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Introduction

There are two external examinations in the Mathematical Methods Course. The first examination is a one-hour short-
answer paper in which no study notes or calculators may be used. The second examination is a two-hour paper in
which study notes and an approved CAS are permitted. There are two sections in the second examination. The first is
a ‘skills based’ section and is in a multiple-choice format. The second section requires written extended responses to
longer, multiple-part questions.

Revision and preparation for the end-of-year examinations is essential. A selection of material taken from past papers
in Mathematical Methods is provided for you here along with new content. The authors have collated and compiled
this material in a way that they feel will be most useful for the new Mathematical Methods Course.

The examination material is presented by topics in this book. It has been broken up into groups for convenience. The
topics will not be broken up in such a way in the actual examinations. The groups are Algebra and Functions,
Differentiation, Integration, Discrete probability, and Continuous probability and Statistics.

The newly accredited Study Design for Mathematical Methods Units 1-4 for 2023-2027 leaves the Units 3 and 4
Study Design largely unchanged with the main deletion being ‘the matrix representation of points and transformations
of the plane’ and some other minor changes. A few corresponding questions from previous editions of this book in
multiple-choice and short-answer format have been deleted or adapted. Note that the formula sheet that accompanies
the external examination papers will have changes due to the revised Study Design; as soon as the revised formula
sheet is published by the VCAA, it will be made available online to supplement this title.

In 2016-17, the VCAA began to offer Mathematical Methods to eligible students in the Northern Hemisphere (NH).
In May of 2017, these students sat external examinations for Mathematical Methods consisting of specially written
examination papers. Where relevant, these questions and their solutions have been included in this edition with the
marker NH.

The second examination consists of extended-response questions. Some extended-response question parts from past
examination papers have had to be deleted or adapted in order to accommodate the changes in the Study Design.

The multiple-choice questions will give you plenty of focus for improving examination technique. For each multiple-
choice question there are five alternatives, A to E. In answering multiple-choice questions, a correct answer scores 1
mark and an incorrect answer scores 0. If two letters are marked for the one question, no credit will be given. You are
advised to answer all the multiple-choice questions in the examination.

There are some good techniques for answering multiple-choice questions. In some cases, a ‘process of elimination’ is
the best path to follow. In other cases, a separate solution followed by a search for the correct answer is best. In others,
a combination of both techniques is needed. Be assured that in each multiple-choice question, the wrong alternatives
have been very skilfully worked out, so guessing is not a viable strategy.

Answer the analysis tasks with care and neatness. Use words as well as numbers and explain what you are doing. On
the assumption that you may make an error somewhere, seek the best marks for what you have done. Use units where
appropriate, watch for order of accuracy requirements and put scales on graphs! Spread your work out, number your
questions and parts clearly and use your best writing.

The answers given here are guideline answers only. They were written by the authors and in no way represent
‘official” answers, which may be found on the VCAA website. Every attempt has been made to ensure their accuracy.



VCAA Statistics

VCAA statistics that are provided in the various Examiners’ Reports have been added where available to give you
extra information on question difficulty. The following explains how to interpret the included statistics.

e Multiple-choice questions: the percentage of correct responses for each question is shown like this: [VCAA
2019 MM (76%)]

e Short-answer and extended-response questions: the average (mean) mark for each part of a question is shown
either:

o like this: [3 marks (1.9)] which indicates that the average for that part was 1.9 out of 3 marks.

o or like this: [2 + 1 = 3 marks (1.5, 0.3)] which indicates that the 2 mark part had an average of 1.5 and
the 1 mark part had an average of 0.3.
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Multiple-choice and short-answer tasks

Al. Algebra and Functions

Question 1/ 97

[VCAA 2013 MM (CAS)]

Solve the equation sin (%) = —% forx € [2m,4m).

[2 marks (1.3)]

Question 2/ 97

[VCAA 2013 MM (CAS)]
a. Solve the equation 2 logs(5) — logs(2) + logs(z) = 2 for x.

b. Solve the equation 374 = 96=% for 2.

[2 +2 =4 marks (1.4, 1.5)]

Question 3/ 97

[VCAA 2013 MM (CAS) (75%)]

Iff:(—o00,1) = R, f(z) = 2log, (1 —x)andg : [-1,00) — R, g(x) = 3+/x + 1, then the maximal
domain of the function f + g is

A [-1,1)
B. (1, 0)

c.(-1,1)



D. (—oo0, —1]

E.R

Question 4/ 97

[VCAA 2013 MM (CAS) (59%)]

If & + ais a factor of T2 + 922 — bax, where @ € R\{O}, then the value of @ is
A —14

B. —2

Cc.—1

D. 1

E.2

Question 5/ 97

[VCAA 2013 MM (CAS) (85%)]
The function with rule f(z) = —3 tan(27x) has period

A.

SR

B.

\®)

C.

D=

D.

==

E. 27




Question 6/ 97
[VCAA 2013 MM (CAS) (84%)]

Part of the graph of y = f (), where f : R — R, f(x) = 3 — €*, is shown below.




Question 7/ 97

[VCAA 2013 MM (CAS) (37%)]

s

6 )) has an inverse function.

The function g : [—a,a] — R, g(z) =sin (2 (z —

The maximum possible value of @ is

SR

N

Question 8/ 97

[VCAA 2013 MM (CAS) (35%)]

Let g(z) = log,(z), z > 0.

Which one of the following equations is true for all positive real values of x?
A.2g(8z) = g(z?) + 8

B.2g(8z) = g(x?) + 6

C.2g(8z) = (g9(z) +8)



D.2g(8z) = g(2z) + 6

E.29(8z) = g(2z) + 64

Question 9/ 97

[VCAA 2014 MM (CAS)]

Solve 2 COS(Qm) = —/3forz, where 0 < & < 7.

[2 marks (1.4)]

Question 10/ 97

[VCAA 2014 MM (CAS)]

Solve the equation 2373 = 8277 for .

[2 marks (1.7)]

Question 11/ 97

[VCAA 2014 MM (CAS)]

Solve log, () — 3 = log, (/) for =, where > 0.

[2 marks (1.2)]




Question 12/ 97

[VCAA 2014 MM (CAS) (89%)]

The point P (4, —3) lies on the graph of a function f. The graph of f is translated four units vertically up and then

reflected in the y-axis.

The coordinates of the final image of P are
A.(—4,1)

B.(—4,3)

Question 13/ 97

[VCAA 2014 MM (CAS) (80%)]

The linear function f : D — R, f(x) = 4 — @, has range [—2, 6).
The domain D of the function is

A.[—2,6)

B.(—2,2]

C.R

D. (—2, 6]

E. [—6, 2]

Question 14/ 97

[VCAA 2014 MM (CAS) (55%)]



The function f : D — R withrule f(z) = 223 — 92 — 1682 will have an inverse function for

AD=R

Question 15/ 97

[VCAA 2014 MM (CAS) (76%)]

The inverse of the function f : RT — R, f(z) = % +4is

Afli(40) =R f(2) = A
B.f':R" >R flz)=2%+4
C.f':R"—-R [ l(z)=(z+4)
D.ft:(-4,00) >R flz)= 15

Efli(-o04) =R fl(2) =

Question 16/ 97

[VCAA 2014 MM (CAS) (50%)]

The simultaneous linear equations ax — 3y = b and 3x — ay = 8 — a have no solution for



C.botha =3 anda = —3
D.a € R\{3}
E.a € R\[-3, 3]

Question 17/ 97

[VCAA 2014 MM (CAS) (42%)]

The domain of the function h, where h(a:) = COoSs (loga(x)) and @ is a real number greater than 1, is chosen so

that h is a one-to-one function. Which one of the following could be the domain?

A (a7%,a?)

w

(0, 7)

[NE]

]

1,a

o O
|_|g L—
[NE)
Q
[NE)
N—"

es}
gI
NIE]
]
INIE]

Question 18/ 97

[VCAA 2014 MM (CAS) (53%)]

The graph of y = kx — 4 intersects the graph of y = &2 + 22 at two distinct points for
A k=6

B.k>6ork < —2

C.-2<k<6

D.6—2v3<k<6+2V3

E.k=-2



Question 19/ 97

[VCAA 2015 MM (CAS)]

On a given day, the depth of the water in a river is modelled by the function
. 7t
h(t) = 14 + 8sin (E) ,0<t<24

where h is the depth of the water, in metres, and ¢ is the time, in hours, after 6 am.
a. Find the minimum depth of water in the river.
b. Find the values of ¢ for which h(t) = 10.

[1+2 =23 marks (0.7, 1.3)]

Question 20/ 97

[VCAA 2015 MM (CAS)]
a. Solve log, (6 — z) — log,(4 — @) = 2 for @, where < 4.

b. Solve 3e! = 5 + 8¢t for t.

