Chapter 1 — Functions and relations
Solutions to Exercise 1A

1 a

b

{8,11}

{8,11}
{1,3,8,11,18,22,23,24,25,30}
{3,8,11,18,22,23,24,25,30, 32}
{3,8,11,18,22,23,24,25, 30,32}

{1,8,11,25,30}

{3,18,22,23,24}
{25, 30,32}
{3,18,22,23,24}

{1,25,30}
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XnY =1{7,9}

XNnYnz=1{7,9}

XuUY=1{2,3,57911,15,19,23}
X\Y =1{2,3,5,11}

Z\Y = {2}

XNZ={2,7,9}

[-2,8]NX =1{2,3,5,7}

(-3,8]nY ={7}

i (2,00)NY ={7,9,15,19,23}

j 3,0)UY =(3,00)

XNY ={a,ce}
XUY =A{a,b,c,d,e,i,o,u}
X\Y =1{b,c,d}

Y\X = {i, 0, u}

BN C = {6}
B\C ={2,4,8,10}
A\B ={1,3,5,7,9}

A\B =1{1,3,5,7,9}
A\C =1{2,4,5,7,8, 10}
(A\B) U (A\C) = {1, 2,
3,4,5,7,8,9,10}

BN C = {6}
A\(BNC)=1{1,2,3,4,5,7,8,9,10}

A\B =1{1,3,5,7,9}
A\C =1{2,4,5,7,8, 10}



ol
[ p—
- o
[ p—
EN

Sk en
=

=)

=)
—
o~
= )
a9

T

~

@) I

— -

—

m N
c

~

Q QO

= >

T

on

{5.7}

A\(BUC)

{6}

h AnBNnC

7 a [-3,])

b (-4,5]

¢ (-V2,0)
1
—\3
NG )

d (-

e (—o0,-3)

f (0,00)

10 a

g (—OO, 0)

h [-2, )

8 a (-2,3)

- \O
- W

- N
YN
L —
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L —
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- N

b [-4,1)

c [-1,5]

d (-3,2]




Solutions to Exercise 1B

1 a Domain = R

range = [-2, o)
b Domain = (-0, 2]
range = R

¢ Domain = (=2, 3) Domain = R+
range = (—oo, 2]

range = [0,9)
d
d Domain = (-3,1)
range = (—6,2) 4,4)
e Domain = [—4, 0] (1,2
range = [0, 4] Domam = [0, o)
f Domain = R range = 0.2
range = (—o0,2) ¢
2 a y
X
I « Domain = 0 5]
0 range = [0, 5]
Domain = R
range = [1, o) f

b ) (4, 18)
A
3
{9—» X Domaln =
-3\Y 3 range = [2, 18]

-3
Domain = [-3, 3]
range = [-3, 3]




(-1, -5)
Domain = [—1, 2]

range = [-5,4]

Domain = R

range = (—o00,4]

y
1

0‘ 1\>x

Domain = R

Range = R

not a function
Domain = {-1,1, 2, 3}
range = {1,2,3,4}

function
Domain = {-2,-1,0, 1,2}
range = {—4,-1,0, 3,5}

not a function
Domain = {-2,-1, 2,4}
range = {-2,1,2,4, 6}

function
Domain = {-1,0, 1,2, 3}

range = {4}

function Domain = R
range = {4}

not a function
Domain = {2}
range = Z

function
Domain = R
range = R

not a function
Domain = R
range = R

not a function
Domain = [-4, 4]
range = [—4,4]

5 f(x) = 2x° + 4x;
g(x) = 28 +2x -6

a

fD =201 +4(-1) = =2
f2) =22 +4(2) =16

f(=3)=2(-3)"+4(-3)=6

fQa) = 2(2a)* + 4(2a) = 8a* + 8a

g=1) =2(-1 +2(-1)-6=-10
g2) =22 +22)-6=14
23) =23 +23)-6=54
ga-1)=2a-1P>+2a-1)-6
=2’ -3a*+3a-1)+2a-8
=2a* - 6a* + 8a - 10

6 g(x)=3x>-2



a g(-2)=3(-2%-2=10 c3x-2=0
g(4) =3(4)y° -2 =46

=
Il
W

b i g(-2)=3(-2%-2=12x*-2
9 : R - R wh =2x+3

i gx—2)2=3(x-272-2= a f:R — R where f(x) = 2x +
3x2 - 12x+ 10

b 3y+4x=12
iii g(x+2)?=3(x+27>-2= 3y =12 -4x
322+ 12x + 10 4x
y=4- =

3
iv g(x®) =3(x*)?-2=3x*-2

4
f:R - R where f(x) = —> +4

3
7 f(x)=2x-3 ¢ f:[0,00) = R where f(x) =2x -3

a f(3)=23)-3=3 d f:R — Rwhere f(x) =x>-9
b f(x)=11

11=2x-3x=7

e f:[0,2] - R where f(x) =5x-3

c f(x)=4x 10 a
dx=2x-3
2x =-3

d fx)>x range = [3, o)
2x-3>x
b y

x>3

8 g(x)=6x+7 h(x)=3x-2 X

0 (29 _1)
a 6x+7=3x-2
3x = -9 range = (—oo, —1]

x=-3
b 6x+7>3x-2

3x> -9

x>-3



(_43 _7)

range = [-7, )

range = (—oo, 11)

y
(3,4)

(=2,

range = [-7,17]
Yy

(_53 14)

range = [2, 14]

(=2, -11)
range = (—11,19)

11 f(x)=2x>-6x+1; g(x)=3-2x

a f(2)=22%-6(2)+1=-3
f(=3)=2(-3)> - 6(-3)+1 =37
f(=2) =2(-2)* - 6(-2) + 1 =21

b g(-2)=3-2(-2)=7
g)=3-2(1)=1
g(-3)=3-2(-3)=9
¢ i f(a)=2a*>-6a+1
ii fla+2)=2(a+2)>
—6(a+2)+1
=2a* +2a -3
ili g(-a)=3+2a
iv g(2a) =3 —-4a
vV f(5-a)=2(5-a)
-6(5—-a)+1
=2a* — 14a + 21
vi fQ2a)=8a>-12a+1
vii g(a) + f(a) = 2a* —6a+ 1)

+ (3 -2a)

=2a°-8a+4



viii g(a) — f(a) = 3 —2a)
—(2a* —6a +1)

= 2a* +4a+2

12 f(x)=3x>+x-2

a f(x)=0

3 +x-2=0
using the quadratic formula

L=~ =) -43)(-2)

2(3)
-1+ 25
X=—-
6
2
=—1,=
N
1n set 2notat10n
-1,=
3
b fx)=x
30 +x—-2=x
3x° =2
2
2—_
Y73
x=++2/3

in set notation

iy

c fx)=-2
3x2+x-2=-2
3x+x=0
xBx+1)=0
eitherx =0o0r3x+1=0
-1
sz,?

in set 1notation
0, —
b3 )

d f(x)>0
32 +x—-2>x
from (a), the x-intercepts are —1, 3

as the coefficient of x* > 0
the shape of the graph y = f(x) is

f(x) > 0 for
X € (—oo0,—1)U (%,00)

e f(x)>x
3x%+x-2>x
3x*=2>0

2
2

>_

T3

ol

f f(x)<-2
3 +x-2<-2 |
from (c), the x-intercepts are ~3 0

as as the coefficient of x*> > 0
the shape of the graph y = f(x) is

f(x) < -2forxe [%10]

13 f(x)=x>+x
a f(-2)= (-2 +(-2)=2
b fQ) =2 +(2)=6
¢ f(-a)=(—a)*+(-a)=a*-a

d f(a)+ f(-a) = (@ +a) + (a* — a)

=24°



14

e f(a)- f(-a)= (@ +a) - (a*—a)
=2a

f f(@®) = (@®?+ (@) =a* +

gx)=3x-2

a gk=4
3x—-2=4
x=2

b gx)>4
3x—-2>4

x> 2
in set notation

{x:x>2}

¢ gx)=a
3x—-2=a
a+?2
X =
3

d g-x=6
-3x-2=6

1

@:6
1 = 6g(x)
1=603x-2)
1=18x-12
18x =13
ML
18

15 a f(x)=kx—1
3=3k-1

k=26

¢ fx)=x>+kx+1
3=9+3k+1

=7
k=—

[OS)

d f(x)=

W
Il
O W R

Pl
Il



3=1-9%
Ok = -2
)
k=—=
9

W —

d X =

==
Il
[\

X =2x+1=0
(x—1)*=0
x=1
e x+DH(x-2)=2
eitherx+1=00rx-2=0

x=-1 x=2
x=-1,2



Solutions to Exercise 1C

1 a

The functions which are one - to -
one are b and ¢

The functions which are one - to -
one are b,d and f

The graphs of functions are 1, iii, iv,
vi, vii, and viii.

The graphs of one - to - one functions
are iii, and vii.

y2 =x+2,x>-2

y==xVx+2

two possible functions f and g are
fi[-2,0) >R f(x) = Vx+2
range of f: [0, c0) = R* U {0}
g:[-2,00) > Rgx)=—-Vx-2

range of g: (—o0,0] = R~ U {0}

2
—H
0 X

two possible functions are the right
half

g1:[0,00) > R g1(x)=x*>+2
and the left half

2 :(=00,0) > R g(x)=x*+2

Domain: R range: R

Domain: R* U {0} range: R™ U {0}
Domain: R range: [-2, o)
Domain: [-4,4] range: [0,4]

Domain: R\{0} range: R\{0}

Domain: R range: (—co,4]

Domain [3, o) range: [0, )

Domain: R range: R

Domain: R range: [—2, o)
Domain [-3, 3] range: [0, 3]

Domain: R\{1} range: R\{0}

R\{3}

(=00, = V3] U[V3,0)
R

[4,11]

R\{-1}

h(x) = V(x+ 1)(x-2)

Domain : (—co, 1] U [2, o)
R\{-1,2}

Domain: (—co, —2) U [1, co)

£ = NFT=3%) Domain: 0, %]

[_5, 5]

10



9 a

k [3,12]

T > X
—Y__l 2
%)

b [-2,)

Domain: (-3,0] U [1,3)

range: [-2,3)
Domain: [-5,4]

range: [-4,0) U [2,5]

a y
(2, 10)

b Domain = (-0, 2]
range = [5, 10] U {—4}

T —>» X
—4 0“_42

_\-i/

b range = [5, oo}

1
14 f(x) = {}’

2x, x<3

x>3

a f(-4)=2(-4) = -8

b f(0)=20)=0

1 1

Cf(4):@21

1
d f(a+3)—{a+3’

a>0

2a+6, a<0

1 >3
_’ a —
e o= 2
4 <=
a, a_2
1
, a>06
f fla-3)=5a-3
20—6, a<6

15 a f(0)=4
b f3=+vV3-1=1V2
¢ f8)=V®-1=+7

Va, a>0

e fla-1)=



4, a-0<1=a<?2

{Va—Z, a-1>1=>a>2

16 a

> <

range = [—1, 00)

ax+b, x<-=-2
17 f(x)=1cx+d, -2<x<3

ex+f, x>3
using the points given

—-x—4, x< -2
f(x) = Ex—l, -2<x<3

——x+2, x>3

18 a Even

19

Odd

Neither

Even

Odd

Neither

Even

Even

Odd

Odd

Neither

Even

Neither

Neither

i Even

12



Solutions to Exercise 1D

1 a

(f+9)x)=3x+x+2

=4x+2
Domain: R

(f&)(x) = 3x(x +2)

= 3x% + 6x
Domain: R

(f+ox) =1 -+ =1
Domain: (0, 2]

(from Domain (g) N Domain (f))

(fe)(x) = (1 - xH)x*
— 2
Domain: (0, 2]

(from Domain (g) N Domain(f))

1 x+1
(f+g)(x)—\/}+$— Vx
Domain: [1,00) (from g)

_ W
(fe)x) = N
=1

Domain: [1,00) (from g)

(f+9)x)=x>+ V4 —x
Domain: [0,4] (from g)
(fe)(x) = x* V4 —x
Domain: [0,4] (from g)

functions f and 4 are even, g and k are

odd

(f+h)(x):x2+1+é,xeR\{0}

it is even |

(f(x) =1+ 2 X€ R\{0}
1t 1s even

g+hx) =x+ i , x € R\{0}
it is odd

(gk)(x) = 1, x € R\{0}

it is even
(f+9)x)=x>+x+1,xeR
it is neither odd nor even
(fe9)(x)=x*+x,xeR

it is odd

e ———
———
-




local min. at

2. 1)(— ,—1)

y=x2+3x+2 7

y=_0/+8(x) y = x2

y= 3x+2

12 a

y=(f+ g)(x)i (2.’ 6)
\

(2,3)

y =A%)
0.0)

y=g(x)

14



Y
A y=22+2x+Vx

y=x2+2x
y=\x

/' 0 X
y=(f+8x)y=gx)
¢ Y
13 a Y43 A(1,1) J=\F
(—\/3, 6) y=x2 '(1, 0)

(\/16) i > X
- /] r=3 (LI-D\ \y=-x2+Vx
(=3, 3) (3, 3)

> X




Solutions to Exercise 1E

1 a

2 a

b

C

d

(&

f

g

3 a

b

C

flg(x) =2Q2x) -1 =4x—-1
g(f(x)) = 2(2X — 1) =4x -2

flg(x)=4QRx+1)+1=8x+5
g(f(x)=2(4x+1)+1=8x+3

flg(x)=22x=3)—1=4x-17
g(f(x) =22x-1)-3=4x-5

flg(x) =2(x)-1=2x* -1
g(f(x)) = (2x - 12 =4x*—4x+1

fg(x) =2(x -5 +1
=2x> = 20x + 51

g(f(x)) =X +1)=5
=2x* -4

fegx) =2 +1=2x"+1
g(f(x) = 2x +1)°
foh(x)=2Bx+2)—1=6x+3
A(f(x) =3Q2x—1)+2=6x~1
foh2)=62)+3=15

ho f(2)=6(2)—1=11

f(h(3)) = 6(3) +3 =21

A(f(=1)) =6(-1)-1=-7

foh(0)=6(0)+3=3

foh(x)=Bx+1)?+2Bx+1)

=9x*+12x+3
ho f(x) =3(x*+2x)+1 = 3x2+6x+1

foh(3)=93)+12(3)+3 =120

a

ho f3)=33)Y2+6(3)+1=46
foh()=90)7+120)+3=3
ho £(0) =30 +60)+1=1

hog:R* >R A -
8RR o) =7

3
goh:R\{0}L, goh(x)=—+2
X

1 1
e =Gmray T3

3
goh(l)=W+2=5

range(/) = [~4, )
range(g) = R U {0}

fog:R*U{0} >R, fogx)=x—4
range(f o g) = [—4, )

g o f does not exist because the range
of f is not a subset of the Domain of g

1
f(g(0) =52x) = x

1
ng:R\{E} - R, fogkx)=x
Range: R\{%}

go f:R\{0} > R,go f(x)=x
Range: R\{0}

the range of is [—-2, o), which is not
a subset of the Domain of g, .. go f
does not exist.

16



b

10 a

fog:R"U{0} >R, fogx)=x-2
-1'.

A
T /,"' X
I” 1 /2

the range of g is [—1, c0), which is not
a subset of the Domain of f((—o0, 3]),
f o g does not exist.

the range of g* needs to be [—1, 3] at
most.
g [-2,2] - R, g"(x) = -1

fog :[-2,2] —>R,fog*(x):4_x2

The range of g is R, which is not a
subset of the Domain of f,
f o g does not exist.

the range of g needs to be R* at most.
letg):{x:x <3} =R,

gi1(x)=3—-x
then fog;:{x:x <3} =R,
fogi(x) =

the Domain of f is R, the range of g is
R* U {0}
f o g exists.

11

12

a

Range of fis R* U {0}
Domain of g is (—oo0, 3]
The range of f is not a subset of the
Domain of g
g o f does not exist.

S is the maximal Domain of f,
S8 =1-2,2]

Range of f = [0, 2]
range of g = [1, 00)

f o g is not defined as the range of g
is not a subset of the Domain of f.
g o fis defined as the range of fis a
subset of the Domain of g.

For both f o g and g o f to exist, the
range of g must be a subset of the
Domain of fand the range must be a
subset of the Domain of g.

Domain of f : [2, oo]; Range of
f : (_009 a— 2]

Domain of g: (—oo, 1]; range of
g la, )

Soa>2from fog
&a-2<l1fromgof

2<ax<3

17



Solutions to Exercise 1F

1 a Lety=f"'(x)then
x=2y+3
x-3
2

=12

y:

b Lety= f'(x) then
x=4-3y
_4-x
Y73

.f%m:igf

¢ Lety= f'(x) then

x=4y+3

_x—3

Y=y
—1 _x_3
S )= )

2 a Lety= f!(x)then
x=y-4
ffl=y=x+4

b Lety = f!(x) then

x =2y

flw=y=3

c Lety = f!(x) then

3

d

a

Lety = f~'(x) then
3y—-2
x:T
3y=4x+2
dx+2
3

ffl=y=

Lety = f!(x) then
x=2y—-4

w=y=

Domain (f~') =range (f) = [-8, 8]
.flﬂ—&&-+ﬂf4@3=x;4
range (f~') = Domain (f) = [-2, 6]

let g7!(x) = y then

gl =y=9--
Domain (g~') =range (g) = R~
g :RR->Rg'x)=9- 1
range (g~!) = Domain (g) = )(69, 00)

Let h7'(x) = y. Then
x=y>+2
yV=x-2

y=%xVx—-2
but range (h~!) = Domain (h)
_R* U (0}
hl'(x)=y=Vx-2
Domain (h~') = range (h) = [2, o)
h[2,00) > R,A(x) = Vx =2
range (W1 = [0, o)

18



d

Let f~'(x) = y. Then

x=5y-2
w=y=222
Domain (f~') =range (f) =
[—17,28]
j‘ﬁ—llZS]—éRhf4Uﬁ:.x;2

range (f~') = Domain (f) = [-3, 6]

Let g7 '(x) =y. Thenx =y*—1
y2 =x+1

y=+Vx+1
but range (g~") = Domain (g) =
(1, 00)
g ') = Vx+1
Domain (g7!) = range (g) = (0, o)
g710,00) > R, g7'(¥) = Vx+1
range(g™!) = (1, 00)

Let 7' (x) = y. Thenx = +fy
h(x) = y= X

Domain (h~!) = range(h) = R*
WY RY > R W '(x) = x?
range (h~!) = Domain (h) = R*

Interchange x and y

x=y>+2y
Completing the square:
G+1)?*-x-1=0

y+1=xVl+x
y=-1+ Vl+x

but range (g~!')=Domain (g) =
[_1’ OO)
g‘l(x) =y=Vi+x-1

Domain (g~!) =range (g) = [~1, )
g -1,00) >R, g7'x) = VI+x-1

range (g7') = [~1, o)

1
T T T —> X
—)401 2 3

1
S5Letf:R->R,f(x)=--3
X

Lety = f~!(x). Then we can write

x=--3
y

Hence y =

1
x+3

Thatis f~'(x) = .
atis ' (x) T3
The Domain of f~!is R\{-3}

1
1. 3 1y —
TR\ {3 =R, (%) T3

6 a tofind 7! (2), use f(x) =2
2=3-2x

F@=x=3
Domain f~! = range(f) = [-3, 3]

7 a Let fl(x)=y
x =2y
X

ffo=y= 3
Domain f‘l = range(f) = [-2, 6]

19



range f~! = Domain(f) = [-1, 3]
F-2.61 - R f0 =3

b Letf'(x)=y

x=2y"—4
,  (x+4)
)

v
y=ty7
o

but range f~' = Domain(f) =

[_0’ OO)
4
@ =y= [0
Domain f~! = range(f) = [-4, )
4,00 - R, f7(x) = - ; 2

range f~! = [0, o)

¢ {(4,2),(6,1),(8,3),(11,5)}
Domain = {4,6, 8,11}
range = {1, 2, 3, 5}

d Let 4 !'(x) = y.Then
=\
h'(x) = y= —x°
Domain 4~ = range(h) = R*
L RY - R A (x) = =22
range (h™') = R~
e Let f7'(x) = y. Then
x=y +1
1
ff@=y=@&-D3
Domain (f~!) = range(f) = R
SRR () = (- 1)
range (f1) =R
f Let g'l(x) =y. Then
x=@y+1)7

y==xvyx—-1

a

but range (g~!) = Domain(g)
=(-1,3)

gl =y=Vx-1

Domain g~ = range(g) = (0, 16)
g7':(0,16) > R, g7l (x) = Vx—1
range (g~') = (~1,3)

Let g7'(x) = y. Then
x=4/y—-1
gl =y=x"+1
Domain g~! = range(g) = [0, o)

gl [0,00) 5 R g () = X2+ 1
range g~ = [1, o)

Let i~ (x) = y. Then

y=eNiE

but range (h~!) = Domain () = [0, 2]
Ah ) =y= VA-a2

Domain (h~') = range (k) = [0, 2]
LR 0,2] 5 R AT = VA -2
range (h™H =10,2]

x=2y+4
x—4

y =
implied Domain: R and range: R
y
y=2x+4
_(x-4)

Y 2
2.0 /| 4)/

yaha
(Oa _2)

L3 - ()
2
flx)=3-2x

20



implied Domain: R

and range: R

c x= (-2
+Vx+2=f1x
but range (f~') =dom(f) = [2, o)
f 0 = Vx+2
Domain: [0, o0)
range: [2, c0)

d x= (') - 1)
)= Vx+ 1

Domam [0, c0)
range: [1, 00)

Ol (1,0

e similar to (¢)

but f7'(x) = —yx +2

Domain: [0, 00)

range: (—oo,2]

y

1

f /= S
Domain: R*

range : R*

f%hrL

X

but range f~!'(x) =Domain(f) = R*
1

SN =

Domain: R*

range: R*

h x= %(h_l(x) —4)

hl(x)=2x+4
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implied Domain: R
and range: R

y=2x+4

:%(x—4)

9 a x=,/f1(x)+2

(x=2)" = f"(x)
flx)=x>—4x+4
[ = (=2

Therefore,
F1[2,0) 5 R,
[ =x=-2y
Y
0] » X
1
b 03
1
flo-3=-
X
1
f (x) ;
Therefore
I R\{O
=

x=A/fM(x)-2+4

ffo-2=x-47
Flx)=x—8x+18
[f=@-4+2

Therefore,

f' [4,00) > R,

f (x)=(x—4) +2
Y

2

0

N
fix) -2
o -2= ——
x—1
=2
Therefore, *
f_ R\ {1} - R,

1

) = x% +2

5
-1
5
-1

- 1=—
VNS x+1

5

—1 _
f = x+1 *
Therefore,

LR\ {-1} >R,

5
_1 _
f (x)——x 1+1
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f x=+2-f1x)+1

(x-1*=2-f"'
fly=2-(x-1)7

i)y =-x+2x+1
Therefore,
fi[le0) SR,

fl=2-(x-1y
y

(1,2)
1+12
X

10 a fo)=1+—
X

b fx)=Vx-2

x=+/flx)-2
¥ =fx-2

fx) =

‘=

2 p—

X — § =

9f 1l (x)-6=
370 -2 =
37 (x) =
) =

+

+
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f y
. 1)
0,0)
1, -1)

12 a C

b B
c D

d A

13 a3-x>0
x<3
A:(—OO,3]

b minimum b is at the turning point
ie.b=0
letg™'(x) =y
x=1-y?
y=%xVIl—-x
,but range (g~!) =Domain (g) = [0, 2]
Ly=+Vl-x
Domain (g7!) =range(g) = [-3, 1]
g‘l [-3,1] —» R,g‘l(x) = V]l —-x

14 b=-2, g'l(x)=-2+ Vx+4

15 a=3, flx)=3-+Vx+9

3

16 a x= ——
g 1(x)
3
gl ==
X

Domain = R\{0}

b xm w2
(x+4P =g +2
gl =(x+4>-2
Domain = R

x=2—+h1(x)
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c hlx)=2-x

h'(x) = (x—2)
Domain (h_l) = range (h) = (—o0, 2]
3
T p—
x—1

Domain = R\{1}

2
=5- -
¢ YT -6y
2
—— ="' -6y
5—-x
2
K (x) = | —— +6
5—x
Domain = R\{5} d Inverseisa
1 function
f x=——=+ 2 y
(g '(x) - D4 6 A
. ]
-1 3/4 _ 3
-1 -
(g ) Y_2 4] ’l
1 3 /
g_l(-x) = 4_1 + 1 2 _ /
()C - 2)3 14 /
Domain = (2, 00) 0 T T T T T > X
1 23456

17 a Inverse is a function e Inverse is not

a function

b Inverse is not a function
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x+3

182  f)=3—

1
Domain = R\{E}
1 7
—2x-1)+ =

f) = =—-—

—1+ 7
T2 22x-1)

range = R\{%}

Since range(f) =Domain(f)

fof is defined.

2 2

7

2
2x +3) |

2 _
2x-1)
1 7

1
b fOf(x):§+

2

St i 6-2x+1

2x—1

D=

0 |
2

¢ Since fof(x)=xand f~'o f(x) = x

x+3 1
2x—17 XER\{E}

fl=r=
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Solutions to Exercise 1G

1 a Maximal Domain = R \ {0}; b ¥
Range = R* A

1
b i — g
16

1

i —

16 ]
i 16 S|

iv 16

c y 4 a f(x) =gk
x = 0 is one solution.

Now assumex # 0

e
W=
I

INES

X
11
0 > X x3 74 =1
ne
_x12 :1
2 a Odd Sx=1lorx=0
b E
ven b y
¢ Odd
1 g
d Odd
T T > X
0
e Even _% 2
L
f Odd

3a fly=5x

1
_1 -
x2=x"? f(x) =x7

=1 Domain of f~! =range of f =R
1
x=1lorx=-1 FFLR-R, f(x) = x7
1 0\6
b x=(/"w)

£0) = 6



C

Domain of f~! = range of f = [0, o)
1
f1[0,00) 5 R, f71(x) = —x6

x=27( W)

x 03

> =("w)

1
—1 _ i 3 _l 1
fr= (27) -3¢

Domain of f~! =range of f =R

i

fR->R, fx)= %xg

d

x=16(F7(x)’
== (')
11

ro=(gf -3

Domain of f~! = range of
[ =(16,)
f1i(16,00) = R, f7(x) =

| =

X

Al
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Solutions to Exercise 1H

1

For 0 < x < 2, the cost is $ 4. For
x > 2, the cost is $4 + $2 for each
extra km over 2 km, i.e $2(x — 2).
Hence:

f(X)={

4+2(x=-2) ifx>2

if0<x<?2
ifx>2

|4
| 2x

The box has length (36 — 2x) cm,

width (20 — 2x) cm and height x cm.

So the volume V cm? is given by

V = x(20 - 2x)(36 — 2x)
=4x(10 — x)(18 — x)

where x > 0 and x < 10 for a box to

exist.
The Domain is [0, 10] .

Perimeter = 2x + 2y = 160, so

y = 80 — x. The area can be found by
subtracting a rectangle of dimensions

12 by (y — 20) from a rectangle of
dimensions x by y:
A =xy—12(y - 20)
= x(80 — x) — 12(60 — x)
= —x + 80x + 12x — 720
= —x> +92x — 720

4 if0<x<2

b x> 12; also y > 20 implies

80 — x > 20 so that x < 60.
The Domain is [12, 60].

The function is a quadratic with
(non-included) endpoints where
x =12,60. When x = 12, A = 240;
when x = 60, A = 1200.
Endpoints are (12, 240) and
(60, 1200).
There is a turning point where

b
" 2a

=-5 = 46

Then A = 1396.
The graph is shown here.

X =

A
L (46, 1396)

(60, 1200)

(12, 240)

d The maximum area is 1396 m?2

and it occurs for x = 46 and

y =80 — 46 = 34.

i S=224202xoh+2 o
xeh
=2x% + 6xh

\%
ii V=2x*hwhereh=—
11 X whnere V2x2
S =22 +6x o —
2x2
3V
=2x* + —
X

b x > 0, so maximal Domain is (0, o) .
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3000
¢ V=1000s0S =2x> + —.

X
A sketch using a CAS calculator
shows that there is an endpoint

maximum where x = 2. Then
S = 1508 m>.

Let x be the with of the rectangle and y
be the length of the rectangle.
The diagonal has length 2a.

X+ =44
Ly =dad® - ¥
Sy = Vda? — x?

o Area = xy = x( V4a? — x?)

The Domain is clearly [0,2a].

The coordinates of C are (a, 6 )
a+?2

6a
A = X =
a Alea=da a+?2 a+?2

9
b Domain = [0, 6]; Range = [0, 5]

¢ Maximum value= [0, —]

2
d y
A
. 6-3)
2_
NSV

7 a Distance is speed by time, so during
the first 45 minutes, the man runs a

2 |
i f —t = —¢ km; after 4
distance o 60t 3Ot m; after 45

minutes, he has run — km and there-

4
after adds a distance of @t = Et
during the next 30 minutes. Hence:
it ifO0<tr<45
_J30
SH=33"
—+—(t-4 if 4 <
2+ 15(t 5) if45<t<75
1
—t if0<r<45
_ 310 if0<r<
— - — ] <
15t > ifd45 <t <75
1 1
=—, b=—, =45,
=30 15 €
3
d= —E, e=175

b The graph comprises two line
segments as shown here.

