

dy 8log,(x)

2
a;=2<;>(2“&“”='—:f—
dy 8log,(1) 0

At (1,0), — =
( )dx 1
If y =2log,(x),
dy _2
dx ~ x J 5
Yy
At(1,0), — = = =2.
(1, )’dx 1
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YA

y=(2log, (1))

y=2log, (x)

"

0 (1,0)

Y
x=0
d 2log,(x) > (2log,(x))’ when {x : 1 <x <™},

19 a h(x)=Vx?—16andg(x)=x-3

h(g(x)) =y/(x=3)* - 16

h(g(x) =Vx*—6x+9—16

h(g(x) =Vx2—6x—7

h(g(x) =v/(x—TNx+1)

If h(g(x)) =4/ (x + m)(x +n), thenm = =7 and n = 1.

b Maximum domain for (x — 7)(x+ 1) > 0

<
<

Y

-1 7
{x:x<-1}u{x:x2>7}

d d
¢ 2 (hgt) = = (\/xz —6x— 7)

dx

8=

d 4 e
T (h(g) = = (x* ~6x=7)

d o PR
a(h(g(x))—i(bc 6)(x 6x 7) 2

Let P(x) = 2 +x° + 1.
P(-1)=2(=1+(-1)*+1=0
(x + 1)isafactor.
2+ 1=+ 1)(2x2—x+ 1)

The quadratic can’t be factorised.
x+1=0
x=-1
1
-

Ifx=-1,y= (-1)’=-=2and-2=1+a =>a=-3.

6.2 Exam questions

1 fix)= eg(*'z)

f/ (x) = % (g (XZ)) eg(xz)
[ (x)=2xg’ (xz) eg<xz)

The correct answer is C.
y=(05x+ 1)
Apply the chain rule.
dy
=
=35G5x+1)° [1 mark]

y=f0) =V +3

1
y =+/u = u2 where u = x> + 3 (chain rule)
1
d—y = lu_i = 1 @ = 2x
du 2 2\/; dx

7 % 5(5x + 1)°

dy _ dydu
dx ~ dudx
d X
f’(x)=d—y=—
Ve
)= ==
Vies 2

Award 1 mark for using the chain rule.
Award 1 mark for the correct derivative.
Award 1 mark for the correct final answer.

d =3 VCAA Examination Report note:
——(h(g(x)) = ——= Many students onl th ion for f’ h
dx y students only gave the expression for f'(x), not the
Va2 —6x =7 specific value of f'(1). Students should also note that
i,
d When x = -2, gradient = 3 L # =x l, L = l
V2 -6 -7 Va2 2
V4+13-17
5 6.3 The product rule
3
1 1 1 1 6.3 Exercise
20 y=g(f(x))=g<*>=———2=——x2 ,
X X (i) X 1 a f(x) = sin(3x) cos(3x)
dy 1 f'(x) = =3 sin(3x) sin(3x) + 3 cos(3x) cos(3x)
—=—x"-2x=——= -2
dx x2 £'(x) = 3 cos?(3x) — 3sin*(3x)
The perpendicular equation is given by b 1) = 2
=-—x+a,somp=—1andmr = 1. , " .
Y dy i T F'(x) = 3x%e¥ + 2xé®
b ¢ flx) = (&% + 3x — 5)e™
1 F/@) =503 4 3x = 5)e™ + (2x + 3)e™

—a =l 1) = (52 + 17x — 22)e™
—1-2 =4

0=2"+x*+1
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1
d f(x):\/x2—lltan(3x) ey=2\/)_c(4—x)=2x5(4—x)
2 _1y2 1
= (" = D)2 tan(3x) Letu =2x2 andv =4 —x, so ? = x and Z—v =-1.
by X
@ = (2 = )7 x3s5ec’(3 39X L2~ 1)Ix2 d_ vy du
f)=x-1)2x sec(x)+tan(x)><§(x— ) 2X2x il e
dy 4—x
= 3/ — 1 sec?(3x) + 2060 7 =2Va=D+ :
2 _
vl dy —2x+4-x
2 ay=x*™ I
2 Sx du dv S5x *
Letu =x"andv = ¢™,s0 — =2xand — = 5¢™. dy 4-3x
dx dx A
dy _ dv_ du oV
dx dx dx fy=sinQx—rn)e™
? = 52265 4 2y Letdu =sin(2x— ) and v =de_3“,
o so 2 —2cos (2x — ) and W 3,
b y = ¥ tan(2x) dx dx
Let u = ¢**!' and v = tan(2x), so dy _ u@ + v@
du _ 2¢%*! and dv_ 2 e dv o dx
j)yc dv d oo ? = =3¢ sin (2x — ) + 2¢7* cos (2x — )
v u X
E_ua-i_va 3 ay=3xfze"2
2x+1
& =2 + 27! tan(2x) Letu=3x2andv = e"z, ) du = —6x"° and dv = 2"
dx  cos?(2x) 4 p p dx dx
A u
@ ! 2¢7* sin(2x) [% =uo v
dx ~ cos2(2x) cos(2x) dy , )
-2 X x° -3
dy _ 267! 4 267 sin(2x) cos(2x) e 3x77 X 2xe" +e X —6x
dx ~ 2(2 2
e dy 6" 6"
@ _ 2e™ (1 + sin(2x) cos(2x)) i =
dx cos?(2x) 6 2( 2
d d et (x" =1
d—i =27 gec?(2x) + 27! tan(2x) ay R E—
1
cy=x72Qx+1) b y=e"Vax2 —1=¢" (4" - 1)2
L =x2 = 3 1
etdb; * an3dv gx+l) Letu:ehandv=(4x2—l)2,so
so — = —2x"and — =3(2)(2x + 1)’ = 6(2x + 1)*. du v 1 4
dx dx o 2ePand = =4x (4t =-1)"2 = .
dy _ dv . du & =2 md =) 42 — 1
O A ST
dx dx " Vdx dy dv + du
v _ 4
a_ 6x2(2x 4+ 1) = 267 2x + 1)° z; djlcxez" dx
ds N
Q _6(2x + 1)? _ 22x+1)° 4x2 — 1
dx ~ x> X3 dy 4xe™ + 2™ (47 = 1)
dy 6x(2x+ 1) —2(2x+ 1) dx ~ i — 1
a = x3 2x 2 "
dy 2e (4x +2x — 1)
dy 202x+1)?@x—(2x-1) ne T
e = 42 -1
dy  20x+12(x-1) ¢ y =x"sin’(2x) = * (sin(2x))’
A 3 Let u = x* and v = (sin(2x))’, so
d y = xcos(x) Z—z = 2x and % = 6.cos(2x) sin®(2x).
Let u = x and v = cos(x), so Z—u =1and ? = —sin(x). dy _dv v@
dy dv  du o o dx dx  dx
A A ST e
dx dx - dx % = 6x cos(2x) sin®(2x) + 2x sin®(2x)

D —x sin(x) + cos(x) dy
dx — =2 sin?(2x) (3x cos(2x) + sin(2x))

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.3 | 147

dy=@x-D*G-x7 5 flx) = 2x* cos(2x)

Letu=(x—1*andv=03-x72%s0 f/(x) = —4x* sin(2x) + 8x° cos(2x)
du 5 dv 3 2 NZAVENZ A LAV EANE 3
g == D and G = 220 -7 x ol = f<2>—8(2> cos<2x2) 4(2> s1n<2><2)
dy dv du _ 83
& = 5D

2= A1) =-r

S G-» -0 6afm=z

20— 1) + (3 — 04 — 1)’ f=xe+e

= : fl-D=—e"+e!
G- -

26— 1’ (x=1423—x) =0 .y

- G —x)? b fix)=x (xz +x)

21 (5 ) F@=4x@r+ D) (2 +x) + (P +x)
=(3——x)3 =(x2+x)3(x2+x+8x2+4x)
2= 1) (x=5) = (& +x)33(9x2 +5%)

- (x - 3)° F(y=(1*+1)" (91> +5(1))
e y=(r-2%g =
Letu = (3x — 2)? and v = g(x), so ¢ fl) = —ZX()ltan ()x) ®
du dv , s —xtan(x)
? = 6;3x - 2; and i g'(x). = —cosz(x) tan”(x)
@ _ e e 2% (1—%)tan (% 2
o TV f’(§>= ( (13))2an(3)—[tan<;[)]
d 2
2 = (-2 g +6Gr-2)50) =2><(1—§)><\/§_<\/§>2
dy _ , i
= = (Bx =2 ((r =D g'(x) +65() SsvE(1-T) 3
(o= () 1
d fix) = \/;sin(2x2) = xZ sin(2x?)
5x
Letu=—-e"andv=g (\/?C), SO 3 5 sin(2x2)
} f'(x) =4x2 cos(2x”) + ——=
du = —5¢ and dv =8 (x). 2\/;
dx dx 2\/)_c , 8x% cos(2x?) + sin(2x?)
dy dv du f@=
el 2vx
2 2 ) 2
b _FEW (V) cos (2(v) ) +sin (2(v) )
a5 W) r(7)=
2
ol (8) £ 05 (1)) ()
dx == 2\/; _ 87 cos(2x) + sin(2x)
4 ay=0>-3x+7log2x—1) 2V
%=(x2_3x+7)><(2x2_1)+(2x—3)10ge(2x—1) _ 82+ O
d 8 2VVr
D ox—3log x— 1+ 23D (L
dx ¢ =1 2’ _ 877:
b y = sin(x)log, (x*) ”13
d . 2 = 8rx4
dﬁ = sin(x) X x—f + cos(x) log, (x*) 7 a fix) = (x + D) sin(x)
dy  2sin(x) f'(x) = (x+ 1) cos(x) + sin(x) X 1
T Heos@log, (x7) £7(0) = sin(0) + cos(0)
dy _ xcos(x) log, (xz) + Zsin(x), e (0,00 :(1)+ 1

dx X
b y = 2xtan(2x)

Let u = 2x and v = tan(2x), so % =2 and d_ 2

dx cos2(2x)
dy v d
de = dx dx
@ - + 2 tan(2x)

dx  cos?(2x)
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z
12°

dy _4n 23 _4r+6V3
dx 9 3
8 y=2"sin(x)
dy . v
o = 2% cos(x) + log,(2) X 2" sin(x)

T
When x = =,
en x 3

%:ﬁcos(

b4
2
9 y=fx)=xte™
Letu = x* andv = ¢, s0 du =4y and dv = -3¢,
dx dx
dy dv du
o + v
% = 3xte ™ 44t
dy —3x
e
dy 3x, 3 4
If = =e(ax’ + bx"),thena =4 and b = -3.
The}vefore, the correct answer is C.
10 Lety = f(x) = 2x* (1 — x)°.
F=2xx-31-x%+(1-x)7°x4x
= —6x*(1 — x)? + 4x(1 — x)°
= -2x(1 — x)*’(Bx — 2(1 — x))
=-2x(1 —x)*(5x = 2)
Iff' (x) =0,
“2x(1=x(x=2)=0
x=0or 1-=x=0 or 5x-2=0
2
x=0,1, 3
f©O=2071-07°=0

=21 1-1°=0

r(3)=2(3) (-3

+1og,(2) x 22 sin (£ ) ~ 2.06
) (3)

(=3x* +4x7) = 7 (@4x’ - 3xY)

=2 X i X 2_7
25 7 125

216

T 3125

2 216
Theref th dinates 1 =, — ).
erefore, the coordinates are (0, 0), (1, 0), <5, 3125)

11 a fix) = e_% sin(x)
fix) =0 forxe [0,37]
e 2sin(x) =0
sin(x) = 0 since e‘g > 0 for all x

x=0, n, 2z, 37

b Max/min values occur when f'(x) = 0.

F/(6) = €72 cos(x) — %e% sin(x)
X 1 .
O0=e2 <cos(x) -5 sm(x))
—% sin(x) + cos(x) = 0 since e% > 0 for all x
1 .
cos(x) = 3 sin(x)

1
1= 3 tan(x)

2 = tan(x)
x=1.11, 4.25, 7.39
12 a y= —cos(x)tan(x)

y = —cos(x) X sin(x)
cos(x)
y = —sin(x), cos(x) # 0
dy _
o cos(x)
b y = — cos(x) tan(x)
Let u = — cos(x) and v = tan(x), so
du . dv )
o sin(x) and o sec”(x) = o)’
dy _ v du
dx ~ dx dx
% = —cos(x) X @ + tan(x) sin(x)
dy _ 1 sin(x) .
o p + cos) X sin(x) prov cos(x) # 0
dy _sin’(x) -1
dx ~ cos(x)
@ 1 —cos?(x) — 1
dx ~ cos(x)
@ __cos(x) cos(x)
dx ~ cos(x)

dy = —cos(x), cos(x) # 0
dx

13 ay=£x) = (x—a)’egk)
Let u = (x — a)* and v = g(x), so

du dv ,

o =2(x—a)and e =g'(x).

dy _ 4y

dx " Tdx ' dx

d

2 = (- a0+ 20 - a)g()
X

b f(x) = g(x) sin(2x) where g(x) = ax’
Let u = ax* and v = sin(2x),

) % = 2ax and % = 2 cos(2x).

b _ v,
dx ~ dx dx
dy

= = 2ax? cos(2x) + 2ax sin(2x)
dx

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.3 | 149

2
%X_% =2a (g) cos(w) + 2a (g) sin(r) = =37
2
—%a +0=-3x
na=6xn
6
a=—
T

14 y =+ De*
— dy _ 2 3x 3x
mr = - =3(x"+ 1)e™ + 2xe
X
When x =0, mr = 3(0 + 1)63(0) + 2(0)(33(0) = 3.
Whenx =0, y=(0+ 1)@ =1.
The equation of the tangent with mr = 3 that passes through
(x1,y1) = (0,1) is given by
y =y =mr(x —x1)
y—1=3x-0)
y=3x+1
15 y =xe"

d d
Letu:xandv:e",soau=1andd—;=e“.

—=xe'+e' =e(x+1)

When x = 1, mp = dy =e'(1+1)=2eand my = —i.
dx 2e
Whenx=1,y= (l)e1 =e.
The equation of the tangent with mt = 2e that passes through
the point (x1, y1) = (1, e) is given by
y =y =mrlx—x1)
y—e=2e(x—1)
y—e=2ex—2e
y=2ex—e

. . . 1
The equation of the perpendicular with mp = % that passes
e
through the point (x1,y1) = (1, e) is given by

Yy =y = mp(x —x1)

1
_ = - —1
y—e 2e(x )

yoe=-git o,
1x+ +e
YETTT Y

N 1+2¢°
r= 2e 2e

16 a y= e”‘z(l —X)
The graph cuts the y-axis where x =0, y = L1 -0)=1.
The graph cuts the x-axis where y = 0.
e (1l=x)=0
l—x=0ase™ > 0forallx
x=1
Therefore, the coordinates are (0, 1) and (1, 0).
b % =—¢" —2xe" (1-x)
=" (1 +2x(1 — x))
=—¢"(1+2x—2:?)

dy
dx
0= ex2 (2x2 —2x — l)
0=2x>—2x—1lase >0forallx
2%y (=2)* —4(2)(-1)
= 20)
2+4/12
=
x=—0.366, 1.366

_ (2x2 —2x - 1)

—_ 2
When x = —0.366, y = e (") (1 4+ 0.366) = 1.1947.

2
When x = 1366, y = ¢~(%*") (1 — 1.366) = 0.057.
Therefore, the coordinates are (—0.366, 1.195) and
(1.366, —0.057).

¢ Whenx =1, myr =™ (2017 -2(1)— 1) = _L
e

The equation of the tangent with mt = 1 that passes
e

through (x1,y1) = (1,0) is given by

y=yi=mr(x—ux)

y—0=—1(x—1)
e

11
y=——x+ -
e e

d Whenx =0, my = ¢™® (20 =2(0) - 1) = 1,50

mp = -1.
The equation of the perpendicular with mp = 1 that passes
through (x1,y1) = (0, 1) is given by
y=yi=mp(x—xi)
y—1l=x

y=x+1

e The tangent and perpendicular intersect where

1 1
x+1l=——x+4+-
e e

x=—-0.462
Ly =—0462+ 1
=0.538
POI = (—0.46, 0.54)

17 a When x = -2, y = (4(=2)> — 5(-2))e > = 26¢% ~ 3.5187,

so they have made the correct decision.

b The graph cuts the x-axis where y = 0.

4x* = 50" =0
x(4x—5)=0as " > 0forall x
x=0o0rd4x-5=0

dx=5
i3
T4

T is the point <§, 0>.

¢ y = (4x? — 5x)e*

Letu=4x2—5xandv=e‘,so@=8x—5and§=e’.
X
dy _ v du
dx ~ Tdx dx

& _ (4x* = 5x)¢* + (8x — 5)¢*
dx
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d_ (4x* = 5x + 8x — 5)¢* 19 a i b _ sin(8)
dx 3
CD = 3sin(6
D _ (4x* 4 3x — 5)¢* ©
dx .. AD BD
ii 3 =3 = cos(0)

. . dy
Stationary points occur when e 0. AD = BD = 3 cos(6)

4x* +3x=5) =0

) bS=4x 1 X 6c0s(0) X 3 sin(d) + (6 cos(6))?
4x* +3x—5=0as ¢ > 0 forall x 2

—3+1/B) —4@)(=5) S =36 cos(8) sin() + 36 cos>(8)
= 2@) §=36 (cosz(e) + cos(6) sin(@)) as required
_ 200y _ 2
_3 i\/9+—80 c Letjél— 36 cos“(0) = 36 (cos(B))".
= g So oo 2 X 36 X — sin(6) cos(8) = —72 sin(6) cos(B)
_3+4/89 Let S; = 36 cos(6) sin(6).
x= 5 Let u = 36 cos(6) and v = sin(6), so
du dv
— = -36sin(6) and — = 0).
Point B: When x = Y% _ 0,804 d9 sne)and gg = cox®
0 : When x = 2 ~ (0.804, ds, _ . dv Y du
y = (4(0.804)* — 5(0.804))e"** ~ —3.205. d6 ~ de ' dé
B has the coordinates (0.804, —3.205). dss = 36.¢03(8) c0s() — 36 5in(©) sin(®)
18 a y=flx) =3’ do
! ds .
Letu =3x>andv = e >, s0 du = 9x and dv =27, =2 = 36(cos>(6) — sin*(6))
B J J dx dx dé
l _ l l S=851+95
ax o ax ds _dsi _ds:
? =—6x e 4+ 9P dcé@ o do
" =2 = —725in(8) cos(8) + 36(cos(6) — sin*(6))
dy 5 ovnn 3 dé
p =3¢ 7(3x" = 2x7) ds
* p -5 = ~725in(©) cos(9) + 36 cos’() — 36 5in’(6)
If d—y =ae™ (b’ +cx’), thena =3, b=3and c = -2, s
. d == = —725sin(6) cos(6) + 36 cos>(8) — 36(1 — cos>(6))
. . Y _ dé
b Stationary points occur where o 0.
3¢ (3P —2x) =0 Z—z = —72sin(6) cos(8) + 36 cos>(8) — 36 + 36 cos*(8)
B =2x)=0ase > > 0 forall x ds )
x=00r3—2x=0 B 72 cos“(0) — 72 sin(B) cos(6) — 36
3=2x
3
2°" :
6.3 Exam questions
Ifx=0,y=0.
3 3\3 _2(3) 81 , 8l 1 y=x*sin(x) using the productrule.
Ifx==,y=3(2)e \2/=—¢7" = —. dy ,d . . d
2 2 8 8¢ <o = - (sin () +sin (0 - (x*)
The stationary point (0, 0) is a point of inflection and the p o .
1 Y _ 2 .
stationary point (%, %) is a maximum turning point. a0 (%) + 2:xsin (x)
P
s , 3 =x(xcos(x)+2sin(x)) [1 mark]
¢ Whenx =1, y=3(1)"e =3e =;. 2 f(x) = 22>
Whenx =1, Using the product rule:
d _ _ 5x
mr= 2 23206312 Z 21 =3¢ = 2 u=x v=e
dx e? du dv Sy
. . 3 a =2 a = 5S¢
The equation of the tangent with mr = — that passes s ) s
3 f'(x) =2xe™ + 5x"e™
through the point (x1,y1) = (1, —2> is given by f'a)= 2¢° 4 5¢°
e 5
=Te
y =y =mr(x—x) Award 1 mark for using the product rule.
y— % = %(x -1 Award 1 mark for the correct result.
e e VCAA Assessment Report note:
y— 3 — 3 X— 3 This question was well answered. Most students correctly
et e e? identified the product rule but did not evaluate (as instructed)
_ 3 X or their answers were incomplete. An incorrect combination
Y é? of the product and chain rule resulted in an answer of 10xe™

as a common €rror.
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3 y=xlog, (x)
2

U=Xx v = log, (x)
du_, v _1
dx ~ dx ~ x
dy dv du
== = 1
o u e +v e (product rule)
d 1
22 2 x = +2xlog, (1)
dx X
dy

o =x+ 2xlog, (x) = x (1 +2log, (x))
X

Award 1 mark for using the product rule.

Award 1 mark for the correct result.

VCAA Assessment Report note:

Some students did not simplity the expression or incorrectly
combined the terms to obtain 3 x log, (x).

6.4 The quotient rule

6.4 Exercise
2x
1 ay=

e +1
Letu=e*andv=¢"+1

di d
SO(TZ =2¢* and av =¢

du dv

dy _ Vg TUg
dx V2
dy 2"+ 1) —e " xe'
dx (e" + 1)
dy  2e¥ 42e% — ™
dy & +2e¥
dx (" + 1)
by= 00j§3t)

Let u = cos(37) and v = £,
$0 % = —3sin(3f) and % =37

dy _ v —ug
dt V2
dy _ —3£ sin(37) — 37 cos(31)
dr — 1
dy _ =3 (tsin(31) + cos(31)
dr — 1
dy  =3(tsin(3f) + cos(31))
- = ,t#0
dt I #
x+1
2 =
Y x2—1
Letu=x+landv=2x*—1,
du dv
soa—land E—Zx.
dy _vE—ug
dx V2
(=1 =2x(x+1)
(2 -1y

=1 =27 -2
@ =17

= +2x+ 1)
==
—(x+1)
(2 = 1)?
=+ 1)
T e+ D2(x— 1)2

1
T
_ sin(x)

Vx
1

Let u = sin(x) and v = \/)_c = x2,

du dv 1 _1 1
so — =cos(x)and — = =x 2 = ——.
dx dx 2 2\/)_(
@ v%‘ - u%
dx V2

@ _ 2xcos(x) — sin(x) N l
dx — 2\/; X
@ _ 2xcos(x) — sin(x)
dx zx\/;

by= tan(2x)

ex

Let u = tan(2x) and v = €%, so
du 2 dv N
—=——>——and — =¢".
dx  cos? (2x) dx
dy _ Vi UG
dx v2
& = 2e — e tan(2x) | = ¥
dx cos? (2x)
dy _ 2e" 3 ¢* sin(2x) y 1
dx ~ \ cos? (2x) cos(2x) 2x
dy €' (2 —sin(2x) cos(2x)) 1
=~ = X —
dx cos? (2x) e
@ _ 2 —sin(2x) cos(2x)
dx — e* cos? (2x)

65— (5-x)
VS5—x (S—x)%
Letu=(5—x)*andv = (S—x)%,

du
- 2(5-
SO i 5-x)

=2x—10and
1
@z—l(S—x)ifz— 1
de 2 2/5-x
dy _ v —ug
dx — v

2
dy =<—2(5—x)\/5—x L 6= >+(5_x)
dx ! 2¢/5-x
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dy [ =45 -2 +(5—x) 4ay=—2F¢
dx=< +(5-x ay cos(2x + 1)
22 > X 2 Letu = ¢" and v = cos(2x + 1), so
— )2 — 45—
§=M % =e*and%=—2sin(2x+1).
X 25-x(5-x)
du dv
dy 5-x=20+4x dy _ Vg " Uy
dx ~ 2v/5_x dx V2
dy  3x—15 dy _ e cos(2x + 1) + 2¢* sin(2x + 1)
- = dx — cos?(2x+ 1)
dx  9\/5 % e
dy _ 3(5-% by=-—
=
2y5-x Letu:e“'andv:x—l,so@=—e_xand ﬂzl.
4 33 ; . d dx
ly —-x dy vyl
_—= - y — dx dx
dx 2 a - 2
.22
dy=Sm (x*) @z—e_"(x—l)—e_x
x dx G—1)7
Letu = (sin(xz))2andv = X, SO dy —extet—e
? = 4x cos(x) sin(x) and ? =1. dx (x—1)
x x x
dy v%—u% @z_ xe
L= dx (x—1)?
dy 4x cos(x”) sin(x) — sin” (x°) cy= 3v/x
dx 2 X2, du 3 dv
3x—1 Letu=3x2andv=x+2,s0$=—and azl.
€Y= e C du _ o dv 2\/;
2x* -3 dy vo—ug
d d o= dx
Letu=3x—landv =27 —350 = =3and & = 4x. dx 2
du dv dx dx
dy _ Vg Uy 5
dx v2 @z w_y,\/} = (x+2)?
dx 2\/;
dy 3(2°-3)—4x(3x-1) b 3t D6
== ly X —6x
d 2 ATy
X (2x2 =3) dx 2\ [x(x+2)
dy _6x° =9 — 12" +4x dy  3x+6—6x
2 —_— e —
dx (2:2 - 3) dr " 2\x(+ 27
dy _ —6x"+4x-9 dy _ 6-=3x
dx (22 =3)? dx 2y /x(x+2)
x—4x° cos(3x)
fy=/fx)= 2\/} dy= sin(3x)
| Let u = cos (3x) and v = sin (3x), so
) 1
I&Zt u=x-—4x angvv = 2x12, SO1 ? = —3sin(3x) and ? = 3 cos(3x).
—=1-8xand — =x2=—. * du o dv "
dx dx \/)_c ﬂ _ VT Uy
dy _ v —ug o v
o 2 dy _ =3 sin?(3x) — 3 cos?(3x)
42 dx sin?(3x)
24/x(1 — 8x) — ==
dy _ Vra -8y ¥ dy =3 (si’(3x) + cos’(3x)
d (zﬁ) dx s’ (3x)
dy 2x(1—8x) — (x — 4x%) @z— 3
- = dx in?(3x)
dx Ae/x sin“(3x
\/_ x—2
@_2}c—16xz—x+4x2 €Y=37 <%
dx 4X\/} Letu=x—2andv=2x"—x—6,s0
@zx—uxz ?zland?z@c—l.
dx 4x\/)_c x x
1
d_ 1 3k

dx 4\/}
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dy _ 2% —x—6-—(x=2)(4x—-1)

dx (242 —x—6)2
dy 2% —x—6-—47+9%x-2
dx (2)(2—)6—6)2

@_ —2x*+8x—8

dx (sz—x—6)2
dy _ 2(x" —4x+4)

dx ~ (x+3) (x—2)
dy _ 20x- 2)?
dx  (2x+3)2(x - 2)?

d 2
Y = x#2
dx 2x + 3)
l_er
Tltex
Letu=1-¢¥andv=1+¢",s0

du _ —2¢* and Z—; = 26%.

dx d d
dy _ Ve~ U
dx V2
dy —26% (1+ er) — 2% (1- ezx)
dx (1+ ez-‘)2
dy _ —2¢ =2 —2e™ 4+ 26
dx (1+ ez‘)2
dy 4¢*
dx (1 + ez")2

_ loge(xz)

Y=oy
Letu = logg(xz), SO du = 2 = g
dx X2  x
Letv=2x-1, 50@ =2.
dx
dy V% - u%
dx ~ V2
dy (@x—1)x2-2log,(x’)
dx (2x— 1)
dy 22x—-1) ) 1
—=—-21 X ————
dx < x 0g.(*) (2x — 1)2
dy 2(2x—1)—2xlog,(x*)
dx *(2x — 1)2
2log,(2x)
eX +1

Let u = 2log,(2x), so du = z
dx x

) dv
Letv=¢™ + 1, so — = 2%,

dx
dy _ v —ug
dx V2
dy 2@ +1) -4 log,(2x)
dx (€ + 1)
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dy  2(e* + 1) — 4xe™ log,(2x)

dx x(e* + 1)?
dy  2¢% +2—4dxe™log,(2x)
dx x(e* + 1)
x+2
6 ay=flx)= ==
== Gnte
Letu = x + 2 and v = sin (g(x)), so
Ay and & 2 o) cos (s
ar a8 -
dy v —uf
dr — V2
dy _ sin (g(x)) — (x +2) g'(x) cos (g(x))
dt sin” (g(x))
—2x
g(e™)
by=fx)=—:

Letu=g(e™) and v = ¢, s0

du Y. dv
az—Ze Zg (el) andaze.
dy _ v —ug
drx V2
& X _2e—ng/ (e—Zx) _ exg (e—2x)
- (e’
_26—2xg/ (e—Zx) -8 (e—Zx)
= =
sin(x)

o2
Let u = sin(x) and v = €%,

d !
S0 d—z = cos(x) and % =267,

dx v?
dy _ € cos(x) — 2¢* sin(x)
dx et

dy _ e*(cos(x) — 2sin(x))

dx e
dy _ cos(x) — 2 sin(x)
dx ~ e
_ o dy cos(0)—2sin(0)
Whenx—O,d—x—T—l
2x

Letu=2xandv=x2+1,s0@=2and@=2x.
dx dx

dx V2

dy 207+ 1) — 2x(2x)
T @+
dy 2% +2 —4x?

dy 2-22 2(1-x)
A~ @+17 (2417

_ 12
Whenx=1, & =201 _,
dx (124 1)
sin (2x + )

Y= cos (2x + x)
Let u = sin(2x + x) and v = cos (2x + ), so

@ =2cos(2x + x) and @ = —2sin (2x + 7).
dx dx
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9

dy=

ay=

dy _ v -ug
dx v2
dy _ 2co0s? (2x + 7) + 2 sin® (2x + 7)
dx ~ cos? (2x + )
dy 2 (cos’(2x+ 7) +sin’ (2x + 7))
dx cos? (2x + )
y 2
dx  cos?(2x+ )
Whenx=7—[, Qz#zzzl
27 dx  cost(2m) 12
_ox+1
V3x+1
1
Letu=x+ landv = 3x+ 1)2, so
du dv 3
—=land — = ——.
dx d o\3x vl
dy _va—ug
dx V2 3(x+1)
dy _ V3r+1-7 xt
=——¥=*
dx <\/3x+ 1)
Q _ 20@x+1)-3(x+1)
dx  2\[3x+1(G3x+1)
@ _ 6x+2-3x-3
dx  2\3x+1Gx+1)
@ _ 3x—1
dx 2 3x+1Gx+ 1)
d _
When x = 5, = = 39 -1
dx  2\33) +1(3(5)+ 1)
_ 14
2(4)(16)
=
T 64
5—x*
eX
Letu=5—x>andv = €', so u = —2x and
dx
dy _va—ug
dx V2
dy —2xe'—¢" (5 —xz)
dx (e
dy _ —2xe* — 5¢° + 5¢°%°
dx e
@ _ 582 =2x-5
dx e~
dy 5
Wh =0, —=—-——=-5
enx =0, — 2
2x
3
Bx+1)2
3
Letu =2xand v = 3x+ 1)2, so
du dv 9
Eooama =2 1.
I and il 3x +

b

10 a

11

a

|

dy _vii—ug
dx v
3 1
dy 2@Bx+1)2-9x@Bx+1)2
dx 3\ 2
<(3x+1)2>
3 1
dy 203x+1)2-9x(Bx+1)2
dx Bx+1)°
3 1
dy 242 -9(1)(4)? 1
When x =1, EZTZ_Q’
j— ex
YTen2
Letu=e"andv=x2+2,s0@=e"and @=2x.
dx dx
dy _ v —ug
dx V2
dy_ex(x2+2)—2xex
“ " ey
dy _ e'x’ +2¢" — 2xe'
dx (2427
dy & —2x+2)
dx (2427
Whenx=0,mT=d—y=—eo(02_2(0)-|_2)=%=1
dx (02 +2) 4
& 1
Whenx:O,y=02+2=§.

The equation of the tangent with mt = % that passes
1
through (x1y1) = (O, 5) is given by

y =y =mr(x — x1)
1 1

y=5=56-0)
Lt
2 2
_ x-1
r= 3x2+1

dy _ —6x" +6x+2
dx (Bx2 +1)2
2
e S
(Bx2+1)?
x = —0.1466 or 0.5746
sin(2x — 3
y=fly = &=

eX
Stationary points occur where % =0.
@ _ 2c08(2x — 3) — sin(2x — 3)

dx ex
0= 2 cos(2x — 3) — sin(2x — 3)
eX

0=2cos(2x — 3) — sin(2x — 3)
x=0.25(6.2832n + 8.2143) wherene Z
For the given domain, letn = -2, —1.
x = —1.088, 0.483
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12

13

14

sin (2(=1.088) — 3)
e—I,OSS
sin (2(0.483) —3)

0483

Whenx = —1.088, y =

Whenx = 0483, y =

0.552.
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= 2.655.

Thus, a = —1.088, b = 2.655, ¢ = 0.483 and d = —0.552.

b @ _ 2cos(2 —3) —sin(2 — 3) = 0707
dx x=1 el

d [ 1+ cos(x)

dx \ 1 — cos(x)
1 + cos(x)

Ify=——=,letu=1+4cos(x)and v =1 — cos(x).
1 — cos(x)

d—z = —sin(x) and % = sin(x)

dy v —ug

dx V2

ﬂ _ (I =cos(x)) X =sin(x) — (1 + cos(x)) X sin(x)

dx (1 = cos(x))?

_ —=sin(x)(1 = cos(x) + 1 + cos(x)
B (1 = cos(x))?

_ —2 sin(x)

 (=(cos(x) — 1))?

_ 2 sin(x)

T (cos(x) — 1)2

V2x—1

y=f&x) =
V2x+1
Letu=v2x—1andv=+v2x+1,s0

du 1 v 1
dx 1 dx \/ﬁ
dy _ Vg —ug

dx V2

dy _(YI+l Va1 ey
f(«ﬁ m)'(” )

15

dy  (x+D)-@x-1) 16
A\ I 2x+ 1Qx+ 1)
dy _ 2x+1-2x—+1
X 42 _1Qx+1)
dy__ 2
X 42 _10x+1)
2
If f'(m) = , then
5v/15

dy 2 2
mn a2 —1@m+1) 5V15
Then 2m + 1 =5 ordm® — 1 = 15.
2m=4 4m® =16
m=2 m> =4

m==2

m=2
The correct answer is B.
3 e—3x
T 4 4
Letu=e*andv=e*+1,s0 @ —3¢73* and @ 26%.
dx dx

dy _ v —ug
dx ~ v2
dy _ =3¢ ¥ +1) = 2e"(e™)
dx (e +1)?
dy =3¢ =3¢ —2¢
dx (e + 1)?
dy =5e" =3¢
dx (e +1)?
dy _e*(=5-3e™)
dx (€% + 1)?
d —x —2x
d @b D g = —5and b= -3,
dx (€ + 1)?
10x
y=flx) = oy )
Letu=10xandv =x>+ 1, so d—z = 10 and e
dy _ v —ug
dx ~ y2
dy 10 (x*+1) —20x°
dx (x2 + 1)2
dy _ 1010
dx (x2 + 1)2
dy
=<0
dx <
10 — 10x?
0 Ox2 <0
(x2 + 1)
10-10x2<0
1-x<0

d _,

X.

A

-1 0 1

Thus, {x : x < -1} U {x : x > 1} gives a negative gradient.

ay= x—5
x2—5x—14
Functions undefined when
P 4+5x-14=0
x+7Hx=2)=0
x+7=00rx—-2=0
x=-7 x=2
x—5
by_)c2+5x—14

Letu=x—5andv=x>+5x— 14, so

du dv

— =1land — =2x+5.
dx an dx x
dy _ vy —ug

dx ~ V2

dy X+5x—14—(x—502x+5)
dx (2 + 5x — 14)?

dy X +5x— 14— (2% —5x —25)
dx (2 + 5x — 14)?

dy X +5x—14—27 +5x+25

dx (2 + 5x — 14)?

dy =" +10x+11

dx (x4 5x— 14)

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual

>
>
X



dy
When — =0,
en o
—% +10x + 11 _

(2 + 5x — 14)?

2 +10x+11=0

11+10x—-x*=0

A1 =01 +x)=0
11—=x=0o0rl+x=0

x=11 x=-1
Whenx=—1,y= —1-5 -6 _1
-1)?*+5(-H-14 -18 3
11-5 6
Whenx =11,y = =
Y A2 +5(11)—-14 121+55-14
_6 _1
T162 T 27

Therefore, the coordinates are <—1, %), <1 1, %) .

1-5 -4 1
= =50

TP +s()—14 8 2

(X],)/])E (1, %)

dy —(1)?+10H)+11 20 5
Whenx=1,mr=—= —“—""—— =" = .

de  ((1)2+5(1)—142 64 16
The equation of the tangent is

y—yi=mr(x—x1)

¢ Whenx=1,y

y—%=%(x—l)
1 5 5
T35 16" 16
5 5 8
=16 16 16
5 3
=16t 16

2 f: (_2’ 00) - R,f(X) =

6.4 Exam questions

ex

1/ = cos (x)

Using the quotient rule:

. € cos(x)— e (—sin(x))
Fe= co0s2 (x)

..~ _ € (cos(x)+sin(x))
)= 082 ()

.. _ €"(cos (x) + sin (1))
fo= cos? ()

. e (=140
f'(m) = 0
f'(m)=—¢€

Award 1 mark for using the quotient rule.

Award 1 mark for the correct substitution and final answer.
VCAA Examination Report note:

Students competently applied the quotient rule; however,
many were unable to carry out the required evaluation, often
omitting it completely. Students who opted to use the product
and chain rules tended to make little progress due to
confusion with negative signs or negative exponents. Students
should take care with legibility, for example, to distinguishing
clearly the variable x and the constant 7.
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X

using the quotient rule.
x+2 J d

Letu=x, v=x+2.
Wwx=1 vx=1

Son_1x+2)—x
fr= (x+2)

! p— 2 [—
f(x)——(x+2),forx> 2

Award 1 mark for using the quotient rule.

Award 1 mark for the correct result.

VCAA Examination Report note:

This question was well handled. Students choosing to use the
quotient rule tended to progress better than those using the
product rule.

Some very poor algebraic slips were made. The most
common was ‘cancelling’ x + 2 in the numerator with x 4+ 2 in
the denominator. Others unnecessarily expanded (x + 2)* and
did so incorrectly.

_cos(x)
T2 +2
Using the quotient rule:
u = cos (x) v=x*+2
du v
I sin (x) I X
dy - (x2 + 2) sin (x) — 2x cos (x)
dx (x2 + 2)2

Award 1 mark for using the quotient rule.

Award 1 mark for the correct result.

VCAA Assessment Report note:

Most students were able to confidently apply the quotient
rule. However, many students did not obtain full marks due to
errors caused by, for example, a denominator of x* + 4 as the
supposed expansion of (x> + 2)*. Students should very
carefully consider the placement and usage of brackets. For
example, the expression x* + 2 X — sin (x2) is not equivalent
to(x* + 2) X —sin (x).

6.5 Curve sketching

6.5 Exercise
260 342
1 aﬂx)—T+7—2X+4

Stationary points occur where f'(x) = 0.
fl) =26 4+3x-2
0=2x"+3x-2
0=2x—-1Dx+2)
Either2x—1=0o0orx+2=0

ool
)
x=-2
3 2
1 21\ 3/1 1
1(5)-3(5) +3(5) -2(3) +
1 3
E+§+3
2.2,
24 24 24
_8
T 24
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2 3 d
FED) =3 (D + 5 (=27 —2(-2)+4 When x = -3, d—i:(—3+2)(3(—3)+2)=7,
=—E+14 When x = —1, d—y=(—1+2)(3(_1)+2)=_1,
3 dx
S L. When x =0, d—y=(0+2)(3(0)+2)=4.
3 3 dx
26
=73 x |x<=2|x==-2 —2<x<—% xz—% x>—%
When dy
Xx=-3,f(-3)=2(-32+3(-3)-2=18-9-2 - pd N e
=7t Maxi TP 2,0
x=—1f (1) =2(-1)? +3(-1)=2=2-3-2 aximum at(‘é )32
= -=3(-ve) Minimum TP at <—§ _f>
_ ’ _ 2 o _ _
x=0,f0)=20)7+30)-2=0+0-2 by=x 43¢ - 24x+5
=-2(=ve) : . dy
x=1,f (=212 +3(1)=2=2+3-2 Stationary points occur where e 0.
=3(tve) D3¢ 4 6x-24
dx
x<=2 | x==2 —l<x<% x=% x>% 0=3x"+6x—24
0=x"+2x-8
- ~N | | S 0=(r+4)(x—2)
x+4=00rx-2=0
Maximum TP at (—2, %) x=-4 x=2
1 83 Whenx = —4, y = (=4)" +3 (=4 = 24 (-4) + 5 = 85.
Minimum TP at (5, ﬂ> Whenx =2,y =(2) +3(2)*-24(2)+5=-23.
d
by=a+bx+c Wheﬂx:—id—i=3(—5)2+6(—5)—24
Whenx =0, y=-8, soc=-8. =75-30-24 = +ve
=ax* +bx—8
);y When x = -1, ﬂ=3(—1)2+6(—1)—24=—ve.

— =2ax+b dx

r d
, Whenx =3, & = 3(3)° 4+ 6(3) — 24 = 27 + 18 — 24

Whenx=-1,y=-5; -S5=a(-1)"+b(-1)-8 dx

3=a—b [1] -ve

d —4|x=-4 |- =
Whenx=—lsd_§=2a(—1)+b=0. X redix AL AR
dy

—2a+b=0 [2] dx / \ /
[11+[2] Maximum TP at (—4, 85)
—a=3 Minimum TP at (2, —23)
a:—S )Cz
Substitute a = =3 into [1],s03 =-3—-b = b = —6. ¢y= x+1

Therefore, a = =3,b = —6,¢c = =8.

. . dy
2 ay=x(x+2)> Stationary points occur where — = 0.

dx

d 2
Stationary points occur where o 0. d_2xe+D-x

4 dx dx (x4 1)
2 =@+ 2+ dy 28 420— ¢
St L
0=(x+2)(x+2+2%) dx  (x+1)
0=(x+2)(Gx+2) @zf”);
x+2=00r3x+2=0 dx i);+1)
+2
x=-2 x=—2 0= Z
3 x+1)
When x = -2, y = (-2)(-2+2) =0. 0=x(x+2)
2 2 2 : x=0orx+2=0
2 16 3R (27
—__2,16_ 32 P __
3%79 77 When x = 2,y—_2+1— 4.
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02
Whenx=0,y=0(_:1 =0.

dy (-32+2(-3) 3
When x = -3, i 1 1) =7
dy (0.5 +2(=05)
dx (=0.5+ 1)

dy (1’ +2(1) _ 3

When x = 0.5,

Whenx =1, — .
dx  (1+12 4
X [x<-2{x==-2|-2<x<0|x=0 x>0
dy
Maximum TP at (-2, —4)
Minimum TP at (0, 0)
dy=@x-1e™*
. . dy
Stationary points occur where o 0.
X
% =" —(@x—-1De™
% = —xe "+
% =2 —xe™
0=e*2-x
2—x=0ase*>0forallx
x=2
x=2y=2-Det=e¢2
dy -1 1
Whenx=1, —=¢"Q2-1)= -.
dx e
dy 3 1
When x = 3, o =e (2—3)=—e—3.
e
X x<2 x=2 x>2
dy
Maximum TP at (2, ¢7)
3 y=flx)=16x> —x*
a Stationary points occur where ? =0.
X
% =32x—4x°
0=4x(8—x*)

O=4x<2 2—x> (2 2+x>

x=00r2\/§—x=00r2 24+x=0

d
b Whenx = —3, d_i = 32(_3) _ 4(_3)3 =12.

When x = -1, % =32(-1) —4(-1)* = -28.

d
When x = 1, d—y =32(1) — 4(1)* = 28.
X

d
When x = 3, Ey =32(3) - 4(3) = —-12.
See the table at the bottom of the page.*
Therefore, (2 \/5, 64) is a maximum TP.

¢ The other stationary points are (—2 \/5, 64), which is a
maximum, and (0, 0), which is a minimum.
4 ay=x+ax’ +bx—11

Stationary point when x = 1 and x = %

@ =3x> + 2ax+ b
dx
& =31 +2a()+b=0
dx x=1
3+2a+b=0
2+b=-3 [1]
2
4 ws(3) w(3) o0
23—5+ 13—0a+b=0
10a + 3b = =25 (2]
[11x3 6a+3b=-9 [3]
[2] - [3] 4a=-16
a=-4
Substitute a = —4 into [1]:
2(-4)+b=-3
-8+b=-3
b=5

b Whenx=1,y=(1)° -4 +51)—11=-9

5 5\’ 5\* 5
Whenx=2,y=(2) —4(2 s(2) =11
ax=30=(3) -4(3) +5(3)

:E_@_Fg_ll
27 9 3

_ 125 300 135 _ 2700
27 27 27 27

Y
S 27

d
Whenx =0, 2 =307 =8(0)+5 = +ve.

dy 2
- - When x = 1.5, = =3(1.5)> = 8(1.5) + 5 = —0.25.
x=2v2 x=-2v2 2 4 enx =305 -85+
d
When x = £21/2, y = 16(12\/5) - (12\/5) When x = 2, d—y =32 —8(2)+5=+1.
X
=128 — 64
_ 5 =3 5
— 64 x<1 x=1 1<x<3 x=3 x>3
Stationary points at (iz\/i, 64),50 (2\/5, 64) isa P RN -
stationary point. -
*3 b
X | x< =242 |x==2v2 |2V2<x<0| x=0 |0<x<2 2| x=2V2 | x>22
dy R S
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Maximum TP at (1, —9) d_ 3 sy
.. 5 247 dx 4
Minimum TP at ( =, —— 3
3z 0=-7@-47
S5ay=fly=2-x=x*2x-1) 420
The graph cuts the y-axis where x = 0, y = 0. =4
The graph cuts the x-axis where y = 0. 1
Px-1)=0 Whenx=4,y=—z(4—4)3+2=2.
=0or2x—1=0 d
' o 1 When x = 0, —y=_§(0_4)2=_12.
) yy § 3
y 2 _ =
Wh =5 —=—06-4"=—.
When ] 2(1>3 <1)2 . e
enx==,y=2(=) -(=z) =0.
2 Y 2 2 X x<4 x=4 x>4
. . dy
- d
Stationary points occur where T 0. d_i’c \ \
D6 —2c=0
dx y
2 —
3x*—=x=0 ©.18)
xBx-1)=0
x=0o0r3x—-1=0
=1
-3
3 2 4,2)
1 1 1 2 3 1
Wh - =, =2 - - = ——— = ——
nr=3 <3) (3) 77 <~ ©o_,
d
Whenx = -1, 2 —6(-17 —=2(-1) = 8. l \
1 ddx 1\’ 1\ 3 4 1 e
2 YY) (V22 _2__2
Whenx—4,dx—6<4> 2<4>_8 8 8 by=gkx)=2x-x* xe[-1,1]
ly The graph cuts the y-axis where x =0, y = 0.

d 2
Whenx =1, e 6(1)7=2(1) = +ve. The graph cuts the x-axis where y = 0.

0 : ) ) X (2x-1)=0
x<0 X = 0<x<§ .X—g X>§ x=0or2x—1=0
1
/ \ / x=0 X_E
. . dy
YA Stationary points occur where o 0.
dy 2
L - = - 2x= -1
(2,0) - 6x x=2x(3x—1)
l v=f) 0=2x(Gx—1)
5 (0’0)* N x=(ior3x—l=0
\ X x=§
dy
Lo Whenx = -1, — =2(-1)(3(-1) - 1) = +8.
(=) dx
When x = 0.1, & 2(0.1)(3(0.1) — 1) = —0.06.
Y ddx
Y
Whenx =1, —=2(1)3(1)-1)=4.
b Dom x € |0, 1] dx (HEM )
3
6 ay=ﬂx)=—4—11(x—4)3+2 x | x<0 | x=0 0<x<% x=% x>%
The graph cuts the y-axis where x =0, y = 14 + 2 = 16. dy R
The graph cuts the x-axis where y = 0. dx ~ ~N | — |~
(x—4°'=8
x—4=2
x=6

. . d
Stationary points occur where d—y =0.
X
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V)
r(l,l)

y=fx)

0.0) // &

A

-1,-3)

1 _1
37 25

Y

cy=hx)=x-x-x+10
The graph cuts the y-axis where x = 0, y = 10.

The graph cuts the x-axis where y = 0.

X3—

(x + 2) isafactor.

¥ —-x+10=0

Let P(x) = x> —x* —x+ 10.
PQ)=2"-22-2+10#0
P(-2)= (-2 - (-2*+2+10=-8-4+12=0

X=X —x+10=(x+2) (¥ —=3x+5)

X% = 3x + 5 cannot be further factorised as A < 0.
(x+2) (¥ =3x+5)=0
x+2=0

Stationary points occur where o 0.
X
dy

x=-2
dy

=32 —2x—1

0=0Cx+DHx-1)
3x+1=0o0rx—1=0

1
xX=-=

3

x=1

d
When x = —1, d—z =3(=12=2(-1)—1=4.

d
When x = 0, 2 = 3(0)> = 2(0) = 1 = —1.
dx

d
When x = 2, Eyc =202 -22)—1=3.

YA

dy=fl)y=x*—622+8
The graph cuts the y-axis where x =0, y = 8.
The graph cuts the x-axis where y = 0.
=6 +8=0
(¥*-2)(¥*-4)=0
(x—\/§> (x+\/§) (x=2)(x+2)=0
x—\/E=Oorx+\/5=00rx—2=00rx+2=0

x:\/z x=—\/§ x=2 x==2

. . d
Stationary points occur where ay =0.

% =4x — 12x

0=4x(x*-3)

o=4x(x—\/§) (x+\/§)

x=00rx—\/_=00rx+ 3=0

x= \/5 x= —\/§
When x = -2, d _ 4(=2)° = 12(=2).
dx
When x = —1, d _ 4(-1P° = 12(=D.
dx
d
Whenx =1, 2 =401y = 12(1).
dx

When x = 2, % =427 -12(2.

See the table at the bottom of the page.*

1, __1|_1 _

X x<—§ X = 3 3<x<1 x=1 x> 1

d —

d_)yc e N |

Y

6 d
x| x<—V3 o= 3| VB<x<0| ¥=0 [0<x <3| x=\3 x> %
% | — - — g N e
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ey=fln)=x+314-x

The graph cuts the y-axis where x = 0, y = (3)*(4) = 108.

The graph cuts the x-axis where y = 0.
x+3°@-0n=0
x+3=00r4—-x=0
x=-3 x=4

. . d
Stationary points occur where d—y =0.
X

@=3(x+3)2(4—x)—(x+3)3
dx
0=(x+3’{3(4—-x)—(x+3)}
0=x+3>12=-3x—-x-23)
0=(x+3)*(9—4x)
x+3=00r9—-4x=0
PR
X = x—4

When x = —4, j—y = (=4 +3)*(9 - 4(—4)) =25.
X

d
When x = 0, d_i = (0+3)> (9 — 4(0)) = 81.
dy )
When x = 3, E=(3+3) (9 —4Q3)) = —18.
X |x<-=3|x 3 3<x<4 x=7 | x>7
T TN
YA
\(g 64827)
4256

fy=fx)=x>—4x> = 3x+ 12

The graph cuts the y-axis where x =0, y = 12.

The graph cuts the x-axis where y = 0.

X -4’ =3x+12=0

Fa-—4H-3x-4=0

-4 (¥*-3)=0

(x—4)(x—\/§><x+\/§>=0

x—4=00rx—3=00rx+y3=0

x=4 x=\/§ x=—\/§

dy

Stationary points occur where o 0.
% =3¢ —8x -3

0=0Cx+1)(x-3)

3x+1=00rx—3=0

1
x=-3 x=3

d
When x = —1, —z =3(=1%—-8(-1)=3=8.

d
Whenx =0, — =3(0)* —8(0)—3 = -3.

d

y

dx
d

When x = 4, d—)yc =3@P2-84)-3=13.

—%<x<3 x=3 | x>3

7 afl)=—x"+20+ 11 - 12x =x (- + 2 + 11x - 12)

Let P(x) = —x° 4+ 2x% + 11x — 12.
P =—-1+200)P° +11(1H)-12=0
(x — 1) is a factor.
= +27 + - 12=(x— 1) (- +x+ 12)
=x—-1D@-x)x+3)
Thus, fix) = —x* +2x° + 115> — 12x
=x(x— D@ -x)(x+3)
The graph cuts the y-axis where x = 0,y = 0.
The graph cuts the x-axis where y = 0.
x(x=1D@E-x)(x+3)=0
x=0orx—1=00r4—x=00rx+3=0
x=1 x=4 x=-3
Stationary points occur where f'(x) = 0.
f@) =4 +6x +22x— 12 = =2 (2 = 3x" = 11x +6)
Let P(x) = 2x° = 3x% — 11x + 6.
P(=2) =2(=2)* =3(=2)> - 11(-2)+ 6
=-16-12+224+6=0
Thus, (x + 2)is a factor.
—2(20 =3 = 1lx+6) = -2 (x +2) (26" = Tx + 3)
=-2x+2)2x-1)(x-3)
Stationary points at =2 (x +2) (2x — 1) (x — 3) = 0 where

x+2=00r2x—1=00rx—3=0
1

x==2 x=§ x=3

When x = -2, f(-2)

Whe? 1\ _1(1 1\ (1 49
=30(3) =3 (5-1) (+-3) (5+2) =%
Whenx =3, f3) =33 - 1)(4-3)(3+3) = 36.
If x = =3, f/(=3) = —4(-3)" + 6(=3)* + 22 (-3) - 12
=108 +54—66—12=-24
Ifx=0, f(0) =40 +60)*+220)—-12=-12
Ifx =1, f/(1) = =4(1)° + 6(1)* +22(1) — 12
=—44+6+22-12=12

—2(=2-1)(4+2) (-2 +3) = 36.
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Ifx=4,f4)=-44)" +6(4)* +22(4) - 12 (7 . A
- 63.02)—

=-256+64 +88 — 12 =108
See the table at the bottom of the page.*
YA

b Strictly decreasing for x €

73
182

1
‘ 9 y=— +log,(x)

1 10x
b x€(=c0,—2]V [5’ 3 The turning point occurs where % =0.
8 af(x)=%(2x—3)4(x+l)5 1 _
' | s 8l x  10x2
The graph cuts the y-axis where f{(0) = 3 =3)" 1)y = ER 10x — 1 —0
The graph cuts the y-axis where y = 0. 10x2
1 4 5 10x—1=0
E(Zx—3) x+1yY=0 105 =1
2x—3=0o0rx+1=0 x=0.1
x=3  w=-1 When x=0.1, y= — +log, ( -

- 2. / en x=0.1,y= 100D + log, (E)
Statlona{y points occur where f'(x) = 0. = 1 +log,, —log,(10) = 1 — log,(10)
f'@) =3 [@x=3)" x50+ D'+ (x+ 1’ x 42x = 3)" x 2] Minimum TP at (0.1, 1 —log,(10))

10 a fix) = 2xlog,(x)
= %(x + D*2x=3GB2x=3)+8(x+ 1) Local max/min values occur where f'(x) = 0.

fx)= % +2log,(x) =2 + 2log,(x)

= l(x + D*ex—=3)’(18x-7)
2 0=2+2log,(x)

1 -
0= ~(x+1)*Q2x—3)°(18x - 7) -2 =2log,(x)
2 —1 =log,(x)
3 7 1
X = 5, —1, 1_8 XxX=e
When x = 0.1, f/(x) = 2log,(0.1) + 2 = —2.6052.
= <%, ) , (=1, 0), <17_8’ 63.02) Whenx =1, f'(x) =2log,(1) +2 =2.
x x<e! x=e¢! x>e!
Fo [T ~— |
When x = ¢!,
y=2¢"log,(e7)
y= —2¢7!
2

e

( é, - % ) is a local minimum TP.

*7a

x<=-2|x=-2 —2<)c<l le l<)c<3 x=3 | x>3
2 2 (2

Maximum TP Minimum TP Maximum TP
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log,(2x)
by=fx)=—— X x<§ x=§ )c>§
X e e e
Let u = log,(2x) so@—l —_—
-0 T fo |_—" —~—
v
Letv=2x, so — = 1.
dx Whenx:é,f<§> =§loge <3+§) =§loge(e)=§.
du dv e e e e e e
o =l E 33
dx V2 There is a local maximum at <7, —).
dy xX)I;—loge(Zx)xl e e
e 2 d flx)=x—log, (\/x— 2)
dy 1-log,(2x) =x- 1 log,(x —2)
aT e 2
4 dy () =1-
Max/min values occur where — = 0. f=1- 2(x - 2)
1 —log,(2x) 0 Max/min values occur when f”(x) = 0.
2 - 1
0=1- —
1 —log,(2x)=0 2(x=2)
1 =log,(2x) = 1
el =2x 2(x=2)
2—2)=1
xX= le 1
- 2 x—-2= 5
1 —log,(2x0.6
Whenx = 0.6, & = L T108CX00 50, =2
dx (0.6)? 2
dy 1-1log,(2x2) 9 (9
When x = 2, a = T = —0.0966. When x = Z, f Z =-1.
1
1 _1 1 Wh =3,1QB)=-=.
X x<2e x=5e x>2e en x 3 3
9 5
dy 4 2 ’
dx T
1 1 2 - . ’ 2
When x = 56 Y= log, (e) = 7= ') \ N
There is a local maximum at (%, %) x = g,f<%> = % - %loge <%>
3 5 1
= 1 —_ = — —
¢ flx) xoge<x) 2+210ge(2)
1
f'(x)=log <§> +x X (—1> There is a local minimum at <§ i + = log, (2)).
“\ x X 2°2 2
f’(x)=loge<§>—1 11 a x |x<=1|x=-1| -1<x<3 | x=3 | x>3
X
dy
Max/min values occur where f'(x) = 0. dx / \ —_— /

logg<3>—1=0
X
log, <§> =1
X
3_
o=

e

3

¢

When x = 1, f'(1) = log,(3) — 1 = 0.0986.
When x =2, f'(1) =log,(1.5) — 1 = —0.5945.