[2 +3 =5 marks (1.5, 1.3)]

Question 21/ 97

[VCAA 2015 MM (CAS) (95%)]
Let f : R — R, f(x) = 2sin(3x) — 3. The period and range of this function are respectively

A. period = 2%amd range = [—5, —1]



B. period = Z'and range = [—2, 2]

C. period = Zandrange = [—1, 5]
D. period = 37 and range = [—1, 5]
E. period = 37w and range = [—2, 2]
Question 22/ 97

[VCAA 2015 MM (CAS) (50%)]

1 .
Va+2 1S

The inverse function of f : (—2, oo) — R, f(;c) =
Af':RF-—=R fl=z)=5-2
B.f1:R\{0} =R fl(z)=2% -2

CfU:R* >R flz)=1L+2

T

D.fl:(-2,00) =R fl(z)=2%+2

Ef1:(2,00) >R fH(z) =z

Question 23/ 97

[VCAA 2015 MM (CAS) (20%)]

Ty

The rule for a function with the graph above could be



Ay =—2(z+b)(z — c)*(z — d)
B.y = 2(z + b)(z — ¢)*(z — d)
Cy=—2(z —b)(z —c)(z—d)
D.y = 2(z — b)(z — ¢)(z — d)

Ey=—2(z —b)(z+c)*(z+d)

Question 24/ 97

[VCAA 2015 MM (CAS) (71%)]

Part of the graph of y = f (:13) is shown below.

0

The corresponding part of the graph of the inverse function y = f -1 (a:) is best represented by

./

72) »




D.
y
1l
0 L
E.
Question 25/ 97

[VCAA 2015 MM (CAS) (91%)]

For the polynomial P(z) = x3 — az? — 4z + 4, P(3) = 10, the value of a is
A —3

B.—1

C. 1

D.3

E. 10

Question 26/ 97



[VCAA 2015 MM (CAS) (56%)]
The range of the function f : (—1,2] — R, f(z) = —x2 + 2z — 3is
A R

B. (—6, —3]

C.(—6,—2]

D.[—6, —3]

E.[—6, —2]

Question 27/ 97

[VCAA 2015 MM (CAS) (24%)]

The transformation that maps the graph of y = \/m onto the graph of y = \/3337—1—1 is a
A. dilation by a factor of 2 from the y-axis.

B. dilation by a factor of 2 from the x-axis.

C. dilation by a factor of % from the x-axis.

D. dilation by a factor of 8 from the y-axis.

E. dilation by a factor of % from the y-axis.

Question 28/ 97

[VCAA 2015 MM (CAS) (60%)]

A graph with rule f (a:) =3 — 322 + ¢, where C is a real number, has three distinct Z-intercepts. The set of all

possible values of ¢ is

A R



B.R"
C. {0, 4}
D. (0, 4)

E. (—00,4)

Question 29/ 97

[VCAA 2015 MM (CAS) (61%)]

If f(x — 1) = 2% — 2z + 3, then f(x) is equal to

Ax?—2
B.z% 4 2
C.z?— 2z +2
D.z? — 2z + 4
Ex?—4x+6
Question 30/ 97

[VCAA 2015 MM (CAS) (37%)]

The graphs of Yy = mx + ¢, and y = ax? will have no points of intersection for all values of M, ¢ and a such that
A.a>0andc >0

B.a >0andc <0

C.a > 0Oandc > —%j

D.a < Qandc > —%2

E.m > 0,andc > 0



Question 31/ 97

[VCAA 2015 MM (CAS) (35%)]

The graphs of the functions with rules f (iB) and g(:B) are shown below.

¥

y = g(x)

0

" | / a
y=jx)
! J

Which one of the following best represents the graph of the function with rule g(— f (:13))‘7

.l.

t

0

0




Q

Question 32/ 97
[VCAA 2016 MM (92%)]

The linear function f : D — R, f(x) = 5 — & has range [—4, 5). The domain D is
A.(0,9]

B. (0, 1]

C.[5,—4)

D.[—9,0)

E.[1,9)

Question 33/ 97

[VCAA 2016 MM (90%)]
Let f: R — R, f(x) =1— 2cos (%)

The period and range of this function are respectively



A.4and [—2,2]
B.4and [—1, 3]
C.1and [—1, 3]
D. 47 and [—1, 3]

E. 47 and [—2, 2]

Question 34/ 97

[VCAA 2016 MM (75%)]

Which one of the following is the inverse function of g : [3,00) — R, g(z) = v/2z — 62
A.gt:[3,00) = R,g}z) = @

B.g!1:[0,00) = R,g !(z) = (2z — 6)*

C.gt:[0,00) = R,g ' (z)=+,/2+6

2

D.g':[0,00) = R,g7}z) = $2Jr6

2

Eg':R— R,gz) =%}

Question 35/ 97

[VCAA 2016 MM (67%)]

Consider the graph of the function defined by f : [0, 2] — R, f(z) = sin(2z).

The square of the length of the line segment joining the points on the graph for which * = % and x = :%T is

2
T +16
A. —a

B.w+4

C.4



2
D. 3m°+167

1072
E. 16

Question 36/ 97

[VCAA 2016 MM (77%)]

The UV index, ¥y, for a summer day in Melbourne is illustrated in the graph below, where ¢ is the number of hours
after 6 am.

Yy
A

The graph is most likely to be the graph of
A.y =5+ 5cos (T)

B.y =5—5cos (%)
C.y =5+ 5cos (T5)
D.y =5—5cos ()

E.y:5+5sin(71r—i)

Question 37/ 97

[VCAA 2016 MM (52%)]



The graph of a function f is obtained from the graph of the function g with rule g(:l:) = 4/2x — b by areflection
in the T-axis followed by a dilation from the y-axis by a factor of % Which one of the following is the rule for the
function f?

A f(x) =+b—4z

B.f(z) = vz 5
c.fl@)=vaT5

D. f(z) = —V4dz -5
E. f(x) = —v/4z — 10
Question 38/ 97

[VCAA 2017 MM]

Let (tan(f) — 1) (sin(d) — v/3 cos(6)) (sin(6) + v/3 cos(6)) = 0.
a. State all possible values of tan(@).
b. Hence, find all possible solutions for (tan(@) — 1) (Sin2(9) — 3COS2(9)) = 0, where 0 < 0 < .

[1 +2 =3 marks (0.2, 0.5)]

Question 39/ 97

[VCAA 2017 MM]

Let f : [0,00) — R, f(z) = vz + 1.
a. State the range of 1.

b.Letg : (—00,¢] = R, g(x) = x? + 4z + 3, where ¢ < 0.

i. Find the largest possible value of ¢ such that the range of g is a subset of the domain of f.



ii. For the value of ¢ found in part b. i., state the range of f(g(x)).
c.Leth: R — R, h(z) = z* + 3.
State the range of f(h(x)).

[1+2+1+1=5marks (0.6,0.4,0.1,0.3)]

Question 40/ 97

[VCAA 2017 MM (92%)]

Let f : R — R, f(x) = 5sin(2z) — 1.

The period and range of this function are respectively
A.7and [—1,4]

B. 27 and [—1, 5]

C. 7 and [—6, 4]

D. 27 and [—6, 4]

E. 47 and [—6, 4]

Question 41/ 97

[VCAA 2017 MM (75%)]

Let f and g be functions such that f(2) = 5, f(3) =4, g(2) = 5, g(3) = 2 and g(4) = 1. The value of
Fg(3))is

Al

B.2

C.3

D.4



E.5

Question 42/ 97

[VCAA 2017 MM (32%)]

The equation (p — 1)z 4+ 4 = 5 — p has no real roots when
Ap?—6p+6<0

B.p? —6p+1>0

C.p>—6p—6<0

D.p2—6p+1<0

Ep?—6p+6>0

Question 43/ 97

[VCAA 2017 MM (88%)]

Part of the graph of the function f is shown below. The same scale has been used on both axes.

/

The corresponding part of the graph of the inverse function f ~1is best represented by



A.

B. Missing Image

Question 44/ 97
[VCAA 2017 MM (45%)]

The sum of the solutions of sin(Z:B) = @ over the interval [—71', d] is —Tr.

The value of d could be

A.0



@)
NEpEe

o
o5

Question 45/ 97

[VCAA 2017 MM (64%)]

Ify = a® % + 2, where @ > 0, then  is equal to
A g (b—log,(y —2))

5 (b—log,(y +2))

—log, (;(y +2))

D. § —log,(y — 2)

B L(b+2 — log,(y)

—_

B.

S

C.

Question 46/ 97

[VCAA 2018 MM]
Let f : [0,27] — R, f(x) = 2cos(z) + 1.
a. Solve the equation 2 cos(z) +1 =0for0 < = < 27.

b. Sketch the graph of the function f on the axes below. Label the endpoints and local minimum point with their
coordinates.



..
-
-
w|¥
.
)
=
y
=

'
cassqesus

o |

—
|
e et

[2 +3 =5 marks (1.6, 2.4)]

Question 47/ 97

[VCAA 2018 MM]

Let P be a point on the straight line y = 22 — 4 such that the length of O P, the line segment from the origin O to

P, is a minimum.

a. Find the coordinates of P.

avb

b. Find the distance O P. Express your answer in the form 3>, where @ and b are positive integers.