S

b e d)
3
@.5’. )>t

0

¢ The range is [0, ;]
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Solutions to technology-free questions

1 a y
A
\Af}ﬂiﬂ
(‘{]1 1; = X

Domain = R, range = [1, o)

%
Domain = [-5, 5], range = [-5, 5]

d ¥

A

/}?221"!'1
|

o

Domain = R, range = R

€ ¥

Domain = R, range = R

a ¥y
(5, 4)

e

v = glx)

EN

b range = [1.5,4]

¢ Interchange x and y and solve for y:
_y+3

2
y+3=2x

X

y=2x-3

gl [154 >R g '(x)=2x-3

Domain = [1.5, 4], range = [0, 5]

d g)=4

x+3_
=
x+3=8

x=5
{x:g(x) =4} =1{5}

4

e If g7'(x) = 4, then x = g(4) = 3.5.
fxigl(x) =4} = (3.5)
(Alternatively, solve the equation
2x—3 =4 for x.)
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3 a Sx+1=2

1
1
5
1
hﬂg@)=2}={—}

b If g7'(x) =2, then x = g(2) = 11.
(x:g(x) =2} = {11)

1 p—

5x+1

2

1
Sx+1==
o 2

(2,3)

5 a2x—-6#0,s0x#3
Domain = R\{3}

b ¥ -5>0
(x— \/g)(x+ \/§)>O

x<—-V50rx> V5

Domain = R\[— \/5, \/5]

¢c x—-Dx+2)#0,so0x#1,-2
Domain = R\{1, -2}
d 25-x* >0
G-x5+x)=>0
-5<x<5

Domain = [-5, 5]

e x—5>0and15-x>0
5<x<15
Domain = [5, 15]

f 3x-6#0,s0x#2
Domain = R\{2}

(f+x) =x+2)°+x-3
=X +4x+4+x-3
=’ +5x+1

(x = 3)(x +2)°

(fe)x)

(f +8)x) = (x—1)" +2x
=x+1
(f+8): LS >R (f+x) =x"+1
(f&)(x) = 2x(x — 1)
(fg): [1,5] = R, (f)(x) = 2x(x - 1)

f(3) =8, sorange of f is [8, co) (the
graph of y = f(x) is increasing for

x > 3).

Hence Domain of f~! is [8, c0) and the
range is [3, o).
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10

Interchange x and y and solve for y:
x=y -1

y2:x+1
y=Vx+1(asy>0)
Fi[8,00) 5 R, f(x) = Vx+ 1

a (f+g9kx) = x> +2x+3
b (f)(x) = -x*Q2x +3)

c (f+8x) =0
x: (f +8)(x) =0}

={-1,3}
—X>+2x+3=0
~(x*-2x-3)=0
~(x+D(x=3)=0
x=-1,3

f(2) =2, sorange of f is (—oo, 2] (the

graph of y = f(x) is a straight line with

endpoint at (2, 2)).

Interchange x and y and solve for y:
x=3y—-4

3y=x+4

_x+4
Y=73

x+4

(2l 5 R () =
The graphs are straight lines, reflections
of each other in the line y = x, each with
endpoint (2, 2).

The graph of y = f(x) has axes
intercepts (g, 0), (0, —4). The graph of

y = f~1(x) has axes intercepts (-4, 0),

x=8(f ")
c= ()
3

Domain of f~! =range of f =R

x=32(f ")
S =(r'w)
o) - 3¢
Domain of f~! = range of

J=(=00,0]
x =64 (7))
== (W)

1
1 . i 6 _l é

S = (64) -2

Domain of f~! = range of f = [0, o]

x = 10000 (£~ (%))’

X
10000 (@)
1
-1 = X )Z1 = i 411
NS (10000 10"
Domain of f~! = range of
£ = (10000, c0)
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12 a fog(x) = f(-x) f fo(f-9w=f(f-gx)
=23 +3 = fQ2x+3+x)
=22x+3+x)+3

b go f(x)=g2x+3)
=20 +4x+9

= —Q2x+3)°

¢ gog(x)=g(-x)i g fo(f -9 =f(f gx)

= (=)} = f(=2x* = 3x°)
9 =2(-2x* -3x%) +3
=—X
= —4x* - 6x° +3
d fof(x)=fQ2x+3)
=2Q2x+3)+3 13 x> —lorx<—9
=4x+9
1
—64\5
e fo(f+8x) = f(f+gx) 14 1 '\(x) = (x - )

= f(-x> +2x + 3)
=2(-x" +2x+3)+3

=-2x +4x+9
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Solutions to multiple-choice questions

1 E 6-2x>0
6>2x
3>x

oo (=00, 3]

2 B f:[-1,3) >R, f(x) = —x*
f(3)=-9; maximum O at x =0

- (=9,0].

3 E f(x)=3x*+2x
fQa) = 3(2a)* + 2(2a)
fQa) = 12a* + 4a

4 C f(x)=2x-3
letf(x) = 2(f'(x)) - 3

f0)+3=2(f"(x)

=12
=222

)= ax g D
frm=gx+ s

5E f:(abl]>R f(x)=10-x,a<b
The minimum is:

fb)y=10-»b
The maximum is:
f@=10—-a

5o [10=-56,10 - a)

6 C Asais anegative real number:
fla+3)=—(a+3)+6

fla@a+3)=—-a+3
7 D f(x) = (x+ 3)* — 6 Graph must

be one to one to have an inverse
function.

10

11

12

13

14

15

A

Turning point of function is at
(=3,-6)

Domain must be a sub set of either:
(—o00,-3] or [-3, )

. [6, 00)

An inverse only exists if

the function is one to one.
g:[-4,4] > R, g(x) = V16 — x?
Is not one to one for the specified
Domain.

The asymptote is at x = —2 therefore
the asymptote of the inverse is at
y=-2.

2x+1 3
X+ -

fx) =
x—1 x—1
Therefore asymptotes x = 1 and
y=2.
f(x) =3x* and g(x) = 2x + 1
cf(g() =32x+ 1)
flg(x)) = 12x> + 12x + 3
5 f(g(a) = 12a° + 12a + 3
fX)=x>+2x—-6=(x+17>-7
.. vertex has coordinates (-1, —7)
f(=2)= (=2 +2(-2)-6 =
4-4-6=-6
f@) =@A)P?+24)-6=18
- range = [-7,18)

1 1
If a > b then a5 > b5

Maximal Domain
= (=1,00) N (=00,4] = (-1,4]

Domain of f~! = Range of

f=(7,00)
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x= 21 x)+3

L= 502 3)

16 B 5—x=-2=>x=7
5—x=3= x=2..Domain of

f=@7]

1
17 A g:R{3} > R, g(x) = —3+2
x_
1
P e
8 (X)I3
—1 I S
g (%) 31x_2
() —
g (W)=——5+3
xX+2
dom g~'(x) = R\(2)

Let x =

18 C f(g(x) =g(f(x)

6 18
3x—2 x-2
6x—2=>54x-36
1
1x:E
f(g(i))= =-12
T,
a+b:—12+§:—?

19 B

20

21

22

23

Asymptotes of y(x) occur at
x+1=0

Sox=-1

Andaty = -2

. Asymptotes of y~!(x) occur at:
y=-landx=-2

(x +3)*

Asymptotes of — 5 occur

whenx+3 =0
SLox=-3
And wheny = -5

f:10,00) > R, f(x) = (x—2)* f(x)
does not have an inverse function as
it is not a one to one function.

1
Note that the graph of y = i will

be like that of y = lz’ but ’steeper’.
Looking at the alte?natives, D

stands out: its Domain runs from
negative to positive numbers with

0 removed. for numbers close to

0, the value of y will be very large.
As x = 0, f(x) — oo. Its range is
actually [1, o). (Checking each of
the remaining alternatives shows that
the range is correct in each case.)
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Solutions to extended-response questions

1 a Ci(x)=025x+64
Ca(x) = 89

b

3

c
100 4 CE

E{},//.?‘

&0 4 C

40 .

20 4
0

20 40 60 80 100 120 X (km)
¢ From the graph or using the inequality
0.25x + 64 > 89
0.25x > 25

x> 100
Method 2 is cheaper than Method 1 if the distance travelled is greater than 100 km.

From this it can be seen that Method 2 is cheaper than Method 1 if the distance
travelled is more than 100 km.

2 a Area of each face = x2
the total surface area, S = 6x2

b The volume, V = x>
1
X = Vg
2
and S = 6V3

3 a The triangle is equilateral.

1 1
Area A = Esz sin 60° (Area of triangle = Ebc sinA)

_ WV

=7 A
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b By Pythagoras’ Theorem, 4> = s> — SZ

V3s

h:T and s =

ﬁ(zh)zzfxﬁ: V3h?
4

V3 4 73 3

4 a By Pythagoras’ Theorem d” = 9 — x*

d= V9 —x?

b maximal Domain = [0, 3]

&l

by (1)A =

The range of the function is [0, 3]

5 Let d km be the distance travelled.

The time taken for journey travelling at 80 km per hour
d

=2:80=—

2 160

The time taken for journey travelling at x km per hour
d

T2 T
Total time taken = d + d —d ! +1 —d x +380
aumetaken =760 T 2x 2807 x) T2
distance travelled
Average speed =

total time taken

d (x+80
=d+ =
S&) 2( 80x)

_dxzx 80x
B d” x+80
3 160x

_ . x+80
Domain of S is [0, co0)

dm Im
e m————y
m
PL
3
>
0 3 X

38



6 Volume of cylinder = nr?h

a The diameter has length 12 cm.
By Pythagoras’ Theorem
122 = * +47° ... (1)
2 _ g2
2 12°-h
4

Vilh) = ;1(144 - hz)h

h2
=m|36 - —|h
d 4

As V|, >0,h>0andr > 0 Domain of V; = (0, 12)

b by (1)
h? = 144 — 45°

h= V144 — 472 =2 V36 — 12
Vo(r) = 7r* X 2V36 — 12

=271’ V36 — 12
Domain of V, = (0, 6)

Domain | range
7 a|f R R
g R R
ran f = dom g g of exists,
gof(X=gx+1)=2+(1+x)>

b g of is a one-to-one function
(g of)~! is defined,
Solve the equation g o f(x) = 10
2+(1+x)° =10
(1+x)° =8
l+x=2

Sox=1
(g of)~!is defined, (g of)~'(10) = 1

24 ifxe(~0,2)

X
8 f0)= {x if x € [2, 00)

12 cm

“— 2Zrecm —°
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A

b i f(-1)=1-4=-3as — 1€ (-00,2)

ii £(3)=3as3¢€[2 )

¢ S = (—00,0] as f is one to one for this interval. and —1 € §'.

d h(x) = 2x, then f(h(x)) = f(2x)
(2x)? -4 if2x e (~c0,2)
J@n = {Zx if 2x € [2, 00)
45> -4 ifx<1
2x ifx>1
if x € (—00,2)
if x € [2, 00)

Therefore f o h(x) = {

2
Now 1 0 f(x) :h({i -4

2x* -8 ifx<2
h =
0/ {2x if x> 2
9 ForOS{Sl
Area = — Xt X3t
2
35
==t
2
Forr>1
Area = area of triangleA + area of rectangleO
1
:§x1x3+3(t—1)
3
=—+3t-3
2
3
=3t-=
2

¥
T y = flx)
3
0 4
yA
= f(x)
3 st . 2
1
1
1
1
1
|
|
| >
0 1 X
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3

=7 forO0<r<1
Ay =12 4
3t——= fort>1

Domain of A = [0, c0)
Range of A = [0, 00)

a Charge is 0.35 per 200 metres. That is 5 x 0.35 = $1.75 per km.
Hence S(d) = 1.75d + 12

b $30 for distance under 24 km, Then 1.5(d —24) + 30 = 1.5d — 36 + 30 = 1.5d — 6 for
30 0<d<?24

distances over 24 km. T'(d) =
1.5d -6 d>24

d i S17)=175x17+12=341.75
i 7(15) = $30

e S(45)=1.75%x45+12 =$90.75
T(45)=1.5x%x45-6 = $61.50
Thrifty is cheaper.

f The graphs cross before d = 24
30 < 1.75d + 12

18 < 1.75d

a Letx=

cy+d
Sox(ey+d)=ay+b

and xcy —ay = b — xd
y(xc —a)=b - xd

41



b

12 a

b — xd

XC—da

Ly =

Hence f~! : R\ {g} - R, f(x) =

b — xd

xXc—a
ax+b a ch —da

For the range of f note: f(x) = =

.. range of f =R\ {ﬂ}
C

and Domain of f~! = range of f = R\ {E}
C

cx+d c+c(cx+d)

—d
range of f~! = Domain of f = R\ {—}
c

2
i For f(x) = 22
X+
a:3,b=2,c2:3,d:1
and f~1(x) = ;x; Domain of f~! = R\{1}
3x -3
. _3x+2
ii For f(x) = 3
a=3,b=2,c=2,d=-3
3x+2 3
and f~!(x) = s : Domain of f~!' = R\{=
2x-3 2
-1
iii For f(x) = —
b
o= = - Domain of f~' = R\{—1}
-x -1 +1
iv For f(x) —x+1
iv For f(x) =
x+1

[ = i%c; Domain of f~! = R\{~1}

If f~' = f then Domain of f~! = Domain of f
a

o= (we will assume ¢ # 0)

c c
Sa=-—d

ax+b
As f(x) = cx+d

and f(x) =

— xd

XC—da

Ifa=-df'(x)=

ax+b
cx+d

= f(®)

SForc#0fl'=feoa=-d

i YB = rcm (sides of square)

il ZB = r cm (sides of square)

(by division)

42



iii AZ=(x-r)cm
iv CY=3-r)cm

CY = CX = 3 — r (tangents from a point)
AX = AZ = x — r (tangents from a point)
Therefore AC =AX +XC=x—-r+3—-r=x+3-2r
Using Pythagoras’ Theorem for triangle ABC

¥ +9=(x+3-2r7

ie. ¥ +9=(x+3)% —4r(x+3)+ 4
X +9=x"+6x+9—drx— 12r + 477
0=6x—4rx—12r + 4%
0=2r" —2r(x +3) + 3x

L 2x+3)x VA(x +3)? - 24x

4
_2x+ 6+ A2+ 6x+9) - 24x
B 4
_ 2x+ 6+ V4x? +36
B 4
_x+3+ x2+9
_3 3
X+
But
utr < 5
x+3-Vx2+9
r =
2
When x = 4,
i 7- 25
r=——
) 2
re.r=1
. 1
ii Whenrzz
I (x+3)—- Vx¥2+9
2 2
-2-x=-Vx2+9

A+dx+xr=x"+9
dx =5

5
x=7 (Note this must be tested because of squaring)
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px+4q

13 f(x) = x € R\{-r, r} for x € R\{—-r, r}
X+r
a f(x) = f(=x)
implies
px+q —px+gq
x+r  —x+r
(=x+7)(px+q) = (=px+q)(x +71)
S =pXE = gX + pxr+ qr = —px* — pxr+qgx + qr
2pxr = 2gx
pr=9q
px + pr
fx) =
xX+r
fx=p
b f(=x)=—-f(x)
implies
—pxtq _—pX—4q
-X+r xX+r
S=pxXP 4 gx — prx + qr = px> + gx — pxr — qr
2px* —2qr=0
ie. px*=gqr
p= q_;” since x # 0.
! Px +
Substitute for p in f(x) = q:
- xX+r
_ X
Sy = xX+r
_qr+gqx
Cx(x+7)
_qlx+r
Cox(x+r)

=4 (make that x + —r)
X

¢ ilfp=3,g=8andr=-3

3x+8
f) =
Y348
Consider x = Y
y—3
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yx—3x=3y+8
Syx—3y=3x+8
Sy(x=3)=3x+8

_3x+8
y= x—3 3 g
£(x) Hence f~(x) = 227 )

Domain of f~! = R\(3}

i 3x+8
X =
x—3

3x+8 = x> —3x

0=x>-6x-8
6+ V36+32
==

_612\/9+8
Sl —

=3+ V17

X

+ 1

14 a f:R\{l}—>R,f(x):§_l

Note: For this function f = f~! from Question 10.

i = =3

2-1
3+1
FUF@2) =f3) = 3°1

Jf(f2)) = f(2) =3

ii f(f(x)) =xforall x

=2
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b f:R\{-1} > R,

f(x) =

f(f(x0) =

FEF) = f(_xx__ 3)

x—3

x+1
-3
5
-3
§+é_3
Tt
x—3-3x-3

x—1

—-x-3

o ox-1

—x-3

+1

x—1
—-x—-3-3x+3

-x-3+x-1
—4x
-4

=X

ie.: f(fx)=f"'x
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Chapter 2 — Coordinate geometry

Solutions to Exercise 2A

1 a3x—-4=2x+6
x=10

b 8x—-4=3x+1
5x=5

x=1

¢ 32-x)-43-2x)=14
6-3x—-12+8x=14

5x-20=0
x=4
3x
— -4 =17
d 4
X
Z -7
4
x =28

8y = 68
17
)
2 3
f ==
3x-1 7
14=9x-3
17
S
2x—1_x+1
8§ 73 T g
8x—4=3x+3
S5x=7
x—z
5
h 2(x—1)_(x+4)_§
3 2 6

4x—-4-3x-12=5
x=21

i

a

3y+4 1 5@-y)

R B S
24y -9y —12+2 =40 - 10y
25y =50
y=2
x+1_§
2x—-1 4
4x+4=6x-3
2x =17
7
2
x—4=y...(1)

4y —=2x=8...(2)
2)+2x(1)=4y—-8=8+2y
2y =16

y=28

=>x=12

Ox+4y=13...(1)
2x+y=2...(2)
(H-4x2)=x=5
=10+y=2
y=-8

Tx—-3y=18...(1)
2x+5y=11...(2)
S5x(1)+3%x12)=41x=123
x=3

=6+5y=11

y=1

Sx+3y=13...(1)
Tx+2y=16...(2)
3X2)-2x(1)=>11x=22
x=2

= 10+3y=13

y=1
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e 19x+17y=0...(1)

2x—y=53...(2)
From (1) -9
T = —
Y=
=2x+—x=153
17
53x = 17 53

x =17

(2)+2><(1)=>75—x:14
x=10

=10-y=4

y=06

[=w+4...(1)
2(0-5)+2w—-2)=18...(2)
Substitute from (1) into (2)
w—1l4+w-2=9

w=6cm
=/[=10cm

Let g represent the number of goals
scored, and rthe number of throws.
to=tj...(1)

g0 =2g;...(2)
ti+2g;=11...(3)
ti+2g0=19...(4)

Subtract Equation(3) from Equa-
tion(4)

= 2g0—2g;=28

Substitute from Equation (2)
dgi—2g;=8

gj=4

g =38

John scored 4 goals and David scored

8.

a w=2800+20n

b w =800 + 20(30)
$w = $1400

¢ 1620 = 800 + 20n
20n = 820
n = 41 units

a V=250+15¢t

b V =250+ 15(60)
V =1150L

¢ 5000 = 250 + 15¢
| 4750 _ 950

15 3
t = 5h 16 min 40s

a V =10000 - 10z

b V = 10000 - 10(60)
= 9400 L

¢ 0=10000 - 10¢
t = 1000 min
t = 16 h 40 min

X N X _35
240 320 60
Tx 7
E —80)(5
x = 80 km

LA Y R )
48" 48
11x = 22 x 48

x =96 km

10 a C =100 + 25¢
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b

i

ii

C =100 + 252
$C = $150

C =100 + 25(2.5)
$C = $162.50

C

i 375 =100 + 25¢
t=11h

ii 400 = 100 + 25¢
t=12h
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Solutions to Exercise 2B

1 aax+n=m

m-n
X =
a
b ax+b=bx
b
X =
b-a
ax
—+c=0
C 5 c
—bc
x=—
a
d px=¢gx+5
5
xX=——
P—q

(3 mx+n=nx—m

(m—-—n)x=—-(n+m)

n+m
X =
n—m
1 b
f = -
xX+a x
x=b(x+a)
(1 =b)x =ba
ba
X =
1-b
b 2b
g =

x—a x+a
bx + ab = 2bx — 2ab

bx = 3ab
x=3a, b+0
h Tn=2im
m n

nx + n2m =mx + mzn

(n —m)x = nm(m — n)

X =—mn

i —b(ax+b)=albx—a)

—bax — b* = abx — d*

2abx = a* - b*

i p*(1—x)-2pgx =q*(1 +x)

p*—(P* +2p@)x = ¢* + ¢*x

PP=q ={p+q9’x

_P~q
X =
pP+q

bx—ab =ax+2b

(b—a)x =3ab
. 3ab
“b-a

X 2x 1

+ =
a-b a+b a*-b?
x(a+b)+2x(a-b)=1
x(a+b+2a-2b)=1
1
X =
3a-b
— —t
pogr, 4
t p
PP —qpx+pit=qix—1

qix + gpx = p2 +p2t+ t2
PP pit+r
q(t+ p)

1 1 2

+ =
xX+a x+2a x+3a
(x+2a)(x+3a) + (x+ a)x + 3a)

=2(x+ a)(x + 2a)




a

d

2x% + 9ax + 9a* = 2x% + 6ax + 4a’

3ax = —54*
x—__SCI
3

ax+y=c...(1)

x+by=d...(2)

(1) —ax(2)

= y(l —ab) =c—ad
_c—ad

Y= 1 —ab

Equation (2)—bx Equation (1)

= x(1 —ab)=d - bc
_d-bc

t= 1—ab

ax—by=a*...(1)
bx—ay=0%...(2)

bx Equation(1)—ax Equation (2)
= (=b* + a®)y = a’b - b’a

ab(a — b)

b

ax Equation(1) —bx Equation (2)
=@ -)x=a-b

a-b

a2 — b2

_a*+ab+ b’

B a+b

X =

ax+by=t...(1)
ax—by=s...(2)
(H+QR)=2ax=t+s
_t+S

te 2a

Equation (1) - Equation (2)

ax+by=a’+2ab-b*...(1)

bx+ay=a*+b*...(Q2)
ax(l)=bx(2)
= (a* - b*)x

=a’ +2a’b - ab* — a*b - b’

@ + a*b — ab® - b*
X =

a2 — 2
_(a+ b)(a* - b*)
X = 2 — b2
x=a+b

Substitute into (2)

= bla+b)+ay=ad>+b*
ay = a* + b* — ba - b*
y=a->b
(a+b)x+cy=bc...(1)
b+c)y+ax=-ab...(2)

ax(l)=(a+b)x((2)
= (ac — ab — b> — ac — bc)y

b(c +a+ b)

—abc+a?h+pry="2T4TO)

AT Ty = T h+0)
y=-a

Substitute into (2)
= (—ab — ac) + ax = —ab
x=-b+b+c
xX=c
3x—a)-2(y+a)=5—-4a...(1)
=3x-2y=5+a
2x+a)+3(y—a)=4a-1...2)
= 2x+3y=5a-1
3x(1)+2%x(2)
= 13x=15+3a+ 10a - 2

13x =13+ 13a

x=1+a

Substitute into (1)
=3+3a-2yt=5+a
y=—l+a

y=a-1
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3 as=aRa+1)

s=2d>+a
b h=a2+h)
h=2a+ah
(1 —a)h =2a
3 2a
T 1-a
(=)
s=a
1-a
24>
s =
l1-a
1
h=
1+a
1
cas=a-+
1+a
1+ !
S =
a+a?
1
=1+
s a+a?
aA+a+1
5=
at+a
d ah=a+h
(a-1h=a
_a
T a-1
N a
as=s
a-—1
(a—l)s:L
a—1
a
§= ——
(a—1)

e s=(3da*)’+aB3d’)
s = 94* + 34°

s=3aBa+1)

f as=a+2a-s)

as=a+2a-2s

(a+2)s =3a
3a
s =
a+?2
1 1\2
g s:2+a(a——)+(a——)
a a
2 2 1
s=2+a —-1+a" -2+
a
1
s:2az—1+—2
a

h 3s—ah=d>...(1)
as+2h=3a...(2)
2x Eq(1)+ax Eq(2)= (6 +a®)s = 5a°
B 5a?
ST+

4 ax+by=p...(1)
bx—ay=gq...2)
ax (1) + bx(2) = (@>+b>)x = pa+bg
_ap+bgq
a2+ b2
bx()—ax )= (b*+a*)y=bp—aq
_bp-aq
A+ b?

S bx+ay=ab...(1)
ax+by=ab...(2)
ax(1)=bx(2)
= (a* — b*)y = ab(a - b)

_ab
Ca+b
bx(l)—ax(?2)
= (b* —a®)x = ab(b — a)
_ab
a+b
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Solutions to Exercise 2C
1 a V205

|
b (1,——)
2
e B3
6
d 13x+6y=10

e 13x+6y=43

25
f 13y - 6x = ——
3y —6x :

2 a (3,%)
(3
“ (53
3 a 47
b (5,-2)

c (2,19

d (-2,-9)

il NS JUSIEAN
L1 1 |/>\<

ol

> <

| Y
(O8]
N
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y=-3x-5
4
m= =
3
4
y=3=3(-1
4
y:§x+§or3y—4x:5
m=2
y=5=2(x-2)
y=2x+1
x oy
372,
y_x -
2 3
x .y
Z+<L =1
476
x oy
=1
43
Xy
(4 3‘1)
8 (600,35) (800,46)
XYy I
6 -2 "~ 200
Xy
222 11
—35=—(n-600
6 2 C 200(11 )
11
=—n+2
XYy €= 20"
42 11
1000) = ——(1000) + 2
y C( ) 200( ) +
$C = $57
2
9 a (120,775) (160,975)
X
0 4
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10

11

a

m=5

C—-T775=5(n-120)

C=5n+175

yes

$175

d=V12+22

= V5~2236

d= V12 +12

= V2~ 1414

d= V52 +22

= V29 ~ 5.385

d= V22 +18?

= V326

=282 ~ 18.111

d= V42 +22
= V20

=2V5~ 4472

d= V32 +42
=5

iy-6=2(x+1)

y=2x+4

-1
i y—6=—(x-1)

-1
2

13
y=—x+—or2y+x=13

2

b iy-3=-2(x-2)
y=-2x+7

ii y—3==(x-2)

=—x+2
y 2x

or2y—x=4

12 3,3), m= —— =2
(3,3), m =36
y—3=2(x—23)
y=2x-3

13 5= 32+ (y+1)?

25=9+(y+1)?

y+1==x4
y=-1+4
y=-5,3

14  10= /82 + (y—6)?
100 = 64 + (y — 6)°
y—6==+6
y=6+6
y=0,12

15 26= 4102+ (y - 8)2

676 = 100 + (y — 6)°

y—8==576
y=8+24
y=-16,32
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2
16 a iy-3=—@G+1) 19 J(C2—al+ (22 =2V52+ I
) 13 square both sides
y=—x+orSy+2x=13 4440447 +4=406)

—4
i y-3= =@+ D) a®+4a-96=0
41 (a+2)*-100=0
= —x+—ordSy+4x=
YEEETE O a+2=+10
5 - _
b iy-3=2(+D a=-12,8
5 11
=—x+—or2y—-5x=11 5-7 -1
YTt o 202 2 =—
7-1 3
. 5 m=73
iy-3=_(+1) midpoint = (4,6)
5 17 y—6=3(x-4)
y—Zx+Zor4y—5x—17 y=3x-6
6-1 5 bB_éhasm:l
17 =— == —
am 1:4°3 ly=x-2
5 2y =3x-6
0=tan”'(2)=3201° x=2,y=0
point of intersection: (2,0)
b -1
m=—
2

10
dm=_——
"=

5
g = tan_l(?) ~ 120.96°

18 m; =2
my = =3
0 = 63.43°
6, = 108.43°
a=6,—0, =45°
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21 k=h+1...(1) 23 a AB has gradient —3m

VR F 2 -1 =5...(2) o iz4_ 3
= h+((k-2)?%=25 1+1 2
Substitute in (1) m:%

=+ (h-1)7*=25
20 = 2h+ 1 =25
2h* —2h—24 =0

2 _
W —h-12=0 BC:y—4=tys )
(h+3)h-4)=0 272
_ 1
h=-3,4 2y:—x+2
Substitute in (1) 22
=k=-2,5 1-20=x-5
(h, k) = (_3, _2) Or(4’5) x=15

22 P=(3,0),0=(0,2)

. 1 C=(5.7
aQR:y—Z:Ex
| c AC= V& +62=V52=2V13
= —x+2
Y=o AB=V22+32 = VI3
ifx=2a, AC = 2AB
y=a+2 QED
R=Q2a,a+?2) | |
24 a BC has gradient = — ==
2
b ITI)Q: hasm:2a+ 3 ! grad(AB) 3
a-— _g= Lo
butm = -2 Y 3(x )
1 22
_ :‘H'Z BC:y=—-x+—or3y—x=22
2a -3 3 3
—4q = 1 22
6-4a=a+?2 b 1y:§x+?
4 =5a
4 2y=x-2
“=3 2x 28
> 2-10=2 422
3 3
x=14
=2y=12
C =(14,12)

¢ because it is a rectangle



D=C-(B-A)

=(14,12) - ((2,8) — (4,2))

=(14,12) - (-2,6)
= (16,6)

d Area = ABX BC

= V22 4+ 62 x V122 + 42

— V40 x V160
=2V10 x 4V10

= 80 square units

25 a (2,3)

b BD hasm = -5
y=—3=-5(x-2)

C

y=-5x+13
1 3
i BCh =— ==
I BChas m grad(AC) 2
3
y-1=3(x-5)
3 13

ii

il

y= Ex—?0r2y:3x—13

! 3 13
LX)
2y =-5x+13
13x 39
1-20=2 — — —
2 2
x=3
=2y=-2
B=@3,-2)

D=A+(C-B)
D=(-1,5+(5,1)- (3, -2)
D=(1,8)
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Solutions to Exercise 2D

1 a

b

b

Ca=04n+1;Cg =0.6n

The graphs are straight lines as

shown here.
Cost & .
(%) Ca e
1
= -
Cpr=0Cp
04n+1=0.6n
02n=1
n=>5

The charge is the same for 5 km.

D = Cp Cp =10.2n, so the graph
is a straight line with intercept (0, 1)
and gradient —0.2.

DA

D=1-02n

0 5~ n
D gives the difference in charges of
the two firms in terms of the distance

travelled.
Since the journey lasts 4 hours, 4 — T
hours are spent on country roads.

i 90 km/h for T hours gives a
distance of 907 km.

ii 70 km/h for 4 — T hours gives a
distance of 70(4 — T) km.