X =

—-1<x<3

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



YA

-1,2)

A
Y

y=rx

12ay=x+bx+c

Whenx =2, y=-8.
-8=(2  +2b+c
-16=2b+c [1]
% =3 +b
Stationary point at (2, —8):
0=3(27+b
0=12+b
-12=5b
Substitute » = —12 into [1]:
-16=2(-12)+¢
—-16=-24+c¢
8=c
y=x—12x+8
y=ax’ +bx+15
Whenx = 1.5,y =6.

2
3 3
=af2 = 1
6 (2) +<2>b+ 5
3

9
—9—Za+§b

-36 =9a + 6b
—12=3a+2b [

d
d_fc =2ax+b
Stationary point at (1.5, 6):

3

0=3a+b (2]

[11-12]

-12=»b

Substitute b = —12 into [2]:
0=3a-12

12=3a

4=a

y=4x —12x+15

y=x+b’+cx+d

When x = -3, y = —10.

—10=(=3)* + b(=3)* = 3c+d

-10=-27+9 -3c+d
17=9b-3c+d [1]

Whenx=1,y=6.

6=1P+b1)>+c+d

6=1+b+c+d

5=b+c+d [2]

13
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Stationary point at (-3, —10):
% =3 +2bx+c
0=3(=32+2(-3)b+c
—27=—-6b+c [3]
[11-12]
12=8b-4c
3=2b-c [4]
[31+ 4]
24 =-4p
6=>
Substitute b = 6 into [3]:
—27=-6(6)+c
-27=-36+c
9=c
Substitute b = 6 and ¢ = 9 into [2]:
5=6+9+d
5=15+d
-10=d
y=x4+6x"+9%—10

1
fix) = — +xwherexe
4x

1
-2, —=
4]
1

End points: f(-2) = i 2=

(
f<_i) 24(11) _}12_%

4

The end points are (—2, —%) and (——

17
——and
3 an

Stationary points occur where f'(x) = 0.

1S
44

)

foo= 3 +x
Fo=—— 41
T4
1
0=-—+1
4x2
0=4x*-1
0=2x—-1)2x+1)
1
=+
=2
Butxe —2,—%],sox=—%.
Ifx=-1,f'(-1)=—- +1—§
’ 4(=1) 4
3 3 1 16
Ifx=——,f’<——>=— il=-t8
3\2
8 8 4(=3) ?
_ 5 =3 5
x<1 x=1 l<x<3 x—3 x>3
. 1
Maximum TP at _5’_1
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A
=Y

Y

1
d Absolute minimum = ——7, absolute maximum —1

14 fl) =2 -8xr=2x (¥ —=4) =2x(x —2) (x + 2)
The graph cuts the y-axis where x =0, y = 0.
The graph cuts the x-axis where y = 0.
2Xxx—-2)(x+2)=0

x=0orx—2=0o0rx+2=0
x=2 x=-=2
Local maximum YA

\

(-2,0) (0,0) (2,0)

A

o
.Y

¥ Local minimum

No absolute minimum; the absolute maximum occurs when
f'(x)=0forx < 2.

f'(x)=6x*—38
0=06x> -8
4
3=%
2

_Z

_ 1616
3V3 V3
16 48

= —— 4+ —
3v/3 343
32

B

Therefore, there is no absolute minimum, and the absolute

. .3
maximum is ——.

3v/3

15 ay=%(x—1)2—2, 0<x<5

The graph has a turning point at (1, —2) and cuts the y-axis

3
at (0,—5)

y
Y s

>

0 (3’ O) “x
0.-3) \./

1,-2)

A

Y

The absolute minimum is —2 and the absolute maximum
is 6.
by=x-2%=x(x-2), -2<x<3
The graph cuts the y-axis at (0, 0) and the x-axis at (0, 0) and

4 2
(2,0). There are turning points at (0, 0) and <§ —2—7 >

YA (3,9

(0,0) (2,0)

4 3
37

2,1
(-2, 6)V

The absolute minimum is —16 and the absolute maximum
is 9.
cy=4-— x3, x<2
The graph cuts the y-axis at (0, 4) and the x-axis at
(\3/4_1, O). There is a point of inflection at (0, 4).

YA
(0, 4)

(%.0)

>
0 X

A

2,-4)

Y

No absolute maximum, and the absolute minimum is —4.

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



166 | TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.5

16 y=flx)=2 x+%, 025 <x<5.

YA

(0.25,5)

Local minimum
(1,3)

>
>
X

0
a When x = 0.25, f(0.25) =2+/0.25 + % =5, which is
point A. '
When x =5, f(5) =24/5+ 0.2 (= 4.672), which is
point C.
Stationary point B occurs where f'(x) = 0.
1 1
f@=—-
\/; X
1 1
0 =

Vi 2
O=x2—\/)_c

Whenx =1, f{1) =2 1+%=3.

Therefore, A = (0.25,5),B = (1,3),C = (5,2 54+ 0.2).

b The absolute maximum occurs at A.

¢ The absolute minimum is 3 and the absolute maximum is 5.

17 y = flx) = xe*

. . d
a Stationary points occur where d—y =0.
X

& =" +xef =€ (1+x)
dx
O0=¢"(1+x)
x+1=0ase" >0forall x
x=-1
21 1
Whenx=-1,y=—-¢ =—-.
e

dy - -1
Whenx=—2,aze (1—2)26—2

d
Whenx=0, 2 = O (1+1)=2.
dx

X x<-—1 x=-1 x>-1

1\ %

dx

Minimum TP at (—1, —l>
e
b f'(x) > 0forxe (-1, ).
¢ The absolute minimum is —é and there is no absolute

maximum.

18 a y

0, 1)

A
Y

Ol y=0
by= 208—2x2—4x+1

@ =20(—4x—-4) e_sz_4X+' =-80(x+1) e—2x2—4x+1

dx
. . dy
Stationary points occur where il

—80(x+ 1)e 2 =0
x+1=0ase
x=-1

~274xtl S () for all x

d g
When x = -2 = —80 (=2 + 1) e 272 4=+ = ge.

@y

> dx
d

When x = 0, d—y =800+ 1)e' = —80e.
X

X x<—1 x=-1 x>-1
@
- / \

The function is strictly increasing when x € (—oo0, —1].
19 a The graph cuts the x-axis where y = 0.

1
— —2log,(x+3)=0
X

l =2log,(x + 3)

2
By calculator, x = —1.841 and — 0.795.
Therefore, the coordinates are (—1.841, 0) and (—0.795, 0).

1
b y= 2 —2log,(x+3)
y=x72 —2log,(x+3)

d_ 52
dx x+3
dy 2 2

de” X x+3
dy _ —2x+3)-2x

dx B +3)
dy (2 +2x+6)
dx xX(x+3)

— 3 —
AL—1.841.0). oy = Q184D +2(-1841) +6)
(=1.841)3(—1.841 + 3)
=-1.1989
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The equation of the tangent with mt = —1.1989 that passes
through (x1,y1) = (—1.841,0) is given by
y—yr=mr(x—x1)
y—0=-1.1989 (x + 1.841)
y=—1.1989x — 2.2072
At (=0.795.0). my = _(2(—0.795)3 +2(-0.795) + 6)
(=0.795)3(-0.795 + 3)
=3.0725
The equation of the tangent with mr = 3.0735 that passes
through (x1,y1) = (—0.795,0) is given by
y—yr=mr(x—x1)
y—0=3.0735(x+ 0.795)
y=3.0735x + 2.4434

¢ Minimum TP occurs when @ =0.

dx
(27 +2x+6) _o
x3(x+3)
2 +2x+6=0
L+x+6=0
x=-1.2134 since x < 0
When x = —1.2134,

—2log,(~1.2134 + 3) = —0.4814.

1
Y= 12138y

Minimum TP is (—=1.2134, —0.4814).
a The graph cuts the x-axis where y = 0.

—iz —8log,(x) =0
X

~8log,(0 =
X

x =0.3407 or 0.8364
Therefore, the coordinates are (0.3407, 0) and (0.8364, 0).

b y=— —8log,(
X
y=—x"-8log,(x)

dy 5 8
&% Tk
dy 2 8
dc B3 x
dy 2-8¢
0

dy _ 2-8(0.3407)°

When x = 0.3407, = =27.09.
dx (0.3407)
_ 2
When x = 0.8364, b = 2 - 808364y = —6.15.
dx (0.8364)
dy 2 —8(1)*
At(1,-1 =Z==_"7 —_6
c At(L,—-1), mr I e
The equation of the tangent with mt = — 6 that passes

through (x1,y1) = (1, —1) is given by
y=y1=mr(x—xi)
y+1=-6(x-1)

y+1=-6x+6
y=—-6x+5

The equation of the perpendicular line with mp = é that
passes through (x1,y:) = (1, —1) is given by
Y=y =mp(x—x1)

1
yHl=g=1
y+1l=-x-—

X —

ADl—= ANl =
AN A=

y= orx—6y=7

d TP occurs where @ =0.
dx
2 — 8%
3

=0

X
2-8x*=0
1-4x*=0

1-201+2x)=0

1-2x=0 or 1+2x=0
1=2x 2x =1
! ——]bt >0
x=3 x=—7butx
1
Whenx =0.5, y = ——— —8log,(0.5) = —4 + 8log,(2).
x y=sp ~ Sloe0) e

Maximum TP at <%, —4+8 loge(Z))

21 a fix) = (a — x)* (x — 2) where a > 2

This is a positive cubic with a turning point at (a, 0).

Stationary points occur where f”'(x) = 0.

Fl()==2(a—x)(x—2)+ (a —x)*

ff)==(@-x)Q2x-2)-(a—x)

f'@W=-@-xGBx-4-a
O0=(@—-x)Bx—-4-a)

a—x=0o0r3x—4-a=0

=a x_a+4
- T3
When x=a, y = (a—a)*(a—2)=0.
Whenx:#,

a+4\’ (a+4
= (a-5) (5°-2)
3a—a-4\"(a+4-6
-(*=7) (57)
_(2(a—2)>2<a—2>
3 3
_ Ha-2)

27
Therefore, stationary points are (a, 0) and

a+4 4a-2)>°
3 7 27 :
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b See the table at the bottom of the page.*
Minimum TP at (a,0) and a maximum TP at

a+4 4a-2)>°
3’ 27
¢ (3.4) = <a+4 4(a—2)3>

3 27
a+4
3=
a+4=9
a=>5
22 a fix) = (x — a)(x — b)’ where a < b
This is a quartic graph with a stationary point of inflection
at x = b since (x — b) is raised to the power of 3.
The graph cuts the x-axis where f{x) = 0.
x—a)x=b>=0
x—a=0orx—b=0
x=a x=b
Stationary points are (a, 0) and (b, 0).
b Stationary points occur where f'(x) = 0.
f'@=x-b’+3x—a)(x—b)
() =x-b>x—b+3x—3a)
F/(x) = (x = b)? (4x — 3a — b)
0=(x—b)Y@x—3a—->b)
x—b=0or4x—-3a—-b=0

3a+b
= b =
X X 7
When x = b, fib) = (b — a)(b — b)* = 0. This is a point of
inflection.
When x = Ja+h

s

3a+b 3a+b 3a+b }
) - () ()
_<3a+b—4a><3a+b—4b>
4 4
a—->b 3a—-3b
() (*5Y)
_ 27(a=b)"
256

—27(a — b)*
Stationary points are (b, 0), <3ﬂ +b 7(a — b) >

4 256
¢ See the table at the bottom of the page.*
3a+b —27(a—b)4> da

There i ini TP at s
ere is a minimum TP af 7] 756
stationary point of inflection at (b, 0).

3a+b
2 =3
3a+b=12 [1]
27(a — b)*
i AR }
256 7
(a-0b)* -1
256
(a —b)* =256
a—b==4buta <
a—b=—4 2]
[1]1+ (2]
4a=38
a=?2

Substitute a = 2 into [2],502 —b=—-4 = b=

6.

6.5 Exam questions

f()c)=)c3 + ax® + bx
f')=3x*4+2ax+b

f'(-1H=0 =>3-2a+b=0
f'3=0 =>27+6a+b=0
[21—-1[1]: 24+ 8a=0
>a=-3
b=2a-3=-9

The correct answer is D.

2 fiR—>R, f(x)=ax’ —=bx* +cx, a, b, cER"
() =3ax> —=2bx+c #0

There will be no stationary points when A < 0.
= A= (-2b>-4x3axc <0
2

4p* = 12ac <0 or ¢> —
3a

The correct answer is D.

3 afiR—>R, fx)=x—5x

f)=3x-5=0

V15
_T,
f

> x==

(47)-E

3 379

TP <\/B,_@> ’ <_\/_1_5 10\/E>

Award 1 mark for setting the derivative equal to zero.

Award 1 mark for both correct turning points.

(1]
(2]

3a+b 27(a—-b)*
-2 = —
d (3,-27) ( 4 256
*21b
2a+2 a+4 a+4 a+7
x |x=a-1| x=a |x= x= x= =
3 3 3 3
d —
DI | ~ A
dx
*22 ¢
_3a+b-4| _3a+b| _3a+5h| B
X = 7 == =" x=b |[x=b+1
d
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b i A-Lf(-1)=(-14),B1.f(1)=(1,-4)

4+4
mAB=H=—4
y—4=—-4x+1)
y—4=-4x—-4
y=—4x

Award 1 mark for calculating the correct gradient.

Award 1 mark for the correct equation.
i dip =V -4 +(=1-1)
=68
=217

Award 1 mark for the correct distance.

6.6 Maximum and minimum problems

6.6 Exercise

1 The point is (x1,y1) = (x,y). Let (x2, y2) = (0, 0).
Minimum distance:

D=v(2—x1?+ (2 — )’
=V/(x =07+ (y -0y
_VET@oS
=1/5x% = 20x + 25

dD . .. .
— = 0 gives minimum distance.
dx
daD 1 -1
_— = = —_ 2 —_
=2 (5x* = 20x +25) 72 x (10x — 20)
0= 10x - 20
24/5x% — 20x + 25
0=10x-20
10x =20
x=2
y=2x2-5

=-1
Distance =4/5x% — 20x + 25
=1/52)? = 202) + 25
=14/5 units

Ify= 2\/; and the point (x1,y1) = (5, 0), the minimum
distance is given by

D=V —x)*+ -y

2
D=\/(x—5)2+(2\/)_c—0)
D =4/x*—10x+ 25+ 4x
D=v/x%—-6x+25

The minimum distance occurs when C;—D =0.
x
dD _ l y 2x—6
dx 2 /2 _6x=125
d£ _ x=3
dx /2 _ex=25
0= *=3
Vxr—6x=25

0=x-3
x=3

When x = 3, y = 2y/3
Dmin =4/32% — 6(3) = 25 = 4 units

3 Let one number be m and the other number be n. P is the

product of the two numbers.
m+n=32
m=32—-n [1]
P=mn [2]
Substitute [1] into [2]:
P=n32-n)
P=32n-n?

P
Max/min values occur where fT =0.
n
dP

—=32-2
dn "

0=32-2n
2n =232
n=16
Substitute n = 16 into [1]:
m=32-16=16
Therefore, both numbers are 16.
aV=x(16-2x)(10-2x)
V=x (160 — 42x + 4x*)
V=4x® — 42x% + 160x

b Maximum volume occurs when d—v =0.

dx
v _ 12x* — 104x + 160 =0
dx

3% —26x+40=0
Bx=-200x—-2)=0
20
3
x=2, 0<x<5)
Therefore, height = 2 cm, width = 6 cm and
length = 12 cm.
Vimax = 2(16 — 2(2))(10 — 2(2))
=2x12%x6
=144 cm’

x=2,

5 a Area = rectangular area plus triangular area

1
A=2xy+§><2x><x

A=2xy+x°
|

c e
I
I
.

X X
By Pythagoras,
P+t =a
2% = ¢?
\/Ex =c, ¢>0

Perimeter = 150 = 2x + 2y + 2\/§x
75=y+ (1 +\/§>x

75 - (1 +\/§)x=y

Thus, A = 2x<75— (1 +\/§>x> + 2%

A=150x - (2 2+2>x2+x2

A =150x — (2 2+ l)x2 as required
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b Greatest area occurs when — = 0.

dx
dﬁ=150—2< 2+1
dx

0:150-2( 241
150:2(2 2+1)x
75
o5
24/2+1
x=19.59
Width = 2x = 39.2 cm

2
2

)x
)x

Height = 75 — (1 +\/E> (19.59) + 19.59 = 47.3cm

¢ Width = 30cm

Height = 75 — (1 +\/5> (15) + 15 = 53.8cm

6 aA=Iw [1]
20+ 5w =550
21 =550 — 5w

= % (550 —5w) [2]
Substitute [2] into [1]:

A= %W(SSO —5w)

550w Sw?
A=—"2_
2 2

Max/min values occur where Z—A =0.
W
dA 550

aw -2 W
0=?—5w
550
S5w=—
V=7
_ 5%
T 10
w=55m

Substitute w = 55 into [2]:
l= % (550 — 5(55))
275
=7
[=1375m

b Amax = 137.5 X 55 = 7562.5 m®
7 a P=96=2(2.5b)+2(2a)

96 =5b +4a
48 =2.5b +2a
48 —2.5h=2a
24—125h=a (1]
A = ab + 2.5ab = 3.5ab 2]

Substitute [1] into [2]:
A =3.5b24 - 1.25b)
A = 84b — 4.375b*

Maximum area occurs where % =0.
da =84 —-8.75b
dx
0=284-8.75b
8.75b =84

b=9.6
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Substitute b = 9.6 into [1]:
24 -12509.6)=a
12=a
b Amx = 3.5(9.6) (12) = 403.2 m?

The area of the pool is given by A = 2IR + %Rz, where A is a

constant.
The perimeter of the pool is given by
P=2I+2R+7aR=2I+ 2+ n)R.

From the area equation, A — ng = 2IR.
ey
A— =R =2IR
2
24 — 7R’
2

2A —7R®
4R

=2IR

!
24 — zR*

Substitute [ = T into the perimeter equation.

4R

24— 7R*+2Q2 + n)R?
- 2R

24 — 7R* 4+ 27R? + 4R?
- 2R

2A + 7R* + 4R?
=

A (z+4)
P=%+—

24 — 7R?
P=2<7ﬂ )+(2+7z)R

P

P

P

R

Minimum value occurs when Z—Z =0.
b __A  z+4
dR R? 2
—2A+ (r+4)R?
2R?
0=-24+@x+4)R
24 =(z+4) R
2A )
PRk

A =R, R>0
r+4

Substitute R =1/ -2 into A — ZR® = 2R,
T+4 2

T 2A
A-=-—)=2
2(727+4> !

(V%)
sl
(V%)

0=

A(r+4)—7A
r+4
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[ 2A
Ifboth/and R = P the perimeter is a minimum.
V4

t
9 P(t) =200te 4 +400, 0 <t <12

a Initially r = 0.

P(0) = 200(0)¢° + 400 = 400 birds
b Largest number of birds when P'(¢) = 0

t t
P'(t) =200e 4 —50te 4 =0
!

Ci@d-1H=0
1
4—t=0ase 4>0foralls
t=4

At the end of December the population was at its largest.

¢ P(4) = 200(4)e™! + 400 = 694 birds
47
10 a A(r) = 1000 — 12te 8 , te€ [0, 6]
4—0°
A(0) = 1000 — 12(0)e 8 = $1000
b The least amount of money occurs when A’(f) = 0.
3 4P

-3, 4= 4r
A= l2t><?t2€ 8 +12¢°8

9, 4
12—5t =0ase 8 > O0foralls
%t3=12
24
==
9
8
3
l‘ —
3
=18
V3
t=1.387
4—13887%

A(1.387) = 1000 — 12(1 — 0.387)e 8

¢ The least amount of money occurred 1.387 years after

1 January 2016, which is May 2017.
4—6
d A(6) = 1000 — 12(6)e 8 = $1000
11 SAcyiinder = 2207 = 27rh + 27r°

chlinder = 77.'}’2]’1 [1]
110 = rh + 7
10—~ =rh
w —r=h [2]
;

Substitute [2] into [1]:

V= (@—r>
r

V=110xr — nr°

= $980.34

12

13

Max/min values occur when CZ{—V =0.
r

Y 107 =322

dr

0= 110z — 377

3”7 =110
_ 1o

3

r=\/l3ﬂr>0

r=6.06 cm
Substitute r = 6.06 into [1]:
110

Vinax = 7(6.06)* (12.11) = 1395.04 cm®
By Pythagoras,
P+ (h—12)% =122
P =144 — (h* — 24h + 144)
P =24h— K

1
Veone = §7”'2h

1
Veone = 3 7h (24h — )

1
Veone = 87h% — §Eh3

av 2
T 167h — nh
. dav
Maximum volume occurs when T =0.
167h — zh> =0
h(16 —h)=0
h=0o0r16—-—h=0
h=16, (h>0)
Vinax = 12—” (24(16) — (16)*) = 2145 cm’

10 cm

By similar triangles, r : 8 as 10 — & : h.
r_10—-h
8 10

107 =80 — 8h

8h =80—10r
h=10—§r
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chlinder = 7rr2h
chlinder = 7[7‘2 (IO —_ %I‘)

chlinder = 1077:7'2 - gmg

dv 15
P 20zr — 7T

. dv
Maximum volume occurs when I =0.
r

1
20zr — Iszrﬂ =0

15
20r— 2,22
Or 0

r<20—%r> =0

r=00r20—%r=0

14 Speed = distance

Rowing:
_AB_Vx2+16
Tk &
P = Vxr+ 16
s
Walking:
g = 8—x
w
_ 8-
~ 8
The time for the total journey is
xX*+16 8-x
—_

time

5

tw

T=t+ty=

5 8
ar_ 2 1
A TRV/I T

a___x 1
& s\evie 8

.. . dr
Minimum time occurs when o =0.
x

6.6 Exam questions

A=IxXw
=xXy
A(x)=x(4—x2)
=4x—x
A
a =4 — 3% = 0 for max/min
dx
:xzzﬁ:uzisinceu>0

7

The correct answer is E.

2 a S(x)=dop

=1/x2 +y2

=Vx2+ (2x — 4)?

=v5x2 - 16x + 16

1
s = (5x° = 16x + 16)2
& 1(5x2 - l6x + 16)_% X (10x — 16)
dx 2
10x — 16

24/5x2 — 16x + 16

.. ds
Minimum value occurs where o =0

0= 10x — 16
24/5x2 — 16x+ 16
=10x—-16
16 = 10x
=8
©s
8
=2x-=--4
y XS
__4
s

8§ 4
P(5-3)

d
Award 1 mark for correctly deriving as

Award 1 mark for the correct value of x.
Award 1 mark for the correct value of y.
VCAA Examination Report note:

Students who tackled this question by finding an expression

_*r l =0 for OP in terms of x, then setting the derivative to zero,
5V +16 8 often had difficulty finding the derivative correctly, which
A l ended up with an incorrect x value. However, most students
s5vV2+16 8 calculated a y coordinate. Some students opted for a
8x=5vx2+ 16 solution by working with similar triangles. A common

incorrect response for P was (2, 0), which is the point of
intersection of the line y = 2x — 4 and the x-axis, while
others incorrectly assumed the point P to be midway
between the line segment formed by y = 2x — 4 and its

64x> =25 (x* + 16)
64x% = 255> + 400
64x> — 25x% =400

2
39x" =400 axial intercepts.
/400
=4/ —=— =32k
X 39 m
Therefore, the rower will row to a point that is 3.2 km to the
right of point O.
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Award 1 mark for correctly using the distance formula.
Award 1 mark for the correct answer.
VCAA Examination Report note:

This question was attempted well. Some students
misquoted the distance formula or made arithmetic errors
in their calculations.

3 A=2x% Atrianglc + Arcclanglc

1
=2X zbh+lw
b =pcos(x), h=psin(x)
l=p, w=h=psin(x)

A = pcos (x) X psin (x) + p X p sin (x)
= p? (cos (x) sin (x) + sin (x))

/A
flix =p” (2cos’ (x) + cos (x) = 1) =0
since 0 < x < j—r,x= 7_r.
2 3

The correct answer is D.

6.7 Rates of change

6.7 Exercise

1 a By similar triangles,

r.4ash: 12

12 cm

CanT o

a’V (5) cmglcm

When r = 10cm,

av_ 47(10)* = 4007 cm*/cm
dr
b SAcube = 6x> where x is the side length of the cube.

d(54) = —12x as the cube is melting.

dx

When x = 6 mm,

M = —12(6) = =72 mm>/mm
dx

2
V=§t2(15—t), 0<t<10

2 1
a Whentr=10, V= 3 (10)* (15 = 10) = 333~ mL.

3
av._ 2 4
b — —tz 3! 151
7 + 1 ( )
av
=2 ——t2 22 =2
d Ot 31 0r —
c Whent—3sec0nds

‘%:20(3)—2(3)2 = 60— 18 = 42 mL/s

d The flow is greatest when 4 <d—V) =

dx \ di
d (av

L (A P T

m(m) 0=

0=20-4t
4t =20
t=35
dv 5
When ¢ =5, i 20(5) — 2(5)° = 50 mL/s.

4 a Initially = 0.

x=2(00)72-8(0) =
The particle is at the origin initially.
dx
bv=—=4r-38
S
¢ Whent =0,
dx
=—=40)-8=-8
Y dt ©

Initially the particle is moving with a velocity of 8 m/s to
the left.

Whenv =0 Whent =2
0=4r-8 x=2(2)"-8(Q)
8 =4t x=-8m

2=t

It is at rest after 2 seconds and is 8 metres to the left of the
origin.
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d When at the origin, x = 0.

2 —8t=0
2t(t—4)=0
t=0o0rt—4=0
t=4

As expressed in a the particle is initially at the origin, then
it is there again after 4 seconds.

Initially it is at the origin, then it travels 8 metres to the left,
and at r = 4 it is back at the origin again, so a total of

16 metres has been travelled.

e Average speed = 146—_0 =4 m/s
V4 — V) _ 8-8
T4

1
5ax(n)= —§t3+t2+8t+1 and v(f) = - + 2t + 8

f Average velocity = =0m/s

Initially r = 0.
1
x0) = -3 (0)* +(0)* + 8(0) + L and v(0) = — (0)* +2(0) + 8
x0)=1 v(0) = 8 m/s
Initially the particle is 1 metre to the right of the origin

travelling at 8 metres per second.
b The particle changes its direction of motion when v = 0.

A +2r+8=0

G4-0H2+H=0
t=4,-2
t=4,1>0

x(4) = —%(4)3 +@+8@) +1= —63—4 +49

64 147 2
——?4'7—275111

dv
== =-21+2
¢ a(?) 7 r+
ad) = =2(4) + 2 = -6 m/s*

6 N= # t>0
v __110
a7
When ¢t = 5 months,
N _ 110 —4.4 rabbits per month.
dt (5)?

The population is decreasing at 4.4 rabbits per month.
b Whent=1, N=110and whent=5, N =22

The average rate of change is

22-110 88

5-1 4

¢ Ast — oo, N = 0, so the rabbit population will effectively
reach zero in the long run.

7 V=0408-0, 0<r<8

= —22 rabbits/month.

dav
—=—1208-1
a @-1
When ¢ = 3 minutes,
dav 2 : ;
. = —1.2(8 — 3)” = =30 litres/min

Water is leaving the bath at a rate of 30 L/min.
b When =0, V=0.4(8)° = 204.8 and when

1=3, V=04(5)° = 50.

The average rate of change is

W = —51.6 litres/minute.

¢ %‘t/ = R(%)
R(x) =0
R(x)=-2408—-1x—1
0=2.48-1
1=8

t = 8 corresponds to a minimum; therefore, the maximum
rate is when 1 = 0.

The rate of water leaving is greatest at the beginning, which
is when r = 0.

8 h=50r—47
dh
— =50-8¢
a dt
‘When ¢ = 3 seconds,
@ =50-8B)=50-24=26m/s
dt =3

b When ¢ = 5 seconds,
Vi=s = % =50-8(5) =10m/s
¢ Whenv =-12m/s,

—-12 =50 - 8¢
8t=062
t="7.75

After 7.75 seconds the velocity of the ball is 12 m/s and it is
travelling downwards.

d Whenv =0,
50-8tr=0
8r=50

t = 6.25 seconds
The velocity is zero after 6.25 seconds.
e The greatest height is obtained when the velocity is zero.
hi=s25 = 50(6.25) — 4 (6.25)* = 156.25 metres
f When the ball strikes the ground, & = 0.
0=50r — 4r
0=25t-27
0=1r(25-21
t=00r25-2t=0
2t=125
t=125
The ball strikes the ground after 12.5 seconds.
V=125 = 50 — 8 (12.5) = =50 m/s
The ball hits the ground with a speed of 50 m/s.

9 N() =

Initially

—t +0 5
(t+0.5)?
a Initially r = 0.

N) = L)z + 0.5 = 0.5 hundred thousand or
0 +0.5)
50 thousand
b NG = —2

— 405
(t+0.5)

Letu =2rand v = (t + 0.5)%.

du dv

— =2 —=2@+05)=2r+1
dt dt (#+05) +
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du dv

N/(t)= dt 5 dt
vV

2064057 —2t2t+ 1)
(t+0.5)*
20 +204+05-47 -2t

t+0.5)*
_ -2£ 405
(t+0.5)*

. . dN
¢ The maximum number of viruses occurs when a =0.

-2 +05 _
(t+ 0.5)*
27 +05=0
27 =05
£ =025
t=05, t>0
NQ) = & + 0.5 = 150000 after half an hour
0.5 +0.5)?
d When ¢ = 10,
_ 2
dN - _ =210 +05 _ 1995 _ 001641
dt =10 (10 + 0.5)* 10.54

After 10 hours the viruses were changing at a rate of
—1641 viruses per hour

10 N=220—ﬂ
t+1
a When N = 190
190=220—ﬁ
t+1
220—190=&
t+1
30(t+1)=150
t+1=5
t=4
dN _ 150
dt ~ (t+1)?
fog N _ 150
Tdt (4+1)2
_ 150
25
=6

Therefore, after 4 years, butterflies are growing at a rate of
6 butterflies per year.
b The growth rate is 12 butterflies per year.

dN _ 150
dt (t+ 1)
_ 150
t+1)?
12(t+ 1)*> =150
(t+1)? =125
r+1=354, t>0
t =2.54 years

¢ NA

0(0, 70) x

Ast—>oo,N—>220and%—>O.

11 x() =27 —16:—18, t<0
a When ¢ = 2 seconds,
X2)=2Q2) - 16(2) — 18 = —42
The particle is 42 metres to the left of the origin.

dv
b —=4r-16
a
When ¢ = 2 seconds,
@ =42)-16=-8
dt 1= B B

The speed is 8 m/s.
¢ Whent =0, % = —16 and whent = 2, d—‘; = -8.

d
The average velocity is % =—-12m/s
d When x(r) =0,

27 — 16t —18=0

r—8-9=0
t=-9@¢+1)=0

t—-9=0
t=9ast>0

dv
U =409)—-16=20m/s

Therefore, it reaches O after 9 seconds at 20 m/s.
12 x= §z3—4t2, >0

dx
== =278
av ar
When t =0,

X =2 (O =407 =0
Vieo =2(0 =8(0) =0
The particle starts from rest at the origin.
b Whenv =0,
27 —8r=0
£ —4r=0
tt—4)=0
t=0ort—4=0
Initially =4
128 _ g 64 1

2 3 2
=Sy —a@y = =2 6 ol
Mma =3 @7 —4@7 == - = 3 3

The velocity is zero after 4 seconds when the particle is

21% metres to the left of the origin.
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¢ Whenx =0,
2 5 2
-t —=4r =0
3

2
#lZr—4)=0
3
2
= 7—42
t 00r3t 0

Initially t=4

SN S

t=6

The particle is at the origin again after 6 seconds.
d When ¢ = 6 seconds,

Vies = 2(6)* — 8(6) = 72 — 48 = 24 m/s

dv
a= E =4t-8

a6 = 4(6) — 8 = 24 — 8 = 16 m/s*

At the origin the particle’s speed is 24 m/s and its

acceleration is 16 m/s>.

13 a
V= % (288h — 21
20 cm

av 1

20 cm = = —(288 — 617

¢ an =3 )

When i = 3\/§metres,
av 1 2
%—§<288—6<3\/§) )

By Pythagoras,
P+ h =20
=400 — i?
F=4v400-h2, r>0
b V= %nrzh

1
V= §75(400— h)h

400zh  =h*
y=_—""_=
3 3
dv 400z )
C % = T —rth
When 4 = 8 cm,
dv  400x )
dh 3 7 (®)
dV _400r 192z _ 208z emdfem
dh ~ 3 3 703
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aV= %xzh
By Pythagoras,
& =x* + 5
& =22
d=v2xm, x>0
b By Pythagoras,

2
2
122=h+ <§x>

144 = 1* + %f

144 — 1* = %xz
288 — 2h* = x” as required
V= %xzh

— 1 ogg o
V—3(288 21%) h

=%(288—6x27)

_ 126
T3
=42m’/m

15 Vegne = %mzh

rcm

By similar triangles, r : 6 as i : 15.

1 (2n\’
Veone = = = h

=—n
25
dv 47rh2
dh 25
a Whenh = E,
2 2
i%/ = ;—Z <§) =9z cm’/cm

b The container is one-third full. When full, the volume is

15 cm

1807z cm’, so one-third will be 607z cm®.
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37 \5
4
180 = —#°
25
180X — =h
X3
K =1125
2
h=5x%33
dvV 4z 2\? Loy
—_— = — 3 = 3
ah 75 (5)(3 ) 12 X 337z cm’/cm
3
(4+7)
Letu =3tand v =4 + 7.
du dv
— =3 — =2
dt dt
du dv
dy _ Vi Wi
dt V2

dy 3(4+7) =312
dy 12+3F -6
dy 12-37

dy 3(4-7)

dt (4 + ,2)2
The maximum concentration of painkiller in the blood
dy

occurs when — = 0.
dt

0o 34-0)

(4+ t2)2
0=34-7)
0=4-7
t=2,-2
t=2, t>0

_ 3@
T @+

=0.75mg/L
Therefore, the maximum concentration is 0.75 mg/L after
2 hours.

t=2,

05= "
(4+1)
1,
2+ El =3t
P—6r+2=0
. 6£4/(6)2 — (H)(1)(2)
2(1)
,_6%V36-16
- 2
6+2/5
t=+T\/_zS.24hours t>2)

dy _3(4-1)

TanT (4+12)?
dy 9
dii 25
& =0.36 mg/L/h
dt =1

C D 3(4-7)
dt (4+ tz)z
—0.06 = M

(4+ 12)2

t = 2.45 and 6 hours
(solved on CAS)

6.7 Exam questions

1 f:R@ ~ R f@)= —

a
a a

f®)=2.16)=3

f®—f6)  5-35

8—-6 2
1 (a-2a
-5 ()
_ a
Y
The correct answer is E.
2 f)=x*—2x
fl@y=d®-2a, f()=1-2=-1
fl@—-f1) & -2a+1
a-1 a—
_@-1
T oa-1
=a-1
Sincea > 1,

a—-1=8=>a=9
The correct answer is A.
3 y=2esin(x—1)
Using the product rule:
dy dv du
" ax
=2¢* cos(x — 1) — 2¢ ! sin(x — 1)
=2¢*(cos(x — 1) — sin(x — 1)
When x =1,

b _ 2¢%(cos(0) — sin(0))
dx

=2(1-0)
=2
The correct answer is D.

6.8 Newton’s method

6.8 Exercise

1 f(x)=x3+x—5

fle)=32+1
X = 1- ﬂ
£
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(=3) fiAns)
Lx=1-— = Ans —
. 4 2= AT Ans)
=1.75 =2.606448 48
Ans
X2 = Ans — f,( ) x3 = Ans — flAns)
Jf'(Ans) f'(Ans)
=1.54294479 =2.6065307
f(Ans) f(Ans)
X3 = Ans — — — Ans —
3 f'(Ans) = AT Ans)
=1.51639118 =2.6065307
= Ans — ;(éan)) Therefore, x = 2.607 (3 d.p.).
ns 3 _ —3
— 151598033 4 Ifx’ = 10; then x =+/10.
Ans f(Ans) Sfe)y=x-10
X5 = - ’
’ F'(Ans) [0 =32
=1.51598023 As 2* =8 and 3 = 27, the solution to x = /10 lies between 2
Therefore, x = 1.5160 (4 d.p.). and 3, and closer to 2.
2 Letflx) =x° — 6x—12. Letxo=2.2
=1 =6(1) =12 n=2-12
1 F@
<0 Sx =2 %
f2)=2"-62)-12 =2.1666667
=-16 f(Ans)
= A -
<0 X2 ns f’(Ans)
f3)=3"-6(3)—-12 =2.154504
=-3 ¥ = Ans — f/(Ans)
<0 f'(Ans)
4y = 4 — 6(4) — 12 =2.1551434
-8 Therefore, /10 = 2.15 (2 d.p.).
>0 5 fix) = cos(3x) — sin(x)
As there is a sign change between x = 3 and x = 4, the f'() = —3sin(3x) — cos(x)
solution to the equation must lie between these values. Most X =0 0)
likely it is closer to 3, as f(3) is closer to O than f(4). x1=0-— m
Let xo =3 3. . cos(0) — sin(0)
flx) = x > 6x — 12 An=0-=3 sin(0) — cos(0)
fx)=3x"-6 =1
f3) A
x1=3—m x2=AnS—f( ns)
-3 f'(Ans)
Sx=3- = =-0.900524
21 f(Ans)
=3.142857 14 X3 = Ans — =
f(Ans) f'(Ans)
X2 = Ans — = =-0.716 125
f'(Ans) The correct answer is B.
=3.13496176 6 fly=c —2%—5
_ f(Ans) N
X3 = Ans — = ff(x)=¢"—4x
f'(Ans) Let xo = 3.
=3.13493675 f3)
Therefore, x = 3.135 (3 d.p.). X =3- G
3 fix) =2log,(x —2)+ 1 'X1—3—(_2)
s 2 T 12
f0=1= = 3.3604539
The x-intercept for f(x) = 2log,(x — 2) is x = 3, so if the —A f(Ans)
function is translated up 1 unit, the root will be located in the 2= ANS = f'(Ans)
interval (2, 3]. =3.281227
Start with xo = 2.5. A f(Ans)
w=25- &) BEART P ans)
Tfes) =3275628
21log,(0.5) + 1
X =25 #
05
=2.5965736
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_ f(Ans) _ f(Ans)

X4 = Ans — — X2 = Ans — —
S'(Ans) f'(Ans)
=3.275601 09 =-1.19437321
Therefore, x = 3.276 (3 d.p.). v = Ans f(Ans)
P Fans)
=—-1.19379376

6.8 Exam questions Therefore, x = —1.194 (3 d.p.). [1 mark]

1 fx)=2—x*—sin®)

f’(x) = =2x — cos(x) [1 mark] 6.9 Review
Letxo = 1.
RO -
MEITED 6.9 Exercise
PR G sin(1)) Technology free: short answer
—2 —cos(1)
— 1.062 406 1 a dy = axcos(3x)
= Apg . JADS) = = —3arsin(3¥) + acos(3)
1 /'(Ans) p
=1.0615499 Whenx = 7, =X = —3azsin(37) + acos(37) = —a
Therefore, x = 1.062 (3 d.p.).  [1 mark] _ S dx
2 Ifx' =12, then x=+v/12. "f“‘;
=2t =12 4=
fx) = 453 [1 mark] b dy = 5xcos(3x)
ly .
As 14 = 1 and 2* = 16, the solution to x = /12 lies between 1 o —15xsin(3x) + 5 cos(3x)
and 2, and closer to 2. [1 mark] z z 5z
Let xo = 2. Whenx==,y=5X =cos(r) = ——
=2 _f(2) d : b3 > b3 > T
o= ‘_,w(i) andd—)yc=—15x§sin(3><§>+5cos<3x§>=—5
Sxp=2-= - _
X1 ED) mr : 5
= 1.875 me = %
f(Ans)
X2 = Ans — 1
f'(Ans) LYy==x+c
= 1.861361 1 3 _ o
f(Ans) The value of ¢ can be determined by substituting in the
x3 = Ans — . T Sz
f'(Ans) point (5, —?>
=1.861209 74
. S =m
Therefore, /12 = 1.86 (2 d.p.). [1 mark] 3T te
3 Letfix) = X =5x-38. 267
fi0)=0"-5(0) -8 c=-7s
- Lyl _2n
<0 4 TS
f=D)=(=1)"=5(-1)-8 2 afl)=4° -6 +3
=2 f0) =3
<0 =11
f=2)=(-2)* =5(-2)-8 The end points are therefore (0, 3)and (2, 11).
=18 b f)=4x —6x* +3
>0 £/ = 1247 — 12x
As there is a sign change between x = —1 and x = -2, the 1222 = 12x=0
solution to the equation must lie between these values. Most 12x(x = 1) =0
likely it is closer to —1, as f(—1) is closer to 0 than f(—2). —0 1
[1 mark] =0
Let xo = —1. f0)=3
fo)=x*—5xr—-8 =1
)= 43 -5 [1 mark] The stationary points are therefore (0, 3) and (1, 1).
-1 To determine the nature of the stationary points, the
A= yp
=-1- =1 gradient of the curve on either side of these points must
. -3 be found.
X1 ﬁ
=—1.222222
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12(1-2)
1 bf(l)=s ————
X -1 0 > 1 3 fa 12—4(1)+8
fo |24 o | 3]0 | 2 - ‘?12
=1~ 1_1/ PSR EICEY)
The point (0, 3) is a maximum turning point, and (1, 1) is T 32_4 B)+8
a minimum turning point. 12
¢ With the coordinates of the end points and stationary 5
points, the graph can be sketched. X 1 B
JOOA Ry
(2,11 ') 5 0

\ w5 | w

Slope \ PR

Therefore, there is a local maximum at x = 2.
5a fix)=vVx*—landgx)=x+3
(0, 3) flgx)) =flx +3)

1. D fg) =v(x+3)? =1

<
<

<Y

Ov fle@) =vVx2+6x+9—1
d The absolute minimum occurs where the value of the fg(x) =vVx* +6x+8
y-coordinate is less than any other y-coordinate of the _ \/7
function. The absolute maximum occurs where the value of flg) =y x+2)(x+4)
the y-coordinate is greater than any other y-coordinate of If flg(x)) =v/(x + m)(x + n) =/(x + 2)(x + 4), then
the function. The function has an absolute minimum of 1 m=2andn=4. 1
and an absolute maximum of 11, which can be seen from b h(x) = flg(x)) =1 /2 4+ 6x+8 = (x2 +6x + 8)5

the graph in part c.

3 a Average rate of change , 1 2 -1
WMx)=-2x+6 6x+8) 2
_ flx) = flx) 2 2( ¥+ 6)(x” + 6 +8)
2xz—x1 () = x+3 _ x+3
_ 2 -f0) Veter+s Va+2E+d)
2-0 4 3
6 a flx)y=x"e"
13-5 3 -3 4 -3
=5 flx)=4x’e™™ = 3x"e™
=4 £/ = e (4’ — 3x%)
b A function is strictly increasing over an interval if, for Iff'(x)= e mxt + nx®) = e (=3x* + 4x%), then
every increasing x-value in the interval, the function m=—-3andn = 4.
increases also. Hence, the function is strictly increasing b Stationary points occur where f’(x) = 0.
over the domain x € [—-1,0] U [1, 2]. e3P =33 =0
4a fln= 610&(’;2 - ‘Zx +8) @A —3x)=0ase > 0 forall x
Fla)=6x 5——— x=0or4—3r=0
X2 —4x+38 4-3
_12(x-2) = 4x
T2 —4x+8 =3
[ (x) has a stationary point when f'(x) = 0: When x =0, y =0, so (0, 0) is a stationary point.
f)=0 4 4\* 54 2 4 2
12(:-2) Whenx= o, y=(2) 95220 (4 2615
> =0 3 3 8le* 37 8le*
X —dx 8 a stationary point
12(x=2)=0 y pownt.
x=2
When x = 2, Technology active: multiple choice
f(2) = 6log, (2> —4x2+8) 7 y= PO
= 6 lOgc (4 - 8 + 8) @ — _15 sin(sx)eSCos(Sx)
= 6log, (4) dx
= 6log, (22) The correct answer is C.
= 12log(2)

= (2,121og, (2))
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8 y=e"sin(bx) Technology active: extended response
e ax _
o =ae sin(bx) + be™ cos(bx) 17 a2 he10cos (ﬂ(x10067)> +5
The correct answer is A. g (- 67)
cos(7t) @ __ T i 10sin ( BFZOD
9 y="— ax 100 <M\ 00
Let u = cos(7f) and v = 2, so du = —7sin(7t) and dv =2t —_7" gn mx — 67)
o dx dr 10 100
dy _ Ve~ U dh
dx V2 b Max/min values occur when T =0
by
dy _ =77 sin(71) — 2t cos(7r) 7 (FE=6D\
dx Iz "0\ 100 ) T
The correct answer is A. [ 7(x—67)
10 y=xlog,(5) sin\ =g ) =0
d 1
o 1 xlog,(5x) +x X — w(x —67)
dx X W = 0, T
=log,(5x) + 1
The correct answer is C. x—67=0, @ X T
11 y=fe")
o f4 . x=67=0, 100
= =4 () x =67, 167
The correct answer is C. When x = 67,
. i (67 = 67)
12 =720 = (7 - 2f)2 = 10cos (T ) 4
d _1 — —
@y _ 1)<—2f’(x)(7—2f(x)) 3 h=10cos(0)+5 =15
dx 2 Maximum at (67, 15)
b f® I When h = 167,
d 1 -
Tog-2f2 VAW h=10cos(W)+5

The correct answer is E.
13 f)=x+2x*-15x+7
fle) =32 +4x—15
To find the stationary points, let f'(x) = 0. This can be solved

h=10cos(n) +5=-10+5=-5
Minimum at (167, —5)
The maximum height above the platform is 15 m and the

) ) 5 minimum height is 5 m.
using CAS to give x = =3, 3 These answers could also have been found using a graph
f3)=43 page on CAS.
f<5)_ 211 ¢ i Whenx =50,
3 27 @ =—£sin<_17”> =0.16
The stationary points are therefore (-3, 43) and dx 10 100
<5 211) ii When x = 100,
3727 ) BT () = —027
. dx 10 100
The correct answer is A. h
14 The absolute maximum of a function is the point at which the 18 a sin(x) = 20 0 20 sin(x) = h
y-coordinate is greater than any other point on the graph. In b
this case, the absolute maximum is 3. b cos(x) = 20 $0 20 cos(x) = b
The correct answer is C. b =2by + 10 =40cos(x) + 10

15 y=fx)=(x—-a)’gk)

d
_i =3 — a)’g(x) + (x — a)’g'(x)

d _ = 10 sin(x)(40 cos(x) + 20)
The correct answer is E.

(]

A= %(40 cos(x) + 10 + 10) x 20 sin(x)

16 f(x) = xcos(x) — 2 dA= 200 sin(x)(2 cos(x) + 1) as required
J'(x) = —xsin(x) + cos(x) — 2x d o 200 cos(x)(2 cos(x) + 1) — 400 sin(x) sin(x)
Letxo = 1. X
_ 01 A = 400 cos*(x) — 400 sin*(x) + 200 cos(x)
TR — 400 cos>(x) — 400(1 — cos>(x)) + 200 cos(x)
=1 o1 = 400 cos(x) — 400 + 400 cos*(x) + 200 cos(x)
—sin(1) + cos(l) -2 — 800 cos>(x) + 200 cos(x) — 400
=0.800233 "
f(Ans) Maximum area occurs when — = 0.
X2 = Ans — dx
f'(Ans)
=0.744 094

The correct answer is D.
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19

800 cos?(x) + 200 cos(x) — 400 = 0
4cos’(x) + cos(x) —2 =0

—1%/12 = 4(4)(-2)

cos(x) = @
—1+4/33
cos(x) = ————
8
cos(x) =0.59307 0<x< g
x=0.936
Amax = 200sin(0.936)(2 c0s(0.936) + 1)
=352 cm?
a V=-057-1+15
v i
dr ~

After 0.2 hours, t = 0.2 and %/ =-02-1=-1.2. The
water is leaking from the vessel at a rate of 1.2 mL/hour.
b When ¢t = 0, V = 1.5. Therefore, half the initial volume is
0.75 mL.
0.75 = —0.5f — t + 1.5 can then be solved using CAS to
give t = 0.58 hours. (The other answer given by CAS of
t = —2.58 is discarded, as it is negative.)
¢ Average rate of change
W=V
- h—nh
_075-15
T 058
=—-1.29 mL/h

d The rate of flow is given by % = —t — 1. Over the domain

.. av .
t€[0, 1], it is clear that I will be greatest when 7 = 1,
that is after 1 hour.

20 a 145=2Lr+%mz

145 — %mﬂ =2Lr
290 — 7r? =4Lr
290 — 772

=L
4r

P=2L+2r+%x27z’r
P=2L+2r+ nr

P=2<M>+(2+n)r
4r

290 — 2’
B 2r
290 — 71’
- 2r

P=145" - gr+ Q@+ )r

P + (2 + m)r as required

b P +Q+n)r

dpP L, T
E——145r —§+2+7Z
dP__145_7r+2+”
a2 2

Minimum value occurs when g =0.
r

145 =«
Eal e

V4 145
Z40=2
¢+ 3
z 145
2+ =2
+ 2 r?
2= 145’r
(2+3)
ey | 145
(2+3)
r==6.4metresasr > 0
290 — (6, 4)?
min = # + 2+ 7)(6,4) = 45.5 metres
2
L= 290—” = 6.4 metres

-
A radius and length of 6.4 metres produces a minimum
perimeter of 45.5 metres.

6.9 Exam questions

y= (—3x3 +x - 64)3
D 3 (=92 +2x) (=35 + 2 — 64)°
dx

=-3 (9x2 - Zx) (?ax3 -+ 64)2 [1 mark]

VCAA Examination Report note:
Students generally recognised the need to deploy the chain
rule; however, a significant number of students could not be
awarded the mark. Poor use of brackets (or lack of brackets)
resulted in an incorrect expression. For example, the
expression 3 (=3x" +x° — 64)2 (=9x% + 2x) is not
equivalent to 3 (=3x> +x° — 64)2 — 9% 4 2x. Transcription

errors (especially with exponents) and arithmetic errors with
unnecessary expansions were also observed.

y = x> sin (x)

u=x> v=sin (x) (productrule)
du dv
P =2x e = cos (x)
dy _ dv
ax T Vax
@ = x? cos (x) + 2xsin (x)
dx
dy .
— = x(xcos(x) + 2 sin(x))
dx

Award 1 mark for using the product rule.

Award 1 mark for the correct answer.

VCAA Assessment Report note:

Although this question was generally very well handled, some
students made errors in an attempt to factorise, which was not
necessary.

A(m) = lm (9 - mz)

2
1 3
=§<9m—m)
dA_l ao\
%—2(9 3m)—0

m=\/§,m>0
A<\/§)=3\/§

The correct answer is D.
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4 f) =3 -2vx+1 Other students did not use brackets correctly, giving
f3)=27-2/4=23 f(0)=-2 ilo(\/§+6>
f@—-f0) 23+2 25 x=——a—as their answer. Another common
3-0 ~ 3-0 3
The correct answer is D. incorrect answer was ME
3x (x — 30)° 3
5a y=f()=—F——, x€[0,30] . 9 (a - 10) (a — 30)
2000 e i gla)=——F""—7 [1 mark]
dy  9(x—10)(x—30 2000
@ _ w, x€ (0,30) [l mark] VCAA Examination Report note:
dx 2000 Common incorrect answers were

d Average gradient

VCAA Examination Report note:
Other equivalent forms were acceptable.
This question was answered well. Common incorrect
9x (x — 30) (x — 15) 9 (x* — 40x + 30)

answers were

500 2000
_D
"= dx
. dm
Solving I <0=xe(0, 20] [1 mark]
X

VCAA Examination Report note:

This question was not done well. Most students interpreted
the question as asking where the function modelling the hill
was strictly decreasing, rather than the gradient of the hill
and so the most common incorrect response was [10, 30] or
a combination of round and square brackets with those two

values. "
_ _ 3x(x—30)
g =f+3= 5000+ 3 [1 mark]

VCAA Examination Report note:
This question was generally well done. Some students did

not give an equation. Others added 10, instead of 3, to f.
fGO-f(10) _0-6 _ -3

30-10 20 10
_dy  9(x—10)(x—30) -3
Solving = 2000 =10
. 60+ 104/3
givesx = —s

Award 1 mark for calculation of the average gradient.
Award 1 mark for solving the derivative equal to the
average gradient.

Award 1 mark for the correct answer.

VCAA Examination Report note:

A common incorrect answer for the average gradient

was —

10°
1 30
Some students used 30-10 Lo h (x) dx.
30
instead of 30-10 Lo h' (x) dx.

Some students gave approximate answers for the x values,
14.23 and 25.77.

ii

iii

9a —9—a+2 iaz—ia—£+2and
2000 50 ' 50° 2000 100 a ' 20
3a® — 180a* + 2700a — 20 000

2000a ’

Some students used

fla)—10
a
-10

instead of w.

Other students wrote

The answer had to be gi\f:en in terms of a.
At the point (a, b), the gradient of the straight section
and the gradient of the curve are equal (smooth join).
Also, the y-values are equal.
(@) = 9(a — 10)(a — 30) _ 10
2000 0
Solving gives a = 11.12, b = 8.95 = A (11.12, 8.95).
Award 1 mark for each equation (up to 2 marks).

_bandbzg(a)
—d

Award 1 mark for the correct answer.
VCAA Examination Report note:
Many students did not equate the correct expressions.
Some students found the value of a but not the
value of b. Other students rounded their answers
incorrectly, giving (11.11, 8.94).
g'(11.12) = -0.094 85

=-0.1
VCAA Examination Report note:
Students who obtained the correct value for a in
Question 2eii were generally successful with this
question.

[1 mark]
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Topic 7 — Anti-differentiation

-3)2x+5)d
7.2 Anti-differentiation ¢ Jx(x J@x 4 3)dx

- = J (2x3 - - 15x) dx
7.2 Exercise ] ) s
5 N B - S
1 a|—-2xdx 2 3 2
3+1
- = +c dJ3x3—xd
x
4 G
__X 511
__E"'C =J%x2—5x2dx
1, 7 3
bJE\/’;dx =§x5—lx5+c
7 3
11
= | x4dx 2 1
j2 3aJ —+% — | ax
| \/} X2 2x
En]
%x4 _ -1 2 3
=5 +c¢ = 2x 24+ 3x "= =x dx
4
23 =4x%—3x71+1x’2+c
=§x4+c 4
3 Y~
CJ_ﬁdx = X x+4x2+c
3, N
= —Ex dx b |(x+1DQ2x" —3x+4)dx
3. —2+1
=_§x te =J(2x3—x2+x+4)dx
-1
1 1 1
3 Y B R
=§x_l+c 7%~ 3¥ +2x+ x+c
3 T
=2 4o 410=r-
\ flo=2—x?
1
dJs—zdx f(x)=§x3+x_'+c
X
-2 f(x)=1x3+l+c
= | 4x 3dx 3 X
) .
4{3“ 5 a x3dx=1x4+c
=—0+c¢ J 4
3 2 2 _
3. b <7x2——>dx=l 7xr — Zx 2) dx
=12x3 +¢ J 5x° 5
7 1 _
TR R A
[, 3 2 4 T3, 2
ﬂx)=§x2—§x3+lx4+c c u(4x -Ix"+2x—=1dx=x -3 +x —x+c
4 3 2 3
S ]
bJ<—4x3+—3>dx J )
Vi ¥ =J8x5dx
_1 5
=J(3x2—4x3+§x73) dx =8x§x§+c
16
| — 24/
=6x§—x4—%x_2 B 5\/X_+C
=Ex2 x+c
4 1 5
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a J(3x—5)5dx=

‘|

(Bx=5)°
3%6

1
5

= J 2x — 3)7% dx

2x-3)2
3
_(2x-3)2
- 3
2><—5
1
=——3+c
3(2x—3)2
2x+3)°
J(2x+3) dx = %3

d J(l —20) Y dx =

The

dy _
dx ~

= 11—0 Q2x+3P +¢
(1=207*
2x—4
_1 (1-20"*

8

1
=———+c
8(1—2x)°

correct answer is B.
3 2
x+3x" =3

> =x+43-3x72
X

1
y=§x2+3x+3x71+c

1 3
y==4+3x+=+c
2 x

The

a J (Bx—’dx = J (32 = 33x)%(1) +33x)(1)* = 17) dx

correct answer is D.