[3 +2 =5 marks (1.2, 0.8)]

Question 48/ 97

[VCAA 2018 MM]

Let f : (2,00) — R, where f(z) = ﬁ State the rule and domain of f_l.

[3 marks (2.2)]



Question 49/ 97

[VCAA 2018 MM (95%)]

Let f: R — R, f(x) = 4cos (%Tm) + 1. The period of this function is

Al
B.2
C.3
D.4

E.5

Question 50/ 97

[VCAA 2018 MM (88%)]

The maximal domain of the function f is R\{1}. A possible rule for f is

A flz) = 23

B. f(z) = 2
C. f(z) = Zhetd
D. f(z) = 32
E f(z) =+vz—1

Question 51/ 97



[VCAA 2018 MM (48%)]

Consider the function f : [a, b) — R, f(.’I:) = %, where a and b are positive real numbers. The range of f is

Question 52/ 97

[VCAA 2018 MM (48%)]

The point A(3, 2) lies on the graph of the function f. A transformation maps the graph of f to the graph of g, where
9(z) = %f(:c — 1). The same transformation maps the point A to the point P. The coordinates of the point P are

A2, 1)
B.(2,4)
C.(4,1)
D.(4,2)

E.4,4)

Question 53/ 97
[VCAA 2018 MM (83%)]

Let f : R" — R, f(z) = klogy(z), k € R. Given that f1(1) = 8, the value of k is
A0

1
B.g



C.3

D.8

E. 12

Question 54/ 97

[VCAA 2018 MM (58%)]

Let f and g be two functions such that f(x) = 2z and g(x + 2) = 3z + 1. The function f(g(z)) is
A.6x — 5

B.6x + 1

C.6x2 +1

D.6x — 10

E.6x + 2

Question 55/ 97

[VCAA 2018 MM (26%)]

The graph of y = tan(a:z:), where @ € R, has a vertical asymptote £ = 37T and has exactly one X-intercept in
the region (0, 37). The value of a is

A.

=

B.

SV

D=



Question 56/ 97

[adapted from VCAA 2019 MM]
Let f : R\ {3} = R. f(z) = 3.";.

a. Find the rule of f 1.

b. State the domain of f -1

¢. The graph of f is translated ¢ units horizontally and d units vertically, where ¢, d € R. Let g be the function
corresponding to the translated graph.

Find the values of ¢ and d given that g = f_l.

[2+1+1=4marks (1.5, 0.7, 0.3)]

Question 57/ 97

[VCAA 2019 MM]

The function f : R — R, f (m) is a polynomial function of degree 4. Part of the graph of f is shown here. The
graph of f touches the x-axis at the origin.

a. Find the rule of f.

Let g be a function with the same rule as f. Leth : D — R, h(z) = log,(g(z)) — log, (x> + x2), where D

is the maximal domain of h.

b. State D.



c. State the range of h.

[1+1+2=4marks (0.2,0.1, 0.2)]

Question 58/ 97

[VCAA 2019 MM]
a.Solve 1 — cos (%) = cos (%) forz € [—2m, ).

b. The function f : [—27r, 7r] — R, f(.’I:) = COs (%) is shown on the axes below.

~

Letg: [-2m, 7] — R, g(z) =1 — f(x).

Sketch the graph of g on the axes above. Label all points of intersection of the graphs of f and g, and the endpoints

of g, with their coordinates.

[2 +2 =4 marks (1.3, 1.0)]

Question 59/ 97

[VCAA 2019 MM (59%)]
The set of values of k for which 22 + 22 — k = 0 has two real solutions is
A {-1,1}

B.(—1, 00)



C.(—o0,—1)

D.{—1}

E.[—1, 00)

Question 60/ 97
[VCAA 2019 MM (89%)]

Let f : R — R, f(z) = 3sin (¥) — 2.
The period and range of f are respectively

A. 57 and [—3, 3]

B. 57 and [—5, 1]

C.5mand [—1, 5]

D. 2 and [—5, 1]

E. 57” and [—3, 3]

Question 61/ 97

[VCAA 2019 MM (65%)]

The graph of the function f passes through the point (—2, 7).

If h(a:) =f (%) + 5, then the graph of the function h must pass through the point
A (—1,-12)

B. (—1,19)

C.(—4,12)

D. (—4, —14)



E.(3,3.5)

Question 62/ 97

[VCAA 2019 MM (25%)]

Given that tan(a) = d, whered > 0and 0 < a < %, the sum of the solutions to tan(2x) = d, where 0 <
< %ﬂ, in terms of @, is

A.0

B. 2«
C.m+ 2«

b
D.§‘|‘0{

3(r+a)
E =5

Question 63/ 97

[VCAA 2019 MM (47%)]
The expression log,, (y) + logy(z ), where &, Y and 2 are all real numbers greater than 1, is equal to

1 . 1
A log, (z) log, (y)

1 1
D fog, @ T Toa. @)

E.log,(x) + log,(y)




Question 64/ 97

[VCAA 2020 MM]

Solve the equation 2 log,(z + 5) — log,(z +9) = 1.

[3 marks (1.8)]

Question 65/ 97

[VCAA 2020 MM]

Shown below is part of the graph of a period of the function of the form y = tan(ax -+ b).

>

()

R SR ———————

The graph is continuous for z € [—1,1].

Find the value of @ and the value of b, wherea > Qand 0 < b < 1.

[3 marks (1.5)]

- -

Question 66/ 97

[VCAA 2020 MM (84%)]



Let fand g be functions such that f(—1) =4, f(2) = 5,g9(—1) = 2, g(2) = 7 and g(4) = 6. The value of
g(f(=1))is

A2

B. 4

C.5

D. 6

E.7

Question 67/ 97

[VCAA 2020 MM (56%)]

Letp(z) = 3 — 2az® + = — 1, where @ € R. When p is divided by & + 2, the remainder is 5. The value of @
is

A.2

7
B.—2

1

C. 3

3
D.—35
E.—2
Question 68/ 97
[VCAA 2020 MM (62%)]

Given that 10g2 (n + 1) = x, the values of n for which & is a positive integer are
An=2FkecZ*t

Bn=2-1kecZ"



cn=2EkeZ"
Pn=2%k—1keZ*

En=2%kkecZt

Question 69/ 97

[VCAA 2020 MM (67%)]

The solutions of the equation 2 cOs (213 — —) + 1 =20are

(6k 3)

A.:Ezﬂ(ﬁ];_z) ory = ,fork € Z
B.x = m(6k=2) orer = W(6k+5) ,fork € Z

6

C.x= @orw: W(6k+2) ,fork € Z

D.x = W(6]Z_1) orr = ﬂ(6§+3), fork € Z

E.x = 7Tor£C7r(6k+2) fork € Z

Question 70/ 97

[VCAA 2020 MM (83%)]

The graph of the function f : D — R, f(:L') 35$+2 where D is the maximal domain, has asymptotes

A.a::—5,y:%

B.xz=-3,y=5
Cw=§,y=—3
D.z=05y=3



Question 71/ 97

[VCAA 2020 MM (43%)]

Leta € (0,00) and b € R. Consider the function h : [—a,0) U (0,a] — R, h(z) = = + b. The range of h
is

A [b—1,b+1]
B.(b—1,b+1)
C.(—o00,b—1)U (b+ 1, 00)
D.(—oo,b—1]U b+ 1,00)

E.[b—1,00)

Question 72/ 97

[VCAA 2020 MM (45%)]

A clock has a minute hand that is 10 cm long and a clock face with a radius of 15 cm, as shown below.

......... a----=- tip of the minute hand
¥ i

| E i centimetres

i

E i

¥ ¥ base of the clock face

At 12.00 noon, both hands of the clock point vertically upwards and the tip of the minute hand is at its maximum
distance above the base of the clock face. The height, h centimetres, of the tip of the minute hand above the base of
the clock face ¢ minutes after 12.00 noon is given by

A.h(t) =15 + 10sin (3F)

B. h(t) = 15 — 10sin ()



C.h(t) = 15+ 10sin (5)

D. h(t) = 15+ 10 cos (%)

(=2}

E. h(t) = 15 + 10 cos ()

(==

Question 73/ 97

[VCAA 2020 MM (18%)]

Let f : R — R, f(z) = cos(ax), where a| R\ {0}, be a function with the property
f(x) = f(x+ h),forallh € Z

Letg : D — R, g(x) = log, (f(z)) be a function where the range of g is [—1, 0].

A possible interval for D is

Question 74/ 97

[VCAA 2021 MM]

Consider the function g : R — R, g(x) = 2sin(2z).
a. State the range of g.

b. State the period of g.

c. Solve 2sin(2z) = /3 forxz € R.



[1+1+3=5marks (0.8, 0.9, 1.7)]

Question 75/ 97
[VCAA 2021 MM]

a. Sketch the graph of y = 1 — ﬁ on the axes below. Label asymptotes with their equations and axis intercepts

with their coordinates.