¢ 190T+704-T)=300
20T =20
T=1

il 90 km on the freeway,
70 x 3 =210 km.

Let L = at + b, since a constant rate of
decrease means the relation is linear.

a t =20, L=3000:20a + b

= 3000 |
t =35, L=1200:35a +b
= 1200 .2

2 —1: 15a = —1800, so a = —120
Sub in 1: b = 3000 — 20(—120)
= 5400

L = —120¢ + 5400

b 5400 litres (at t = 0 when it was
filled)

¢ The tank will be empty when
—120t + 5400 =0 =1 =45
Vi
(litres) |
5400

00 45 ¢ (days)
d From c, the domain is [0,45]

e 45 days

f The coefficient of ¢, i.e. —120, in the
linear relation represents the rate of
‘increase’. So the water is decreasing,
or leaving the tank, at 120 litres/day

Graphic calculator techniques for
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question

In a Calculator page insert the linear
equation template (b>Algebra>Solve
System of Equations>Solve System of
Equations) and complete the dialogue
box as shown.

| Mumber of equations | o

Wanables: | g p

I Enter vanabls names separabed by comimas
| l.":ILI_J:!I_: an W-I
Defining the rule(b>Actions>Define)

allows you to use the rule elsewhere by

just typing in [.

To find when the tank will be empty use
the solve command (b>Algebra>Solve)
with the equation equal to zero.

©letl=t a+b

su1ve]l[3m'm'”*b.{a,bﬂ

1200=35 g+b I
a=-130 and p=5400

f=+120" r+5400|r=0 I=5400
solvel 0=-120 1+5400.¢) =45
|

4]

Insert a Graphs page (/ + I) and type in
the rule f1(x) = —120x + 5400

Use b>Window/Zoom>Window
Settings to set an appropriate window.

f1le)=-120 x+5400

- 10 12 =]

Note: the default digit display for
Graphs is float3. You can increase this
either in the settings or by placing the
cursor over the designated value and
pressing the + key. Hence 5.4E+3 now
displays as 5400.

filxl=-120 x+5400

| 200
o 12

TP I'-\\'.
(45.0) ¥

Alternative method as is current

example
In a Lists & Spreadsheet page enter the
list data as shown.
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Insert a Data & Statistics page(/ + 1)
and plot the data as shown.

A linear regression can be obtained
using b>Analyze>Regression>Show
Linear (mx+b)

p o= =120 - x+5400

litres

ays

22.5
a y= W.X

:Zx

b OA = V10? +22.5?
= 24.622 km(24622 m)

9-225
=3-10" %Y

__ 27 85
Y= 756" T 26

CcC y-—

d The midpoint of AB has coordinates

33 61
(?, Z) and the perpendicular has
26
gradient >7° so its equation is:
BTN
A
As the port has x-coordinate 52,

substitute to find the y-coordinate:

61 26 33
Bl 3 R
YT 27( 2)

5339

Y= 708

5 a

T T T T T T T L |
:‘EEEE&:‘EEB&DEEE&SEEBMJE

24
i orad AB= =~ = _4
e 215

ii grad AD = grad BC =

ii y—6=d(x-6)
y=—4x+ 30

¢ Notice that A is ‘0.5 across and
2 down’ from B, so D is ‘0.5
across and 2 down’ from C, so its
coordinates are (6.5, 4).
As B and D have the same
y-coordinate, the equation of BD is
y=4.
The equation of AC is given by:

6-2
y=6= 2 (x=6)
=X

y

d The diagonals intersect at (4, 4).

M is the midpoint of AC

Coordinates of M (5%9, 0 —;10) =

M(7,5)

Coordinates of N

M(11,5)

13+9 0+10
2 72

b i Gradient of AC = ? = §

.. Equation of lineAC is
5
y=0=35(x-5)

10 5
ii Gradientof BC = — = ——
ii Gradient o ") >

61



.. Equation of lineBC is
5
y—0= —i(x— 13)

iii Gradient of MN =0
.. Equation of line MN is
y=3

¢ Line perpendicular to AC has

gradient——

.. equation of line passing through M
perpendicular to AC has equation
y—5:—§@—7)

Line perpendicular to BC has

dient—
gradient

.. equation of line passing through N

perpendicular to BC has equation
2

y=5= g(x -11)

Intersect when

2 2
—g(x— DE g(x— 11)

T-x=x-11
18 = 2x
x=9

Whenx=9,y:%
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Solutions to Exercise 2E

1 a3x+2y=6...(1) ¢ no solutions
x—y=7...12)
Multiply (2) by 2 and add to (1) 3 , The two corresponding lines are
Sx =20 parallel but not equal, and have no
o intersection.
SLy=-3
4 x—-y=6
b 2x+6y=0...(1) y=x-6
y—x:2...(2) LCt.X:/l,y:/l—6
Multiply (2) by 2 and add to (1) y=1-6
8y =4
1 . .
y= 5 5 Lines are parallel. The gradients are
3 the same and the lines have a common
LX= ) point.

3x+my=5...(1)

c 4x-2y="7...(1) (m+2)x+5Sy=m...(2)

Sx+T7y=1...12) 3
Multiply (2) by 4, (1)by 5 and subtract Gradient of (1) = -
= Gradient of (2) =
_ 31 5
Y= 38 For the lines to coincide:
LX= 2 3 _m+ 2
38 - 5
2 _
d 2x—y:6(1) m +2m—-15=0
dx-Ty=5...(2) (m—=3)(m+5)=0
Multiply (1) by 2,and subtract m=3orm= -5
-5y =-7

a If m = 3 the equations are
7 3x+3y=5...(1)

y= g
37 Sx+5y=5...2)
SLXx = T The lines don’t coincide.

If m = -5 the equations are
3x-5y=5...(1)
-3x+5y=-5...(2)
b infinitely many solutions The lines coincide.

2 a one solution
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b A unique solution if m € R\{3, -5}
No solution if m = 3

Alternative method

b S

3 m
=0
m+2 4|
3 m|_ )
0 5_—15 m-—2m

m*+2m—15=0
m+5m-3)=0
m=-5,3
substitute m = =5
3x-5y=35
-3x+5y=-5

infinite solutions
Substitute m = 3
3x+3y=5
Sx+5y=3

No solutions
am=-5 bm=3

6 m=9

7 a mx+2y=8...(1)

4x -2 -my=2m...(2)

4x(1)-mx(Q2)

= (8 + m(m —2))y = 32 = 2m?
3 32 —2m?

Y2 2m+8
_2(m+4)(m—4)

YT =4+ 2)

_2(m+4)
Y=+ 2)
m+4,-2

Substitute in (1)

a

(m—4)(m+2)

=>mx+4(m_4)(m+2)

. 8m—4)(m+2)—4m+4)(m—4)

m(m —4)(m + 2)
_Am-H2m+4-m—4)
T - H(m+2)
‘e 4(m — 4)m
m(m—4)(m + 2)

™ #-2,0,4,
Values to test: m = =2,0,4
m-—72

-2x+2y=8...(1)
dx—-4y=-4...(2)

No solutions

m=0

10+2y =38

y=4

2-4x-2y=0
4x-8=0

X = 2 unique solution
(Note: this value for m would not

have appeared if equation 2 had been

used to find x.)
m=4
4x+2y=8...(1)
4x+2y=8...(2)
infinite solutions

im=-2

iim=4

2x—-3y=4...(1)
x+ky=2...(2)
(H)-2x%x(?2)
=>(3—2k)y?=)0
y:(), k?&?
= 2x=4
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x=2
-3
k=—
b 2
x+5y=4...(1)

2x+by=c...(2)
1
Gradient of (1) = -3
. 2
Gradient of (2) = 3

For the lines to be parallel
or coincide:

Il
SN

St DN =
[E—

0

a A unique solution for b € R\{10}

b If b = 10 and ¢ = 8 the corresponding
lines coincide and there are infinitely
many solutions.

¢ If 5 =10 and ¢ # 8 the corresponding
lines are parallel and there are no
solutions
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Solutions to Exercise 2F

1 a 2x+3y—-z=12...(1)
2y+z=7...(2)
2y-z=5...3)

Add (2) and (3)
4y =12
y=3
nz=1
Substitute in (1) to find x
x=2
b x+2y+3z=13...(1)
—x—-y+2z=2...(2)
-x+3y+4z=26...(3)
Add (1) and (2)
y+5z=15...(4)
Subtract (2) from(3)
4y + 27 =24
2y+z=12...(5)
Multiply (4) by 2 and
subtract from (4)
-9z =-18
z=2
sy=5

SLox=-3

c x+y=5...(1)
y+z=T7...12)
z+x=12...(3)

Subtract (2) from (3)
x—-y=5...4)
Add (1) and(4)
x=35
y=0
nz=T1
d x=y—-z=0...(1)

Sx+20z=50...(2)
10y — 20z =30...(3)

Simplify (2) and (3)
x+4z=10...(4)
y=2=3...(5

Subtract (5) from (4)

(x—=y)+6z=7...(6)
Subtract (1) from (6)

Tz=11
z=1
x=06
y=3

2 ay-—4z=-2
y=4z-2
b z=41
y=44-2
Lx+81—-4-31=4
x=8-51
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-y+5z=15
-y+5z=15

2)+ D
3) -2

They are the same

z=41
—-y+51=15
y=54-15

x+101-30+34=13
x=43-134

(1) +(2)
=2z=10

z=15

Substitute into (1)
=>x—-y+5=4
lety =4
x=A1-1

Letz=A4

Substitute in (2)
=>x=3+41
Substitute into (1)
=6+21-y+41=6
y =341

(H+2x(2)
6x+3z=14
Letz=24
6x =14 -34
14 - 34

X =

6
Substitute into (2)
14 -32

6

+y+a=4

14 + 32
6

_10-32

6

y=4-

y

S x+y+z+w=4...(1)

x+3y+3z=2...(2)
xX+y+2z-w=6...03)
(3)—()

=>z-2w=2

(2) — (3) gives
2y+z+w=-4

1
2y+t+—-t—1=-4
YriTa

Substitute into (1)
. 3t+t+1t 1=4
X———= —t—1=
2 4

C-3(14+2)

4
2642

—4
4

X

6 a3x—y+z=4...(1)

x+2y—-2z=2...(2)
-x+y-z=-2...03)
2)-B)=2x+y=4
B+(1)=2x=2
x=1

y=2

Substitute into (3)

= -1+2-z=-2
z=13
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b x-y-z=0...(1) ¢ 12x-y+z=0

3y+3z=-5...(2) 2y+2z=2

3Ix(1)+ Q) Letz=41

:>3x5:—5 y=2-24

x=— 2x—2+21+1=0

3y=-5-3¢ 2x =2-32

Letz=4 po 2734
_=5-3a 2

3



Solutions to technology-free questions

1 a 3x—-2=4x+6
dx—-3x=-2-6

x=-8

x+1 4

2x—1 3

3x+1)=42x-1)
3x+3=8x—-4
8x—-3x=3+4

Sx=17

3x =90
x =30

2x+1_x—1

5

22x+1)=5(x— 1)
4x+2=5x-5

x=7

y=x+4
Sy+2x=6

Substitute 1 into 2:
5x+4)+2x=6

5x+20+2x=6
Tx =-14

x=-2
Substitute into 1:
y=-2+4=2

4 a intercepts (g, 0), (O, é)

y—-x=35 o2

Multiply 1 by 12:

3x—-4y=24 ...3

Multiply 2 by 3:

3y-3x=15 ...4

3 +4 gives —y =39,s0y = -39
Substitute into 2:

-39 —-x=5,s0x=-44

a n+m
b
b

3

A

0 @,0

b intercepts (6, 0), (0, —6)




y 6 distance = V(2 — (=1))2 + (4 — 6)?

! = /32 + (-2)2
/ = Vo9+4
= X _ \/E
% ﬁ/ﬁ 0
) . 4+ (-2) 6+8
¢ intercepts (2,0), (0,3) 7 Midpoint = ( ) ) =(1,7)
y
A
\ 8 a Let (x,y) be the coordinates of Y.
xX+(-6) y+2
, =(8,3
©.3) N2 0) ( 2 2 ) ®.3)
= X

- 2
al 6):Sandy-k =

[} '..
2 2
SLx=22andy=4

b Let (x, y) be the coordinates of Y.

3

5ay-3=-20x-1

Y= 245 (“;‘1),“5_4)):(2,—8)
R S R P R
3-1 cx=5andy=-12
y=4=2(x-1)
y=2x+2

9 \/(10— 52+ (y—-12)2=13
¢ y = —2x+ 6 has gradient m; = -2;

: , 25+ (y—12)*> = 169
for the gradient m, of a perpendicular

2
line: mymy = —1 (y—12)" =144
-1 1
=— == —12= %12
™m0 Y
1 y=0ory=24
yol=5k-1)
2
1 1
);:Ex+5 10 mx—4y=m+3...(1)

) 4x+(m+10)y=-2...(2)
d y = 6 — 2x has gradient —2; a parallel

line has the same gradient: Gradient of (1) = %
y=-1=-2(x-1)
y=-2x+3 Gradientof(Z):—m+1O

Infinitely many or no solutions
when the gradients are the same.



m_ 4 Substitute in (1)

4 m+10 2x-3y=-1
m>+10m+16 =0

o 2x+1
(m+8)(m+2) =0 YT
m=-8orm= -2 Letx=2A1 ,
. A
a Checking back in the equations there "/ll“heI;olutlon 15 (4, 3 » 7) where
€

are infinitely many solutions when

m= 2. b x=z+y=6...(1)
Equation (1) becomes —2x — 4y =1
Equation (2) becomes 4x + 8y = -2 2x+2=4...02)
Letz=4
b There is a unique solution for 4
m € R\{-2, -8} Then x = —
Substitute in (1)
4-2
a 2x-3y+z=6...(1) N —A+y=6
2x+3y+z=8...(2) .y_8+3ﬂ
.. - 2
Add (1) and (2) S A— 1 3148
27 = 14 e solution is ( R ,A)
where 1 € R

z=17



Solutions to multiple-choice questions

1 Ey=mx+c 6 A Line passes through the points
1
The m (gradient) value is -5 (}73;’:%7)1 and (-1, 10)
It passes through the point (1, 4) X) — X1
1
4=—l+c _10--2
92 —1-3
c== 12
2 T4
1 N 9 _ 3
= ——X —
Y=
2 E y=-2x+4 7AEqn1:y:31))cC+34
Point (a, 3) Eqn2: y = 5 + 3
3= IZa +4 To be parallel gradients must be the
a=5 saan_lez.
3 D Line passes through the points 2 -6
(—2,0) and (0, -1)
Y2—n 8 Cy=mx+c
X2 = X1 10--2
_-1-0 (e
0- _.2 1 m=73
m (gradient) = ) Passes through the point (3, 10)
1 . _
Perpendicular line = —— 10=9+c
| m SLoce=1
- = 2 Sooy=3x+1
2 9 B Distance between x points
+ + = —
4 C Midpoint at (x2 xl, Y2 > yl) 2 = il
~ ( 2 17) =b-1
S\ 22 =4
=(-18.5) Distance between y points
5 B 2ax— 10by =22 BRCIRE
+ + o+ =|=2-4
4ax + 10by =2 -6
6ax Z 24 Using Pythagoras

a
Do not need to solve for y as there is

V52
=2V13

only one possible option.
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10 C y=mx+c

11

Passes through points (4, 0) and
(09 _3)

m=—-

0—4
3

m = Z

Y intercept = -3

c=-3 3
=—-3

) =3

bx+3y=0...(1)
4x+ b+ 1)y=0...(2)

b
Gradient of (1) = -3

4
Gradient of (2) = a1

Infinitely many solutions when the
gradients are the same.

b_ 4
3 b+1
bP>+b-12=0
b+4)BbH-3)=0
b=-4orb=3

12

13 D (M’ ﬂ) — (2’ E)

(a-—Dx+5y=7...(1)
3x+(@—-3)y=0...12)
a-1

5

Gradient of (2) = —i
a-3

Infinitely many or no solutions

Gradient of (1) = —

when the gradients are the same.
a-1 3
5  a-3
a’>—4a-12=0

(a—6)a+2)=0

a=-2ora=6

2 2 2

14 C Gradient of line segment joining

6
(3,0) and (0, —6) is 3 = 2 Gradient

1
of line perpendivular to this is 5
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Solutions to extended-response questions

1 a Graph is a straight line passing through (100, 50) and (50, 75).
FA
5
100 1\
(100, 30)

0 N
Note that extending it back to the P axis shows that the intercept is (0, 100); this is
confirmed in part b below.

b Relationship is linear: P = aN + b
P=50,N=100: 50=100a+b ...1
P=75N=50: 75=50a+b ...3

1-2: 50a=-25
1

a=-—-—=
which implies b = 100
Hence P = —%N + 100.

¢ i N=388: P:—%X88+IOO

=56
So the price would be $56.

ii P=060: 60=—%N+100

1
—N =40
2

N =280
So the number of jackets would be 80.



M
0 “x

T7+2 5+2 9 7

Midpoint of AB = — =, =

a Midpoint o 5( 22 % ) (2,2)
Gradient of AB = -3
Therefore equation of perpendicular bisector of AB is
7 5 9
v-3=303)

5
Therefore y = gx -4

5
b Solving the equations y = 4x —26 and y = gx — 4 simultaneously for x and y will

give the coordinates of D

Consider 4x — 26 = gx -4

Tx
=22
3
66
xX=—=
’ 66 82
Substitute x = — in the equation y = 4x — 26 to give y = =
2
Coordinates of D are (676 87 )

5
¢ Line BC is perpendicular to line AB. Therefore gradient of BC is 3

-6

d B(2,5)and C(8, c¢). The gradient of BC can also be written as

Therefore S = é

Solving for ¢ gives ¢ = 15

e The area will be found by calculating the area of triangle DXA and trapezium

75



9 7
BCDX. Let X be the midpoint of AB. From the above the coordinates of X are (

T2 72

_ [8993
BRTE
23434
14

| \/66 0 (82 7Y
Distance XD = (———) +(___)

5\ (3)?
Distance XA = distance XB = (5) + (E)

17

2
Area = area of triangle DXA + area of trapezium BCDX.

1 1
= 5 XA X XB+ ZBX(BC + XD)

1
= JAX(BX +2XD)

_ 629
14

a Midpoint of BC = (4, )
8 7
ient of AB= —— = ——
Gradient o 6 1

4
Therefore gradient of perpendicular bisector = 5

— | \O

The equation of the perpendicular bisector is
9
—Z=Z(x-4
y-5=50-4)
Therefore + 51
= —X —
YT 1.

2’ 5)
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b The perpendicular bisector passes through C as the triangle is isosceles.

4 31 59

When x =35,y = 7 X 3.57+51—3 =11
Th dinates of e
e coordinates of C are (2, 14)

¢ The length of AB = /(6 —2)2 + (1 — 8)2 = V65

1
d The area of the triangle = 3 X V65 x XC where X is the midpoint of AB

2 2
Xc:\/(z_4)+(2_2):@
2 14 2 14
V65 65

1
Th f = — —_— 1 .
erefore area > X V65 X T o8 square units

4 A(—4,6) and B(6,-7)

—4+6 6+—2)_(l 1)

Midpoint = , —=
a Midpoin ( > 5 5

b/c The length AB = /(=7 — 6)? + (6 — —4)? = V269 = the distance between A and B

. 6—-7
d gradient of AB = 1 ¢
13
10
The equation of ABisy — 6 = —1—(3)()( +4)

Rearranging gives
13
= ——XxX 4+ -
R T

10
e The perpendicular bisector has gradient 'l

1 10
Th tion i —=—(x-1
e equation 1s1i))+ 233 13(x )
Therefi = —x—-—
erefore y 13)6 7

A4, 6)

Pla, b)

_____________________

86, =T}

¥, =T
Triangles AXP and PY B are similar with scale factor 3.
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a

AX:PY=3:1

Therefore

3 3
+7 1_5 1
Therefore b = 7

Also XP:YB=3
a+4

7 15)
27 4

coordinates of P are (

Pla, b)
Triangles AXB and AY P are similar with scale factor 3.

Therefore
a+4 B 3

10 1
a =26

-6
Al =
0o ———
b=-33

The coordinates of P are (26, —33)

3

25% of 500 = 125
125 litres of acid is required to produce 500 litres of a 25% acid solution.

Let x denote the amount of 30% solution.
Let y denote the amount of 18% solution.
x+y=500 1

03x+0.18y =125 3
From 1 y = 500 — x. Substitute in 2

0.3x + 0.18(500 — x) = 125
(0.3 -0.18)x +90 = 125

0.12x = 35
oo 87
3

875 625

Substitute in 1 y = 500 - — = —
ubstitute in 1 y 3 3
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875 625
— litres of the 30% solution and —— litres of the 18% solution are required.

Graphical Calculator techniques for Question 6.
In a Calculator page use Algebra>Solve System of Equations>Solve System of

Equations.
For exact answers enter decimal inputs as fractions such as 30/100 or 30 as shown.

mlw[ x+y=500 i 1.}}
103 x+0.18 y=125""" 7

x=29] 667 and y=208 313

1

sf:nlw.-[ T . 'IL-TJ'}J

20% x+18% p=125

625

= and =
2

F
- | ]

o

2199 |
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Chapter 3 - Transformations

Solutions to Exercise 3A
1 a (-2,5) - (-2+1,5-2)=(-1,3)
b (-2,5) = (-2 -3,5+5) = (-5, 10)
¢ (-2,5) > (-2-1,5-6) = (-3,-1)
d (-2,5) = (-2-3,5+2) = (5,7

e (-2,5)—>(-2-1,5+1)=(-3,6)

3 a Domain = R\ {0}
Range = R\ {3}

b Domain = R \ {0}
Range = (-3, o)

¢ Domain = R\ {-2}

Range = R*

__ 1 y
T2 A

e

> X

x=-2

d Domain = [2, o)

Range = R" U {0}
Y
A

y=\x—-2

-

e Domain = R\ {1}
Range = R\ {0}

n
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Y i Domain = R\ {3}
A . 1 Range = R*
i J/:xfl Y
0 | o X |
(ETD\E (0.5) \{ij$2
x=1 > X

f Domain = R\ {0}
Range = R\ {-4}

|
|
|
|
I
|
O |
|
|
:x:3

j Domain =R\ {-4}

Range = R*
y
_ 1
Yoy
I 0 1
| 16
: > X
0
I
g Domain = R\ {-2} 4:
x=-4
Range = R\ {0}
Y k Domain = R\ {1}
A
x=—2:\ Range = R\ {1}
y
I 1
1\ 03) A 1
2 R O
L I~— o :y—x71+1
NIE |
y=x+—2 i )_;______E _______
I 0 : > X
h Domain =R\ {3} ! .
L X =
Range = R\ {0}
Y 1 Domain = R\ {2}
> X

I 1 Range = R\ {2}
: y:x—3

|
!
0!
1 I
(Oﬂ\:
|



b y
A
y=f0) +1
y=1
== .
(—1,0\0

a Translation of 5 to the left;
(x,y) = (x=35,y)

b Translation of 2 up; (x,y) — (x,y + 2)

¢ Translation of 4 up; (x,y) — (x,y+4)
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d Translation (x,y) — (x,y + 3) Lx=x+3andy=y -2
sy =(x—2)*+ 3 maps to
e Translation (x,y) — (x — 3,y) y’—2:(x’+3—2)2+3
The image isy = (x + 1) + 5
1 1
6 a ly—1=(x—7)4;y:(x—7)4+1 bx/:x+3andy/:y_3
Lx=x-3andy=y +3
5y =2(x+ 3)? + 3 maps to
Y +3=2(x"-3+3)2+3
The image is y = 2x?

1 1
i y+6=(x+2)4;y=x+2)4-6
1 1
ili y+3=x-2)4;y=(x-2)4-3
. 1 1
ivy-4=x+D4y=(x+1D4+4 c ¥ =x+4andy =y-2

Lx=x-4andy=y +2
b iy=Vx-7+1 Y

Sy =——— +3 mapsto
.. ; (x—2)?
i y=+v(x+2)-6

y’+2:w+3

x_ —

iii y=+vV(x-2)-3 ) ) 1

The imageisy = ———= + 1

(x - 6)?

iv y=+vVx+1)+4

d X¥=x-1landy =y+1

c iy=%+l Lx=x+landy=y -1
(x=17) sy =(x+2)°+ 1 mapsto
. 1 y-l=x+1+27%+1
Y=y The image is y = (x + 3)° + 2
iiiy:%_3 e X¥Y=x—landy =y+1
(x—2) x=x+landy=y -1
1 5y =Vx—3+2mapsto
iv y:m+4 y-1=Vxr+1-3+2
The image is y = Vx — 2 + 3
) 1
d ly:m-Fl
8 a Write
ii 1 6 L and y L3
= T A = — an =
YT a2y VS Ry = oy
Therefore, choose:
iiiy:%_3 y=y -3andx=x"-2
(x=2) Sy =y+3andx =x+2
) 1 That is, (x,y) = (x+ 2,y + 3)
1v y:m+4
b Write
R
7 ax=x-3andy =y+2 y—xany_(x,_i_z)



Therefore, choose:

y=y +3andx=x"+2

Sy =y-3andx =x-2
That is, (x,y) = (x =2,y — 3)

¢ Write
y=+xandy = VX' +4+2
Therefore, choose:
y=y —-2andx=x"+4
Sy =y+2andx =x-4
That is, (x,y) > (x =4,y + 2)
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Solutions to Exercise 3B

1 a xX=x)y =3y

Sy =—mapsto & = —
X X
The image is y =

= LW |

X =3x,y =y
1 o1 1
Ly=-m = —
y=mapstoy =7
3
. . 3
The imageisy = —
X

X =xy =2y

.'.y:—zmapstol:
X

(x')?

2
The image is y = —
X

c X =2x,y =y
1

f—

Sy=—mapstoy’ =
X

| =,

( )2
. : 4
The imageisy = —

X

y=2x3
Y73

a Y
A
\.4
O » X
=5
Y
A
1
¢
o> X
D
Y=2x%
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1
9 a Dilation factor 3 from the y-axis

b Dilation factor V5 from the x-axis

1
10 a Lety:f(x):—zand
X

" 5
Y =h() = )2
Then rewrite as y = — and
X
y _ 1
5 (xr)Z'

Choose % =yand x = x'.

One transformation is y’ = 5y and

X =x

A dilation of factor 5 from the x-axis.

b Lety= f(x) = vxand
Y = filx) =4Vx
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Then rewrite as y = v/x and

Y o
4 ‘/x_;
Choose 2- =yand x = x'.

One transformation is y’ = 4y and
X' =x

A dilation of factor 4 from the x-axis.

Lety = f(x) = v/x and

Y = fite) = V53¢

Then rewrite as y = v/x and

y = V5x.

Choose y' = y and x = 5x".

One tfansformation isy' =yand

X ==X

5

1
A dilation of factor 3 from the y-axis.

Lety = f(x) = \/gand

Y = A(0) = V¥
Then rewrite as y =

y = Vx.

Choose y" = y and g =x.

X
— and
3an

One transformation is y’ = y and
1
X' ==x

3

1
A dilation of factor 3 from the y-axis.

1
Lety = f(x) = 12 and

Y =H() = e

Then rewrite as y = 207 and
, 1

SRCas

Choose y’ = yand 2x = x’.
One transformation is y’ = S5y and
X =2x

A dilation of factor 2 from the y-axis.