J (27%° = 27%* + 9x — 1) dx

74 3,9,
4 9x+2x x+c
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e J\/?C(Zx—\/)_c) dx

=J<2x%—x> dx

_45 1o
—SX 2X C

fJ 4 — xdx

=J(4—x)%dx

23 1
y=§x2 +2x2 +c¢

2
y=§x xX+24/x+c

The correct answer is E.

3
11 aJ(2x2+1) dx
X

- J <(2x2)3 +3(24%)° (i) +3(24) (i)z + <£)g> dx

= I <8x6+ 12x3+6+x‘3) dx
= §x7+3x4+6x—%x72+c

= §x7+3x4+6x— ZL +c
#] (Vi )
%) )(x)+(x>2)

(x 2x2 +x>dx
X+

—_—

4
2—_
Y75

Vs L+3
gl ﬁ>

N\uu

c

J (v
I
|

1
2
3
J X2 +3x2 +3x 2+x 2) dx
2
5

5
= =x2 +2x2 +6x2—2x 2+c

13 a J(2x+3)(3x—2)dx
=J(6x2+5x—6) dx
=20 + %xz —6x

3 2
bjwdx
X

J(x+1+x72)alx

12 -1
==X +x-—

2x X=X

1, 1
=grHroy

(OROIGEOIC

1
2

)+

1

2

)
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c J<2 \/—_ i ) dr Therefore
Vx I(3x+1)(3x2+2x—4)2dx=éj6(3x+1)(3x2+2x—4)2
1 1
=|(2x2 —4x72 ) dx
J(x * > =é(3x2+2x—4)3
23 1
=2x§x2—4><2x2 4
17 y=|(T7x+y/x- —
43 1 ( Vi ﬁ)
= —x2 — 8x2
3 | 4
4 y—<7x+x2—x 2)
= —x1/x — 84/x
3 3
dy < 1 1 )( >
2 — 7+—x2+—x2 7x+\/_——
2
dJ<x3—;) dx dx 2 2 \/_

=J<(x3)2_2(x3)(%>+<%>2>dx % 4<7 o 2\;;><7x+ x_éy

6 6 Therefore,
=J(x —4+4x*)dx | oV
1 4 [( ><7x+ x——) dx
=-x —dx— —x7 \/— 2\/)F \/)_C
| : 1 1 1 1\
1, 4 __J4 7 1
= —x —4x - — = X +4/x dx
7T 4 < zxwx?)< N
4
1 1
eJ2(]—4x)_3dx =Z<7x+\/_——>
N
—2J(1—4x)*3dx |
18 y=vx2 l—(x2+1)2
(1 —4x)72 dy
=2(— 72 2413
<—2><-4 dx @06 +1)”
— 1 dy X
—_ 2 _——=
4(1 —4x) dx 2+ 1
2
fjiﬂzx I o dx=5J * ax
(2x - 3)2 x2+1 x2+1
5
=J2(2x—3)‘idx =5V +1+c
19 = (5x2 +2x — 1)4
3 dy
=2I(2x—3) 2 dx d——4(10x+2)(5x +2x—1)°
! : D gsx+ 1) (52 +20—1)°
=2<——(2x—3)_§> gy = 8G D (527 +2x )
3
2
=T I16(5x+1)(5x2+2x—1)d 2J8(5x+1)(5x2+2x—1)3dx
3(2x-3)2
=2(5¢% + 20— 1)*
1
[ 20 y=V50 +4x? = (50 +4x7)2
\/x3+ p .
1 @ _2
=§( +1)2+c¢ o (15 * 4+ 8x) (5x° +4x°) 2
Q_ 15x% + 8x
Vei+l+e dx  9\/53 1 4x
1 2
5 J2(3x+5)§ (72 +4x - 1) dx [ I +8
4 s V53 + 4x2
—m(3x+5)5(135x2—72x+35)+c ~ J 152 + 8x "
16 y=(3>+2x—4) 503 + 42
d - 3
—i;=3(6x+2)(3x2+2x—4)2 =252 + 4x2

d
D 6Gx+ 132 + 2x — 4)?
dx
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7.2 Exam questions

1 J 4 =207 dx

_(d-2"

= T

_ 1

84 —20)°

Award 1 mark for the correct power.

Award 1 mark for the correct factor out the front.

a,b,mandneZzt

d my __ m—1 __ n _ b n+1
dx(ax)—max —bedx—n_'_lx

b
> Z=mn+DxX""? >5m-—n-2=0
a

. b . ..
Since — = m(n + 1) and m, n are both integers, it is clear that
a

— is an integer.
a

n=l.m=3% 226 ™ _3
a n

n=2m=4 212 Mo>
a n

n=3 m=5 Lo M2
a n 3

The correct answer is D.

3J<3x4—%> dx=J3x4 dx—[% dx
X X

=J3x4 dx—sz‘z dx

X 2
=—+Z+c
x

5 [1 mark]

7.3 Anti-derivatives of exponential and
trigonometric functions

7.3 Exercise
[ 4 —4x _1 5 1 —4x N
1 a (x e )dx—sx +4e +c
1, 2.z 2
e _ L2 == —e 2
<2e 36 >dx e +-e2+c

I
S
—
o
[
>
—
W
w
—
o
[
N
—_~
o
&
=
N’
+
w
—
o
54
-
—
o
ds
=
-
[S]
—
®
w
=
N
W
S—
QU
=

ox 3€X + 36—4): _ e—9).‘> dx

3 1
X _ e—4x + §e—9x

Il
|
N
©w
]

+c
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4 a J(%cos(3x+4)—4sin<%)>dx

10

11

sm(3x+4)+8cos(2>+c

2x 1 .
cos <?> 7 sin (5 — 2x)> dx

. 2x 1
sin <?> -3 cos (5 —2x)

[l (E)en ()
= _2cos(%) —6sin(%) +e

b f'(x)= 7c0s(2x) — sin(3x)
S =

O\I*-‘

d

/N

N W

= sm(2x) + %COS(?)X) +c
a (65 +sin<;£> + g) dx = 3e§ —3cos<§> + éxz +c

- 1 i
b | (cos@dx) +3¢™) dx = 7 Sin() —e Tre

1 1 !
y= 3 sin(2x) + 36_3" +c

(2e3x — sin(2x)) dx = §e3x + % cos(2x) + ¢

2x —5x
e +3e . 1, 3
bJ 2ot dx-[(ze +ze >dx

1 1
- 4

2

o
—_—

+c

(0.5cos2x+5) — e ™) dx = %sin(2x+5) +e+c

& — e )

——— —

- I (€92 =262 + (@) dx
- J (¢
“+c

1 241
—26 3€+4€

Y27 ¢ e4x) dx

-1 ] )
J ere sl n=e —x+log,(e"+ 1) +¢
e+ 1
ae®™dx = —3¢* + ¢

a
Eeh‘ +c=-3+¢

a
b=3and - =-3
and -

a=-9
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188 | TOPIC 7 Anti-differentiation ¢ EXERCISE 7.3

12 f'(x) = asin(mx) — be™
f(x) = cos(2x) — 2™ +3
f'(x) = =2sin(2x) + 47>

Therefore,a = -2, b=—-4, m=2 andn = -2

2
13 a d—H=l+7r—sin(£t>

45 7’ zt
Hi)=1t- (7 X 3) cos <E>

H(t)=t—5ncos (%)

b When = 15,
H=15— 5rcos <§> = 7.146 kilojoules

14 J e sin(x) dx = J e* cos(x) dx

Solve using CAS:
x= X 37
22

15 x(t) =20+ cos (%’)

dy =«

a0 0T

dy =« nt
E_%<20+COS(Z>>_”
@_7[+ECOS<£>—7[
dr 20 4

16 y= ecosz(x) — e(cos(}c))2

dy = —2sin(x) cos(x)e“’sz(")
dx
Therefore,

. cosz(x) 1 . c0s2(x)
sin(x) cos(x)e dx = -3 —2 sin(x) cos(x)e dx

— l cosz(x)
17 y= e(.wrl)3
D310+ 1P
dx
% =30+ 12
Therefore,

3 - 3
J 3(x + 12D gy = D

J 9(x + l)ze("“)}dx =300 4 ¢
18  y=2xe™
dy

= =26 4 6xe™
dx

J (2€3x + 6xe3'¥) dx = 2xe™

I 2¢%dx + 6 J xe*dx = 2xe™

19

20

6 | xe*dx = 2xe® — J 2% dx

[ 2
6 | xe*dx = 2xe® — §e3x

1
3x _ §e3)r

3
3| xe™dx = xe

1 1

3x 3x 3x

dx == - =

J xe X 3.X€ 9 e

The correct answer is A.
y= 62x2+3x -1

d

9 _ (4x + 3)e2x2+3" -1

dx

I 2(4x + 3)e2x2+3x_ldx =2 J(4x + 3)ez'r2+3x_ldx

) er2+3x—1
y = xcos(x)
d_y = cos(x) — x sin(x)
dx
J (cos(x) — xsin(x)) dx = x cos(x)
[ cos(x)dx — J x sin(x)dx = x cos(x)
J cos(x)dx — xcos(x) = J x sin(x)dx

Jx sin(x)dx = sin(x) — x cos(x)

1

7.3 Exam questions

dii (xekx) = (kx + 1)e&

J(kx + Dedx = xe*
k I xe¥dx + J M dx = xe

k J xe¥dx = xe™ — J & dx

Jxe’“dx = % (xek" - J ekxdx> +c

The correct answer is D.

d_ 2 sin(2x) — 4e™>
dx

y= J (2 sin(2x) — 4e™>) dx
=— cos(2x) + 2 > +¢
Whenx=0andy =0,
0=-1+2+C=>C=-1
y=—cos(2x) +2¢> — 1

The correct answer is A.

a
a J dx = Ze'”‘ +c

) 2x — g bx

e A
Equating coefficients:
er — ebx

b=2

a
==

b
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=

a=-4
The correct answer is D.

1
7.4 The anti-derivative of f(x) = <

7.4 Exercise
[ 2 2 (1 2
ta 5"’“-3]55”‘—31"&("’“””0

3 3 4
b 4x—1dx‘ZJ4x—1dx

= % log,(4x—1)+¢

2 a —;dx=—4loge(x)+c,x>0

[ 3 3( 4 3 7
b ] 4x+7dx—zj4x+7dx—Zlogg(4x+7)+c,x>—z

r .3 2
T+ 2 -1 R
¢ %w:]@uﬁ-ﬁ)&
J X X

= %x2+2x+310g6(x)+1+c, x>0
X

d J (i + cos(4x)> dx
2—x

_ -1
= 3J 2 _x)dx+ J cos(4x)dx

= -3log,(2 —x)+ % sin(4x) + ¢, x <2

3 dx=3J !

Sa|li 1—2x

—_—

=3x —%loge(l -2x)+c

= —% log, (1 —2x)

() o] ()

=2log,(x+4)+c

4 y=2log,(cos(2x))
dy  —4sin(2x)
—=———" = —4tan(2
dx cos(2x) an(2x)

J(—4 tan(2x))dx = 2 log,(cos(2x))
-4 J(tan(Zx))dx = 2log,(cos(2x))
J(tan(Zx))dx = —% log,(cos(2x))
5 Lety = fix) = 2xlog,(mx).
ﬂ = 2log,(mx) + 2x X l
dx X

dy _
o 2log,(mx) + 2

J(2 log, (mx) + 2)dx = 2x log, (mx)

2 J log, (mx)dx + I 2dx = 2x log,(mx)

2 J log, (mx)dx = 2x log,(mx) J 2dx

TOPIC 7 Anti-differentiation ¢ EXERCISE 7.4 | 189

2J log, (mx)dx = 2x log,(mx) — 2x

J log, (mx)dx = xlog,(mx) — x + ¢

d
6 If y =3xlog,(x), then d_y = 3log,(x) + 2 = 3log,(x) + 3.
x X

J (3log,(x) +3) dx = 3xlog,(x)

3 J log,(x)dx + J 3dx = 3xlog,(x)

3 " log,(x) dx = 3xlog,(x) — J 3dx
3 ‘ log,(x) dx = 3xlog,(x) — 3x

J log, (x)dx = xlog,(x) — x

2 | log,(x) dx = 2xlog,(x) — 2x

J 2log,(x) dx = 2xlog,(x) — 2x

6 3
R Pt
=3J ! dx

2—x
=-3log,2-x)+c
Therefore, a = =3 and b = 2.
J|

2
=2

2
in (4
5 3sin@r+ D

1 .
J i3 + 3sin(4x + 1)dx

= %log6(2x+ 3)— ‘3—1005(4x+ D+c

=log,(2x+3) — %cos(4x +1)+c
The correct answer is B.
d 1
9 - ((oge())?) =2 xlog,(x) x —
2log,(x)
- X
2log,(x)

Therefore, J fdx = (log,(x))

41
and J %mdx = 2(log, (¥))*.
The corrrect answer is D.

) b
IOJd 2x" 4+ x _Jd 2x+x
ax

d .
— is the factor out the front of the log.(x) term;
a
therefore, d = %, sod=5anda =4.
a

Xb 2 )Ch
J —dx = x”; therefore, — = x,s0 b = 2.
X X

a=4,b=2,d=5

7.4 Exam questions

2 -—
1 J%dx:[(l+2xq—3x—2)dx
X

=x+2log,(x)+3x +¢

=x+2log,(x) + % +c¢, x>0 [1 mark]
X
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190 | TOPIC 7 Anti-differentiation ¢ EXERCISE 7.5

2 From the rule,
J kf(x) dx = kJ flx) dx.

The correct answer is A.

3 Letu=x, v=Ilog,(x).
@ dv 1

&t mTx
f')= )—1C X x4+ 1 xlog,(x)
=1+ log,(x) [1 mark]
xlog,(x) = J(loge(x) + Ddx
xlog,(x) = J log, (x)dx + J ldx [1 mark]

J log, (x)dx = xlog,(x) — x [1 mark]

7.5 Families of curves

7.5 Exercise
1 af(x)=3 sof(x) =x+c¢

b fx)=x+c

f2)=16
2 +ec=16
8+c=16
c=8
f=x"+8
2 a f'(x) = —2cos(2x), sof (x) = —sin(2x) + ¢
y

L NDZ R

y =—sin(2x) +4

y =-sin(2x)+2

0 N\ N\ =520

2 y = —sin(2x) -2

y = —sin(2x) -5

y =—sin(2x)-7

b f(x)=-sin(2x) + ¢
T
7(3)=1

4 =—sin(x) +c¢
4=0+c
c=4

f(x) =4 —sin(2x)
3 af(x)=3e¥
f)=—e¥+c¢

b f(x)=—e*+c
Whenx =0, y=1.
l==¢"+c¢
l=-1+c
c=2
foy=2-e

4 %=2ez"+e_x

y=e¥—e ¥4
Whenx =0, y=3.
3=’ - +¢
3=1-1+4c¢
c=3

y=e"—e+3

5 f'(x) = cos(2x) — sin(2x)

fx) = % sin(2x) + % cos(2x) + ¢

fm= 21 .
2= 3 sin(2x) + 3 cos(2x) + ¢

1 1
2= 5(0)+§(1)+C
2=%+C
3
)
1. 1 3
fx)= §s1n(2x)+ 5005(2x)+ 3
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dy -3
6 7 X
dx

y= I (cos(2x) +3e™) dx

= cos(2x) + 3e

1
=5 sin(2x) — e + ¢
Whenx =0, y =4.
4= % sin(0) — &° + ¢

4=0-1+4c
c=5

y= % sin(2x) —e > + 5

7 %=e%
y=2e%+c
Whenx =0, y=5.
5=2¢"+c¢
5=2+c¢
c=3

y=2e2+3
1

7 _ _ _ -2
B /W=t =9

fx) = 1-0'+¢

1
(—1)(—1)(
f) =

! +c
(1-x)

When f(0) = 4,
! +c

(-0
4=1+c¢
c=3

_ 1
S0= 55

+3

9 af'x)=5—-2x
f(x)=5x—x2+c

When f(1) = 4,
4=51)— (1) +c¢
4=4+c¢
c=0

f)=5x—x

b f/(x) = sin (%)

f(x)=—-2cos

)+e
)+e

N =

When f(z) = 3,
3=-2cos (

ST

3=0+c¢
c=3

f(x)=3—-2cos (g)

10 f(x) =J <x3 - 1) dx
X

=x——10ge(x)+c,x>0

=

L N

f) =

12

13
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1 1
i=1 —log,()+c¢
c=0
o
fx) = T log,(x), x>0
a @ = is equivalent to
dx  2xva

5 1
J2x+4dx_5J2x+4dx

= %loge(2x+4) +c, x>-2

Thus, y = gloge(Z(x +2)) + ¢ and when x = —%, y=3.

3=§10g9<2 <—%> +4> +c
3=§10g M +c
2 (4
c=3
5
y= Elogf(2x+4)+3

y= % log,(2(x+2)) +3

dy 3. .
b ol is equivalent to

3 1
_[2—5xdx_3J2—5xdx

2
=—§loge(2—5x)+c, x < 3

,y=1.

| —

Thus, y = —% log, (2 — 5x) + ¢ and when x =

l=—§10g6<2—5 <%)) +c
3
l=—§10g6(1)+c

c=1

y= —% log,(2 — 5x) + 1

There is a stationary point at x = 1. When x < 1 the parabola
has a positive gradient and when x > 1 the parabola has a
negative gradient.
V)
Local maximum
atx=1

v

y=fx)

>
>
X

—_—e

Positive Negative
R —_— . —
gradient gradient

Y

Stationary points occur at x = —2 and x = 4. When
x < =2 and x > 4 the gradient is positive but when
—2 < x < 4 the gradient is negative.
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192 | TOPIC 7 Anti-differentiation ¢ EXERCISE 7.6

Local YA
maximum
at
x=-2
I
| y = fix)
1
|
- ) [ “x
-2 :4
I
i
I
X Local
! minimum
at
v x=4
14 ,
a Y
Local
maximum
at
=) ro2
|
- 1 >
T T X
44 2
I
1
|
I
Local :
minimum
at
x=-4 \
b A
I
I
I
1
1
I
I
I
I
1
: 5
= _4, ) T >
y=fx)
Y
C
y .,
A y=fx)
0,0) 1 x
/

d A

y=fx)
< T >
-2
Y
7.5 Exam questions
2 L
1 f@x)=—==22x-3)2
V2x -3

flix) = 2 1(2)6—3)%%-c
2X 3

2

fx)=242x-3+c

f6)=4 = 4=2\9+c, c=-2
fx)=2y2x-3-2

The correct answer is C.

2 The gradient changes from positive to zero to negative to
zero, then stays positive. The graph also has to be a quintic
graph. Graph B is the only option.
The correct answer is B.

3 f'(x) =2 cos(x) — sin(2x)
flx) = J (2 cos(x) —sin(2x)) dx

flx) =2 sin(x) + % cos(2x) + ¢

T 1
1(3)=3
1 . (T 1
5—2 sm(i)+§ cos(zm) + ¢
1 1
—=2-= =-1
5 2+c >cC

flx) =2 sin(x) + % cos(2x) — 1

Award 1 mark for the correct antiderivative.
Award 1 mark for attempting to find c.
Award 1 mark for the correct value of c.

7.6 Applications

7.6 Exercise
_dx

1
I Br+1)

1 av
1
x:J(3t+l)2dt
1 3 1)§
=——@@t+1)2+c¢
3(3)
2 3
=§(3t+1)2+c

Whent=0, x=0.
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TOPIC 7 Anti-differentiation ¢ EXERCISE 7.6 | 193

3

0=%(3(0)+1)5+c ev=%=—sin(2[+3)

0=§+c x=J—sin(2t+3)dt
C__z =lcos(2t+3)+c
=-5 2

Whenr=0, x=0.
0= %COS(Z(O) +3)+c¢

3

2 32
=-Gt+1)2-=
X 9(t+) 9

2 2
= — 3_Z l
x 9\/(3f+1) 5 0=5005(3)+c
_dx 1 _ 2 1
bv=a T arap S Ut? ¢ =3 cos(3)
x=J(t+2)_2dt 1 1
) x=§cos(2t+3)—§cos(3)
__2 -1, .
- I(H-Z) e fv—@—2005(3t)
L, Tdr
=— c
(r+2) x=J-200s(3t)dt
Whent =0, x=0.
en 1 X 2
0=—(0+2)+c =§sm(3t)+c
Whent=0,x=0.
0=—=+ 2
27e 0= 3 sin(0) +c
c=1 c=0
2 2
_]_ 1 x=§sm(3t)
T2 (t+2) p
X
cv=%=(2t+l)3 2V=E=3t2+7t
7
x=J(2t+1)3dz x=r+5r+c
=ﬁ(2[+1)4+c Whent:O,x:%
| \ 0=(0)*+ E(0)2 +c
=2+ 1)+
gt ite c=0
Whe?x=o,z=0. x=,3+%,z
= —(2 H*
0 8((0)+)+c dr 12
Jav=—-= +6
d  (t—1)?
O0=-+c¢
8 dx -2
v= o =120- D746
1
“=73 x=—12(t= 1) +6r+c
1 1 12
x=—(2t+1)4—— = — + 61+
8 8 T ¢
dv:éze(y_” Whentho,xzo.
dt x=—(0_1)+6(0)+c
x=Je<3t_'>dt c=-12
12
| =6t — -
- §6(3r D4e * -1
Whent =0, x =0. b Whent =3, "
1 - — —
0= 300 Dtc =6 - mTy 12
=18-6-12
O—lefl+c =0
=3 =
1 After 3 seconds the particle is at the origin again.
=-= d
3e 4 v=£=sin(2[)+cos(2[)
lee@f—l)_i a Whent =0,

v = sin(0) + cos(0)
v=1lcm/s
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dav
b x=J(sin(2[)+cos(21))dt 9 E=20t2—t3
1 1
=—§cos(2t)+§sin(2t)+c V= ?ﬁ_iﬁ_'_c
Whent=0, x=0.
1 1 . Whent=0, V=0, soc=0.
0=—=cos(0) + = sin(0) + ¢ 20 1
2 2 v=="pF - ¢
c=——+c When ¢ = 20,
2 20 5 1.,
1 V=—(0)" - =(20)
1
11 1 V =53333- — 40000
x=§ 5 os(2t)+—sm(2t) 3
1 3
dx - V=13 3335 cm
5 a V=E=3rrsm<§) P
g t 10 a o = 30e"¥
x=——x3ﬂcos<—>+c !
z 8 P=— 30 O3t+c
—24005( >+ 0.3
8) 7 P =100¢" + ¢
When =0, x=0. When ¢ =0, P = 50.
0=—-24cos(0) +c 50 = 100¢° + ¢
c=24 50 = 100 + ¢
x=24—24cos<%z> c=-50
P =100e"" - 50

b Xmax =24 —24(-1) =24 424 =48
Xmin =24 —-24(1)=24-24=0
The maximum displacement is 48 metres.

b When ¢ =10, P = 100e’ — 50 = 1959.
There are 1959 seals after 10 years.
dN

¢ When =4, x = 24— 24cos( 3 ) =24, 11 a —° =400 + 10001
After 4 seconds the particle is 24 metres above the dN 1
. . — =400 + 100072
stationary position. dt
- _h = _ 2 2000 3
6 v=0.25¢(50 —1) = 12.5¢t — 0.25¢ N = 400f + 2 +c
3
a The greatest velocity occurs when dv =0. 2000
dt N=400t+ —VB +¢
D 12505 3
When =0, N = 40.
0=125-0.5t¢ 40 = 400(0) + 000\/_+
0.5t=12.5
f=25 c=40
When ¢ = 25, v = 0.25(25)(50 — 25) = 156.25 m/s. N =400 + —\/t_3+ 40
b x= J 0.25¢(50 — ¢) dt b Whent =35,
2000

X=J12.5t—0.25t2 N= 400(5)+—3 (5)° +40
2000
=6252— Lpge N =2000+ ==V/125 +40
: 12

When,t=0, x=0,s0 c=0 N = 9494 families

dh =& nt
1 =7 cos( ™
x= 6250 - =1 12 - 2C°S<4)

4 mw . (nt . (7t
7 v=?=21cos(t) ah=7—[x§sm<z)+c=2sm<z>+c
t Whent =0, h=3.

x = 2tsin(t) + 2 cos(t) + ¢ 3 = 25in(0) + ¢

Whent =0, x =0; 0=2(0)sin(0) +2cos(0)+c, soc = -2.

x = 2tsin(f) + 2 cos(f) — c=3
h= 2§1n( )+3
8 a v =ar 4
dr b Maximumdepth =2(1)+3=5m
V= lms t+e Minimumdepth =2(-1)+3=1m

Whenr=0, V=0,soc=0and V= %ms.

bWhenr=4,V—— n(4)® = gzz:cm
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After 3 seconds, the particle is 38 m to the right of the
origin, with a velocity of 52 m/s.

_dv

2 a=—=4-2t
S
(24, 3) v=J4—2tdt
=4t—F+c

Whent=0,v=0.
0 =4(0) — (0> + ¢

c=0
2'4'1 Therefore, v = 41 — 7.
dx
4=2$in(%t>+3 v=— =dt—r
= |4t —"rdt
1=2sin<%t) J )
_ 3
1 (”) _2t2—§r +c
~ =sin( —
? 4 Whent =0, x = 3.
5 indicates 5 Since sin is positive, then 1st and 2nd 3 =20 — % 0 +¢
quadrants.
Zt—’—t7z'—7—r27r+7—r -2 an+Z 5a-Z =3
4 6 6’ 6’ 6’ 6’ 6 Therefore,x=2t2—1t3+3. [1 mark]
at_x 51 13n 17z 25z 29z _, :
4°66 6 6 66 = ,
Ty d Sro4 x4 1Tx 4 25x 4 W o4 THO@
6" 6" 6 " 6 "x 6 " 6 & =8-4
(=2 10 26 34 50 58 =
3, 3, 3’ 37 3, 3 X=2(2)2—%(2)3+3
h > 4 when h:zstsE U h:§§t§% U 8
3 3 3 3 =8—=-+3
h: 1)<z<§ ’
"33 _23_5
Thisis§+§+§=%=8h0urs/day. . .25 ) o
33 3 3 After 3 seconds, the particle is 3 mio the right of the origin,
; with a velocity of 4 m/s. [1 mark]
7.6 Exam questions
d 3a @—IOOt%
Lav=""=27—1+1 di
dt 3
s szIOOIZdt
x=J21 —t+1dt s
10072
1, 1, -
=50 -3 5
21‘ 2[ +r+c 3
Whent=0,x=-1. 5
1 1 =40r2 + ¢
“1=50)-50)+0+c Initally, b = 80.
c=-1 80 = 40(0)2 + ¢
1 1
Therefore, x = §t4 - ztz +t—1. [1 mark] 80=0+c
b =3 c=280

5
Therefore, b = 402 + 80. [1 mark]

x=%(3)4—%(3)2+3—1 5
b 500 = 4012 + 80

81 9
=5 - 5*2 t=2.56
—3642 0.56139 x 60 = 33.68 [1 mark]
Therefore, the bacteria will number 500 after 2 hours,
=38 (1 mark] 34 minutes.
v=2r —t+1
=23 -3+1
=54-3+1
=52 [1 mark]
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7.7 Review

7.7 Exercise
Technology free: short answer

4x* — 4
xz dx
X

4x 4
J?_Fdx

1 a

—2xe xe T e N dx

e +1

J os(4x—3)—s1n<)2€> dx

| x

<4 sm(4x—3)+2008(5> +c
X 1 .

= 2005(§> BhT sin(4x — 3) + ¢

e Ji + sin(x) dx
3—x

-4
= J- -3 + sin(x) dx

= —4log, (x — 3) — cos (x) + ¢
Jx +4x—1

=x+410g(,(x)—x—l+c

1
=4loge(x)+x+;+c

T= J abe™ dt

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual

=—ae"+c
b a =100, b=0.08andc = 195

= —100e7%% 4 195
Atnoon, t = 0.
T =—100¢° + 195
T=-100 + 195
T=95°C

3af@=(+1)

f(x)=J(ezx+ 1)2 dx
=Je4x+262"+ldx

! 4"'+£

f(x)=Ze +x+c

1 .
= Ze4x+ez“+x+c

fO)==3
—§=4eo+eo+0+c
—§=l+l+c

4 4
O34,

4 4

5 5
‘TTiTa
=10

T4

_ =5

6_7

Sof(x) = —e Y e +x—§
b—= 3x—
dx o

3x—5dx

Gx—ﬂz

3 +c

J (Bx — 5)2 dx
2

=3
_2

(3x—5)2 +c

O

Whenx=2,y=0.
2 3
=-0B@)-52+c

9
3
=%(6—5)5+c
3
0==()2+c
2
C+§—O
C__2
9
2 32
= — —_ 2 — —
y 9(3)6 5) 9
2 2
=2V3Bx=5°%-2
Y=y (Bx=35) 5
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1 — X +4x Therefore, the graphs in this family of curves are
cf'x)=—7 . . . .
X exponential graphs reflected in the y-axis and following
f) = x4 dx dx the curve of f(x) = 2¢”>*. However each graph will be
- 2 translated up or down depending on its ¢ value, which
2 4x will correspond to an asymptote of y = c.
== + = dx
X
=|x+—-dx
X
2
X
=5 +4log,(x) + ¢
1
A1) =log,(2) + 3
1 1°
log,(2) + 5=75 +4log,(1)+¢
1 1
IOgE(Z) + 5 = E +c
¢ =log,y
2
=> f(x) = 5 +4log,(x) +log,(2)

4 a if’(x)=x2—2x
Fo) = sz — 2xdx
X

b i Since the gradient graph is a negative parabola, f(x) will

_ 52 be a negative cubic. From the gradient graph it can be
3 2 +e seen that the gradient is equal to zero when x = 1.

B R Therefore, there is a stationary point at x = 1. When
= 37 X +c x < 1, the gradient is negative, and when x > 1, the

We can also determine the position of the turning point gradient is also negative. Therefore, f(x) is a negative

by finding where the derivative is equal to zero.

fx)=0
P =-2x=0
x(x—=2)=0
x=0,x=2

Therefore, the graphs in the family of curves will follow
the shape of a positive cubic with turning points at x = 0
and x = 2.

Also, each graph in the family of curves will be
translated up or down depending on its ¢ value.

ii

cubic with a stationary point of inflection at x = 1.

X x <1 x=1 x>1
/') /') <0 S )=0 S <0
slope \ B \

One possible graph of f(x) is shown.
YA

y =[x

,0)

A
=]
)

Y

Since the gradient graph is a positive cubic, f(x) will be
a positive quartic. From the gradient graph it can be
seen that the gradient is equal to zero when

x = =2, x = 0 and x = 2. Therefore, there is a
stationary point at x = —2, x = 0 and x = 2. When

x < —2, the gradient is negative. When —2 < x < 0, the
gradient is positive. Therefore, there is a local minimum
atx = —2. When 0 < x < 2, the gradient is negative.
Therefore, there is a local maximum at x = 0. When

x > 2, the gradient is positive. Therefore, there is a local
minimum at x = 2.
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See the table at the bottom of the page.*

xsin(2x) = J 2x cos(2x)dx + J sin(2x)dx
One possible graph of f(x) is shown.

) J 2x cos(2x)dx = x sin(2x) — I sin(2x)dx
ZJ x cos(2x)dx = x sin(2x) + cos(2x)
Ixcos(2x)dx = % <x sin(2x) + cos§2x) >
xsin(2x)  cos(2x)
(-2,0) 0 2,0 X Ixcos(2x)dx = —( 0
dv \ Technology active: multiple choice
-2
5 —=35-@-0.5) 2
dt [ Sx"—x+2
7 dx
V= J 35— (t—0.5)2dr 44/x
—1 2
= ). — 0. 2
V=35t+(t 105) +c =J5x o dx
V=35t+ +c 4/x dyx o 4n/x
t-10.5) R | |
5x2  x2 X 2
Whent=0, V=0. = | 2= ==
0 63115(0) ! J 4 4 ’ 4 "
0-035 "¢ 5 25 1 23 .
= - —-_X2 — — —-X2 _ 2
0=1+c 4><5x 4><3x+ X2x2 +¢
-0.5
5 3
= 1 X2 x2
== 1 The correct answer is D.
=1+3 X
c=2 8 — dx
The volume of oxygen inhaled after  minutes is given by (4x —1)2
1 3
V=35+—7++2. = 4x—1) 2
(1-0.5) J(" )2
1
6 a y= %] 22X x-1)2
=
@ = (6x— 2)63x2—2x+l N
dx —(@x-1D)72
d <e3x2—2x+1> = (6x— 2)e3x2—2t+l - B
dx 1
d | 32 901 3201 [ —
Ja(é )dx:J(6x—2)e‘ dx Ar—1
e3x2’2‘ b J 2 — 1)e3"2’2‘ + g The corrf;ct answer is E. ) X
, , 9 I(cos(§>+3e’3x)dx=551n<§>+—3e’3‘
2 J(3x — e T dx = ¥ X\
= 5sin (5 —e
X2— 1 xz— X
J(3X - 1)6’3 2y = 563' e The correct answer is A.
10 ff(x)=¢’ 2
b y = xsin(2x) f@=g®+
d = !
d—i = x X 2¢0s(2x) + 1 X sin(2x) f® J ) +2dx
= 2xcos(2x) + sin(2x) =8() +2x+c
A o o fO)=3
E(xsm( x)) = 2x cos(2x) + sin(2x) 3= g0)+2x0+c
d . . 3=g0)+c
a(x sin(2x))dx = | 2x cos(2x) + sin(2x)dx
*4bii x x <=2 x=-2 | 2<x<0 x=0 0<x<?2 x=2 x>2
S | f0<0] ff0)=0] ff0>0] ff®=0] ff(0<0| ffM=0] f(x>0
slope \ _— / —_— \ _— /
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— 2 ] 1
g0 =1 So f(x) = 2% — —cos (2x) + —.
3=1+4c¢ T 2 8
¢ The correct answer is B.
f)=g(x)+2x+2 15 & _ 4 cos (2x) + 2 sin (2x)
. dx
The correct answer is A.
Jaehxdx =35 4 ¢ y= J4cos (2x) + 2 sin (2x) dx
a bx M
»° te=-3T 4 =%sin(2x)—%cos(2x)+c
gebx — _3€4x
b = 2sin(2x) — cos 2x) + ¢
Sob=4 Whenx =0, y=0.
and%=—3 0=2sin(2x 0) — cos (2 X 0) + ¢
a=—12 0=2x0-1+c¢
The correct answer is D. c=1
v=2¢+3 Soy = 2sin (2x) — cos (2x) + 1.
dx The correct answer is A.
= =2t+3 a
dt 16 f'(x) =cos(3x) —e
1 . 1 _
x=J2t+3dt f(x)=§sm(3x)+§e ie
=P +3t+¢ 2
0)==
Whent=0, x=0, soc=0. FO 3
Thus, x = £ + 3t. 2 _Laiore Ly
The correct answer is C. 373 sin(0) + 3¢ te
: 2 1
v = —sin (2r) S
. 3 3 +c
o =—sin(2) 21
! 373
x:J—sin(Zt) dt !
c==
1 3
==cos(2)+c¢ So
2 1. 1 5 1
Whent =0, x = 2. f(x)=§sm(3x)+§e +§
1
2== 0) + 1
5 cosO+e =2 (sinGo + e +1)
2= % X1+c¢ The correct answer is D.
c=2— 1 Technology active: extended response
2
3 17 a v= d_x
c= E dt
=3sin(37) + 1
Sox = ! 2 3
0x= 5 cos@h+ 3. x=I(3sin(3t)+1) dt

The correct answer is A.
=—cos(3)+t+c

fx)= 4—)26 + sin(2x) Whent=0, x=0.
ﬂ 0=—cos(0)+0+c
f(x)=J4—)26+sin(2x) dx 0=-1+c
7
c=1
221 .
== -3 cos(2x) + ¢ x = —cos(3f) + t + 1 asrequired
x ﬂl b The particle comes to rest when v = 0.
f<2>=z 3sln3(3f)-;1=01
1 2 £>2 L —lcos(g>+c . t)__l
4= 4 2 2 2 sin(31) = -3
1 2
—=—+c . 1 1
4 16 3t = sin —3
c 2 1
=g73 1
8 8 sin™! <§) = 0.3398. Since sin is negative, 3rd quadrant:
1
‘T3
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3t=n+0.3398
3t=3.4814
= 3.4814 — 1160

The particle comes to rest after 1.160 seconds.
¢ Maximum velocity when sin (37) = 1
v=3x1+1
=4m/s
Therefore, the maximum velocity is 4 m/s.
d When t = 3,
x=—-cos(3x3)+3+1
=4911

Therefore, the particle is 4.911 metres to the right of the

origin after 3 seconds.

dT
18 a = = me™
Whent=0, d—T=—8.
dt
-8 =me’
—-8=mx1
m= -8
dr
b P —8 nt
dt ¢
When ¢ = 10, d—T = —4.
dt
_4=_8e]0n
—4
0n _
e _1—8
10n _ =
¢ =2

10n=10ge<%>

10n =log, (2_1)
10n = —log,(2)

—log,(2)
T10
dT 7logg(2)t
= -8 10
‘ d ’ 1 2 tlog,(2)
—lo _rog,
_tlog((2)
=[-8% L e 10 +¢
—log,(2)
_tlog,(2)
_ 80e 10
log,(2)
Whent =0, T =98.
log,(2)
98 = 80 10 +
- log, (2) ¢
_oe_ 80
~ 7 log, )
So,
—tlog,(2)
80e 10 80

8 —
log,(2) + log,(2)

d Whent =25,
—5xlog,(2)
_80e 10 4+ 98— 80
log,(2) log,(2)

=64.2
Therefore, the coffee will be 64 °C five minutes after it was
made.

19 a If the townhouses are currently 5 years old, then after the

20 a

next year the townhouses will be 6 years old.
Therefore, when a = 6,

ar_ 48(6)* + 250
da
=$1978
M= J 484° + 250 da

= %f +250a + ¢

=164’ +250a + ¢
Whena =1, M = $350.
350 = 16(1)* +250(1) + ¢
350=164+250+c¢

¢ =350 -266

c=84

M =16a’ + 250a + 84

Accumulated cost per townhouse now means a = 5.
M = 16(5)° + 250(5) + 84

=3$3334
Accumulated cost per townhouse in 5 years time means
a=10.
M = 16(10)* + 250(10) + 84

=$18584
Cost over the next 5 years per townhouse is:
18584 — 3,334 = $15250

dr_ 30 dt
dt \fr+1

r=J 30 dt
Vi+1

1

=J30(z+1)‘5

=30><2(t+1)%+c
r=60Vt+1+c
Whent =3, r=45.
45=60V3+1+c
45=60%xV4+c
c=45-60x%x2
=45-120
=-75
r=60Vt+1-75
Whent =235,
r=60y5+1-175
= 601675
=71.969

Therefore, after 5 hours the oil slick has a radius of
72 metres.
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¢ Whenr=75,
75=60Vt+1—-75
150 = 604/t + 1
ViTi= 150
T 60
5
t+1==
ti=3
2
5
t+1=(2
+1=(3)
rr1=2
T4
25
r==—-1
4
=21
T4
1
r=5-
4

After 5 hours and 15 minutes the hole should be plugged.

7.7 Exam questions
1 f'(x)=3x* - 2x
fo = J(3x2 —2dx=x"-x*+¢
fH=0 = 0=46—-16+c, c=-48

fo)y=x>—x*—48
The correct answer is C.

dy 1
2 —=—
dx x?
1
y=Jx7dx
1
=——+4c
X

The correct answer is A.

4

TOPIC 7 Anti-differentiation ¢ EXERCISE 7.7 | 201

- _dx= j Bx - 4)_% dx

3
_ Gx-4)2

3><—E

3
(Gx—4)2

The correct answer is E.
dy

— =6x—1

dx .

y=J-(6x— 1)dx
=37 -x+C

Whenx=2andy=1,

1
Y

=12-24+C=>C=-9
=37%—-x-9

The correct answer is B.

5 %(x sin(x)) = sin(x) + x cos(x) [1 mark]

J

(x cos(x))dx = x sin(x) — J sin(x)dx [1mark]

= x sin(x) + cos(x) [1 mark]
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Topic 8 — Integral calculus

5a@+1)P=x"+32+3x+1
8.2 The fundamental theorem of integral calculus 2 2

J(x+ 1dx = J(x3+x2+x+ Ddx

-3 -3

8.2 Exercise

1A=L (105 + /)X 05+ % (A1) +1.5) x 05 -

1 >
Zx4 +x+ %xZ +x] .

I 1
1 1 1 3
5 (L) +2) X 0.5+ 3 (D +/2.5) %05 _ (1(2)4 FQP 43+ (2)>

1 1 2 1/2 1
_1 1 2 12 1 1 3
_2(2+1)><0.5+2<1+3>x0.5+2(3+2> _<Z(_3)4+(_3)3+_(_3)2+
1/1 2
X0.5+§<5+§>X0.5 =(4+8+6+2)—<%—27
1 5 7 9
2 135
4<3+3+6+10> =20_(T_30>
- 1% 5% _80_ (135120
51 T4 4 4
—%umts _@_E
T4 4
=—(f(0)+f(1))><1+—(f(1)+f(2))><1+ (f(2)+f(3)) =65
><1+—(f(3)+f(4))><1 ' 1
bJ e +e dx Je +2+eF dx
%(8+9)+—(9+8)+—(8+5)+—(5+O) 0 0 ]
1 [ +2x——ezx]
=317 +17+13+5) 2¢ 0
— 12(1) _1—2(1)
=%x52 —<2€ +2(1) 2e
= 26 units? - <%e0 +2(0) - %eo>
3 Areafromx=0tox =4:
1 1 _ 1 Lo, L 11
A= S (RO +RX 1+ 3 (A +D) X 1+ 3 (A2) +/3) 5 3¢ -5+5

_ 2 _ 5,2
x 1+ l(f(g,) +f4)x1 =2+0.5¢" - 0.5¢

3

1 15 15 1 7\ . 1(7 6 a J (3x* = 2¢+3) dv=[* — % +34],
(e )b () d (0 ]) e 1 (0e0) 0]
_1 3J+2l £+Z =(3'-3+30) -
2\ 4 4 4 4 =27-9+9
1 84
=- X — =27
273 , ,
- 10. L2 3 2
0.5 units U bJ CaELs dx=[(2x2+3x)dx,x¢0
Therefore, due to symmetry, the total area is 21 units~. X
1 1 1
a J(4x3+3x2+2x+l)dx 243 2]2
=|[zx"+zx
0 3 2 4
=[x +x +x +x 2 3
b h = (—(2)3+—<2)2)
=(*+P+17+1)-0 3 2
=4 2, 45 3 5
x <3(1) +2M
b J(cos(x)+sin(x))dx _ 16 +6 2 3
it 377 3 2
= [sin(x) — cos(x)]%, B § ﬁ _ 2
= (sin(x) — cos(x)) — (sin(—x) — cos(—rx)) T 6 6 6
=0-(-1)-0-(-1) _55
=1-1 6

=0
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=
o

1 1 1 !
c er —Zx dx _ [_ 2x + _e—lx:|
[ (@ -ea=|genegen|

) Lo L0 200 4 L
(2 *3¢ 2 *3¢
1

g =5 (log,(77) ~ log,(20))

2
x 1 77
=—1 _—
30 —4 H= gl (20)

_lez_l_le—z_le-z 12
T2 T2 2 2¢ 1
=0 8 A= 2 O+ X1+ > (f(l) +f2HX 1+ 5 (f(2) +/3) x 1
4r
d J ¢in (f) dx = [_3 cos (f)]‘“’ +§ (f3) +fi4) x 1+ 5 (f&) +f5) x 1
3 2r
b dr 0 e l 0+0.24)+ l (0.24 + 1.68) + l (1.68 +4.32)
——3c0s< 3 >+3cos< 3 )
(432+576)+ (576+O)
=15-15
=0 = 12 units®
. . The correct answer is B.
1
e[ 2 dx=2J(1—3x)’de 9 a fix) =1/x(4 —x)
3V 1=3x 3 The graph intersects the x-axis where y = 0.
—1 _
_ [2< >(1 _3x)2] Vx4 —x) =
3 x=0or4—-x=0
2 4=x
=2<—§(1+3)2+ (1+9)2) Thus a=a
_ 2< 4 ) bA=> (f(O) +fA) X1+ 5 (f(l) +f2) X1+ = (f(2) +/3))
= 5 il ek
=g(m ) X1+ = (f(3)+f(4))><1
5 . (0+3)+ (3+2\/_) 1(2 2+\/§)+1(\/§+0)
. (X 1 . x\ |2 2 2
f J (cos(2x) — sin (§)> dx = [5 sin(2x) + 2 cos (5>] . = 7.56 units?
z -3 5 5
3
10 dx = 7 and dx =3
= (% sin(rzr) + 2 cos (g)) ? JM(X) g o Jn(x) gy
1. [ 2z P 2 p
—|\zsin{ -5 ) +2cos (‘g) i I3m(x)dx =3 J m)dx = 3(7) =
2 2
= (%(0)+\/§> - (% <—?> : ° :
\/_ ii I(Zm(x)—l) dx—ZIm(x)—Jldx
v3 2 > 2
+2< 2 >> = 2(7) - I+l
=14-(5-2)
=v2- i =14-3
=11
7 Ify =log, (3x’ — 4) 5 s
dy _ 9 iii J(m(x)+3)dx— J(m(x)+3)dx
dx 3x3-4
5 2
5
= [log,(3x* = 4)]} Jm(x)dx - J 3dx
J 33 -4 Ee 2
2 2
3 2 [3x]2
9| 3oy dn= [log,3x* — 9] =-7-(3(5-3(2)
2 =-7-15+6
P2 1 3 =-16
| %52 dv=5 [log,(3x* - 4)]; s s s s
23 iv J. Cmx)+nx)—3)dx=2 J m(x)dx + J n(x)dx — J 3dx
S 1 5 5 2 2 2 2
|3e-a dx=73 (log,(3(3) = 4) —log,(3(2)* - 4)) =2(7)+3 - 313
> =14+3-3®)-3(2)
=17-9
=8
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o 3 -7
b L (4x’ —3x +1) dx=0 T 5
[x4—x3+x]11€=0 ﬁzi
(' =1 +1) = (K =K +k) =0 3w
l—k+ -k =0 3 a3
h 27><3 9

= + as 1 — k + k* cannot be further factorised The correct answer is D
a

Verification: I 1
| 13 a Je"""’dx=-(1——8>
3 2 4 3 1 2 e
J(4x‘—3x +1)dx=[x —x‘+x]_l | . .
—2x _
. i o [‘ze ] -5(“;)
=(l -1 +1)—((—1) — (=D —1) 0
11 AN AR AN 1_1
=T 2¢ 2¢ )72 &
=0 Lo (1
‘ 2 2¢2 2 ed
J(4x3-3x2+1)dx=o 1 1 1 1
| (=) -3(-3)
5 5
. €2a=€8
11 Given that | fix)dx = 7.5and | g(x)dx = 12.5
0 0 2a =18
5 5 a=4
a —2(x)dx=—2J- X)dx =-2x17.5=-15 k
) f Of b J Qx—=3)dx=7-35

0

1
0 B [x2—3x]]I=7—3\/§
b | gx)dx = —Jg(x)dx =-125 2= 3k — (12 _ 3(1)) =7 3\/5
5 0 B -3k+2=7-3V5

5 5 5
l Solve using CAS:
c | Gfx)+2)dx=3 | fix)dx + Jde

| @ +2) Jf() v

0 0 0
=3x7.5+[2]; =5, k> 1
=225+(2(5)=0) 14 a The grag)h cuts the x-axis when f{x) = 0.
=225+10 f)=x" —8x* +21x— 14
=325 fi =1 =81 +21(1)—14=0

Thus, (x — 1) is a factor.
X =8 +21x— 14 =(x - 1)(x* = Tx+ 14)
As x> — 7x + 14 has a discriminant such that
A = (=7)% — (4(1)14) = 49 — 56 = —7, there are no factors.
(=D =Tx+14)=0
x—1=0
x=1soa=1

5 5
d | (g(x) +fx) dx = Jg(x)alx + Jf(x)dx
0 0

75+125=20
5 5

(8gx) — 10fix))dx = 8 J g(x)dx — 10 If(x)dx

€

0 0

—e— e —, | O——u || O ——u

5
8(12.5) — 10(7.5) = 25
(12 S 7 S b J(x3—8x2+21x—14) dx
f g(x)dx+Jg(x)dx=J g)dx = 12.5 ! s
= l)64—§)c3+22—14x
0 I C ) 2 1
3 12 L., 8.5 21 _,
—- =—— = - - = X - - 14
12 xzdx S <4(5) 3(5) + &) (5)
1 21
: 2 - (0= 300+ Far-1a0)
J Wiv=—3 625 1000 525 1 8 21
AL L LV
Lo 12 F -3t gty
=li=-3 _ e 9 504
3 h_ 12 4 32 2
), 773 = 1563303 +252-56
3 12 2
_h 3= 5 = 408—386§
31215 1,
SR PR o = 21~ units
7 3 3 3un1t§
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15 Solve using CAS:

0
2x 2x
J M dx = 1.964
(e + 1)
-2
16 a y = xsin(x)

Using the product rule:

d— = x cos(x) + sin(x)
x

T

d
2 2
b J 2x cos(x)dx = J X cos(x)dx

-

=2]xsin(x) — | sin(x)

L —n

=2 [xsin(x) + cos(¥)]2,

T T
=2(5sin(3) +eos(3))
—2 (—zsin(xr) + cos(x))
P s
=2 (5(1) + o) —2(=a(0) = 1)
=r+2
3 2
17 a y=¢" ¥ 42
& (3){2 — 6x) e
=3 (x2 - 2x) 5‘373"2

1

dx
dy _
dx
J (¥ —2x) e ©3 gy = [e“j_b‘z]
0

0
3J x —2x 2 3"Czdx= (6’13_3(1)2 —eo>
)

1

(7 -1)

J x° —2x ’_3x2dx=
0

18 y = (log,(v))’

du 1
Letu =1 ,80 — = —
et u = log,(x), so il

Thus, y = u?, so = = 2u
du
dy _ du y dy
dx ~ dx” du
dy 1
- X2
dx ~ x x e
dy
i X 2log,(x)
% = —log,(x)
e 4 log, (x) =2 c 1
~log, (x ~log, (9
1 1
2[ 1og6(x) ]
2( log,(e))? — (log,(1))? )
=2(1-0)
=2
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19 Ify = log, (¢" + 1)

Letu = (¢ + 1)* so du_ 2(e9) (¢" + 1) = 2% + 2¢*

dx
1
Let y = log,(u) so % =
dy _du dy
dx dx du
dy (22ZY + 2¢* )
@ = (262” + 26’() X ;2
(e“+1)

dy _ 2¢°(e" + 1)
dx (et +1)

dy 2¢*

jac A |

& e ¢ 7
Thus

5

=1 1

| (ex+1)dx [ogﬂ((e + ) ]1
5
2 1 1)?
u(ex+1) [Oge(e+ )]l

1
5
r &

(es+1)

1 . 5
de =5 [log, (¢ + 1)*];

5
e’ 1 5 2 5 2
dex _E(IOg"’ (e +1) —log, (e +1) )

dx = % (10.0134 — 2.6265)

8.2 Exam questions

8

1 Jf(x) dx

4
Letu=2(x+2),d—u =2.
dx

Terminals: x =0, u =4, x=2,u=38
2

Jf(Z(X+2))dX=

0

flw) S

He——

8
Jf(x) dx
4

| NI’—‘

Alternatively:
y=fx)
Y= +2))

X
X===2

2
x=4,x =0
x=8x"=2

A translation of 2 units to the left parallel to the x-axis does

not affect the area.

1
A dilation by a factor of 7 from the y-axis means the area is

halved.
The correct answer is E.

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



206 | TOPIC 8 Integral calculus ¢ EXERCISE 8.3

12 5 1 1
2 g(x)dsz,Jg(x)dx=—6 _<ﬁ>_<ﬁ>
. 2 —2-04
05 12 12 _ .2
gwdi+| gdx=| gxdx = 1.6 units
h 5 1 4 YA

-5
g@dx+(-6)=-5
5
g dx=-1
1

y=1-¢*

. (0, 0)
The correct answer is B. T

4 4
r 1

3 1 dx = Jx_idx
1 \/)_C 1

174

= 2 |:x§

1 \
=2|Va-Vi|
Area

=22-1) ! 1

) =—J(1—e“‘)dx+J(1—e_x)dx
Award 1 mark for the correct antiderivative. -1 0
Award 1 mark for the correct final answer. =- [x + e_x](il + [x + e""] (1)
VCAA Assessment Report note: = ((() +e% —(-1+ el)) + ((1 +e -0+ eO))
This question was not answered well. A range of incorrect =—(+1-e)+ (1 +el = 1)
anti-derivatives were given, the majority of which involved — 4ot

the logarithm function. .
& =e¢+ ¢! =2 units?

X2 73 3&
~05 3 =2<Z(2 )3>_0
_ )
= Ix d =2x§x16

=25
_ [_x_l]:(z): = 24 units’

B [_l] -0.5
Xlas
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8.3 Areas under curves 5 v,
8.3 Exercise
1 Areais 3—
25 25 y=x
1
J2\/)_cdx=2jx2dx 0, 0)
< -
0 02 3125 -8 s "
=2 [7x5:|
3 ’ 03
2 3 2 3
=21 =252 - =(0)2
<3( ) 3( ) )
_ 4 3 A
- 5(5 )? Area is
4 0 8
= 166% units? ry 0
™ =2 f/)_cdx by symmetry
2 I (2sin(2x) + 3) dx =[— cos(2x) + 3x]g 0
8
0 o1
= (— cos(27) + 37) — (—cos(0) + 3(0)) =2 |x3dx
= 37 units’ 0 )
4
—05 1 -9 §x§]
3 Area= J —dx 0



= <—L + 2) dx
J x+1
1

= [~log,(x + 1) + 2]

=—log,(3) +4 — (—log,(2) +2)
= —log,(3) +4 +log;(2) -2

= log, <§) + 2 units®

=24/3 — 2 units?

y=fx) = = = H* - 9)

The graph cuts the y-axis where

x=0,y=-(-D(=9) =-9.

The graph cuts the x-axis where y = 0.

- =DE*=9)=0

—(x=-Dx+Dx=-3)(x+3)=0

x—=1=0x+1=0x-3=0x+3=0

x=1, x=-1 x=3 x=-3

TP’s occur where ? =0.
@ = -2x(x* = 9) = 2x(x> = 1)
dx
d
9 =23 +18x = 2x° + 2x
dx
& = —4x® +20x
dx
0= —4x(x* - 5)

0 = —4x(x —V/5)x +V/5)
x=0: x—\/—=0x+\/§=0
x=1v5x=-/5

Whenx =0, y=-9.

When x = i—\/g,
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y=_<(t\/§)2—1> ((r\/E)z—9> ——4x—-4=16.

V)
(-2.2361, 16) 6 (2.2361, 16)

(3,00 *

0.-9)

S = -(2=1)(x*-9)
b By symmetry, the area is:

1 3
2 [— (=% = DG = 9))dx + J(—(x2 - - 9))dx]
1

0
1 3

=2 [— J(—x“ —10x* — 9)dx + J(—x4 +10x° — 9)dx]
0 1

+ (— O + 53 - 9(3>>

- (-30r+ Bar-on))

= 52.27 units®
-2

9 C=—Jldx
x

15 10
—<—§(1) +5 0 —9(1)—0>
1
5
1
5

= log,(4) — log,(2)

=log,(2) units’
10 Required area

=4 [J (2 sin(x) + 3 cos(x)) dx]
0

=4 ([-2cos(x) + 3 sin()]7])

= 4((=2cos(x) + 3 sin(x)) — (=2 cos(0) + 35in(0)))
=42+0+2-0)

= 16 units?

11 ay=-05x+2)(x+ Dx—2)(x—3)
The graph cuts the x-axis where y = 0.
-05x+2)x+ D(x—-2)x—3)=0
x+2=0,x+1=0,x-2=0,x-3=0
x=-2,x=-1,x=2,x=3
Thus,a=-2, b=—-1, c=2andd =3.
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208 | TOPIC 8 Integral calculus ¢ EXERCISE 8.3

b Area
2

=— J (=0.5(x + 2)(x + 1)(x — 2)(x — 3)) dx

2

3
+ ZJ (=05 +2)(x + D(x — 2)(x — 3)) dx
2
2
= I <—0‘5x4 +X°+ %xz — 4y — 6) dx
-1

3
+2J <—0.5x4+x3+ %x2—4x—6> dx
2

=13.05+2x1.3167

= 15.68 units’
12 a The graph intersects the x-axis where y = 0.
2 sin(x) + cos(x) =0

2 sin(x) = —cos(x)
2 tan(x) = —1
tan(x) = —%

1
7 suggest 0.4636. Since tan is negative, 2nd quadrant as
<x<nm.
O<x<x x=1—04636
x=2.6779
Thus, m = 2.6779.
b Area

26779

= J (2 sin(x) + cos(x)) dx
0

= [-2cos(x) + sin(x)]3""
= (—2¢0s(2.6779) + sin(2.6779)) — (=2 cos(0) + sin(0))
=1.7888 +0.4473 + 2
= 4.2361 units*

13 Use CAS technology to obtain the following solutions:
2

a J ¢ dx = 17642 units?