B
L4

T T T T T

584 8 3

b. Find the values of « for which 1 — ﬁ > 3.

[3 + 1 =4 marks (2.3, 0.3)]

Question 76/ 97

[VCAA 2021 MM]
Letf: R— R, f(x) =2%> —4andg: R — R, g(z) = 4(xz — 1)> — 4.

a. The graphs of f and g have a common horizontal axis intercept at (2, 0). Find the coordinates of the other
horizontal axis intercept of the graph of g.

b. Let the graph of h be a transformation of the graph of f where the transformations have been applied in the
following order:



» dilation by a factor of % from the vertical axis (parallel to the horizontal axis)
* translation by two units to the right (in the direction of the positive horizontal axis)
State the rule of & and the coordinates of the horizontal axis intercepts of the graph of h.

[2 +2 =4 marks (1.4, 0.5)]

Question 77/ 97

[adapted from VCAA 2021 MM]

Consider the unit circle £2 + y2 = 1 and the tangent to the circle at the point P, shown in diagram below.

a. Show that the equation of the line that passes through the points A and P is givenby y = — % + %

Let the graph of the function h be the transformation of the line that passes through the points A and P under a
dilation with factor ¢ where ¢ € R\{0}.

b. i. Find the values of ¢ for which the graph of h intersects with the unit circle at least once.

ii. Let the graph of A intersect the unit circle twice. Find the values of q for which the coordinates of the points of
intersection have only positive values.

c. For0 < g < 1, let P’ be the point of intersection of the graph of A with the unit circle, where P’ is always the
q p

point of intersection that is closest to A, as shown in the diagram below.



B
»

] A(2,0)
\\0 (1,0)

Let g be the function that gives the area of triangle O AP " in terms of 6.

i. Define the function g.

ii. Determine the maximum possible area of the triangle O AP’

[2+1+1+2+2=8marks (0.4,0.1,0.1,0.2, 0.3)]

Question 78/ 97
[VCAA 2021 MM (67%)]
The period of the function with rule y = tan (%w) is

Al
B.2

C.4

D.2m

E. 4w

Question 79/ 97

[VCAA 2021 MM (81%)]

The graph of y = log,(z) + log,(2x), where > 0, is identical, over the same domain, to the graph of



A.y = 2log, (%:c)
B.y = 2log,(2x)
C.y = log,(22?)
D.y = log,.(3x)

E.y = log,(4x)

Question 80/ 97

[VCAA 2021 MM (58%)]

The maximum value of the function h : [0,2] — R, h(z) = (z — 2)e” is
A —e

B.0

C.1

D.2

E. e

Question 81/ 97

[VCAA 2021 MM (56%)]

Letg(z) =z + 2and f(z) = 22 — 4.

If h is the composite function given by h : [—5, —1) — R, h(x) = f(g(x)), then the range of h is
A. (-3, 5]

B.[-3,5)

C.(-3,5)



D. (—4,5]

E.[—4,5]

Question 82/ 97

[VCAA 2021 MM (%)]

Consider the functions f(x) = v/ + 2 and g(x) = /1 — 2, defined over their maximal domains. The
maximal domain of the function h = f + g is

A (=2:3)
B. [—2, 00

C. (_007 _2) U (%’ OO)

Question 83/ 97

[VCAA 2021 MM (70%)]
Let cos(x) = g and sinz(y) = %,wherea: € [37”, Zﬂ andy € [37”, 271'].
The value of sin(x) + cos(y) is

8
A. &5

112
B. ~ 65

112



Question 84/ 97

[VCAA 2021 MM (39%)]

Let f: R— R, f(z) = (22 —1)(22+1)(3z — 1) and g : (—00,0) = R, g(z) = zlog,(—x). The
maximum number of solutions for the equation f(z — k) = g(x), where k € R, is

A.0

B. 1

C.2

D.3

E. 4

Question 85/ 97

[VCAA 2022 MM]

Consider the system of equations

kx — 5y = 44k
3z+(k+8)y = -1

Determine the value of k for which the system of equations above has an infinite number of solutions.

[3 marks (1.5)]

Question 86/ 97

[VCAA 2022 MM]

a. Solve 10313 = 100 for z.



b. Find the maximal domain of f, where f(x) = log, (:Uz — 2z — 3).

[2 +3 =5 marks (1.7, 1.6)]

Question 87/ 97

[VCAA 2022 MM]

The graph of y = f(x), where f : [0,27] — R, f(z) = 2sin(2z) — 1, is shown below.

a. On the axes above, draw the graph of y = g(a), where g() is the reflection of f () in the horizontal axis.
b. Find all values of k such that f(k) = Oand k € [0, 27].

c.Leth: D — R, h(z) = 2sin(2x) — 1, where h(z) has the same rule as f(z) with a different domain.

The graph of y = h(:c), is translated @ units in the positive horizontal direction and b units in the positive vertical
direction so that it is mapped onto the graph of y = g(w), where a, b € (O, oo)

i. Find the value for b.
ii. Find the smallest positive value for a.

iii. Hence, or otherwise, state the domain, D, of h(az)

[2+3+1+1+1=8marks (1.4,2.1,0.6,0.5,0.1)]




Question 88/ 97

[VCAA 2022 MM (91%)]

The period of the function f(x) = 3 cos(2z + 7) is

A. 2T

B.mw

c.r

D.2

E.3

Question 89/ 97

[VCAA 2022 MM (78%)]
The graphy of y = ﬁ + 4 has a horizontal asymptote with the equation
Ay=4

B.y=3

Cy=0

D.x = —2

E.x=—-3

Question 90/ 97

[VCAA 2022 MM (68%)]



Which one of the following functions is not continuous over the interval € [0, 5]?

Question 91/ 97

[VCAA 2022 MM (47%)]

Which of the pairs of functions below are not inverse functions?

A.{f( z)=5x+3 z€R

(z)=%2 =z€R

B{f(x) :c+2 reR
-3 z€R
C{f(a:)—a: x <0
Ve x>0
@=1 240
D{(:c> zzo
f(z) = oge(a:)—i—l z>0
E. g(z) = e*? xeR

Question 92/ 97

[VCAA 2022 MM (50%)]



0"
Let f : [0,00) = R, f(z) = 2z + 1.
The shortest distance, d, from the origin to the point (&, ) on the graph of f is given by
Ad=z?+2z+1
Bd=22++2z+1
cd=+a?—-2z+1
Dd=z+1

Ed=2z+1

Question 93/ 97

[VCAA 2022 MM (39%)]

The function f () = log, (%%), where a is a positive real constant, has the maximal domain
A.[—a,a]

B.(—a,a)

C. R\|—a,a]

D. R\(—a,a)

E.R




Question 94/ 97

[VCAA 2022 MM (88%)]

The maximal domain of the function with rule f () = /22 — 2 — 3 is given by
A. (—00, )

B. (—00, —3) U (1, 00)

c.(—-1,3)

D. [—3,1]

E. (—00, —1] U [3, 00)

Question 95/ 97

[VCAA 2023 Sample MM]

Consider the functions f and g where

f:R— R, f(x)=2>-9
g:10,00) — R,g(x) = &

a. State the range of f.
b. Determine the rule for the equation and state the domain of the function f o g.
c. Let h be the function b : D — R, h(z) = z? — 9.

Determine the maximal domain, D, such that g o A exists.

[1+2+2=5marks]

Question 96/ 97



[VCAA 2023 Sample MM]

Newton’s method is used to estimate the -intercept of the function
1.3

f(z)=32° + 2z + 4

a. Verify that f(—1) > Oand f(—2) < 0.

b. Using an initial estimate of £y = —1, find the value of 1.

[1 + 2 =3 marks]

Question 97/ 97

[VCAA 2023 Sample MM]

Consider the algorithm below, which uses a bisection method to estimate the solution to an equation in the form

f(z)=0.



Inputs: f£(x), a function of x where x is in radians
a the lower interval endpoint
b the lower interval endpoint

max, the maximum number of iterations

Define bisection(f(x),a,b,max)
If f(a) x £(b) > 0 Then
Return “Invalid interval”
i~20
While i < max Do
mid « (a + b) = 2
If f(mid) = 0 Then
Return mid

Else If f(a) x f£(mid) < 0 Do

b « mid
Else Do
a « mid
i«1+1
EndWhile

Return mid

The algorithm is implemented as follows.
bisection(sin(x),3,5,2)

Which value would be returned when the algorithm is implemented as given?

A4

B.3.5

C.3.25

D. —0.351

E. —0.108




A2. Differentiation

Question 1/ 153

[VCAA 2013 MM (CAS)]
a.Ify = z%log,(z), find Z—Z.
b. Let f(z) = €® . Find f'(3).