11 a

i

ii

iii

iv

ii

iii

iv

ii

iii

iv

ii

iii

iv

y:4x2
2
y=§X2
y = (2x)? = 4x?
x\2 I,
r=(5) =
o
YT
y:ﬁ
1
Y= 4
25
-
y=4+x
2
y=zxx
3
y=V2x
_3x
Y= \5
4
Y=
y:3—3
1
VT8
125
-
4
YT A
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ii y=

3x

iii Y= Ted

iv 625

y=—

xt

f iy=4+x
i y==-x+x

iii y=2x

iv y:</;

| =

1
g i y=4x5
B 21
ny==x5
3
1
ili y=2x)5
1
iv yz(f)5
5
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Solutions to Exercise 3C

1 ay=—-(x-1)>

b y=(x+1)7

Domain = R

Domain = R

ii

ii

ii

ii

ii

ii

y=-vx
y=-vx
-1
=T
-1
=T
-1
YT
1
YT
1
y:—_x3
1
y:—x3
1
y:—xS
1
y:—xS
1
y:—x4
1
y = (=x)4
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Solutions to Exercise 3D
1 Part a will be done with the method. 2

a 1 The mapping is

(x,y) = (x+2,2y-3)=(x",y") 2 y
Hence X’ = x+2andy =2y-3 A (5. 4)
This implies x = x” — 2 and A
y +3 !
y= > X
2 0 3!
.y = x” maps to : /‘
/ 3 _
y; :(x/_2)2 : (83 2)
That is, y = 2(x - 2)* - 3 :
ii The mapping is
(x,y) > GBx-2,y-4=,y) 3 Y
Hence x’ =3x—-2andy =y—-4
"+2
This implies x = a ; and g } 0
y=y +4 ~ > X
=y /\4-.&
..y = x” maps to /
) (x’ + 2)2 (-4,-3)
y+4=
3
2\2
Thatis,y:(x+ ) _4
ili The mapping is 4a iy=-2x-372-4
(x,y) > Bx=2,y-4) = ("))
Hence x’ = —xand y’ =2y i y=-Q2(x-37)-4
! _ 2
This implies x = —x" and y :yE y=-2x=-3)"+4
oy = x> maps toy = 2x? i y=2(-(x-3)?) -4
: =-2(x-3)7-4
b iy=2Vx-2-3 y=-2a=3)
. _ _ _ 2_
) i iv y=2(-(x 3; 4)
ii y= 3 -4 y=-2(x-3)"-8
i y=-2x vV y=-2x-37-4)
, y=-2(x-3)?+8
v 23
T viiy=2(~((x=37-4))
9 y=-2(x-3)+8
iy

S ——
(x +2)? b iy=-2Vx-3-4



iii

iv

vi

ii

iii

iv

vi

ii

iii

iv

vi

iii

y=-=2Vx-3+4
y=-2Vx-3-4
y=-2Vx—-3-38
y=-2Vx-3+8
y=-2Vx-3+8

-2
=~ 4
YT -3p

-2
- 44
YE G

-2
=—= 4
YT -3y

-2
= __3
YT -3y

-2
= 48
YT -3y

-2
= 48
YT -3p

y=-2(x-3*-4
y=-2x-3)*+4
y=-2(x-3)*-4
y=-2(x-3)*-38
y=-2(x-3)*+8

y=-2(x-3)*+8

-2
=— = 4
R TIEE

-2
=—~ 44
R TIEE

2
S (-3

iv

vi

ii

iii

iv

vi

ii

il

iv

vi

+8

+ 8

+8

+8

+ 8

+ 8
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Solutions to Exercise 3E

1 a i

ii

iii

ii

iii

ii

iii

Dilation of factor 2 from the
x-axis, then translation 1 unit to
the right and 3 units up

Reflection in the x-axis, then
translation 1 unit to the left and
2 units up

Dilation of factor % from the

y-axis, then translation % unit to

the left and 2 units down

i Dilation of factor 2 from the

x-axis, then translation 3 units to
the left

Translation 3 units to the left and
2 units up

Translation 3 units to the right and
2 units down

i Translation 3 units to the left and

2 units up

Dilation of factor % from the
y-axis and dilation of factor 2
from the x-axis

Reflection in the x-axis, then
translation 2 units up

Translation 1 unit to the left and
6 units down

Dilation of factor % from the x-axis,
then translation %

to the left

units up and 1 unit

Translation 1 unit to the left and
6 units up

Dilation of factor % from the x-axis,
then translation %

to the left

units up and 1 unit

Dilation of factor 2 from the y-axis,
then translation of 1 unit to the left
and 6 units down

Dilation of factor % from the x-axis,
then translation %

to the left

units up and 3 units

Dilation of factor 3 from the y-axis,
then translation 2 units to the right
and 5 units down

Reflection in the x-axis, dilation of
factor % from the x-axis, translation
% units up, dilation of factor 3 from
the y-axis, translation 1 unit to the
right

Reflection in the y-axis, translation
4 units to the right, dilation of
factor % from the x-axis

Reflection in the y-axis, translation
4 units to the right, reflection in the

x-axis, dilation of factor % from the

15

x-axis, translation 5

units up
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4 a Dilation of factor 2 from the x-axis,

then translation 1 unit to the right and
3 units up

Dilation of factor 2 from the x-axis,
then translation 4 units to the left and
7 units down

Reflection in the y-axis and dilation
of factor 4 from the x-axis (in either
order), then translation 1 unit to the
right and 5 units down

d Reflection in the x-axis, then

translation 1 unit to the left and
2 units up

Reflection in the y-axis and dilation
of factor 2 from the x-axis (in either
order), then translation 3 units up

Translation 3 units to the left and

4 units down, then reflection in either
axis and dilation of factor % from the
x-axis (in either order)
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Solutions to Exercise 3F

3
lajw="7 O=T317!
y
A

0 =
(D\ Y
ix=1

Asymptotes cy
y=0

x—1=0 A

x=1 Nypoo 3
Axis intercepts @ 3) / 'Qz)z
N

|
|
|
! > X
|
|
|

:x =2
Asymptotes
y=0

x—-2=0

x=2

Axis intercepts

0 = ——— .. no x- axis intercept.
(x - 2)?
3 3
G
Range = R*
Asymptotes 4 ) |
y=0-1=-1 y_(x—1)2
x+1=0 Y

x=-1
Axis intercepts

Asymptotes



y=0-1=-1
x—-1=0

x=1

Axis intercepts

0= 2 -1
RRERNIE

x—1=+V2
x=1+V2
2
=—-1
(0-1)

y=1
Range = (-1, o)

y

Asymptotes
y=0

x-3=0

x=3

Axis intercepts

-1
0=
x—=3
-1

1

U EENE
Range = R\{0}

.. no Xx- axis intercept.

Asymptotes
y=0+3=3
x+2=0

x=-2

Axis intercepts
-1 5

Asymptotes
x-3=0
x=3
y=0+4=4
Range = (4, o)
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A A
3 . (0, sﬁ)ygm
0 =—\Vx—-3 ) 0 > X

Range = R™ U {0}

b y
A
3,2
L
0(75N
y=—\Nx-3+2
Range = (-0, 2]
g Y
A
i x=2
3 I
0.3)
N .
of | -
I
-3
=12
Range = R\ {0}

=

Range =



>» X

______ 4

“he

ko
23
5 (3,5)
; > X
0 3
Range = [5, o)

3x+2 3

.((gﬁfzkx
139

x+3-1

x+1

1
=3x+1) - ——
X

x+1

+1

y=2

4x-5 4

A0

x+2-17

2x+1

2x+ 1
2x+1) 7

2

2x+ 1 2x+ 1
7

2x+ 1
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Yy
A
y y=2x—-1+2
Y—_— /
(0’5%)/ i "
.—4.-:.---%?% 0 =
0 : ﬁ»x
o) ! , Range = [2, o)
- /
e
Range = R\{4} Y
A
Y 2
= +1
A |y (x—l)2
/:
3y
— I
______'____y_:_l
0 : >» X Range = (—o0, 1]
I
| x=1 f ¥
Range = (1, o) A

)/y
(2,1

0
Range = [1, o0)

> X
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Solutions to Exercise 3G

1 a y e

A
0,0) (1.2
7 |
)

b

y
\
0.0
¢ Y g b
\
0,1
i S UL 402
10
Ty

(e
\ > <
I\SJIN S~—
Y
=
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2 h=0andk =4
y=ax’+4
Whenx=1,y=1
Ll=a+4

(2,-4) sa=-3

Ly=-3x"+4

>
\
\o]
+
—_—
y o
W [—

—28 1
3 ay=3x

A b y=(x+17+1

(1,2) cy=—-(x-27>-3

0 d y=2(x+1>-2

y
3-x?
1 4 ay= 77 +1
0
> X

) > b Dilation of factor 3 from the x-
(1, -4) axis, reflection in the x-axis, then
translation 1 unit to the left and

4 units up

{
4
l A

> X 16

01 1
6 Dilation of factor 3 from the x-axis,
/ 31 reflection in the x-axis, then translation

(—£, -32) 1 unit to the right and 5 units up

y
A

(0.096, 0)

0
p) 0,1
\ > X

0| Ne1.904, 0)
(15 _2)
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y
2,0 T
/////'\\\\L(o ~32)

‘*\‘(>4
(0, 10)

0

3565 0
o 6)( )

(2.159, §)

(0, 161) ¢/

0

(33 _1)
(3.841, 0)

N/ —

A
(_4a 1)
/™
0% Ao "
(_35 0)
(0.-255)}
f y
ol 3
(0, -51)

8 h=-2andk=3
Passes through (0, —6)
y=a(x+2)*+3
—-6=16a+3

9

a=-—

196
__ 2 4
y = 16()c+2) +3

9 h=1landk=7
Passes through (0, 23)
y=a(x— D*+7
23=a+7
a=16
y=16(x-1*+7
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Solutions to Exercise 3H

1 4=a+b...(1)
a
l==+b...2
3 (2)
Equation (1) — Equation (2)
2a
3=—
3
gz
)
From (1)
1
b=—-=
2
2 Asymptotes: x=1,y=2
x+b=0 y=B
1+b=0 B=2
b=-1
Point: (0, 1)
A
l=—+2
-1
A=1
3 1=A+B...(1)

6=3A+B...2)
Equation (2) — Equation (1)

5=2A
5
A=—
2
From (1)
3
2

6 y=

y=AVx+B
5=AV1+B...(1)

=A+B

11=AV16+B...(2)
=4A +B

Equation (2) — Equation (1)

=3A=6
A=2
From (1)
=5=2+8B
B=3

A
7=——+8B...

©0.52
=4A+ B

..(1)

Equation (2) — Equation (1)

=3A=6
A=2
From (1)
1=2+8B
B=-1

A
x+by2
Asymptotes
x=-2 y=-3

B

x+b=0 y=0+B

(2)
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24b=0 B=-3
b=2

Point: (0,-1)
A
—1 = ? - 3
A=28
a
y= F + b
1=Zib=a+b
13
3 a
Z = ? +b = ga +b
Equation (2) — Equation (1)
. =7
8§77 4
a=-2
From (1)
=-1=-2+b
b =

1
8 y=ax3 +b

-8=a+b...(1)
4=—-a+b...(2)
Equation (2) + Equation (1)

(D)

2b=-4
b=-2
From (2)
a=-6
.(2)
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Solutions to Exercise 31

1 T:R->R T,y =x-2,2y+3)

a i T(=2,5)=(=2-2,2x5+3)
= (4, 13)

i 7(4,2)=(4-2,2%x2+3)
=(2.7)

b xX=x-2,y=2y+3

Therefore: /3

x:x’+23ndy:y

! — 3 ’
y = 2* is mapped to yT =2¥+2
Hence y) =2x2"*2 +3
which can be wriiten as y = 8x2*+3

2 LetT(x,y) = (ax+ h,by + k)

Given: T(-1,7) = (=7,-3) and
T(-2,-3)=(4,6)

Hence:
—a+h=-7...03)
2a+h=4...(4)
and
Tb+k=-3...(1)
“3b+k=6...12)

From (1) and (2):
a=-1landh=-18
From (3) and (4):

9 33
b——mandk—m

3 a To(T(x,y) = To(2x,2y — 3)

=(-2x+2,-2y+3-3)
=(—2x+2,-2y)

b T\(Tx(x,y)) =Ti(=x+2,y—-3)
=(-2x+4,2(y-3)-3)
=(-2x+2,2y-9)

4 Let T '(x,y) = (a,b).

Then,
T(T™'(x,y)) = T(a,b)

=(-2a+2,b-3)
Also T(T™!(x,y)) = (x,y)
Hence
x=-2a+2andy=5b-3

a= andb=y+3

72—
Hence 77 '(x,y) = (Tx,y + 3)

[2,5] = [2X2+6,2%x5+6]=[10,16]
[-3,7] = [-3-3,7-3] =[-6,4]

a f(0) =0, f(4) = 16. Function is
strictly increasing. Therefore range =
[0, 16]

b T(x,y) =(-2x,2y+4)
X' =-2xandy =2y+4

X

= —— d =
X ~ andy >
Therefore y = x? is mapped to

Y-4_(xY
2\ 2
Simplifyng.
7\2
’:(x) +4

Domain = [-8,0], Range [4, 36]

1
7 Ti(x,y) = (Ex,y - 3),T2(x, y) =

(=x,y+3)and T3(x,y) = (—2x,y = 3) .
1
a To(T\ (o) = To 32y - 3)

1
= (-3r-3+3)
= 2x,y
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b Ti(T2(x,y) = T1(=x,y + 3)

= (—%x,y+ 3- 3)
1
()
1
¢ T3(Ty(x,) = T35y - 3)
1
:(—2x§x,y—3—3)
= (_-x’y - 6)
d T\(T3(x,y) =Ti(-2x,y — 3)

1
:(Ex—Zx,y—3—3)
=(-x,y—-06)

e To(T3(x,y) = To(=2x,y — 3)
=2x,y—-3+ 3)
=(2x,y)

f T3(Ta(x,y) = T3(=x,y +3)
— (2x,y+3-3)
=(2x,y)

8 a Let T '(x,y) = (a,b).

Then,
T(T™'(x,y)) = T(a,b)

=(-a+2,-b-3)
Also T(T7'(x,y)) = (x,)
Hence
x=-a+2andy=-b-3
a=-x+2andb=-y-3
Hence T7'(x,y) = 2 - x,—y = 3)

b Let T-'(x,y) = (a, b).
Then,

a

T(T™(x,y)) = T(a,b)

=(-a+2,-b-3)
Also T(T7(x,y)) = (x,y)
Hence
x=a+2andy=5b-3
a=x-2andb=y+3
Hence T7!(x,y) = (x = 2,y + 3)

Let T7'(x,y) = (a, b).

Then,

T(T"'(x,y)) = T(a,b)

=(-3a-2,6-b)
Also T(T7'(x,y)) = (x,)
Hence
x=-3a-2andy=6-b
2
i andb=6-y

a =

x+2
3

Hence T '(x,y) = (— ,6— y)
Let T7'(x,y) = (a, b).
Then,
T(T™'(x,y)) = T(a,b)
= (—261+ 3,4—b)
Also T(T~'(x,y)) = (x,y)
Hence
x=-2a+3andy=4-b

-3
a:)C andb=4-y

- 3—x

2

Hence 77 '(x,y) = ( 4 — y)

f(x) is a strictly increasing function.
Range = [-1, 8].

Letx’=—-x+3andy = -2y +4.
This implies x = —x" + 3 and
_4Y
)
Hence y = f(x) = x’ is mapped to
4 _ /
= = (x4
That is,
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4-y =23-x)° m a translation of 5 units in the
V23— x)} —4 positive direction of the x-axis.

Y =2(x' =3 +4 m a translation of 1 units in the
For the domain. The transformation positive direction of the y-axis.
has a reflection in the y-axis.

[-1,2] = [-2+ 3,1+ 3] =[1,4] iii m a translation of 10 units in the
For the range.The transformation negative direction of the x-axis.

has a reflection in the x-axis.
[1,8] = [<16 + 4,2 + 4] = [~12, 6] m a translation of 4 units in the

positive direction of the y-axis.

10 a Ti(x,y) =(x—5,y+2)and
1

Ta(x,y) = (—x, - ) . 11 Ti(x,y) = (3x,2y),

TQ()C,y) = (x + 3,)/ - 2)
and T3(x’ Y) = (—X, }’)

\®]

i Ti(Tax,y) = Tl(—x’ ly)

2 .
a 1
_ (—x s, %y N 2) TV(To(Ts(x,y))) = Ty(To(-x, )
=Ti(—x+3,y-2)
i To(Ty(x,y) = Ti(x - 5.y +2) (C3re02y-4)

1
= (S—X,E(y+2))
Ty(T1(T5(x,y))) = To(T1(—x,y))
=T1(=3x,2y)
— (“3x+3,2y-2)

iii 71(T(x,y) =Ti(x—=35,y+2)
=(x—-10,y+4)
b i = areflection in the y-axis.
iii

1 — _
m a dilation of factor 3 from the I3(T((To(x, y)) = T5(T1(x + 3,y = 2))

X-axis. =Ti(3x+9,2y-4)
) o =(-3x-9,2y-4
m a translation of 5 units in the ( y=9
negative direction of the x-axis. b i m areflection in the y-axis.
m a translation of 2 units in the m a dilation of factor 3 from the
positive direction of the y-axis. y-axis.
ii m areflection in the y-axis. m a dilation of factor 2 from the

1 X-axis.
m adilation of factor = from the
2 . .

X-axis. m a translation of 9 units in the

positive direction of the x-axis.
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m a translation of 4 units in the

negative direction of the y-axis.

ii m areflection in the y-axis.

m a dilation of factor 3 from the
y-axis.

m a dilation of factor 2 from the
X-axis.

m a translation of 3 units in the

positive direction of the x-axis.

m a translation of 4 units in the

negative direction of the y-axis.

iili m areflection in the y-axis.

m a dilation of factor 3 from the
y-axis.

m a dilation of factor 2 from the
X-axis.

m a translation of 9 units in the
ngative direction of the x-axis.

m a translation of 4 units in the

negative direction of the y-axis.

12 Lety= vxandy = -3V2x' -5+6

Rearrange the second equation to:

-6
= Vv s

Lety:y
Then,
+5
y’:—3y+6andx’:x :g
5
,h=—and
5 an

/

and x =2x" -5

5
+_
2

[\

Hence choose: a =
b=-3k=6

| =

13 a

Let x =
o Sy+2
1
then 5y +2 = —
X
1
Sy==-2
X
12
T I
Therefore,
1 2
RO, ) = — - =
f \O}L f7 () 553
Let dy’ L. 2
ety = and y’ = - =
Yo sy MY T 5T
Rearrange the second equation:
y:5x’_§
,+2_ 1
T

2
Lety’+§:yand5x’:5x—2

2 2
Therefore y/ =y — 3 and ¥’ = x — S

14 Let T, = (alx + h],bly + k]) and
Ty = (axx + ha, by + ko)

a

T1(Ta(x,y)) = Ti(axx + hy, boy + k)

= (ai(axx + hy) + hy, bi(b2y + ka) + ky)

= (alazx + alhz + hl, blbzy + blkz + kl)

LetS = T1(Ta(x,y))
Let S~ '(x,y) = (1, )

Then
S xy) =S(rs)

= (Cllazl" + Cllhz + hl,l’)lbzs + blkz + kl)

Also S(S7'(x,y)) = (x,)

Solve ajapr + athy, + hy = x for r and
blbzs + b1k2 + k1 =y for s

We have:

1
r=——=(x~—(athy + hy))
ayay

1
and s = bibs (y = (b1ka + ky))
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Therefore(T] oT5)” l(x y) = Tz—l(Tl—l(x y)) — T2—1 (i(x _ hl) l(y _ kl))
(—(x— (@hs + 1)), o (v = ik +k1)>) ai by
1 1/1
(= ( (=) = B, —(—(y - k) - 12
a) b

aja
= (—(_X hl - Clzhz) ()C kl - aZkZ))
aay

1 1
b T7'(x,y) = (a_l(x - hy), b_l(y - kl))

1 1
TZ_I(X, y) = (a_(x - h2)9 b_(y - k2))
2 2 ¢ Froma &b (T1oTy) ' =T, o T}
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Solutions to technology-free questions

1 ay= 1 -3, x#0
no y)icntercept
y=0:x= 3
asymptotes: x =0& y = -3

x=27
no 1ntercepts

asymptotes: x =2 &y =0
Y

2 5

=0 ——=3 ==

Y x—1 = 3
asymptotes: x =1 &y = -3

Ix=1
range = R\{-3}

d y=- +4, x>2
Y 2—-x *

no intercepts

asymptotes: x =2 &y =4

y
A

=

\

X

1

1

1
- T
d

I

H

2
[l
[\

range = (4, o)

1
y:O:—lzlﬁx:Z

2 ay=2Vx-3+1

x > 3;y > 1; endpoint (3, 1)
Yy
A y=2\x-3+1

o

X
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(x-2?%=3= x=2+13
asymptotes: x =2 & y = -1

Y
A .
(2 -3, D),
1
0 :(2+\/§,0>)x
V1
0.-3) Lx=2
-3
C :—(x—2)2_1

This is a reflection in the line y = —1
of the graph in part b above. There
are no x intercepts, the y intercept is

7
aty = ~7 and the asymptotes are the

same.
Y
A :x:2
1
i > X
I iy
1
AN
0,— ¢
02\
1
1
1
3 a ¥y
A

Point of zero gradient (-1, 0);
Axis intercepts (—1,0), (0, -2)

=<

104 (1,8)

| —
+
p—

> X

Point of zero gradient (1, 8);
1
Axis intercepts (45, 0), (0, 10)

Y
\
ol @

63-

Point of zero gradient (2, 1);
1

Axis intercepts (—%)3 +2,0), (0,-63)

d y
A

» X
i
_8/ 1.4

Point of zero gradient (1, —4);
Axis intercepts (2, 0), (0, —8)

4 y=a+x+b
(1,6) and (16, 12) lie on the curve
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6=a+b...(1)
12=4a+b...(2)

Subtract (1) from (2)
6 =3a
a=72
Lb=4

5 ¥=x-4andy =-2y—-1

Yy +1
2

SLx=x+4andy = -

.. the image of y = +/x under this

/

+1
transformation is —yT = Vx' +4
The imageisy = -2Vx+4 -1

1
6 x’:3x—4andy':—y—§

"+ 4 1
a andy:—y’—i

.. the image of y = 2 Vx — 4+3 under
this transformation is

1 x +4
-y —==2 -4+3
Y73 3
x—8 7
The i isy=-2 - =
e image is y 3 5
7 (1,3:3=a+b ...(1)

(3,7):7:§+b .2

Subtract (1) from (2):
a_ -,
3 a
2a
= _4
3
a=-6

Substitute into (1): b =9

10

11

a (X,)’) - (_x,y) - (—ZX,)’) -
(—2x+4,y+6)=(x",y")
X =-2x+4andy =y+6

X = > andy =y —6.
.y = —x? maps to

4—y\ )
y—-6=— 5 That is to

2
x—4
= - 6

b Reflection in the x-axis, dilation
of factor 4 from the x-axis, then
translate]l unit to the left and
6 units up

Dilation of factor 3 from the x-axis,
then translation 5 units to the right and
3 units up

y
A

—==--

> X

0 )
Asymptotes x = 5, y = 3; Intercept

78
(0’ g)

Dilation of factor  from the x-axis, then
translation % units up

Dilation of factor % from the x-axis, then
translation 3 units to the left and 2 units
down
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Solutions to multiple-choice questions

1

2

B 3,-4)—-@3,-1)—>(@3,1)

B y:x3+4—>y:x3+1—>y:
(x—-27+1

E y:x2—>y:—x2—>y:
—(x+4)? -3

D Asymptotes at x = -3 andy = -2

b=3andc=-2

1
A Lety = x3 Reflection in the y-axis:

1
y = —x3 Dilation by a factor of 5
1

units from the x-axis: y = —5x3

D x¥=3x-2andy =-y-1

X +2
3

Sox = andy=-" -1
s[ X+ 2

3

The image is -y’ — 2 =

Ly=-— -2
Y 3
. y+4 1
A R =
8 earranging 3 a1
"+4
Choosex:2x’+1andy:y3
X ! dy =3y—-4
X —2x 2an y =3y
y—3 1
9 A R - =
earrange 5 71
Choose x" = 2x — 1 and
,_ y=3_ y 3
— = 4 —
Y 5 575

10 A g(f(x) = Bx =2 —4GBx—2) + 2.

Therefore x = 3x’ — 2
, x+2 x 2
X = =

3 3 3
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Solutions to extended-response questions
1 a R\{-2}

b e dilation of factor 24 from the x-axis
e translation of 2 in the negative direction of the x-axis
e translation of 6 in the negative direction of the y-axis
c f(O):%—6:12—6:6
..y axis intercept is 6: (0, 6)
f(x) = 0 implies

x+2_6:0
524 =6(x+2)
S 24 =6x+12
Lx=2
y = f(x) intercepts with the x axis at (2, 0)
d g:(-2,0) > R, g(x) = % -

Consider x = —— —
y+2

ie.(y+2)x=24-6(y+2)
Syx4+6y=24-12-2x
y(x+6)=12 -2x

_12-2x
L, 24
-1 —zX
= =-2+
§ ) x+6 x+6
e .. domain of g! = range of g = (=6, )
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12 -2x=x>+6x

Lxr+8x-12=0
=8+ V64 +48
B 2
-8+ VII2

2
-8 +4+7

2

=—4+2V7
But x € (=6, o)
Therefore x = -4 + 2V7
The graphs of y = g(x) and y = g7(x)
intersect where y = x
~. they intersect at x = —4 + 2V7

SoX

2 f:D>R, f(x)=4-2V2x+6

a2x+6>0
ie.x>-3
.. domain is [-3, c0)

1
b e dilation of factor 3 from the y axis

e dilation of factor 2 from the x axis

e reflection in the x axis

e translation 3 units in the negative direction of the x axis
e translation 4 units in the positive direction of the y axis

¢ f(0)=4-2v6
.y = f(x) cuts the y axis at (0,4 — 2 V6)
When4 -2V2x+6=0
4=2V2x+6
ie.2=V2x+6
L4 =2x+6
Sox=-1
..y = f(x) cuts the x axis at (—1,0)
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d Considerx=4-2

2y +6

Then2+/2y+6=4—-x
Squaring both sides yields

42y + 6) = (4 — x)*

8y +24=16-8x+x°

o1
Y=g

1
= g(x2 —8x+16-24)

(x*> — 8x—8)

- -4y -3

8

ie fl(x) = %(x —4)> -3

e The domain of f~! = range of f = (—00,4]

fx) =x
4-2V2x+6 =x

implies 2 V2x + 6 =
L A4Q2x+6) =16 — 8x + x°
L 8x+24=16-8x+x*

Xt —16x-8=
16+ V256 +32 16+ V288

4-x

0

16 + 1242

SoX =

2
x=8+6V2

and the required solution is x = 8 — 6 V2
The curves intersect at two other points

1
Consider4 —2 V2x+ 6 = g(x2 —8x—298)
Use a CAS calculator to find the other

solutions.

It can be shown that they intersect on the

line
y=-x

4-2V2x+6=—x

-2V2x+6=—-x-4
A42x +6) = 16 + 8x + x°

Lxr=8

x:iZ\/z

2

(=3,4)
y="1)y=/x)
(22,2

(8—6@,8—\6}3\
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3 a i(xy —(x, ky),so(25,625) — (25,15)
15 3

625 125
Dilation of factor 5 from the x axis
ii (x’y) - (-xa _y)

iii (x,y) > (x+25,y+15)

iv (x,y) = (x+ 25, Ey+ 15

-3
b i yzm(x—25)2+15

| b
i o

(x,y) = (x+50,y)

-3
iii y= E(X — 75)2 +15

¢ 1 Dilation factor from the x axis
(x,y) = (x, ky)

(5.5)~ (51

n
m

4
n

2
m
reflection in x axis (x,y) — (x, —y)

translation (x,y) — (x + %, y+n
—4
overall (x,y) — [x + T, —ny +n
2" m?

.. —4n 2
ii y:—z(x——) +n
m
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¢ Consider

3
= 6
ECEI
3
6=
By -4
x—6 1
3 Gy-4p2
3
3y—4) =
Gy-4"=——¢
1 4 4
.'.y=§ xi6+§ asrangeoff‘l:domainoff:(g,oo)
. 3 o .
d Consider Gx_4) +6=uxasy= f(x)andy = f~'(x) intersect on the line y = x
Y
T —x-6
Gr-dp "
3= (x = 6)(3x— 4)
x =6.015

(Solve the equation with the ‘solve’ command of a CAS calculator.)
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1000
20— x
1000 - 50(20 — x)
- 20 - x
1000 — 1000 + 50x
20— x
50x

=20_x=gu)

d -50

il y

50
iii 20 -50=20 -50
iii 20f(x) (20 )

-Xx
_ 1000 - 50(20 — x)
B 20— x
1000 - 1000 + 50x
B 20 — x
50x
—2O_x—gU)
. 50y
b C d = —
onsider x 0y
(20 — y)x = 50y
- 20x = 50y + yx
= 20x = y(50 + x)
B 20x
YT 50+ x
20x
Sog—1(x) =
§-100 =55

6 a i (x,y)>x+3,y+5 ->0+5x+3)
(x,y) maps to a unique point (x’,y")
Hence X’ =y+5andy =x+3
Hencey=x"-5and x=y)" -3
Therefore the graph of y = f(x) maps to the graph of X' 5 = f(3/ — 3)
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The inverse function exists and therefore
Y = f - 5)+3

ii (x,y) > O0,x) > (+3,x+5)
(x,y) maps to a unique point (x’,y")
Hence X’ =y+3andy =x+5
Hencey=x"-3andx=y" -5
Therefore the graph of y = f(x) maps to the graph of X’ — 3 = f(/ - 5)
The inverse function exists and therefore
y=f1(x=-3)+5

iii (x,y) = (5x,3y) = (3y,5x)
(x,y) maps to a unique point (x’,y")
Hence x’ = 3y and y’ = 5x

Hencey:%andxzz

5
Therefore the graph of y = f(x) maps to the graph of %’ =f (%’)
The inverse function exists and therefore
g
Y 3
iv (x,y) = (v, x) = (5y,3x)
(x,y) maps to a unique point (x’,y")
Hence x' = 5/y and y’ = /3x
Hencey:xgandx:% , ,
Therefore the graph of y = f(x) maps to the graph of xg = f (%)
The inverse function exists and therefore
S
Y 5
b X =ay+bandy =cx+d
Therefore , ,
Therefore y = X ob and x = y-d
¢ / ’
The graph of y = f(x) maps to the graph of a ; b = f(y ;d)

. . . x'=b
Therefore as the inverse function exists y’ = cf~! ( ) +d
a

From

X' =ay+bandy =cx+d:

the graph of y = f(x) has undergone the following sequence of transformations:

A reflection in the line y = x, then a dilation of factor ¢ from the x axis and factor a
from the y axis, and a translation of b units in the positive direction of the x axis and
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a

d

d units in the positive direction of the y axis.

Range of g = [-9, 6]
i k>6o0rk<-9
ii k=6o0rk=9
7 14
iii §<k<60r—9<k<—?

7 14 9
iv O<k<§or—?<k<—§

9
k=0ork=-=
v or >

|

|
A
bl
A
)

vi

%f(x+6): [(x + 6)* — 9]

—_ N =

= —[% + 12x + 27]

[\

2 _ Zla—6p -
~3/(x=6)=—2[(x-6)* -9

2
= —g[x2 — 12x + 27]

%f(x+6) -10<x< -3
g(x) =1 f(x) -3<x<3
—%f(x—6) 3<x<10

1
E[x2+12x+27] -10<x< -3

={x’-9 -3<x<3

2
-3 - 120427 3<x<10

The transformation is the sequence

1
m dilation of factor 3 from the y-axis

m dilation of factor 2 from the x-axis

m reflection in the x-axis
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The range of g is [-9, 6]. The dilation from the x—axis takes this to [-18, 12] and the
reflection in the x-axis takes it to [—12, 18]

e The domain of g is [—10, 10]. This maps to [-8, 12]
The range of g is [-9, 6]. This maps to [-8, 22]

f i

ii

y=x>—-9mapstoy=—2x7+12x" +2
Completing the square for the image rule:
2%+ 12x+2 = 2[x* — 6x — 1]

= =2[x* —6x+9—10]

= -2(x-3)>+20
Therefore:
" —20
y _2 — (xl _ 3)2
Wewrite:y_ =y+9andx' = x+3

Hence y’ = —_2y+2andx’ =x+3
The rule is (x,y) = (x + 3, -2y + 2)

We look at domains of the piecewise defined functions first:

[-10,-3) — [-7,0)

[-3,3) = [0,6)

[3,10] — [6,13]

The rules

Rule1y = %f(x + 6) maps to:
y -2

_2 )
That is

YV=—f(x+3)+2
=-(xX+3)*+9+2
=—x?-6x +2

Rule 2

Maps to y = —2x> + 12x + 2
Rule 3

y= —gf(x — 6) maps to:

y-2 _2_, _ 2.,
=3/ =320 = -5/ -9)
That is.