)
1 3
b — x2+3x—4d 2 4+3x—4
x2+1 x2+1
=2 1

= 7.8371 + 2.0959
= 9.933 units’

dx

2

14 a y=¢"

dy 2
oAU, T
2y = 2Xe

15 a y=ax(x—2)
Whenx =1, y=3.

3=a(l)(1-2)
3=—a
a=-3

Thus, y = —3x(x — 2) = =3x% + 6.
b Area of glass is

2
J(—3x2 + 6x)dx
0

= [—x3 + 3x2]§
= (-2 +3(2?%) - ((0) - (0))
=-8+12-0
=4m?
¢ Two windows = 8 m?
Clost = $55x 8 = $440

16 a J3x3dx= [%f‘]

0

1
) = Z(l)4 -0= %units2

b Orangeregion=3X1—- — = 2l units?

AW

L4

17 a | 2sin(x)dx = [-2 cos(x)]2

Ol

= -2cos (g ) — (=2 cos(0))

=0+2
=2
b The area of the shaded region is
2 (2>< 75[ - 2) =2z —2) units’.
18 a Dom = (1, ) and ran = R
b The graph cuts the x-axis where y = 0

2 log,(x—-1)=0
log,x—=1)=0

L=x-1
l=x-1
x=2

Thus, (a,0) = (2,0),a=2

5

¢ J 2log,(x — 1) dx = 5.0904 units”

2

Solved using CAS
19 a = ﬁ
5+ x2

Letu = 10xso du =10
dx

Letv=5+x250@ =2x

dx

dy Vi —ug

dx ~ V2

dy 10(5+x%) —10x(2x)

dx (5 +x2)?

dy _ 50+ 10x" — 20x°

dx (5+x2)

dy _ 50 —10x

dx  (5+x2)7

d
Maximum TP occurs when d—y =0
X
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50 — 10x°
R
50— 10x* =0
50 = 10x*
5=x*
i\/§=x
When

x=-V5y= 510<_\G>2 =- 150:/5g 101:{ Vs
()
So (—\/g, —\/§> is a minimum TP.
10(v5) _10v5 10\/_ 5
5. (\/§>2 5+5
o (\/g,\/g ) is a maximum TP.

Whenxz\/g, y=

d 2x
— (1
b - (log,5+") = e
10x 2
dx =
J5+ 2 & 5J5+x2 G+x)
2x
2 =
loge(5+x)sodx 1o
6
10x 2x
dx=5 d.
J 5+ * J5+x2 *
Vs Vs
6
IOX 2.16
5+x2dx=5[1oge(5+x)]ﬁ
Vs
; 2
Slfx dx=5 {loge(5+62)—loge <5+(\/§> )}
V5
8
‘ 51_3);2 dx = 5log, <%) units”

Vs

6
20 a The shaded region is J Slog,(x — 3)dx = 6.4792 units®
4

b y=1log,(x - 3)
For the inverse, swap x and y.

x—510ge(y 3)
S =log,0-3)
es=y-3

X
y=e5+3,x €R

X
That is,f_1 (x) =e5 + 3.
¢ Area = Area of rectangle — area under the curve
5log,(3)

= 6x5log,(3) - J (65 +3) ar

’ 5log,(3)
= 3010g,(3) - [SeS + 3x]
=301log,(3) — (5" + 3 x 510g,(3) — (5 + 0))
=301log,(3) — 15— 151og,(3) + 5
= 6.4792 units’
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21 a (ﬁ(x—3)2)dx

;
X2 — ?xZ + 6x2

12 s 3]4
0
42 124§ 642
=242 - Z@4)2 2 ) -
(7() — (@) + ())
=36.5714 — 76.8 + 48

=7.7714 cm?
b The area of the whole motif is
77714 %2 = 155428 ~ 15.5 cm?.
¢ 0.34875m? = 3487.5 cm?
The scale factor is 3487.5 + 15.5428 ~ 224.

8.3 Exam questions
2

1a if:R\(l)—»R,f(x):m+l
2 3
f=H= 27 +1= 2 [1 mark]

ii Note that the graph must pass through the points

3 3
<—1, E)’ 0,3), (2,3), (3, E)

x=1
Award 1 mark for the correct asymptotes.
Award 1 mark for the correct graph.
VCAA Examination Report note:
Most students correctly recognised that a truncus shape
was required and most of these students located it
correctly. Again, curvature was an issue for some, with
graphs ‘turning away’ from the asymptotes or crossing
them. Students who made use of their answer to part a,
and found a y-intercept were most successful in
producing a correct graph. Those who did not recognise
the truncus tended to draw a rectangular hyperbola with
correct asymptotes.

0
(x—=1)
1

0
=Q2+0)—(1-1)
1

+x

_ -2
S le-D
A = 2 units?
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Award 1 mark for the correct definite integral and
anti-derivative.

Award 1 mark for the correct answer.

VCAA Examination Report note:

Students were generally able to set up the correct definite
integral, but often did not find the correct anti-derivative or
evaluated it incorrectly. The most common errors were an
anti-derivative that involved a log component or
overlooking the +1 constant when anti-differentiating.

2 Given that f(—x) = f(x), the graph is symmetrical about the

y-axis.

b d 0 ¢

Jf(x) dx = Jf(x)dx, and — If(x) dx = — If(x) dx
a c b 0

b
A ZJf(x)dx—Z
aj’

fx)dx

—0

C

fx)dx

2 fx)dx—2

STS——

Sinceb+c=0
The correct answer is D.
3 [0, g] SR, () = cos(x), g [0, -] R

2
2 (0 =1/3sin(x)
To find the point of intersection of f(x) and g (x):

fx) =g
= cos(x) = \/g sin(x)

= tan(x) = —
3
I R
=6 6" 2
§ 3
Shaded area = J \/5 sin(x)dx + J cos(x)dx
0 z
Y-S DU
a 22
=3-1
. 1 \/5 3z
Area of the triangle OAB = 3 X 5 X T =5

pa

The ratio of areas isy/3 —1 : —”.

e}

The correct answer is B.

8.4 Areas between curves and average values

8.4 Exercise
1a y=4 [1]
y=v/x 2]
[11=1[2]
x=4
x=16

When x = 16, y = 4; therefore, POI = (16, 4).

b Area of the shaded region
16

- J (4—ﬁ>dx

0
16

=I<4—x%>dx

3716
= [4x— %xi]
31

2,3
= 4(16)—§(4 )21 -0
2 .3
=64—-=x4
3X
—21lunits2
73

2 y=@x=37" [1]
y=9-x  [2]
[11=12]

x=32=9—x
¥ —6x+9=9—x

¥ =5x=0
x(x—=5)=0

x=0o0rx—-5=0

x=5
Whenx=0,y=9-0=0.
Whenx=5,y=9-5=4.
The graphs intersect at (0, 9) and (5, 4).

‘Ol ®- >

Area is
5

= (9—x—(x—3)2)dx

5
= (9—x—x2+6x—9)dx

5
= (—x2 + 5x> dx
0
I 5
—§X3 + gxz

0

— _1 3,9 &0 _
_< 3(5)+2(5)> 0
__125+125
3 2

_250 375
6 6
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= 20% units’

3 a Point of intersection between the graphs:
sin(x) = —cos(x) 0<x<r

tan(x) = —1

Basic angle = %, tan is negative in the 2nd quadrant

L

por= (2 V2
42
b See the image at the bottom of the page.*

The area between the curves is
3z

4 T
A= J (sin(x) + cos(x)) dx + J (—cos(x) — sin(x)) dx
0 3z

3z
= [—cos(x) + sin()] ;' + [—sin(x) + cos()15,

4
3r . (3% .
= (— cos (7) + sin <7> — (= cos(0) + sm(O))>

+ <— sin(rx) + cos(r) — (— sin <3!Tﬂ) + cos <%>>>

=24/2 units?

b
4 Average value = bL J fx)dx
—a
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b
Average value = 5 1 P J fix) dx

Area
3.92

5
= [ (4—x—4e™)dx+ J (4™ —4+x)dx
9

0 3.92

3.92 5

" 2

= [4x - %xz +4e* —4e™ —4x + %x

0 3.92

= 4.6254 units®

Area
0.5

= J (cos(x) — 0.5¢") dx

-1.5

= [sin(x) - O.Sex] 03

-1.5
= (sin(0.5) — 0.5¢*°) — (sin(~1.5) — 0.5¢™"?)
= (0.4794 — 0.8244) — (=0.9975 — 0.1116)

= 0.7641 units?

1
| 3
= Je”dx
(5-0))
1
=3 [leh] ’
31 ‘ 1
_ T 1o
=3 <3e 3e )
=e—1
*3 b
y
| 0 y = sin(x) (m, 1)
(0, 0y T T >
z 3z z *
2 4
y = —cos(x)
0, -1)o—
\
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Area
3

= | (0.55*(x = 3)(x + 3) — 0.25x°(x — 3)(x + 3)) dx

3
3

= | (0.75x*(x = 3)(x + 3)) dx

3
3

= | (-0.758°(* = 9)) dx

3
3

= | (-0.75x" +6.75x") dx
2_3 ,
-0.75 5 6.75 4

—X + —X

| 5

[~0.15° + 2,257
= (=0.153)° +2.25(3)’) — (=0.15(=3)° +2.25(-3)*)
= —36.45 4 60.75 — 36.45 + 60.75

= 48.6 units?
The correct answer is B.

-3

y=05x+4)(x—1D(x-3)
0, 12)

0,6) \

~f=%0 0

y=0B-x)(x+4)

\

by=05x+4)x—-Dx-3) [1]
=B -x)(x+4) 2]
[11=12]
0.5x+4Hx—Dx=-=3)=@B—-x)x+4)
05 +Hx—DEx=3)—B=-x)x+4) =
0.5x+Hx—Dx=3)+(x=-3)x+4)=0
x=3)x+4)O0S5x-1)+1)=0
x=3)(x+4)05x-05+1)=0
x=3)(x+4)(0.5x+05)=0
x=3x=-4x=-1
Whenx=—-4, y=3+4)(-4+4)=0
Whenx=—1,y= 3+ 1)(~-1+4) =
Whenx=3,y=3-1)3+4) =

Therefore, the coordinates are (—4,0), (=1, 12) and (3, 0).

¢ Area between the curves
-1

= j OSx+4)x—-1Dx=3)— B —x)(x+4))dx

—4
3

+ J B=x)x+4)—-05x+4)x—Dx—=3)dx
71_1

= I ((x=3)x+4)O05x—-1)+1)dx

4

3
+ J (B =0 +4) (1 +0.5x — 1)) dx
-1

-1
= [((x2 +x — 12)(0.5x + 0.5))dx

—4
3

+ J((—xQ — x —12)(0.5x + 0.5))dx
-1

-1
= I(o.s)c3 +0.5x% — 6x + 0.5%> + 0.5x — 6)dx

4

(—0.5%° — 0.5x* — 0.5x% — 0.5x + 6x + 6)dx

[
(3t
J 11

+ <—%x2—x +7x+6>dx

-1

=12.375+26.27
= 39.04 units

10 a fix) = % — 1 cuts the x-axis where f{x) =
Thus,

x+2
1l=x+2
x=-1
So (a,0) = (-1,0),a= -1
b The area is

2
1 2
I (x+2 - 1>dx- [loge(x+2)—x]_l

= (log,(4) —2) — (log,(1) + 1)

=log,(4) —
c ! —1=—lx+l
x+2 2 4
11 5
P e AR
x12=—2x+5

=x+2)(-2x+5)
4=-2+x+10

0=22-x-6
=2x+3)x-2)
3
=—=,2
X X
x=—3,y= ! -1=1 —é,l
2 -3+2
1 3 3
rE2y=an ey '(2’_2)
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1 1 1 Yy =y =mp(x —x1)
(3+i- (1)) o
x+2 12( 1)

|
\S]]
=
1

o

b

Il
—_—

1w

2=-2 -
y+ G x+2

2
2
12 6 10
15 1 -
= —_—— _— y_—x+___
I( 't x+2> dx 577573
3 12 4
2 y=—x——orl2x—5y=4
1 5 2 5 5
= ——x2+—x—logg(x+2)] ) dy 2
[ 47 T 4 3 2 b Ify = log, (x +1),thena=x2+l
[ 1 (-3 5(-3 5x SJ 2x
= - - - —_ —_—— _— —_ _— 7d = — 7(1
77+ 32— log,4) ( 4<2) +4<2> Jx2+1x S| mag®
1 5 )
—log, <§>) =§10ge(l+x)
5 9 15 1 5x
=—1+Z —log,4) + — + — +1 = c =5 1
"2 Og“()+l6+8+0g“<2> Y= AT [
3 12 4
= —_— = —_- —_— Y — = 2
¢~ 3 log. y=gx-3 (2]
11 a Graphofy = 25x [11=12]:
Al 1 sx__ 124
5(=3) 2+l 575

1
Tangent at x = —5 y=

(=3 +1 25x = (12x = 4 + 1)
y=_§+§ 25x =12 — 4% + 12x — 4
s 4 0=12x — 40 + 12x — 4 — 25x
y=-3%3 0=12x —4x* - 13x— 4
y=-2 Let P(x) = 12x° —4x*> — 13x — 4

Gradient of tangent = mt =

() -(2) () - ()~

Letu=5x,so?=5 P _l __£_i+£_§
o 2)778 47272
Letv=x2+1,s0—=2x
d d d P 1 ——§—2+E—§—0
dy _ Va ~Ua 2)= 272 2 72T
dx V2 1
ﬂ B 503 + 1) = 5x(2%) <x+ 5) or (2x + 1) is a factor.
b @D 126 — 4% — 13— 4= 2+ 1) (6x* — 5x — 4)
dy _ 545100 1260 — 4% — 13x — 4 = Qx + DQ@x + D(3x — 4)
de (@ +1y Thus, if
dy _ 5-5¢ Qx+12CBx-4)=0
dx (2 +1) x:—loril
2 3
1 dy  5-5(=3) .
At)C:—z,a:—z 3
_1)2 (
<( 2) +l> The shaded area is o —1—2)c+ﬂ dx
2 x2+1 5 5
@_ 5_§ = l_,_l 1
dx 4) \\4 A P, \
dy 20-5\ 25 3 3 3
a—( 4 )Tl6 =J<x25i1)dx—%dex+Jgdx
o _1L 16 il il ol
dc 4 725 2, 2, 2,
dy 12 3 3 3
x5 =§I 2 dx—Edex+Ji‘dx
12 2 x2+1 5 5
The equation of the tangent with mt = 5 that passes —% —% —%
4
1 I 5 12, 415
through (xy, )E(——,—Z)ls iven b —|= _ 222
gh (x1,y1 7 g y Zloge(x2+1) TR ¥

2
=2.5541 = 2.13 + 1.07 = 0.5579 + 0.3 + 0.4
= 1.6295 units’
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1
12 a Curvey=;+x3—4

13 a

b

1
Tangentatx =1, y = 1 +13-4=22
. _ _dy 1
Gradient of tangent =mr = — = —x " +3x" = — + 3x°
dx x2

_ 3xt -1
==

4 f—
3(D)* =1 _s

(1)?

The equation of the tangent with mr = 2 that passes
through (x1,y1) = (1, —-2) is given by
y—=yi =mr(x—x1)
y+2=2x-1)
y+2=2x-2

y=2x—-4

Whenx =1, mr =

The shaded region is J <% +X —4—(Qx- 4)> dx

1

2

J (1 +x° —2x> dx
X

1

1 2
= [logg(x) +-xt - xz]
4 1

=<mam+§@f—@f>—Q%4n+%0f—uf)

1
=log @) +4-4-0~ 7 +1

43_1 +log,(2) units’

y=3x —x*

(1]
y=3-x (2]
[11=1[2]:
3 —xt=3-x
0=x*-3x>-x+3
0=x(x=3)=(x=23)
0=@x-3)x-1)
0=(x=3)x=DE?+x+1
x—=3=0o0rx—1=0 as x* + x + | cannot be further factorised.
x=3 x=1
Whenx—-1,y=3-1=2.
Whenx—-3, y=3-3=0.
Thus, (a,b) = (1,2)and (c, 0) = (3,0).
a=1,b=2,¢c=3

Area

3
(3 —x* = (3 —x)) dx
1
3
(3x3—x4—3+x)dx
1
(3, 1 1,
»4x Sx 3x + 2x

1

(15 3, 1, }
»5x+4x+2x 3x]

14

15 ay’=4—x

= (-Lap 3200+ Lo
—( SO+ 10 +30) 360

1, o 3 ., 1.
—<—§a)+za>+5a>—3ao

Y (O
5 4 2

_ (243 243_’_9_9
B 5 4 "2
242 240
=——+4+—+4-6
st T
_ 968 + 1200 40
20 20 20
12
T 20
= 9.6 units’
b
¢ Average value = L J fx)dx
b—a

_2(1875 1250 11
T3\ 64 64 20
=6.144
a YN o L
0.1 = V=i ez, 1)
0.5
-0 z oz 3w oz ¥
17 4 2 4

b Area between the curves

(cosz(x) - sinz(x)) dx

Sy

k3

+

BN |

+ [ (cosz(x) — sinz(x)) dx

3z
4

=05+1+05
= 2 units?
(1]
y=x-2 (2]
Substitute [2] into [1]:
x=2Y=4—x
¥ —dx+4=4—x
¥ —-3x=0
x(x—=3)=0
x=0orx—-3=0
x=3

(sinz(x) — cos’(x)) dx
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Whenx =0, y=0-2=-2.
Whenx =3, y=3-2=1.
The points of intersection are (0, —2) and (3, 1).

b Area of the blue region
4

3
=J(x—2)dx+J 4 — xdx

2 3

= [%xz —2x Z+ —%(4—)6)3]:

= (%(3)2 - 2(3)) — (%(2)2 - 2(2)>
n (—%(4_45) - <—§(4—3>3>

- (3-6)-a-nros?

BT

= %unitsz

¢ Area of the pink region
2

0

4
[ 1 1
= (x—2+(4—x)2> dx— | (4—x)2dx

(1 2
= _Exz —2x— 3(4—x)z]

2
(

1 3
=<5(2)2 2(2)——(4 2)2>

1, 2 3
- <§(0) -2(0) - 5(4—0)2>

2
—Z(@4-x)2
-]

- (—%(4— 22+ %(4 —4)3>

2.3 2 3 2 3
=2-4-2@2+ 3@+ 122

1
=-24+5-
3
= 3% units’
d Area between graphs = blue region + pink region
=117+33
= 4.5 units’

- m<x_2— (—\/E)) dx+f(—\/4_—x)dx

8.4 Exam questions
1 Equation of left-hand graph:

_=3a_ 3 c=—a
T 22 T 20
= 3x a
)
Equation of right-hand graph:
2a
m=—=2,¢c=—-a
a
y=2x—-a

TOPIC 8 Integral calculus ¢ EXERCISE 8.4 | 215

a

Average value = N J fix)dx
a—(—2a)
—2a
0 a
—L —éx—a dx+ | 2x—a)dx
" 3a 2
—2a 0
-4
3

The correct answer is B.

2 RaR,f(x):cos(%x)

g:R— R, f(x) = sin (zx)

(f () —g ) dx

(g(x) = f(x) dx

(f(x) — g (x)) dx

(g(x) = f(x) dx

PNN ey ) = —— W‘—‘%»—- O—;.»

A=A +A, +A3 +AsbutA; = Az, SOA = A1 + 2A, + A

(f®) —g(x) dx+2| () —f() dx +

O%w\.—
O] = —
Wl —

A= () -g@)dx -2 (f(x) —g ) dx -

I
O =
O] = —
"““-"%ﬁ

The correct answer is C.

af(x)= X2
Differentiating using the product rule:
() = 2xe" + ke = & (kx2 + Zx)
) =xe® (kx +2)
Award 1 mark for correct proof.

b f(x) =f"(x)
e = (kx2 + Zx)
Since e # 0, x* = kx® + 2x [1 mark]

P k=-1)+2x=0

x(x(k—=1)+2)=0

When & = 1, there is only one solution, x = 0. [1 mark]
VCAA Examination Report note:

Many students found this question challenging. Most
students found the correct quadratic equation to solve but
solved for k , rather than the x value that satisfied the
quadratic equation. Few students realised that x = 0 was
the unique solution. Incorrect use of the null factor law
and/or the incorrect discriminant of the quadratic were the
main sources of error.
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ke
¢ g0 =-2

2

A= J(f(x)—g(x)) dx
0
P kx

A= J <x2ekx + 2%) dx = %J (kxz + 2x) Mdx
0 0

[1 mark]

VCAA Examination Report note:

This question was attempted well, although students
commonly left out the dx, or found the sum of the integral
of f(x) and g (x).

d From part a, % [xzek"] =M (kx2 + Zx) so that
J (kxz +2x) dx = 7.

1 1

A=< [Pe*]) =~ (4¢* ~0)  [1 mark]

k
4%
~ Tk
4 _16
k ok
=4
2k =log,(4) [1 mark]
k= % log,(4)
k =1log,(2) [1 mark]

VCAA Examination Report note:

. . 16
While students could equate their answer to part ¢. to <

many students did not use their result from part a. Incorrect
algebraic manipulation made progress difficult for some
students.

8.5 Applications

8.5 Exercise
1 a,bdiv=0.8t+2
dt
aN A
dt
30, 26
26 - ( )
dN

= 0.8t4+2

0,2),

< T T >
0 10 20 30

Y

¢ Number of bricks
20

= J (0.81+2) dt
10
= [0.47 + 2],
= (0.4(20)* +2(20)) — (0.4(10)* + 2(10))
=160 + 40 — 40 — 20
= 140 bricks

1
2 v=1+4+3Vt+1=1+3@¢+1)2
a Initially 7 =0, v = 1 +31/1 = 4 m/s

1
ba=P -3+ 2
a2 24+ 1
i Whent=0, a= 2230 1.5 m/s?.
21 2
.. 3 3 )
ii Whenr=8, a=——=-=0.5m/s".
2/8+1 ©
¢y
(10, 10.95)
y=1+3x+1
9.4
<€ T ;t
0y 10
d Distance
8
[ 1
= <1+3(r+1)5> dt
0
) 518
= [t+2(+ 1)2
0

<8+2(8+ 1)3> - <0+2(0+ 1)§>

3
=8+2(32)5—2
=8+54-2
= 60 metres

Jay=ax-5x+5)
Whenx =0, y=>5.

5=a(=5)5)
5=-25a
1 —

-5= a
a=-0.2

Thus, the equation of the arch is y = 5 — 0.2x°.

5
b 2J (5-02x%) dx=2 [sx - %f]
0

=2 { <5(5) - 03;2(5)3> - 0}
1
2 (25-51)

=33
3m

¢ Stone area = (12X 7) — 33% = 50% m”.

2
d The volume of the stones is 505 x3=152m’.
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4 ay=flx)=

5a

2log,(4x), x€

0

2
The inverse is x = 2log,(4y), x € [0, o).
1
Ex = log,(4y)

Ly
e2 =4y
1

—_ ixz
4 =7

Thus, £~ (x) =

2log, 8

1 1 1 L,
—e2 = — 2
J <4e>dx v (e)d"
0
1 %(zlogm
= - 2e
4

1
==8-1

5@=1)
=zunits2

The required area is 4 log,(8) — % units?.

The graph intersects the x-axis where y = 0.
—log,(5x) =
log,(5x) =
e’ =5x
1=>5x
1
75

The graph cuts the x-axis at <%, O>.

y = —xlog,(5x) + x

@ =—xX 1 +log,(5x) x =1+ 1
dx X
= = —log,(5x)

The shaded region is — (— loge(Sx))

D= ey 1

(—log,(5x)— 1) (—log,(5x)) d.

D= —— o
L"‘_%N

= [—xlog,(5%)|1
5

(log,(5x)) dx + [x] = — [~xlog,(5x)]}
5 5

Dl —_—

(log,(5x)) dx = — [~xlog,(5x)]}
5

(loge(Sx)) dx = ( 2log,(10) + -

[V Y VY Y S

L""—‘%N

-3
5

< log, (1)> (2 - %) d
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(log,(5x)) dx = 21og,(10) — %loge (1) -2+ %

(log,(5x)) dx = 2log,(10) — g units?

D= ey | D —y

y=05sin(3)+2

(4r,2)
]

< | >
0 2r 4r !
Y

b Area
4

J(0551n<2>+2>d

0

-[(3) o2

= (—cos (27) + 2(47)) — (—cos (0) + 2(0))

=-1+8z+1

=8r

~ 25m?

¢ The volume of soil required is 0.5 X 25 = 12.5 m>.

7 dr = 4 = 4t’%
dt \/;
The average total increase in length is
36

J4t_%dt= [81%] *
()= ()
=48 -19.6

=28.4 cm

Therefore, the average total increase in length is 28.4 cm.
17

8 N= J 0.853¢"13%% gt

(log,(5x)) dx

() dx ! 01333117
= [6.3991¢" 3]

=6.3991%13307) _ 6399101330
=6.3991(9.6417 — 1)
= 55.3 million

ey
dr

1750 —

U‘\'—‘%N

9 a
(10, 1750)

A€ _ 52 1050

(0,250)¢

A
Y
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b Total cost
10

= J (157 +250) dr

5
= [5¢ +2501],"
= (5(10)° +250(10)) — (5(5)* + 250(5))
= (5000 + 2500) — (625 + 1250)
= 7500 — 1875
= $5625
10 a The graph cuts the y-axis where x = 0, y = 2log,(5) + 1.
The graph cuts the x-axis where y = 0.
2log,x+5)+1=0
2log,(x+5) =~

log,(x+5) = -3

e% =x+5
_1
x=e2-5
At the point (¢7° =5, 0)

b h: dom = (-5, ) and ran = R
h™': dom = R and ran = (-5, c0)
Ify =2log,(x+5)+1
Inverseis x =2log,(y+5)+1

x—1=2log,(y+5)
%(x— 1)=log,(y +5)

Lo—
eE(X 1)

=y+5
y= e2(x 1) _5
Thus, ™' (x) = 2970 s,

C

(2 log.(5)+1,0)

<Y

y=n'w

d h(x) =

2log,(x+5)+1=e2
x = —4.9489, 5.7498

h_ (x)
) -5

5.7498 .
e J 2log,(x+5)+ 1 — 2"V 4 5) dx

—4.9489
= 72.7601 units’

11 a

dx

dx
Thus,

2

J (log,(x) + 1) dx=

1

pel

y =xlog,(x)

1
& log,(x) + x X —
X

) = log,(x) +1

[.X logg(x)] elz

&2

J log, (x) dx + J 1dx = [xlog, (0]

1

2

1
2

1
2

1

1
log, (x) dx = (€’ log,(¢”) — (1) log, (1))
log, (x) dx = 2¢* log,(e) — [x]{

log,(x) dx = 2¢° — & + 1

log,(x) dx =€+ 1

e

|

b y=x(log,(x)"
y m m—1 1
e (loge(x)) + mx (loge(x)) X o
d—y (log, ()" +m (loge(x))'"_'
Th
J (log (¥))" +m(og ()"™") dx = [x(l0g, ()]
(log (x))"dx + m | (log (x))"'dx = [x(log, (x))"] jz

——, m—— T,

I (log (x))"
1

&2

(log (x))"dx +m

(log ()" dx = & (log (ez) )m

——— , — ——

- (1) (log, ()"

2

dx + m-[ (logc ()c))m_1 dx =

2

J (log, (x))" dx+m J (log ()" dx =2"¢?

1

1

82
If 1, = J (logg(x))’” dx, then
1

Iy +ml,_; = 2" as required

e

d L= J (logg(x) dx if I,

1

I log, (x) mdx
1

Remembering that /; = &+ 1,
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L+2 = 2262
L =22 =21,
L=4¢* -2+ 1)
L =4¢* =24 -2
L=2-2

L+ 3L = 23¢%
13 = 2362 b 312
I = 8¢% — 3267 - 2)
=8 -6 +6

=22 46

2
So I (log,(x))” dx = 2¢* +6.
1

12 POI between y = —4 and y = log, ( ) is x = —0.036 63
1 1
A= 2J 2¢"dx — J log, (%) dx +0.03663 x 4
0 0.036 63
=5.093 km®
=5.1km’
13 A=4.6log,(t—4)
a The graph intersects the #-axis where A = 0.
4.6log,(t—4)=
log,(t—4) =
L=r—4
1=t-4
t=5
Thus, (a,0) = (5,0),a=5
b WhenA =15,
15=4.6log,(t—4)

6 log,(t—4)
32609 _ ,_ 4
+4=t
t =30
It takes the patient 30 minutes to reach level 15.
dA 4.6

dr -4
dA 4.6 4.6 46

e
3 2609

When r = 10, —_— = — = — = ﬁ units/min

dr ~ 10—4 6 60 30
d The total change is given by
30

J 4.6log, (t—4)dt

5
30

=4.6 J log, (t —4)dt

5
=4.6 xX59.7105

= 274.6683
The change in alertness is 274.6683 units.

14 av=@=3cos(£—7—[)

When 1 =0, x = —3v/2.
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. T
—3\/5— 6 sin <_Z> +c
-3v2=6 (-@) +c

-3v2=-3y2+c¢
c=0
1 T
Thus, x = 65i (7—-).
us, x sin 7712
b When t = 3,

_6 s
X sm<2
6br =«
x = 6sin <7_Z>
Sr
:6 —_
x SI<4)

x=6x—
¢ v
3_
342 1
(0"2)
0
3
Y
d Distance
37” 3z
= 3cos(f——) dt — 3cos<f—7[) dt
- 2 4 2 4
0 3z
2

a2

a——ésin 3z _x
o2 2 4

a——gsin 5—7[

T2 4

a= 3 _Q—Mm/sz
-2 2 7 4
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15 v=¢%"-05

dv
—0.5¢ —0.5¢
aa= d[

bx= J (e‘“’ - 0.5) dt

=-2e%"_05t+c
Whenx =0, t=0.
0=-2¢%_050)+c¢

c=2
x=-2¢%"—05t+2
¢ Whenr =4,

= 27 _ 0.5(4) + 2 = —0.2707 metres
d The fourth second occurs between ¢ = 3 and ¢ = 4.

Distance
3

=J ( -0t os)dz
4
= [~2¢7%% —0.51;

= (=279 —0. 5(3)) — (=2¢77°% ~0.54))
=-2¢ 15427242
= 0.3244 metres

16 Parabola of the form y = a(x — 2)(x + 2)

0,-3) = -3=a(-2)(2)
—3=—

3

4

The equation of the parabola is

3
y= Z(x—Z)(x+2)

a=

=@ -9
=§x -3

Y

0.-3) Parabolic canal

\

If the canal were full with water, the cross-sectional area

wouzld be

[
-] (3
[t

- {for-10)-

=-212-6)
=8m?

When the canal is one-third full, the cross-sectional

.8 5
areais — m”.
The cross-sectional area for a canal that is one-third full is

given by
k

o3 (32
A=2 4k 3 <4x 3>dx

k
8 _[(3,. 3.
3—2 <4k 4x>dx

r k

3 1
=22k = =3

4 4x]0

<]

x (1.39)* —

=-1.58
Therefore, the depth of water = —1.58 — (—=3) = 1.44 m.

L=
17 a y =fix) = e2 +3

1

Inverse: x = ei(y_

+3
(v—l)

x—3=e2
1
log,(x—3) = 5@ -1
2log,(x—3) =
y=2log,(x—-3)+1
Thus, f7": (3,00) = R, f~'(x) = 2log,(x — 3) + 1.

b The graph cuts the y-axis when x = 0.

1
y=e2+3

1
The point is (O, €2+ 3) .
The graph cuts x-axis where y = 0.
2log,x=3)+1=0

2log,(x—3) =~
1 -3)=—-=
og,(x —3) 7
_1
e2=x-3
_1
x=e2+3

1
The point is <e7 +3, 0) .

5 5
c J (5“‘%3) dx — J (2log, (x—3)+ 1) dx
0 e 0543
=28.5651 — 1.9857
=26.58 m’
d Solve (=5 =2log,(x —3)+ 1) forx
x=3+¢"
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e 0543

A=5x3+e - J (2log, (x=3)+1) dx
3+e73
=16.11m’

e The total area of the Australian native garden is
26.5794 + 16.11 = 42.69 m’.

8.5 Exam questions

1 afi() :[0,200] = R.fi (x) =20 cos( )+4o

100
£ () 1 [0,200] — R, f> (x) = 20 cos(
P (50, 30),f1 (50) =

The swimmer needs to swim north 10 metres.

100) +30

Award 1 mark for the correct answer.

b Solving fi (x) =30 = x 220, 400

So the distance is @ -50= ? metres.

Award 1 mark for solving for x values.
Award 1 mark for the correct distance.
¢ Distance from P to a point on fi (x):

s(0) =V (x = 50)* + (fi (x) — 30)?

Solving ? =0=> x=54.477, fi (54.477) = 8.47
X

The minimum distance is 8.5 metres (to 1 d.p.).

Award 1 mark for solving the distance derivative to zero.

Award 1 mark for the correct minimum distance.
200

dA= J (fi () —fo (%)) dx = 2000 m*

0
Award 1 mark for the correct area.

e The required area is
400

3 150
N =30x (150 — 50) — I (30 — fi (x)) dx — Jﬁ(x) dx
200 50
3

=837m’
Award 1 mark for each correct definite integral.
Award 1 mark for the correct area.

fs(x)=kfi (x)—f2(x) <20
$(0 =20 (k= 1 cos ( 155 ) +40k = 30
The maximum separation occurs when
X
cos ( 100) =1orx=0,200.
This gives 60k = 70.
7
L-).
%)

Award 1 mark for solving.
Award 1 mark for the correct interval.

af(t)—sm<3>+sn(7g>, t>0

Giventhatk > 1, k€

The period is 12, since f(¢ + 12) = f(¥) [1 mark]

VCAA Examination Report note:
This question was answered well. Common incorrect
answers were 6, 18 and 12¢.

b ft=0te[06]=> t=0,4,6
VCAA Examination Report note:
This question was answered well. Some students only gave
two values, either 0,4 or 4, 6.

[1 mark]
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T

¢ Solving f'(t) = gcos (g) + —cos (Z ) 0, re (0,4)

6
t=1.8875, £(1.8875) = 1.76 [l mark]

VCAA Examination Report note:
This question was answered well. Common incorrect
answers were 1.73 and 1.79.

4 4
=Jf(t) dt—Jf(z) dt= %
0 6

Award 1 mark for correct integrals.
Award 1 mark for the correct equation.
VCAA Examination Report note:

The most common incorrect answer was

J f(t)dt+[f(r)dz —or Jf(t)dt 12
0 4
12k = 2><1—5

=30 _i
12k_”,k_27[

Award 1 mark for correct working.

Award 1 mark for the correct value of k.

VCAA Examination Report note:

Many students did not double their answer from Question

3d., giving 12k = E k= 4i
Other students had the correct method but wrote their final
answer as k = S—E
2
y =f(x) =60 — 30
80
dy 6
dx ~ 80
dy 6
e =-20 X —40
=3
= tan (6)
0 =tan™" (3)
=71.56°
=72°

Award 1 mark for the gradient at the point.

Award 1 mark for the correct angle.

VCAA Assessment Report note:

This question was not answered well. A common incorrect
response was 71°. Some students did not convert their
answer to degrees. Others gave the answer as 56°, using

ON 60
tan (6) = A= 10 Some found m = 3 but were unable to
find the angle.
X 3x
by=80=73600 167>
) = dy 327 _ i
PR =0 T 25600 ~ 16
dp  6x _
ax ~ 25600 07 =0
3
0
p0) = BT

The maximum slope is —13—6. That is, 13—6 downwards.

Award 1 mark for the correct derivative.
Award 1 mark for the correct maximum slope.
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222 | TOPIC 8 Integral calculus ¢ EXERCISE 8.6

VCAA Assessment Report note:

Some students did not interpret the question correctly and
found the gradient of the straight line passing through X
and Y. Some solved /4’ (x) = O for x.

s =f(x)—g )

_ 3, X 3x

= (60_ 80" ) - (25600 - 16+35>
?:0 = x=u=24903

X
g (u) =34.5337
M (2.49, 34.53)
Award 1 mark for setting up the difference of functions.

(]

Award 1 mark for solving the derivative equal to zero and
obtaining the correct value of u.

Award 1 mark for the correct coordinates.

VCAA Assessment Report note:

Some students did not give their answers correct to two
decimal places. Some worked to one decimal place and
others rounded their answers incorrectly. Others did not set
up the distance formula correctly or did not use brackets
correctly in the distance formula. Some substituted u into g
instead of 4. A common incorrect response was v = 24.53.

d w=g(—u) = 35.4663 = 35.47 [1 mark]
d(MN) = f(u) - g (u)
=12523 [1 mark]
d(PQ)=f(-u)—g(-u
=24.30 [1 mark]

VCAA Assessment Report note:
Some students did not work to the required number of

decimal places or rounded incorrectly. Others had
PQ =25.23 and MN = 24.30.

e f(x) =60 — 2

80
X 3x
8 =35600 " 16 T
Solving f(x) = g (x)
3 3x
60— —x>=—_ _ 22135 [1mark
80" ~ 25600 16 "> [l markl
x. =—23.71 [1 mark]
xp=28.00 [1 mark]

VCAA Assessment Report note:
Some students did not work to the required number of
decimal places. Others rounded to 27.00 instead of 28.00.

Some students gave answers without showing any working.

xf
fA =J (f(x) — g (x)dx

5 3, x 3x
| (0 5) - (s e 30)
= 869.62
=870m’
VCAA Assessment Report note:
Some students rounded incorrectly to 869 or did not work

to the required number of decimal places. Some gave their
answers in exact form.

[1 mark]

8.6 Review

8.6 Exercise
Technology free: short answer

ii

iii

c“;‘*ma

(4 sin (2x) + cos (3x)) dx

= —é—‘coq(2)+lcoe(3)E
= |~ cos X 3 60 X L

2 3
- (—2005 <2>< %7[) +

1 3r
—2cos (x) + 3 cos <7>

[—2 cos (2x) + % cos (3x)]

= —2cos <2>< 7—r>+lcos<3x£>

6

z
2
-
6
2

%cos (3 X %))

(e(F)5es(3)

1
=—2><—1+§><0—(—2

J2<3x+6ﬁ+1) dx

2
¢ 1
<3x+ 6x2 + 1) dx

32 2 3 T
=77+§X6)€2+X

0
2 3 2

= 3%+4x5 +x

L 0
2 3
=X i@ 0

=6+4V/8+2

=8+4v4x2

=8+4x2V2
=8+8V2
=8<\/§+1)

(e"+1)(e"=1) dx

S 1=

(ez'r—l) dx
1
|5,
=[——-x
2 0

A
e2 1

_<r 1 (&
) 2 2

Il
S 1=

1 1
X§+§X0>
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a

ii

iii

i

5
J 4fx)+ 1) dx
1

5

5
=J(4f(x)) dx+J1dx
1

5 ls
=4J(f(x)) dx+Jldx
1 1

=4x4+ X3
=16+5-1
=20

5
I (2fix) — g(x)) dx
5
J(Zf(X)) dx — J (g(x) dx

5
= 2J(f(x)) dx—J(g(X)) dx
1 1
=2x4-3

=8-3

5

(3ftx) + 2g(x) = 5) dx

I ——u |
——u

5 5

(3ftx) dx + J (2g(x)) dx — J (5) dx
1 1

5 5

= 3J( 1i63)) dx+2J(2g(x)) dx — [5x1;
1 1
=3X44+2%x3-(5%x5-5x%x1)

124+46-(25-5)
=18-20

=-2

Express x + 2 in terms of x + 1:
x+2=x+1+1

Therefore,
2

Jx+2dx
x+1

0

2
_ x+D+1 dx
x+1

IS

[ x+1 1

Jx+1 x+1
0
2

dx

= " 1+
0
= [x+ log,(x + 1)](2)

x+1

=2+1log,2+ 1) — (0+1og,(0+ 1))
=2 +1log,(3)

a

b

TOPIC 8 Integral calculus ¢ EXERCISE 8.6 | 223

_1
3

i | ——d

! J_z w1

=3 [% log,(2x + 1)

-1

-2
Negative values cannot be evaluated, so symmetry is
needed. The definite integral should be negative as the
region lies under the curve.

-1
3
J 2x+1dx

=-3 [2 log,2x + 1)

1

0
3
=-3 (log,(3) —log,(1))

3
= -3 log,(3)
J 3(x— 1)

(x—l)

W | =

%nﬁ%a

1
(x=1

[loge(x - 1)];’ =3
log,(a—1)—log,3—-1)=3

log, <az;l) =3

dx=3

Jﬁ(zx— D dx=1

E m
6(2x — 1)}

2x3 1

2

m

[(2x—1)]1—1

(2m—1)3—<2x%—1>=1

Cm-1)’-1-D=1
Qm—-1y>=1

2m—1=41
2m—1=1
2m =2
m=1

(2sin(x) + k — kcos(x))dx =4 + 3«

sl

3z
44 3r=[-2cos(x) +kx—k sin()c)]o2

soan (oo () 01 () -sun ()

— (=2 cos(0) + k(0) — ksin(0))
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4+3ﬂ=0+3_72[k+k+2 d Pink region = area of triangle — area of blue region
3 The rule for the area of a triangle is A = #
k<f+l>=37l'+2 2%2 1
2 Ay=222 -
1 2 6
~k(Br+2)=37x+2 1
2 =2_1-
6
k=
f—2 =%unit2
| b 5a y=4x° [1]
- 1
4 afavg—b_an(x)dx y=13 2]
5 [11=12]
! 1
= 2_
2—0J‘ﬁ‘dx =g
, 16x* =1
1[ 1 =L
=§J.X2 dx - 16
0 . Ll
342 ==5
122 When
"2 3 en 2
o 1 1
3 3 = y=4<§> =1
_ 11222 2(0)2 )
2|73 3 xz_%, y=4<_%> -1
! ><2 8 1
T2 3 Therefore, the points of intersection are (5 1) and
V8 ‘
— -=,1).
- (-2)
= %E b The area of the pink region is
3 )
b x=2-x J4x2dx+Jix_2dx
x=Q2—-x)? 5 1
x=4—dx+x° 2 )
¥ —5x44=0 4 512 1
=|zx| +|—5x
x-—4Hx-1)=0 3] 4 %
4= —1= 1
X 4—20rx 1=0 B 435_ 1
r=4 x=1 130, T &)
2

Butx =1asxe [0,2].

¢ Area of the blue region:
1 2

EN

/~
| =
—
w

|

S
N——

(& 7)

) <
A1=Ix§dx+[(2—x)dx 4 1 1 1
==X-—=+=
0 1 378 8 2
2 3] 1,]° 111
—[§x2 0+ 2x—§x]l _8_§+§
2 3 1 1 4 3 12
= (§<1>2) ~0+ (2(2> - 5<2)2> - <2<1>— 5(1>2) =%~ %*n
3 .,
=§+4_2_2+% =ﬁumts
_4+3
66
_7
"6
=1éunits2
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Cc

6 a

b

The area of the blue region is
1

2
J 45 — L dx
4x2

4/ 1\ 1 4 1
= _ _— [ — —_ __13 -
(:(3) +4<—;>> (37 25)
_4 ot 14t
378 2 3 4
-1 1. 4.1
T 6 2 3 4

-2 6 16 3

2 ntntn

1 nits’
=—u
12

To find the point(s) of intersection, let f(x) = g (x).

X =3x+2=x+2

X —4x=0
x(x2—4) =0
x(x+2)(x=2)=0
x=-2,0,2
g0)=0+2
=2
= (0,2)
g(-2)=-2+2
=0
= (=2,0)
g2)=2+2
=4
=>(2,4)
fo)=x-3x+2
fH=1-3(1)+2
=3-3
=0
Therefore, x — 1 is a factor.
¥ =3x+2

=X -+ —x—-2x+2

= =D +x(x—1)=2x-1)
=@x-DU*+x-2)
=(x-Dx+2)x-1)
=(x—-1)’x+2)
f)=x=3x+2
=(x—1P2(x+2)
xint=>
0=0x-1)2x+2)
x==-2,x=1
= (=2, 0), (1, 0)
yint =
y=0-30)+2
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=2

= (0, 2)
gx)=x+2
xint =

0=x+2

x==2

=> (=2, 0)
yint =

y=2

= (0, 2)
y=28W)

=Y

-2,00 0 (1,0

0 2

_ xj_éﬁ]“ . ﬁ_x_“r
4" 2|, 2 T4,
r 4 0 472

= x——2x2] + 22_)C_]

4 -2 4 0

T — —2(—
24 (0)4
2 _ 2 2 _
+ <2(2) T (2(0) 7 >>
——4-8)+8 -4

=4+4
= 8 units’

Technology active: multiple choice

7A=%(ﬂ—3)+f(—2))><1+%(]‘(—2)+f(—1))><1
1
+3 (=D +f0) x1
I R T N A SR N I
—2(e +e)+2(e +e)+2(e +1)
1,1

—1€3+162+1€2+161+ e +
T2 2 2 2 2 2
= 163 +&+e + 1units2

2 2

The correct answer is B.
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1 1 ’
8 A= 5 (A0 +AD)X 1+ 5 () +A2) x 1 k ((% +2(3>> - 0> =5
+% () +f3)x 1+ % (f3) +f4) x 1 kO+6)=5
) | 1 | 15k=5
==(@+3)+=-C+6)+=6+7)+=(7+0)
2 2 2 2 5
=35445465+35 k=15
= 18 units? 1
The correct answer is D. k= 3

X The correct answer is D.
(cos <7> — sin (2x)> dx 2
2 _ —0.2¢
13 V=|3e “dt

=)
el

3 0
= [2 sin (g) + % cos (Zx)] i” — [—15(3_0'2’]2
2
— (—

—0.2(2) 0
/1 oz 1 71' 15¢72@) — (~15¢%)
=2sin| = X = +—cos<2x—>
273 2 3 =—15¢"" +15

1 -z 1 -
- in| = x — - —_ =495L
<251n<2>< 2)+2cos<2x 2))

The correct answer is E.

(T 1 2r 4 v=F~-1-2
—251n<6>+zcos< 3 )
x=Jt2—t—2dt
. —TT
_<251n(7>+—cos(—ﬂ)> 5o
x=§—5—2t+c
—2xl+lx—l— 2 —ﬁ+lx—1
= 515 3 > 3 Wher;t:ti),xzo, soc=0
t
=1_1_<_\/—_%> x—g—E—ZZ
After 3 seconds, r = 3.
3 el 3 @
4 2 x==-5 020
5 9
= 2 - —
+4 —9—5—6
The correct answer is A. = —1.5 metres
1 1 The correct answer is E.
10 A=E(f(O.S)+f(1.5))X1+E(f(1.5)+f(2.5))><1 15 v=F—t-2=0=-2)(t+1)t>0
1 51}_“
+§ (f2.5)+f33.95) x1
1 1 1 4
=§(0+1)+5<1+\/§>+5<\/§+\/§>
= 3.3 units? 37
The correct answer is C. 7
11 Since y = f(x) is always above y = g(x) over the domain of the
shaded region: 1

Y

Area of shaded region = I (fitx) — g(x)) dx

a
The correct answer is B.
3

12 Jk(x2+2)dx=5
0 =3 5

3
k J(x2 +2)dx=5

ox3 ,
k[—+2x] =5
3 0
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2

Distance = — J F—t-2
0 2
1,

Foip_ 2[]
-2,
<§(2)* 307 -2 -0)
8
3

—3 m

3
The correct answer is D.
3

16 k=Jldx
X

1
k= [log,)]}
= log.(3) - log,(1)
=log,(3)

So ek = %™ = 3,
The correct answer is C.
Technology active: extended response

17 aA——(f(O)+f(05))><05+ (f(05)+f(1))><05
+ (A +A1.5) x 0.5 + = (f(15)+f(2))><05
= —(3+3.25)><0.5+ —(3.25 +4)x0.5

+ (4+525)x05+ = (525+7)><05

= 8.75 units’
2

= J(x2 + 3)dx

2

18 a Parabola:
2

y=ax
When x = 25, y = 25.
25 = a(25)°
625a =25
25
T 625
1
=3
1,
y= Ex
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V=22 %120
¢ 3

= 1250 x 40

=50 000 cm®
19 a y =mlog, (n(x + p))
The graph asymptotes to x = =2, so p = 2.
y =mlog, (n(x + 2))
Whenx =0, y=0.
0=mlog, (n(0+2))
0 =mlog,(2n)
= log,(2n)
2n=¢°
2n=1

n=-

2
1
y =mlog, (§(x+ 2)>
When x = -1, y = 2log,(2).
2log,(2) = mlog, <%(—1 + 2))

2log,(2) = mlog, (%)
mlog,(27) = 2log,(2)
—-mlog,(2) = 2log,(2)
-m=2
m=2
1
= -2, nzzandp=2
b y =log,(x) = y = —log,(x)
Reflected in the x-axis

y =—log,(x) = y = -2log,(x)
Dilated by a factor of 2 parallel to the y-axis

y=-2log,(x) > y=—-2log, (%x)
Dilated by a factor of 2 parallel to the x-axis

1 1
y=-2log, <§x> —y=-2log, <§(x+2)>

Translated 2 units to the left
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1
c fiy=-2log, (E(X + 2)) where dom = (-2, o0) and
ran = R
To find ' (x), swap x and y and rearrange for y.

x=—2log, <%(y + 2))

X 1
—z = loge (E(y-f— 2))

%(y+2)=e‘§
y+2=2e7
y=26_%—2

fly= Ze% — 2 where dom = R and ran = (-2, o)

x=_2 f V= 7log(( (x+2))

d Using CAS technology:

flx)y=x
—2log, (%(x+ 2)) =x
x=0

Therefore, there is a point of intersection at (0, 0).

0
e A= J <—210ge <%(x+2)> —2e*5+2> dx
5

= 0.1457 units®
20 a f(¥) = €3 (mcos (x) + nsin ()

flx)= ——e 3 (mcos (x) + nsin (x))
+ 6_5 (—msin (x) + n cos (x))
ffx)= ——e 3mcos (x) — %e 3nsin (x)

X
—e_3m sin (x) + e 3ncos (x)

f'x)= (n - %m) e% cos (x) + (—%n - m) e% sin (x)

x
Given that f'(x) = e 3 sin(x), equating coefficients, we have:

n-— %sz [1]
—%n -m=1 [2]
From [1]:
= %m 3]
From [2]:

-n—-3m=3
n+3m=-3 [4]
Substitute [3] into [4]:
%m+3m=—3
m+9m=-9
10m = -9
9
=710
So
ne—2 1
10 3
3
T 10

Thus, fx) = ¢73 (

[

9 3 .
0 — cos(x) — 0 sm(x)).

% 1n(x)>

2r
[ 3 -= cos(x) -1 sm(x))]

><

0

7” (—— cos(2r) — 13—0 SIH(2”)>>

(o2 i
e < 1 cos(0) — sm(O)))

Il
®
«|¥
|
_
sl
|
(e}
~
Sl“’

I
Sle
VN
—
|

m|
“ly
N——

First find the x-intercepts:
x
0 =¢ 3sin(x)
x
sin(x) =0, e¢3>0
The first three x-intercepts are x = 0, z, 2.

Area of the shaded region
27

J e 3 sm(x) J (e_% sin(x)) dx

[ ( — cos(x) — 130 sin(x))}:
2r
- [e_ (—% cos(x) — liO sin(x))]”
( -3 < cos(r) — 3 s1n(7r)>>
10 10
o2
10
- [(e% <—% cos(2x) — % sin(27r)>>

- (e_%” (—% cos(r) — 13—0 sm(ﬂ)) )]

= 1.6425 units?

=]

Wik

e<

cos(0) — i sm(O)))
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VCAA Assessment Report note:

8.6 Exam questions Some well-constructed graphs were presented by students.

a a The highest-scoring graphs were clearly labelled with the
13 J Jx)dx + J 2dx =3k +2a correct points/equations, as specified by the question, and
5 5 with care taken in showing the asymptotic behaviour nature

of the curve as it approached an asymptote. Using a dashed
line to represent an asymptote indicated that the curve was

The correct answer is A.
2 a y = xlog,(3x) using product rule

loge(Sx)—(x) + xi (log,(3x))

distinct from its asymptote.

-0 4
dx 3
ly - 3 1 b A= 2+ Tl
d_ Oge( X) + x X ; 2
dy A= [2x+3log,(x— D]}
= log (B0 +1 = (8 +3log,(3)) — (4 +log,(1))
Award 1 mark for using the product rule. =4+3log,(3) =4 +1log,(27)

Award 1 mark for the correct result.

VCAA Examination Report note:

Most students used the product rule; however, many erred
with the derivative of log,(3x)

Common incorrect answers were

Award 1 mark for correct integration.

Award 1 mark for the correct area value.

VCAA Assessment Report note:

Students were able to identify the required integral;
however, many then erred in the evaluation of the

terminals. A common error occurring as a result of
incorrectly applying logarithmic laws was a final answer of
[ 4 +log,(9). Many students were unable to recognise that

1

1
log,(3x) + 3 and log,(3x) + 3

log,(3x) + 1 the antiderivative of the reciprocal of (x — 1) involved a
logarithmic function. The ‘dx’ was often omitted.

[xlog,(30)]? 2 2 Lo

= (2log,(6) — log,(3)) 4 J (f0) +x) de= | f(x) dx+ Exz]
= log,(36) — log,(3) 1 1 - !
= log,(12) 4 4 ]
Award 1 mark for the correct integration by recognition. =[fO) dx— | f(x) dx+ (2 - 5)
Award 1 mark for the correct result. 1 ’
VCAA Examination Report note: § e 3
Students generally were not able to form an integral from = |f(x) dx— | f(x) dx+ 3

their previous answer, ignoring the ‘hence’ instruction. 1 2
Some students attempted to integrate the given expression. =442+ 3 —
Some poor application of log laws and/or log notation was 2
observed.

3 afiR\{1} >R, flv)

15
2
The correct answer is E.

5 Graph C is the only graph that has an average value of 2 over

24—
X [0, 6]; that is, if a line y = 2 is drawn, the area bound by the

-1

Crosses the x-axisaty=0= fl0)=2-3=-1 (0,-1) O .
. graph and the line is equal above and below the line.
Crosses the y-axis at 6
3 1 1 1
y =>Xx 2:~x > < ok > Thatls,6_0Jh(x)dx 2
—1; : Sy =73 : 0
x = 1 is the vertical asymptote; y = 2 is a horizontal The correct answer is C.
asymptote.
Award 1 mark for the correct shape.
Award 1 mark for the correct axial intercepts.
Award 1 mark for both correct asymptotes.
y
A !
I
I
1
4 - 1
1 I
[5:9) :
,,,,,,,,, ] O
! y=2
\ !
1 1 | 1 1 1 > x
2 - \(07_1)? 2 3 4
oL !
1
1x=1
4L |
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Topic 9 — Discrete random variables

9.2 Probability review

9.2 Exercise

1 B =blue disc, R =red disc, G = green disc
4 2
a PI'(B) = i = ﬁ

14 7
b PI'(R/) = Z = ﬁ

1
¢ Pr(GorR) = £ =

2 a Pr(multiple of 4) = — = !

b Pr(less than 16) = 15 §

20 4
¢ Pr(greater than 5, no more than 12) = l

20
3 B =blue counters, R = red counters, G = green counters

4 4 4
aPI'(3B)=%X%X%
1.1
“57575
_

T 125

¢ Pr(B,G,R) = (ix£x£> X 6
1

4a§

10

First add 18 to the overlapping region, then place 10
outside the circles. The remaining number in the Maths
circle is obtained by subtracting 18 from 32 (the total who
study Maths) to give 14. The number of people who just
study History is obtained by

60—-14—-18-10=18.

Always check the total of the numbers added to give you
the overall total, which in this case is 60 students.

36 3

i Pr(H)=— ==

b i Pr(H) 05
. _ 18 3
ii Pr(HnM)—6O— 0

n(MnH)

i PrMIH) = = o

5 a Pr(A U B) =Pr(A) + Pr(B) — Pr(A n B)
=0.35+0.48 — 0.15
=0.68
Pr(A n B)
Pr(A|B) = ————
b Pr(A|B) PrB)
_0.15
T 048
_Is
T 48
=
T 16
Pr(A’ n B)
Pr(A’|B) = —————
¢ Prd'lB) = =55

¢

A B

0.32

Therefore, Pr(A’ n B) = 0.33.
Pr(A'|B) = Pr(A’ N B)
Pr(B)
033
T 048
_3
T 48
_u
16
Pr(A N B)
Pr(A|B) = ——
6 a PrAlB) = —
Pr(A N B)
0.5
Pr(An B) =0.64 x 0.5

=0.32
b Pr(A U B) = Pr(A) + Pr(B) — Pr(A n B)
=0.740.5-0.32
=0.88
Pr(A N B)
Pr(BJA) = ———
¢ Pr(BlA) Prd)
032
07
32
70
_1l
T35

0.64 =

7 a Pr(RR)=0.7x0.7

=0.49
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8

10

b Pr(R tomorrow|S in 2 days) =

Pr(R tomorrow N Sunny in 2 days)
Pr(S in 2 days)
_ Pr(RS)
"~ Pr(RS) + Pr(SS)
0.7x0.3

T 07%x03+03%x05
0.21

T 0214015
021
T 0.36
_2
36
7

12
a Pr(2B) =

X

O W

1

Gl s+~

b Pr(B, W) = Pr(BW) + Pr(WB)
_4 6.6 4
10 9 10 9
4 4
BETRRT
_8
=15

a Pr(A U B) = Pr(A) + Pr(B) — Pr(A n B)
0.75 = 0.5 + 0.36 — Pr(A N B)
Pr(ANB) = 0.11

As Pr(A N B) # 0, the events A and B are not mutually

exclusive.

b If A and B are independent, then Pr(A N B) = Pr(A) X Pr(B).