[2 +3 =5 marks (1.7, 2.3)]

Question 2/ 153

[VCAA 2013 MM (CAS) (47%)]

If the tangent to the graph of y = €%*, a # 0, at & = ¢, passes through the origin, then ¢ is equal to
A.0

B. 1

C.1

Question 3/ 153

[VCAA 2013 MM (CAS) (73%)]

For the function f(a:) = Sin(271':13) + 2z, the average rate of change for f(:]:) with respect to & over the interval
1 .

[— 5} is
4



Question 4/ 153

[VCAA 2013 MM (CAS) (35%)]

Lety = 4 cos(z) and Z be a function of ¢ such that %f =3e¥andz = % when t = 0. The value of % when

_ T
T=3is

A.0

C.—4m
D. —27
E. —12¢

Question 5/ 153

[VCAA 2013 MM (CAS) (50%)]
Part of the graph of a function f : [0,00) — R, f(x) = e?V3 sin(x) is shown below.

The first three turning points are labelled 17, T5 and T35.



The x-coordinate of T3 is

A ST

B. 107

Question 6/ 153

[VCAA 2013 MM (CAS) (29%)]

The cubic function f : R — R, f(z) = az3 — bx? + cx, where a, b and ¢ are positive constants, has no
stationary points when

b2
A.c > 4a
bZ
B.c < 4a

C.c < 4b%a

b2
D.c > 3a
b2

E.c<3a




Question 7/ 153

[VCAA 2014 MM (CAS)]
a. Ify = z%sin(z), find Z—z.
b. If f(z) = Va2 + 3, find f'(1).

[2 +3 =5 marks (1.8, 2.2)]

Question 8/ 153

[VCAA 2014 MM (CAS)]

A line intersects the coordinate axes at the points U/ and V' with coordinates (u, 0) and (O, v), respectively, where

u and v are positive real numbers and g <u<6.

a. When u = 6, the line is a tangent to the graph of y = ax? + bz at the point () with coordinates (2, 4), as
shown.

\uo.n

02,4

\l..‘ (e, 0)
» X
T T\

If @ and b are non-zero real numbers, find the values of @ and b.

b. The rectangle O PQ) R has a vertex at () on the line. The coordinates of () are (2, 4), as shown.



Q2.4

U(w,0) N
X

o0 P \ v

i. Find an expression for v in terms of u.
ii. Find the minimum total shaded area and the value of « for which the area is a minimum.
iii. Find the maximum total shaded area and the value of u for which the area is a maximum.

B+1+2+ 1= T7marks(1.5,0.3,04,0.1)]

Question 9/ 153

[VCAA 2014 MM (CAS)(65%)]

Let f be a function with domain R such that f'(5) = 0 and f'(z) < 0 when x # 5. Atx = 5, the graph of f
has a

A. local minimum.
B. local maximum.
C. gradient of 5.

D. gradient of —5.

E. stationary point of inflection.

Question 10/ 153



[VCAA 2014 MM (CAS) (28%)]

The trapezium ABC' D is shown here. The sides AB, BC and D A are of equal length, p. The size of the acute
angle BC'D is x radians.

The area of the trapezium is a maximum when the value of x is

D

Question 11/ 153

[VCAA 2014 MM (CAS) (44%)]
Zoe has a rectangular piece of cardboard that is 8 cm long and 6 cm wide.

Zoe cuts squares of side length & centimetres from each of the comers of the cardboard, as shown in the diagram
below.

rem

8cm
Zoe turns up the sides to form an open box.
Missing Image

The value of & for which the volume of the box is a maximum is closest to



A.0.8

B. 1.1

C. 1.6

D.2.0

E.3.6

Question 12/ 153

[VCAA 2015 MM (CAS)]

The diagram below shows a point, T, on a circle. The circle has radius 2 and centre at the point C with coordinates
(2,0). The angle ECT ' is 6, where 0 < 6 < 7.

o
X

The diagram also shows the tangent to the circle at T". This tangent is perpendicular to C'T" and intersects the x-axis
at point X and the y-axis at point Y.

a. Find the coordinates of 1" in terms of 6.
b. Find the gradient of the tangent to the circle at 1" in terms of 6.
c. The equation of the tangent to the circle at 7" can be expressed as
cos(f)z + sin(0)y = 2 + 2 cos(6)
i. Point B, with coordinates (2, b), is on the line segment X Y". Find b in terms of 6.

ii. Point D, with coordinates (4, d), is on the line segment X'Y". Find d in terms of 6.



d. Consider the trapezium C'E'D B with parallel sides of length b and d.

Find the value of @ for which the area of the trapezium C'E D B is a minimum. Also find the minimum value of the
area.

[1+1+1+1+3=7marks(0.2,0.2,0.6,0.5,0.6)]

Question 13/ 153

[VCAA 2015 MM (CAS) (77%)]

Consider the tangent to the graph of y = z2 at the point (2, 4).
Which of the following points lies on this tangent?

A (1,-4)

B. (3,8)

C.(—2,6)

D. (1,8)

E.(4,-4)

Question 14/ 153

[VCAA 2015 MM (CAS)]
a.Lety = (bz +1)7.
Find %

b. Let f(z) = %
i. Find f'(z).

ii. Evaluate f'(1).

[1+2+1=4marks (0.9, 1.6, 0.7)]



Question 15/ 153

[VCAA 2016 MM]
.1 d
a.lety = ?254(:62) . Find ,TZ

b. Let f(z) = 2%e5%. Evaluate f'(1).

[2 +2 =4 marks (1.5, 1.6)]

Question 16/ 153

[VCAA 2016 MM]

Let f : (—oo, %} — R, where f(z) = /1 — 2z.

a. Find f'(2).

b. Find the angle 6 from the positive direction of the Z-axis to the tangent to the graph of f at x = —1, measured in

the anticlockwise direction.

[1 +2 =3 marks (0.7, 0.8)]

Question 17/ 153

[VCAA 2016 MM]
Let f : (0,00) — R, where f(z) = log,(x)andg : R — R, where g(x) = 2% + 1.
a. i. Find the rule for h, where h(z) = f(g(z)).

ii. State the domain and range of h.

iii. Show that h(z) + h(—z) = f((g(z))?).



iv. Find the coordinates of the stationary point of h and state its nature.
b.Letk : (—00,0] — R, where k(z) = log, (x> + 1).
i. Find the rule for k1.

ii. State the domain and range of kL

[1+2+2+2+2+2=11marks (1.0,0.6, 1.1, 0.8, 1.0, 0.9)]

Question 18/ 153

[VCAA 2016 MM (85%)]

The average rate of change of the function f with rule f(z) = 3z — 24/ + 1 between z = QO and z = 3, is
A. 8

B. 25

Question 19/ 153

[VCAA 2016 MM (77%)]

Part of the graph y = f () of the polynomial function f is shown below.
Missing Image

f'(z) < 0 for

Az € (—2,0)U (5,00)

B.x € (—9, %)



C.z € (—o0,—2) U (5,00)
D.x € (—2, %)

E.z € (—00,—2] U (1,00)

Question 20/ 153

[VCAA 2016 MM (52%)]

For the curve y = z? — 9, the tangent to the curve will be parallel to the line connecting the positive 2-intercept

and the y-intercept when & is equal to

A. V5

Question 21/ 153

[VCAA 2016 MM (37%)]

A rectangle is formed by using part of the coordinate axes and a point (u, V), where 4 > 0 on the parabola y =
4 — z2.



(2, v)

v
-

T L T

3

~
~
o

.

o -

Which one of the following is the maximum area of the rectangle?
A. 4
B. 2Y3

Question 22/ 153

[VCAA 2017 MM]
Let f : [-3,0] = R, f(z) = (z + 2)*(z — 1).
a. Show that (z + 2)?(z — 1) = 2® + 322 — 4.

b. Sketch the graph of f on the axes below. Label the axis intercepts and any stationary points with their coordinates.



...................................

T
!

44444444444444444444444444444444444

[1 + 3 =4 marks (0.8, 1.6)]

Question 23/ 153

[VCAA 2017 MM]
a.Letf:(—2,00) = R, f(z) = miJrz Differentiate f with respect to .
b. Let g(z) = (2 — 2)3. Evaluate ¢/(1).

[2 +2 =4 marks (1.3, 1.1)]

Question 24/ 153

[VCAA 2017 MM (78%)]

The average rate of change of the function with the rule f(z) = 2% — 2z over the interval [1,al, where @ > 1,is
8. The value of @ is

A9
B.8

C.7



D.4

E.14++/2

Question 25/ 153

[VCAA 2017 MM (80%)]

Part of the graph of a cubic polynomial function f and the coordinates of its stationary points are shown below.

y
4

W
(=}
VT T T 17T 17T

T T 17T 177

f'(x) < 0 for the interval
A.(0,3)
B. (—o0, —5) U (0, 3)
C. (00, ~3) U (3,0)
D.(=3,3)

(42.30)

E. 27

Question 26/ 153

[VCAA 2017 MM (72%)]

The function f : R — R, f(x) = x3 + ax? + bz, has a local maximum at £ = —1 and a local minimum at



2« = 3. The values of @ and b are respectively
A.—2and —3

B.2and 1

C.3and —9

D. —3 and —9

E.—6and —15

Question 27/ 153

[VCAA 2017 MM (58%)]

A rectangle ABC' D has vertices A(0, 0), B(u,0), C(u,v) and D(0, v), where (u, v) lies on the graph of
y = —x3 + 8, as shown.