4
Y = 3/ =9 +2

4
y = §x2 + 24x + 98

=%f(x’—3+6):%f(x’+3)

Image
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2 —6x+2  if-7<x<0
2x+12x+2 if0<x<6

§x2+24x+98 if6<x<13
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Chapter 4 — Polynomial functions
Solutions to Exercise 4A

1 a Y

A y=2(x-1)

(0,5\/ .

0(1,0)
b y
A
y=2(x-1)2=2
(2,0)
0 > X
(19 _2)
c y
A
y=-2(x—-1)
(1,0)

0 > X

d y

(_19 4)

/O

Ay:4—2()c+1)2

\(O, 2)

AN

> X

(1472, 0)

(-1-12,0)

_ 1)?
y=4+2 x—|—§>

©43) .

y

A y=2(x+1)>*-1

/(0, Y
> X

\

(-

//—L—l

1)0)

V2

y
Ay

Q

0
ek

=3(x—2y-4

./

0] N/’

2,

> X
Z?i%g”ﬁ
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SAvED)
Moo
J y
A
(-1 =12} 0)

:7&+1)2—4
> X

09

(-1+2,0)

2 a f(x)=x*+3x-2

= x> +3x+225-225-2

=(x+1.5%-425

Minimum= —4.25 and the range is

[—4.25, 00)

b f(x)=x>—6x+38

=x>—6x+9-9+8

:(x—

Minimum= -1 and the range is

[_1’ OO)

37 -1

¢ f(x)=2x>+8x-6
=2(x* + 4x - 3)
=2(x* +4x+4)- 14
=2(x+2)* - 14
Minimum= —14 and the range is
[—14, 00)
d f(x)=4x>+8x-7
=4(x* +2x) -7
=4 +2x+1)—4-17

=4(x+1)* - 11
Minimum= —11 and the range is
[-11,00)

2

5 25\ 25

_ 2 _ - =y =

_2(x 2“16) g
5\2 25
—ofx=2) =22
(x 4) 8

Minimum= _TZS and the range is

[+

f f(x)=-3x>-2x+7

1 1
:—3(x2+§x+§)+§+7
1\2 22
)2

X+ 3 :

maximum = 2 and the range is

(%]
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g f(x)=-2x"+9x+11
9
:—4£—§ﬁ+u

9 81\ 8l
_ 2 _ 7 o
= 2@ 2x+16)

—_2( _2)24_@
L 8

maximum = & and the range is

8
169
(8]

8

b ¥
8
3
1 >x
% 2
(39 _1)
c Y
51 1
e4d |
T T T > X
YARNTIY
6

+— +

11

DI
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5 y
Al
I
I
b L
O. > X
e U
|
6 y
A
M
1 1V 7_
§(‘7ﬁ) *ﬁ 1)
7 a y
A
|-3.56 | ]0.56
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c y
A
—009s\0 2
-1 2.095
—6 -
(19_6)
d y
A
1,1
]oay
1.71
029 \/
0/ '1 %
_17
€ y
0.3
i I
o1
(0.6, —0.6)

8 a B

b D
by looking at turning point

coordinates

9 a C x-axis intercepts
b B turning point x-value
¢ D turning point coordinates

d A turning point x-value

10 a b*—dac=25-8
>0
.. it crosses the x-axis
b b —dac=4-4x-4-1
=4-16
<0

.. 1t does not intersect the x-axis

¢ BX—4dac=36-36=0
.. 1t touches the x-axis
d b*—4dac=9-4x8x-2
=9+64
>0

.. 1t crosses the x-axis

e b X—4dac=4-60<0
.. it does not intersect the x-axis
f b>—4ac=1-4

<0
.. 1t does not intersect the x-axis

11 mx> -2mx+3=0
b* — dac = 4m®> — 12m
=4m(m — 3)
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a 4dm(m-3)>0

m<0orm>3

b 4m(m—-3)=0

m=73
(m = 0, is not a solution as it gives
3=0)

12 A =36m* — 16(4m + 1)
= 36m* — 64m — 16
= 4(9m> — 16m — 4)
=49m + 2)(m — 2)
Perfect square if A = 0

Som= —§orm =2
13 A=4d> - 4a+2)a-3)
=4a* - 4a* - a-6)
= 4a + 24
No solutions if A < 0

Sa< -6

14 A=+ 1P -4a-2)
=a*+2a+1-4a+8
=a*-2a+9

=(a-17+8
.. A > 0 for all values of a

15 a (k+ Dx*>=2x—-k=0

b* —dac =4 + k(k + 1)
need to show
4+kk+1)>0

ie. k(k+1)> -4
LHS = k> +k

> —4
which is what is required

16 A = 4k* + 20k

= 4k(k +5)

a A>0o ke (—0o0,-5)U(0,0).

b

A=0sk=0ork=-5

17 A = 4k*> — 4(k + 2)(k — 3)

18

a

= 4k* — 4(k* — k - 6)
= 4(k + 6)

Two solutions if £k > —6

One solution if k = —6

ax’> —(a+b)x+b=0
(a + b)* —4ab = a* + 2ab + b*> — 4ab

=(@-b)*>>0
the equation always has at least
one solution
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Solutions to Exercise 4B

1 y=k(x+3)(x+2)
Whenx =1,y =-24
=24 = k(4)(3)
Sk=-2
SLy=-2(x+3)(x+2)

2 y=k(x+3)2x+3)
When x =1,y =20
=20 = k(4)(5)
k=1
Ly=(x+3)2x+3)

3y=ax+2)7>+4
When x =4,y = 58
.. 58 =36a +4
54 3

.'.y:E(x+2)2+4

4 y=a(x+2)>-3
When x = -3,y = -5
SLo=5=a-3
Sa=-2
Ly=-2(x+2)>-3

5 Passes through (1, 19), (0, 18) and

(=1,7)

6 Passes through (2, -14), (0, 10) and
(=4, 10)
The equation has form y = ax? + bx + 10
-14=4a+2b+10...(1)

10=16a—-4b+10...(2)
2 x Equation (1) + Equation (2)

—18 = 24a + 30
a=-2
b=-8

7 a y=ax*+bx+c
¢ = 4(y-intercept)

b = O(x-value at turning point)

y=ax’*+4
x=5y=0
0=25+4
-

25
y:£x2+4

b y:a(x+h)2+k
y=ax

x=2,y=-4

The equation has form y = ax? + bx + 18
19=a+b+18...(1)

T=a-b+18...(2)
Equation (1) — Equation (2)
12=2b
b=6
Soa=-5

y=-=5x"+6x+18

-4 =4a



c y=alx+b)x+c)
y=a(x+2)(x+0)
y = ax® + 2ax
x=1,y=3
3=a+2a
a=1

y=x> +2x

d y=alkx+b)(x+c)
y=a(x+0)(x-2)

y = ax* - 2ax

x=-1,y=-3
-3=a+2a
a=-1

y = —x> +2x

e y=alx+b)(x+c)
y=a(x—-1)(x-4)
y = ax’ — Sax + 4a
4a = 4(y-intercept)
a=1
y=x*-5x+4
f y=a(x+b)x+c)
y=alx+ 1)(x—-Y5)
y = ax’ — 4ax — 5a
—5a = -5 (y-intercept)
a=1
y=x>—4x-5
g y=a(x+h)?+k
y=a(x-12%-2

x=-1,y=2
2=4a-2
a=1

y=@x-12%-2=x*-2x-1

h y=a(x+h)?+k
y=a(x—2)7>+2
x=0,y=6
6=4a+2
a=1
y=(x-22+2=x>-4x+6

8 left hand curve
—y=ax’ +x+c

c=-5 C
x=4,y=1 B
1=16a+4-5
L]

8
y:%x2+x—5

right hand curve
y=ax’ +x+c¢

c=1 D

y=ax’+x+1

x=4,y=3 A
3=16a+4+1
16a = -2
1
a=-——
8
1,
y=—=x"+x+1

9 f(x)=A(x+b)*+B
= A(x + 2)* + 4(vertex)
f(0)=38
8=4da+4
A=1,b=2,B=4
f(x)=(x+2)7>+4
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Solutions to Exercise 4C

1 a

b

P(1)=3 d
P(-1)=P2)=0
P(-1)=-5
2+5+a-b+12=0
P2) =17 a-b=-19...(1)
P(=2) = 21 128 —40+4a+2b+12=0
=% 2a+b=-50...(2)
1 9 Equation (1) + Equation(2)
P(-3)=—
28 3a = —69
a=-23
P(0)=6
b=-4
P(1)=6 .
P(2) =18 P(3)=P(1)=0

3P -2%x3*+27a+9b+36-36=0

P(-1)=12
81 +27a+9b =0
Pa)=a®>+3a>—4a+6 3a+b=-9...(1)
PQ2a) = 84> + 124> —8a + 6 1-2+a+b+12-36=0
a+b=25...(2)
P2)=0 Equation (1) — Equation(2)
8+12-2a-30=0 2a = 34
—2a =10 a=-17
a=-5 Sob=42
P(3) =68
© 4 a 2x> —x*+2x+2
27 +9a+ 15— 14 = 68
3
9a = 40 b 2x° + 5x
a:@ c 2x° —x?+4x-2
9
d 6x° —3x%+9x
P(1)=6
1-1-2+c¢=6 e —2x* +5x° - 5x + 6x
c=8

133



4x — x°

2% +4x+2

2x° 4+ 3x* + 13 + 62

X —5x%+10x -8

X —7x*+13x - 15

2% —x*-Tx—4

X+ b+2)x+2b+0)x+2c

253 —9x2 —2x+3

(x+ D> +bx+c) =
B+b+D>+(Cc+b)x+c

X-xr-6x-4=
C+b+ D>+ (c+bx+c
forallx. .. (b+1)=-1,c=-4and
c+b=-6

b=-2andc=-4

¥ —x?—6bx—4=(x+1)x*-2x—-4)
axX—xP—6x—-4=

x+Dx+V5-Dx-V5-1)

2x3 — 18x% + 54x — 49 =
a(x> = 9x> +27x =27)+ b
Equating coefficients
a=2and -27a +b = -49
sLa=2and b =35

—2x3 + 18x* = 54x + 52 =

a(x>* +3cx? +3x+ ) +b
Equating coeflicients

a=-2and3ca =18 and 52 = ac® +b
La=-2,c=-3and b =-2

8

9

¢ X —5x"—2x+24=
a(x* +3cx? +3¢x+ ) +b
Equating coefficients: For x*: a = 1
For x*: =5 =3¢

For x: —2 = 3¢? which is impossible

Ax+3)+B(x+2)=4x+9

A+Bx+BA+2B)=4x+9
by equating coefficients

(1) A+B=4
) 34+2B=9
Q) +2(1)= A=1
)= B=3

a x>—4x+10=Ax>+2ABx+AB*+C
by equating coeflicients

(1) A=1
2AB=4
(2) AB*+C =10
)= =2B=4
B=-2
2= 4+C=10
C=6

b 4x> - 12x+ 14 = Ax*> + 2AB+ C
by equating coeflicients

A=4
(1) 2AB =-12
2) AB*+C =14
=)= 8B =-12
B_—3

2

9

2) = 4xZ+C:M
cC=5
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c X -9x>+27x-22=A(x+ B> +C B
(x=32+5=Ax+B>+C C=5
A=1
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Solutions to Exercise 4D

X =5x+6

1a x+4) -2 - 14x+24
X +4x2
—5x% — 14x
—5x% - 20x
6x + 24
6x + 24

0

2x2+7x—4
b x—3)2x + 4% - 25x+ 12
2x3 — 612
7x% —25x
Tx> —21x
—4x+12
—4x+12
0

34
x+3
2 a x+3)x3—x2—15x+25

x>+ 347
—4x? — 15x
—4x*> - 12

-3x+25

-3x-9
34

X —4x -3+

54
x-3

2x2 + 6x+ 14 +

b x—3)2x3+0x2—4x+12

2x% — 6x7
6x% — 4x
6x> — 18x
14x + 12
14x — 42
54

2 4  4(2x+3)

3a 2x+3)2x3—2x2—15x+25

2x3 + 32
—5x% — 15x

15
—5x% — jx

33
2x -3

2x2 +6x+7 +

b 2x—3)4x3+6x2—4x+12

4x> — 6x7
12x% — 4x
12x% — 18x
14x + 12
14x - 21
33
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2% —x+ 12 X+ x+2
4 a x—3)2x3—7x2+15x—3
2x3 — 6x2

c xz—l)x4+x3+x2—x—2

03 =2
—x* +15x P42 -x
—x? +3x X +0x% - x
12x-3 224+ 0x-2
12x — 36 2x2 -2
33 0
233 = 7x2+15x -3
x=3 .
0 i 104 33 6 a remainder = P(-2)
x-3 = (=2 +3(=2)-2=-16
5x4+8x3—8x2+6x—6 b P(x):(l—Za)x2+5ax
b x+1 )5x5+13x* - 22> -6
5,5 4 5,4 +(a—1)(a-238)
8x* + 0x° P2)=0
8x* + 8x° P(1)#0
—8x — 2 P(2) =4—8a+10a +a* —9a + 8
Q3 Q2
8" — 8x = —Ta+12
6x% + Ox 3 4 =0
6x> + 6x (@=3)a-4)=
5 4 2 —6x-6 =
Sx7 +13x" -2x7 -6 P()=1-2a+5a+a*—9a+8
x+1 2
=5x*+8x - 8x2 +6x-6 =a —6a+9
= (a - 3)*
- 9x+27 P(1)#0, .a+3, ..a=4
5 a x2—2)x4—9x3+25x2—8x—2
Xt =242
_ 3 2 _ _
T0r _ 8x 7 a f(x)=6x" +5x"-17x—-6
—9x> + 18x fQ)=6x8+5%x4-17x2-6
27x* -2 =48+20-34-6
27x% — 54 — 28
, 5 X —26x + 52
xXT=9x7 +25x" - 8x -2 b f(-2)=(6x-8)+(5x4)
x2 =2
_9 ~(17x-2)-6
= = 9x+27 - 26( )
X2 — =48 +20+34 -6
b =0
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¢ f(x) = (x+2)(6x*—Tx-3)
= (x+2)3x+ D2x-3)

8 a P-)=-1+G*-1)-(k=9) -7
=—1+k-1-k+9-7

=0
for any value of k, P(x) is divisible
by x+ 1

b P2)=8+4(k-1)+2(k-9)-7

PQ) =12
1 +4k—4+2k—18=12
6k —21 =12
6k = 33
11
k=—
2

9 f(x)=2x3+ax>—bx+3

a f(-3)=0=-54+9a+3b+3

9a +3b =51

3a+b=17...(1)
fQ2)=15=16+4a-2b+3

4a - 2b = -4

2a-b=-2..
(1) +Q2)

= S5a=15

a=3
Subin(l)= b=28

.(2)

b f(x)=(x+3)2x*-3x+1)

=(x+3)2x-1D(x-1)
the other two factors are (2x — 1)
&((x—-1)

10 a f(x)=4x>+ax’>—5x+b
3 27
—_ = — :4 —_—
f(z) 8 X(S)
9 3
+ax(z)—5x(§)+b
27 9 15

+-a—-—+b>

2 4 2

-32=54+9a-30+4b
9a +4b=-56...(1)

f3)=10=4x27+ax9-5x3+b
10 =108 +9a — 15 + b

-8

2 9a + b =-83

1-2= 3b =27

b=9

Subin2= 9a+9=-83
9

11 PQ2) = (3)*
=81

12 P(x) = = 3x* +2xX° = 2x> +3x + 1

a Pl=-1-34+2-24+3+1
=2#0
(x — 1) is not a factor
P(-1)=-1-3-2-2-3+1
=-10#0

(x + 1) is not a factor
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b P(x) =x —3x*+2x3 - 2x> +3x+1 ¢ (5x+4y)(25x> — 20xy + 16y?)
¥ =3 +3x-5

K= 1)25 =324 4200 — 207+ 3x + 1 d 2a(a® +3b%)
XS_x3
—3x* +3x° — 247 16 a 2x— 1)(2x +3)3x +2)
—3x* +3x2
30 — 522 + 3x b (2x - 1)(2x? +3)
3x° — 3x
52 +6x+ 1 17 a (2x-3)2x% +3x + 6)
-5x*+5
4 b 2x-3)2x—-1DHRx+1)
P(x)=(x* =322 +3x=-5* -1 +
6x—4 18 a x=-4,2,3
the remainder when
(x> = 3x% + 3x — 5) is divided b x=0,2
by (x2 —1)is 6x — 4 |
c x=-,2
13 P(-1)=-2-5+4+3= d x=-22
.. (x+ 1) is factor
2203 =5x7 —4x+3 = (x+ D2x* - 7x+3) e x=0,-2,2
= (x+ DQ2x - 1)(x-3)
f x=0,-3,3
4.3 2 -11
14 a Px)=x"+x —x"-3x-6 gle,_z,j,g
P(y3)=9+3V3-3-3V3-6 h x=1,-2
=0
i x=1,-2 L3
P(y/-3)=9-3V3-3+3V3-6 tr==5L=533
=0

19 Use a CAS calculator to solve y = 0 in

b the quadratic factor is each case to obtain the x-exis intercepts.

(x+ V3)(x - V3)

=(x*-3) a (-1,0),(0,0),(2,0)
P(x) = (x* =3)(x> +x+2)
an other factor is (x> + x + 2) b (=2,0), (0,6), (1,0), (3,0)

¢ (_1’ 0)9 (0’ 6)5 (2’ 0)7 (39 0)
15 a (2a + 3b)(4a®> — 6ab + 9b*

-1
d (—,0),(0,2), (1,0), (2,0)
b (4 —a)a® + 4a + 16) (2 )
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e (=2,0), (-1,0), (0,—2), (1,0)
£ (~1,0), (%2,0), 0, =6), (3,0)
g (=4,0), (0,~16), (—% 0), 2,0)
h (_71,0), ©. 1), (%,0), (1,0)

i (<2,0), (—_73 0), (0, -30), (5,0)

20 16p-10+g=0...(1)
16-16-4p—-2g-8=0...(2)

= 2p+qg+4=0
H-2)= 14p-14=0
p=1

Subinl= 16-10+¢=0
q=-6

21

f(x):x4—x3+5x2+4x—36

f1)=1+1+5-4-36

= -33

22 a (x—9)(x—-13)(x+11)

23

24

b

(g}

o

=n

V]

=y

(g}

=7

(x+ 1D)(x -9 (x - 11)
(x+11D)Q2x = 9)(x - 11)

(x+11)2x-13)2x-9)

(x=Dx+1D(x—=T(x+6)

(x=3)Nx+dHx*+3x+9)

(x=9(x—-52x>+3x+9)
xX+5x+DA*-x+9)
(x=3)x+5A*+x+9)

(x=4(x=3)(x+5)(x+6)
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Solutions to Exercise 4E

1

a

1 3 6>x
-6 -3 .
-1 3 5
l —
b} 4 5>x
4 5
> X
4 5
> X
—1 2 13 N
—1_3
=2 4 12 > X
—1] |2 6 -
}
=] ) 2

> X

y
Ay =/f(x+2)

¥ =2 -1 04 2

2019

y=fx-2)

i y =A%)

(2, 1)
T X
31 3.62

lgfoi@

For clarity the graph of y = 3 f(x) is

shown on separate axes:
y
=3f(x)
3

1& )
>» X

7 (4 %0.5)
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Solutions to Exercise 4F

1 a 4 _ [ ] b Y
M S T KR - x A r=f)r=fx-2)
b
+ —
— 1 ]2 > X
7 \
2 (0,16) y 01(1.63,'0.75) (3.37, 0.75)
(%, 0) 16 A Graphs of dilations shown on
(=2,0) separate axes for clarity:
3’
Y > X
290 2
3 3
3 a
Y (2.73,0.75)
A ||||O||||||||>x
y=1f(x) -2.00 -1.007| 1.00 2.00 3.00 4.00
Turning points for y = f(2x) are at
(—0.18,0.75) and (0.68,0.75)
|
(-0.37,0.75) (1.37, 0.72 « 4a y
0 A

QAL L)
AN
_?/ ! 4\
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(¢-]
|
S
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Solutions to Exercise 4G

1 ay=ax-5>-2
When x =4,y =0
O0=-a-2
a=-2

b y=alx-1)x+1(x+2)
When x = 3,y =120
120 = a(2)(4)(5)
a=3

c y=ax’+bx

(2,-20) and (-1, 20) lie on the graph

-20=8a+2b
-10=4a+b...(1)
20=-a->b...(2)

Add (1)(2)
10 = 3a
10
9773
70
h=-=
3

2 We know that the y-intercept is 5.
Consider f(x) = ax® + bx*> +cx+ 5
fH=14,".—a+b—-c+5=14

—a+b—-c=9...(1)
f(H)=0,-.a+b+c+5=0
a+b+c=-5...(2)

f(2)=-19,-.8a+4b+c+5=-19

8a+4b+2c=-24
Add (1) and (2)

2b =4

b=2
sLa+c=-7
and 4a + c = -16
S 3a=-9

sa=-3andc=-4

3 Note: A CAS calculator can be used for
all questions in this exercise, but should

be used for questions 5 and 6.
y=alx—b)(x—-c)x—d)

b=-5c=-2,d=6
y=a(x+5)(x+2)(x—-06)
x=0,y=-11

—11 = -60a

_u
© 60

11
y= @(x +5)(x+2)(x—6)

a

4 y=alx-b)(x-c)
y=a(x+ 1)(x = 3)?
x=0,y=5
5=9a

5

a = —

9
y= g(x+ D)(x — 3)?
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y=ax’ +bx* +cx+d
O0,H)=>d=1
y=ax  +bx* +cx+1
(1,3) > 3=a+b+c+1
a+b+c=2...(1)
-I,-)=>-1=-a+b-c+1

—a+b-c=2 ...(2)
(H+®2)=2b=0

b=0
2,11)= 11=8a+2c+1

4a+c=5...03)
B)+R2)=3a=3

a=1,c=1

y=x+x+1

y=ax  +bx* +cx+d
O0,)=d=1
(I,)=1=a+b+c+1
a+b+c=0...(1)
-,H)=1=-a+b-c+1

—a+b—-c=0...(2)
H+2)=5b=0
2, 7Y)=>7=8a+2c+1
4a+c=3...03)
3+2=3a=3

a=1
Subin= (1)=c=-1

y=x-x+1

c y=ax’ +bx*+cx+d
0,-2)=>d=-2
(1,0)>0=a+b+c-2
a+b+c=2 ...(1)
(-1,-6)> -6=—-a+b—-—c—-2
—a+b—-c=-4...(2)
2,12) = 12=8a+4b+2c -2

4a+2b+c=7...03)
(H+@2):2b=-2
b=-1
Subin=3)=>4a+c=9
Subin=2)=> —-a—c=-3
B)+@2)=3a=6

a=2
Subin= 3)=>c=1
y=2x-x>+x-2

6 a y=ax-b)(x—c)x—d)

y=alx+ Dx-1)(x-2)
2=2a

a=1

y=02x+ DHx—-1)(x-2)

b y=ax’+bx’+cx

(1,0.75) = % =a+b+c...(1)
(2,3)>3=8a+4b+2c...(2)
(-2,-3)=> -3=-8a+4b-2c...(3)
2)+3)=8b=0

b=0

(2)—2(1):§:6a
1

“=3
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¢ y=alx—-b)(x-c)? x=0,y=18

y=a(x+ 1))c2 y=(x+2)(x- 3)2

2 =a2)1?

a=1 ; )

y =2+ 1) 7 a y=-2x"-25x"+48x+ 135

:23_ 2 4 1
d y=a(x—b)(x—c)(x—d) b y=2x"—30x" +40x + 13

y=ax+2)(x+1(x-1)
x=0,y=-2 8 a y=-2x*+22x>-10x> - 37x+40

y=x+2)(x+Dx-1)
b y=x*-xX+x2+2x+38

e y=a(x—-b)(x-c)
y = a(x +2)(x — 3)? cy=—x*+xX - —x*-x+—
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Solutions to Exercise 4H

1 ak?+x+k=0

~1+ V1-4k2
x= ,

2k
11

—_—

ke [,—— —]\{0} since k2 < .

2’2
(Note: If k =0,x = 0)

N

x> —Tax’> + 12a’°x =0

= x(x*> = Tax+ 12a*>) =0
x(x—=3a)(x—4a)=0
x=0,3a,4a

x(x*-a)=0

1
x=0,(a)3

X2 —kx+k=0
k+ Vk? — 4k

xX=—————k<0ak2>4,

2
since k? — 4k > 0
x(x*—a)=0
x=0, +va,a>0

¥*-a*=0
P+aH*-a*)=0
X+ x-a)x+a)=0
X =-a,a

(x—a)(x—b)=0
x=a,b

(x— a)4(al— D -a)=0

x=a,(a)3,xVaifa>0

ax’> +b =2c
a

(20—[9)%
X =
a

X

b ax’-b=c
b+
X = ¢
a
1
(b+c)§
X =
a
¢ a—bx*=
S
1
(a—c)z
X =
b
1
d x3 =a
x=a

e (X)n+c=a

1
X)n =a-c

x=(a-c)

f a(x-2b)>° =c¢
(x—2by = <
a
1
x—zb:(5)3
a
1
x=2b+(5)3
a
1
g ax3 =b
b3
-t
a
h X*=c+d
1
x=(c+d)3
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y=0,1

Pts. (0,0) & (1, 1)

237 = x

2% —x=0

x2x-1)=0

x =0,

| =

Pts. (0,0) (1 1)

22
y=x-x

y=2x+1

= x> —x=2x+1

X-3x-1=0

(

3+ V9+4
X=——F—
2

3+ VI3
X =
2
y=2x+1=4+VI3

co —ords = (#,4 - \/E),

3+ V13
2

4+ \/ﬁ)

178 — x* = (16 — x)?
178 — x* = 256 — 32x + x°
2x2 —32x+78 =0
X’ —16x+39=0
(x=3)(x—-13)=0

x=3,13
Pts. (3, 13), (13, 3)
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¥ =125 -

y=15-x

= y? =225 -30x + x°
x> = 30x + 225 = 125 — &2

2x* = 30x + 100 = 0
X —15x+50=0
(x-5x-10)=0
x=5,10
Pts. (5, 10), (10, 5)
¥ =185 —x
y=x-3
y2:x2—6x+9
x? —6x+9 =185 - ¥
2x* —6x-176 =0

¥ -3x-88=0
(x+8)(x—-11)=0
x=-8,11
Pts. (-8, —11), (11, 8)
V=97 —x°
y=13-x

y? =169 — 26x + x°

X% —26x + 169 = 97 — x*
2x2-26+72=0
¥ —13x+36=0
x=-9x-4)=0

x=4,9
Pts. (4,9),(9,4)

a

y? =106 — x°

y=x-4

v =x*-8x+16
x* —8x+ 16 = 106 — x*
2x* - 8x-90=0
X —4x-45=0
x+5x-9=0

x=-59
Pts. (-5,-9),(9,5)

y=28-x...(1)
xy=187...(2)
= x(28 — x) = 187
—x* +28x = 187
X —28x+187=0
L8 V784 - 748
2
286
2
x=11,17
= pts = (11,17),(17,11)
y=51-x
x(51 —x) =518

> —51x+518=0
51+ V2601 — 2072
B 2

51+ V529
===
51+23
)

x = 14,37
= pts = (14,37),(37, 14)

X

X

X
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1

C 7 = 3
y:x_s * x—2+
N x(x=2)=1+3(x-2)
25y = 196 Z-2x=1+3x-6
2— =
2 —5x—126=0 oSS =l
5+ V25 - 504 yo 2t V2520 '25_20
x:
2
5423 Lo3ENS
X = 3 2
_ 5+vV5 5+ 15
x=-9,14 Pts=( +2\/—, +2\/_),
= s = (_9’ _14)a (14’ 9)
u (S—x/§5—«/§)
2 72
¥y =25-(x-5)?
= 25— x>+ 10x - 25 3 2 §_§:1 (D
¥y =—x*+10x...(1)
= —x+4
y=2x - d 5X+
Vo4l @) P H4x+y?=12...(Q2)
42 = —x% + 10x = Y =12-4x -2
16 32
X=2x=0 = yzzgx2+?x+l6
x=0,2 1 2
16(gx2+§x+1):12—4x—x2

pts = (0,0), (2,4)
16x% + 160x + 400 = 300 — 100x — 25x>
41x* +260x + 100 = 0
—-260 + V67600 — 16400
o 82
~130 + 80 V2

r = 41
Sub in (1)
~130-80V2 60 - 642
( 41 41 )
~130+80V2 60 + 642
( 41 41 )
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1

9 —x = -

o x+2
—x?-2x=1-3x-6
X-x-5=0

1+ vV1+20
X =
2
1+ V21
X =
2

t (14—V§T —1+—V§T)

s = ,

p 2 2

(1—-V§T V@T—l)
2 2
9
10 y:Zx+1
81
2ol o, 7
y—16x +2x+1
81
ijﬁgz+§x+l
2 _Z —
16x 2x+1 0
9 81 81
_i - —
x—2 4 4
81
8
—9><8
T2
4
xX=-
9

4
d :(—,2)
CO Ooras 9

11 V¥ =9-x
y:2x+3‘/§
V2 =422 + 12V5x + 45

9 — x% = 4x* + 12V5x + 45
522+ 12V5x+36=0

_ —12V5+ V144 x5 -20 x 36

10
_—12v5
T 70
L_T6Y5
5
~12+5
y = 0 +3\/§
345
5
ts_(—6V@ 3V§)
PE={"%5 73
1
12 Zx+1:—x
e ivs1=0
4X X
1+ V-1
X =
1
2
x=-2
1
=(-2,=
pt ( ’2)
2
13 —1=
x x—2
(x-1D(x-2)=2
X -3x+2=2
x(x=3)=0
x=0,3

pts = (0,-1),(3,2)



Sx—4y="17 ¢ S5x-3y=18

4y =5x -7 y:5x—18
_S5x-=T7 3
Y=g xy =24
xy =6 5x2—18x =72
x(5x‘7) _6 18 + V324 + 1440
4 T 10
5x*—7x-24=0 Lo 18x4
7+ V49 + 480 1120
te 10 x= -6
7+ 529 .
T TI0 PIS=(—?,—10),(6,4)
-8
x:?,3
~8 —15 15 x> +ax+bdivby x+c

pts = (?’ T)’ (.2) (e +a(—c) +b =0

c—ac+b=0

37 —2x
y =
: 16 160
xy =45 Lo 160
37x—2x> =135 X

5 X +2x-160 =0
233 —=37x+135=0

-2+ V4 + 640
37 + V1369 — 1080 ‘= .
x= 1
x=—1< Vi6l
x=5,13.5
10 s = (—1 ~ VI6L1- \/161),
Dls = (5,9),(13.5,?)