Pr(A) x Pr(B) = 0.5 X 0.36
=0.18
Pr(A N B) = 0.11 # Pr(A) X Pr(B)

Therefore, events A and B are not independent.

2 1 1
Pr(M) = I3 = §,PT(N) = 6
A table can be used to find Pr(M n N).
Event M = blue shading
Event N = yellow shading

Therefore, M N N = green shading.
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1

AN —

Pr(M) x Pr(N) = = X

—_ I

18
=Pr(M N N)
Therefore, events M and N are independent.
11 a If A and B are mutually exclusive, then Pr(A N B) = 0.

PrANB
Pr(A|B) = %

0.6
=0
b If A and B are independent, then Pr(A N B) = Pr(A) X Pr(B).
Pr(A|B) = Pr(A) X Pr(B)
Pr(B)
=Pr(A)
=044
12 Pr(M N N) =0.18,Pr(N) = k, Pr(M') = 0.7 — k
Pr(M)=1-(0.7—k)
=03+k%
As M and N are independent events,
Pr (M n N) = Pr(M) X Pr(N).
Pr(M N N) = Pr(M) X Pr(N)
0.18=(03+k xk
0.18 = 0.3k + &
0=k +0.3k—0.18
0=(k+0.6)(k—0.3)
k=-0.6,0.3
S k=030<k<1])

9.2 Exam questions
1 a Model X, O = oil change, F' = filter change
Pr(0) = ;—7 Pr(F) = i and Pr(Fn 0) = L

0’ 20 20
(0] [0
1 2 3

F 20 20 20

) 16 1 17

F 20 20 20
73
20 20

Pr(FnO') = % [1 mark]

First die
1 2 3 4 5 6

1 D | @eb| 3D | @D |G| 61
ol 2 1,2) | 2,2) | 3,2) | 4,2) | (5,2) | (6,2)
g 3 (1,3) | 2,3) | 3.3 | 43) | (5,3) | (6,3)
§ 4 1,4 | 2,4 | 3.4 | 44 | 54 | (6,4
@l 5 (1,5) | 2,5 | 3.5 | 4,5 | 5,5 | (6,5)
6 1,6) | (2,6) | (3,6) | (4,6) | (5,6) | (6,6)

2 1

a Pr(MnN) = 36 = I

As Pr(M N N) # 0, the events M and N are not mutually

exclusive.

b If M and N are independent, then

Pr(M N N) = Pr(M) x Pr(N).

b Model Y, Pr(0) = —2—, Pr(F) = —— and
m+n n
Pr(FNO) =
r( ) m+n
0 0
F 1 n—1 n
P m—1
m+n
m
m+n
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1 1
Pr(FNO') = Z—M =0.05= —

20
20n—1)=20n—-20=m+n
m = 19n — 20
Award 1 mark for the correct Karnaugh map (table).

Award 1 mark for the correct answer.
2 There are k red marbles, n — k green marbles, a total of n
Pr(RR) + Pr(GG) = £ s k=L yn=k on-k=-1
n n-—1 n n—1
_kKk=-D+n-bHn-k-1)
- nn—1)

The correct answer is D.
3 Pr(A) = a = ?and Pr(B) = 2Pr(A); Pr(A U B) = 0.52
Pr(A U B) = Pr(A) + Pr(B) — Pr(An B)
A and B are independent, so Pr(A N B) = Pr(A) Pr(B).
Pr(A U B) = Pr(A) + Pr(B) — Pr(A4) Pr(B)
0.52 = Pr(A) + 2Pr(A) — 2(Pr(A))*
0.52 =3a - 2d°
2> —3a+052=0
a=Pr(A)=02 0O0<ax<1
The correct answer is B.

9.3 Discrete random variables

9.3 Exercise
1a

A

1

I

A

QA QA QAKX QAR QALK QA<X QA< QA< QR

A

¢={RRR, RRG, RRY, RGR, RGG, RGY, RYR, RYG,
RYY, GRR, GRG, GRY, GGR, GGG, GGY, GYR,

GYG, GYY, YRR, YRG, YRY, YGR, YGG,
YGY, YYR, YYG, YYY}
b Y is the number of green balls obtained.
Y=1{0,1,2,3}
3 3 3 27

Pr(Y = 3) = Pr(GGG) = EXEXE = m

Pr(Y = 2) = Pr(RGG) + Pr(GRG) + Pr(GGR)
+Pr(GGY) + Pr(GYG) + Pr(YGG)

3 3 3 3 3 3
PriY=2)=—X —=X—=4+ —=X —=X—+4+ — X —
t ) 10 10 10+ 10 10 10+ 10 10

3 3 3 4 3 3 3 4

10 10 10 10 10 10 10 10

X2 x =
1010
27 36 189

Pr(Y =2) = 3 3=
"¥'=2= 7500 *>* 1000 <> = To00

Pr(Y = 1) = Pr(RRG) + Pr(RGR) + Pr(RYG) + Pr(GRR)
+Pr(GRY) + Pr(GYR) + Pr(GYY) + Pr(YRG)
+Pr(YGR) + Pr(YGY) + Pr(YYG)

3 3 3 3 3 4 3 4
PrY == S x x> Do D 22 &
=D=5>*0>10" 1017010 1010

3 4 3 3 3 3 3 3

—_ X — —_— —_ J— J— J— —_

0 100 10 10 10 0%

(4L 3 4 3 3 4 4
10 10 10 10 10 10 10

4 3 3 4 3 3 4 3

T 0 0 T 0 0 0 0% 10

X4+4X4X3
10 10 10 10

27 36 48

Pr¥=1= 7500 %3 * 7000 % ®* 7000 %>
441
PrY=1)= o

Pr(Y=0)=1-Fr(Y=1)+Pr(Y =2) + Pr(Y = 3))
441 + 189 + 27
1000 ~ 1000 = 1000

1000 657 343

Pr(Y=0)=1—<

Pr(Y = = — =
"'=9"= 1500 ~ 10000 ~ 1000
(¢
y 0 1 2 3
343 | 441 189 27
Pr(Y =
*=» | 1000 | 7000 | 1000 | 1000

Let X be the number of sixes obtained.

E={11,12,13,14,15,16
21,22,23,24,25,26
31,32,33,34,35,36
41,42,43,44,45,46
51,52,53,54,55,56
61,62,63,64,65,66}

X=0,1,2

11

6 36

Pr(X = 1) = Pr(61, 62, 63, 64, 65, 16, 26, 36, 46, 56)

11 10
Pl‘(X—l)—lOXgXE—%

PriX=0)=1-Pr(X=1)+Pr(X = 2))

Pr(X = 2) = Pr(66) = é x

1 10 36 11 25
PI‘(X—O)—l—<%+%>—%—%—%
x 0 1 2

25 10 5 1
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3 a 0 <Pr(Y=y) <1 forall y and the sum of the probabilities
is 1.
This is a discrete probability density function.

b 0 < Pr(Y =y) < 1 for all y and the sum of the probabilities
is 1.
This is a discrete probability density function.

a 0 < Pr(Y =y) <1 for all y and the sum of the probabilities
is 0.9.
This is not a discrete probability density function.

b Negative probabilities, so this is not a discrete probability
density function.

a 0 <Pr(X=x) <1 forall x and

ZallXPr(x=x) =01+05+05+01=12#1

This is not a discrete probability density function.

b Negative probabilities, so this is not a discrete probability
density function.

c0<Pr(Z=2<1forallz andz Pr(Z =7)

all z

=025+0.15+045+035=1.150 ) Pr(Z=2) # .
all z
This is not a discrete probability density function.
d 0 <Pr(X=x)<1forallx andZ Pr(X = x)

all x

=0.14+0254+034+0254+0.1=1
This is a discrete probability density function.

1 1 4
6 a p(x)= 7(5 —-x), p(l) = 7(5 -b==
1 2 1 1
= — — = -, 4 = — — 4 = —
p(3) 7(5 3) 7 p4) 7(5 ) 7
Each probability lies between 0 and 1. The sum of

probabilities is 1, so this is a discrete probability function.
2

b p=""
=02 g Tl

Each probability lies between 0 and 1. The sum of
probabilities is greater than 1, so this is not a discrete
probability function.

1
c p(x)=E X

1 1 1 2
p)= V1= 2. p) = 2V =

1 3 1 4
PO = 5V9= 5% p16) = V16 = =,

1 5
p(25) = EVZS =15

Each probability lies between 0 and 1. The sum of
probabilities is 1, so this is a discrete probability function.

7 a ZPr(X:x):l

all x
Sk+3k—01+4+2k+k+0.6-3k=1
8k+05=1
8k=0.5
0.5 1
k=% =16
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b ZPr(X:x):l

all x

0.5k* + 0.5k + 025k + D+ 0.5+ 0.5k = 1
B +075%+0.75=1
B +075%+025=0
100K* + 75k +25=0

4 +3k—1=0
@k-1Dk+1)=0
1
k=-,-1
T
k—l ask>0
_4’ fy
8a ) Pr(X=x)=1
all x
3d+05—-3d+2d+04-2d+d—0.05=1
d+085=1
d=0.15
b ZPr(Y:y):l
all y
0.5k + 1.5k + 2k + 1.5k + 0.5k = 1
6k =1
1
k=-
6
c ZPr(Z:z):l
all z
1 1
g—a2+§—a2+§—a2+a=1
1+a-3a*=1
a-3a*=0
a(l —=3a)=0

1-3a=0asa>0
1
1=3 ==
aora 3
1
9 px) = 5(15—3)0

p(y=1as-3n="1
a a

p@=Las 32y =2,
a a
p3) = Las 3@y =2
a a
P =153y =2,
a a
1
PS)= 2(15-3(5) =0
12 9 6 3
Zrl4+24240=1
a a a a
0 _,
a
a=30

The correct answer is E.
10 a £={11,12,13,14,15,16
21,22,23,24,25,26
31,32,33,34,35,36
41,42,43,44,45,46
51,52,53,54,55,56
61,62,63,64,65,66}
b Z = number of even numbers, so Z = {0, 1, 2}.
Pr(Z =0) =Pr(11) + Pr(13) + Pr(15) + Pr(31) + Pr(33)
+ Pr(35) + Pr(51) + Pr(53) + Pr(55)
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234 | TOPIC 9 Discrete random variables ¢ EXERCISE 9.3

Pr(Z=0)= (0.1 x 0.1) X9

Pr(Z = 0) = 0.09

Pr(Z = 2) = Pr(22) + Pr(24) + Pr(26) + Pr(42) + Pr(44) + Pr(46) + Pr(62) + Pr(64) + Pr(66)

Pr(Z =2) = (0.2 X 0.2) + (0.2 X 0.25) + (0.2 X 0.25) + (0.25 X 0.2) + (0.25 X 0.25) + (0.25 X 0.25) + (0.25 X 0.2)
+(0.25 X 0.25) + (0.25 x 0.25)

Pr(Z = 2) = 0.49

Pr(Z = 1) = Pr(12) + Pr(14) + Pr(16) + Pr(21) + Pr(23) + Pr(25) + Pr(32) + Pr(34) + Pr(36) + Pr(41) + Pr(43) + Pr(45)

+ Pr(52) + Pr(54) + Pr(56) + Pr(61) + Pr(63) + Pr(65)
PrZ=1)=1-(Pr(Z=2)+Pr(Z=0)) =1—-(0.49 + 0.09) = 0.42
z 0 1 2
Pr(Z =z) 0.09 0.42 0.42

cPr(Z=1)=042

11 a &= {SSS, SSA, SAS, SAA, ASS, ASA, AAS, AAA} where S means Simon won and A means Samara won.
b X = number of sets Simon wins
Pr(X = 0) = Pr(AAA) = 0.6° = 0.216
Pr(X = 1) = Pr(AAS) + Pr(ASA) + Pr(SAA) = (0.6)> x 0.4 x 3 = 0.432
Pr(X = 2) = Pr(SSA) + Pr(SAS) + Pr(ASS) = (0.6)*> X 0.4 x 3 = 0.288
Pr(x = 3) = Pr(SSS) = 0.4° = 0.064
x 0 1 2 3
Pr(X =x) 0.216 0.432 0.288 0.064

cPriX<2)=1-Pr(X=3)=1-0.064 =0.936
12 a F = female and M = male

F
F < T
M F
< —
F F
M< F——F
M F
< M
F
_ T
M F M F
< ———
F
M< Fe—" M
M F
< M
FFFF, FFFM, FFMF, FFMM, FMFF, FMFM,
¢ = { FMMF, FMMM, MFFF, MFFM, MFMF, MFMM,

MMFF, MMFM, MMMF, MMMM
b X is the number of females in the litter.

X=1{0,1,2,3,4}
4 4 4
1 1 1 4 1 6
PriX=0)=|( = =—,Pr(X=1)=4| = =—, Pr(X=2)= — = —
=0 <2> 160 X =1 (2) 16 F1X=2 6(2) 16
= m=a (L) 2L poao (L) 2L
T \2) T 16 T 77 \2) T 16
x 0 1 2 3 4
1 4 1 6 3 | 4 1 1
PriX=x | %6 | %673 | 16°5 | 63| 16
cPr(X—4)—1
~ 7716
115
> = — = = —_—— T —
dPX2D)=1-P(X=0)=1- ==

ePr(X§2)=Pr(X=O)+Pr(X=1)+Pr(X=2)=IL+ 1
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13 a £={11,12,13,14,15,16,17,18,19,110, 111, 112
21,22,23,24,25,26,27,28,29,210,211,212
31,32,33,34,35,36,37,38,39,310,311,312
41,42,43,44,45,46,47,48,49,410,411,412
51,52,53,54,55,56,57,58,59,510,511,512
61,62,63,64,65,606,67,68,69,610,611,612
71,72,73,74,75,76,77,78,79,710,711,712
81, 82,83, 84,85, 86, 87,88, 89,810,811, 812}

b X is the number of primes obtained as a result of a toss.
Pr(X = 0) =Pr(11, 14, 16, 18, 19, 110, 1 12, 41, 44, 46, 48, 49, 410, 412,
61, 64, 66, 68, 69, 610, 612, 81, 84, 86, 88, 89, 810, 812)
1 1
=28 X <§ X E)
28
~ 9%

Pr(X =1)=Pr(12,13,15,17,111, 21, 24,26, 28,29,210, 212,
31,34,36,38,39,310,312,42,43,45,47,411,
51,54,56,58,59,510,512,62,63,65,67,6, 11,
71,74,76,78,79,7,10,7,12, 82, 83,85,87,811)

1 1
=48 X <§ X E)
_ 48
T 9%
Pr(X = 2) =Pr(22, 23, 25, 27, 2 11, 32, 33, 35, 37, 3 11,
52, 53, 55, 57, 511, 72, 73, 75, 77, 711)
1 1
=20 X <§ X E)
20
T 9%
¢ Pr(Win) = Pr(X = 2) X Pr(X = 2) X Pr(X = 2)

3
5
= (ﬂ) = 0.009

14 a Possible scores are:
PP = 20 points, PJorJP = 15 points, PS or SP = 12 points, JJ = 10 points
JS or SJ = 7 points, SS = 4 points.

3 3 9 3 1 6
3 9 54 1 1 1
Pr(12)—2<§xﬁ> —@, PI'(IO)— EXE— @,
1 9 18 9 9 81
x 4 7 10 12 15 20
81 18 1 54 6 9
Pr=2 1 96 | 169 | 169 | 169 | Te9 | 169
c iPr(X—lS)—i
R T
P> 1= 2 6,0

169 169 T 169 ~ 169
Pr(X=15nX>12) 6 _ 169 6 2

i Pr(X = 15X > 12) = -6 _6_2
fii Pr( =12 PrX > 12) 169 X690 ~ 69 23
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15 a S = Success F = Failure

E = {SSSSS, SSSSF, SSSFS, SSSFF, SSFSS, SSFSF, SSFFS, SSFFF, SFSSS, SFSSF, SFSFES, SESFF, SFFSS, SFFSF, SFFFES,
SFEFF, FSSSS, FSSSF, FSSES, FSSEF, FSFSS, FSFSF, FSFES, FSFEF, FESSS, FFSSF, FFSES, FESFF, FFESS, FFFSF,
FFFFS, FFFFF}

X=1{0,1,2,3,4,5}

Pr(X = 0) = Pr(5 failures) = 0.4° = 0.01 024

Pr(X = 1) = Pr(4 failures) = 5 x 0.4* x 0.6 = 0.0768

Pr(X = 2) = Pr(3 failures) = 10 x 0.4° x 0.6> = 0.2304

Pr(X = 3) = Pr(2 failures) = 10 x 0.4> x 0.6> = 0.3456

Pr(X = 4) = Pr(1 failure) = 5 x 0.4 x 0.6* = 0.2592

Pr(X = 5) = Pr(0 failures) = 0.6° = 0.0778

x 0 1 2 3 4 5

Pr(X =x) | 0.0102| 0.0768| 0.2304| 0.3456| 0.2592| 0.0778

b Pr(X =3) + Pr(X = 4) + Pr(X = 5) = 0.3456 + 0.2592 + 0.0778 = 0.6826
It is a success, helping 3 or more patients.

2 1
16 a Pr(H) = 3 and Pr(T) = 3 and X = the number of Heads obtained.

6
PriX=0)= <%> =0.0014

Pr(X = 1) = °C;

Pr(X =2)=°C,

2\ ¢
Pr(X=O=6)=<§> =0.0878

x 0 1 2 3 4 5 6
Pr(X =x) 0.0014 | 0.0165| 0.0823| 0.2195| 0.3292| 0.2634| 0.0878

bi Pr(X>2)=Pr(X =3)+Pr(X =4) +Pr(X = 5) + Pr(X = 6)
= 0.2195 + 0.3292 + 0.2634 + 0.0878
=0.8999
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ii PriX>2|X<)5) 3 a R Game over
_ Pr(X=3)+Pr(X=4)
T 1-(Pr(X=5)+Pr(X = 6)) R Game over
B B — R Game over
0.2195 + 0.3292 g }l% 8ame over
= ame over
1 —(0.2634 + 0.0878) R Game over
= 0.8457 G<B ————R Game over
G R Game over
17 a Z PriiX=x)=1 Y R Game over
all x g Game overR G
_— ame over
3m+2n=1 [1] Y<G R Game over
3Pr(X=0)=Pr(X=5) Y R Game over [1 mark]
Im=n [2] b Wins $10 with BBB, GGG or YYY [1 mark]
Substitute [2] into [1]: ¢ X={0, 1, 10}
+2n=1 2 1 2 1 1 1
nTaon= PriX=0=-+4+3(-X=)+9 - X=-X=
=1 5 55 5 55
! 2,69
n=3 T5 25 125
NI 0,30, 9 o o ma
Substitute n = 3 into [2]: =157 125 15 " 125
1 1 1’ 3
3m=- m=— = =3(2) = —
3 9 Pr(X = 10) 3(5 > 25 [1 mark]
i > = = = =
b i Pr(X>0) lir(X1 O)l-I—Pr(SX D+Pr(X=5) Pr(X = 1) = 1 — (Pr(X = 0) + Pr(x = 10))
TEEDEsTTs S - (Ed)-Z
= > T125 \125 " 125) T 125
i PrX=1]X>0)= Pr(X Pl)ﬂPr(X_ 0)
s r(’f 2 0) x $0 81 $10
Pr(X = — — —
o9 3 X =x) 125 125 125
18 Y Pr(y=y)=1
all y [1 mark]

0.5 +0.3 - 02k+0.1+ 05> +03=1
B —02k+07=1

K —-02k-03=0
k= -0.4568 or k = 0.6568
k can be positive or negative due to the two places of k : 0.5k 9.4 Exercise

and 0.3 — 0.2k 1a Z Pr(X=x) = 1
For both values of k, 0 < 0.5k> < 1and0 < 0.3 — 0.2k < 1

9.4 Measures of centre and spread

all x

9.3 Exam questions

1 Pr(same) = [Pr(X = 0)]*> + [Pr(X = D]?> + [Pr(X = 2)]?
+[Pr(X = 3))?
=0.5% + 0.25% + 0.2* + 0.05*
=0.355
The correct answer is C.
2 YP(X=x=1
1=02+06p>+01+1-p+0.1
0.6p> —p+04=0
6p* —10p+4=0
3p*—5p+2=0
BGp-2)(p-1H=0

=1 or —g
p= P—3

The correct answer is D.

1 1 1
E(X)=-3 (6) +(=2) <§> +(=1) (§> +0(§)
2 1 1
+1<§>+2<§>+3<§>
32 1 2 2 3 1
E(X’)=—§—§—§+0+§+§+§—§
b Y Pr(Z=2)=1

1 6 12 8 5 6
EO=n+tfnt*n etn o

1
- (33) -2
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2 apkx= 11—6(2x— 1), xe {1, 2, 3, 4}

P =2 @) - =

D= Q- = =

P =1 QG - ==

P =1 Q) - 1) =
y 1 2 3 4
Pr(X =x) T16 1% 136 116

1 3 5 7
b EX) =1 <R> +2<E) +3 <E) +4<ﬁ>
1 6 15 28 50 1
E(X)=1_6+1_6+1_6+1_6=E=3'1250r3§
3 a E(X) = 1(0.3) + 2(0.15) + 3(0.4) + 4(0.1) + 5(0.05)
E(X) = $2.45
b E(X?) = 1%(0.3) + 2%(0.15) + 3%(0.4) + 4%(0.1) + 5%(0.05)
E(X?) =7.35
Var(X) = E(X°) - [EX)]?
Var(X) = 7.35 — 2.45% = $1.35

SD(X) =v/1.35 = $1.16

4 a Pr(Y) = Pr(=$2) = 7, Pr(G) = Pr($3) = .
Pr(R) = Pr($6) = 7, Pr(P) = Pr(s8) = |
x -$2 $3 $6 $8
Pr(X = x) % i % i
b Eoo:—z(i) +3(%> +6<i> +s<%>
E(X)=—§+§+§+§=?=$3.75
5 ak+k+2k+3k+3k=1
10k =1
-t

() o) 2(3) +(3) ()

2 4 12 18 32
EX)=——+0+—+—+—="=

10 10 1010 10
1 3 2 3 1 15
6aE(Y):—S(E>+O(E>+5<1—0>+d<1—0>+25<m>=?
_i+0+9+3_d+§=2
10 1010 10 2
3d+30 15
0 2
3d+30=75
3d =45
d=15
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b i EQY+3)=2EY)+3=2(75)+3=18
ii E65-Y)=5-EY)=5-75=-25
fii E(=2Y)=—2E(Y) = -2(7.5) = —

7 a EQX—1)=2EX) - 1
EQX-1)=24.5)-1=8

b E(5—X)=5—EX)
EG-X)=5-45=05

¢ EGX+1)=3EX) + 1
EGX +1)=34.5)+1 =145

8 p(x) =

p(Q) =

L(z2—4) 2<z<5

—(22 =0, p3) = —(32 -4 =

21

pd) = —(42—4) ,p(S)

5 12 21
E@2Z) = 2(O)+3<38>+4<38>+5<38>

15 48 105
E@2) = O+§+ §

68 =442

38

38
1
E©Z) =

The correct answer is B.

9 ZPr(Yzy)zl

ally

2 = —
—8(5 —4) =

a E(Y) = 1(0.15) + 4(0.2) + 7(0.3) + 10(0.2) + 13(0.15)

EY)=0154+08+21+2+4+195=7

b EX?) = 1%(0.15) + 4%(0.2) + 7%(0.3) + 10%(0.2) + 13%(0.15)

E(Y?) =0.15+32+ 147 + 20 +25.35
E(Y?) =634
Var(Y) = E(Y?) — [E(V))?
Var(Y) = 63.4 — 7
Var(Y) = 63.4 — 49 = 14.4
¢ SD(Y) =V/14.4 = 3.7947

2

10 a p(x) = %x—1234
12 1 22 4
1=—=— 2 J—
r)=35=30 PA=3=3p°
32 9 42 16
P =35= 55 P9 =35 = 30
x 1 2 3 4
14 29 316 8
Prid=x1513%"15(3% 10|30 1
4 9 16
%Pr(X—x) +35+t35" 30 ="
1 4 9 16
b i E(X)_l<30)+2<3O>+3<30)+4<30)
8 27 64 100 10
E = — —_— —_— —_—=—_— = —
X=+35"30"30"30 3

e 2y 12 ! 2 4 2 9 2
ii EX9)=1 <3O>+2 (30>+3 <30>+4 (

116 81 256
2y — i -
EXO =3+ 30" 30
354 118
2
EXD =35 30 10

16
30

)
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11

12 SD(X) = 2.5, so Var(X) = 2.5

13 a p(x) =

Var(X) = E (X*) - [EQO
2
Var(X) = E (£>

3
1062 1000 62 31
V = — = — =
a0 =30 ""90 ~90 a5 ¢
¢ i Var(4X +3) = 4>Var(X) = 16(0.69) = 11.02

ii Var(2 —3X) = (=3)*Var(X) = 9(0.689) =
a E(Z) =

—7(0.21) + m(0.34) + 23(0.33) + 31(0.12) =
—1.47+0.34m +7.59 +3.72 =
0.34m +9.84 =

14.94
14.94
14.94

0.34m =5.1

b EZ?) = (=7)%(0.21) + 15%(0.34) + 23%(0.33) + 31%(0.12)

E(Z%) = 10.29 + 76.5 + 174.57 + 115.32
E(Z%) = 376.68
Var(2) = E(Z*) - [E(D))*
Var(Z) = 376.68 — 14.94
Var(Z) = 153.48
Var2(Z — 1)) = Var(2Z - 2)
Var2(Z — 1)) = 2*Var(2)
Var2(Z — 1)) = 4 x 153.48
Var(2(Z — 1)) = 613.91
Var(3 — Z) = (-1)*Var(2)
Var(3 — Z) = 153.48
= 6.25.
Var(2X + 3) = 22Var(X) = 4 X 6.25 = 25
The correct answer is C.
h@B—-x)(x+1)
p(0) = h(3)(1) = 3h
p(H)=hB-1)1+1)=4h

p2)=h(3—2)2 + 1) = 3h
3h+4h+3h=1
10h=1
1
"=
b
x 0 1 2
3 4 3
E(XX) =0 w1 E)2(2
10 10 10
4 6 10
EX) = O+E+E I 1
3 4
2 2 2 2f 2
E(X) =0 (10>+1 (10>+2 <10)
4 12 16
2 4 216
EQC) =0+ 55+ 15 = 7 = 1.6

Var(X) = EXX*) - [EX)T

Var(X) = 1—6 -1y
16 10 _ 6

Var (X)_E_E‘lo

SD(X) =4 / 15 = 07746

0.6
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14 a E={11,12,13,14,15,16,17,18
21,22,23,24,25,26,27,28
31,32,33,34,35,36,37,38
41,42,43,44,45,46,47,48
51,52,53,54,55,56,57,58
61,62,63,64,65,606,67,68
71,72,73,74,75,76,77,78
81, 82,83, 84,85, 86,87, 88}

1 1

2
b Pr(Z=1)=Pr(11) = <§> -

3

2
1
Pr(Z =2) =Pr(12, 21, 22) = 3<§> =

2
1 5
Pr(Z =3) =Pr(13, 23, 31, 32, 33)=5( 5 | = =
(. ) =Pr(13, 23, 31, 32, 33) <8) o

2
Pr(Z = 4) = Pr(14, 24, 34, 41, 42, 43, 44) = 7<%> = 67—4

2
Pr(Z =5) =Pr(15, 25, 35, 45, 51, 52, 53, 54, 55) = 9(%) = 624

Pr(Z = 6) = Pr(16, 26, 36, 46, 56, 61, 62, 63, 64, 65, 66)

1\ 11
1Z=6) <8> 64

Pr(Z = 7) = Pr(17, 27, 37, 47, 57, 67, 71, 72, 73, 74, 75, 76, 77)
2

1 13

PrZz=7)=13(=-) = —

(Z2=7=13 <8) 64

Pr(Z = 8) = Pr(18, 28, 38, 48, 58, 68, 78, 81, 82, 83, 84, 85, 86, 87, 88)

2
Pr(Z=28)=15 <1) =B

8 64
4 1 2 3 4 5 6 7 8
1 3 5 7 9 11 13 15
PrZz=2 |\ &G | & | o1 | 61 | 64 | o4 | o4 | o4

1 3 5 7 9 11 13 15
°H@1QJ*%@%‘QQ+%w%‘@ﬁ*%w%”@ﬁ*%a)
1 6 15 28 45 66 091 120
M =gtata a'ata a e

E@2) = ﬁ = 5.8125

1 3 5 7 9 1 13 15
2N 12 2 2 2 2 2 2 2
EZ) =1 (64>+2 (64)+3 <64>+4 (64>+5 (64>+6 <64>+7 (64>+8 (64)
I 12 45 112 225 396 637 960 2388
2 fr— — — — — — — — T e—
E=Gta at e " a T atata T e B

Var(2) = E(Z*) - [EQ)]?
2
Var(z) = 298 _ (ﬂ)

64 64
152832 138384 14448
Var(Z) = - - =3.5273
a2 = 1006 4006 4096
14 448
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15 a Possible scores:
2 4 6 8 11

1-1 1-3 1-5 1-7 1-10
4 6 8 10 13
3—-1 3-3 3-5 3-7 3-10
6 8 10 12 15
E=J M= = = =
5-1 5-3 5-5 5-75-10
8 10 12 14 17
7-1 7-3 7-5 7-717-10
11 13 15 17 20
10-1 10-3 10-5 10-7 10-10

Therefore, the possible scores are 2, 4, 6, 8, 10, 11,12, 13, 14, 15, 17, 20.
b Pr2)=Pr(11)=0.2x0.2=0.04
Pr(4) =Pr(1 3, 3 1) = (0.2 x 0.2)* = 0.08
Pr(6) =Pr(15,33,51)=(0.2%x0.3)+(0.2x0.2)+ (0.3 x0.2) =0.16
Pr(8) =Pr(17,35,53,71)=(0.2x0.2)+(0.2x0.3)+(0.3x0.2) + (0.2 x0.2) = 0.20
Pr(10)=Pr(37, 55, 73) =(0.2x0.2) + (0.3 x0.3) + (0.2 x 0.2) = 0.17
Pr(11) = Pr(1 10, 10 1) = (0.2 X 0.1) + (0.1 X 0.2) = 0.04
Pr(12) =Pr(57, 75) = (0.3 x0.2) + (0.2 x 0.3) = 0.12
Pr(13) = Pr(1 10, 10 1) = (0.2 x 0.1) + (0.1 x 0.2) = 0.04
Pr(14) =Pr(77) =0.2 x 0.2 = 0.04
Pr(15) = Pr(5 10,10 5) = (0.3 x 0.1) + (0.1 x 0.3) = 0.06
Pr(17) = Pr(7 10, 10 7) = (0.2 X 0.1) + (0.1 X 0.2) = 0.04
Pr(20) = Pr(10 10) = 0.1 x 0.1 = 0.01

x 2 4 6 8 10 11 12 13 14 15 17 20
Pr(X =x) 0.04 | 0.08 | 0.16 0.2 0.17 | 0.04 | 0.12 | 0.04 | 0.04 | 0.06 | 0.04 | 0.01

¢ E(X) = 9.4 and SD(X) = 3.7974
162 ) Pr(Y=y)=1

all y
1-2c+3%+1-2c=1
3¢ —4c+1=0
Be=1Dc=-1)=0
3c—1=0
3e=1 or c—1=0

c—l c=1
3
‘c—la50<c<1
T3
b
y -1 1 3 5 7
1 1 1 1 1
Pr(Yy =y) 3 5 5 5 3
E(Y)=-1 (B s (M es (L) q (L
N 3 9 9 9 3
1 1 3 5 7
EM==-3+5+5+*5+3
3 1 3 5 21
EM=-5+5+5* 5+ 75
27
EM) =3 =3
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242 | TOPIC 9 Discrete random variables ¢ EXERCISE 9.4

o _ 21 2 (1 2 (1 2 (1 2 (1
¢ BOP) = (1) <3>+1 <9>+3 <9>+5 <9>+7 <3>
NPT 2 (1 21 2 (1 2 (1
2= (3) 40 (5) 49 (5) 45 (5) +7 (3)

E(Y2)=%+l+2+2—5+£

9 9 9 9
E(Y’) = %
Var(Y) = E(Y*) - [E(V)]?
Var(Y) = % —3?
Var(Y) = % - %
Var(Y) = %4
Var(Y) =11.56

SD(Y) =V/11.56 = 3.40

17 a ZPr(X:x): 1

all x
0.5k + 0.5k + k+ K> + 4k + 2k + 2k + K> + Tk* = 1
102 + 9%k —1=0
k=-lork=0.1
S k=01,k>0
b E(X) = 1.695
¢ SD(X) = 1.1670
18 a ZPr(sz) =1
all x
a+02+4+03+b+01=1
a+b+06=1
a+b=04 (1]
EX) =25
1(a) + 2(0.2) + 3(0.3) + 4(b) + 5(0.1) = 2.5
a+04+09+4b+05=25
a+4b+18=25
a+4b=0.7 [2]
[2] =[1]:
3b=0.3
b=0.1
Substitute » = 0.1 into [1]:
a+0.1=04
a=0.3
b EX%) =1%0.3) + 2%(0.2) + 3%(0.3) + 4%(0.1) + 5%*(0.1)
EX*)=03+08+27+1.6+25
EX*) =179
Var(X) = E(X°) - [E(X)]?
Var(X) =7.9 — 2.5
Var(X) =79 — 6.25
Var(X) = 1.65
SD(X) =1/1.65 = 1.2845
19 a Var(X) =2a -2 and EX) = a
Var(X) = E(X°) - [EX)]?
2a -2 =EX? - -d*
@ +2a-2=EX>
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TOPIC 9 Discrete random variables ¢ EXERCISE 9.4 | 243

b EX®) =6
a@+2a-2=6
@ +2a-8=0
(a+4)(@a-2)=0
a+4=0 or a-2=0
a=-4 a=2
sa=2, a>0
Thus, E(X) =a =2and Var(X) =2a -2 =212) -2 = 2.

_ ny y=1,2,3,4
20 ap(n)—{n(7_y) y=5.6
p(1) =n, p(2) =2n, p(3) = 3n, p(4) = 4n,
p(5)=2n, p(6) =n

> PrX=x=1

all x

n+2n+3n+4n+2n+n=1
13n—-1=0

y 123456

prey| L2322 ]

B|l13|13[13|13]13

1 2 3 4 2 1
E(Y)=1(E)”(E)*3(ﬁ>+4(ﬁ>”(6>*6<ﬁ>
1 .4 .9 16 10 6 46

EN=GZ+3 atototo-5 -3

(1) o2 (3) 2 (3) () () (1)
Var(Y) = E(Y*) - [E(V)]

Var(Y) = % - % = % =1.7870

SD(Y) =+/1.7870 = 1.3368

9.4 Exam questions

1 u=EX) =Y xPr(X=x)
1 9 1 1 3 17
ﬂ—OXZ+1X%+2Xm+3XE+6X%—E
Pr(X < p1) = Pr(X < 1.7)

=Pr(X=0)+Pr(X = 1)

1,9
T4 20
1
10

The correct answer is E.
2 EX)=YxPiX=x)=-p+1-3p=1-4p
EX)=YxXPrX=x)=p+1-3p=1-2p
Var(X) = E(X*) - (E(X))*
=(1-2p)—(1-4p)y
=1-2p—(1-8p+16p°)
=6p — 16p°
The correct answer is D.
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244 | TOPIC 9 Discrete random variables ¢ EXERCISE 9.5

3 a Area of the whole board is z(4 X 5)> = 400x.
Band A = 7(4)* = 167 and

Pr(Band A) = 41060’; = % [1 mark]
Band B = 7(8)> — 167 = 64x — 167 = 487 and
487r
Pr(Band B = 1 mark
r(Band B) = 2007 = 25 [1 mark]
Band C = 7(12)? — 647z = 1447 — 64z = 80z and
807 5
Pr(Band C = 1 mark
rBand ©) = 2002 = [1 mark]
Band D = 7(16)* — 1447 = 2567 — 1447z = 1127 and
Pr(Band D) = i(l)gz = 27—5 [1 mark]
Band E = 7(20)> — 2567 = 4007z — 2567 = 1447 and
144z _ 9
Pr(Band E = 1 mark
r(Band E) = 002 = 25 [1 mark]

b X is the gain in dollars.
Pr(E) = —$1, Pr(D) = $0, Pr(C) = $1, Pr(B) = $4,

Pr(A) = $9
x -$1 | $0 $1 $4 $9
9 7 5 1 3 1
Pri¥=x | % | 5| 575 | 25 |
[1 mark]
7 5 3
¢ i E® <25)+0(25>+1<25>+4<25)
1
+9<25> [1 mark]
9 5 12 9
E(X)——E+0+E E-FE
E(X) = — = 0.68 cents [1 mark]
. 2 2 2 7 2 5
i EQ®)=(- 1)( >+0 <25 +12( 55
2 3 2f 1
+4 (25 +9 25
N S5 48 8l
EX) =55 +0+ 55+ 235+ 33
SEpLE
E(X) = 75 [1 mark]
Var(X) = E(X*) — [EQO]?
2
143 17
Var(X) = (5)
3575 289 3286
Var) - s ~ 655 = 625~ 20
SD(X) = 32286 $2.29 [1 mark]

9.5 Applications

9.5 Exercise

1 aEX)=0x02+1%x0.14+2x03+3x03+4x0.1
=014+0.6+09+04
=20

bPr(y—20>X<pu+20)=Pr2-2x13<X<2+2x%x1.3)

=Pr(-0.6 < X < 4.6)
=Pr0 <X <4)
=1

2 aE(Y)=35

1(0.3) + 2(0.2) + d(0.4) + 8(0.1) = 3.5
03+04+04d+0.8=3.5
04d+15=35
04d=2
2
=04
d=5
Pr(Y >2)NPr(Y £5)
Pr(Y <5)
Pr(Y=2)+Pr(Y =5)
1-Pr(Y=238)
02+04
1-0.1
06 2
Pr(Y>2|Y<5) = 00°-3
x $100 | $250 | $500 | $750 | $1000

PriX=x)| 01 [ 02 | 03 ] 03| 01

b Pr(Y >2|Y<5)=

Pr(Y>2|Y<5) =

Pr(Y>2|Y<5) =

where X is hundreds of thousands of dollars.
a Pr(X < $500) = Pr(X = $100) + Pr(X = $250) + Pr(X = $500)
Pr(X < $500)=0.1+0.2+ 0.3 =0.6
Pr(X > $250) n Pr(X < $750)
Pr(X < $750)

b Pr(X > $250|X < $750) =
Pr(X > $250|X < $750)
_ Pr(X = $250) + Pr(X = $500) + Pr(X = $750)
B 1 — Pr(X = $1000)

Pr(X > $250/X < $750) = w
08 8

Pr(X > $250]X < $750 2

(. $250] $750) = 09°-9

¢ E(X) = 100(0.1) + 250(0.2) + 500(0.3) + 750(0.3) + 1000(0.1)
E(X) =10 + 50 + 150 + 225 + 100 = $535
Therefore, the expected profit is $535 000.

ZPr(Z:z):l
all z
02+0.15+a+b+005=1
a+b+04=1
a+b=06 [1]

E(Z)=4.6
1(0.2) + 3(0.15) + 5a + 7b + 9(0.05) = 4.6
024045+ 5a+7b+045=4.6
Sa+Tb+1.1=4.6
Sa+7bh=3.5 2]
From [1]:
a=06-b [3]
Substitute [3] into [2]:
50.6-b)+7b=3.5
3-5b+7b=3.5
2b=0.5
b=0.25
Substitute b = 0.25 into [3]:
a=0.6-025=0.35

5 a E(X) =5(0.05) + 10(0.25) + 15(0.4) + 20(0.25) + 25(0.05)

E(X)=025+25+6+5+125
EX) = 15
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b E(X?) = 52(0.05) + 10%(0.25) + 152(0.4) + 20%(0.25) + 25%(0.05)

E(X*) = 1.25 4+ 25+ 90 + 100 + 31.25
E(X?) = 2475
Var(X) = E(X°) — [EX)]?
Var(X) = 247.5 — 15?
Var(X) =22.5
SD(X) =1/22.5 = 4.7434
¢ u—20=15-2(4.7434) = 55132
U+ 20 = 15 + 2(4.7434) = 24.4947
Pr(u — 20 < X < p+ 20) = Pr(5.5132 < X < 24.4947)

Pr(u —20 < X < u+20) =Pr(X = 10) + Pr(x = 15) + Pr(X = 20)

Pr(u—20 <X < p+20)=1— (Pr(X = 5) + Pr(X = 25))
Pr(u—20<X<pu+20)=1-0.1=09

6 E(X)=0(0.012) + 1(0.093) + 2(0.243) + 3(0.315) + 4(0.214)

+5(0.1) + 6(0.023)
E(X) = 0 4 0.093 + 0.486 + 0.945 + 0.856 + 0.5 + 0.138
E(X) =3.018
E(X?) = 0%(0.012) + 1%(0.093) + 2%(0.243) + 3%(0.315)

+42(0.214) + 5%(0.1) + 67(0.023)

E(X?*) = 0+ 0.093 + 0.972 + 2.835 + 3.424 + 2.5 + 0.828
E(X?) = 10.652
Var(X) = E(X°) — [E(X)]?
Var(X) = 10.652 — 3.0182
Var(X) = 1.5437

SD(X) =4/1.5437 = 1.2424
u—20=3.018 —2(1.2424) = 0.5332
u+20=3.018 +2(1.2424) = 5.5028
Pr(y —20 < X < u+20) =Pr(0.5332 < X < 5.5028)
Prlu—26<X<pu+20)=PrX=1+Pr(X=2)
+Pr(x=3)+Pr(X =4)
+Pr(X=5)
Pr(u—20<X<u+20)=1-Pr(X=0)+Pr(X=1))
Pr(u—20<X<u+20)=1-(0.012 +0.023)
Pr(u—20 < X < u+20) =0.965

7 alfpx) = é(4—x), where x = {0, 1, 2},
4 3 1 2
p0) = §,P(1) = 5 = 51[’(2) = 5

b 2 p(x) = 1, so this is a probability density function.
x=1

i EQO=u=) )

x=1
4 3 2\ 7
=o(5)+1 (6)”(6) "9
) o , 1 (7)2
i Var=6=Y x-2p(x)= — — [ =
= 9 9

99 49 50

T8l 81 81

i SD(X) =1/ g—? =0.7857

Cc

8 a

TOPIC 9 Discrete random variables ¢« EXERCISE 9.5 | 245

u—20=2-2(1.03)=-0.06
u+20=2+2(1.03)=4.06
Pr(u—20 < X < u+20)=Pr(— 0.06 < X <4.06)
Pr(u — 20 < X < u+20) =Pr(0) + Pr(1) + Pr(2)
Pr(u—20<X<u+20)=1

2Pr(Z=z)=1
all z
e 5-2 8-3k_,
7 7 7
k=2or3

Butifk =3, 8_73(3)=—%,sothisisnotapplicable.
k=2
z 1 3 5

22 415-22) 1|8=32 2
Pre=913=53"7% =37| 7 =7
i E(Z) =24286

ii Var(Z) = E(Z%) — [E(2)]* = 9 — 2.4286% = 3.1019
iii SD(Z) =4/3.1019 = 1.7613
U — 20 =2.4286 —2(1.7613) = —1.094
U+ 20 =2.4286 + 2(1.7613) = 5.9512
Pr(u—20<Z< pu+20)=Pr(-1.094 < Z<59512) = 1
YPr(Z=z)=1

all z

3m+3n=1 (1]
Pr(Z<2)=3Pr(Z>4)

Pr(Z=0)+Pr(Z=1)=3Pr(Z = 5)

2m=3n 2]
Substitute [2] into [1]:
3m+2m=1
Sm=1
1
"=3

1
Substitute m = 3 into [2]:

()

+
2
4 =
" (1 )+ 1
3 6 6 8 10
E(Z)_O+E+E+E+E+E
33 11 .
E@2Z) = 5= ?as required

2\ _ 2 i 2 i 2 i 2 i
.2 .2
* (B)” (E)

3 12 18 32 50

2— — — — — —

B =0+ S+ G+ 5475
115 23
2__=_
EZ) = 15 3
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Var(Z) = E(Z*) - [EQ)]?

2 1m\>
Var(Z) = ?3 - <?>

23 121

Var(Z) = =2 - =
a@) =3 -7
575 363

Vald) =25 = =5

75
Var(Z) = 2 =2.8267

SD(Z) = ,/ ~ 1.6813

¢ u-2c =?—2(1 6813) = —1.1626

H+20= % +2(1.6813) = 5.5626

Pr(y—26 < Z < pu+206) = Pr(—1.1626 < Z < 5.5626) = 1
10 a

z 0 1 2 3 4 5

Pr(Z =z) m m m m n n

ZPr(Z=z)=1

all z
dm+2n=1 [1]
Pr(Z<3)=Pr(Z > 4)
4dm = 2n
2m=n [2]
Substitute [2] into [1]:
4dm+202m) =1
dm+4m =1
8m=1
1
"=3

1
Substitute m = 3 into [2]:

o ()21 2 ()1 )

1 2 3 8 10
EQ=0+c+c+3+g+y

E(Z)=%=3

o 2N 2 2 l 2 2 l 2 l 2 l
ii EZ)= 0( )+1 (8)+2 )+3 (8)+4 (4)+5 (4>
9
8

2 1 32 50
E(Z)_O+8+8+ +8+8
E(Zz)=9§6=12

Var(Z) = E(Z’) - [E(2))*
Var(Z) =12 -3 =3
¢ SD(2) =43 = 1732
u—20=3=2(1.732) = —0.464
U+ 26 =3+2(1.732) = 6.464
Pr(u—20<Z< u+20)=Pr(-0.464 <Z<6.464) =1
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1a)P(X=x=1
all x
e Sk—1 3k—1  4k—1_,
4 12 12 12
3 +5k—1+3k—1+4k—1=12
30+ 12k-3=12
3+ 12k-15=0
K +4k-5=0
k+35)k-1)=0

k=-5 k=1
k = —5 is not applicable.
k=1
x 0 1 2 3
3 1 4 1 2 1 3
Pr¥=x | 75=3 | 273 | 276 | 1
3 4 2 3
b E(X)_0<§> +1 (ﬁ) +2<E> +3 <ﬁ>
4 4 9 17
=0+—4—+—==—=14
TR TRTR
cPiX<14)=Pr(X=0)+PrX=1)= EA
" T B TR 120 12
a Money $1000 $15000| $50000 | $100 000 | $200000
s 1 1 1 1 1
Probability 5 5 5 5 5
E(Bank offer) is
1 1 1 1 1
= 1000 <§) + 15000 <§> + 50000 <§> + 100000 <§> + 200000 <§>
= $73200
b Money $1000 $15000 | $50000 | $200000
- 1 1 1 1
Probability 1 1 1 1
E(Bank offer) is
1 1 1 1
= 1000 <Z> + 15000 <Z> + 50000 <Z> + 200 000 (Z)
= $66 500
13 a Autobiography Cost Probability | Cookbook Cost Probability
New $65 0.40 New $54 0.40
Good used $30 0.30 Good used $25 0.25
Worn used $12 0.30 Worn used $15 0.35

New autobiography + new cookbook $65 + $54 = $119 0.4 x 0.40 = 0.16
New autobiography + good cookbook $65 + $25 = $90 0.4 x 0.25 = 0.10
New autobiography + worn cookbook $65 + $15 = $80 0.4 x 0.35 = 0.14
Good autobiography + new cookbook $30 + $54 = $84 0.3 x 0.40 = 0.12

Good autobiography + good cookbook $30 + $25 = $55 0.3 x 0.25 = 0.075
Good autobiography + worn cookbook $30 + $15 = $45 0.3 x 0.35 = 0.105

Worn autobiography + new cookbook $12 + $54 = $66 0.3 x 0.40 = 0.12
Worn autobiography + good cookbook $12 + $25 = $37 0.3 x 0.25 = 0.075
Worn autobiography + worn cookbook $12 + $15 = $27 0.3 x 0.35 = 0.105

X = cost of two books
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x $119 $90 $84 $80 $66 $55 $45 $37 $27
Pr(X =x) 0.16 0.10 0.12 0.14 0.12 0.075 | 0.105 | 0.075 | 0.105

b E(X) = 119(0.16) + 90(0.1) + 84(0.12) + 80(0.14) + 66(0.12) + 55(0.075) + 45(0.105) + 37(0.075) + 27(0.105) = $71.70
14 a Let Y be the net profit per day.

y -$120 $230 $580 $930
Pr(Y =y) 0.3 0.4 0.2 0.1

b E(Y) = —120(0.3) + 230(0.4) + 580(0.2) + 930(0.1)
E(Y) = $265
¢ E(Y?) = (—120)%(0.3) + 230%(0.4) + 5807(0.2) 4+ 930%(0.1)
E(Y?) = 179 250
Var(Y) = E(Y*) - [E(W)]?
Var(Y) = 179 250 — 265>
Var(Y) = 109 025
SD(Y) =4/109 025 = $330
u— 20 =265—2(330) = —$395
U+ 20 = 265 + 2(330) = $925
Pr(u—20 < Y < pu+20) = Pr(—=$395 < Y < $925)
Pr(u—20 <Y < u+20)=1—Pr(Y = $930)
Pr(u—20<Y<pu+20)=1-0.1=09

15 a Coin: Pr(H) = f—land Pr(T) = 4_11
. 1 1 1 1 1
Die: Pr(1) = T Pr(2) = T Pr(3) = T Pr(4) = R Pr(5) = v Pr(6) =
5 5 1 1 5 1 010 1 1 10 1
Ez{ﬁﬁf—hr—'ﬁﬂhﬁ'ﬁ;—ﬁf—'ﬁ;—ﬁf—ﬂﬂf—ﬁﬂhﬂh
T

IH 2 3H 4H 5H 6H IT 2T 3T 4T 5T

6
Pr(10) = Pr(IT, 2T, 5T) = (ix1)+<ixl>+<ix 1) =4i=i

1274 1274 1274 8 16
1 3 13 13 9 3
Pr(S):Pr(lH,2H,5H)=<EXZ>+<EXZ)+ EXZ)ZAE:E

Pr(1) = Pr(3H, 3T, 4H, 4T, 6H, 6T)

() () (2] (o
O

_n
16
X 1 5 10
12 3 3 1
Pr(X = x) %61 16 16

12 3 1 12 15 10 37
bE(X)_l(l—6>+5<l—6>+10<1—6)_E+E+E_E_2.3
¢ E(25tosses) = 25 x2.3125 = 57.8

d Let n be the number of tosses.

2.3125n =100
100

"= 23125
The minimum number of tosses required is 44.

=43.243
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M M
N 0.216 0.264 0.480
N’ 0.234 0.286 0.520
0.450 0.550 1.000

a As M and N are independent,
Pr(M N N) = Pr(M) Pr(N) = 0.45 x 0.48 = 0.216
b Pr(M' nN’) = 0.286
¢ Yis the number of times M and N occur. Y = {0, 1, 2}
Pr(Y = 0) =0.286
Pr(Y =1) =0.264 + 0.234 = 0.498
Pr(Y=2)=0.216

y 0 1 2

Pr(Y =y) 0.286 0.498 0.216

d i E()=0(0.286) + 1(0.498) + 2(0.216)
=0+ 0.498 + 0.432 = 0.93
i E(Y?) = 0%(0.286) + 1(0.498) + 2%(0.216)
=0+ 0.498 + 0.864 = 1.362
Var(Y) = E(Y*) - [E(D)]
Var(Y) = 1.362 — 0.93°
Var(Y) = 0.4971

iii SD(Y) =+/0.4971 = 0.7050

9.5 Exam questions

1

2

Var(X) = EX)* - [EX))*
=250 -15°
=25
SD(X) =+/Var(X)
=125
=5 [1 mark]
Pr(u—20 < X< u+20)~095
u—20=15-2x%5
=5
u+2c=15+2x5
=25 [1 mark]
Soxp =95, x23= 25 A 6 5
E(X)=1x%+2xﬁ+3x%+4x%
37
20
=1.85

The correct answer is A.

3 a Pr(VU W) =0.7725 and Pr(V N W) = 0.2275.

Pr(VU W) = Pr(W) + Pr(V) = Pr(Wn V)
0.7725 = Pr(W) + Pr(V) — 0.2275
1.0000 = Pr(W) + Pr(V)

Vand W are independent events.

Pr(Wn V) = Pr(W) Pr(V)

0.2275 = Pr(W) Pr(V)
02275 _ Pr(V)

[1] [1 mark]

Substitute [2] into [1]:

[2] [1 mark]
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0.2275
= W) + Pr(W)

Pr(W) = 0.2275 + [Pr(W)])?
0 = [Pr(W)]? — Pr(W) + 0.2275
Pr(W) = 0.65 or 0.35

But Pr(V) < Pr(W), so Pr(W) = 0.65 and Pr(V) = 0.35.
[1 mark]
b w M’
1% 0.2275 0.1225 0.35
\ % 0.4225 0.2275 0.65
0.35 0.65 1.000
[1 mark]
Note: Pr(V' n W) = 0.2275
“lx 0 1 2
Pr(X =x) 0.2275 0.5450 0.2275
[1 mark]

d i EX)=0(0.2275) 4+ 1(0.545) + 2(0.2275) = 1 [1 mark]

ii E(X?) = 0%(0.2275) + 12(0.545) + 22(0.2275)
=0+40.545 + 0.91 = 1.455
Var(X) = E(X*) - [EX))?
Var(X) = 1.455 — 12

Var(X) = 0.455 [1 mark]
iii SD(X) =v/0.455 = 0.6745 [1 mark]
9.6 Review
9.6 Exercise

Technology free: short answer
Pr(X>2)n Pr(X < 3)
Pr(X <3)
_ Pr(X=2)+Pr(X=3)
B Pr(X < 3)
_ 04+0.1
T 1-PiX=4)
0.5

1 aPr(X>2[X<3)=

b E(X) =0(0.1) + 1(0.3) + 2(0.4) + 3(0.1) + 4(0.1)
=04+03+08+03+04
=18

2 a E(Y) =0(0.05) + 2(0.4) + 4(0.2) + 6(0.15) + 8(0.15) + 10(0.05)

E=0+08+08+09+12+05
E(Y)=42

b Probability that Garish receives no texts on four
consecutive days

1

4
1

= . 4= . 2 — = —

(0.05)" = 0.000 006 50r< > 160000

20

¢ We need to find the combinations for when text messages

are sent a total of 10 times in the two days.