A
8 -
D Clu, v)
» x
A B 2

The maximum area of the rectangle is
A V2

B. 6v/2

C.16

D.8

E.3V/2




Question 28/ 153

[VCAA 2018 MM]

a.Ify = (—3z3 + 2° — 64)3, find %

b.Let f(z) = ¢~ Evaluate f'(m).

cos(z)

[1 +2 =3 marks (0.6, 1.4)]

Question 29/ 153

[VCAA 2018 MM (67%)]

Consider f(z) = z? + g, x # 0, p € R. There is a stationary point on the graph of f when & = —2. The value
of pis

A. —16
B. —8
C.2

D.8

E. 16

Question 30/ 153

[VCAA 2018 MM (57%)

A tangent to the graph of y = log, (233) has a gradient of 2. This tangent will cross the y-axis at
A.0
B. —0.5

C.—1



D. —1 — log,(2)

E. —2log,(2)

Question 31/ 153

[VCAA 2018 MM (45%)]
The turning point of the parabola y = z2 — 2bx + 1 is closest to the origin when

Ab=0

— 1 _ 1
Cb——ﬁorb—ﬁ
Db:%orb:—%
Eb:%orb:—%

Question 32/ 153

[VCAA 2018 MM (14%)]

Consider the functions f : Rt — R, f(z) = T andg : R" — R, g(z) =z, where p, ¢, m and n are

positive integers, and g and " are fractions in simplest form.

If{z: f(z) > g(z)} = (0,1) and {z : g(x) > f(z)} = (1, 00), which of the following must be false?
A.g>nandp =m

B.m>pandqg=mn

C.pn < gm

D. f'(c) = ¢'(c) for some ¢ € (0, 1)

E. f'(d) = ¢'(d) forsome d € (1, 00)



Question 33/ 153

[VCAA 2019 MM]
The graph of the relationy = /1 — 22 is shown on the axes here.

P is a point on the graph of this relation, A is the point (—1, 0) and B is the point (z, 0).

A
(-1,0) (x,0)
a. Find an expression for the length PB in terms of & only.

b. Find the maximum area of the triangle ABP.

[1+3 =4 marks (0.6, 1.0)]

Question 34/ 153

[VCAA 2019 MM]
Consider the functions f : R — R, f(z) =3 +2z —z?andg : R — R, g(z) = €”.
a. State the rule of g(f ()).

b. Find the values of & for which the derivative of g( f(x)) is negative.

c. State the rule of f(g(x)).

d. Solve f(g(x)) = 0.

e. Find the coordinates of the stationary point of the graph of f ( g(m))



f. State the number of solutions to g(f(x)) + f(g(x)) = 0.

[1+2+1+2+2+1=9marks(1.0,0.7,0.9, 1.2,0.9, 0.2)]

Question 35/ 153

[VCAA 2019 MM (80%)]

Let f : R\{4} — R, f(z) = -%;, wherea > 0.

z—4°
The average rate of change of f fromx = 6to x = 8 is

A.alog,(2)

B. Zlog,(2)

C.2a
a

D‘_Z
a

E.—g

Question 36/ 153

[VCAA 2019 MM (55%)]
Let f : [2,00) = R, f(z) = 22 — 4z + 2 and f(5) = 7. The function g is the inverse function of f.
9'(7) is equal to

A g
B.5

V7
C. iz

D.6

1
"7



Question 37/ 153

[VCAA 2019 MM (63%)]

A rectangular sheet of cardboard has a length of 80 cm and a width of 50 cm. Squares, of side length & centimetres,
are cut from each of the comers, as shown in the diagram below.

' 50 cm

.................

The volume of the box is a maximum when @ is equal to
A. 10

B. 20

C.25

D. =

E. 290

Question 38/ 153

[VCAA 2019 MM (63%)]
Part of the graph of y = f(w) is shown here.

The corresponding part of the graph of y = f’ (a:) is best represented by



-

» X

~ ¢

56

IAd




Question 39/ 153

[VCAA 2019 MM (55%)]

Which one of the following statements is true for f : R — R, f(z) = x + sin(x)?
A. The graph of f has a horizontal asymptote

B. There are infinitely many solutions to f(x) = 4

C. f has a period of 27

D. f'(z) > 0forz € R

E. f'(z) = cos(x)

Question 40/ 153

[VCAA 2020 MM]
— 2o . dy
a.Lety = x°sin(x). Find 3.
b. Evaluate f’(l),where f:R— R, f(w) _ em27m+3.

[1+2=3marks (0.9, 1.4)]

Question 41/ 153

[VCAA 2020 MM]

Consider the function f(z) = x2 + 3x + 5 and the point P(1, 0). Part of the graph of y = f () is shown
below.

Missing Image



a. Show that point P is not on the graph of y = f(:c)

b. Consider a point Q(a, f(a)) to be a point on the graph of f.

i. Find the slope of the line connecting points P and () in terms of a.

ii. Find the slope of the tangent to the graph of f at point () in terms of a.

iii. Let the tangent to the graph of f at & = a pass through point P. Find the values of a.

iv. Give the equation of one of the lines passing through point P that is tangent to the graph of f.

c. Find the value, k, that gives the shortest possible distance between the graph of the function of y = f(a: — k:)
and point P.

[T+1+1+2+1+2=8marks (0.9,0.5,0.7,0.8,0.3, 0.2)]

Question 42/ 153

[VCAA 2020 MM (53%)]

A right-angled triangle, O BC), is formed using the horizontal axis and the point C' (m, 9 — mz), where m €
(0, 3), on the parabolay = 9 — 22, as shown here.

' ]

y=0_x2

o

The maximum area of the triangle OBC'is
V3
A. -3

2v3
B. 75

C.v3



D. 33
E.94/3

Question 43/ 153

[VCAA 2020 MM (70%)]

If f(z) = €9, where g is a differentiable function, then f'(z) is equal to
A. 2zed(@)

B. 2zg(x?)ed(®)

C. 2zg (z2)ed(®)

D.2zg'(2z)ed@")

E. 2zg'(22)ed?®)

Question 44/ 153

[VCAA 2020 MM (42%)]

Let f (:L') = — loge(m + 2). A tangent to the graph of f has a vertical axis intercept at (0, c). The maximum

value of C is

A —1

B. —1 + log,(2)
C. —log,.(2)

D. —1 — log,(2)

E.log,.(2)




Question 45/ 153

[VCAA 2021 MM]

a. Differentiate y = 2e 3% with respect to .

b. Evaluate f'(4), where f(z) = z/2z + 1.

[1+2 =3 marks (0.9, 1.2)]

Question 46/ 153

[VCAA 2021 MM (56%)]

3

The tangent to the graph of y = x° — ar’+latz =1 passes through the origin. The value of @ is

1
A.§

B.1

Question 47/ 153

[VCAA 2021 MM (80%)]

The value of an investment, in dollars, after 77 months can be modelled by the function
F(n) = 2500 x (1.004)"

wheren € {0,1,2,...}.

The average rate of change of the value of the investment over the first 12 months is closest to



A. $10.00 per month.
B. $10.20 per month.
C. $10.50 per month.
D. $125.00 per month.

E. $127.00 per month.

Question 48/ 153

[VCAA 2021 MM (40%)]

The graph of the function f is shown below.

P =

The graph corresponding to f "is

> X



» x

lllllllllllll

» X

$» x

lllllllllllllllllllll

Question 49/ 153

[VCAA 2021 MM (35%)]



Which one of the following functions is differentiable for all real values of ?

<0

A'f(w):{—wx z>0

Question 50/ 153

[VCAA 2022 MM]

a.Lety = 3xe®®.
. dy

Find dr

cos(z)
[

b. Find and simplify the rule of f'(z), where f : R — R, f(x) =

[1+2 =23 marks (0.7, 1.5)]

Question 51/ 153

[VCAA 2022 MM (73%)]
[VCAA 2022 MM]

The gradient of the graph of y = e3® at the point where the graph crosses the vertical axis is equal to

A.0



Question 52/ 153

[VCAA 2022 MM (74%)]

[VCAA 2022 MM]

The largest value of @ such that the function f : (—00,a] — R, f(x) = x? + 3z — 10, where f is one-to-one,
is

A.—12.25
B.—5
C.—1.5

D.0

E.2

Question 53/ 153

[VCAA 2022 MM (73%)]

[VCAA 2022 MM]

The graph of y = f () is shown below.



The graph of y = f’(a:), the first derivative of f(:I:) with respect to &, could be

)’
A

» X
V »

<




-

Question 54/ 153

[VCAA 2022 MM (59%)]
[VCAA 2022 MM]
The function f(x) = %ZB?’ + ma? 4+ nx + p, form,n, p € R, has turning points at £ = —3 and £ = 1 and

passes through the point (3, 4).