(V161— 1, V16l +1)
17 y=-Tx+ 14, y=5x+ 12
18 m< -T7orm>1

19 ¢c=-8orc=4
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1
20 a mx=—-—+5
X

mx*—5x—-1=0

_Si V25 +4m

o 2m

Note thatif m =0, x = -3

b 25+4m=0

=25

e

5

YT o5

2

-2

TS
w(53)
572

¢ 25+m<0
m< 2
4
21 X +x+4=kx+b
P +(1-k)x+@-b)=0
A=(1-k?-4(4-b)
=1-2k+k —16+4b

A=0=k -2k+4b-15=0
If b = 3 then:
K2-2k-3=0=k=30rk=-1
y=3x+3, y=—x+3
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Solutions to technology-free questions

1 a h(x)=3(x-1>+2
x=0:y=3(-12+2=5
y = 0: no solutions

TP (1, 2); no x int; y int (0, 5)

¥
A

Alx)=3(x-1)2+2

o/

(1, 2) .

0

b h(x)=(x-12-9
x=0:y=(-1?-9=-8
y=0:(x=12-9=0
x—1==+3,s0x=-2,4

TP(1, -9); x int (-2, 0), (4,0)

yint (0, —8)

A

\ / > ¥
(-2, U}i (4, 0)
(0, -8)

1,-9)

C f(x):xz—x+6

x=0:y=6

y = 0: no solutions (b* — 4ac < 0)

1\? 3
2 _ +6—( __) +5=
XT =X X >

1
TP(— 53); no x int; y int (0, 6)

274

-
-

y=x2-x+6

“}&\4 )

0

d fx)=x>-x-6
x=0:y=-6
y=0:x>-x-6=0
x+2)(x=3)=0,s0x=-2,3

1 1

2
2 e (y_2) gl
x*—x-6 (x 2) 64

1
TP(E, —61); xint (=2,0). (3.0):
yint (0,—6)

4
A

y=x2-x-6

(-2, U)Q \/(3,0) > X
(0,-6)
1 25

22 4

e f(x)=2x>—x+5
x=0:y=5

y = 0: no solutions (b — 4ac < 0)

1\2 7
2x% — +5:2( ——) +4-
X% —x X= 3

17
TP(Z, 4§); no xint; y int (0, 5)

X
A

y=2x2-x+5

(053\'/
39

&%)
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f hix)=2x>—x-1

x int (3,0); y int (0, —18)

x:();y:—l ¥
y=0:2x2-x-1=0 1
1
(2x+1)(x—1):0,s0x=—§,1
1\ 1
2x2—x—1:2(x——) -1z &8
1 1 2 2 e
( il ),xlnt( 0}, 1,0 ©,-181"1. _16)
yint (0,-1) /
n b g(x)=—(x+1)" +8

\tt [ 1
A
oM\ Ab-)

2 (LD:l=a+b 1

2,5:5=4a+b 2
Subtract 2 from 1:
3a =4

1
Substitute into 1: b = ~3

—b + Vb2 —4ac
3 x=
2a
_ 2+ V4 -4(3)(-10)
B 6
_ ”T vi2a _ %(1 + \/3_1)

4 a fx)=2(x-1>-16
x=0:y=2(-1)°-16 =
y=0:2(x-1°-16=0

(x-1P¥=8x-1=2,s0x=3

zero gradient: (1,-16)

x=0:y=—(1y+8=7
y=0: —(x+1)’+8=0
(x+1)P=8x+1=2s0x=1
zero gradient: (—1,8)
x int (1, 0); y int (0, 7)

y
A

(1,0)

¢ h(x)=—-(x+2)7°-1
x=0:y=-2>°-1=-9
y=0: —(x+27°-1=0
(x+2)° =

zero gradient: (-2,-1)
x int (=3, 0); y int (0, -9)

y
A
\ s
-3,0) ¢

©0,-9) \

-1,x+2=-1,s0x=-3
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d fO)=x+3)7°-1
x=0:y=31>-1=26
y=0:(x+3°-1=0

(x+3°=1x+3=1,s0x=-2 6 a ;
zero gradient: (-3,-1) Al I_ o =
x int (=2, 0); y int (0, 26) 2 -1 :
y b ;
A — . Fl- x
o _
/ 1 i 3
(0, 26)
(_2’ 0/ ¢ J Y L T !-' X
0 > X - = o
3,-1)
d +
9 -
e f)=1-Qx-1y =3 % B

x=0y=1-(=1=2
y=0:1-2x-1*=0

Qx-1P=12x-1=1,s0x=1 7 a Px)=x+3x>—-4x+2
zero gradient: (%, 1) P(=1) = (=1)> + 3(=1)? —4(=1) + 2
xint (1,0); y int (0, 2) _3g
¥
1 b P(x)=x>-3x>—x+6
m,zj\ (l 1) PQ2)=2>-3x2"-2+6

!
\'\ _o

P(x) =2x> +3x* = 3x -2
P(=2) = 2(=2)* +3(=2)* = 3(=2) =2

=
—
=
_,..-j’
Y
v
(g}

=0
5a (x+2?>-4
b 3(x+1)*-3 From the x intercepts, the rule must be
y=alx+3)x+2)(x-T7)
¢ (x—2)%+2 x=0:y=aB)2)(-7) = —42a
32 17 But the y intercept is (0, —42) and hence
d Z(x—i) -5 —42a = -42,s0a = 1.
Thusy = (x+3)(x +2)(x—-7).
7\ 81
-3
R Y B

9 a (x-2)(x+ 1)(x+3)

157



b (x—Dkx+ 1)(x-23)
c (x—Dx+DHx=3)(x+2)

d 1(x-DEx+3+ VI3)2x+3- V13)

1 2187
4> 256

¢ y=[f(2x)

1
Dilate the given graph 3 unit from

10 > +4=1x(x*-2x+2)+2x+2
11 a=-6

12 f(x) = (x + 1)}(x — 2) Note: The tp on

the y axis.
the diagrams are incorrect The new x intercepts are (1, 0),
-1,0).
ay=fx-1 . L The new y intercept stays at (0, —2).
Translate the given graph 1 unit right. .. . s 2187
) The new minimum is at (3, —5s)
The new intercepts are (0’90)’ (231’2?7) ' since the y value does not change.
The new minimum is at (4_1’ _ﬁ) y
since the y value does not change. 1
y y=f2x)

y=flx-1)
A K | -
\ﬂ 3‘ - (_ % )_:\!Ut

3,287,
(9 2187) 8’ 256
426 dy=f@+2
b y=f(x+1) Translate the given graph 2 units up.

This makes the origin an intercept.

A second x intercept is between %

Translate the given graph 1 unit left.
The new x intercepts are (—2,0),
(1,0). and 2.

x=0:y=f(1)=23(-2) = —16, s0

the new y intercept is (0, —16).

. ‘ ( )
n mini 0

The minimum has the same

x value of % and y value of
2187 1675

256 17T T2s6
5 1675)

Th .. . t(—,——
€ new minimum 1s a 156
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y 17

b} y=pn+2
18
(-1, 2) -
D ol
5 1675
2%
13 k=48

19

14 (4,-5), (3,9)

5 13
1 = = — = ——
S5a=3,b 6,0 B

16 64x° + 144x* + 108x + 27

a=1,b=-1,c=4

If 4x*> — 2px + p + 3 = 0 has no solution:
4p*> —16(p +3) <0

pPP—4p-12<0

(p-060)(p+2)<0
Hence no real solutions for -2 < p < 6

The rule of the cubic function is of the

form y = ax® + bx* + cx + d. Since its

graph passes through (0, 6), d = 6. Write

the equation as y — 6 = ax® + bx* + cx.

Use the remaining points to form three

simultaneous equations in a, b, and c.
(1,1): =S=a+b+c 1

(2,4): —2=8a+4b+2c 2

(3,9):3=27a+9% +3c 3
2-21: 6a + 2b = 8 or equivalently

3a+b=4 4
2 —31:24a + 6b = 18 or equivalently
4a+b =3 5

5—4givesa = —1.

Substitution into 4 gives b = 7.
Substitution into 1 gives ¢ = —11.
Hencea=-1,b=7,c =-11,d = 6 and
soy=—-x>+7x>—11x+6.
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Solutions to multiple-choice questions

1 E =5x*-10x-2

2

4

=5x*-2x-2
=5x-2x+1-1-2
=5x-272-1-2
=5(x-2)7%-5-2
=5(x-2)?%-17

There are 2 real roots when the
determinant > 0

b*> —4ac>0

36+ 12m >0

12m > =36

m> -3

x> +27

=x’+33

@ + b = (ax + b)(ax* — abx + b?)
Wherea =1and b =3

(x+3)(x* =3x+9)

The equation is a cubic.

From null factor theorem:

The only possible options are

B and C

Sub in an x value to determine if
the graph has a positive or negative
y value:

When x =2

Option C: y = 16 X —6

Option D:y =4 x4

Therefore it must be option C

x — 1 1is a factor
B+31)?-2a+1=0

-2a=-5
5

a:E

6 A Check by expanding:

7

For option A,
Bx+2y)2x —4y)

= 6x% — 12xy + 4xy — 8y?
= 6x% — 8xy — 8y?

Looking at the part of the graph
shown, we can see that at x = 1,

the graph is also showing a turning
point. Therefore we can see that the
answer must be either D or C, as the
x-intercept points in the other graphs
either show points of inflection (i.e.
f(x) = (x = 1)?), or an intercept
where the graph doesn’t change
direction (i.e. f(x) = x*(x — 1). Then
substitute values into the equations
to check which one of C or D it is.
Looking at C, you can see that for all
values of x greater than zero other
than 1, the function will be equal to
a number less than zero. Looking at
D, you can see that for all values of
x greater than zero other than 1, the
function will be equal to a number
greater than zero.

Expand the outer set of brackets to
get the function into turning point
for m. So p(x) = 3((x — 2)*> + 4)
becomes p(x) = 3(x —2)* + 12.
Therefore the graph is shifted right
2 and up 12 from the origin. The
answer is
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9 C From the graph there is a intercept at

x = ¢ and turning point at (b,0) . So
the polynomial must have functions
(x — ¢) and (x — b)?

Now (x — b)? is the same as (b — x)>.
y = (x — o)(b — x)? fits.

(Note: that option D gives a
reflection in the x-axis of the graph
given.)

10 C

11 C

12 B

We can see immediately by looking
at the equation that the function will
touch the x-axis when x = b, and
when x = —c. The remaining factor
of the function is (x* + a) and we
know that is a positive real number.
When we attempt to solve for x, we
get the following: x* = —a.
Knowing that a is a positive real
number, we realise that the solutions
are not real numbers and hence are
not roots.

—x*+2x-12=kx-3
x>+ Q2-kx-9=0
A=Q2-k?-36
A>0=Q2-k?>36
k<—-4ork>8
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Solutions to extended-response questions

1 a The graph passes through the point (15, 20)
20 = kx 15 x (20 - 15)

4
k=—
153
4
= —— ~0.001
k 3375 0.0019
473
*~ R= 20—t
3375( )
4% 103
h =10 R= 1
b When ¢ 0 3375 x 10
_4x10t
3375
_4x80
27
_ 32
The rate of flow = 2—7mL/ min when ¢ = 10
320
—z11.852)
(27
¢ i gk
(15, 40)

Note: This graph is given by a dilation of factor 2 from the #-axis

ii Whent =10
R, =2X 4 x 10° x 10
new — 3375

640
= — — mL/min
27

4 4
The rate of flow = % mL/min when ¢ = 10(62—70 ~ 23.704)

162



ii

The hint gives that R, is obtained by a translation of et

20 units to the right. 40

© (t.R) = (1+20,R) JEEN }'
St =t+20and R =R

S R= kt3(20 — 1) is transformed to
R = k(@ +20)}(20 — (' - 20))

= k(t' —20)°(40 - 1)
A reflection in the x-axis give
Rou = —k(t —20)3(40 — 1)

~320 320
When 1 = 30, Ryy = —— mlL/ min(~>" ~ -11.852)

320 -320
Note: the simplest way to obtain this is to move (10, T) - (30, T) with

this transformation

The rate of flow out is 57 mL/ min

Calculator technique for question:

a In a Graphs page enter the rule: f1(x) = 4/3375x*(20 — x).
Suitable window settings are:

XMin: [0

XMax: ‘20

XScale: | ayto

YMin: \0
YMax: lzg

YScale: | ayto

[ IE—T——

[25 ¥
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b The rate of flow when ¢ = 10 is obtained by using Graph Trace from the
Trace menu and typing in 10. Press.
Hint: press d to exit the Graph Trace tool.

iy nf.m.na!%j

¢ The new function is obtained by entering f2(x) = 2f1(x) in the function

entry line (press e or /+G to show the function entry line if required). Press
to plot the new graph.

f"x’-’ 1ix) |

|
|
|
f]'r'— {20-x) ||
b 1 :a!

Change the window settings to show key points of both graphs. Hint: use
b>Window/Zoom>ZoomFit

[ DT——
£2(x)=2 nly/’\\

rdd ¥

In order to see the graphs by R against t and Rout against t a hybrid function
must be entered as shown,
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2 a

\
e L ¥
bt et b e e e e e Raama |

1

]

A

3(20 - for 0 > x > 20
300 - (3372)x( x) or0>x

_Qymyx‘KWMO—x)fmzozxz4o

Insert a new Graphs page (/ + I) From the math templates palette (t)select the
piecewise template.

The graph is as shown. For this choose Xmin = 0 and Xmax = 40. Adjust
values.

i VVhenl‘:O,V:4><93 =2916
The volume is 2916 m3

ii Whent=9,V=0

b The volume is 0 m>

C

1
1283 =9 —¢

512=409 -1’ VA
128=9-1)° em® | (0.2916)
t=9- 128 0 g t(hours)
1

—9-4%23 ~3.9603
After 3.96 hr the volume is 512m?
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1
3 a i V:§7r><4><(18—2)

T
=—-x4x%x16
3

64
Volume is = Tﬂ cm’ when x = 2

1
ii V:§7T><32><(18—3)

= Xx45
=45x

Volume is 45rcm’ whenx = 3.

1
iii V:§7r><42><(18—4)

Vs
==-—x16x14
3
_ 224rn
3
. T 3
Volume is = cm” when x = 4.
b When the bowl is full, depth is 6 cm. 7
1 (6.144m)
Whenx =6,V = §n><36>< 12
= 144r (4.22?.&)
The volume of water is 144 rcm? when the bowl (3.4 5,;{
is full. 2,84

c IfV= ? ? = %ﬂx2(18 —x)
which implies 325 = x*(18 — x)
and .. x> — 18x* +325 =10
Let P(x) = x° — 18x% + 325
P(5)=5-18x5%+325=0

which, by the Factor Theorem, implies that x — 5 is a factor.

P(x) = (x = 5)(x* — 13x + 65)
13+ V169 + 4 x 65
2

x> — 13x — 65 = 0 implies x =
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a

13+ V429

but these two values of x lie outside the domain of V = (0, 6)

x =5 is the only solution.

325
i.e. the depth of the water when V = dl

oz

= r -

em
By Pythagoras’ Theorem
2

h
2
2) =25
r +(2)
h 2
2
25 (2
r1 (2)
ie.r=3 V100 = 12

VA (577.3023)

g
0| 10 h

. Volume of cylinder = =7r°h

1
=X Z(100 — I»h

1
= Znh(loo -1

18 5 cm.
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c V= %ﬂh(l()() —h?)
When h = 6
V= %Xﬂx6(100—36)
= 96r
The volume of the cylinder is 967rcm?

d When V = 48x
1
487 = Zﬂh(lOO e,

192 = 100h - K3

S =100h+192=0
Let P(h) = h* — 100k + 192
P(2)=2°-100x2+ 192
=0

.. h = 2is a factor
o P(h) = (h = 2)(h* + 2h — 96)
P(h) = 0 implies h =2 or h* + 2h — 96 = 0

2+ V4+4x96
- 2
—2 + /388
)
=-1+ V97
But & > 0, .. the only solutions are s = 2 and h = —1 + V97
When h =2
= Lyioo—a

1
25\/%

-2V6
Whelnh = —1+ V97 ~ 8.849
ra 5«/100—78.30

~ 2.33

When the volume of the cylinder is 487 cm? the height is 2 cm and the radius
2V6 ~ 4.899 cm.

OR the height is (-1 + V97) ~ 8.849 and the radius is ~ 2.33 cm.

~h

| =
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S a V=(84-2x) (40 -2x)x

b 84 —-2x>0and40—-2x>0and x >0
© ox<42and x<20and x < 0
maximal domain = (0, 20)

UT 20 x

d i 5760cm?
i 12096 cm’
iii 13056 cm®
iv 12 800 cm?

e Use Intersection from the Analyze Graph menu
x =13.50 or x = 4.18 (answers given correct to two decimal places)

f 13098.71 cm? (use Maximum from the Analyze Graph menu)
6 a i A=2x(16-2x%)
ii 0<x<4
b i A=6(16-9)
=42

ii x =0.82 or x = 3.53 (use Intersection from the Analyze Graph menu)

¢c 1 V=xA
=2x*(16 — x%)

ii x=2.06or x = 3.43 (use Intersection from the Analyze Graph menu)

V4
A=yx+=x?
yX+ox

3
o

b i 100=y+nx
Sy =100 — x
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ii A=(100-7mx)x+ gxz
= 100x — x> + gxz
~ 100x — gxz

100
i (o, —) as x> 0 and y > 0 which implies 100 — x > 0
T

¢ x=12.425
Intersection from the Analyze Graph menu has been used.

i V= i(7—sz+ x)
=50 Y

2
_x _Tto
- 50(100x i )
x2 T 100
= 55(100-3x) we(0.77)

ii V =248.5m? using x = 12.425 when A = 1000

iii Using Intersection from the Analyze Graph menu gives x = 18.84
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8a In a Calculator page solve
the system of equations using

b>Algebra>Solve System of
Equations>Solve System of

Equations.

b Define the function A(x)
Find the height when x = 1.5 m

¢ In a Graphs page, enter the
two functions

The coefficient of x°, although
small, is clearly influential.

d Solve the system of
equations.

Hint: to obtain exact (fraction)
answers the decimal values in
the system of equations can be
written as fractions as shown.

o —
a 07 +b 0% +c Q+d=0
a 102 +b 102 4¢ 104d=1 Eanaals

solvel : <
a- 30 +b- 30°+¢- 20+d=2
@ 40% +b- 40% ¢ 40+d=3
1 17
e and b=——- and ¢=—— and d=0
12000 200 120
! ! 17
Define Al 1':|- - 1 1_3{_ .
12000 200 120
Done

0201521 [f

a 0% +b 0= +c- O4+d=0
a 10°+b 10%+¢
solva i 2 5
a- 30 +b- 30° 4+ 30+d=—

a 40%+b 40240 40+d=—
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Alternatively use
b>Number>Approximate to
Fraction and edit the tolerance
to 5.E-5)

e (i) in a Graphs page enter

the hybrid function using the
oo
piecewise template ** from

the Math Template palette (t)

The result is as shown.

e (ii) The second section of
the graph is formed by a
reflection of the graph of

y = f1(x),x € (0,40) in the
line x = 40

2 -1
ae= and b= and c=— and d=0
000 2000 20
-1 1 29 5 1
h1lx)= cx X ———
6000 2000 20
-.\'3' 29 .‘qc'j X
b IE.\']’- + ——_
6000 2000 20 i
L ot
2159

. Ll
rii.ri-{ﬂg"l' 1 0<x<40
f1(80-x), 40<x=80
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Chapter 5 — Exponential and logarithmic
functions

Solutions to Exercise 5A

1 a Range = (-2, ) 2 a ¥
A
y=3
%: 2
—0.1 ¥Z°
0
b Range = (~1, ) b y
ii y=23% A
=253 \ 0. 1)
:2X y:O
Y 5 \>X
¢ y
¢ Range = (-1, ) A
y 5x
y:
fy=2x+2_1 ©. 1) y=0
> X
\O\ _ _Sx
3 0. DN
d y
A
(0, 1)Ly = )
N > X
(0, _1)Y—(1,5)x
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3 a Range = (0, )
y

A/
jy=3><2x

0 > X

b Range = (0, )

y
A

V= 7><5x
» X

S

¢ Range = (0, )

5 a y Range = R*
d Range = (0, 00)
y
A

W=

<
Il
[\

L

0

4 a Range = (2, )
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e y Range = (2, ) y=flx+1)

f Y Range = (-1, o0)

b Range = (-1, o)

¢ Range = (1, )
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L or=100+1
/(10, 11)
(09 2)3 y:1
g y 5 > X
y=2f(x-1)+1
/ range = (1, o)
0,2 y=1 c y
------------ - y=2(10%)-20
5 >
h y
A
y=fx=2)
2, 1) range = (—20, )
(0.9) y=0
g A - d y
0 A
y=1
8 a y 5 > X
Ay:10x—1 y=1-107"
/ range = (—oo, 1)
> X €
_______ 0 ——Ty—:—_'l )A;y: 10X+1 +3
/(O, 13)

range = (—1, 00) _(;ly p=3

range = (3, o)
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f y

A x
y= 2(10 10)+4
(10, 24)
e
0 > X
range = (4, o)

(100, 408.024)

> X

0
b C; =10000((1.0004)* - 1)

i C; =10000((1.0004)'% — 1)
= 10000(1.040802 — 1)
= $408.02

ii C; =10000((1.0004)*% — 1)
= 10000(1.127470 — 1)
= $1,274.70

c 1000 = 10000((1.0004)* — 1)
(1.0004)* = 1.1
Use the ‘solve’ command of a CAS

calculator to solve for x. This gives
x =238.32... x =239 days
(you must round up in this case)

d i

ii tofind C; < Cy
find C, = C; then round up using
the CAS calculator at

C2 = C1,x = 301.16
for C; < C4
minimum x = 302 days

10 y = 100(1.02)*
what is x when y = 2007?
2 =(1.02)*
Use the ‘solve’ command of a CAS
calculator to solve for x. This gives
x = 35.003. So your money has not
quite doubled after 35 days; it will take
36 days.

11 a i y y=5xy:3x
y=2"
(0, 1)
O| > X
i x<0
iii x>0

iv x = 0 (read off graph)

SOFm
\RE
SOP

0]

> X
i x>0
iii x<O

iv x = 0 (read off graph)
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Solutions to Exercise 5B

1 a y f y
y=2e*
0, 2)
0 X
range = (0, o)
g Y
y=2(1 +¢eX)

range = (2, 00)

y=201%e)

range = (—o0,2)

¢ y
A
y=ex1-2
0, 1 - 2) /
o/ ..
" J y
T T T y==2
range = (-2, 00)
(0, 2¢71) (1,2)
> X
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a

range = (0, o)

range = (—o0, 2)

Translation 2 units to the left and
3 units down

Dilation of factor 3 from the x-axis,
then translation 1 unit to the left and
4 units down

Dilation of factor 5 from the x-axis
and factor % from the y-axis, then

translation % unit to the left

Reflection in the x-axis, then trans-
lation 1 unit to the right and 2 units

up

Dilation of factor 2 from the x-axis,
reflection in the x-axis, then trans-
lation 2 units to the left and 3 units

up

Dilation of factor 4 from the x-axis
and factor % from the y-axis, then
translation 1 unit down

a

y=-2e3-4

y =4 — 23

y=-2¢2-4

y=-2e3-38

y=-2e"3+8

y=-2e"3+8

Translation 2 units to the right and

3 units up

Translation 1 unit to the right and
4 units up, then dilation of factor %
from the x-axis

1
2

dilation of factor % from the x-axis

Translation 5 unit to the right, then

and factor 2 from the y-axis

Translation 1 unit to the left and
2 units down, then reflection in the
X-axis

Translation 2 units to the right and

3 units down, then dilation of factor %
from the x-axis and reflection in the
X-axis

Translation 1 unit up, then dilation of
factor % from the x-axis and factor 2
from the y-axis

x=1.146 or x = —1.841
x = —0.443
x =-0.703

x=1.857 or x = 4.536
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Solutions to Exercise 5C

1

a 3x%? + 2x4H0 = 6x5y°

12x3
b 5 =3a°
X
18x2y? _
¢ 3xty =67
_ 67
T2

d (4x*y")? + ()Y
= 16x%y* + (2x8y%)

=8
e (4x°)
= 42
=16
153y 2)* _
f 3(xty)2 =50y
— 5X28y_6
5x28
32x%%)* 3% 16x8y"2
g 25y 2y
= 24)c5y10

1
h (8x*y%)3 = 2x)?

x2+y2 2+y2

x2+y2

Nl’_‘

X
1
275
x% +y?
2

x%y

— x2y2

3* =81
3x:34
x=4

2% =256
2x:28
x=38

625* =5

1
625" = 6254
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h 2_)‘:6—4
=X _ 96
x=6

1

i5™ &5
5% — 54
x=4

3 a 57" %25 =625

521’! X 54n—2 — 54

56n—2 — 54
bn-2=4
n=1
b 477 =1
42n—2 — 40
2n—-1=0
n=1
1
2n—1 -
¢ ~ 256
42/1—1 — 4—4
2n—-2=-4
-3
n=—
2
3n—2
d 5 =27
3n—2 X 3—211—4 — 33
33n—6 — 33
3n-6=3
n=3

e 2772 x 47" = 64

22n—2 X 2—611 — 26

9—4n=2 _ 96
—4n-2=06
—4n =38
n=-2
f 2n—4 — 84—n

2n—4:212—3n
n—-4=12-3n
n=4

g 271’1—2 — 93n+2
33}’!—6 — 326n+4

3n—-6=6n+4
3n=-10
-10
n=—
3

h 86n+2 — 84}’1—1

on+2=4n-1
2n=-3
-3
n=—
2

io125% =50
512—3n — 56—2}1

12-3n=6-2n
n==6
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J

k

a

b

2n—1 ><42}’l+1 =16
2n—1 X 24n+2 — 24

25n+1 — 24

Sn+1=4

WDl w W

1

(27 x 3")" = 27" x 34

1

(3% x 3")" = 3% x 314
(33+n)n — 33n+%

1
2 1
33n+n _ 33n+ 1

1
3n+n’=3n+ -
n+n l’l4

I’L2:

I

n2:

I+

| =

3% -2(3-3=0
=3"-3)3"+1)=0
3*=3;

Sox=1;

x=1

527 —23(5%)-50=0

= (5" -25)(5"+2)=0
5% =25;

X =2

x=2

-1

¢ 5% -105%)+25=0
(5* =572 =0
5=35

x=1

d 22— 6(2)+8=0
= Q2" -2)2"-4)=0
2" =24
x=1,2

e 8(3%) - 6 = 2(3%)
3243 +3=0
(3*=3)(x-1)=0

3*=3,1
x=1,0

f 22 -20029+64=0
2" -16)2"-4)=0
2" =16,4
x=4,2

g 47 -54H+4=0
@ -HEd* -1)=0
4% =4,1
x=1,0

h 3(3%*)-28(3")+9=0
B3N -D3B* =9 =0
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i 777 -8(79H+1=0
TTH=1)(T"=1)=0
1

7= 2,1
7

x=-1,0
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Solutions to Exercise 5D

2 Note: the natural logarithm function
log, x is often written In x; this notation

is used here.

a

b

In6
In4
In10° =61n 10

In7

1 1
In—— =In— = —1n60
"3xaxs  "eo” "

In(uv X w? X w?) = Inu’°

= 3Inw?