Ten text messages are received as
(0,10), (10,0), (2,8), (8,2), (4,6), (6,4).
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Pr(10 text messages) = Pr(0, 10) + Pr(10,0) + Pr(2, 8) Firstly,
+Pr(8,2) + Pr(4, 6) + Pr(6,4) Pr(X = 0) = Pr(yellow)
= (0.05 x 0.05) + (0.05 x 0.05) = 1 — Pr(red) — Pr(blue) — Pr(green)
+(0.4%0.15) + (0.15 % 0.4) _1_1l_2_2
+(0.2%0.15) + (0.15 X 0.2) 20 20 20
=0.0025 + 0.0025 + 0.06 + 0.06 3
+0.03 +0.03 Secondly, 4
3 a Pr(E) = a PrT) = 1 f2'185 Pr(X =2) = P2r(blu62) + Pr(green)
i Pr(TTTT) = (1 —a)* =%t
ii Pr(HTTT) + Pr(THTT) + Pr(TTHT) + Pr(TTTH) 4
=a(l —a)* +a(l —a)’ + a(l — a)’ + a(1 — a)® ~20

= 4a(1 - a)®
b Pr(Four Tails) = Pr(Three Tails)
(1 —a)* = 4a(l — a)®
(1-a)*—-4a(1-a*=0
(1-a¥(l-a-4a)=0 =30
(1-a’1-=5a)=0

Lastly,
Pr(X = 5) = Pr(red)
1

3 1 1
bE(X)ZZXO+_X2+_XS

A-a)l+a+d)(1—-5a)=0 5 20
l—-a=0 or 1-5a=0asl+a+ad>#0 =0.65
forO<a<1 Therefore, the expected amount is $0.65.
_ 2
=1 | =54 6 a Var(X)=1.1
| =121
a=z b Var(X) = E(X*) — [EX))?
1 | 1.21 =2.02 — [EX)]?
a=jz a0<a< [EQOP? = 2.02 — 1.21
1 1 1 1 1 =0.81
4 aEX=1(=)+3(= —J+7(= =
# <5>+ <5>+5<5)+ (5>+9<5> E(0) =09
_1,3,3,7.°% ¢ BQX —4)=2xE(X) -4
555 5'5 —2%x 94
225_5 =-22
-5 d Var(2X — 4) = 2% x Var(X)

=4x1.21
2N _ 12 1 2 1 2 1 2 1 2 1
cwome() () (@)ee) T

5
9,25 49 81
5

1
5 5.5 5 Technology active: multiple choice
165
= — 7 PriX=x)=1
. ;{ (X =x)
=33 2a+3a+4a+5a+6a=1
Var(X) = E(X*) - [EQ)]? 20a =1
a =
=33 -5 1
=8 =35
¢ EGX+1)=3EX) + 1 The correct answer is B.
=3(5)+1 8 The volume of soft drink consumed by a family over the
period of a week. (This is the only option where data can take
=16 infinitely many values.)
d Var(6X +2) = 52Var(X) The correct answer is C.
=25(8) 9 E(2) = 1(0.1) + 2(0.25) + 3(0.35) + 4(0.24) + 5(0.05) = 2.9
=200 The correct answer is A.
5 a Let X be how much money is won. 10 E(Z%) = 1%(0.1) + 2%(0.25) + 3%(0.35) + 4*(0.25) + 5%(0.05)
There are only 3 options: X = 0,X =2,X = 5. =01+1+315+4+125
=95
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Var(Z) = E(Z*) - [EQ@)]?
Var(Z) = 9.5 - 2.9
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= 1.09 .1
The correct answer is C. 3 5
5 3
11 SD(Z) =v/1.09 = 1.044 ———Tz=n
; 15 15
The correct answer is D.
2
12 ZPr(X:x):l "=15
all X The correct answer is C.
m+n+07=1
m+n=0.3 [1] .
E(X) =32 Technology active: extended response
0(m) +2(n) +4(0.7) =3.2 17 a Pr(total of 11) = Pr(5, 6) + Pr(6, 5)
2n+2.8=3.2 Pr(total of 11) = 2_m X i(5 — 6m) + L(5 — 6m) X 2_m
5 10 10 5
2n=0.4 7
m
n=0.2 [2] = g(S — 6m)
Substitute [2] into [1]: 10m — 12m2 )
m+0.2=03 = as required
m=0.1
The correct answer is C. b The chance is a maximum when %alofll) =0.
m
13 Mean = 1(0.1) 4+ 2(0.3) + 3(0.3) + 4(0.2) + 5(0.1) dPr(total of 11) Q _ %
=29 dm T 25 25
E(number?) = 12(0.1) +2%(0.3) + 3%(0.3) + 4*(0.2) + 5%(0.1) 10_24 _,
=01+12+27+32+25 525
=97 10-24m =0
Var(number?) = E(number?) — [E(numberz)]2 10 =24m
~9.7-29 10,
=129 24 S
SD = ] :;129 m=15
= 1. 5 512
The correct answer is E. Pr(total of 11) = 10 (ﬁ) - 12(6)
14 E(X) =2.1 and Var(X) = 1.3 25
EQX+1)=2EX)+ 1 (25 25 1
=22.D+1 “\6 12)725
=52 1 1
Var2X + 1) = 2*Var(X) "6 12
=4(1.3) _ 1
=52 12
The correct answer is C. z 1 2 3 4 5 6
15 E(Y) = -2(2p) + 0(3p) + 2(1 - 5p) Pz 1 1|1 ]1]1 1
EY)=-4p+0+2-10p r(Z = z) Zlelslslela
E(Y)=2-14p
The correct answer is B. ci EZ)=1 <7> +2 <l> +3 <1> +4 <1>
16 Y Pr(X=x)=1 12 6 6 6
all X
1 1
m+m+n+3m+m—n=1 +5<6>+6(1>
om=1 1,2,3.4.5 6
m= 3 12 6 6 6 6 4
47
EX) =04 B
—1(m)+0m+n)+138m)+2(m—n) =04 —39167

—-m+0+4+3m+2m—-2n=0

1 1 1 1
_ _ E ZZ — 12 - 22 - 2( = 42 -
dm —2n=04 ) <12>+ <6) 3 6 + 6
2m—-n=0.2
1 v (L) e (L
Substitute m = 3 into the equation. 6 4
_w
12
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Var(2) = E(Z°) - [E@)T?
217 (47
“12 T (E)
=2.7431

SD(Z) =/2.7431

=1.6562
ii pu—20=239167 —2(1.6562) = 0.6043
U+ 26 =3.9167 +2(1.6562) = 7.2291
Pr(u—20 <Z < u+20)=Pr(0.6043 < Z <7.2291)
=Pr(1<Z<7)
=1
18 a EX) = 10(0.07) + 11(0.12) + 12(0.12) + 13(0.1)
+14(0.1) + 15(0.1) + 16(0.1) + 17(0.08)
+18(0.08) + 19(0.08) + 20(0.05)
=14.58
b EX?)=10%(0.07) + 11%(0.12) + 12%(0.12) + 13%(0.1)
+14%(0.1) + 15%(0.1) + 16%(0.1) + 17%(0.08)
+ 18%(0.08) + 19%(0.08) + 20%(0.05)
=221.32
Var(X) = EX*) — [EX)]?
=221.32 — 14.58?
= 8.7436

SD(X) =4/8.7436

=2.9570

¢ Pr(B=0)=0.07+0.12+0.12
Pr(B = 0) = 0.31
Pr(B = 120)= 0.1+ 0.1 + 0.1 + 0.1
Pr(B = 120) = 0.4
Pr(B = 250) = 0.08 + 0.08 + 0.08 + 0.05
Pr(B = 250) = 0.29

Bonus b $0 $120 $250

Pr(B =b) 0.31 0.40 0.29

d E(B) = 0(0.31) + 120(0.40) + 250(0.29)
= $120.50
19 a E(X) = 0(0.37) + 1(0.22) + 2(0.21) + 3(0.1) + 4(0.05)
+ 5(0.05)
=0+0.22+042+0.3+02+025
=139
b EX?)=0%*0.37) + 12(0.22) + 2%(0.21) + 3%(0.1)
+ 4%(0.05) + 5%(0.05)
=0+022+0.84+09+0.8+125
=4.01
Var(X) = E(X*) — [EQ)]
=4.01 — 1.39?
=2.0779

SD(X) =4/2.0779

=1.4415

¢ u—20=1.39—-2(1.4415)=-1.493
U+ 20 =1.39+2(1.4415) =4.273
Pr(u—20 < X < u+20)=Pr(-1.493 < X <4.273)

=Pr(0<X<4)
=1-Pr(X=5)
=1-0.05
=0.95

d Pr(T=0)=PriX=3)+Pr(X=4)+Pr(X=5)

Pr(T=0)=0.1+4+0.05+0.05

Pr(T =0)=0.2
Pr(T=1)=Pr(X = 1) + Pr(X = 2)
=0.22+0.21
=043
Pr(T = 2.50) = Pr(X = 0)
=0.37
t $0 $1 $2.50
Pr(T = 1) 0.2 0.43 0.37

e E(7) = 0(0.2) + 1(0.43) + 2.5(0.37)
=0+ 043 +0.925
=1.355
=$1.36
f E(T%) = 0%(0.2) + 17(0.43) + (2.5)%(0.37)
=0+ 043 +2.3125
=2.7425
Var(T) = E(T*) — [E(T))?
=2.7425 — 1.355*
= 0.9065

SD(X) =4/0.9065

=0.9521

u—20=1.355-2(0.9521) = —0.5492
u+ 20 =1.355+2(0.9521) = 3.2592
Pr(u— 20 < X £ u+ 20) = Pr(—0.5492 < X < 3.2592)
=Pr(T=0)+Pr(T=1)+Pr(T=2.5)
=0.2+0.43+0.37
=1
202 Y P(Z=2)=1
all Z
dm+3n=1 [1]
2Pr(0<Z<2)=Pr(3<Z<6)
2Pr(Z=1)=Pr(Z=4)+Pr(Z=15)+Pr(Z=6)
2n=2m+n
n=2m [2]
Substitute [2] into [1]:
4m+32m) =1
10m =1
1

m= —

10

Substitute m = T into [2]:

1 1
"‘2(E>‘§
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4 0 1 2 3 4 5 6
1 1 1 1 1 1 1
Pz =2 "= 15 n=s3 v | 5| 0| 35| W

—0+ 2420 2 10,0
10 10 10 10 10 10

30

~ 10

=3

1 1 1 1 1 1 1

EZ) =0 — )+ (=) +2° (= )+32 (- )+4( =) +5(<)+6*( =

¢ BEZ) <0>+ <5> 10 5 10 5)7° 10
18 16 50 36 126

4
B TR TR TISTIETRST}

N =

=126
Var(Z) = E(Z*) - [E@))?
=12.6 — 3
=36
SD@) =136
=1.8974
d i E2Q-32)=2-3E©2)
=2-3(3)
=-7
ii Var(2Z - 3)=2*Var(2)
= 4(3.6)
=144

e p—20=3—2(1.8974) = —0.7948
4+ 20 =3 +2(1.8974) = 6.7948
Pr(u — 26 < X < i+ 20) = Pr(=0.7948 < X < 6.7948)

=Pr(0 <X <6)
=1
9.6 Exam questions
1
A A’
B P pr-r | p
B’ 1-p°
P l-p

Pr(A) = p, Pr(B) = p’

Pr(A N B) = Pr(A) Pr(B) = p°

Pr(A’ U B) =Pr(A’) + Pr(B) — Pr(A’ N B)
=(Il-p+p - (" -p)
=1-p+p

The correct answer is D.

2 a Pr(H) = H = Head, B = Biased coin
=Pr(HNnB’) + Pr(HN B)

1 2 1 1
PI’(H)=§X§+§X§
_1, 1 _ 4
T3°979

Award 1 mark for the setup of probabilities.
Award 1 mark for the correct answers.
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VCAA Examination Report note: 4 Z PriX=x)=1
As this question was worth two marks, appropriate working p+2p+3p+4p+5p=15p
was required to be shown. This could include computations =1
or a probability tree diagram with relevant branches clearly 1
identified. In some instances, it was not clear which >P= 15
fract.ions were being manipulated or how they were E(X) = Z XPr(X = x)
manipulated.
. L, 1 =p+4p+9p+ 16p +25p
b Pr(unbiased|H) = PriunbiasednH) _ 2 %5 _3 _3 =5p

Pr(H) % 4 55
Award 1 mark for the correct probability. 15
VCAA Examination Report note: _ 11
Most students correctly identified the conditional nature of K
this probability problem. It was noted that many students The correct answer is D.
who did not simplify their answer to part a did not carry out 5 Pr(X < 5|X < 8) = Pr(X <5)
the subsequent calculation successfully. Pr(X < 8)

3 3Pr(X=x)=a+4b+02=1 [1] =1—PT(X>5)
a+4b=08=>a=08—-4b 1 -Pr(X > 8)
E(X) = ¥ xPr(X = x) _lza

=—a+5b"+0.8 Cll:’f
=—(0.8 —4b)+5b* +0.8 -
E(X) = 5b° +4b The correct answer is E.

d 2
db( X)) 0b + 0=>b 3

but 0 <»<0.2,0 <a <0.8 from [1].
Examine end points:

b=0, a=0.8, EXX) =0, smallest
b=02, a=0, E(X) =1, largest
The correct answer is E.

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



TOPIC 10 The binomial distribution ¢ EXERCISE 10.2 | 255

Topic 10 — The binomial distribution

10.2 Bernoulli trials

10.2 Exercise

1 a This is not a Bernoulli distribution as a successful outcome
is not specified.
b This is a Bernoulli distribution as a success is getting a hole
in one and a failure is not getting a hole in one.
¢ This is a Bernoulli distribution as a success is withdrawing
an ace and a failure is withdrawing any other card.
d This is a Bernoulli distribution as the arthritis drug is either
successful or not.
e This is a Bernoulli distribution as the child is either a girl
or not.
f This is not a Bernoulli distribution as the probability of
success is unknown.
2 a The friend does not replace the ball before I choose a ball,
so this cannot be a Bernoulli distribution.
b There are 6 outcomes not 2, so this is not a Bernoulli
distribution.
¢ The probability of success is unknown, so this is not a
Bernoulli distribution.
3 aE2Z)=p=06
b Var(Z) = pg = 0.6 x 0.4 = 0.24

4dar 0 1
Pr(X =x) ;1 %

1

b EX)=p=¢

5
1 5
cPr(X=5)= <§> = 0.00032
Sa

X 0 1
Pr(X =x) 0.58 0.42
b E(XX) =042

¢ Var(X) = 0.58 x 0.42 = 0.2436
SD(X) =+/0.2436 = 0.4936

y 0 1
Pr(Y =vy) 0.32 0.68

Var(Y) = pg = 0.68 X 0.32 = 0.2176
The correct answer is B.
7a X 0 1
Pr(X =x) 0.11 0.89

b i EX) =p=089
i Var(X) = pg = 0.89 x 0.11 = 0.0979
iii SD(X) =+/0.0979 = 0.3129
¢ y—20 =089 —2(0.3129) = 0.2642
4+ 20 = 0.89 +2(0.3129) = 1.5158
Pr(u — 26 < X < pi+ 20) = Pr(0.2642 < X < 1.5158)
=Pr(X = 1)
=0.89

8 a

y 0 1
Pr(Y =y) 0.67 0.33

b u=E¥)=p=033
¢ Var(Y) = pg = 0.33 x 0.67 = 0.2211
o =SD(Y) =1/0.2211 = 0.4702

u—20=0.33-2(04702) = -0.6104
u+20=0.33+2(0.4702) = 1.2704
Pr(u—20 <Y< p+20) =Pr(-0.6104 <Y < 1.2704)
=Pr(Y=0)+Pr(Y=1)
=1
9 a Var(X) =p(1 —p) =0.21
p—-p* =021
0=p*—p+021

1+£4/(= 12 — 4(1)(0.21)

Therefore, p =

2(1)
_1xy/1-0.84
=

1£04
P="
p=03o0r0.7

Butp>1-p,sop=0.7
b EX)=p=0.7
10 a Var(Z) = p(1 — p) =0.1075
p—p*=0.1075
0=p*—p+0.1075
p =0.1225 or 0.8775
Sincep > 1 —p, p =0.8775.

z 0 1
Pr(Z =72 0.1225| 0.8775

¢ E(2) =p = 08775

10.2 Exam questions

1 a Pr(breast cancer) = 0.0072 [1 mark]
b
z 0 1
Pr(Z=72) 0.9928 | 0.0072 [1 mark]
c u=E(Z) =0.0072
Var(Z) = pqg = 0.0072 x 0.9928 = 0.0071
o =SD(Z) =4/0.0071 = 0.0845 [1 mark]

u—20=0.0072 — 2(0.0845) = —0.1618
1+ 20 =0.0072 + 2(0.0845) = 0.1762
Pr(u —26 <Z< u+20)=Pr(-0.1618 <Z <0.1762)
=Pr(Z=0)
=0.9928 [1 mark]
2 a SD(Y) =0.4936

Var(Y) = 0.4936% = 0.2436

b Var(Y) = p(1 — p) = 0.2436

p—p>=02436
0=p>—p+0.2436

[1 mark]
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1£4/(=1)2 — 4(1)(0.21)436
2(1)
1+4/1 — 0.9744
p= 2
1+0.16
2
084 1.16
p=more
p=0420r0.58
Butp>1—-psop=0.58 [1 mark]
¢ E(Y)=p=0.58 [1 mark]
3 a SD(Y)=0.3316
Var(Y) = 0.3316% = 0.11 [1 mark]
b Var(Y) =p(1 —p) =0.11
p—p*=0.11
0=p*—p+0.11
p =0.1258 0r 0.8742 [1 mark]
Sincep > 1 —p,p=0.8742. [1 mark]

Therefore, p =

p=

10.3 The binomial distribution

10.3 Exercise

o1
1 aX~B1<5, E)
3 2
1 1
— _5 — _
Pr(X =3) = c3(2> <2>
1
4

~ 16

1
X ~ Bi =
b 1<5,2>

Pr(X < 2) = Pr(X = 1) + Pr(X = 0)

“a(3) )+ ale)

1 1 1
—5x§xﬁ+lxlx§
5 1
Rt
_ 6
T3

3

~ 16
¢ Pr(LateLateOnOnOn) =

2 X ~Bi (4,1)
4 0
a Pr(X=4)=4C4<i) (%)

1
—lxﬁxl

X

N =
NS
N =
X
N =
N =

1
2

W

AN

256

b Pr(X > 1) =1 — Pr(X = 0)

“-a(i) ()

81

=1—Ix1x—
X1 X356

175

T 256

PrX=2nX>1)
PrX > 1)

_ Pr(X=2)
TPrX>1)

2,32
‘a(3) (3)
175
256

1 9
6 X I X I
15
256
4
256

175
256

4
175

cPr(X=2[X>1)=

3 Let Z be the number of offspring with genotype XY.

. |
Z~B1(7,~ E)
0 /1\° 7
— _ 7 _ -
Prz=6)= C6<2> <2> 128

1
4 X ~ Bi -
1(60,4>

a EQO) = np

1
—60)(1

=15
b Var(X) = np(1 —p)
1 3
—60)(1)(1
_®
T4
=11.25

5 aEX)=16=np

Var(X) = np(l - p)
4=np(l —p)
n4=16(1-p)

1-p=

AW A~

p:
b EX)=np=16
3
s16= =
6 n><4

48 =3n
n=16
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6 a Y~Bi(5, =

Pr(Y=0)=

Pr(Y=4)=5<
3
7

Pr(Y=5)= <

TOPIC 10 The binomial distribution ¢« EXERCISE 10.3 | 257

y 0 1

3

Pr(Y =y) 0.0609 0.2285

0.3427

0.2570

0.0964 0.0145

b Pr(Y < 3) =Pr(Y = 0) + Pr(Y = 1) + Pr(Y = 2) + Pr(Y = 3)

= binomcdf (5, %, 0, 3)

=0.8892
Pr(Y > 1)nPr(Y <3)

cP(Y>1Y<3) = )

_ Pr(Y= 1) +Pr(Y =2)+ Pr(Y = 3)

0.8891

_0.2285 +0.3427 + 0.2570

8391
T

~0.8891
=0.9315

7 a Y ~Bi(10, 0.42)
Pr(Z = 0) = (0.58)'° = 0.0043
Pr(Z = 1) = 10(0.58)° (0.42) = 0.0312,
Pr(Z = 2) = 45(0.58)% (0.42)* = 0.1017,
Pr(Z = 3) = 120(0.58)" (0.42)* = 0.1963
Pr(Z = 4) = 210(0.58)° (0.42)* = 0.2488
Pr(Z = 5) = 252(0.58)° (0.42)° = 0.2162
Pr(Z = 6) = 210(0.58)* (0.42)° = 0.1304
Pr(Z = 7) = 4120(0.58)* (0.42)” = 0.0540
Pr(Z = 8) = 45(0.58)% (0.42)* = 0.0147
Pr(Z =9) = 10(0.58) (0.42)° = 0.0024
Pr(Z = 10) = (0.42)"° = 0.0002

z 0 1 2

Pr(Z =z) 0.0043 | 0.0312| 0.1017

0.1963

0.2488

0.2162| 0.1304| 0.0540 | 0.0147 0.0024 | 0.0002

Pr(Z>5)NPr(Z < 8)
Pr(Z < 8)

cPr(Z>5|1Z<8)=

_ Pr(Z=5)+Pr(Z=6)+Pr(Z=T7)+Pr(Z=28)

1 —(Pr(Z =9) + Pr(Z = 10))
02162 + 0.1304 + 0.0540 + 0.0147

1 —(0.0024 + 0.0002)

04153
= 1-0.0026
=0.4164
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8 X ~Bi(8, 0.63)

a

X 0 1 2 3 4 5 6 7 8
Pr(X =x) 0.0004 | 0.0048 | 0.0285| 0.0971 | 0.2067 | 0.2815 | 0.2397 | 0.1166 0.0248

b Pr(X<7)=1-Pr(X=8) =1-0.0248 = 0.9752
> <
PrX>3|X<T)= Pr(X > 3)NPr(X <7)
Pr(X <7)
_Pr(3<X<7)
09752
09416
~0.9752
=0.9655
d Pr(B,B,B,B,B,B) = 0.37 x 0.63° = 0.0367
9 X ~ Bi(15, 0.62)
a Pr(X = 10) = '°C;0(0.62)'°(0.38)° = 0.1997
b Pr(X > 10) = 0.4665
¢ PrX<4|X<8= X<
Pr(X < 8)
~0.0011
~0.3295
=0.0034

10 X ~ Bi(15, 0.45)
a EX)=np=15%x0.45=06.75
b Pr(X =4) = 0.0780
¢ Pr(X <8)=0.8182
d If T = buys a ticket and N = does not buy a ticket,
Pr(T, T, N, N) = (0.45)> x (0.55)> = 0.0613

11 a Let X be the number of females on the executive.

1
X~Bi(12,
1( ,2>

Pr(X > 8) = 0.1938
b Let Y be the number of females on the executive.
Y ~ Bi(12, 0.58)
Pr(Y > 8) = 0.3825
12 a X ~ Bi(45, 0.72)
i EX)=np=45%x0.72=324
ii Var(Z) =np(1 —p) =45x%x0.72 x 0.28 = 9.072

b Y~ Bi <100, %)

i E(Y):np=100><l

5
ii Var(Y)=np(1—p)=100x%x§=l6

2
Z~Bil72, -
cz~mi(m )

i E(D:np=72x§=16

=20

2 7 4
ii Vi =np(l-p)=T2X=x==12-~124
ii Var(Z) =np(1 —p) X 5 X 5 9
13 aX~Bi(25, é)

E(X):np=25><é=4é ~ 4.1667

1_5 17
bVar(X)-npq-Zngxg—3%_3.472

SD(X) =+/3.472 = 1.8634
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14 Z ~ Bi(7, 0.32)
a

Z 0 1 2 3 4 5 6 7
Pr(Z =>2) 0.0672 | 0.2215 | 0.3127 | 0.2452 | 0.1154 | 0.0326 | 0.0051 | 0.0003

b E(Z)=np=7x%x032=224
Var(Z) = np(1 —p) =7 x0.32x0.68 = 1.5232
¢ SD(Z) =v/1.5232 = 1.2342
u—20=224—-2(1.2342) = -0.2284
H+20 =224 +2(1.2342) = 4.7084
Pr(u—20 <Z< u+20)=Pr(-0.2284 <Y <4.7084)
=1-PriX=5+Pr(X=6)+Pr(X=17))
=1-(0.0326 + 0.0051 + 0.0003)
=0.9620

| —

15 X~ Bi <10,

1)

1
a B =np = 10 5 = 14286
1 6
Var(X) = np(1 = p) = 10 = x = = 12245

b SD(X) =+/1.2245 = 1.1066
u—20 = 14286 — 2(1.1066) = —0.7846
U+ 20 =1.4286 + 2(1.1066) = 3.6410
Pr(u—206 < X < u+20)=Pr(-0.7846 < Y < 3.6410)
=Pr(0<Y<3)
=0.9574
16 a E(Z) = np = 32.535
Var(Z) = npg = np(1 — p) = 9.02195
Re-iterating, we have
np =32.535 [1]
np(1 — p) =9.02195 [2]
[2]+[1]
np(1—p) 9.02195
np 32.535
1-p=0.2773

1-02773=p

0723 =p
b Substitute p = 0.7227 into [1]:

0.7227n = 32.535
32535

"= 07227 T
17 a LetX ~ Bi(n, p).
EX)=np=9.12 [1]
Var(X) = np(1 — p) = 5.6544 [2]
2]+ [1]
np(1 —p)  5.6544
np 912
1-p=0.62
1-062=p
038=p
b Substitute p = 0.38 into [1]:

nx0.38=9.12
912

"= 038"

24
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18 Let X ~ Bi(n, p).
E(X) = np = 3.8325 [1]
Var(X) = np(1 — p) = 3.4128 [2]
[2]+[1]
np(l —p) _ 34128
np  3.8325
1 —-p=0.8905
1 —-0.8905=p
p=0.1095
The correct answer is E.
19 Let X ~ Bi(16, p).
E(XX) =np =10.16
EXX)=16p=10.16

Var(X) = np(1 - p)
Var(X) = 16(0.635)(0.365)
Var(X) = 3.7084

SD(X) =4/3.7084 = 1.9257

The correct answer is C.
20 a X ~ Bi(12,0.2)
Pr(x = 3) = 0.2362
b Y ~ Bi(14,0.2362)
Pr(Y > 6) = 0.0890
21 X ~Bi(n, 0.2)
Pr(X > 1) > 0.85
1-Pr(X=0)>0.85
1-0.8">0.85
1-0.85>028"
n > 8.50
Thus, 9 tickets would be required.
22 X ~ Bi(n, 0.33)
Pr(X>1)>09
1-Pr(X=0)>09
1-0.67">09
1-09>0.67"
n>5.75
They need to play 6 games.

10.3 Exam questions

1 X£Bin="?p=0.1)
Pr(X>2)>0.5
1 = [Pr(X = 0) + Pr(X = 1)] > 0.5
0.9"+nx0.1x0.9"" =05, n= 1644
n=17
The correct answer is C.

2 X ~Bi(n,p)
E(X)=np, SDX) =+/np(1-p)
EX)=SD(X)
np =+/np(1 —p)
n’p® =np (1 -p)
n’p*=np(1-p)=0
np(np— (1 —p)) =0since0<p<1,n>0

1-p

nzT,p=0.01$n=99

The correct answer is D.

3 Var(X)=npg = g EX)=np=2

Var(X) _ npq

EX)  mp

=q

W= WIN N |wis

5
PriX=1)= <?>x%x (%)

The correct answer is D.

10.4 Applications

10.4 Exercise

1Y

a
b

2 Z

a
b

C

~ Bi(10, 0.3)

Pr(Y > 7) = 0.0106
E(Y)=np=10x03 =3

Var(Y) = np(1 —p) = 10x 0.3 x 0.7 = 2.1
SD(Y) =1/2.1 = 1.4491

~ Bi (5, 0.01)

Pr(Z < 3) = 0.951 + 0.0480 + 0.0010 + 0 x 3 = 1
i E(2) =np=5x0.01=0.05
ii Var(2) = np(1 — p) = 5 x 0.01 x 0.99 = 0.0495
SD(Z) =+/0.0495 = 0.2225
4 =20 = 0.05 — 2(0.0495) = —0.049
4+ 20 = 0.05 + 2(0.0495) = 0.149
Pr(y — 26 < Z < p+ 20) = Pr(=0.049 < Z < 0.149)
=Pr(Z=0)
=0.9510

3 X ~Bi(l15, 0.3)

a
b

Pr(X < 5) = 0.7216
i EX)=np=15x03=45
il Var(X)=np(1 —p) = 15% 0.3 x0.7 =3.15

SD(X) =1/3.15 = 1.7748

4 Y ~ Bi(6, 0.08)

a

i E(Y)=np=6x0.08=048
iit Var(Y)=np(1 —p)=6x0.08x0.92=0.4416
SD(Y) =v/0.4416 = 0.6645
iii p—20=0.48 —2(0.6645) = —0.849
u+20=0.48 +2(0.6645) = 1.809
Pr(u—20 <Y< u+20)=Pr(-0.849 <Y < 1.809)
=Pr(Y=0)+PY=1)
=0.6064 + 0.3164
=0.9227
iv Z~Bi(6, 0.01)
E(Z) =np =6x0.01 =0.06
v Var(Z) = np(1 — p) = 6 x0.01 x 0.99 = 0.0594
SD(Z) =1/0.0594 = 0.2437
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vi u—20=0.06-2(0.2437) = —0.4274
H~+20=0.06+2(0.2437) = 0.5474
Pr(u—20 <Z < u+20)=Pr(-0.4274 < Z < 0.5474)
=Pr(Z=0)
=0.9415
b There is a probability of 0.9228 that a maximum of 1 male
will be colour blind, whereas there is a probability of
0.9415 that no females will be colourblind.
5 Z~Bi(12, 0.85)
a Pr(Z < 8) =0.0922
b Pr(Z> S|Z<8)= Pr(Z > 5)nPr(Z < 8)
Pr(Z < 8)
_Pr(5<Z<39)
00922
_0.092213

0.0922
=0.9992

c i EZ=np=12x0.85=10.2
ii Var(Z)=np(1-p)=12x0.85%x0.15=1.53
SD(Z) =/1.53 = 1.2369
6 Let Z be the number of chips that fail the test.
Z ~ Bi(250,0.02)
Pr(Z = 7) = ®°C7(0.98)**(0.02)" = 0.1051
7 a Let X be the number of people who suffer from anaemia.
X ~ Bi (100, 0.013)
Pr(X > 5) = 0.0101

Pr(X =4)
Pr(X < 10)
Pr(X =4)=0.0319
Pr(X < 10) = 0.9999
Pr(X=4) 0.0319
PrX =41 <100 = 5 % <10y = 0.9999
cu=np=100x%x0.013=1.3
Var(X) = np(1 —p) =100 x 0.013 x 0.987 = 1.2831
o =SD(X) =4/1.2831 = 1.1327
u—20=13-2(1.1327) = —0.9654
u+20=13+2(1.1327) = 3.5654
Pr(u — 206 < X < u+20) =Pr(—0.9654 < X < 3.5654)
=Pr(0 <X <3)
=0.9580
This means there is a 96% chance that a maximum of 3
people per 100 will suffer from anaemia.
8 X ~ Bi(20, 0.2)
a Pr(X > 10) = 0.0026
b Pr(X>10)=1x1x1x1XxPr(X>6)
=0.0812
9 X ~ Bi(6,0.7) X = kicking 50
a i Pr(YYYNNN) = (0.7)° (0.3)°
=0.0093
ii Pr(X =3)="°C3(0.7)°(0.3)
=0.1852

b Pr(X = 4|X < 10) =

= 0.0319

0.7 X Pr(X > 2)
0.7
_0.678454

07
=0.9692

iii Pr(X > 3|1stkick > 50m) =

TOPIC 10 The binomial distribution ¢ EXERCISE 10.4 | 261

b X ~ Bi(n,0.95)
Pr(X>1)>0.95
1 -Pr(X =0)>0.95
1-0.3">0.95
1-095>0.3"
n>248
Therefore, 3 footballers are needed.
10 a X ~Bi(3, p)
PrX=0)=(1—-p) PrX=1)=3(1-p)p,
Pr(X =2)=3(1-pp’, Pr(X=3)=p’
X 0 1 2 3

PriX=x)| (1-p)® |31 -p?p

3(1-pp* | P’

b Pr(X=0)=Pr(X = 1)
(1-p)=3(1-pip
PriX=0)=Pr(X=1)
(1-p)=301-p?p
(1-p)P=3(1-p’p=0
1-p*A-p=3p)=0
(1-pP1-4p)=0
(1=p)1+p)(1-4p)=0
1-p=0, 1+p=0o0r1—-4p=0

1
P=3
1
.'.pzzbecause0<p<1
ci u=EX)=n —3)(1—E

" - 4_14 3 9
i V = 1-p) = _xZ ==
ii Var(X) =np(l —p) 3><4><4 16

a:SD(X):ﬁ%:%

11 X ~ Bi(12,0.85)
a Pr(X > 9) = 0.7358

b Pr(3M, 9G) = (0.15)° (0.85)° = 0.0008
Pr(X = 1) x last 9 are goals

Pr(last 9 are goals)
_0.057375 % (0.85)°

(0.85)°
=0.0574

¢ Pr(X = 10 |last 9 are goals) =

12 X ~ Bi(n,0.08)
Pr(X >2)>0.8
1-PrX=0)+Pr(X=1))>0.8
1-08>PrX=0)+Pr(X=1)
0.2 > (0.92)" + n(0.92)"~'(0.08)
n = 36.4179, so at least 37 tickets must be bought.

10.4 Exam questions

1 X<Bi(n = 10, p = 0.25)
Pr(X = 4) = 0.1460
The correct answer is A.
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2 A ~ Bi(80,0.9)
Pr(A =74)
Pr(A > 70)
_0.1235
"~ 0.8266
The correct answer is C.
3 X ~ Bi(20,0.7)
Pr(X=15|X>12)
_ Pr(Xx=15) 0.178 863
T Pr(X>12)  0.88669
=0.2017
The correct answer is E.

Pr(A =74 | A > 70) =

=0.1494

10.5 Review

10.5 Exercise
Technology free: short answer

2 3
1 Pr(X=3) =5c3<§> (%)

Pr(X=3)=1O><4—l><L

9727
40
2 a Let S be the outcome of a success.
p=0.38
Pr(SSSS) = (0.8)*
_ 256
T 625
b Pr(X = 3) = *C3(0.2)(0.8)°

256
Pr(X =3)= =—
X =3)= 53

¢ Let the outcome of a goal be G and the outcome of a miss
be M.

Pr(GMMG) = 0.8 x0.2x 0.2 x 0.8
16

T 625
3 aPrX>1)=1-Pr(X=0)-Pr(X=1)
=1- *Cy(0.5)*(0.5)° — *C1(0.5)°(0.5)"
1 4
1616
11
~ 16
b E(X) =12x%0.5
=6
The expected number of customers who will order a coftee
is 6.

4 E(X)=24
Var(X) =6
np =24 [1]
np(l-p)=6 [2]
[1] n= z
4

Substitute [1] into [2]:

Substitute p into [1]:
% Xn=24

3n=96
n=232

5 a X~ Bi(20, p)

Pr(X > 18) = Pr(X = 19) + Pr(X = 20)
=2C5(1 = p)p'® + p»
=20(1 —p)plg +p20
Pr(X = 20) = p*°
Pr(X = 20) = 6 Pr(X > 18)
20(1 —p)p19 +p20 — 6p20
0= 6p20 _pzo -20(1 —p)plg
0=5p™ —20p" +20p*
0=25p™ —20p"
0=5p"(5p—-4)
p=0or5p—-4=0

5p
P

[N

4
Asp >0, .‘.ng.

b EX)=nxp

4
=-x20
5 X

=16
Var(X) =nxp X (1 -p)
4 1
=20X = X =
X5%5
1
=16 -
X3
_ 16
s
=32

6 a Let X be the number of zebra-patterned balls.

X ~Bi(5, p)

Pr(X=1)="Ci(1 - p)'p
=5(1-p)p
=5p(1 - p)*

d a4 o
b - (Pr(X = 1) = = (5p(1 = p)')

=51 ~p)* +35p x 4(=1)(1 - p)’
=5(1 - p)* = 20p(1 - p)’
=5(1-p) (1 =p—4p)
=5(1-p)’(1 -5p)

Max/min values occur when the derivative is zero.
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i(Pr(Xz )=0

dx
5(1-p)(1-5p)=0
1-p=0o0or1-5p=0

p=1 1=5p
_1
P=3

1
.'.p=§as0<p<1

Technology active: multiple choice

7

10

11

12

13

X 0 1
Pr(X = x) 0.35 0.65
E(X)=p =0.65
Var(X) = pg
=0.65x 0.35
=0.2275

The correct answer is C.

Let X be the number of times the lights are red.
X ~ Bi(14,0.8)

Pr(X = 13) = "C3(0.2)(0.8)"

The correct answer is A.

Late on four occasions = '°C4(0.7)%(0.3)*, so n = 10 and
p=03

Mean is np = 10 X 0.3 = 3 and variance
=np(1-p)=10x03%x0.7=2.1

The correct answer is E.

Let Y be the number of full fares sighted.

Y ~ Bi(25,0.65)

Pr(Y = 14) = C14(0.35)""(0.65)"*

The correct answer is B.

Let X be the number of goals scored.

4
X~Bil8 =
(5)

Pr(X<4)=Pr(X <3)
=0.221

The correct answer is E.

Let X be the number of Heads.

1
X~Bi(7, =
(7. 3

Pr(X<3)=0.5
The correct answer is D.
X ~ Bi(n, p)and E(X) = 3.5and Var(X) = 1.05
np = 3.5 [1]
np(1 —p) = 1.05 [2]
[2] = [1]
np(l1 —p) 1.05

np 3.5
1-p=03
1-03=p
0.7=p

Substitute p = 0.7 into [1]:
0.7n=3.5
35
=07 =
The correct answer is E.

5

n
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14 Let X be the number of games Jay wins. Also,
X ~ Bi(n,0.45).
Pr(X = 0) = (0.55)" = 0.0152
n="7
The correct answer is D.
15 Var(Z) = p(1 — p) and SD(X) =+/p(1 — p)
The correct answer is B.
16 X ~ Bi(n, p) as well as E(X) = 12 and Var(X) = 4

EX)=np =12 [1]
Var(X) =np(1 —p) =4 [2]
[2]+[1]
np(l—p) _ 4

np T 12

1 -1 SO g =
pP= 303 = 14
The correct answer is E.

Technology active: extended response
17 Let X be the number of defective computers.
X ~ Bi(12,0.08)
aPrX>2)=1-Pr(X=0)+Pr(X=1))
=1-((0.92)"* +12(0.92)'(0.08))
=1-(0.36767 + 0.383 65)
=1-0.75132
=0.2487
24.87% of the cases have at least 2 defectives.
b E(X) = np
=12x0.08
=0.96
Var(X) = np(1 — p)
=12x0.08 x0.92
=0.8832
SD(X) =1/0.8832
=0.9398
U —20=0.96—2(0.9398) = —0.9196
H~+20=0.96+2(0.9398) = 2.8396
¢ Three defectives lies outside the u 26 or 95% spread, so
there would be concerns about the production process.

18 a Let Y be the number of people with a birthday in August.

1
Y~Bi(8 —

my /1y
Pr(Y =3) = 8c3<§) <§> =0.0210

b Let Z be the number of people with a birthday in November.

. 1
Z ~ Bi (8, E)
Pr(Z>1)=1-Pr(Z=0)
-1-(7)
12
=0.5015
¢ Let X be the number of people with a birthday in March.

1
X~Bi(N, —

Pr(Z> 1)=1—-Pr(Z=0)

N
12
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IfPr(Z>1) > 0.9, then

N
11
1“(5) =09
m\"
o1=(1)

N =26.463
If Pr(Z > 1) > 0.9, then the least value of N would be 27.

1
19 a X~Bi(50, —
a ‘( 14
EX) =np
1
=50%x —
1
_
7

b i Pr(X<5) =0.8554
2 <
ii Pr(X>3|X<5)= Pr(X > 3) n Pr(X < 5)

3\ /1\*
Pr(X=4)=5<Z> <Z> =0.0146

5
PriX=5)= <i) = 0.0001

X 0 1 2 3 4 5

Pr(X = x) [ 0.2373 | 0.3955 | 0.2637 | 0.0879 | 0.0146 | 0.0010

d E(X)=np=5x4—i=1.25

1 3 15
Var(X):np(l—p):SxZXZ =16 =0.9375
SD(X) =4/0.9375 = 0.9682
u—20=125-2(0.9682) = —0.6864
u~+20=1.25+2(0.9682) = 3.1864
Pr(u— 206 < X < u+20) =Pr(—0.6864 < X < 3.1864)
=Pr(0<X<3)
=0.9844

Pr(X <5)
_PrX=3)+Pr(X=4)+Pr(X =5)
a 0.8554
_ 0.5578
©0.8554
=0.6523
ili Var(X) =np(1 —p)
1 13
=50 x 1 X 1
=3.3163
SD(X) =v3.3163
= 1.8211
20 a 1 H
=
1
3 o T
2
1
1 2 H
<
1
3 T
1 1 1 I 1 1
PI‘(HH)—EXE—Z, PT(HT)—EXE—Z,
1 1 1 1 1 1
PI'(TH)—EXE—Z, Pr(TT)—EXE—Z

b Let X be the number of spins when two Heads result.

1
X ~ Bi -
1<5, 4>

1
Therefore,n = Sandp = vk

5
c PriX=0)= <§> =0.2373

3\ /1

3V /1)
Pr(X=2)=10<Z> (Z) =0.2637

3 2 1 3
Pr(X=3)=10<Z) (Z) =0.0879

10.5 Exam questions

1
1aT~Bi(4 =
? 1<’3>

4
Pr(T=0)= (%)

_ 16

T8l
Award 1 mark for the correct probability.
VCAA Assessment Report note:
Incorrect responses overlooked the stipulation ‘four times
each day’, thus not identifying a binomial distribution.
Some students considered untagged sheep rather than
tagged sheep.

bPr(T>1)=1-Pr(T=0)

_ 65

T8l
Award 1 mark for the correct probability.
VCAA Assessment Report note:
Students identified that the answer to this part of the
question was simply the complement of their previous
answer. However, some students wasted time in finding the
sum of four probabilities, and others made arithmetic errors.

16\ °
¢ Pr(notagged sheep) = ( 31 )

Award 1 mark for the correct probability.

VCAA Assessment Report note:

The majority of students made the correct connection to
part a and the exponent 6. The most common incorrect

2 6
answer was (g) .
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ZaGl=lBi<n=4,p=§> 4 np=14
5 25p=14
Pr(G>3)=Pr(G=23)+Pr(G=4) 7

Lp=—=

COO-OOC oo

125

3\ 2 /3\*
=4><<§> x§+<§> Pr(B >3)=Pr(B>4)=0048
The correct answer is B.

_(§)3<8+§) 5 X £ Bi(n=30,p=0.08)
\5) \5"5 Var (X) = npq
_11x3 =30x0.08 x 0.92
T 5% 53 =221
_ SD(X) =v221

625 = 1.486

Award 1 mark for using binomial probabilities. The correct answer is E.
Award 1 mark for the final correct answer.
Pr(G=2)
Pr(G>1)
Pr(G=2)

T1-Pr(G=0)

()G

bPr(G=2|G>1)=

=ﬂ,a=6,b=5,c=2

Award 1 mark for using binomial conditional probabilites.
Award 1 mark for the final correct answer.

3 pri<n=20,p=é>

20\ (1)'/5\""
P@:(x)(a) (5)
qéBi<n=20,p=g)

20 5 w 1 20-w
-2

20 1 20—w 5 20—(20—w)
p<20_w):<20—w)<6> (6)
B 20 5 w 1 20-w
“\w)/)\6) \6

=q(w)
The correct answer is A.
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Topic 11 — Continuous probability distributions

1 2log, 3 1 0
=-e 7 — —¢
11.2 Continuous random variables and probability 8 8
functions —Loeo_ (1o
8 8
11.2 Exercise _! (e — 1)
. 10+ 26 36 9 8
< = - — =
Ta i PX<2=—75" =150~ 25 _ 1
16 4 =z0-D
11 PI'(X>4)=W=E =1
, 26+28+20 74 37 £
< = — e — = — A
b iPl<X<4) 100 100 ~ 50
< o — Lo
i PrX> 11X <4) = —PT(X;;(:E—“) o |71
rX <4) 7 (log(,3, Z)
_Pr(1<X<4)
TOPiX<4)
1
BT )
50 "~ 100 ©, 0>I (log,3,0) ~
37 100
=350 % 84 This is a probability density function as the area is 1 unit*.
37 b f)
T 42
2 a The number of Sgtteries is 100.
b Pr(X > 45) = < () =025
82 41 _
¢ Pr(15 < X < 60) = — = — 2029 | @02
3 100 50
d Pr(X > 60) = —
x> 60) = 156 - -
3 a 200 shot-put throws were measured. T (£2.0) 0 2,00 *
. _200-75 125 5 w
b i Pr(X>0.5)= 200 =200~ 3 ;
62 31 r
ii < = — = — — 2
ii Pr(l1<X<2) 200 — 100 | 0.25 dx = [0.25x]2,
-2
¢ Pr(X < 0.5X < 1)=% 2
0.25dx =0.25(2) — 0.25(-2
&, 1w REeRes
=200 "~ 200 B
_ 63 200 0.25dx=0.5+05=1
200 138 J
63 -
= T35 This is a probability density function.
_21 S a f()
T 46 :
1 0,0.5)] f(x)=0.5cos(x)
—e*, 0<x<log,3
4 afix)=14 ’
0, elsewhere
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L4

L cosdr = | X sin |
2COS.)C X = 281nx %

ISR

1N o)y

%cos(x)dx: % sin (g) - %sin (—g)

ISERS

+

NS
NS e

% cos(x)dx =

SIERSN

% cos(x)dx =1

L4

2
This is a probability density function.

b Jx)

L1
1_

)

0 L00O

\
1 "
——dx =1 unit
X
= [-1log, (x)"l]:

“[e= ().

=1 unit?
This is a probability density function.

€ fA

(cos(x) + 1) dx

BN |

3z
= [sin(x) + x]g7
3

(w(5)3)-((5)-5)
V2 3z V2 oz

2 4 2 4

b3 .
= units?

This is not a probability density function.
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d

SOA  f)= %Sin(x)

)

1 1
= <—§ COS(?T)> - (_E COS(0)>
1
2

= 1 units’
This is a probability density function.

3
6 j‘n(x3 —Ddx=1
1

18n=1
ne L
T 18

0 3
7 J (—ax) dx + J ax) dx=1
-2 0
[ ‘ 213 _ 1
—Eax ) + [ax ]0—
1

(0 - (—za(—2)2>> + (a3 -0) =1

2a+9a=1

lla=1
oo L
11

8 a s
1
fo =52
(0.5,0.71)
0.71 4 @, 025)
<0 o
01035, 0 0
Y
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4
4

0.5x "3y = [xo.s ] 05

0.5x % dx = \/Z - \/G

0.5x " dx =2 - 0.7071

025
4

0.5x "3 dx = 1.2929

0.25

This is not a probability density function.

b fA

O O—>>
0 (1,0) 2,0 *

J ! dx = 1 unit®
1vx—1

1

This is a probability density function.

1.65

9 I cdx =1
025
[ex]oss = 1

1.65¢ — 0.25¢ =1
l4c=1
1
‘14
5
=7

The correct answer is E.
5

10 J fldz=1

-1

Alrianglezl
1
§X6XZ—1
3z=1
_1
‘T3
2
11 a Jm(6—2x)dx=1

0

2
m J(6 —2x)dx =1
0

m [6x—x2]:) =1

m (6(2) — (2)* = 6(0) + 0*) = 1
8m=1

1

"R
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mJe_h =1
0
1 ]""
ml-——| =1
[ 2e> |,
1
0+=-)=1
m(0+3)
1
Emz 1
m=2
log,(3)
C I me*dx = 1
0
log,(3)
2x
m e dx=1
0
1 log,(3)
m [76215] =1
2 0

1 1
m <56210g(,(3) _ Ee()) — 1
L jog, _ 1
2020 _ ) =
m(ze 2

3
12 I(x2+2kx+1)dx=1

3
=1

1)c3+kx2+x
3 0

(%(3)3 +k(3)” + 3) -0=1

9+ 9% +3=1
9k =—11

11

k=——

9

E]

)

13 | nsin(3x)cos(Bx)dx =1

[ —

Bl

¥

n | sin(3x) cos(3x)dx = 1

(Y S—

Solve using CAS.
n=12
The correct answer is A.
14 a Jloge(x)dx =1
1
Solve using CAS.

S.a=e

b Asf(x) > 0 and J flx)dx = 1, this is a probability density
1

function.
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15 Jf(x)dx =1 11.2 Exam questions
: ’ Lo [Os@HL K<<k
J 3 log, (%) dx=1 "o, elsewhere
5 k+1
x)dx =1
Solve using CAS. L 1
a=2e To solve this using CAS, complete the entry line as:
k+1
162 e Solve (J (cos() + 1) dx = 1,k> 10<k<2
’ k
7 —
f) =—=x (@, a) = k= 2
The correct answer is D.
fe=x ae®, 0<x<1
2 fix)=<ae, 1<x<£2
N . 0, otherwise
(—l\,JO) 0,0 (Z 0) x Since the total area under the curve is 1:
A 1 2
a J aexalx+J aedx=1
If (x) dx 0 e 5
i [ae’(] + [aex] =1
0 B 0 1
=J—xdx+[xdx ae—a+2ae—ae=1
-1 0 2ae —a=1
1, 0 1, 0
= _Ex . + E)C . a(Ze — 1) =1
1 s 1 2, Lo 1 - !
——5(0) +§(—1) +5(l —E(O) a 2e— 1
A +1 The correct answer is E.
= 3
2 3 J exldx =1
b 1) 0 113

% i 1=9c
1
T3

< O O—> The correct answer is D.

0 1,0 (e,0) Y

w

Jf(y)dy 11.3 The continuous probability density function
1

(1 11.3 Exercise
= —dy

| La o)
= [logc(y)]i 1

1 1
= log,(e) —log,(1) (1’ 5) fx) = é (6’ §)
=1 ° °
c If(x)dx = If(y)dy

e ]1 o a0 60

o=

a+1=2
=1
a==*x1

a=1sincea>0
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5
b Pr(2§X§5)=J%d’C

2

gl
Pr2<X<5=|=

5 2
masxsx=§u——m
Pr(2§XSS)=§

2 a J4x3dx=l
0

a=1since a >0

b reoa 04

O—>>
(0, 0) 1,0y *
A

1

cPr(05<X<1)_J-4x3dx
0.5 |
Pr(o.55xg1)—[x‘*]054
Pr05<X<1)=1*- ;

1

Pr05S<X<l)=1-—

1( ) 6
15

PrOS<X< D)=

3a FOA

=k(2-x)

2,0 *

2
1
2
1 =4k
1
k==
4

cPr(-1<X<1)=

Pr(-1<X<1)=

Pr(-1<X<1)=

Pr(-1<X<1)=

Pr(-1<X<1)=
Pr(-1<X<1)=

Pr(-1 <X<1)=

dPr(x>1x<1)=

PrX<1)=

0 1

s

21

=]

-1

1 [P
0- <5(—1)+§(—1)>
+(1(1)-1(1)2) -0
l__ __1
2 8
3
8
E

+

oo W

Pr(-1 <X<1)
Pr(x < 1)
0

J%(2+x)dx+J 2 —-x)dx
0

Bl

-2

PrX<1)=

PrX<1)=

Pr(X < 1)

Pr(X< 1) =

Prx<1)=

PrX>-1X<1)=

f@)

0, 1)

o+3
8

Lile
¥Rt

L5\ 3
0‘(5(—2)+§(—2)>+§

=1=

1
2t
7
8
3
it

43
"3

oolw l\.)l'—l

- (, 0>I

0.75

0

Pr(Z < 0.75) = [—

Pr(Z < 0.75) = <

Pr(Z < 0.75) = g

1,00 (20 2

b Pr(Z < 0.75) = J (—z+ dx

1 0.75
2

=7 +z

2

0

2
1/3 3
5(1) +z)‘°
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2
¢ Pr(Z>0.5)= | flz)dz
0.5
1 2
PHZ>05)= | (1-2)dz+ J(z 1)z
05 1
prz>05)= |- t2] 41
T2 2
1 1 1/1\\ 1
Pr(Z>05=(1--1?)-(=-=2(= -
Wz > 0.5) < 2()) (2 22>>+2 .
1 /1 1 1
m@>0$_5_<§_§>+5
H@>0$=1—%
5
PZ>05) =3
YA
Vzlsin(x)
1 Y=3
1o
= (0, 0) % (7.0) >
3z
4
b Pr(% <X< 37”) =%Jsin(x)dx
3

2

N —

N

%

2

! [—cos(x)] ,f

o

+
N | —

3

4

+

)

> Pr(§<X<34—”)
B Pr(X<37")
V2

3

T
Pr(x>Zx<
r( <7

5
Va2
4
2v2
V2+2
=2v2-2

f@)

fl@)=

—ln

[SIE]

=1

4
T T 1
——<ZL< - )==
bP% 6_2_4) 2J0m@&
_% i
= ! sinon*
= ) Z 7g
< fin() ()
R AV 6
_1(v2 1
T2\ 2 "2
V241
T4
7 Let X be the amount of petrol sold in thousands of litres.
30
a J kdx =1
18
[xlig = 1
(30k) — (18k) =1
12k =1
1
k= —
12
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25
b Pr(20 < X < 25) = J
20

Pr(20 < X < 25) = iz ]

Pr(20 < X < 25) = <E (25)) - (%(20))

5
Pr(20 < X < 25) = T
Pr(X>26NnX>22)
Pr(X > 22)
Pr(X > 26)
Pr(X > 22)
30
1
> = _—
Pr(X > 22) j l2dx

22

¢ Pr(X > 26|X > 22) =

Pr(X > 26|X > 22) =

1 30
Pr(X > 22) = [Ex]
22

Pr(X > 22) = 11—2(30) - 11—2(22)

Pr(X > 22) =

iV
Pr(X > 22) = %

30

Pr(X > 26) = J- l—lzdx
26

11
Pr(X > 26) = [ x]
12" |56

Pr(X > 26) = 5(30) - 1—12(26)

4

> = —
Pr(X > 26) B
Pr(X > 26) =
Pr(X >26) 1
Pr(X>22) 3
Pr(X>26) _ 1
Pr(X>22) 3
Pr(X>26) _ 1
Pr(X>22) 2

8 a J fwydu=1
0

J(l—%(Zu—3u2)>du=l
0
135\,
J<l—§u+zu>du—l
0

[u - iuz + %lf]o =1

(a—%a2+4—11a3>—0=1

1 1
Za3—Za2+a—l=0

laz(a—1)+(a—1)=o

(a—1)<fa +1)=0

a=1
075

b Pr(U < 0.75) = I <1—- 2u—3u)>d

0
7.

=4

5

Pr(U < 0.75) = J <1 - u- —u2> du

0

_ [
Pr(U < 0.75) = [u 4u +4u

0
Pr(U < 0.75) = (0.75 - 411(0.75)2 + %(0.75)3> -
1

83

Pr(U < 0.75) = >==

0.5
Pr(0.1 < U< 05)= (1 - i (2u - 3142)) du

(]

o=

0
0
1 3,
Pr(0.1 < U< 0.5) = 1_5M_ZM du
0.1

0.5

Pr(0.1 < U< 0.5) = [u—lu + -’

1
4 T

Pr(0.1 < U< 0.5) = (0.5 - :—t(O.S)2 + Z(O.S)3>

1 2 1 3
<0.1 70 +4(0.1)>
Pr(0.1 < U < 0.5) = 0.371
d Pr(U=08)=0

9 PrO<X<1)=|fix)dx

Pr(0<X<1)=|3e>dx

S O

PrO<X<1)=[-e™],
Pr(0 <X < 1) = 0.9502

The correct answer is B.

10 Pr(X>2)= J 3¢ ¥ dx

2
Pr(X > 2) =0.0025
The correct answer is C.

11 a Jloge (xz) dx=1
1

Using CAS,
a=2.1555

b Pr(125 <X <2)= j log, (x*)dx

1.25

Pr(1.25 <X <2)=0.7147
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2
12 a Pr(X > 1.2) = I (%x2> dx
2

Pr(X > 1)

b Pr(X> 1[X>05) = —&> 1D
> 1IX> 0.9 = 55505

%xz) dx

——
—

2
3 2
J (33.8¢) dx
05
7
-8
63
64
_8
9
3,
c Pr(X<n)= gx dx
O n
2]
4 8|3 |,
3 3/(1,4
1~ 5\3" )
3 1 4
13"
=6
1
025
1
13 a Pr(-0.25<Z<0.25) = I ——dz
b4 (Z2 + 1)
—025
Pr(-0.25 < Z < 0.25) = 0.1560
b ;d =05
2y
0
Using CAS
a=0.55
14 a f(Z)A
f@) :%
0.5 1.95) (62’ 1 )
} 2e°
< e —0
% @0 @.0)

b
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J f2)dz
1

e

I
e
R
2~
&

o
o

Il
il ST ST ST S
N =

&

—

&2
1

—_—

log, (2)]
(log, (¢*) —1log, (1))

X 2log,(e)

&2

As f(z) > 0 and J f(z)dz = 1, this is a probability density

1

function.
f(u)‘
oAa
Sfu) = et ;(a’é )
|
|
|
©0,1)¢ i
|
|
|
raY IL
- (O, O)V (a\’l()) “u
A
a
J flw)du
0
a
= J eMdu
0
a
i
4 0
— %e4a _ %eO
1, 1
=3¢ 7%

S_
4_
5=e4a

log,(5) =4a

i log,(5) =a
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11.3 Exam questions

1 X
<x<
1 f(x)={4cos<2> 37 <x<5m,
0

elsewhere

V3+2
4

Pr(Z < a)=

[ (e

3

. [a 1 \/5 1
5““(5)*77*5
Sm(z)_\é
27 2
a=%since3ﬂ<a<5ﬂ

The correct answer is B.
2 a Show that Jxk_l log, (x)dx = g (klog,(x) —1).

Using the product rule in the first term,

o 22 (klog,(x) — 1)]

R Il _
=0 [kx log, (x)

1 o 1 1 kxx!

—kxkx loge(x)+k><)3‘><x 2
xk_l K

=x¥*"og,(x) + — — -

=x""log,(x)

It follows that Jxk_l log, (x) dx = g (klog,(x) — 1).

Award 1 mark for using the product rule.

Award 1 mark for correct integration by recognition.
VCAA Assessment Report note:

This question was attempted well. Most students applied
the product rule but struggled with the algebraic
manipulation, often confusing k (a constant) with the
variable x, which gave them an incorrect result. Students
who expanded the expression before differentiating or those
who made fewer manipulations tended to scored more
highly. Some students differentiated the wrong expression.

1
b Pr <X > l) = J —4xlog, (x)dx
e

1
=[x (2log,(x) — 1)]1

= (- (2log, () - 1)) + <ei2 <210gg G) - 1))

1
=1+ (—2log,(e) — 1)
3

=1-—=

2

3

274 | TOPIC 11 Continuous probability distributions ¢ EXERCISE 11.3

Award 1 mark for correctly applying the result from part a.
Award 1 mark for the correct final probability.

VCAA Assessment Report note:

Students made the connection to part a. and determined

k = 2. However, few managed to find the correct
antiderivative.