The values of M, 1 and P respectively are
— N (e

Am=0n=—3,p=2

Bm=1n=-3,p=—-5

cCm=-1,n=-3,p=13

_ 5 . _ 3 . _ 8
Dm—i,n—i,p——X
_ 5 _ ) |
Em=3n=6p=—5




Question 55/ 153

[VCAA 2022 MM (39%)]

[VCAA 2022 MM]
A function g is continuous on the domain & € [a, b] and has the following properties:

» The average rate of change of g between £ = @, and = b is positive.

* The instantaneous rate of change of g at * = aTer is negative.

Therefore, on the interval * € [a, b], the function must be
A. many-to-one.

B. one-to-many.

C. one-to-one.

D. strictly decreasing.

E. strictly increasing.

Question 56/ 153

[VCAA 2022 MM (34%)]

[VCAA 2022 MM]

A box is formed from a rectangular sheet of cardboard, which has a width of @ units and a length of b units, by first
cutting out squares of side length & units from each comer and then folding upwards to form a container with an open
top.

The maximum volume of the box occurs when @ is equal to

a—b++va?—ab+b?
A. 6

a+b++va?—ab+b?
B. 6

C a—b—+a?—ab+b?
: 6

a+b—+va?—ab+b?
D. 6




a+b—+va?—2ab+b?
E. 6

A3. Integration

Question 1/212

[VCAA 2013 MM (CAS)]

Find an anti-derivative of (4 — 233)*5 with respect to .

[2 marks (1.3)]

Question 2/ 212

[VCAA 2013 MM (CAS)]
The function with rule g() has derivative ¢’ (x) = sin(27z).
Given that g(1) = %, find g().

[2 marks (1.2)]

Question 3/212

[VCAA 2013 MM (CAS)]

Letg: R — R, g(.’L’) = (a — 93)2, where a is a real constant. The average value of g on the interval [—1, 1] is
%. Find all possible values of a.

[3 marks (1.2)]



Question 4/ 212

[VCAA 2013 MM (CAS)]
Let f : [0,00) — R, f(z) = 2e75.

A right-angled triangle OQ) P has vertex O at the origin, vertex () on the x-axis and vertex P on the graph of f, as
shown. The coordinates of P are (z, f()).

a. Find the area, A, of the triangle OQP in terms of .
b. Find the maximum area of triangle O P and the value of & for which the maximum occurs.

c. Let S be the point on the graph of f on the y-axis and let T" be the point on the graph of f with the y-coordinate %

Find the area of the region bounded by the graph of f and the line segment ST

[1+3+3=7marks (1.0, 1.2, 1.0)]



Question 5/212

[VCAA 2013 MM (CAS) (25%)]
Let h be a function with an average value of 2 over the interval [0, 6].

The graph of h over this interval could be

y

»

5

1 L 1 La
G T
A. f
y
+
4+
2-
1 1 1 1 1 3 l:x
o 155023 aRd i 05 80 6 T T
B.
C. Missing Image
D. Missing Image
y
4
4t
2+
1 L L ' 'y |
O 102 34 e ol
E.




Question 6/ 212
[VCAA 2013 MM (CAS) (64%)]
Consider the graph of y = 2% + ¢, where ¢ is areal number.

The area of the shaded rectangles is used to find an approximation to the area of the region that is bounded by the
graph, the 2-axis and the linesx = 1 and ¢ = 5.

If the total area of the shaded rectangles is 44, then the value of C is

y

-

y=2+c

Question 7/ 212



[VCAA 2013 MM (CAS) (21%)]

The graph of f : [1,5] — R, f(z) = v/ — 1 is shown below.

y

1

Which one of the following definite integrals could be used to find the area of the shaded region?

A.

D—‘k’m

(\/H) dx

w
Ot —nw

(\/aﬁ) dx

C.f5(2—\/ac—1)dx

Question 8/212

[VCAA 2014 MM (CAS)]
Let f45 52— dz = log,(b).

Find the value of b.



[2 marks (1.4)]

Question 9/ 212

[VCAA 2014 MM (CAS)]
If f/(z) = 2cos(x) — sin(2z) and f (Z) = 1, find f(z).

[3 marks (1.9)]

Question 10/ 212

[VCAA 2014 MM (CAS)]

Consider the function f : [—1,3] — R, f(z) = 3z% — x3.
a. Find the coordinates of the stationary points of the function.
b. On the axes below, sketch the graph of f.

Label any end points with their coordinates.



1 L L L i 4’_1-
-5| -4 -3 -2 - o 1 2 3 4 5
| ~ E |
| 2
L : | — 1

-5

c. Find the area enclosed by the graph of the function and the horizontal line given by y = 4.

[2+2+3=7marks (1.5, 1.4, 1.5)]

Question 11/ 212

[VCAA 2014 MM (CAS) (60%)]

The area of the region enclosed by the graph of y = :I:(:L’ + 2) (:c — 4) and the T-axis is

A 1%

B. 20




Question 12/ 212

[VCAA 2014 MM (CAS) (59%)]

it [ f(z)dz = 6, then [} (5 — 2f(z))da is cqual to
A.3
B. 4
C.5
D.6

E. 16

Question 13/ 212
[VCAA 2014 MM (CAS) (61%)]
Jake and Anita are calculating the area between the graph of y = 4/ and the y-axis between y = O and y = 4.

Jake uses a partitioning, shown in the diagram, while Anita uses a definite integral to find the exact area.

The difference between the results obtained by Jake and Anita is

y




D. 14

E. 35

Question 14/ 212

[VCAA 2014 MM (CAS) (44%)]

The graph of a function, A, is shown here.

(6, 10)

(1. 4) (11, 4)

The average value of h is
A. 4
B.5
C.6
D.7

E. 10

Question 15/ 212

[VCAA 2015 MM (CAS)]

Let f'(z) =1— %,Where x # 0. Given that f(e) = —2, find f(z).



[3 marks (2.1)]

Question 16/ 212

[VCAA 2015 MM (CAS)]

Evaluate f14 (%) dz.

[2 marks (1.2)]

Question 17/ 212

[VCAA 2015 MM (CAS)]

Consider the function f : [-3,2] — R, f(x) = %(333 +3z% — 4).
a. Find the coordinates of the stationary points of the function.

The rule for f can also be expressed as f(x) = %(33 —1)(z + 2)2

b. On the axes below, sketch the graph of f, clearly indicating axis intercepts and turning points.

Label the end points with their coordinates.



|
[
|
L 1 1 1 1 L L 1 ' 1

L l 1 1
-7-6§-54-32-10] | 2 3 4 56 7 8
| i
|
|
[

c. Find the average value of f over the interval 0 < z < 2.

[2+2+2=6marks (1.5, 1.4, 1.0)]

Question 18/ 212

[VCAA 2015 MM (CAS) (53%)]
The graph of a function f : [—2, p] — R, is shown below.

))

3

(P, P)

.0 B =1x)

& J\o

The average value of f over the interval [—2, p] is zero.

The area of the shaded region is %.



If the graph is a straight line, for 0 < @ < p, then the value of p is
A.2

B.

(9}

DOt = ot

o
|8

Question 19/ 212

[VCAA 2015 MM (CAS) (69%)]
If f05 g(z)dx = 20 and f05 (2g(x) + ax) dx = 90, then the value of a is
A.0

B.4

C.2
D. —3

E. 1

Question 20/ 212

[VCAA 2015 MM (CAS) (22%)]

Let f(x) = ax™ and g(xz) = ba", where a, b, m and 7 are positive integers.
The domain of f = domain of g = R.

If f '(:C) is an antiderivative of g(a:), then which one of the following must be true?
A. ™ is an integer

B.  is an integer
m



C. 7 is an integer

Qo S

D. = is an integer

En—m=2

Question 21/ 212

[VCAA 2015 MM (CAS) (68%)]
1f f(z) = [ (V2 + 4)dt, then f'(—2) is equal to
A2

B. —/2

Question 22/ 212

[VCAA 2016 MM]
Let f : R\{1} — R, where f(z) =2+ %

a. Sketch the graph of f. Label the axis intercepts with their coordinates and label any asymptotes with the
appropriate equation.



N TE—

b. Find the area enclosed by the graph of f, the lines © = 2, and & = 4, and the x-axis.