7Inx = In x’

(22 —)

(x* = y%)
=Inl
=0
x=10% =100
log, x =4
x=2"=16

x-5=¢"=1

x=6
x=20=64
In(x+5)=3
x+5=¢
x=e —5=~15.086
2x=e"=1
1
X ==
2
2x+3=¢"=1

2x = =2
x=-1
x=107°

1
~ 1000

log,(x—4)=5
x—4=2-32
x =36

x=15

Inx=1In5
x=5
2
lnlen(83)
=1n4
x=4
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d

e Inx’ —In(x—1) = In(x + 3)

a

In(2x*> —x) =0,x>0

2% —x=1
232 —x—-1=0
Qx+Dx-1)=0

x=-=1

sincex>0,x=1

In

2

X =x+3)x=1

2

X

= x> +2x-3

2x =3

X

3

2

log,,(3 x9) =log,,27

24
logz(g) — log, 4 =2

1
5(10&0 a—log,,b)
1 a
= 3(tozi0 ;)

a
=logy, E

1

=log;, 10 + loglo(

= 10g10(

10a

1
b3

|

SI'—| Q

al - = In(x+3)

|

1 2
log,,vs —10go(27)3 — log,,(64)3

= ot (55 75)
—%0\3% 16

1
= log, (g)

log,, 10 =1

= log,, 10
=1

log, V2 + log, 1 +1log, 4

= log, 4 V2
1

2

5

2

=2

log,, 25 +log,o4 +log;, 10
= log,, 1000
=3

=0

1 —x
10g3(§) = log;(37™)

= —xlog; 3

=—x

log, x — log, y2 + logz(xyz)
= logy(x”)
=2log, x
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¢ In(x?* —y?) —In(x —y) — In(x + y) b 8¢ -¢"-2=0
:ln( x> —y? ) §—e?—2¢=0
(x=y(x+y) (€)Y +2¢"—8=0
=hnl=0 (€ +4) (e -2)=0

et =-4,2

8 a In(x* —2x+8)=Inx* But e* > 0, so:

2 2
_ —
X =2x+8=x o =2

2x =38 x=1n2~0.6931
x=4
b 10 a log, 81 =4
In(5x) —In(3 — 2x) =Ine 1t =81
In(5x) = In(e(3 — 2x)) x=3
3e —2ex = 5x
1
(5+2e)x =3e b logx3—2=5
3e 1
— ~ 0.7814 S =
x 5+ 2e g 32
1
Y75

9 a Inx+In(Bx+1)=1Ine

In(3x* + x) = Ine
) 11 Inx*> +In4 = In(9x — 2)
3x+x—-e=0

45 =9x =2
-1+ VI+12e 5
X = 3 4x°-9x+2=0
_1 — — =
but x> > @Ax-1(x-2)=0
1
1+ VI+12e x=7.2
X =
6
~ 0.7997 12 !
logy N = E(loga 24 —log,0.375 - log, 729)
3 1(1 64 )
~ 2\ "%8a 779
=lo 8
- ga 27
8
N=—
27
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Solutions to Exercise SE

1 a y 2 a y
A

v = log,(3x) ="
/ :/

|

> X I

l 0 3:/4 > X
3 I

|

domain = (3, 00), range = R
b y
A b
y = 4log,(5x) X =

i (4.39, 0)
0
3:/‘/09
>» X
/l '
5

<

C y ¢ y
A A
x=—|l
y =2log (4x) "
|
/ 1o A0.65.0)
1 / x
f > X :/(O -1)
/z :
domain = (-1, o), range = R
d )’ d y
2
y= 310ge A ix 3
- |
2 l
|
0[217(0.79, 0
: /( )

2
domain = (5 , oo), range = R
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x=-2

y
A

0

2N

> X
0,-1.4)

domain = (-2, o), range = R

f v
J

\
=2
|
1 \(3.0)

(0, 1)

-1

~

(1.72, 0)

domain = (-1, c0), range = R

h y

~J

\
(0, 0.69 \

x=2

> X

1\

domain = (—00,2), range = R

b

y =log, 2x

» X

(229

domain = R*

Y

A ix=5
|
iﬁgm(x—@
i > X

01 1/(6,0)

:
1

domain = (5, o)

> <

y=-logjp x

(1,0)

> X

domain = R*
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d Yy h Y
A x——S: A

_py=logig () |
|
1, 0) [0 ~ 1 0
I
I
1
domain = R~ y=logjp(-x—-5)+2

domain = (—oo, —5)

y =4log, (-3x)

domain = R~

y
A
y=2log, 2—x)—6

x=2

> X

domain = R

:
I
- I
0 I
I
<0 > X
/y=210g22x+2 ((() _);1\)0:
domain = R* :
I
g y domain = (—o00,2)
Aly =-2log, (3x) .
Y y=log2x-1)
(4 .
1X=5
| 1
I
I
I
I
I
I
I

Domain = (%, 00)
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<
I
L
o
aQ
S
—
(98]
I
[\®]
)
N

— | (0,-log,(3)),

l (—1,0)\ O\Q
| Y=~

/
y=f=x) \y =f(x)
> X

Domain = (—co, %)

4 a x=1.557

b x=1.189

6 A dilation of factor log, 3 from the
y-axis

7 A dilation of factor I ! from the
0g,

y-axis
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Solutions to Exercise 5F

1 a+b=5...(1)

ae* +b=11...(2)
(2) - (1)
ae*-1)=6

2 alog,5+b)=0...(1)
alog,(10+b)=2...(2)
From (1)
log,(5+b)=0
S5+b=¢
b=-4
From (2)
s.alog,6 =2

2
“= log, 6

3 y=ae*+b
X — —oo,y = 4
4=>
x=0,y=6
6=a+b
=a+4

a=72

y=ae
x=3,y=50
50 =ae"...(1)
x=6,y=10
10 =ae™® ... (2)

=5=¢"

| =

3b=1In5

1
b= gll’ls

W=

b =1n(5)

—X

y=ax53
Soa =250
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6 f(x)=ae ™" +b

x — oo, f(x) — 500
500 =b
x =0, f(x) =700
700 = a + 500
a =200
1

Sub in equation = 50 = a X 3

a =250

y=alog,x+b

x=8,y=10
10=3a+b...(1)

x=32,y=14
14=5a+b...(2)

2)-()=>a=2
Subin (1) = 10=6+b

b=4

y = alog,(x—b)
xX—5y - -
b=5
x=T7,y=3

3 =alog,(7-5)

a=3

10

11

y= ae’™

x=3,y=10
x=6,y=50
10=ae® ... (1)
50 = ae’ ... (2)

@::’5:63}7

(1)
b= ln(S)%

y:a><5§
Subin(1)=10=a x5
a=2

y = alogy(x— b)
x=5,y=2

2=alog,(5-D)..

x=T,y=4

4 =alog,(7T-0)..

Q=)=
210g,(5 — b) = log,(7 — b)
5-b>=7-b

b —10b+25=-b+17

b* -9 +18=0
(b-6)(b-3)=0
b=3o0r6

(1)

.(2)

since log,(x) is only defined for x > 0
and log,(5 — b) is one of the points,

b = 6 is impossible
S~ b=3

Subin (1) = 2 = alog,(5 - 3)
a=?2

y=aln(x-b)+c
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vertical asymptote x = 1, .. b =1
y=aln(x-1)+c
x=3,y=10
10=aln2+c...(1)
x=5y=12
12=alnd +c...(2)
=2aln2 +c
2)-(1)=aln2=2

2
= — ~ 2.885
“T 2
y=2log,(x—-1)+c
Subin (1) = 10 =2log,2 + ¢

c=28

12 f(x)=aln(—x)+b

f-2) =6
6=aln2+b...(1)
x=-4, f(-4) =8
8=aln4)+b...(2)
8=2aln2+5b

2)-(1)=2=aln2

2
= — ~ 2.885
“ In2

Subinl =>6=2+5b

x=-2,

b=4
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Solutions to Exercise 5G

1 a log,8 =klog,7+2

3-2

= klog, 7

1 =klog27

1

- log, 7

b log,7—-xlog,7=4
(1 -x)log27 =4

l-x=

x=1

log,(7) — 4
X=—-

4
log, 7
4
- log, 7

log, 7

¢ log,7—-xlog, 14 =1

2 a 258
b -0.32
c 2.18
d 1.16
e —2.32
f -0.68
g —-2.15
h -1.38

i 2.89

log,7 -1

= xlog, 14

X =

log, 14

_log,7-1

—4.42
5.76
—-6.21
2.38

2.80

x <281
x>1.63
x < —0.68
x <3.89

x>0.57

x=1log,5

2x—1=1og; 8
2x = log;(8) + 1
3 log;(8) +1

T

3x+ 1 =1log,20

3x =log;(20) - 1
log,(20) — 1

X=——

x =logy 7
x =log; 6
x =logs 6

Leta = 3F
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a

a*=9a+8=0
(a-8)(a-1)=0
La=8ora=1
3 =8o0r3" =1

Sox=logz8orx=0

Leta =5*
@ -4a-5=0

(a=5(a+1)=0
La=5ora=-1
5 =50r5" =-1

Sx=1

7> 52 & x >log; 52

3271 <40 © 2x - 1 < log; 40
& 2x < log;(40) + 1

1
& x < 5 (logy(40) + 1)
1
= 5(log;(120)
431 > 5 o 3x+1>1og,5
© 3x > log,(5) -1

1 5
S x> 3 10g4(1)

1

5
= 6 10g2(1)

35 <30 @ x— 5 < log; 30
& 3x < log;(30) + 5

1
& x < 7(logs(30) + 5)
= 10g,(7290)

3 < 106 & x < log; 106

5 < 0.6 © x <logs0.6

6 a alog,7=3-logs14

7

alog,7 = 10g6(—)

alog, 7 =logs 216 — logs 14

108
7

108
1°g6(7)

log, 7

| 108
47& In2

In6 Xﬁ
2.73622  0.69314

1791759 ~ 194591
4 = 1.5271138 x 0.356207

a = 0.544

b log; 18 =log;, k

In18

log, k= ——

In3

=2.6309
k= 1126309

k =549.3

log.p=gq=p=rt (1)

log,N=p=r=q" (2)
Raise both sides of (2) to the power g:

ri = (g")!

(from (1))

Change to logarithm form:
log, p = pq

u =logy x

a x=09¢

b loge(3x) = logy(3 x 9")

= logy 9" + log, 3
1

=u+=

2
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x=9"
= log, x = log, 9"
= 1 =ulog, 9
1

= — =
u

log, 81

ST N =

log, 81 =

9 logsx=16log,5
- Inx _ 161In5
In5 In x
(In x)* = 16(In5)?
Inx =+41In5
ot 625

X =
1

=625, —
X =625, 53

10 ¢” =25 = p = log, 25

lo = 108, 4 = :
&4 log,5 log,5

22

B log, 25 B 1_9
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Solutions to Exercise SH

1 f71:(=2,00) 5 R, f7'(x) =log,(x+2) 5 a  domain(f) =R

range(f) =R
2 :u o domain(f™") =R
¥ =flx}
W er=a range(f~') =R
\ L f(x) =1n2x
0,4 AV
o b ST x = In2f(x)
y=3 | B
S [V 2 (x) =¢"
P I
- P . 1 .
73T i) = 5¢
to find f~!(x),
f(X) —e ¥+ 3 b domainf = R+
P A CRR rangef = R
o3/ domainf™' =R
— =e
rangef ' = R*

—f7'(x) = In(x - 3)

f(x) =31In(2x) + 1
i x) = —In(x - 3)

x=3InQ2f (X)) +1

x—1

3 ¥ = In(2f ' (x)
A x=1 3
7o 2w =T
A 1 a=tL
0,21 7 y=px) ) = €3
-_f_/r,_)_;.&-: _________
: 0 i 2.0 s ¢ domain(f) = R, range(f) = (2, 00)
: . domain(f~") = (2, o), range(f ') = R
to find £~ (x), Sy =e"+2
f(x) =In(x-1) ox=el '™y
x=In(f'(x) - 1) P S )
e=f"'-1 [ =In(x-2)
fly=e"+1
y+4
4 x=e3
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d domain(f) = R,range(f) = R* g

domain(f™!) = R, range(f‘l) =R domain(f) = (-1, o0), range(f) = R
f(x) = o2 domain(f_l) =R, range(f‘l) = (-1, 00)
R f(x) =log;o(x+ 1)
Inx=fx)+2 f(x) = loglo(f‘l(x) +1)
) =Inx—2 ff+1=10
i)y =10"-1
e domain(f) = ( ! oo)
277 h  domain(f) = R, range(f) = R*
range(f) =R . domain(f™!) = R, range(f"") = R
domain(f™!) = R, flx)=2 o
range(f™!) = ( — %, oo) x = 207 ™-D
£(x) = InQx + 1) g = U7 @D
x=InQ2f (x) + 1) -1 = 1n(§)
=21 +1 .
—1 _ X
) = e —1 f (x)—ln(2)+1
2
f domain(f) = (—%, oo), 6
range(f) = R

domain(f™!) = R,

range(f) = - 3, 0]

f(x) =41n(3x +2)
x=4In@f (x) +2)

e =3 (x)+2 ,‘ x=1
P et -2 b range(f) = (=0, 1)
= 3 o
domain(f™") = (—o0, 1)
f)=1-e"

x=1-e¢ /'@

—/"' () =In(1 - x)
S =-In(1-x)
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ac

b

ac

-
x==3 ’

(0.2) .

&

=

([}. —Elr log, ﬂ.{w)

1

I

I

! -

! 012,00 s
|

I

I

I

i e 52T

f(x) =5¢* -3
x=5e2"W_3

X+ 3 — eszl(x)

5
2£1(x) = m(’“sr 3)
oo 1nfe2?

domain = (-3, o0)
f_] : (_3’00) - R’

1
—1 _ =
f(x) = 2ln(

x+3)

5

%
LY
LY
LY
—
L}
a|=
&

b f(x)=2Inx+1
x=2Inf"'(x)+1

x—1

2

f—l(x) — e(%)

range (f~') = domain(f) = R*

10 a

=Inf'(x

201



Z=x b using the CAS calculator
(8.964, 8.964), (-2.969, -2.969)

n=

2

ln(z) 13 a
1 yy_ 1/ \e
2lx(5) =35y )
2 6 In x

y=In2x-1)

g 2x—1=¢

11 a f(x)=2¢"-4
x+4
2

) = ln(

— /'@

x+4)

b using the CAS calculator

(0895, 0.895), (=3.962, -3.962) b f(x) and g(x) are inverse functions

12 a f(x)=2In(x+3)+4
x=2In(f'(x)+3)+4

(55) =@ +3)
i) +3= e(%“)

i) = e(%‘) -3

202



Solutions to Exercise 51

t
1 a N=1000x 215

b 50 minutes
\

2 d=d,10™ o ) o
Whent=1,d =52 cm P (.1 — L
When ¢ =3, d = 80 2 Inl10] 5
Consider the equations
52 =d,10™ .(D
80 = d, 10" ...(2) Ea
I8)(1)v1de (z) by (D Approximate the solutions using
50 107 b>Number>Convert to Decimal.

20
et
1 20 3 2665
m = > logyg (B) ~ 0.094 e 1‘ tu'ﬂ and dom——
Substitute in (1) o =
. (20) ’ | f201 ) m=0 093543
5 logiol — n|l—
52 =dy10° \13 [ 113 |
ft= b Diecimal
1 2 In{ 10}
20\2
1og10(—) 6 JE5 de=d41 9217 |
52 =dy10 13 do= ¥ Decimal Lij
) L v
202 EE)
Hence 52 = (—) 1/2d, I
13
1
13\2 _ k
anddoz(—)2x52 3 a N=Npe"
20
m ~ 0.094 and dy ~ 41.9237 i Whens=0,N=20000
_ 0
Graphic calculator techniques for 20000 = Noe
questi()n i.e. Ny = 20 000

In a Calculator page use:
b>Algebra>Solve System of Equa-
tions>Solve System of Equations and

ii N =20 000ek
When ¢ = 1, N = 20 000and20%
of 20 000 = 16 000
16 000 = 20 000 x &
=08
k = 1og,(0.8) ~ —0.223

enter as shown opposite.

Hint: do can be entered using a template
from t, otherwise just use dO.
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b When N = 5000

1
5 a At=1690) = S
5000 = 20 000e'*%*

1
~1690k _ 1
0.25=0.8' Aoe = 24
_ log,(0.25) 2 = !0
log,(0.8) log,2 = 1690k
It takes about 6.2 years for there to be ~ 1690
5000 people infected.
b A =0.24
4 M= Mye™ _%, 1
Whent=0,M = 10 Age = ng
When ¢ =140,M =5 log,2
-1
5 = ¢ 1690
a 10 =My ¢
log 5 — 10g62t
Mo =10 %8> = 1690
Also 5 = 10e™ 4% log,5
t=1690
0.5 = o140k log,2
L -1 o (0.5 = 3924
= Tag 08O
1
= 720 108.(2) = 0.00495 6 A=A
_3 Whent=0,A =20
= 495 X 10 AO — 20
-1 Half life is 24 000 years.
b Whent=70M = 10T °%@*7 +. 10 = 2024000k
— 106_05 log, 2 ) 1 1
k= ——1log, (=
105 205 24000 083
B When does 20% remain?
~ 7.0711 206 = 4
The mass is 7.07 g after 70 days. o = 1
1 1 : 1
¢ When M =2 2 = 10eT0!°& 2 t= 7 log(3)
02 = zﬁ t =~ 55726 years
1
r= 14020802 355 07
log,(2) 7 A=Ay
After 325 days the mass remaining

1
A= iAo when t = 5730
1
35

is 2g.
— 5730k
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! ! b 6389k
Sk = 1 — . m
5730 1083
When does 40% remain?
e =04 11 P =500000(1.1)"
ot = 2 4000000 = 500000(1.1)"
>, 8 = (1.1
t=210g,(3) n~21.82
t = 7575 years
12 T = Toe™
P = Pyel When ¢ =0,7 = 100
When ¢ = 0, P = 10000 ~ To =100
-, Pg = 10000 T340 whent=>
AngOOOwhent:B --gze
L2 Bk | )
2 k= -3 loge(g)
1 3
k= el loge(i) T = 100k
pP= 100006“ When ¢t = 15
T = 100e™15*
a When =16 T =064
P = 10000¢'6
. P =16471 13 N = Noe*
b 30000 = 10000¢H 101 = Noe™... (1)
log, 3 = kt 203 = Noe* ... (2)
1 ..
t= z log,(3) Divide(2) by (1)
£~ 35 203 _
101
i o 1l 203
C = Cy(1.12)" = 5108 101
M = My(0.94)" k ~ 0.349, Ny =~ 50.25
My =5C
oM = 5C)(0.94)" 5
C>5M & (1.12)" > 25(0.94)" 14 a k= 10&:(1)
This happens after approximatel
18.4 yezfs PP Y b 7.21 hours

P(h) = 1000 x 1070.03428%

a 607 millibars
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15 a N=axb
1000 = a
15000 = 1000 x b°
15=0
a = 1000, b = 153

b N > 5000 3 hours
1000%" > 5000
b'>5
b>2097...

c N > 1000 000
10004" > 1 000 000
b' > 1000
t>12.75...
13 hours

d 664 690
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1 ay=e-2

x=0y=-1

y=0:¢"=2=x=1log,2
asymptote: y = —2

¥
A
fx)=ex-2
(log. 2, 0)

0/ =X
0,1
____________ 3,_____2
y=10""+1
x=0:y=2

no x intercepts as y > 1
asymptote: y = 1

\f(x)= 0=+

p=1 s
0
1 X
= (-1
y 2(e )
x=0:y=0
1
asymptote: y = )
y
A 1
h(x)=7(e*-1)
= X
e S | ST
i
k]

Solutions to Technology-free questions

d y=2-¢"
x=0y=1
y:O;e_x:2=>x:—10g62
asymptote: y = 2
y
A
y=2
ony
/[ 0 = X
(~log. 2, 0)

y=log,(2x+1)
x=0:y=0

1
asymptote: x = =3

y
A

fix)=log, 2x+1)

<

__1
="

y=log,(x-1)+1
no y intercepts as x > 1

y=0:log,(x-1)=-1=x= l+e7!

asymptote: x = 1

y
A

ix=1

I

|

| /

I

1 -
o[ -

i (1+e-1,0)

A(x) =log,(x— 1)+ 1
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g y=—log,(x—-1) The domain of ! is R.

no y intercepts as x > 1 Interchange x and y and solve for y:
y=0: -log,(x-1)=0=>x=2 x=3log,(y—2)
asymptote: x = 1 X
1 -2)=-
$ 0g.(y-2) =3
A X
y=e3+2

f_li R - R, f_l(x) = e% +2

¢ f(x) = logy(x + 1)

]

i

I

|

I

: > X

0| | domain = (-1, o), range = R

i The domain of f~!is R.

i

I

Interchange x and y and solve for y:

x=1 x =log,,(y + 1)
h y=—log,(1-x) y=10"-1
x=0:y=0 fFAR->R A x)=10"-1
asymptote: x = 1
y d f(x)=2"+1

A domain = R*, range = (2, )
The domain of ! is (2, o).

Interchange x and y and solve for y:

L > X x=2"+1
2=x-1
y =log,(x—1)

12,000 5 R, f71(x) = logy(x = 1)

2 a fx)=e* -1

3 alo =1lo +2
domain = R, range = (-1, c0) gy g.(x)

The domain of f~! is (=1, o) . = log,(x) + log,(¢?)
Interchange x and y and solve for y: = 1oge(62 X)
x=e¥ -1 )
y=ex
¥ =x+1

2y = log, (x + 1) b log,,y =log;x+1

y= 3 log,(x+ 1)

fl‘li (—1,00) = R, (%) =
Eloge(x+ 1)

= log;, 10x
y = 10x

b f(x) = 3log,(x - 2)
domain = (2, c0), range = R
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a

log,y =3log, x +4
= log, x* + log, 2*
= log, 16x°
y = 16x°

log,py=—-1+5log;,x

0

= log 10
=
y= E

log,y =3 —1log, x
= log, ¢* — log, x
3
= log, =
X

3 =11
x =logz 11

_log, 11
a log, 3

(Alternatively, take logarithms to base
e of both sides and simplify, as in part

¢ below.)

2*=0.8
x =1og,(0.8)
B log,(0.8)

= by change of base

log, 2

by change of base

c X — 3x+1

log, 2" = log,

3x+1

xlog,2 = (x+1)log,3

xlog,2 — xlog,3 =log, 3

x(log,2 —log,3) = log, 3

log, 3

te log,2 - log, 3

_ log,3

T2
oz )
02| 3

a 2¥-2-2=0
22 -2"-2=0
2"=2)2*+1)=0

2'=2,-1
But 2* > 0 for all real x, so the only

solution is given by 2*

b log,3x—-1)=0

3x-1=1
3x=2

2

X =—

3

¢ log,2x)+1=0

2x = 10"
1
" 10
1
Y720

2,1e.x=1.
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102 -7x10"+12=0

(10°? -7x10°+12=0

(10" =3)(10* =4) =0
10°=3,4

x =log,, 3,log,, 4

6 y=3log,(x+1)+2

x=0:y=3log, 1 +2=2
y intercept: (0,2), so b = 2.
y=0:3log,(x+1)+2=0
Solving for x:
3log,(x+1)=-2

2

log,(x+ 1) = -3
2

x+1=23

2

x=23-1
2 2
X intercept: (2_3 - 1,0) soa=23-1

f(k) = 5log,y(k + 1) = 6, so solving
for k:
Slogl0k+1)=6

6
log10(k + 1) = 3

6
k+1=105
6
k=105 -1
8 4¢3 =287
4
287
e )
‘x Oge 4
11 (287)
— Doe (281
T T 3%\

9 3log,x=3+log,8
=3 +log, 2’
=3 +3log,2
= 3(1 + log,2)
log,x=1+1og,2
= log,a +log,2
= log, 2a

x=2a

10 Given 3* =4Y = 12¢

xlog,(3) = ylog,(4) = zlog,(12)
xlog,(3) = ylog,(4) =
Z(J}Sge@) +log,(4))

X+ y
z(log,(3) + log,(4))
3 log,(3)
~ z(log,(3) +log,(4))
log,(3)
Z(log,(3) + log,(4))
log,(3)
(log,(3) +log,(4))
log,(3)

z(log,(3) + log,(4))
log,(4)
z(log,(3) + log,(4))
log,(4)
(log,(3) +log,(4))
log,(4)
(log,(3) + log,(4))
log,(4)

Z(log,(3) + log,(4))*

z(log,(3)log,(4) + log,(4) log,(4)) + (log,(3)log,(3) + log,(4) log,(3))

_ 2(log,(3) +log,(4))?
~ z(log,(3) + log,(4))>
Z

OR
2

Y= log,, 4

xX= oz, 3 and
B Z
V= log,, 3log,, 4
z N z
log;,3 log,4
_ z(logy, 3 +1og,4)
- log,, 3log,, 4

xX+y=

Therefore =z

X+y
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11 2log, 12 +3log, 5 — log, 15 — log, 150
= log,(12% x 5%) — log,(15 x 150)
 log, 24 %32 x 53

32 x5x2
= log, 8

=3

12 a log,7 +log, k=0

log, 7k =0
Tk =1

1

k==

7

b 4log,3 +2log,2—log, 144 =2

3% x 22
1 =2
% 114
3*x22
144 1
_3
=3
13 Iny=a+blnx
Iny—-blnx=a
y _
lng—a
Y _ a
o€
y:eaxb

14 The range of f is the range of a
complete log function, which is R. So
the domain of f~!is R.

15 y = f(x) = e** = 3ke* +5
0,0):1-3k+5=0,s0k=2
Hence y = ** — 6e* + 5.

X — —00,e* —6e*+5—-0+0+5=25,

16

17

18

19

so the horizontal asymptote is y = 5 and

therefore b = 5.
Now find when y = 0, i.e.
e -6 +5=0

e*=1DEe*-5=0
e =1,5
x=0,log,5

x = 0 corresponds to the intercept

(0,0), so x = log, 5 corresponds to the

intercept (a, 0). Thus a = log, 5.

3¥ — ekx
xlog,(3) = kx for all x
k =log,(3)

a fl(x)= %loge(x +4),
dom f~! = (-4, )

1
—4
3x+4

@1 =27
klog,(27) = 27
3k =27

k=9

a xX-3"-6x+8=0
(x—1D(x*-2x—-8)=0
x-Dx-DHx+2)=0

x=lorx=4orx=-2

b et=1oref=4o0re*=-2

Hence x = 0 or x = log,(4)
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20 a Domain of f o g = domain of g = R

fogx = loge(2x2 +4)

a 2
= ——=—+1=0
Range = [log,(4), o) >3
2 —
b Domain of ™! = [log,(4), ) a—4+2a=0
Consider P +2a—4=0
_ 2
x =log,(2y" +4) g VITTE
e* =2y* +4 a=——"—"
2 =e -4 =-1x V5
»_e -4 na=-1+V5
Y=
et —4
== log,(x)
Y 23 1 _ 9%
2 8ab* = Jog (ab)
Bl (x) = — exz— 4 _ log,(»
Range of h~! = R~ log,(a) + log,(b)
_ log,(x)
1 +log,b)
21 Let g(x) = 2" and f(x) = x* — 12x + 32 1 —log4,(2) log 14 —log4(2)
log, 42 log,, 2
a f(g(x) =0 _ log, 7
22— 12x2°+32=0 ~ Tog,, 2
2" -82 -4 =0 = log, 7

x=3o0rx=2
24
b g(f(x) =1

2_
2x 12x+32 — 1

P + [ =5
(e +e )+ —e)?=5
2+ e F e 24 =5
2e* +2¢7 =5

¢ 2™ 42 = 56
fg' ) =0 2e — 5 +2=0
(log, x)* = 121log,(x) + 32 = 0 (26 — 1)(e* —2) = 0

X —12x+32=0

x=4orx=28

log,(x) = 4 or log,(x) =8 1 1
2 4 ? g x=-=log,(2) or x = = log,(2)
x=2"orx=2 2 2

x=16o0rx =256
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25 a Lety=3%andy =3"*?-2
Rearranging the second equation
y/ +2 = 3x’+2
Therefore we can write:

1
Intersect at (— log; 4, 4_1)

¢ Letx=23""2-2
y=logs(x+2)-2

x:x'+23ndy:y’+2 f—l:(_z,oo)_)R’f—l(x):
Hence X’ =x—-2andy =y-2 logs(x +2) —2
c=d=-2
b 32 -2=3" 26 a f(—x) = f(x)
9)(3 —3 :2 b2(€“+€_u)
8x3'=2
. 1 c O
4 d e +e2
x = —log;(4)
When x = —log, 4, e g(—x)=—gx)
y = 3_10g34 — l
4 f 2¢%, 2¢7", > — ¢72*
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Solutions to multiple-choice questions

1 C 4log,x* =log, 16 +8

=log, 2" + 8
=4log,2+8
(%)
4log, — =8
08 =
2
X
log, — =2
08 3
x_2:b2
2
X = 2b?
x=+V2b

2 D log,4e*
=log, 4 + log, ¢**

=log, 4 + 3x

3 B 3logz(x—4)

=x—-4

4 E The Functions g and 4 here the

same domain of R\{—1}, so B = C.
It follows that either option D or E

Must be true.

Now range (g) = R\{0}.

Using a CAS calculator to plot
the graph of 4 shows that range

(h) # R\{0}.
5 A Asx=5

log,o(5k —3) =2
5k—3 =107
5k = 103
103
k= —

5

6 C

7 B

8 A

9 C

10 D

4logs x+log; 4x
31083 23
— 310g3 x*+logy 4x
— 310g3 4x°
=4x°

Using the ‘solve’ command CAS
calculator gives x = 0.2755.. ., so
x =~ 0.28.

The graph is translated 3 units in
the negative direction of the y axis
b=-3

When x =0,y =0

0=ae’ -3

0=a-3
a=73

f:R" >R, f(x) =logs x
(5,0)
0 # logs 5

0+1
The graph does not pass through the

point (5,0).