Evaluation after substituting terminals was problematic.
Some used incorrect terminals.

a fdz=1

e3dz=1

S O —

[—3e_§] =1
0
B3e3430 =1 [ 1mark]
3¢ 43=1
“3e3=-2
o 2
¢_
2
1 -
o (3)=-3
2
—31 o
og, (3)
N
—1 2
ol -
3
a=3log, 7 [1 mark]
01,
b Pr(0<Z<0.7)= J e 3dz
0 z 0.7
Pr(0 < Z<0.7) = [—353]
0
Pr(0 < Z < 0.7) = 0.6243 [1 mark]
¢ Pr(Z<07)Z> 02) = 10-2<2<0.7)
Pr(Z > 0.2)
07
Pr(02 < Z < 0.7) = J e 3dz
0.2
z 0.7
[
0.2
=0.4308 [1 mark]
3
3log, | = z
Pr(Z > 02) = J ) ¢ 3dz
0.2 N
z73log, (=
_ [_36—5] s <2>
0.2
= 0.8065
Pr(02<Z<07) 043085
= =0.5342 [1 mark
Pr(Z > 2) 0.8065 [1 mark]
d Pr(Z < b) = 0.54

bz
J e 3dz=0.54
0

z9b
[—3e‘§] =054 [1 mark]
0

Using CAS,

b =0.60 [1 mark]
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11.4 Measures of centre and spread

11.4 Exercise

1 a Mean:

0.5

EX?) = J X dxdx

5

Il
EN
— O — O
=
W

1 4705
E(X) = x<——x+1>dx _4 g]
) 2 T4
0 0
(1. ()
=] ( 7% +x>dx =4<4_0
9 P
— _)C3+x_2 _4 1
e 2], 64
1
8 4 - L
(‘6*5‘“”) 16
__4 ., Var(X) = E(X*) - [EQO)°
=3 i
2 Lt (L
- (3)
3 11
b Mean: - _
0.5 16 36
9 4
EX) = X 2d. - _
%) Jx * 142~ 144
005 =i
=2dex 144
3
Oxz 05 bE(X):JxxO.de
:2 —
5], N

This can also be found by symmetry. As the graph is =05x%x4
symmetrical, the mean is halfway between the lower and
upper bounds of 0 and 0.5, respectively.

3
0.5
|2
2 aE(X)=Jx><4xdx E(X)—Jx x 0.5dx
1

2
xdx

)‘3]3
3 1
27
s(2-

) %_3 (5

1 3
6 Var(X) = EX*) - [EX)]

0.5

5

I
o
=)
O
o
&
Il
—_— m—w

1l
N
~—, <
W=,
[E——
=)
n
Il
o

)

[\
(ST

Il
EAN
T~ T
‘,_‘ ‘/\
|
W
|
o
N——
Il
o
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276 | TOPIC 11 Continuous probability distributions ¢ EXERCISE 11.4

3 a J\}zdzzl

E2) = gdz

——w

1
af 1
J [ZZ]dz=1 3
1 ) E(Z) = [3log,)|}
1
- 3
1 E(Z) =3log, <§> —3log,(1)
24Ja-2V/1=1 3
E(Z)=3loge<f)
24/a =3 2
P
3
Va= 5 c Jf(z)dz=0.5
9 1
a= - p
4
9 I%dz=05
= V4
1 1
b. EQ@) = | zf0) dz 317 1
] I
9
¢ 3,31
E(Z) = | /zdz p 1 2
1 . —-6+6p=p
, 8 S5p==6
EQ) = |2 23]4 6
3 1 17=§
N CANE N 5 a fuoy
3\ \4 3
3
_2(;32)_2
E(Z)_3((2)) 3
2 27 2 (0, 2h) y=5) (4, 2h)
E =X — — — q s
D=3%x5 73
9 2
E@Z)=--=
D=7-3
27 8
ED=1-1 0 2,0) e
19 4
E(Z) = —
@ 12 Jf(x)dx:l
4 a I%dz:l 1 1 ’
z —X2X2h )+ | =%x2x2h)=1
1 2 2
- 2h+2h=1
J3z dz= dh=1
1 h 1
—11¢@ -
[_3Z ]121 4
4
[_3] - b EQX) = | xfn)dx
Z 1 ()
3 3 % 4
—+-=1 [ (le ] 1. 1
a 1 E(X)—~< 4x +2x>dx+J<4x 2x>dx
3a—3=a 0_ 2 \
2a=3 E =_i3 1, 15 1,
3 Sl ISR S F E e
a=3 [ 1 | 1 1
_ _ 3 - 2 _ _ 3_ 2 2
, E(X)—( S0 +4(2)) 0+<12(4) 4(4)>
1 1
E = | — 3_ 2 2
b EQ2) sz(z)dz (12(2) 4(2))
1
2 16 2
3 R —_— = —
3 . EX)==Z+1+ > -4-3+1
E(Z)=I<zx—2)dz E(X)=4-4+2
Z
1

E(X) =2
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a

1
E(X) = | 2F) dx 7 a JyZdyzl
0
2 4
1 1 1 2
E(X) = <_4_1X3 + §x2> dx+[ <1x3 B §x2> dx [ y ]0
i ’ 23 23
[ 2
2 L 3 14 13 gaz 502=
B =116 * 57|, " 16" &),
“\ 16 6 16 6 2
l : =1.3104
- <_(2)4 = 6(2)3> a
1.3104
E(X2>=—1+ +l6—33—2—1.|.%1 b E(Y) = J )’\/§dy
(XZ) =14 1.2104 3
E( ):6 B(D) = J Sa
Var(X) = E (X*) - [EQ)P’ o,
Var(X) = 6 — 22 — [%y%] 13104
F (1 E(Y) = 0.7863
——dx= J —x 2dx .
Vo 12 c J\/_dyz%
1 1
. de — l Jx %dx 02 11k
0 2\/; ? 0 [gﬂ] =0.6
[ dy= [2 1]1 k=09322
—=ax = = X2 .
) 2\ 2 , .
[ 1 ( ) 8 E(0) = J2zloge(2z)dz
—rdv=2 (2V1-2v0 1
J 2y 2 1
i E(@2) = 1.0486
VR Var(2) = E(Z°) - [E@)
J 2¢x 2 :
| ! dx=1 E(Z%) = J 27% log,(22)dz
o=
J 24/x i

0
As fix) > 0 for all x-values, and the area under the
curve = 1, f{x) is a probability density function.

1
EX) = fo(x)dx
9
E(X):Jidx
24/x
0
1
E(X)=%J\/;dx
0
12 3]
E(X)=§|i§,x2:|
0
1/2 2
E<X>=§(§\/F‘§ 0)
1 2
E(X)=§X§
1
B =5

E(Z%) = 1.1436
Var(Z) = 1.1436 — (1.0486)*
Var(Z) = 0.0440

SD(Z) =+/0.0440

SD(Z) = 0.2098
9 E(X) = J 3xe ¥
1
EX) =3
Var(X) = E(XX*) — [EX)]
EX?) = r 3x%e > dx
0
2
E(X) = 5 2
2 1
Var(X) = 5 - (5)
2 1 1
Va)=5-573
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SD(X) = \/g

SD(X) = 1
10 a E(T) = J f(0)dt
%
E(T) = J e dr
0
E(T) = 0.5 min
b E(T?)= J ARodr
%
E(T?) = J 2P dt
E(T%) = 0.5

Var(T) = E(T*) - [E(D)]?
Var(T) = 0.5 — 0.5%
Var(T) = 0.5 -0.25

Var(T) =0.25
SD(T) =v/0.25 = 0.5 min
Q)

11 a J fy)dy =0.25
0

(] >
Yo
0 (Y]
3 1
[1] =025
9 0
3
g -0
0°=225
01 =225
01 = 1.3104

03
J f)dy =0.75
0

03 =1.8899

b The interquartile range is Q3 — Q1 = 1.8899 — 1.3104

=0.5795
8

IZaJ

1

dz=1

N R

8
aJld =1
Z

1
a [loge(z)]? =1

b

C

13 a

a (log,(8) —log,(1)) =
alog,(8) =1
1

" log,®

a = 0.4809
8

= (o

1
8

0.4809 ) dz

E@2) = J 0.4809 dz

1
E(Z) = [0.4809z]°

E(Z) = 0.4809(8) — 0.4809(1)
E(Z) =3.3663
8
E(Zz) _ J (Z2 % 0.428()9> dz

1

8
E(Z?) =J 0.4809z dz

1
E(Z%) = [0.24057]"
E(Z%) = 0.2405(8)> — 0.2405(1)?
E(Z*) = 15.1515
Var(Z) = E(Z’) - [E(D))?
Var(Z) = 15.1515 — 3.3663>
Var(Z) = 3.8195

SD(Z) =4/3.8195 = 1.9571

0
J@d_oﬁ J@d_ms
Z Z

1
0.4809 [log,(2)] %' =0.75
03 = 4.7568

1
0.4809 [log,(2)]¢' =0.25
Q) =1.6817
The interquartile range is
03 — 01 =4.7568 — 1.6817
=3.0751
Range=8-1=7

T

J 1 (sin(2x) + 1) dx
r

0

(sin(2x) + 1) dx

n|~

)
[ 1
cos(2x) + x

=1

z 0
“2((3emenr) = (-3e00+0))
- cosr)+ ) — | —=cos(0)+0
T 2

_1(_! 1

= 2+7L’+2

=1

As f(x) > 0 for all values of x and the area under the curve
is 1, f{x) is a probability density function.

EX) = Jf (sin(2x) + 1) dx
T
0
1.

E(X) = 1.070
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T

2
ci EX)= J x;(sin(Zx)+ 1) dx

0
E(X%) =1.7191
Var(X) = E(X*) — [EX)]?
Var(X) = 1.7191 — 1.0708>
Var(X) = 0.5725

i SD(XY) =1/0.5725 = 0.7566
7.9344 7.9344
14 a J fdy = I 0.2log, (%)dy —1

2 2
7.9344

bEY) = | 02ylog, (%) dy = 5.7278

2
7.9344

¢ E(P)= J 0.2y log, (%) dy = 34.9677

2
Var(Y) = E(Y*) — [E(V)?
Var(Y) = 34.9677 — 5.72782
Var(Y) = 2.1600
SD(Y) =1/2.1600 = 1.4697
d The range is 7.9344 — 2 = 5.9344.

15 a J\/z— ldz=1

1
a

J(z—l)%dz=l

-
o] -
] -

%\/(a— 1y - %\/(1 -=1

Va7 =

(a-1y=

Ao N W

a=2.3104
23104
J zVz— ldz = 1.7863

1
2.3104

ii E(2)= J V7 — 1dz = 3.3085
1
iii Var(2)=EZ’) - [E@)T
Var(Z) = 3.3085 — 1.7863>
Var(Z) = 0.1176

iv SD(Z) =1/0.1176 = 0.3430

b i B2 =

TOPIC 11 Continuous probability distributions ¢ EXERCISE 11.4 | 279

16

2
EX) = fo(x)dx =1
0

Ao _ Y04 _o=
<3(2) (2)) 0=1

a 3»b 4 _
<§(2) —1(2) ) -0=1
8a

— —4b=1
3

8a—12b=3 [1]
2

J fx)dx =1

0

2
J(ax—bxz)dle
0

af_é3]h=1
v

2
ane_bos)_oo
<2(2) 3(2)> 0=1

2a—§b=l
6a—-8b=3 [2]
8a—12b=3 [1]
6a—8b=73 [2]
[11x3:
24a —-36b =9 [3]
[2] x4:
24a —-32b =12 [4]
[4] - [3]:
4 =3
3
b=Z

Substitute b = % into [1]:

3
8a—12<1)—3

8a—9=3

8a=12

a=>

T2

a y=V4-x2

1

y=(4_x2)5
dy 1 1
= = — (= — 2
=5 2x) (4= %)

@ X

dx 4 —x?
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280 | TOPIC 11 Continuous probability distributions ¢ EXERCISE 11.4

V3 ’
b E(X) = fo(x)dx d E(X°) = | ¥’fix)dx
o a
Vi 3 E(X2 [ 2
E(X)=J X X)) = | kx“dx
4 - x? a
0 TIRL
4 E0O) = |5+
3 x 3 1,
EX) =-= J (— )dx P
7[0 4_x2 E(x2)=§b3_§a3
3 V3
E0 =2 [Va-2| k
X p X E(X?) = 2 (b3 —a3)
3 g b —a)(b* + ba + a*)
EX)=-2(1/4-(V3) =V4-02 By = ! x( a)( a+a
;z' ( < ) X 3(b—a) 1
E(X)z_;(\/T_\/Z E(X2)=b2+ba+0t2
3
3
EX)=-—x-1 Var(X) = E (X*) - [EQO)
2 2 2
3 v =b +ba+a _ b+a
EX) = o ar(X) 3 3
18 a f(np P +ba+d b +2ba+d
Var(X) = -
ar(X) 3 7
Var(o = 4b* + 4ba + 4a” — 3b> — 6ba — 3a”
f&) =k 12
@k (b k 4b* + 4ba + 4a*> — 3b* — 6ba — 3a°
— V =
k e o ar(X) 12
b* —2ba + a*
Var(X) = ——>——
_(b-a (a-Db)
< o o Var="H—="1n
0y (a,0) (b,0) x
b
b Jkdx =1 11.4 Exam questions
“ k
b _
[kx], = 1 a Fo = 2 1<x<2
kb —ka=1 0, elsewhere
kb—a)=1 2k
k= 1 X
b—a
2 11° 1 k
b kJ x_zdxzk[——] =k<—§+1>=5=1
¢ B = | xfv)dx I *
k=2
‘2 Award 1 mark for the correct proof.
[ b 2
EQX) = | kxdx b EX) = I Xf(x)dx = J 2
;4 a 1 X
] E(X) = [2log, (¥)]; = 2 (log, (2) - log, (1))
EX) = [5x E(X) = 2log, (2) = log, (4)
L “ Award 1 mark for solving for expectation.
ko ko,
EX) = zb — 5 Award 1 mark for the correct expectation.
E(X) = %{ (b2 - a2) 2 Since the total area is 1, é @a-2)=1=>a=8.
1
1 b-a)b+a) —, 2<x<8
E(X) = )z 2<xx<
X =36-a > 1 fo)=16 .
b+a 0, otherwise
EX) = >
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TOPIC 11 Continuous probability distributions ¢ EXERCISE 11.5 | 281

8 x kiova, ko o0 koo _kon)_
B0 = [ S (-50r+522) + (507 -507) -
2k +2k=1
[ ] 4k =1
o]
T4
= & (8 -2) 2
=5 b EX) = | xflx)dx
The correct answer is B. )
d X X X X p z
3 g (rin (5 4 )) = e ()i (T) B0 = [ (xx=§ ) dre | (w33 ) as
J’L + (1) dx = xsi @) 2 ! 0 *
4 sin 4 X = X SIn 0 , ,
X TT. X . X — _)C_ ')L
JZ os(75) x‘“‘“(ﬁ‘[““(?)"x b= | ~pacs [ o
- 0
z = ™y, 4 s 370 312
[ e () aemvin(5) + 2o () o= -]+ [
2 L -2 0
EX) = J x 2 cos d 3 —2)3 3 3
el (54) E(,Q=<_0_+<2>>+<2__0_>
_ [xsm<g) N icos<ﬂ)]2 12 12 2 12
= 4 T 4 0 E(X) — _é + é
2 4 2 4 4 4
=2sin<;4>+z47zcos<7>—<O+;cos(0)> E(X) =0
_ Var(X) = E (X*) = [EQOT
=4L—- = 2
p 2
Award 1 mark for the setup of the integral and using E(X?) = xzf(x)dx
integration by recognition. 5
Award 1 mark for the evaluation of E(X). 0 2
2y = X 2 X
EX") = | (x X 4>dx+J<x X 4>dx
11.5 Linear transformations 2 , ?
r 3 3
N *
11.5 Exercise E(X)_d < 4>dx+J<4>dx
1 E(Y) = 4 and Var(¥) = 3 T AT A
EX) = [-=| +|5
a EQY—-3)=2E(Y)-3=24)-3=8-3=5 6], |12],
b Var2Y —3) =2*Var(Y) =4 x3 = 12 R 0t (=2)* M
¢ Var(Y) = E(¥?) - [ED)]? E(X)=<‘E+ 6 >+<E‘E>
3=E(’) - @) EX%)=—1+1
3=E(?)-16 E(X?) =2
E(Y*) =19 Var(X)=2-0>=2
dEXYY-1)=EX-Y)=EY)-EX)=19-4=15 ¢ EGX+3)=5EX)+3=50)+3=3
2 E(Z)=5and Var(Z) =2 Var(5X + 3) = 5°Var(X) = 25 x 2 = 50
aBBZ-2)=3E(2)-2=3(5-2=13 d E(3X-2)%) =E (9X* — 12X + 4)
b Var(3Z -2) = 3*Var(2) = 9(2) = 18 = 9E(X) — 12E(X) + 4
¢ Var(2) = EZ) - [E@)) =9(2) - 12(0) + 4
2=EZ*) -5 =22
2=EZ»)-25 2
E(Z%) =27 4 a L mx(2 — x)dx = 1
1., 1, 27 ? >
d E §Z—1 =§E(Z)—1=?—1=8 J(me—mx)dx:l
0
2 2 _m3 z_
3a J fdx =1 [mx 3’“]0‘1
-2

0 ) (m(2)2 - ?(2)3) —0=1
J (—kx)dx + J (kn)dx = 1
=2 0

2
]sz] =1
2]

0

+
-2
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dm—Sm=1 ¢ i EBZ+1)=3E@)+1=3(02974)+1 = 1.8922
3 i Var3Z+ 1) = 3*Var(Z) = 9(0.0349) = 0.3141
12m—8m _ iii E(Z2+2) =EZ)+2=0.1234+2=2.1234
3 1.7755
dm =73
3 6 a E2Z = J Zf(2)dz
"=y i
1.7755
2
b EX) = | ¥fw)dx E@)= J 5V/zlog (dz
J 1
5 E(Z) = 1.4921
E(X) = %x2(2 — X)dx 1.7755
0 E(Z) = J 22z
1
E(X) — (%x2 _ %)C}) dx 1.7755 )
0 EZ) = J 522 log,()dz
1 3.1 i
_ 3 4
EX) = PG ]0 E(Z%) = 2.2625

Var(Z) = E(Z*) - [EQ@)?

—(Yop_ 30—
E) _(2(2) 16(2) ) 0 Var(Z) = 2.2625 — 1.4921°

EX)=4-3 Var(Z) = 0.0361
E(X) =1 b EG —227) =3 — 2E(Z) = 3 — 2(1.4921) = 0.0158
2 Var(3 — 2Z) = (=2)*Var(Z) = 4 x 0.0361 = 0.1444
E(X?) = | X f)dx f
) 7 a Jf(z)dz =1
2 1
2 5 .,
EX?) = | 2532 — 0dx 1
X)=]zr@-v J3z 2dz=1
0
2 1o
1
E(X?) = (§x3 - §x“) dx [625] =1
J\2" 4
0 ) 1
[3 3 a
ECR) = [244 = 25 64/7] =1
(X7) »8x 20" ]0 [ \ﬂ]
3 3 61/a—6v1=1
2N = 4 _ 5 _
EX") = (8(2) 20(2) ) 0
EX)=6-4.8 6y/a-6=1
2\ —
EX*) =12 6u/r =7
Var(X) = E(X*) - [EQOP
7
Var(X) = 1.2 — 12 =1
X) Va c
Var(X) =0.2 49
¢ EG-2X)=5-2EX)=5-2(1)=3 a=z¢
Var(5 — 2X) = (—2)’ Var(X) =4 x 0.2 = 0.8 1
a 36
5 a J Ldz =1 b E(Z2) = | z(z)dz
z+1 J
0 1
. 49
Solve using CAS. 3%
( 1
a = 0.6487 E@2) = | 622dz
0.6487
2z 1
b E@2) = —dz = 0.2974 T}
z+1 3136
0 E@2) = 222]
0.6487 L 1
E(Z*) = 2—sz =0.1234 49 3 3
B TS et E(Z)=2<%> —2(1)2
0
3
— 2\ 2 2\2
Var(2) = ECZ) ~ [E)P E@=2((1)°)* -2
Var(Z) = 0.1234 — 0.2974 ;
Var(Z) = 0.0349 E(Z) = 2<%> )
E(Z) = 1.1759

Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition Solutions Manual



10

11

49
36

E(Z) = | Zfx)dz
¥
36 5
E(Z*) = | 3z2dz
1
_65 %
.63
5
52 8(90)2_ 63
E(Z)_5(36> 5(1)2
2_6 72% 6
B =5((0) -5
2 6(7) _6
E(Z)_S(G) 5

E(Z) = 1.3937
Var(Z) = E(Z*) - [EQ@))*
Var(Z) = 1.3937 — 1.1759?
Var(Z) = 0.0109
c i E4—-32)=4-3EZ) =4-3(1.1759) = 0.4722
ii Var(4 —32) = (=3)*Var(Z) = 9 x 0.011 = 0.0978
Let T be the time for the kettle to boil.
E(T) = 1.5 and SD(T) = 1.1, so Var(T) = 1.21.
Var(5T) = 5?Var(T) = 25 x 1.21 = 30.25
SD(5T) =4/30.25 = 5.5 minutes
The correct answer is D.
E(X) = 9and Var(X) = 2
Y=aX+5
EY)=E@X+5)
E(Y) =aEX)+5
EY)=9a+5
Var(Y) = Var(@X + 5) = a*Var(X) = 24*
E(Y) = Var(Y)
9a + 5 = 24
0=2d"-9a-5
0=Q2a+1)(a-5)
a =5 since a is a positive integer
b EY)=9%+5=905)+5=50
Var(Y) = 2a* = 2 (5)* = 50
Y =aX+ 3 and E(X) = 5 as well as Var(X) = 2
E(Y) = Var(Y)
E(aX + 3) = Var(aX + 3)
aBX) + 3 = a®Var(X)
5a + 3 =2d*
0=2d>-5a-3
0=QRa+ 1)(a-23)

a

1
a——§,3

~.a =73 since a is a positive integer
Thus, E(Y) =EGX +3)=3EX)+3=3(5)+3=18
and Var(Y) = Var(3X + 3) = 3*Var(X) = 9(2) = 18.

Y=aX+ 1 and E(X) = 2 as well as Var(X) =7

E(Y) = Var(Y)
E(aX + 1) = Var(aX + 1)
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aBX) + 1 = a®Var(X)
2a+1=d>
0=a’>-2a-1
a = 0.5469
E(Y) = E(0.5469X + 1) = 0.5469E(X) + 1 = 0.5469(2) + 1
=2.0938
Var(Y) = Var (0.5469X + 1) = 0.5469*Var(X)

= 0.5469%(7) = 2.0938
1.25

J K2y + Ddy = 1

0.9
1.25

J(2y+l)dy=1

09 B 1.25
k[y +y]0‘9 =1

k((125°+1.25) - (0.9°+0.9)) =1
k(2.8125-1.71)=1
1.1025k = 1

_ 400
T 441

12 a

k

1.25

b E(Y) = | yydy

0.9
1.25

E(Y) =

0.9
1.25

E(Y) =
09
E(Y) =1.081kg
Z=0.75Y+ 045

E(Z) = E(0.75Y + 0.45)
E(Z) = 0.75E(Y) + 0.45
E(Z) =0.75(1.0814) + 0.45
E(Z) = 1.261 kg

(0.907y(2y + 1)) dy

(1.814y” +0.907y) dy

Cc

11.5 Exam questions
1 E(Y)=3.5and SD(Y) = 1.2

aEQ2-YV)=2-EX¥)=2-35=-1.5 [1 mark]
Y 1 1

b E(E) _EE(Y)_§><3.5_1.75 [1 mark]
¢ Var(Y) = [SD(N)]? = (1.2)* = 1.44 [1 mark]
d Var2 - Y) = (-1)* Var(¥) = 1.44 [1 mark]

Y 1\’ 1
e Var(§> = <5> Var(Y) = ZX1'44_0'36 [1 mark]

2 a fmp
. (1)
f(x) = —cos(x)
oy - (o) X

(g, 0) g [1 mark]
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(—cos(x)) dx

I oine——y

[—sin(x)]%
2

. . (T
= —sin(x) + sin (§>
=0+1
=1
This is a probability density function.

b E(X) = | xf(x)dx

E(X) =

—x cos(x)dx

N ey N ——

E(X) =2.5708
Var(X) = E(X*) — [E(X)]?

EX?) = | #fx)dx

E(X?) = | =% cos(x)dx

Ny NIN——y

2

E(X?) = 6.7506
Var(X) = E(X*) - [EX)]?
Var(X) = 6.7506 — (2.5708)*
Var(X) =0.1416
EGBX+1)=3EX) + 1
E(3X + 1) =3(2.5708) + 1
EGBX+1)=8.7124
Var(3X + 1) = 3%Var(X)
Var(3X + 1) = 9(0.1416)
Var(3X + 1) = 1.2743
d E(2X-1)(3X—2)) =E (6X* — 7X +2)

E((2X — 1)(3X — 2)) = 6E(X?) — TE(X) + 2

(]

E((2X — D(3X = 2)) = 6(6.7606) — 7(2.5708) + 2

E((2X — D(3X — 2)) = 24.5079

ilxsin(%)dx: 1

é [—3xcos (g) +9sin (%)]Zﬂ =1

(=3(@Bx)cos (r) + 9sin (x)) —
(=3(0) cos (0) + 9sin (0)) = kx
Ir = kx
k=9

=

3z

b E(X) = I xflx)dx

0

3z 2
X . (X
E(X)—J‘0 %sm<§>dx
E(X) =5.61 mm

¢ W=2X-1
EW)=EQ2X-1)
E(W) =2EX) - 1
E(W) =2(5.6051) — 1
E(W)=10.21 mm [1 mark]
11.6 Review
[1 mark] 11.6 Exercise
Technology free: short answer
1a YA
(-1,0.5) (3,0.5)
0.5
) -1,0) °l 1,0 (3.0)
b Using the triangle method:
1 1 1 1
A_§><2><5+5><2><§
1t
22
[1 mark] =1
fix) > 0; therefore, f(x) is a probability density function.
3
[1 mark] c EX) = J xflx)dx
B 3
- J —;—C(x— ydx + J %‘( Ddx
[1 mark] ] f
1 3
=—l (x —x)dx+l (x —x)dx
4 4
[1 mark] —1 1
12 2] 12 2]
=71 [?‘7 T3 ?‘3]1
[
[1 mark] 41\3 2 3 2
LL[( ooy (1t
4 3 2 3 2
1(2 1 /26
-5 (5)+31(5-9)
1 13
=—+—=-1
6 + 6
[1 mark] =1
& 2 E(Z) =3 and SD(Z) = 1.2, so Var(Z) = 1.44.
a Var(2)=E(Z°) - [E@V
144=E(Z*) - 3
144+9=E(Z2°)
E(Z°) =10.44
1 k
[1 mark] b EG3Z-2)=3E@2) -2
[1 mark] =33)-2
=7
¢ Var(3Z - 2) = 3*> Var(2)
[1 mark] =90x1.44
=12.96
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d EZ(Z+2)=E(Z* +22)
=E(Z’) +2E2)
=10.44 +2(3)
=16.44
e E(Z-2(Z+1)=E(Z-Z-2)
=E(Z’)-E@) -2
=1044-3-2
=544

N

3 a Pr(X < ’é):[ 2 sin(4x) - dx

0

z
6

-1
[7 cos(4x)]

BlW A=

b As the graph is symmetrical,
/4
EX) = -
X) =<
) Pr (X < %)
Pr(X<%)

T

T
P (X<—X<
¢ Pr 8| 6

2 sin(4x)dx

oy | @Iy

2 sin(4x)dx

8

— O
l\)ll
IR

cos(4x)]

0

-1 b4 -1 0 .
—(7cos<4x§)—[7cos<4x§>]>f
1 3
=04+-+-
2+2 4
-3
h
4 a ngyzdyzl
0
5] -
3 =
0
g><h3_g><03_1
3 3
h3
X _s
gh’=3
3
8= [1]

3
4
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h

JngXyzdy=

(=]
\STOS}

N W

D W W W

gh'

6
"
Substitute [1] into [2]:
6 3
®ow
6=73h
h=2
-3
2y
3

8
b Var(Y) = E(Y?) - [E(V)]?
2

&= (2]

8

3 2
E(Y?) = Jy2 x 2 gy
0
3y5

all

_3x2
T 40
12

5

-0

E(Y)

Var(Y) = E(Y*) - [E(D)]*

12 3V’
"?_<5)
N
T 20

EQY+1)=2E®Y) + 1

=2< )+1

=4

c i

3

2
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ii VarQY+ 1) =22Var(Y)

()

3

5

iii E(Y?-5)=EY*)-5
_ 12

5

7
5

iv E(Y(Y+4)) =E (Y* +4Y)
=E (¥*) +4E(Y)
12

-2+4(3)

m

2

303,

(50 =407) - (3= =3
om+ 3= 3

4 2

36m+8ln=-6 [2]
[1]1x [4]:
36m+ 72n=-8 [3]
(2] -[3]:

=2
ne 2
9

Substitute n = % into [1]:

9m+18x§=—2

Im+4=-2
I9m = -6
m=_2

T3

6 a Lety= 3xcos(nx).

d_y = 3 cos(mx) — 3zx sin(zx)
dx

b

d
2 _ 3cos(ax) — 3z sin(x)
dx
1
2
E(X) = | xfix)dx
0
1
2
E(X) = | zxsin(zx)dx

0

" (3 cos(zx) — 3zx sin(x)) dx = 3x cos (7x)

J 3cos(mx) dx —3 J (zx sin(zrx)) dx = 3x cos (7x)

% sin (zx) — 3xcos (zx) =3 J (7x sin(7zx)) dx

1 sin (zx) — x cos (7x) = J (7x sin(zx)) dx
Fis

1
So E(X) = Jzzrx sin(zx)dx
0
E(X) = [i sin (zx) — x CoS (ﬁx)]j
EX) = <7l[ sin <§> — XCos <%)> — (% sin (0) —xcos(O))
E(X) = 71[ -0
B0 = 2

Technology active: multiple choice

7 The number of teenagers is 150.
The correct answer is B.

8 Pr(X<3)=

10

60 + 50 + 20
150

130

~ 150

13

K

The correct answer is A.

1

N

m

I %e"dx =1

0
[ 1 ]))1
76"( =
2 0
n 60 —

1
e’ — 1

m

W NlWw

e

= o —

e =

m =log,(3)

The correct answer is D.
02(a—-1=1

a—1=5
a=6

The correct answer is C.
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15 Y=2X—1and E(X) = 3 as well as Var(X) = 1.5

1
11 EX) = J 2x%dx E(Y)=E(2X-1) - 2E(X) — 1
0 - =23)-1
-] .
5 0 Var(Y)=Var(2X - 1)
=3 1} -0 = 2*Var(X)
5 =4(1.5)

1 The correct answer is A.

E() = J 23 dy 16  Var(X) = E(X?) — [EQ)]?
J 1.5 = E(X?) — 3
1, 1.5+ 9 =EX?)

= [zx ]0 10.5 = E(X?)

_ 1(1)3_0 EX> -1 =EX>) -1
2 =105-1
1 =95

= 2 The correct answer is E.

Var(X) = E(XX*) — [E(X)]?

1 <2>2 Technology active: extended response
= = — - a 1
2 \3 17 a J (4——2dy>=1
= l — i 0.5 y
2 9 a 5
o s |, 4=y =1
“18 18 03
- i 4y + 1 =1
18 Ylos
The correct answer is D. 1 1
0.7 <4a + ;) - <4(O.5) + E) =1
12 Pr(02<Y<07)= J 3y*dy 1
da+--2-2=1
02 a
_ 310.7
_[y]o‘z 4a+l=5
a
=(0.7)° - (0.2 4a* +1=5a
= 0.335 4a> —5a+1=0
The correct answer is D.
13 Use CAS to solve. (4a-D@-1)=0
3 1
a=-,1
E(z) = J (z %X cos(z)) dz 4
-3 da + L 5
=0 2 “
= 4, 1=5
The correct answer is A. 2 a “
T z ju 4da”—5a+1=0
1 re(z<5)=r(5)-r(-3) (da=Dia-1)=0
1
= Lsin(g>+l - Lsir1<—7—r>+l a:Z,l
- V3 6 2 V3 3 2 1
Buta = 7 is not appropriate as a > 0.5, ..a=1.

_< 1 <1> .\ 1> (1 1) .
“\.A\2 2] \272
V3 b i E(Y)=Jyf(y)dy
1 l 0.5
2 1
-
= y
2\/g =O[;y2—log (y)]l
The correct answer is C. 5 err03 5
= (2(1)* = log,(1)) = (2(0.5)* —10g,(0.5))
=2-0-0.5-0.6931
= 0.8069

+
w
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1
i E(Y) = | yfydy
0.5

= (4y2—1)dy
05
,4 1
3
= |3y —y]

3 0.5

4 4
=(=-(1)*-1)-(=05°-0.
(300-1)- (30709

4 1 1
___l__ -

3 62
_8-6-1+3
- 6
_2
T3
Var(Y) = E(Y?) - [E()]?

2 2
_5—0.8069
=0.0156

iii SD(Y)=4/0.0156 = 0.1248
P
c I [4-%]@:0.5
0.5 y
1 P
4y+—-| =05
Yios

1 1
<4p + 17) - (4(0.5) + E) =05

1
dp+=-2-2=05
19
4p+-—==0
pto 3

8> —9p+2=0
p=0.8202as05<p<1

k
1. /z _
18 a JOESII](Z) dz=1
Z\ 1%
s ()] =
—2cos <§> —(—2cos(0)) =1
—2cos <§> -(-2)=1
—2cos <§) =-1

(@]
@]
7]
VN
B
>~ B N
Il

"’|§ Wiy =

4r

bE(D=sz%Sin<i>dz
0

=2.7394
4z

3

E(zz)=[z2x%sin(§)dz
0

= 8.4956

Var(Z) = E(X*) — [EQ)]?
= 8.4956 — 2.73942

=0.9912
Qll z
—sin(—) dz=0.25
c (e

[—2 cos (2)]& =025
0 ’

n > — (—=2cos(0)) =0.25

0
o = 0505
01 =2.02

IQR =05 - O
=3.58-2.01
=1.56

4y
y2

19 a

dy=1
1 Y

+

2

2y
1+y?

2 [log, (1+*)]5=1
2 (log, (1+4a%) —log, (1+0%)) =1
)

dy=1

Se——a @——n

—1l=a

a=0.8054 since a > 0

P =0.4023 since p > 0
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20 a Jke‘“”‘dt:l
0

k[ e dr=1
0

6.6k =1
k=0.15

b E(T) = J 0.15te " gy
0
6
7

¢ E(T®= Jo.lszze‘“”’dz

0

= 88.89

Var(T) = E(T*) - [E(D]?
= 88.89 — 6.67°
=444

SD(T) =/44.4 = 6.67
d Pe(T> 7|T < 10) = T<10)
_Pi(7 <T<10)
T T (T<10)
10

(T<10) = J 0.15¢7 %1% gy

0

=0.7769
10

Pr(7 < T< 10) = J 0.15¢7%1% gy
7
=0.1268

12
Pr(T > 7|T < 10) = 87722

=0.1632

P(T>7NnT< 10)
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Others had an open circle over a closed circle at (45, 0.04).
Many students did not use rulers to draw the line segments.
Some graphs looked like parabolas.

b Pr(25 < T<55)

1% 1%
— J (t—20)dt + — J- (70 — ndt

7625 |, 625 ),5
128

T25 725

4

~s

Alternatively, solve using areas of triangles.

Award 1 mark for setting up the correct definite integrals.
Award 1 mark for the correct probability.

VCAA Examination Report note:

This question was answered well. Some students had the

incorrect terminals. 44 instead of 45 was occasionally
44 55

given, for example, J (f(n) dt + J (f(n)) dt. Others used 20

25 44
as the lower limit instead of 25.
Pr(T < 25
¢ Pr(T < 25T < 55)= ol =25
Pr(T < 55)
25

1

o J (t —20)dt

20

X 45 . 55
o5 J (t=20)dt + J45 (70 — ndt

Alternatively, solve using areas of triangles.

Award 1 mark for setting up the conditional probability.
Award 1 mark for the correct probability.

VCAA Examination Report note:

Many students were able to use the conditio?al probability

11.6 Exam questions

L(t—20), 20<t<45

625
Lafin=1"] fi4s)
—((70—-1), 45<t<7
625( 0=9, 4 0
)7
R NEN
25
Ll
50
0 20 40 60 80 100

Award 1 mark for the correct shape.

Award 1 mark for the correct coordinate (45, !

Award 1 mark for clearly showing zero elsewhere.

VCAA Examination Report note:

Many students did not draw their graphs along the #-axis,

formula. A common incorrect answer was 10

d Pr(T>a)=0.7=Pr(T>a)=03

1 a
— t—20)dt=0.3
625 Lo( )

a* — 40a + 400
1250
then a = 39.3649

Award 1 mark for setting up the equation.

=03

Award 1 mark for the correct value of a.
VCAA Examination Report note:
a

A number of correct approaches were used.J flvdt =0.7,

20

a = 50.6351 was a common incorrect answer.
75

1
J @(70 — t)dt = 0.7 was occasionally given. Some

a

students attempted to use the inverse normal as a method.

L 8
50

. 8
J~ B1<7, E)

ignoring f{(t) = 0. Some had an open circle at (45, 0.04).
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ii

To solve for Pr(J > 3) = Pr(J > 4) using CAS, complete
the entry line as:

. 8
b1n0mCdf(7, 75 4, 7)
Pr(J > 3) =Pr(J > 4) = 0.1534
Award 1 mark for using binomial probability.
Award 1 mark for the correct probability.
VCAA Examination Report note:
Many students recognised that the distribution was
binomial and gave the correct n and p values. Some
used Pr(X > 3).
Pr(J>21J2>1)= P/ 22)
PrJ>1)
_0.711307
~0.93277

=0.7626
Award 1 mark for setting up the conditional binomial
probability.
Award 1 mark for the correct probability.
VCAA Examination Report note:

Many students were able to set up the conditional
Pr(X > 2)

bability. S tePr(X>2X>1)= ————.
probability. Some wrote Pr(X >2[X > 1) PrX > 1)

Others rounded

incorrectly, giving 0.7625 as the answer.

£ J ~Bi(n=7,p),q=Pr(J =2)+Pr(J = 3)

(7Y 2 ) T\ 3 4
q—<2>p(1 p)+<3>p(1 p)

q=21p* (p = 1) +35p°(1 - p)*

q=T"(p~-1D'2p+3)

q(P) = 14p” = 35p% + 70p* — 70p* + 21p*

Award 1 mark for setting up the sum of binomial terms in
terms of p.

Award 1 mark for the correct polynomial (does not need to
be expanded).

VCAA Examination Report note:

Of those who attempted this question, some students did
not realise that the binomial distribution was required.

g i

ii

Solving % =0forp, since0<p < 1:
P

Z—q =98p% — 210p° + 280p* — 210p?
p
+42p =0 [1 mark]
gives p =0.3539
and gmax = ¢(0.3539) = 0.5665. [1 mark]

VCAA Examination Report note:
Some students knew to solve ¢’(p) = O if they had an
equation in Question 3f. Others found only p. Some

gave exact values for their answers.
70

p=Pr(T>d)= — | (70=1di=03539 [1 mark]
625 |,

d = 49 minutes [1 mark]
VCAA Examination Report note:

Some students used ¢ instead of p in their equation,
70

solving J Sf(t)dt = 0.56646... for d. Others solved

d

d
Jf(t)dt = 0.35388... obtaining d = 41 minutes.
20
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Jgksin<%>dx=l
0
[ aen ()]

k (—§ (cos(x) — cos(O))) =1
T

16k _ |
T
T
k=—
16
The correct answer is B.
2
E(x) = J 12x (x — 1) (x — 2)%dx
1

7

5
The correct answer is B.

[ (k (@ =) dr=1
R da'k _
3=
@’k =0.75 (equation 1)

Var(X) = B(X*) - [EX)T
a a 2
7= J () dx - “ () dx]

—d

1

15
15=d’k (equation  2)
Substitute equation 1 into equation 2:
15=a*%0.75
a =20
a= 2\/5
b

E(T) = I tfpdt

a

= J 2t dt
0

(using CAS)

N —

ARDdt

E(T%)

Il
| mO——8R ——

[\~

~

(N
Y

&
IS8
=

Var(T) = E(T*) ~ (E(D))’
1 2
-(2)

The correct answer is C.

[1 mark]

[1 mark]

[1 mark]
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Topic 12 — The normal distribution

12.2 The normal distribution

12.2 Exercise

1(100-1)\? =2
1 af)=—2 e_i( ) 2

34 2x o\ 2n
1 10 3
—_—= —_— = — = 0. :]
. 3,soo' 0 0.3 and pu

0
b Dilation by a factor of 3 parallel to the y-axis or from the

x-axis; dilation by a factor of 13—0 parallel to the x-axis or

from the y-axis and a translation 1 unit in the positive
x-direction.

L 505 o L5

2 fix)=
34 2x o\ 2z
au=2ando=3
b Fh
_1
1 (%m)
32z |
T T T T T T ™
-7 -4 -1 0 2 5 8 11

3 a Let X = the scores on an 1Q test.
X ~ N (120,20%)

i u—0o=120-20=100
u+o=120+20=140
ii yu—206=120-220)=280
u+20 =120+ 2(20) = 160
iii u—30=120-3(20) =60
u+ 30 =120+ 2(20) = 180
b i Pr(X <80)=0.5-0.475=0.025
ii Pr(X > 180) =0.003 +2 =0.0015
4 a Let X = the results on the Mathematical Methods test.
X ~ N(72,8%)
u+o=72+8=280
u—o=72—-8=64
u+20="72+2(8)=288
u—20="72-2(8)=56
So Pr(56 < X < 88) =0.95
and Pr(X < 56) U Pr(X > 88) = 0.05.
Thus, Pr(X < 56) = Pr(X > 88) = 0.05 + 2 = 0.025.
So Pr(X > 88) = 0.025.
b u+3c=88+8=96
u—36=58-8=50
Pr(48 < X < 96) = 0.997
Pr(X < 48) U Pr(X > 96) = 0.003
Pr(X < 48) = Pr(X > 96) = 0.003 + 2 = 0.0015

c Pr(64 < X < 80) = 0.68
Pr(X < 64) U Pr(X > 80) = 0.32
Pr(X < 64) =Pr(X > 80)=0.32+2=0.16
Pr(X<80)=1-Pr(X>80)=1-0.16 =0.84
5 X~N(15,5%)
a 68% of values lie between 15— 5 = 10 and 15 + 5 = 20.
b 95% of values lie between 15 — 2(5) = 5 and
15+ 2(5) =25.
¢ 99.7% of values lie between 15 — 3(5) = 0 and
15+ 3(5) = 30.
6 X~N(24,7°)
a Pr(X<31)=0.16+0.68 = 0.84
b Pr(10 < X <31) =1-(0.025+0.16) = 1 —0.105 = 0.815
Pr(10 <X <31) 0.815
Pr(X <31) ~ 0.84
7 Let X = the number of pears per tree.
X ~ N (230,25%)
a Pr(X <280)=1-Pr(X > 280) =1-0.025 =0.975
b Pr(180 < X <280) =Pr(y— 26 < X < u+20) =0.95
Pr(180 < X < 280)

¢ Pr(X > 10X < 31) = = 0.9702

¢ Pr(X > 180]X < 280) =

Pr(X < 280)
0.95
= 5o = 0.9744

8 Let X = the length of pregnancy for a human.
X ~ N (275,14%)
u+30=275+3(14) =317
u—30=275-3(14) =233
Pr(233 < X <317) = 0.997
Pr(X < 233) U Pr(X > 317) = 0.003
Pr(X < 233) = Pr(X > 317) = 0.003 + 2 = 0.0015
So Pr(X < 233) = 0.0015.

The correct answer is A.
9 Let X = the results on a biology exam.

X ~N(70,6%)
u+30=70+3(6) =88

1 -0.997 .
Pr(X > 88) = ————— = 0.0015 = 0.15% get a mark that is

greater than 88.
The correct answer is D.
10 Let X = the rainfall in millimetres.
X ~ N (305,50%)
a Pr(205 < X < 355)=1-(0.025+0.16)
=1-0.185=0.815
b 0.025 signifies 2o.
Pr(X < k) = 0.025
Pr(X < 205) = 0.025
So k = 205.

c u—30=155

Pr(X < 155) = 1=097_ 40015

0.0015 signifies 3c.

Pr(X < h) = 0.0015
Pr(X < 155) = 0.05
Soh = 155.
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11 X ~N (725,842 _L(36=DY? _1(xny?
( ) 15 a fiy = — eZ(z)z 155
a Pr(64.1 < X < 89.3) =1 — (0.16 + 0.025) 2¢2x c\2r
=1-0.185 = 0.8150 1 5 2 o
b Pr(X < 55.7) = 0.025 o 2 00T MANE
1-095 0.05 >
c Pr(X < 55.7) = ——— = —~ = 0,025 b Var(X)=62=<§> =24_5
1-0.997 0.003
Pr(X <47.3) = — =5 = 0.0015 Var(X) = E (XZ) — [EXOP?
4
Pr(47.3 < X < 55.7) = 0.025 — 0.0015 = 0.0235 3= (x*)-2°
Pr(47.3 < X < 55.7) 4 5
Pr(X > 47.3|X < 55.7) = i -
i | ) Pr(X < 55.7) 25 —E(X) -4
0.025 — 0.0015 4 100
Pr(X > 473]X < 55.7) = ——————= 4 100 _ o oe
TX> 47.31X < 55.7) 0.025 55+ 55 —E(X)
Pr(X > 47.3|X < 55.7) = 0.94
( | ) 104 _ o (x)
d Pr(X>m)=0.16 25 i
-0. ) 416 =E (X
Pr(X>M+c7)=l 2068=%=0.16 ( )
Som = 80.9. 12.2 Exam questions
o 1
12 a InputJ L 3% gr ~ 1 0n CAS. 1
-\ 27
T 1 b} 1/xX—H
b fix) = J A B
. V2 o\ 2z
pu=3ando=1
¢ f))
1 N T T T T T T T =
X (3.727) 75 9 105 12 135 15 165 *

N Award 1 mark for the correct values on the x-axis.
Award 1 mark for the shape.
2 The mean of X is greater than the mean of X;. The spread of
graph 2 is greater than the spread of graph 1, so
1 < p,and o) < 0,
The correct answer is E.

40—‘ ] L A 3 aPr23<X<37)=Pr(-1<Z<1)
oo _l(&f . =0.68
13 a Input Lo Vord 2%) dy = 0.9999 ~ 1 using CAS - 68% [1 mark]
44 - 30
1(x42\2 xmp2 =
b ) = 1 efi(%) _ 1 e_%(TM) b Pr(X > 44) =Pr <Z> >
44/ 2z o\ 2xn =Pr(Z > 2)
u=-2 1-0.95
LG R B =5 -
14 a f(x) = e2\10/) = e 2\ ¢ 2
10V 27 o\ 2 =0.025
=—4,0=10
u o =2.5% [1 mark]

b Dilation factor 1]—0 from the x-axis, dilation factor 10 from

12.3 Calculating probabilities and the standard

the y-axis, translation 4 units in the negative x-direction

ci o =SD(X) = 10 normal distribution
2 2
Varg=o7 = 107= 100 12.3 Exercise
ii Var() =E (X°) - [EQO)? ,
lOO:E(Xz)—(—4)2 1 X~N(50, 15 )
100 =E (X?) - 16 Pr(50 < X < 70) = 0.4088
116 = E (X 2 aPr(Z<2)=09772
© a2 b Pr(Z < -2) = 0.0228
d J ! e7C170) dx=09999 ~1 fx) > 0forall ¢ Pr(=2 <Pr<2)=0.9545
- 1027 d Pr(Z < —1.95) U Pr(Z > 1.95)
values of x and the area under the curve is 1, so this is a By symmetry,

probability density function.
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=2Pr(Z < —1.95)
=2x0.0256
=0.0512

3a Pr(X<61)=Pr<Z< 61;65)

Pr(X < 61) = Pr <z< —§>
Pr(X < 61) = 0.0912

b Pr(X > 110) = Pr <Zz M)

15

Pr(X > 110) = Pr <zz %)

Pr(X > 110) = Pr <ZZ g)
Pr(X > 110) = 0.2119

cPr(—2<X§5)=Pr(_23_2 <Z< %)

Pr(—2<X§5)=Pr(—§<Z§]>

Pr(-2 < X < 5) = 0.7501
4 a i Pr(Z<12)=0.8849
ii Pr(=2.1<Z<0.8)=0.7703
b X ~ N(45,6°)

i Pr(X > 37) = 0.9088

i oo 37 —-45
6
_ 4
3
5 aPrX<a)=0.35and Pr(X < b) =0.62
i PriX>a)=1-0.35=0.65

ii Prla<X<b)=Pr(X<b)—Pr(X<a)
=0.62-0.35=0.27
b Pr(X < ¢) =0.27 and Pr(X < d) = 0.56

i Pric<X<d)=Pr(X<d)—Pr(X<c)
=0.56-0.27 =0.29
. Prc<X<d) 029 29
ii PriX>c|X<d)= —Pr(X<d) =056 = 36
6 a Pr(X>32)=Pr(Z>k)
p=2H 327205,
o 5
b Pr(X > 32) = Pr(Z > k) = Pr(Z < —k)
=i H 2220 k=t
7 LetX = theo- speed of cars.
X ~ N (98,6%)
a Pr(X > 110) = 0.0228
b Pr(X < 90) = 0.0912
¢ Pr(90 < X < 110) = 0.8860
8 Let X = the score on a Physics test.
X ~N(72,12%)
a Pr(X > 95) = 0.0276 = 2.76% .. E
The correct answer is E.
b Pr(X > 55) =0.9217=92.17% .. B
The correct answer is B.

9 Let X = the length of Tasmanian salmon.

X ~N(38,2.4%)
Pr(X > 39.5) = 0.2659
This is not in the top 15%, so it is not a gourmet fish.
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10

11

12

13

14

Let X = the weight of a bag of sugar.

X ~ N (1.025,0.01%)

a Pr(X > 1.04) = 0.0668 = 6.68%

b Pr(X < 0.996) = 0.0019 = 0.19%

Let X = the pulse rate in beats per minute.
X ~ N (80,5%)

a Pr(X > 85) = 0.1587

b Pr(X <75) =0.1587

¢ Pr(78 < X < 82|X > 75) = 03 108

Let X = the score for Jingjing and Y = the score for Rani.
X ~N(72,9%) Y ~N(15,4%)

_X—H _ YT H
Z — —

(o2 [0}
_85-72 _18-15
9 4
13 3

= E = 4_1
z=14 z=0.75
Jingjing did better.

Chemistry X ~ N (68, 5>

x—pu T2-68
Z _—— =

o 5
Mathematical Methods X ~ N (69, 7%)
x—pu T7-69 6

== =3= 0.86
Physics X ~ N (61, 82)

x—pu 68-61 7
i=——=—%g =3°% 0.875
Juan did best in Physics compared to his peers.
Solve using CAS technology to obtain:
k=12524

)
4
z=

12.3 Exam questions

1

a X=N(6,4), Z=N(0,1)
Pr(X > 6) =Pr(Z> 0) =0.5 [1 mark]
VCAA Examination Report note:
This question was well answered, with students
recognising and applying symmetry of the normal
distribution about the mean.

b Pr(X>7)=Pr<Z> 7;—6>

1
—Pr<z> 5)
1
—Pr<Z<—5>

=Pr(Z < b)
b= —% [1 mark]
VCAA Examination Report note:
Most students understood what was required as evident by
the sketch graphs of the normal distribution and relevant
areas. Some students did not standardise and left their
answer as 5 or mistook the variance to be the standard

deviation, resulting in an answer of —1

2 X =N(12,025%), Z=N(,1)

Pr(X > 12.5) = Pr <z > M)

0.25
=Pr(Z>2)
The correct answer is E.
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3 By symmetry all options A, B, C and E are true; therefore, D
is false.
The correct answer is D.

12.4 The inverse normal distribution

12.4 Exercise

1 aPr(X<a)=0.16, y=4lando =6.7
a=34.34
bPrX<a)=021, y=125andc=17.7
a=14.68
cPr(l5—a<X<154a)=032, uy=15ando =4
By symmetry,

PriX<15—-a)= 02§ =0.34

15—-a=1335
a=1.65

2 Prim<X<n)=092, y=273ando = 8.2

Pr(X < m) = %

Pr(X < m)=0.04
m=12.94
Pr(X < n)=0.96
n=41.66
3 aPr(Z<2)=0.39
Soz=-0.2793.
b Pr(Z>z)=0.150r Pr(Z < z) = 0.85
Soz=1.0364.
¢ Pr(-z<Z<272)=028
Pr(Z < —z) =0.36
So —z=-0.3585.
Therefore, z = 0.3585.
4 X ~N(375,8.62%)
aPriX<a)=0.72
Soa =42.52.

b Pr(X < a) =0.68
Soa =41.53.
¢ Pr(37.5—-a <X <37.5+a)=0.88
Pr(X<375—a)= % =0.06
375 -a=24.10
a=13.40
5 Z~N(0,1%)
a Pr(Z <z)=0.57
z2=0.1764
b Pr(Z <z)=0.63
z=0.3319
6 X ~N(435,9.7%)
a Pr(X<a)=0.73
a = 49.4443

b Pr(X < a)=0.24
a =36.6489

7 X~N(112,6%)
Pr(X < 108.87) = 0.42

br (z< 108.87 — 112) o4
[
108.87 =112 _ o019
o
3.13 = -0.2019¢
c=155

8 X ~N(u,445)
Pr(X < 32.142) = 0.11

32142 — 4
pr{z< 2222271 _oni
r< <445 ) 0

32.142 -y
Sk 1
445 65

32.142 — = —1.2265 X 4.45
32.142 — p = —5.4579
32.142 4+ 54579 = p
u=237.6
9 X ~N(u567)
Pr(X > 20.952) = 0.09
20.952 —

Pr <z> = ) =0.09
20.952 — u
el
20.952 — p = 1.3408 x 5.67

20.952 — u =17.6023
20.952 —7.6023 = u
13.3497 = p
u=13.35

= 1.3408

10 a X ~ N (p,3.5%)
Pr(X < 23.96) = 0.28

Pr (z < w) =0.28

23.96 — u = —0.5828 x 3.5
23.96 — u=-2.038
23.96 +2.038 = u
u=206
The correct answer is A.
11 X ~N(115,6°)
Pr(X < 122.42) =0.76

< 122.42 — 115) —0.76
c

122.42 - 115

Pr (Z
=0.7063

7.42 = 0.7063¢
742 .
0.7063
c=10.5

12 X ~ N (41,6%)
Pr(X > 55.9636) = 0.11
. 55.9636 — 41 ) _oll
[
55.9636 — 41
(3
14.9636 = 1.22650

14.9636
1.2265

Pr (z

= 1.2265
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c=122
The correct answer is D.
13 X~N (;4, 0'2)
Pr(X < 33.711) = 0.36

Pr <z< w) =0.36
(o2
33711 — u

c
33.711 — y = -0.3585¢

33.711 = u — 0.35850 (1]
Pr(X < 34.10) = 0.42

=-0.3585

Pr <Z< w) =042
o2
3410=1 _ 42019
(o2
34.10 — u = —0.2019¢
34.10 = y — 0.2019¢ 2]
33711 = 4 — 0.35850 (1]

(11 -[21:
33.711 — 34.10 = —0.35850 + 0.2019¢
—0.389 = -0.15660

-0.389 .
—0.1566
c=2.5

Substitute ¢ = 2.5 into [1]:
33.711 = u— 0.3585(2.5)
33.711 = u — 0.8963
u=734.6
14 X~N (;4, 0'2)
Pr(X < 18.35) = 0.31

Pr <z< w) =031
(o2

1835 =K _ _(4959
o

18.35 — y = -0.4959¢
18.35 = u — 0.4959¢
Pr(X < 15.9) =045

Pr (z< w) = 0.45
(o2

109=1_ 1257

c

15.09 — u = -0.1257¢
15.09 = u —0.1257¢
18.35 = u —49.59¢

(11 -12]:
18.35 — 15.09 = —-0.4959¢ + 0.1257¢

3.26 =0.62160
326
06216 °
c=52
Substitute ¢ = 11.21 into [1]:
18.35 = u + 0.4959(5.2)

18.35 = u+2.5787
18.35-2.5787=pu
u=158
15 X~N (/4,0'2)
Pr(X < 39.9161) = 0.5789

(1]

(2]
(1]

Pr (z < %> =0.5789

c
% =0.1991
c

39.9161 — u=0.1991c
399161 = u+0.19910
Pr(X > 38.2491) = 0.4799

Pr (z 5 38291 = 1\ _ 4799

c
% =0.0504

38.24%1 — pu =0.0504c
38.2491 = p 4+ 0.05040
399161 = p+0.1991¢
(11 -12]:
39.9161 — 38.2491 = 0.1991¢ — 0.0504c¢

1.667 = 0.1487¢
1667
01487 ¢
c=1121
Substitute o = 11.21 into [1]:
39.9161 = u +0.1991(11.21)
39.9161 = u +2.2319
39.9161 —2.2319 =

u=37.68

16 Pr(a <X <b) = 0.52and X ~ N (42.5,10.3%)

Pr(X < a)=0.24 and Pr(X > b) = 0.24

a=35.2251 b =49.7749
So Pr(35.2251 < X < 49.7749) = 0.52.
Pr(a<X<b)
Pr(X X =
rX>alX <b)= =557
Pr(X<b)=024+0.52=0.76
0.52
Pr(X X< b)=—
r (X > alX < b) 076
Pr(X > a|X < b) = 0.6842
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(1]

(2]
(1]

12.4 Exam questions

1 XL Nu=250,6>=9)
Pr(X < 259) = 1 — Pr(X > 259) = 1 — Pr(Z > 1.5)

1‘52259—25022
[0} o

I

R

The correct answer is C.