[3 +2 =5 marks (2.3, 1.2)]

Question 23/ 212

[VCAA 2016 MM]
Let f : [—m,m] — R, where f(z) = 2sin(2z) — 1.

a. Calculate the average rate of change of f between z = — zand T = %

b. Calculate the average value of f over the interval —% <z< %

[2 + 3 =5 marks (1.0, 1.3)]



Question 24/ 212

[VCAA 2016 MM (41%)]

kx
Given that d(L) = (kz + 1)e*?, then [ ze*@dz is equal to

ze®
*kx+1 +c

B (k1) b 1 ¢

Question 25/ 212

[VCAA 2016 MM (69%)]

Consider the graphs of the functions f and g shown below.
Missing Image

The area of the shaded region could be represented by
A S (f(2) - g(2))de

B. [y (f(z) — g(x))da

c. Jy (F(@) - g(a))dw + fb — g(x))da

D. [ f(z)dz + [ (f(z) — g(2))dz + [ f(z)da

E. fo z)dz — [ g(z)dz




Question 26/ 212

[VCAA 2017 MM]

Lety = z log,(3z).
. dy

a. Find P

2
b. Hence, calculate f 1 (loge (3x) + 1)da:. Express your answer in the form loge (a), where a is a positive
integer.

[2 +2 =4 marks (1.1, 0.7)]

Question 27/ 212

[VCAA 2017 MM]

The graph of f : [0,1] — R, f(z) = /(1 — ) is shown below.
Missing Image

a. Calculate the area between the graph of f and the z-axis.

b. For x in the interval (0, 1), show that the gradient of the tangent to the graph of f is 17%.

The edges of the right-angled triangle A BC are the line segments AC' and BC', which are tangent to the graph of

f, and the line segment A B, which is part of the horizontal axis, as shown below.

Let 0 be the angle that AC' makes with the positive direction of the horizontal axis, where 45° < 8 < 90°.

» X
A 0 B

¢. Find the equation of the line through B and C' in the form y = mx + ¢, for @ = 45°.



d. Find the coordinates of C' when 8 = 45°.

[2+1+2+4=9marks (0.6,0.3, 0.2, 0.2)]

Question 28/ 212

[VCAA 2017 MM (21%)]

The graph of a function f, where f(—a:) = f(ac), is shown below.

y

A
< g /\b\. / /\ d it

Y

The graph has z-intercepts at (a, 0), (b, 0), (¢, 0) and (d, 0) only.
The area bound by the curve and the Z-axis on the interval [a, d] is
A. fadf(:c)da:

B. [ f(x)dz — [’ f(z)dx + [ f(z)dz

.2 [0 f(e)dz + [{ f(z)dw

D. 2f:f(a:)da: — 2fbb+cf(x)dm

E [} f(z)dz+ [0 f(z)dz + [} f(z)da

Question 29/ 212

[VCAA 2017 MM (47%)]

The graphs of f : [0, %} — R, f(x) = cos(z)and g : [0, g] — R, g(x) = \/gsin(:v) are shown here.



The graphs intersect at B.

J)
4 y= \/isin(.\') (7;
2
14 B
y = cos(x)
A
0 i x
2

The ratio of the area of the shaded region to the area of triangle O AB is

A.9:8
B.v/3—1: @
C.8v/3—-3:3rm
D.vV/3—1: @
. V3r
E. ]. . T
Question 30/ 212
[VCAA 2018 MM]

The derivative with respect to & of the function f : (1, 00) — R has the rule
fl(z) = % — m Given that f(2) = 0, find f () in terms of x.

[3 marks (1.8)]

Question 31/ 212



[VCAA 2018 MM]

Let f : R — R, f(z) = x2e*®, where k is a positive real constant.

a. Show that f'(z) = ze*®(kx + 2).

b. Find the value of k for which the graphs of y = f(x) and y = f'() have exactly one point of intersection.

Letg(z) = —%.

The diagram below shows sections of the graphs of f and g for z > 0.

)J
A
s x=2
P x
0 2
g

Let A be the area of the region bounded by the curves y = f(z), y = g(«) and the line x = 2.

¢. Write down a definite integral that gives the value of A.

d. Using your result from part a., or otherwise, find the value of k such that A = 1—k6

[1+2+1+3=7marks (0.9, 0.2,0.7,0.9)]

Question 32/ 212

[adapted from VCAA 2018 MM]

Consider a part of the graph of y = @ sin(:v), as shown below.



» =

A

Z/\ )
—Sa| —4n|-3x —27[\—7 0 v% 3 |4n 57rﬂ *

a.i. Given that [ (z sin(z))dz = sin(z) — z cos(z) + ¢, evaluate fn(:H)W (z sin(x))dx whenn is a
positive even integer or 0. Give your answer in simplest form.

ii. Given that [ (zsin(z)) dz = sin(z) — z cos(z) + ¢, evaluate fgﬂ)ﬂ (z sin(z))dx when n is a
positive odd integer. Give your answer in simplest form.

b. Find the equation of the tangentto y = & sin(a:) at the point (— 57” , 57”) .

c. The graph of y = @ sin(x) is mapped onto the graph of y = (37 — ) sin(x) by a horizontal translation of @

units where @ is a real constant.
State the value of a.

d.Let f : [0,37] — R, f(x) = (37 — x)sin(z)and g : [0,37] — R, g(x) = (x — 37) sin(z).

The line I; is the tangent to the graph of f at the point (%, 57”) and the line [5 is the tangent to the graph of g at

(% y — 57”) , as shown in the diagram here.



»
»

Find the total area of the shaded regions shown in the diagram above.

[2+1+2+1+2=8marks (0.6,0.2, 1.0, 0.4, 0.2)]

Question 33/ 212

[VCAA 2018 MM (41%)]

If 112 g(z)dx = 5 and f152 g(x)dx = —6, then f15 g(x)dz is equal to
A —11

B. —1

C.1

D.3

E. 11




Question 34/ 212

[VCAA 2018 MM (49%)]

Jamie approximates the area between the Z-axis and the graph of y = 2 cos(2x) + 3, over the interval [0, %} ,
using the three rectangles shown below.

y
A
6

5-\
V= 2c0s(2x) + 3

NN

Jamie’s approximation as a fraction of the exact area is

A.

B.

= NeJEN| ot
Sl o

._.|,_.
QO | =

e
[SUIEN|

Question 35/ 212

[VCAA 2018 MM (41%)]

The graphs f : R — R, f(z) = cos (W—Qx) andg : R — R, g(x) = sin(7a) are shown in the diagram
below.

Missing Image

An integral expression that gives the total area of the shaded regions is



A. f03 (sin(mrz) — cos (%)) d=

B. 2f§ (sin(rz) — cos (5F))dz
C. foé (cos (%) — sin(rz)) do—2 fll (cos (%) — sin(rz)) do— f§3 (cos (%) — sin(rz))dz
D. 2f1 (cos (%) — sin(rz)) do — 2f (cos (%) — sin(rz))dz

(

E. 2f0 (cos (%) — sin(rz)) dz + 2f (sin(mz) — cos (7)) dm—i—f (cos (%) — sin(rz)) dz

Question 36/ 212

[VCAA 2019 MM]
Let f : (5,00) = R, f(z) = 5.5

a. i. Find f'(x)

ii. Find an antiderivative of f ().

b.Letg: R\{~1} = R, g(z) = 22" Bvaluate ¢'(1).

[1+1+2=4marks (0.7,0.5, 1.4)]

Question 37/ 212

[VCAA 2019 MM]
terf : R\{1} = R, f(2) = %5 + 1.
a. i. Evaluate f(—1).

ii. Sketch the graph of f on the axes below, labelling all asymptotes with their equations.



b. Find the area bounded by the graph of f, the x-axis, the line £ = —1 and the line z = 0.

[1+2+2=5marks (1.0, 1.6, 1.1)]

Question 38/ 212

[VCAA 2019 MM (75%)]

fO% (a Sin(w) + bCOS(:l:)) dx is equal to

A (2—\/2§)a—b
B. b— (2;\/3)0,

C. (2—\/2§)a+b

(2—\/§)b—a
2

E (2—\/2§)b+a




Question 39/ 212

[VCAA 2019 MM (90%)]

Let f'(z) = 322 — 2z such that f(4) = 0. The rule of f is

Question 40/ 212

[VCAA 2019 MM (38%)]

Iff14 f(z)dz = 4 and f24 f(z)dz = —2, then f12 (f(z) 4+ x)dz is equal to
A.2
B.6

C.8

O
NJEN|

Question 41/ 212

[VCAA 2020 MM]
Let f : [0,2] — R, where f(z) = %\/5

a. Find the domain and the rule for f_l, the inverse function of f



The graph of y = f (), where & € [0, 2], is shown on the axes below.

y
A
2
3
2
1 ae 2,1
2
0, 0)
0# 1 : 3 > » x
2

b. On the axes above, sketch the graph of f_l over its domain. Label the endpoints and point(s) of intersection with

the function f, giving their coordinates.

c. Find the total area of the two regions: one region bounded by the functions f and f ~1 and the other region

bounded by [, ~1 and the line £ = 1. Give your answer in the form a;b\/l?’ where a,b € Z™.
6 )

[2+2+4 =28 marks (1.4, 1.5, 1.6)]

Question 42/ 212

[VCAA 2020 MM]

Part of the graph of y = f(z), where f : (0,00) — R, f(z) = zlog,(z), is shown below.



P <
—

0] (b, 0)
O(a, f(a))

The graph of f has a minimum at the 