2 E(X) =2SD(X), X 2 N(20, 6%)
Pr(X > 5.2)=0.9
Pr(Z<z)=09

z=-1.28

52-20 _ | 5
o

c=17.238
The correct answer is A.
3 WL N200,62 =)
Pr(W > 190) = 0.97
Pr(W < 190) =0.03
Pr(Z < z) =0.03
z=-1.88
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188 = 190—200= 10
c c
c=53

The correct answer is B.

12.5 Mixed probability applications

12.5 Exercise

1 ai W~N(508,3%)
Pr(W < 500) = 0.0038
ii Pr(W <w)=0.01
w = 501.0210
b Pr(W < 500) < 0.01

Pr<Z< M) <001

o

3003508 _ 5 3063
o

-8 <-23263 ¢
_8 .5
—-2.3263 ©
34389 >0

Or o < 3.4389 grams

Therefore, the maximum standard deviation is 3.4389.
2 a YPr(X=x=1

3K* + 2k + 6k + 2k + k* + 2k + 3k = 1

10K* + 9k — 1 = O as required

b 10*+9%-1=0
(10k=D(k+1) =0

1
= — —]
k loask;é

¢ Let X = the chocolate surprises containing a ring.
X ~ Bi(8,0.25)
EX)=8x025=2
d Pr(X =2)=0.3115
e Pr(X =0) <0.09
"Cy(0.75)"(0.25)° < 0.09
(0.75)" £0.09
nlog,(0.75) < log,(0.09)
log,(0.09)
"= 1og,(0.75)
n > 8.3701
The sample size has to be 9.
f Let W = the weight of the defective chocolate surprises.
W~N(125,06%)
Pr(W < 100) = 0.082

Pr (z < W) =0.082

=-1.3917

-25=-13917¢
=25
—13917 7
17.9636 = ¢
c=18
3 Let X = the error in a speedometer.
X ~ N (0,0.76%)

100 — 125
o

Pr(Unacceptable) = Pr(X < —1.5) UPr(X > 1.5)
Pr(Unacceptable) = 2 Pr(X < —1.5) by symmetry
Pr(Unacceptable) = 2 x 0.0242
Pr(Unacceptable) = 0.0484
4 Let X = the height of Perth adult males.
X ~N(174,8%)
a Pr(X > 180) = 0.2266 or 22.66%
b Pr(X > x) =0.25
x=179.396 = 179 cm
5 a Let X = average weight of David’s avocados.
X ~ N (410,20%)
i Pr(X < 360) = 0.0062

ii Pr(X < 340|X < 360) =
i Pr( ' ) Pr(X < 360)
0.005977

Pr(X < 340X < 360) = 0.9625
b Let Y = average weight of Jane’s avocados.
Y~N (/4, 0'2)
Pr(Y < 400) = 0.4207
Pr (z <200~ ”) = 0.4207
c

400=# _ 2001

c
400 — y =-0.20010

400 = u — 0.20016
Pr(Y > 415) = 0.3446

Pr <Z > 415—_”) = 0.3446
(o2

5= _ 3999
o
415 = p+ 0.39990
400 = 4 — 0.20016
[2] - [1]:
415 — 400 = 0.3999¢ + 0.20010¢
15 =0.60
15 _
0.6
25=o0
Substitute o = 25 into [1]:
400 = u — 0.2001(25)
400 = u — 3.0015
u =405
6 Let X = the length of metal rods.
X ~ N (145,1.4%)

a Pr(X > 146.5) = 0.1420

b Pr(X</4—d)=($

Pr(X < 145 - d) =0.075

145 — d = 142.9847
145 — 142.9847 = d

2.0153=d

d=20
¢ Let Y = the number of rods with a size fault.

Y ~ Bi(12,0.15)
Pr(Y =2) =0.2924

o
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d i a+0154+0.17=1
a+032=1
a=1-032
a=0.68
ii E(Y)=0.68(x—5)+0.150) + 0.17(x — 8)
E(Y) =0.68x —3.4+0.17x — 1.36
E(Y) =0.85x — 4.76
iii If E(Y) = 0 then
0.85x—4.76 =0
0.85x =4.76
x=5.6
The selling price of good rods will be $5.60.
0.68
0.68 +0.17
=038

iv Production of good rods =

ie. 80%
7 X ~ N (2500,700%) and ¥ ~ N (3000, 550%)
a Pr(X < 1250) = 0.0371
b Pr(Y < 1500) = 0.0032
¢ Pr(Both ‘special’) = Pr(X N Y)
Pr(Both ‘special’) = Pr(X) X Pr(Y) as they are
independent events
Pr(Both ‘special’) = 0.0371 x 0.0032
Pr(Both ‘special’) = 0.0001
d i Pr(One ‘special’) = 0.4 x 0.0371 + 0.6 x 0.0032
Pr(One ‘special’) = 0.0167
Pr(X N One‘special’)

ii Pr(X‘special’|One‘special’) = Pr(One'special’)

0.4 x0.0371
Pr(X* ial’ ‘ jal’) = ————
r(X ‘special’|One ‘special’) 00167
0.00744
Pr(X* ial’|One* ial’) =
(X ‘special’|One ‘special”) 00167

Pr(X‘special’|One‘special”’) = 0.8856
8 a Let X = the height of plants.
X ~N(18,5%)
Pr(X < 10) = 0.0548
Pr(10 < X < 25) = 0.8644
Pr(X > 25) = 0.0808

Plant Size Probability
Small X <10 0.0548
Medium 10 <X <25 0.8644
Large X>25 0.0808

b E(Costof one plant) = 2(0.0548) + 3.5(0.8644)
+ 5(0.0808) = $3.54
E(Cost of 150 plants) = 150 x $3.54 = $531
9 Let W = the weight of perch.

W ~ N (185,20%)

a Pr(W > 205) = 0.1587 = 15.87% (Cannery, 60 cents)

b Pr(165 < W < 205) = 0.6827
= 68.27% (Market, 45 cents)

¢ Pr(W < 165) = 0.1587 = 15.87% (Jam, 30 cents)
E(Profit) = 60(0.1587) + 45(0.6827) + 30(0.1587)
= 45.0045 = 45 cents
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10

11

12

Let X = the diameter of the tennis ball.
X ~N(70,1.5%)
a Pr(X <71.5)=0.8413
b Pr(68.6 < X < 71.4) = 0.6494
¢ Let Y = the tennis balls in the range.
Y ~ Bi(5,0.3506)
Pr(Y>1)=1-Pr(Y=0)
Pr(Y > 1) = 1 — (0.64935)°
Pr(Y > 1) = 0.8845

d (68.6 < X <71.4)=0.995

Pr(M <Z< w> =0.995
o

(o2
1.
2 0807
(o2
14
2807 ¢
0.4987 = &

Let X = the diameter of a Fuji apple.

X ~N(71,12%)

a pu + 20 will be the largest possible diameter. (71 + 24) mm
will be the largest possible diameter. Therefore, 95 mm will
be the largest possible diameter.

b Pr(X < 85) = 0.8783

¢ Pr(X < 60) =0.1797 = 18%

d Pr(X <x)=0.85

x =83.4372 mm
83 mm is the minimum diameter.
e Pr(x > 100) = 0.0078
f E(Costofoneapple) = 0.1797(0.12) + 0.6703(0.15)
+ 0.15(0.25)
=0.1596 or 16 cents
E(Cost of 2500 apples) = 2500 x 0.1596 = $399

g Let Y = Jumbo apples in a bag.

Y ~ Bi(6, 0.15)
Pr(Y>2)=1-FPr(Y=0)+Pr(Y =1))
Pr(Y >2)=1-(0.3771 + 0.3993)
Pr(Y>2)=1-0.7764

Pr(Y > 2) =0.2236

Let Xs = the amount of disinfectant in a standard bottle.

Xs ~ N (0.765,0.007%)

Let Xi. = the amount of disinfectant in a large bottle.

X1 ~ N (1.015,0.009°)

a Pr(Xs < 0.75) = 0.0161

b Pr(X. < 1.00) = 0.0478
Let Y = the large bottles with less than 0.95 litres in them.
Y ~ Bi(12,0.0478)

Pr(Y>4)=1-Pr(Y < 4)

Pr(Y>4)=1-Pr(Y=0+Pr(Y=1)+Pr(¥Y =2)
+Pr(Y = 3))

Pr(Y > 4) =1 - (0.5556 + 0.3347 + 0.0924 + 0.0155)

Pr(Y > 4)=1-0.9982

Pr(Y > 4) = 0.0019
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13 Let L = the length of antenna of a lemon emigrant butterfly.

L~N(22,15)

a Pr(L < 18) =0.0038
b Let Y = the length of antenna of a yellow
emigrant butterfly.
Pr(Y < 15.5) = 0.08

Pr (z< 155—_”) =0.08
(o3

55-k _ 401
(o2
155 — = —1.40510
15.5 = y— 1.40516 (]
Pr(Y > 22.5) = 0.08

25—
Pr <z> ﬂ) =0.08
(o2

225K _ 4051
(o2

225 - u=14051c
22.5 = p+ 140516 2]
15.5 = u — 140516 (1]

(2] - [1]:
22.5-15.5=1.40510 + 1.4051c

2=2.8102¢
2 =0
2.8102
o =2.5mm

Substitute o = 2.5 into [1]:

15.5 = u— 1.4051(2.5)

15.5=pu—3.5128
15.5+3.5128 = u

4 =19.0 mm
¢ Pr(Yellow) = 0.45 and Pr(Lemon) = 0.55
Let B = the number of yellow emigrants.
B ~ Bi(12,0.45)
Pr(B = 5) = 0.2225
14 a Let X = the error in seconds of a clock.

X~N (y, 0'2)

The clock can be up to 3 seconds fast or 3 seconds slow.

# =0 due to symmetry

Pr(X > 3) = 0.025

Pr (z > ﬂ) =0.025
(o}

3

2 —1.9599
(o2
3 = 1.959966
3 j—
195996  °
o= 1.5306

b Let Y = the number of rejected clocks.
Y ~ Bi(12,0.05)
Pr(Y<2)=Pr(Y<1)

Pr(Y <2)=0.8816

12.5 Exam questions

1 T=N(u=120,6>=17)
Pr(T < 90) = 150 =0.075
T 2000

Pr(Z < z) =0.075

z=-1.44
|44 = 90 — 120
c
o~ 20.8
oc=21

The correct answer is D.

2 aS~Nu=14,06>=4%

Pr(S<T)=09

T=19.1cm

Award 1 mark for the correct height.

VCAA Assessment Report note:

Many students thought 100 mm = 1 cm, giving their final
answer as 1913 mm. Others had incorrect units, such as
19.1 mm. Some entered the incorrect probability into their
technology.

b Pr(S < 9)=0.1057

E(S) = 0.1057 x 2000
=211

Award 1 mark for the correct probability.
Award 1 mark for the correct number.
VCAA Assessment Report note:
Some students had incorrect working, such as
Pr(X < 9) = 0.10565... = 0.10565... X 2000 = 211 basil
plants. Some students used Pr(X < 8.9) or Pr(X < 8).
Some rounded incorrectly. Some used technology syntax in
their working. Correct mathematical notation was required.
Other students complicated the question by using z values.
Many of these attempts were unsuccessful.

T X
—sin{ — ) 0<x<50
¢ h=4100"" (50) *
0 otherwise
50

E(H) = J xh(x)dx = 25
0
Award 1 mark for the correct mean height.

VCAA Assessment Report note:
This question was answered well. Some students used the
median formula. Others used their technology in degrees

rather than radians.
d

d Jh(x)dx =015=>d=127

0
d=12.7cm

Award 1 mark for writing a definite integral for the height.
Award 1 mark for solving using CAS for the correct height.
VCAA Assessment Report note:
Some students attempted to use the normal distribution to
answer this question. Some had incorrect units or
conversions.
eJ~Bin=?p=0.2)
PrJ>1)
=1-Pr(/=0)
=1-0.8">0.95
1-0.8">0.95
= 0.8" < 0.05
=>n>13.85
son =14
Award 1 mark for using at least one binomial expression.
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Award 1 mark for the correct value of n.

VCAA Assessment Report note:

Many students did not know to use the binomial
distribution and others used the inequality sign incorrectly.
Many different approaches could have been used. Many
different approaches were used, including trial and error.

3
“(x—6°@8—-x) 6<x<8
3aife st V@ 0sx<
otherwise

Pr(X > 7) = | fix)dx [1 mark]

(x — 6)*(8 — x)dx

W

Ne—— 0 N/ O

1

T 16
VCAA Assessment Report note:
Some students omitted the dx. Some had incorrect
terminals such as

7 8 8
J flx)dx, I fx)dx orJ
6

7.0001 6.9999
answer without showing any working.

[1 mark]

f(x)dx. Others gave the

ii Y~Bi<n=3,p=%) [1 mark]
3 11 5\’
825
= 2096 [1 mark]

VCAA Assessment Report note:
Many students were able to identify the binomial
distribution with the correct n and p values. A common

incorrect answer was E X i ’ = ﬁ
) 16 16 ) ~ 4096°

8
b E(X) = | xf(x)dx
6
8
= ?(x —6)*%(8 — x)dx

6

r 5 4 8
= —32% + ISTX —33x* 4+ 108x7 6
38°-6°) 158*-6% s
=-=—5—+ 7 —33(8° - 6°)
+108 (8° - 6%)
36
-5
=72 [1 mark]

VCAA Assessment Report note:

Some students worked out the median, solving
8

J- fix)dx = 0.5 for x, instead of the mean. Others evaluated

6

8
J (f(x))dx, leaving out x.
6

¢ X~N(u=74,06"=9)

TOPIC 12 The normal distribution ¢ EXERCISE 12.6 | 299

Pr(74 < X < 85)

Pr(X < 85X > 74) = 1 mark
i ! )= ThX > 74) [1 mark]
03892
T 05
=0.778 [1 mark]

VCAA Assessment Report note:
Many students were able to recognise that the problem
involved conditional probability. Some students evaluated
0.38918... or 0.889188...

0.499 99 0.5 '

d i L~Bi<n=4,p=13m)

Pr(L > 1)=1 - Pr(L = 0) [1mark]
()
100
=0.1147 [1 mark]

VCAA Assessment Report note:

Some students wrote 3% as 0.3. Others had the incorrect
value for n, using Lemons ~ Bi(3, 0.03). Some gave the
answer without showing any working, while others
attempted to use the normal distribution.

3
ii L~Biln=%p=—
ii 1<n P 100)

Pr(L>1)=1-Pr(L=0)> 0.5 [1 mark]
97 n
Pr(L=0)= <m) < 0.5
n=23 [1 mark]

VCAA Assessment Report note:

Some students rounded their answer to 22. Others did
not state the minimum value, leaving their answer as

n > 22.7566. Some students used the trial and error
methods and this was acceptable. Some students did not
show any working.

12.6 Review

12.6 Exercise
Technology free: short answer

1 X ~N(76,6%)

aPr(X>82)=1-Pr(Z< 1)
=1-0.84
=0.16

b Pr(70 < X<76)=1-0.5-Pr(Z < 70)
=1-0.5-0.16
=0.34

Pr(70 < X < 76)

Pr(X < 76)

034

T 05

34

50

17

=25

¢ Pr(X > 70|X < 76) =

2 X~N(31,6%)

R L 1
a Dilation factor 6 from the x-axis, dilation factor 13 from the

y-axis, translation 31 units in the positive x-direction.
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3 Let X = the time spent swimming.
X ~ N (35,4%)

a Pr(31 < X < 39) ~ 68%
b Pr(X <43)~ 1 - (%)

~1-0.025
~ 0.975
~97.5%
c Pr27<X<39)~1- <%> - (@>
2 2
~1-0.16-0.025
=~ 0.815
~ 81.5%

4 a PriX<m)=1-Pr(X>m)
=1-0.65
=0.35

b Pr(X> -m)=1-Pr(X > m)
=1-0.65

=35
b X ~ N (180,5°%)
Z=x_”
c
_ 192 -180
-5
=24
6 aPr(X<m)=Pr(X<n)—Pr(m<X<n)
=0.72 -0.54
=0.18
b PriX<m)y=1-Pr(X>n)—Pr(m <X <n)
=1-0.18-0.75
=0.07

Technology active: multiple choice

7 u, <p,ando, <o,
The correct answer is A.

8 Let X = the amount of orange juice in the carton.

X ~N(1.05, 0.05%)
Pr(X > 1) =0.8413
=0.84
The correct answer is B.
9 Pr(Z<-1)
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10

11

12

13

14

1-Pr(Z> 1)

f T f >,
k4
-1 0 1

The correct answer is C.
Pr(a < X < b)

/

a b

2
X

Pra< X <b)=Pr(X < b)-Pr(X < a)

#Pr(X < b)—Pr(X > a)
The correct answer is E.
X~N (49, 1.4%)

Pr(X <3.5)=Pr <z < %)

_14
—pr(z< 212
r( < 1.4)

=Pr(Z< -1)

=Pr(Z>1)
The correct answer is B.
Let X = the mass of eggs.
X ~N(63,2.7%)
Pr(60 < X < 65) = 0.6373
The correct answer is C.
X ~N(32,7%)
Pr(X>a)=02

a=37.89

The correct answer is D.
Let H = the height of trees.

H~N(u, 0.3%) -
Pr(H > 2.9) = T2
Pr(H > 2.9) = 0.8567
Pr <z > 2'%.; ”) =0.8567
2'?).; K~ _1.0655

2.9 — y = —1.0655(0.3)
29— pu=-03197
29+03197 =y
32197 =y
1= 3220

The correct answer is A.



15 Let X = the weight of flour in bags.
X ~ N (255, 14%)
Pr(X > x) =0.45
X =256.8
The correct answer is E.
16 Z~N(0,1%)
Pr(Z < z) =0.85

z=1.0364
The correct answer is D.

Technology active: extended response
17 a XNN(M,O'Z)

Pr(X < 47) = 0.3694
Pr (z < 47—_"> =0.3694
(o2

=1 03334
o2
47 — u=—033340

47 = u—0.3334c
Pr(X > 56) = 0.3385

Pr (z> 56_”) =0.3385

[0}
56 —u
[0}
56 — = 0.41660
56 = u +0.41660
47 = u—0.33340

=0.4166

[21-[1]:
56 — 47 = 0.41660 + 0.3334¢

9 =0.750c
9

0750 °
oc=12
Substitute ¢ = 12 into [1]:
47 = pu—0.3334(12)
47=pu—-4
nu=>51
b Pr(51 —a < X < 51 +a) = 0.7566

0.1217

Sl—a 51  Sl+a’
Pr(X < x) = 0.1217
x=37.0
So
51 —a=37
51-37=a
14=a
Thus, 51 + 14 = 65.

P X
Pr(X > 37|X < 65) = LTO7 <X <65)

Pr(X < 65)
07567

~0.8783
=0.8615

(2]
(1]
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18

19

¢ i Var(X) = o’
=12°
=144
i Var() =E (X°) - [EX)?]
144 =E (X*) = 51
144 =E (X°) - 2601

E (X*) =2745
Machine A: X ~ N (2.5,0.7°)
0, y<O0
y
=, 0<y<3
Machine B: f(y) = 4 12 Y
16—0‘5(\*—3& y>3

a i Pr2<X<5)=0.7623
3 5
ii Pr2<Y<5= J- Ldy + I le—o.sov—z)dy

, 12 .3
=0.2083 +0.4214
=0.6297

3 ©
2
I _os4—
b E(Y) = J y—dy + J —ye 0 gy
0 3
0
4

¢ Let Cg = the number of chocolates that took less than
2 seconds.

. 1
Cg ~ Bi <10, 6)

Pr(Cg = 4) = 0.0543
d i Pr(X<2)=0.2375
ii Let Ca = the number of chocolates that took less than
2 seconds.
Cs ~ Bi(10,0.2375)
Pr(Cs = 4) =0.1313
Let X = the length of strawberries at Pieter’s farm.
X ~N(3.5,0.8%)

X>45 $6.50/kg  Restaurants
22<X<45 $4.50kg Markets
X<25 $1.75/kg  Jam

a i Pr(X>4.5)=0.10560r10.56%
ii Pr(X <2.5)=0.1056 or 10.56%
iii The mean profit for 1 kg of strawberries is
6.5(0.1056)+4.5 (0.7887) + 1.75 (0.1056) = $4.42/kg.
b Let Y = the length of strawberries at Marta’s farm.
Y ~ N (u,0)
Pr(Y > 4.5) = 0.0316

Pr <z> 45— ”) =0.0316
o

45—u

= 1.8579

o
45— y=18579
45=p+ 18579 (1
Pr(Y < 2.5) = 0.1587

25— ”) =0.1587
o2

Pr <Z<
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25K _ 9998
o
2.5 — yu=—-0.9998c
25 =y —09998c 2]
45=pu+1.8579% [1]

(11 -12]:
4.5 -2.5=1.8579¢ + 0.9998c

2=2.8571c
2

28577 °
c=0.7
Substitute o = 0.7 into [1]:
4.5 = pu+ 1.8579(0.7)
4.5=pu+1.30053
4.5-1.30053=pu
n=32
20 The ‘A standard’ is 65 metres.
The Olympic record is 72.28 metres.
Let X = the distance thrown by Merilyn.
X ~ N (64.5,3.5%)
a Pr(X < 65) = 0.5568
Pr(65 < X < 72.28) = 0.4301
Pr(X > 72.28) = 0.0131
b Pr(X <m)=0.9
m = 60.01 metres
Pr(65 < X < 72.38)
Pr(X < 72.38)
_ 04301
~0.9869
=0.4359
d Expected reward = 500 (0.5568) + 1000 (0.4301) +
5000(0.0131) = $774
e i Expectedreward for 5 throws = 5 x 774 = $3870

¢ Pr(X > 65|X < 72.38) =

ii Let T = the number of throws over the A standard throw.

T~Bi(5 p=1-0.5568)
T ~ Bi(5,0.4432)
Pr(T > 3) = 0.3944
iii E(D)=mnp
=5x%0.3944
=1.97

12.6 Exam questions
1 aX~N(u=25s=03) Z~NO,1) z==-—F
o
31-25
Pr(X > 31) =Pr <Z> 0—3>
=Pr(Z>2)
=Pr(Z < -2)

b=-2 [1 mark]

<
« I 1

1.9 2.5 3.1

< T T T

-2 0 2
VCAA Assessment Report note:
Those students who drew a diagram of a ‘normal’ curve
with relevant areas shaded found this helpful. An answer of
+2 was common. The answer of 1.9 was also common, and
was two standard deviations below the mean of X. This
question required a conversion to the standard normal
curve.

b Pr(X<281X>25)
Pr25<X<28) Pr(0<Z<1)

Pr(X <2.5) Pr(Z < 0)
_05-Pr(Zz>1)
T Pr(Z<0)
_05-Pr(Z<-1)
T Pr(Z<0)
_05-0.16
05
_ 034
T 05
=0.68
Award 1 mark for the correct use of conditional probability.
Award 1 mark for the final correct probability.
VCAA Assessment Report note:
Most students could state the relevant rule and obtained the

1
correct denominator of 3 but then failed to recognise that
Pr(2.5 < X <2.8)
PriX<281X>25)= ——————
TX<28X>25)= =5 x> 29

greater than 1 or errors in handling decimals and/or fraction
simplifications were common.
2 X~N(u=12,0*=4)

C115-12
YT 705

. Probabilities

=-1
Pr(X<11.5)=Pr(Z < —1)

= Pr(Z > 1) by symmetry
The correct answer is C.
3aT<N(u=0,0=16)

Pr(T<a)=0.6

..a =1 minute

Award 1 mark for the correct answer.
b Pr(T<3|T>0)

_Pr(0<T<3)

~ Pr(T >0)

_ 027337

05

= 0.547
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Award 1 mark for considering conditional probabilities.

Award 1 mark for the correct probability.
¢ Pr(-3 < T <2)=0.4648
DEN(u=k o> =16)
Pr(—4.5 <D <£0.5) =0.4648, k=—-1.5
Using symmetry,
Pr(-0.5<D <45)=0.4648, k=-2.5
Award 1 mark for considering symmetry.
Award 1 mark each for the two values of k.
d R< Bi(n=38,p=0.85)
Pr(R < 4) = Pr(R < 3) = 0.003
Award 1 mark for considering binomial probabilities.
Award 1 mark for the correct probability.

e i RLBi(n="72p=085)
PiR>1)=1-PrR=0)=1-0.85"
Award 1 mark for the correct expression.

ii Solving 1 —0.85" > 0.95
n=19
Award 1 mark for the correct value of n.

f T +—
0.85
0.15
T
T D—
X
1-x
T

Pr(ontime) = (1 —y) X 0.85 + xy = 0.75, x€[0.3, 0.7]

When x = 0.3, solving (1 —y) X 0.85 4+ 0.3y = 0.75 gives

.. 2
the minimum y-value: y = TR

When x = 0.7, solving (1 —y) X 0.85 + 0.7y = 0.75 gives

. 2
the maximum y-value: y = 3

Award 1 mark for the correct maximum y-value and 1 mark

for the correct minimum y-value.
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4 Pr(-a<Z<a)=1-2Pr(Z< —a)
The correct answer is D.
5 Sketch the normal curve to assist in visualising the problem.

<+ T T T T T T i
7.9 10 12.1 14.2 163 18.4 20.5
Pr(X > a;)=0.9
=1-PriX<a))
Pr(X <a;)=0.1
Pr(Z < z)=0.1
z=-1.282
ay — 14.2
—-1.282 = 1
a; = 11.5087 [1 mark]
14.2 — 11.5087 = 2.691
ay =142+ 2.691
a, =16.8913 [1 mark]
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Topic 13 — Statistical inference

13.2 Population parameters and sample statistics

13.2 Exercise

1

10
11
12
13

14

15

16

17

Mr Banner tests his joke on this year’s class (15 students).

This is the sample size. n = 15

We don’t know how many students Mr Banner will teach.

The population size is unknown.

Lois is able to hem 100 shirts per day. This is the population

size. N =100

Each day she checks 5 to make sure that they are suitable.

This is the sample size. n = 5

Mr Parker teaches on average 120 students per day. This is

the population size. N = 120

He asks one class of 30 about the amount of homework they

have that night. This is the sample size. n = 30

Lee-Yin asks 9 friends what they think. This is the sample

size. n =9

We don’t know how many people will eventually eat

Lee-Yin’s cake pops. The population size is unknown.

a We don’t know how many people will eventually eat the
pudding. The population size is unknown.

b 40 volunteers to taste test your recipe. This is the sample
size. n =40

a We don’t know how many people will eventually receive
the vaccine. The population size is unknown.

b 247 suitable people test the vaccine. This is the sample
size. n = 247

a Population parameter

b Sample statistic

a Population parameter

b Sample statistic

Sample statistic

Population parameter

Sample statistics

Population parameter

Use the random number generator on your calculator to

produce numbers from 1 to 100. Keep generating numbers

until you have 10 different numbers. Answers will vary.

First assign every person in your class a number, e.g. 1-25.

Decide how many students will be in your sample, e.g. 5.

Then use the random number generator on your calculator to

produce numbers from 1 to 25. Keep generating numbers

until you have 5 different numbers. The students that were

assigned these numbers are the 5 students in your random

sample. Answers will vary.

52
Number of juniors: ———— X 75 = 34.29. Theref
umber of juniors 53 1 621 X 9. Therefore,
there are 34 juniors.
621
f seniors: —— = 40.71. Theref
Number of seniors 3+ 621 X 75 0.7 erefore,

there are 41 seniors.

Number of boarders: 23% of 90 = 20.7. Therefore, there are
21 boarders.

The rest of the sample will be day students. 90 — 21 = 69 day
students.

a Systematic sample with k = 10

b Yes, assuming that the order of patients is random.

18

19

20

The sample is not random; therefore, the results are not likely
to be random

It is probably not random. Tony is likely to ask people that he
knows or people who approach him.

Number of staff under 50: 60% of 1500 = 900

Number of full-time staff under 50: 95% of 900 = 855

855

1500 x 80 =45.6

Number of part-time staff under 50: 900 — 855 = 45

Number to sample:

45
le: =24
Number to sample 1500 x 80

Number of staff over 50: 1500 — 900 = 600
Number of full-time staff over 50: 78% of 600 = 460
0
=24.
1500 X 80 96
Number of part-time staff over 50: 600 — 460 = 140

Number to sample:

0
1500 x 80 =747

The sample consists of:
Full-time staff under 50: 46
Part-time staff under 50: 2
Full-time staff over 50: 25
Part-time staff over 50: 7

Number to sample:

13.2 Exam questions

1

2

3

The 12% is a statistic from a population; therefore, it
represents a population parameter.

The correct answer is E.

The sample statistic of the tennis group lesson is used to
predict the population.

The correct answer is B.

Sample statistics are used to estimate population parameters.
The correct answer is B.

13.3 The distribution of the sample proportion

13.3 Exercise

1

5

)
P=15
_2
5
., 6
P=2%0
3
~ 10
.27
P=30
9
~10
. 147
T 537
N = 1000
n =150
p=0.85
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Is 10n < N? 10n = 500; therefore, 10n < N.

Is np > 10? np = 50 X 0.9; therefore, np > 10.
=45

Is ng > 10? ng = 50 x 0.1; therefore, ng¥10.
=5

The sample is not large.

For the sample to be large,

ng =10
0.1n=10
n =100

n = 100 is the smallest sample size that can be considered large.
6 np =10 Asp < g, if np < 10, then ng < 10.

0.05n =10
n =200
Is 10n < N? 10n = 2000; therefore, n = 200 is a large sample.
7
go.12
g 0.10
£ 0.08
S
< 0.06
% 0.04 |-| H |'|
< 0.02 H
o 0 I_.-.nI'I|'||T||-| , I|-||-||-|I'I|-|.T.._ I A >
0.05 0.10 0.15 0.20 0.25 0.30 1P
8 a = 2 = i
P=a177
b 0 females chosen out of 4, 1 chosen out of 4, 2 chosen out of 4, 3 chosen out of 4 or 4 chosen out of 4.
1
Therefore, the possible values for p are 0, RGN %, 1.
c
x p Number of samples Relative frequency
0 2¢,°c, = 126 0.021
1
1 1 2¢,°c, = 1008 0.168
2 % 2¢,°c, = 2376 0.397
3 129
3 1 C;°C, = 1980 0.331
4 1 2¢,°C, = 495 0.083
Total samples 5985
Probability distribution table:
1 1 3
p 0 = = = 1
P 4 2 4
Pr(P = p) 0.021 0.168 0.397 0.331 0.083

d Pr(P > 0.6)=Pr (P: %) +PrP =1

=0.331 + 0.083
=0414
R . Pr(P > 0.
e Pr(P > 05)P > 03) = >0
Pr(P > 0.3)
0414
T 0.414 +0.397
=0.510
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1234
9 a 075,5,5,571
b N
x p Pr(P = p)
0 5C, (0.62)° (0.38)° = 0.008
1 é 3¢, (0.62)' (0.38)* = 0.064
2 % 3C, (0.62)* (0.38)° = 0.211
3 % 3C5 (0.62)° (0.38)* = 0.344
4 g 5C, (0.62)* (0.38)! = 0.281
5 1 5C5(0.62)° (0.38)° = 0.092
Total samples 5985
¢ Probability distribution table:
1 2 3 4
p - Z = = 1
P 0 5 5 5 5
Pr(P=p) | 0.008 | 0.064 | 0211 | 0344 | 0281 | 0.092

d Pr(ﬁ>0.5)=Pr<I3=§>+Pr(ﬁ‘=g>+Pr(i’=1)

=0.344 4+ 0.281 + 0.092

=0.717
10 n=24,p=0.25
X ~ Bi(24,0.25)

A 5
> — ) = >
Pr<P_24> Pr(X > 5)

=0.7534
11 n=25p=04
X ~ Bi(25,0.4)

. 8 . 5
> — > — ) = > >
Pr<P_25|P_25) Pr(X > 8|X > 5)

_PrX>8nX2>5)
T Pr(X>5)
_ Pr(X>8)
T Pr(X>5)
=0.8545
12 X ~ Bi(4,p)
1

4
Pr(X = 4)= <4>p“(1 -»' =

p =025
Pr(P < 0.5) =Pr(X < 2)
=PrX<1)
=0.7383
The correct answer is C.

13 aE(P)=p
=05

b SD (P) =\/”—(1n_p)
_ [05x05
a 50

=0.07
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14 If N =1000, n = 100 and p = 0.8.

aE(P)=p
=0.8

b SD (P) =y /2L=P)

e
%
x| =
I
o

100
=0.04

15 E(P)=p
=0.15

S
|
=

SD (P) =

0.15x0.85
150
=0.029

W:

=0.75

_pd -
)=V

16 E(

=

S

SD (P

0.75x0.25
100
=0.043
The correct answer is A.
17 E(P)=p
p=0.12

i

SD (13) _ p(l—p)

0.12x0.88

0.0285 =

8.1225x 107* = 0.1056

0.1056

n=s ——
8.1225 x 104

2

_ [pd=

0.0253 = 0.81x0.19

%

6.4009 x 1074 = 0.1539

0.1539

n= ————
6.4009 x 10—+

=240.4
Therefore, n = 240.

19 SD(P)=\/p(1n_p)

p(1—-p)
0.015 =
510
4 _pd-p)
225% 107 =
5% 10 570

0.11475 =p (1 - p)

=p-p

m:

20
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The quadratic p* — p + 0.11 475 = 0 can be solved using the
quadratic formula.

—b*\/b? — dac
p=
a
1£y/1-4x1x0.11475

2
_ 1+v0.541
a 2
p=0870rp=0.13
As p > 0.5, the population proportion is p = 0.87.

p(l—p)
n

SD (P) =

p(-p)
350
p(=p)

5025 x 1074 = ——22
6.5025 x 10 350

0.2275875=p(1 —p)
=p-p
The quadratic p* — p + 0.2 275 875 = 0 can be solved using
the quadratic formula.

b —b=xVb* - 4ac

2a

1£y/1-4x1x02275 875
2

1£4/0.08 965

2
p =0.650rp =0.35

0.0255 =

13.3 Exam questions

Vn>25V/3
n>625x%x3
n > 1875
Hence, the smallest value of » is 1875.
Award 1 mark for the correct method.
Award 1 mark for the correct value of n.
VCAA Examination Report note:
Most students identified the correct formula; however, many
were unable to correctly transpose the inequality to solve for
n or to correctly manipulate the arithmetic involving rational
numbers. Some students had poor use of notation work, in
that they did not extend the square root sign to include n.
n=16,p=02,X=Bi(n=16,p =0.2)
X

n

Pr (ﬁ > 13_6> =Pr(X > 3) =0.6482

>

The correct answer is A.
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3 X=BiG5.p), p=

Pr(p =0) = Pr(X=0)

=q5

L
243

1 2 2
=>4q 3’ P 3’ 1 ( , 3>
Pr(p > 0.6) = Pr(X > 3)
=Pr(X>4)
= 0.4609
The correct answer is C.

X
5

13.4 Confidence intervals

13.4 Exercise

1 n=30
p=0.80
z=1.96
The 95% confidence interval is

paoy /PP 080+1.964 0.80%0.20
n 30

- CI = (0.66, 0.94)

The 95% confidence interval is

przy[LUTP) _ 854196/ 20XOD
n 53

= CI = (0.76, 0.94)

3 n=116
. 86
T 116

z=2.58  (Pr(Z < —z) = 0.005)

The 99% confidence interval is

[P (=5 _
116_258

= (0.64, 0.85)
4 n= 95
35
95
1=1.64 (PrZ< —2) = 0.05)

The 90% confidence interval is

p(l—p) +164

. CI = (0.29, 0.45)

z=1.96
The 95% confidence interval is

X »(1-p) 0.08 x 0.92
£/ = 0.08£1.961 ) s .
Ptz — = 008%1.96 550

10

. CI=(0.05,0.11)
The correct answer is D.
n=250

230

"B)

0.08 x 0.92
250

.. CI = (0.876,0.964)
=250

0.92+2.58

z=1.64 485

The 90% confidence interval is

0.368 x 0.632
250 ’

.. CI=(0.318,0.418)

n=250,p =0.65

Since # is large, we can approximate the distribution of P to
that of a normal curve.

0.368 £1.64

0.65 x0.35

Therefore, u = p = 0.65 and 6 = 750 = 0.030.
Pr(P < 0.6) = 0.0487
n=200,p=0.8

Since n is large, we can approximate the distribution of P to
that of a normal curve.

0.8x0.2
—— =0.02
200 0.0283

Pr(0.8 < P < 0.9)
Pr(P > 0.65)
~0.4998

~0.9999
=0.4998

Therefore, y =p =0.8 and ¢ =

Pr(0.8 < P < 0.9|P > 0.65) =

90% confidence interval, z = 1.64
p will be at the centre of the interval, p = 0.8

S (1=%
The confidence interval is p = z4 / u
n

This means that z pa-p) = 0.05.
n
/2L =D) 05
n
1641/ 23202 _ 65
n
016 _ 4.0305
n
016 _ 985 % 10
n
016
T 9.285%x 104
=172.1

A sample of size 173 is needed.
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11 95% confidence interval, z = 1.96

12

13

14

p will be at the centre of the interval, p = 0.4

. . [p(1—p
The confidence interval is p *+ z u
n

This means that z p(ln— P =0.05.
/29 =P 05
n
1961/ 04306 _ s
n
024 _ 0255
n
% =6.5077 x 107*
0.24
n=————
6.5077 x 104
=368.8

A sample of size 369 is needed.

The correct answer is C.

z=1.96

p will be at the centre of the interval, p = 0.3

The confidence interval is p + z P (]n_ P ).
This means that z pa=p = 0.05.
n
/PP s
n
1961/ 23207 _ 05
n
0.21 =0.0255
n
% =6.5077 x 107*
0.21
n= ——7m————
6.5077 x 104
=322.7
A sample of size 323 is needed.

z=258
p will be at the centre of the interval, p = 0.25

T
The confidence interval is p +z1 u
n

This means that z P =p) = 0.05.
n
/2L =D) s
n
558 {025 % 0.75 0,05
n
0.1875 — 0.0194
n
0.1875 _ 3.756 x 107
n
0.1875
n=——m———
3.756 x 10~*
=497.62

A sample of size 498 is needed.
95% confidence interval means that z = 1.96
The interval is (0, 0.05).

15

16
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p will be at the centre of the interval, p = 0.025 (2.5%)

T
The confidence interval is p +z4 / u
n

This means that z1/ 20-—2) — 0.05.
n
/2U=D) 005
n
L6 [0.025 % 0.975 0025
n
NEEER
0.024375 _ 1.6269 x 107*
_0.024375
T 16269 x 104
= 149.8

A sample of size 150 is needed.
99% confidence interval means that z = 2.58.
P will be at the centre of the interval, p = 0.94 (94%).

(=5
The confidence interval is p +z4 / u
n

This means that z p(ln— p) = 0.04.
/2D g0
n
258 10.94 x 0.06 —0.04
n
0.0564 — 00155
n
00564 _ 5 404 x 10~
0.0564
n=——
2.404 x 10~
=234.6
A sample of size 235 is needed.
M =196y 21D
n
0.03 = 1.96 0.15x0.85
n
n =544

The sample size needed is 544 people.

17 p will be at the centre of the interval, p = 0.90.

T
The confidence interval is p +z4 / u
n
This means that z4 / pa=p) = 0.05.
n

/22 05
n
/0.9 x0.1
Z W =0.05
0.03z=0.05
z=1.67

Pr(-1.67 <2< 1.67)=0.9
Benton’s is 90% sure of their claim.
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18 p will be at the centre of the interval, p = 0.775

The confidence interval is p + z4 / M
n

This means that z @ = 0.025.

M =0.025
n
0.775 x 0.225
- =10.025
V7 250
0.026z = 0.025
z=0.947

Pr(—0.947 < 7 < 0.947) = 0.66
Benton’s is 66% sure of their claim.

13.4 Exam questions
1 n=48,p=0.125,95% z=1.96

SD(®) =\/0.125 X (1-0.125) _ 0.0477

48

pxzSD(P) = 0.125%+1.96 x 0.0477
.. CI =(0.0314,0.2186)
The correct answer is A.
_0.039 +0.121
=—
p =0.08
The correct answer is A.
3 A 99% confidence interval implies:
0.64+2.58 x0.014
= (0.603,0.676)
Alternatively, use the inbuilt functions in CAS.
The correct answer is E.

13.5 Review

13.5 Exercise
Technology free: short answer

1 One in 10 is a population parameter, that is p = 0.1. His
survey method asks every 10th person. The sample that he
collects should reflect the population; that is, about 10% will
have been to Alice Springs.

2 a Population = 1100, sample size = 100

3 an=10000
b The population size is unknown (how many times in total

the coin will be tossed).
5100

d The 95% confidence interval is

. p(-p) 0.51 x0.49
+1.961/ 252 = 05121961/ 2 2
P " 10 000

4

5

6

a N = 52000
52 000
25
=2080
1600
2080
10
13
2 1

AP=120" 10

b The 95% confidence interval is p % 1 964 / p(ln p)
0.1x0.9
= =+ _—
0.1+ 1.96\/ 120

bn=

A

cp=

96 0 09
¢ M=1961/ 22— (1 P )
n
.09
=1. —
% 120
0.09
d M=1.964/——
60
0.09
=196 V 12005
0.09 x 2
=1.96 120
0.09
=1.96\/ 135 xV/2
The margin of error would increase by a factor of \/5
aho 0.62 +0.78
b=
_14
T2
=0.7
b M=0.78-0.7
=0.08

Technology active: multiple choice

7

10

Johansen Enterprises operates for 15 hours per day. It is
capable of producing 3000 items per hour. The sample is
taken from the 3000 items produced in the hour. This is the
population size.

From each hour’s output, 10 items are chosen for inspection
so that the machinery can be adjusted if necessary. This is the
sample size.

The correct answer is A.

According to the Australian Bureau of Statistics, the
unemployment rate is 6.4%. It doesn’t say that this
information comes from a census. As it is an exact value, it is
most likely a sample statistic.

According to the 2011 census, on average there are 1.7 motor
vehicles per dwelling. As this is from a census, it is a
population parameter.

The correct answer is B.

This is a random sample.

The correct answer is E.

The distribution should be symmetric.

The correct answer is B.
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11 SD@) = @

_ [037x0.63
- 120

=0.044
The correct answer is D.
12 X ~ Bi(5,p)

PdX=0)=<g>p%1—m5=—i—

p=0.75
Pr(P > 0.8) = Pr(X > 4)
=0.6328
The correct answer is D.
13 In 95% of samples, the population parameter lies in the

interval.
The correct answer is C.
14 n =150
p=0.36
z=258 (Pr(Z < z) = 0.005)
The 99% confidence interval is
przy)PUZP) _ 3640 58,/ 030X 064

150

.. CI = (0.26,0.46)
The correct answer is D.
15 p will be at the centre of the interval, p = 0.65

The confidence interval is p + z pd=p ). This means that
n

/2P 05,

n
/2P _ 05

n

0.65 x 0.35

—— =0.05

200

7=1.4825

Pr(—1.4825 < z < 1.4825) = 0.8618
The Melbourne Vixens are 86% sure of their claim.
The correct answer is E.
16 z=1.96
p will be at the centre of the interval, p = 0.7

T
The confidence interval is p + z1 / u This means that
n

/29 =P) s,
n
/P9 =D) 05
n
1964/ 0.7x03 _ s
n
921 _ 0255
n
921 _ 6508 10°*
n
021
n= ————
6.508 x 10
=322.69

A sample of size 323 is needed.
The correct answer is A.
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Technology active: extended response
17 p=0.86,n=50

18

19

20

pxz

For a 90% confidence interval, z = 1.645.

0.86x0.14

pa=p)
n 50

=0.86x1.645
=0.78,0.94
Therefore, the 90% confidence interval is (0.78, 0.94).

n=12,p=03

X ~ Bi(12,0.3)

3

A 5 .
Pr(P_12|P_12) Pr(X > 51X > 3)

_Pr(X25nX23)

Pr(X > 3)
_Pr(X>5)
~ Pr(X > 3)
=0.3698
2=1.96,n = 100
0.13=p—z pa=p)
n

. pad-=p
13=p—196y/
0.13=p—1.96y/ =5

0.13=p —0.1961/p (1 — p)

p—0.13=0.1961/p (1 - p)

(p—0.13)> = 0.196°p (1 — p)
p* —0.26p +0.0169 = 0.038416 (p — p*)
0=1.038 416p”> — 0.298 416p + 0.0169

Solving on CAS, p = 0.0776 or p = 0.2098.

As the lower limit is 13%, the sample proportion must be
larger than this. To 2 decimal places, the sample proportion
is 0.21.

If each sample is considered separately (Breanna’s method),
n =100,z =196
Breanna’s sample: p = 0.23

(1 -p) 0.23%0.77
1964/ = 1,964/ == 2200
96 - 96 00

=0.0824
The confidence interval is 0.23 +0.0824.
. CI =(0.1475,0.3125)
Kayley’s sample: p = 0.2

p(—p) 02%08
1.96\/7’1 = 1.961/7100

=0.0784
The confidence interval is 0.2 £ 0.0784.
-.CI=(0.1216,0.2784)
Teagan’s sample: p = 0.19

p(—p) 0.19 x 0.81
1.96\/7’1 = 1.961/7100

=0.0769
The confidence interval is 0.19 = 0.0769.
- .CI=(0.1131,0.2669)
Average: (0.1274,0.2859)
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Combining the samples (Kayley’s method) means that
n = 300.

The number of yes votes in Breanna’s sample is 23% of
100 = 23.

The number of yes votes in Kayley’s sample is 20% of
100 = 20.

The number of yes votes in Teagan’s sample is 19% of
100 = 19.

The total number of yes votes is 23 + 20 + 19 = 62

62

Thy 1 tionis p = —.
e sample proportion is p 300

= ~ 62 ., 238

1.96 P(l—P)=196 300 X 300
’ \/ n ' 300

=0.0458

The confidence interval is % +0.0458.

CI = (0.1608,0.2525)

As the results differ, the method does matter (Teagan is
incorrect).

Kayley’s method is better. Because they actually sampled 300
people, this should be the sample size. As a larger sample size
is more likely to have similar proportions to the population,
the confidence interval can be smaller.

2 n="? p=-=

13.5 Exam questions

1 a The proportion of faulty pegs = % [1 mark]

bf)zi X= B1<n—12p—l>

(o)
e

=Pr(X=0)+Pr(X = 1)
12 11
9-() ()
11
() ()
_17/5\"
“ %6 \6

Award 1 mark for the correct method.
Award 1 mark for the correct answer.
VCAA Examination Report note:
Most students recognised this as a binomial distribution;
however, few managed to correctly find the two component
expressions. Even fewer successfully managed to
manipulate these expressions to the format specified by the
question. Another common error was to apply the standard
deviation formula.

3
5

SD(P) “’M <008

Jom
Vi > 0084

n> v.24 =375
0.082
n =38

The correct answer is D.

3 aL=Bi(n=22,p=0.1)

Pr(L>1)=1-Pr(L =0)
=1-09%
=0.9015
Award 1 mark for using the binomial.
Award 1 mark for the correct probability.
VCAA Assessment Report note:
This question was answered well. Most students
recognised that it was binomial and gave the correct n
and p values. Some used Pr(X > 1) instead of Pr(X > 1).
b Pr(L<5|L>1)
_Pr1 <L <5)
T PL>1)
_0.839389
~ 09015
=0.9311
Award 1 mark for using conditional probability and the
binomial.
Award 1 mark for the correct probability.
VCAA Assessment Report note:
Many students recognised that this was a conditional
probability question but had the incorrect numerator or
denominator. Some included 5 in their calculations, getting
0.9798. Others rounded too soon and gave 0.9312 as the
answer.
¢ X=N(u=190, 0> =36)
Pr(X < 180) = 0.0478
Award 1 mark for using normal cdf.
Award 1 mark for the correct probability.
VCAA Assessment Report note:
Some students thought 3 hours and 10 minutes was 3.1
hours and 6 minutes was 0.6 hours. Others had the standard
deviation as 10 minutes. Some gave the answer without
showing any working. Students are reminded that some
working must be shown for questions worth more than one
mark. Pr(¥Y > 180) = 0.9522 was a common incorrect
response.
d S =Bi(n =100,p = 0.0478)
Pr(P > 0.06 | P > 0.05)
_ Pr(P > 0.06)
"~ PrP > 0.05)
_Pr(§>6)
T Pr(S>5)
_0.344511
~0.523588
=0.658
Award 1 mark for using conditional probability.
Award 1 mark for converting to the binomial.
Award 1 mark for the correct probability.
VCAA Assessment Report note:
Most students used the conditional probability formula but
tried to use the normal distribution rather than the binomial
distribution.

e Y=N(u=180,0"=7?)
Pr(Y > 190) = 0.12
= Pr(¥ < 190) = 0.88
Pr(Z < z) = 0.88
z=1.17499
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117499 = 120 =180 _ 10
c o
o =85107
Award 1 mark for using the inverse normal distribution.
Award 1 mark for the correct standard deviation.

f Since n is large, use the binomial approximation.

. 1 1 1 1
Pr(third) = E X E X E = g
Award 1 mark for the correct probability.
6
p=——=0.06,n= 100, =1.
gp 100 0.06,n = 100,95% = z 96

Confidence interval for p:

R p-p)
i
pEz\
0.06 (1 — 0.06)
=0.06+1.96y) —
100
=(0.01,0.11)

Alternatively, use inbuilt CAS functions.

Award 1 mark for the correct confidence interval.

VCAA Assessment Report note:

Students were not expected to write out the formula; the
relevant computation could be done directly using
technology. There were some rounding errors. A common

incorrect interval was (0.01, 0.12).
210 x=210

x(210 —x)e 20
hEX)= | ————d
@ J 400 *
0
= 170.01 (solved using CAS)
Award 1 mark for the correct expectation.

4
— (5 =x*) 0<x<5
4 af()= g5 (0° =) Os<uxs
0 elsewhere

5
E®X) =fo(x)dx= J % <5x4—x5>dx= =
0

1
The mean life span = 3§ weeks

Award 1 mark for the correct method.

Award 1 mark for the correct answer.

VCAA Examination Report note:

This question was done well. Some students worked out the
I?edian instead of the mean or evaluated

4
J (% (5)(3 - x4)> dx. Other students gave an

0
approximate answer. Some students tried to treat f as a

discrete random variable.

5

b Pr(X > 2) = J F(x)dx
2
5

2853

34
(5x —x)dx—m

4

Pr(X>2) = J &5
2

80Pr(X >2)=173
Award 1 mark for the correct method.
Award 1 mark for the correct answer.
VCAA Examination Report note:
Some students found the probability but did not multiply by
80. Other students used a discrete random variable or the
normal distribution. Some students evaluated
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2

5
4 3 4 4 3 4
SOJ <@ (5x —X ))dxorSOI <@(5x - X )>dx.
0 3

Other students rounded to 74.

¢ Pr(X>4X>2) = DX2D
Pr(X > 2)
5
Jf(x) dx
PrX>4]X>2) = “5 =0.2878
Jf(x) dx
2

Award 1 mark for the correct method.
Award 1 mark for the correct answer.
VCAA Examination Report note:
Many students used conditional probability. Some students
used Pr(X < 4|X < 2). Other students rounded answers too
early.
d ALN(14.1,2.1)
Pr(16 <A < 18) =0.1512
Award 1 mark for the correct probability.
VCAA Examination Report note:
This question was answered well. Some students rounded
incorrectly, giving their answer as 0.1511 or 0.1516.
e Pr(A <v)=0.05
v=10.6
Award 1 mark for the correct answer.
VCAA Examination Report note:
This question was answered reasonably well. A common
incorrect answer was 9.9.
f i VZBi(=236p=0.0527)
Pr(V > 3) = 0.2947
Award 1 mark for the correct probability.
ii Pr(V>n)<0.0l
Pr(V > 6) = 0.0107 > 0.010
Pr(V>7)=0.0024 < 0.0l,n =7
Award 1 mark for the correct method.
Award 1 mark for the correct answer.
VCAA Examination Report note:
A common incorrect answer was n = 6. Some students
gave an answer without any working. Trial and error is
an acceptable method.
iii E(P)=0.0527

D (13) _ p(l=p) _ 0.0527 (1 — 0.0527) — 0.0372
n 36

Award 1 mark for the correct method.

Award 1 mark for the correct answer.

VCAA Examination Report note:

Some students found E(X) = 36 x 0.0527 = 1.8972.
Many students were able to find the standard deviation.

iv Pr(p — SD < P < p + SD) = Pr(0.0527 — 0.0372 < P < 0.0527

+0.0372)

=Pr(0.0155 < P < 0.0899) x 36

=Pr(0.55< V<32
=Pr(1 <V<3)
=0.7380

Award 1 mark for the correct method.

Award 1 mark for the correct answer.
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VCAA Examination Report note:

Many students were able to find the first interval. Some
students used the normal distribution. Others rounded
their answer to 0.738.

g <ﬁ—q/i’(1n_f’)> , (f)+z p(ln_”)> = (0.0234, 0.0866)

_ DO H0086 _ 055 955, 2196

196 /0.055 (1 — 0.055) _ 0.0866 ; 0.0234 — 00316
n

n = 199.95
Sample size n = 200
Award 1 mark for the correct method.

>

Award 1 mark for the correct answer.
VCAA Examination Report note:
Many students had the proportion as 0.0527 or 0.55 instead
of 0.055. Others did not include the 1.96.
5 a Mathsland (M) ~ N (68, 64)

Pr(60 < M < 90) = 0.838 [1 mark]

. Pr(HNS) 0.09
Pr(H|S) = —— = —— =0.31 1 k
b i Pr(H|S) PrS) 029 0.310 [1 mark]

VCAA Examination Report note:
This question was answered reasonably well. Some

students gave their answer as 0.31. A common mistake
Pr(H) _ 0.1587 _ 0.547 or Pr(HNnS) 09

Pr(S)  0.29 Pr(S)  0.1857°
giving an answer greater than 1.

ii Pr(H) = 0.1587,Pr(S) = 0.29
Pr(Hn S) =0.09
Pr(H) X Pr(S) = 0.1587 x 0.29
= 0.0460
#Pr(HnN S)
=0.09 [1 mark]
Events H and $ are not independent.
VCAA Examination Report note:
A mathematical explanation was required. Some
students confused mutually exclusive events with
independent events. A common mistake was
Pr(H|S) = Pr(S).
¢ i X~Bi(n=16,p=0.1587)

PrX=1)= <ll6> 0.1587 x (1 — 0.1587)"  [1 mark]

=0.190 [1 mark]
VCAA Examination Report note:
This question was reasonably well done. A method was
required to get full marks. Stating the correct n and p
value was sufficient. Some students gave their answer

as 0.19. ¥

ii n=16P=—

1 n s 16
Pr(P > 0.1) = Pr(X > 1.6) [1 mark]
=Pr(X > 2) = 0.747 [1 mark]

VCAA Examination Report note:

Some students used the normal approximation to the
binomial distribution. There was poor use of variables,
for example, Pr(P > 0.1) = Pr(P > 1.6) = Pr(P > 2).

5 (1)
eM(t)={50<50>e ¥ 120

iii X~Bi(n=2?p=0.1587),P =

Pr<13> 1) =Pr<)£> 1)

n n n
=Pr(X>1)=Pr(X >2)
Pr(X >2) > 0.99 [1 mark]
PriiX<1)=Pr(X=0)+Pr(X=1) £0.01
Solving 0.8413" + n x 0.8413"!' % 0.1587 = 0.01
gives n = 38.93

so n must be at least 39. [1 mark]
VCAA Examination Report note:

ERR

This question was not answered well. Many students
appeared to be confused by the terminology

Pr (ﬁn > l .1 =Pr(X =0) < 0.01 was often
n

evaluated, giving n = 27. Trial and error was an
acceptable method.

i p= 0.145 + 0.102 — 01235 [1 mark]
VCAA Examination Report note:

Many students tried to find the sample size rather than
the proportion. n = 900 was often given.

ii p (Mathsland) = 0.1587 is not contained within the
confidence interval for Statsville, which suggests that
the proportions between the two towns differ. [1 mark]
VCAA Examination Report note:

The confidence interval needed to be referred to in the

answer.
1\3

0 t>0
® 3t/ 1\2 _(L)3
= — | — 50
E(T) JO 50<50)e dt [1 mark]
= 44.6 min [1 mark]

VCAA Examination Report note:
Some students found the median or the mode. Others found
the area under the curve. Some had one of the terminals

437

incorrect, for example, J (tX M (1)) dt . There were

0
rounding errors; 44.7 was occasionally given.
15

f Pr(T < 15) = J (%(%)ze‘(%)‘ ) dr
0

= 0.0266 [1 mark]
VCAA Examination Report note:
This question was answered reasonably well.
15
J (XM (1) dt =0.2991 was a common incorrect answer.

0
Let x be the probability that a non-Year-12 student is elite.

0.05 x % +xX g =0.0266 [1 mark]

x =0.0227 [1 mark]
VCAA Examination Report note:
This question was not answered well. There were a number
of other approaches to this question, for example, Karnaugh
maps, tree diagrams or a conditional probability statement.

A common incorrect answer was 3 % 0.0266 = 0.0228.
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