3log, x —7log,(x — 1) =2 + log, y
3

log, - =2+log,y

_r
(x—=1)

m—logz)’ZZ
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11 A e —12 = —¢* 15 B Consider

et -12=0 x= e
(" +4)(e* —3) =0 3y +4 =log,(x)
L3 3y =log,(x) —4

x = log,(3) y= %(loge(x) —-4)
12 C [ = %(loge(x) —-4)
5 c Domain of f~! = range of

f=(e* )

14 D

16 D f(6x)=2log,(18x) = loge(324x2)
f(6x) = f(y) = y = 32447

215



Solutions to extended-response questions

1 The temperature, 7°C, of a liquid x minutes after it begins to cool is given by

T =90(0.98)"

a When x =10
T =90(0.98)'°

= 73.5366

b WhenT =27
27 = 90(0.98)*
27
— =10.98"
90

0.3 =0.98"

log,(0.3) = xlog,(0.98)

_ log,(0.3)
¥~ 10g,(0.98)

= 59.5946

2 Let P denote the population of the village in years after 1800.

P =240(1.06)"
Whenn =0, P =240

a Whenn =20
P = 240(1.06)*° = 769.71

At the beginning of 1820 the population is approximately 770.

b If P =2500
2500 = 240(1.06)"

2500
— = (1.06)"
240 (1.06)

125
ie. — = (1.06)"
Le. 4 (1.06)

Taking logarithms of both sides
125
log, (E) = nlog(1.06)
1 (125)
1)
log,(1.06)

=40.217

The population will reach 2500 in the year 1840.
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3 V=ket

a asV =22497 whent =0
k =22497
After one year the value of the car is $18 000
Take logarithms, base e of both sides.
log, 18 000 = log,(22 497)A
22 497
18 000)

~ (0.223

A= loge(

~ (.22 (correct to two decimal places)

b V =22497¢ 0223
whent =3
V =22497¢70%9

=11627.60
The value is $11 627.6 after 3 years. (This is obtained by taking A = 0.22)

4 $M is the value of a particular house in a certain area ¢ years after January Ist 1988.

a Itis given that M = Ae™"
and when r = 0, M = $65 000
A =65 000
Furthermore when t = 1, M = 61 000
61 000 = 65 000e™?

61
P
65 ¢
61
¢ el
i.e =lo (6—5)
e p_ ge 61
p = 0.635

A =65 000 and p = 0.064 to two significant figures.

b M = 65 000e !
Whent =15
M = 65 000e™"

=47 199.687
To the nearest hundred the value is $47 200
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5 a Ny(t) = 10000 + 1 000z y
Ne(r) = 8000 + 3 x 2 A

1=8000 +3x 2!
T >

0 15

b i Using intersect from the CALC menu the point of intersection of the two graphs
has coordinates (12.21, 22209.62)

ii r=12.211.e.onJan 13

ii 22210
¢ i 10 000 + 1007 = 8000 + 3 x 2
2000 + 10007 = 3 x 2'
2000 +1000r
o
2000 + 1000
loglo(f) =tlogyp2
2+t
log,o 1000 + 1og10(T) = tlog,y2

1 (3 1 (2 + t))
O —
log,,2 &10{73

ii (12.21, 12.21) is found by

d N.(15) = Ny(15)
8000 + ¢ x 2! = 10 000 + 1000 x 15
cx 2% =17000
c=0.52

6 n=A1-eb)

a 1 Whenr=2,n=10000and when ¢t =4,n = 15 000
10000 = A(1 —e7?B) (1)

and 15000 = A(1 —e™*B)  (2)
Divide (2) by (1)
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A - e B

3_4Ad-e7)
2 A(l —e2B)
3(1 — e28) = 2(1 — e7*B)
3-3¢28=02_2¢48
1+2e*8 3728 =0
ii Leta=e28
Then 1 +2a*>-3a =0
ie.2a>2-3a+1=0
iii . Q2a-1D@-1)=0
1
S.a= 3 or a=1
iv e 2B =
S=2B = loge(z) or -2B=0
1
. B= Eloge2 or B =0, and then A € R* and n = 0 for any A.

v Substitute in (1)
10 000 = A(l - e_1°g<’2)

1
10 000 = A(l _ lox. z)

1
10 000 = A(—)
2

A =20000

(—%logEZ)
¢ 18000 = 20 OOO(I—e )

1
18 000 = 20 000(1 _ 2‘5)
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t
~3 log,2 =log, 0.1

2log, 10
= ~ 6.644
log, 2

After 6.65 hours the population is 18 000

7 P =75(10"%15")

a Whenh=0,P=75
The barometric pressure is 75 cm of mercury when 4 = 0.

b When /s =10,P =75x 1071° =2.3717
The barometric pressure is 2.37 cm when & = 10.

¢ When P =60
60 = 75 x 1070157

0.8 = 107"

= 0.646 km
The barometric pressure is 60 cm of mercury then 4 = 0.646.

8§ A= A()ekt
Whent =1, a=60.7
Whent=6,a=5
Consider the equations
60.7 = Age (1)
5=A4" (2
Divide 2 by 1

50 o
607 ¢
1 50
k=~ log =) ~ —0.4993 ~ —0.5
5 °g€(607) %9

Substitute in (1)
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1
50 \3
60.7 = A (—)

N607

1
6074
Ay = 60.7 x (5)5 ~ 100.007 ~ 100

9 a Note: Whenr=0,x=8(1-1)=0

-0.2¢

A Ast — oo, e —-0..x—>8

0

b i Whent=0,x=8(1-1)=0 Amount reacted after O min is 0 gram
ii Whent=2,x=8(1-¢%) ~264 Amountreacted after 2 min is ~ 2.64 gram

iii Whent=10,x=8(1-¢2)~6.92 Amount reacted after 10 min is ~ 6.92
gram
¢ Whenx=7,7 = 8(1 — e ")
0.875=1-¢"%
e " =0.125
—-0.2¢t = log,(0.125)
t = -51log,(0.125)
=5log, 8
~ 10.397
After 10.4 minutes there is 7 g of the substance which has reacted.
10 T-T,=(Tp - Tye™
T, =15°
Ty =96°

a Whent=5,T =40
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40 — 15 = (96 — 15)e™*
25 = 81e*

5 25
81

25

-5k =1 —

Oge 81

1 25
k=—-1log =2
5 %83

~ 0.235

e

b Whent =10
%(logg%)xlo
T —-15=(96 —-15),
25\?
. .T—15:81><(—)
ie 21

T =22716

The temperature of the egg is 22.7°C when ¢ = 10.

¢ WhenT =30

1( g)
s\log 81
30 -15=(96 - 15),

1

I5_ (2

81 \81

5=
"27 \81

t=7.17
The egg reaches a temperature of 30°C after 7.17 minutes.

20e%% 0<t<50
11 N(t) = {20! 50<t<70
100+ 1) t>70
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a N(1)
A
20e10 -

10e10 ~
(0, 20)
0 50 70

b i N0)=20"19 (0<t<50)
= 20e>
~ 147.78

ii N@40) =204 (0 <1< 50)
= 20¢®
~59619.16

iii N(60)=20e"" (50 <1< 70)
~ 440 529.32

iv N(80) = 10’8 + 1)(r > 70)
=10e'%(e7'" + 1)
= 10(1 + €'%)
~ 220 274.66
¢ i Considering the graph

N = 2968 for 0 < ¢ < 50
2968 = 20.e"%

148.4 = &%
t = 5log,(148.4)

= 24.99955
After 25 days the population is 2968.
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ii For N =21932,0 <t < 50. This can be seen from the graph above.
21932 = 20."%

1096.6 = "%
t = 510g,(1096.6)

~ 34.9998
After 35 days the population is 21932.
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Chapter 6 — Circular functions

Solutions to Exercise 6A

1 a 50° =

50
1807

_57r
18

b 136° =

c 250° =

d 340° =

e 420° =

136
80"
34n
45

250
80"
251
18

340
@n
177
9

420
180"

T 7
— =180° x = = 140°
9 9

T 7
357 =2 = L% 180° = 630°
T=%5 73

T 7
— = — x 180° = 252°
5 5 x 180 5
0.8 = 180 x 0.8 = 45.84°
T
1.64 = 180 X 1.64 = 93.97°
25 = 180 X 2.5 = 143.24°
T
3.96 = 12;0 X 3.96 = 226.89°
4.18 = 180 x 4.18 = 239.50°
T
5.95 = 180 X 5.95 =340.91°

T

T
7O:— 70: .
3 180°X3 0.65

T

74° =
180°

x74° =1.29

Ve
115° = —— x 115° = 2,01
5° = e X 115° =20

m
122.25° = —— x 122.25° = 2.1
5 130° X 5 3

T
40° = —— x 340° = 5.
340° = oo X 340° = 5.93

m
132.5° = —— x 132.5° = 2.31
325 180°X35 3
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Solutions to Exercise 6B

1 ¢ —0.87
d 092
e —0.67
f -0.23
) g —0.99
a sin37r=0
h 0.44
b cos (—5;) =0
i —34.23
.
c sm(—) =-1 Jj —2.57
2
d cos3m=-1 k 0.95
e sin(—4n) =0 1 0.75
f tan-7=0 3 . (37r 1
a sin|—|=—
)
g tan2r =0 V2
h tan-27=0
i cos(23n) =cosm=-1
497 T b cos my_ -t
) COS(T) - COS(E) =0 3/ 2
k cos(357) = cosm = —1
—45 _
1 cos( > ﬂ) = cos(%) =0
m tan(247) = tan(0) = 0 . cos(7—”) _-V3
6 2
n cos(20m) =cos(0) =1
2 a 099
b 0.52
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sin(r — 6) = sinf = 0.52
cos(m+ x) = —cosx = —0.68
sin(2r + 0) = sinf = 0.52
tan(r + @) = tan(a) = 0.4
sin(r + ) = —sin9 = —0.52

cos(2m — x) = cos(—x) = cos x = 0.68

tan(2m — @) = tan(—a)
= —tana

= —0.4

cos(mr — x) = —cosx = —0.68

i sin(—¢) = —sind = —0.52

j cos(—x) =cosx =0.68

tan(—a) = —tan(a) = —-0.4

0.4
-0.7
0.4
1.2
-0.4
0.7
-1.2

-0.7

i —04

j 0.7

-1.2

1
sin(150°%) = 3

cos(150°) = T\@

tan(150°) = @
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-1 1
b sin(225°) = — e sin(-315°) = —
2 2
-1 1
cos(225°%) = — cos(—315°) = —
2 2
tan(225°) = 1 tan(-315°) = 1
¢ sin(405°) = : f sin(-30°) = -
\2 2
1 V3
cos(405°) = — cos(=30°) = —
\2 2
-1
tan(405°) = 1 tan(—-30°) = —
\3

(ensure calculator is in radians not degrees)

—\3
d sin(—120°):—\/_
2
-1
2

cos(—120°) =

tan(—120°) = V3
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Solutions to Exercise 6C
1 sinx=0.3,cosx=0.6,tanx =0.7
a cos(—a)=cosa =0.6
T

b sm(z + a/) =cosa = 0.6
¢ tan(—6) = —tan6 = 0.7
d cos(g - x) =sinx =0.3
e sin(—x) = —sinx = —0.3

1
f tan(7—2r - 9) = cotan(9) = 70

+ oz) = cos(m + a)

=—cosa = -0.6

j cos(3ﬂ ) cos( _ﬂ )
— —x]|= ——X
] 2 2

co (”+ )
=cos|= +x
2
= —sinx
=-0.3
k tan(3—7r—9):L:E
2 tan @ 7

1 cos(%ﬂ - 0) =sinx =0.3

2 a == 2
COS X 5
3
§st27r 1 54
Method 1
cos’ x +sin®x =1
9
g+sin2x:1
16
.2 1V
sin x—25
. _i4
sin x = 5
37T< < 2m, sin 4
— <x s xX=—
2~ T 5
sinx -4
tan x = = —
COS X 3
5
b sinx=—
sin x B
g
—<x<nm 13 5
Method 2 -
from the triangle,
Cosx:_1—3 SOH CAH TOA
) sinx -5
anx = = —
COS X 12
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4
c CosS x = 5 1 e CoS X = 3
3_7T<x<2ﬂ 5 cos’x=1-sin’x
2 9
1 - 2
2
=5z 25
cos” x 75 .
. b8
sin2 x=1- 0052 X Since 7 <x <2m
sin’ 24 sin 3
X =— X=—-—
25 5
+26 sin x
o ( _
sinx = 5 an x o5t
] 3 < x < 2m, sin ~2V6 = 3
since — < x s Y= —" - _=
2 ’ 5 4
sin x
tanxzcosx:_zx/g ¢ G e
13
12 socos’x=1-sin’x
d sinx = B ) 55
scos’x=1—sin’x 169
25 _ 144
= — ~ 169
169 3
) 3 Since m <x < —
Since T <x < > 2
5 12
COSX = ——
=—-7 13
COS X E |
. sin x
Sin x tan x =
tan x = COS X
CcOoS X
12 _ S
== 12
5
g Cos X = 0
socos’x=1-sin’x
_36
100

Since 3; <x <2n

. 3
SInx =——
5
sin x
tan x =
COS X
3
4
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Solutions to Exercise 6D

1

a

b

Dilation of factor 4 from the x-axis,

dilation of factor from the y-axis;

21
Amplitude = 4; Period = 3

Dilation of factor 5 from the x-axis,

dilation of factor 3 from the y-axis;
Amplitude = 5; Period = 67

Dilation of factor 6 from the x-axis,

dilation of factor 2 from the y-axis;
Amplitude = 6; Period = 4

Dilation of factor 4 from the x-axis,

dilation of factor from the y-axis;

2
Amplitude = 4; Period = ?ﬂ

Dilation of factor 2 from the x-axis,

dilation of factor from the y-axis;

2n
Amplitude = 2; Period = 5

Dilation of factor 3 from the x-axis,

dilation of factor 4 from the y-axis;

Amplitude = 3; Period = 87

Dilation of factor 6 from the x-axis,
dilation of factor 5 from the y-axis;
Amplitude = 6; Period = 10z

Dilation of factor 3 from the x-axis,
dilation of factor % from the y-axis;

2
Amplitude = 3; Period = 7”

Amplitude = 2

Period = —
y
2
0 T o 0
3 3
-2
Amplitude = 2
Period = 7
ﬁ An
) 4 2/ 4
Amplitude = 3
Period = 6
y
3
> 0
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d Period =« 6 Period = = 2 =4

T
2

- 1
Amplitude = 3 Amplitude = 3

y y
1 3
3 /
: —> 0
O ™\ z fron 1
34 4 4 0 1
e Amplitude = 3
2
Period = %T 7 Period = = ?ﬂ
Y Amplitude = 5
y
3
A
. — >0 >
Of = n\ 3n /& T o
3] 8 A\ 2 6
— >» X

f Amplitude = 4 0 7—5\37 A\
Period = 87 =5

y

42 5
\ / 8Period:=7ﬂ=ﬂ
T e 4 1
0 2\/n 8; Amplitude = 5
—4-

2
5 Period = il 1
2

Amplitude = 3
y
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9

10

Period = =

Amplitude = 2
y

0| m\ 2n/n 4z
3\3/ 3
2

2

Period = = =4

:
Amplitude = 3
Y

34

0 2t 3

7]
\ /s
3.>x

2

4t

11 y=sinx

Dilation of factor 2 from the x-axis
= y=2sinx
Dilation of factor 3 from the y-axis

= y= 2sin(§)

12 y=cosx

1
Dilation of factori from the x-axis

1
= y==-CosX

Dilation of factor 3 from the y-axis

= = lCOS(f)
Y= 303

13 y=sinx

1
Dilation of factori from the x-axis

I .
= y=—sinx

Dilation of factor 2 from the y-axis

i
= — S| —
=83
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Solutions to Exercise 6E

La o773
b 7 1lx 137 23
66 6 6
. A 57 107 1lx
3’3737 3
d n 7n 97 157
4 4° 4° 4
e T Sr
2’2
f n, 3
. -1
2 a sinx=—
x:sin_l(l)
2
St -«
X=—, —
6 6
b cosx=—
x—cos_l(ﬁ)
B 2
-T 7
X=—, —
6 6

3 a V2sinx=1
sinx = —
2
m 3
4’ 4

X =

b V2cosx=-1

1
COS X = ———

2

3m 5w
xX=—,—
4° 4

¢ 2cosx=-V3

d 2sinx+1=0

. 1
sinx = ——
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\/icosx: 1

1
CoOSX = —

V2

21 4r
373

sinx = 0.6
calculator gives x; = 0.6435
second answer is 7 — x; = 2.498

cosx =0.8
calculator gives x; = 0.6435
second answer is 27 — x; = 5.640

sinx = —0.45
calculator gives x; = 5.816
second answer is 7 — x; = 3.608

cosx =-0.2
calculator gives x; = 1.772
second answer is 27 — x; = 4.511

sin6° = 0.3
calculator gives 8; = 17.46
second answer is 180° — 6, = 162.54

cosf’ =04
calculator gives 8; = 66.42
second answer is 360° — 6; = 293.58

sin6° = —0.8
calculator gives 6; = 306.87
second answer is 180° — 6, = 233.13

d cos6° =-0.5

0, =120
second answer is 6, — 360° — 6; = 240

1
6 0°) = =
a cos(6°) >

0= cos_l(l)
B 2
6 = 60,300
b sin(6°) = V3
2
V3
o _ :..—1 B
6° = sin ( > )
6 =60,120
¢ sin(0°) = -l
V2
6 = 225,315
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o — 3
d 2cos0”°+1=0 b cos20:£

O _1 2
cos ¢ = 5 sy ¥ 1 131 23
/1 6 6 6 6
6 = cos (E) . 7 1lx 137 23x
0 = 120,240 1212 12 " 12
1
20 = —
¢ sin 5
n 57 130 17n
29:_’_’_’_
6 6 6 6
9= n St 13n 17x
7 127127 127 12
3
e sin(0°) = — 1
2 d sin30=-—
Y V2
6" =sin” (7) 30 = 57 7n 137 157 21n 23«
T 404740 40 40 4
6 = 60,120 3 S Tn 13m 1571(_ 57r)
127127 127 120 47
217r(_ 77r) 231
12 4712
e cos29:—£
-3 2
f cos(0”) = —— 2 = St Tn 177 197
2 66 6 6
o =COS_1(_\/§) 0 - S5t Ir 177 197
2 127127 127 12
6 =150,210 1
f sin2 = ——
V2
Sn 77 13n 15
ZQ_Z’Z’T’T
9= Sr T7n 13n 157
878787 8

. 1
7 a s1n20:—§
_In 1lm 197 237
"6 66 6
_In 1lm 197 237
12120120 12

26
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cos3x:—£
2
Ay = Srm Tn 177 197 297 31n
T 6666 6
_ 57 Tn 11x 197 297 3ln
TTI8 18718180 18 18

) 1
sm2x:§
n 5t 137 17n
2x= =, —,—, —
6 6 6 6
_ x5t 13z 1Tn
TR 1212
cos3x:L
2
Ay = n Tn 97 157 1770 23n
YA A a a4
_n In 3n 5z 17n 23¢
T a1 12
. 1
sm3x:§
3y = 7w 57 137 177 257 29«
766 6666

o 57 13n 177 257 29r
YT 180 180 180 18 0 18

sin2x =

1
V2

Re)

n 11
2x = —
o 4
8

b

Re)

T

ol K~
o g &8

b b
b 9

[
oo‘»—\-lk
N

b

cos3x = —

ol

3x:5—ﬂ 7_7r 1770 197 297 31n
6’66 676 6
_5n In 17x 197 297 31x
YTI8 1818 187 18 18

St T7n 13n 5n Tn 23nm
x — — — — —

2.03444,2.67795, 5.17604, 5.81954
1.89255, 2.81984, 5.03414, 5.96143
0.57964, 2.56195, 3.72123, 5.70355

0.309098, 1.7853, 2.40349, 3.87969,
4.49789, 5.97409
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Solutions to Exercise 6F

1 a Period = 27; Amplitude = 3; y = £3

y
A

3_

[\

—3-

oIS -
;] -

o2
N

€
=

b Period = r; Amplitude = 1; y = +1

y
A

1-

\

> 0

—14

VAV

2
¢ Period = ?ﬂ; Amplitude = 2; y = £2

Period = 7; Amplitude = V3:
y==V3

Y
A
\3 -

[\ %
2
0— —> 0

3 -
Period = m; Amplitude = 3; y = +3
Y
i a\
0 A 1[t> X
2
—3-
. 2r .
Period = ?; Amplitude = 2; y = +2
Y
A
.\ . /. > 0
I \ n o
4 N2 2

Period = m; Amplitude = V2;
y==V2

A

A
0 > 0

_\/2_




h Period = 7; Amplitude = 3; y = +3 V3 V3
, P Y 3a f0)=-= f@m=-—

3!\

y
x T
__O 7_755_75 __3 >x
6 312 6 21%

T
12
_3 g)
i Period = m; Amplitude = 3; y = +3
1
Y 4 a f(-m=-—, f(m)=——F
\ v G
3
T —> 0
7;5 0 T /\ AO’ 2
B 2 1 0
—3_ _7'[ __1 1
T2

X
ol
ay sm2
b y = 3sin(2x)
X

- 2sin(3)

cy sm3

/s
d B . 2( B _)
y=sin2jx— 2

e i 1( +ﬂ)
=SIn —-\|\x —
Y "3
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Solutions to Exercise 6G

1 a

ol

34

2 a2sinx+1=0

sinx = —

| =

b 2sin2x— V3 =0

sin2x = —
in2x >

C
COS !

X=-——
V2

S

Y

0, 1+12)
0 N > X
l—ﬁw 3n St 2n

4 4

d 2sin2x-2=0

sin2x = 1

[\®)
=
Il

NERSIE
S RS

=
I

it
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T
2sin(x — =) = -1
e sin(x 4)

in( 7r) 1
sin(x — —) = ———
DN
n St n
X——=—,—,—
4 4 2 2
3 a y-axis intercept
y=-2
x-axis intercepts
2sin(3x) =2
sin(3x) = 1
3 37 7 57 9n
X=—-——, =, —, =
2727272
n o St 3n
X ===, 7 7>~
. 26 6 2
Endpoints

When x = —m,y = -2
When x =2r,y = -2

b y-axis intercept
y=-V2

x-axis intercepts

T

4

cos(3(x — %) =0

b T 50 3n nnw
U i R
37 S5x Tn 9r
2262
n. Ir S5r 3m mnm
T 6 6 66
37 Sn Tn 9r
6666
37, 14z 10m 6r 21 21 Orn
T TR TR AR TR TR L)
10m 147 187
127127 12
_ . Tn m m 5zt 9n
127 12 4°12°12°12°
137 177 21n
127127 12
Endpoints

When x = —m,y = V2
When x = 27,y = —V2

Y

—lln-7n - |x 57 91 13n 17n 2In
12 12 12 12 12 12 12

¢ y-axis intercept
y=-3
Endpoints
When x = -1,y = -3
When x = 2r,y = -3

Y
—T + T 21

-1

N I I A I N S N B | > X

©n, -3)
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TN\
> 0

Ol n 4m n
243 3 3
Period = 2r
Amplitude = 2
Range = [-2, 2]
(2m, -2) A

Period = 7
4 a y Amplitude = 1
cr i+ T2 AE B @i+ Range = [~1, 1]
X c
y
-
A

- 0| = 3n
4, 4 4

Period = &
Amplitude = 3
c y Range = [-3, 3]
d
A
> 0
Ol = 5m In
34 2 6 6
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2
Period = —
erio 3

Amplitude = V3
Range = [— V3, \/§]

0| =

2
Period = i
Amplitude = 2
Range = [-1, 3]

> X

ﬁ_

Amplitude = 3
Range = [—4,2]

0 ﬁ n

6 6
Period = 7

Amplitude = V2

Range = [- V2 + 2,2 + V2]

Y
A
7_
37\
T —> X
10_ \/ T n
2
Period =«
Amplitude = 4
Range = [-1,7]
Y
A
4
3 .
o
14 X 3m
2 2
_O e
19 T
Period =«
Amplitude = 3
Range = [-1, 5]

4
y= 2cos(x - —)
1 Vs
el
m Dilation of factor 3 from the x-axis

m Reflection in the x-axis

Dilation of factor % from the y-axis

m Dilation of factor 3 from the x-axis
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m Dilation of factor % from the y-axis c
m Reflection in the x-axis
. T . .
m Translation 3 units to the right
Dilation of factor 3 from the x-axis

m Dilation of factor % from the y-axis d

. s . .
m Translation 3 units to the right and
2 units up

Dilation of factor 2 from the x-axis
m Dilation of factor % from the y-axis

m Reflection in the x-axis

e
m Translation 73—T units to the right and
5 units up
8 a y
3
2
1
T |= X
_10 E\E/éﬂ 2n
3 3
2n 4r
Intercepts: (?,O), (?,0) 9 a

T 117
Intercept :(—,0), (—,0),
ntercepts: ( 15

137 231
(?0)’ (E’ 0)

.
O2-DA 4
Oln\ © /2n
0,—2-1)
m n
Intercepts: (Z’ 0), (Z’ O)t
y
A
— X
0 2n

-4
Intercepts: (0, 0), (27, 0)

Y
A
1+ 21
0, 2) 2m ,2)
3n
2 X
T —
0 T TC\/ 21
1-21 2
3
Intercepts: (r,0), (7, O)
Yy
- N AT

-In
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A A
(m, 1)
S 10 AN o @AX
—T 14 g 5™ o 0 T
6 6 f

T T~ T~ T T T T TT1> X
- —TCO T

= _ 1
(1) 2 1 (m, 1)

s 2)
-On -5n -® 3n Tn llx

12 12 12 12 12 12
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Solutions to Exercise 6H

1 a

y = sin6 + 2cosO

“
\\\2 4
T \ I

——>X
\\
\
N\

N
RSN
1

y = %€0820—sin6

2

4 3y =3 cos0+sin26

y=2sin 6 —4cos 6
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Solutions to Exercise 61

lan:E Yy
3
A=4 47
> [
0 3 6
—4-
2
bl’l—7 y
a=2 24
0
2
-2
2
cn—? y
a=3 3A
15
4
>
0 5 5
4
—3
T
2A—3,l’l—Z

JT
3A=-4 n="
"%

JT
4 A=05 g= 2"
€= 3

SA=3,n=3,b=5

=4
2
g
n
b
n=-—
4
t=2,y=0
0=4sin(5><2+s)
4
sin(g+8)20
8:—7—r+x7r,x€Z

(i.e. € can be an infinity of no.s,
separated by )

(7T+) 1
sin[ = ==
379773
7r+ (7r Sr i
—+e=|—-, — X7
3 6 6
82(%”, g)+2x7r,x€Z
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3
T
=g
t=2,y=2
2:4sin(%x2+s)+2
sin(—+s):0

4-0
:—:2
2
d=4-A=2
2
2 _
n
T
’/l —
3
t=1,y=3

- 5
€= Fﬂ, £)+2x7r,x€Z

note: for Q1, Q2, 05, 06, 07 & 08
A could take the negative of the value
given if € is changed to € + 7
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Solutions to Exercise 6J

b T=
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117

St & In

b 0 A
127 12712712
5 tan(2(x—73—r)):1
b4 n St 97 13«
X Ax—=)==-,—, — —
(2(x 3)) 1 4 a
n w57 9
X—=—=—-, —, —
3 8 8 8
8 B 31 157 27m 397
c YT T w4 24 4
y _ 11z 237 357 47n
A : : : : 247247 247 24
l l l l
I I I I P
. . . I 6 tan((x—-))= V3
I I I I 4
] ] ] > X
0 m T T X 3m 2m (x_g)_7_r4_7r
4 3 [2 ] E) l 77373
o 4 16n
' ! ' ! 12 12’ 12
T 197
X=—,—
a tan(2x) =1 127 12
) o 57 97 13w
T4 a0 g 7 a y
m 57 97 137 AI | :
X=3%, 5 5 o
8 8 8 8 /: : :
0,1)d1 I 12w, 1
b tan(2x) = -1 ©.1) I I /)!( >)x
oy = n S5m 3n In 0 :n ,B :
'x 4’ 4’ 4’ 49 : : :
n S5m 3n In I [ I
X=—=, "7 5 5
8 8 8 8 b y
C tan(zx):_\/g A 1 1
I I
) dr 7w 2m Sw : :
Y= 2T
373737 37 : :
2r  mw mw Swm | I
X=—7FH"7s% | I
3763 6 0 o |2n’x
I I
g > _xxEn ! !
6° 363 : :
I I
I I

251



c 10 a ¢
i} yyzcost—sian
l l l l 1
I I I I
I I I I
I I I I
I I I I
; ; : —> X
0 ITT ITT 81 127
2 l l nld Brn
I I I I 4 4
I I I I
I I I I
A (S
\ 8 \2/\ 872
A
I I I I
I I I I
: : : : 11 a V3sinx=cosx
I I I I
-3 ~
f: : : : V3tanx = 1
} } } } > X |
-2 : -1 —l: 0 l: 1 '3 2 tanx = ——
I 2 I |2 3
I I I I
I I I I . T In
I | | | ==, —
I I I I 6 6
b sin(4x) = cos(4x)
{ tan(4x) = 1
i : 4 n St 97 13«
! ! Ty 4o
I I 170 21x 257 29nm
l 0 l 4° 4 4 4
I I
T\ TN EE _ 7 o 9r D3n
2\ 14 4 2 16° 16° 16" 16~
: : 177 21m 257 29«
: : 167 167 16° 16
I I
I I ¢ V3 sin(2x) = cos(2x)
1
tan(2x) = —
\3
yo# Tn 13 1%
667 676
_ T Tn 137 197
12712 127 12
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-1

d tan(2x) = —
V3
) S 1lx 17n0 23«
X =—, s s
6 6 6 6
_57r 11r 1770 23rm
T2 12 12 12
€ .
sin(3x) = —cos(3x)
tan(3x) = —1
37 7n 11lm 157 197 23r
3x =

4747 4 4 4 4

o T 117 57 197 237
Trn R T 12
1

f tanx = =

using the CAS calculator x = 0.4636,
3.6052

g tanx =2
using the CAS calculator x = 1.1071,
4.2487

h tan(2x) = -1
37 Tn 1lm 15«
ZX = T Ty T T
4" 4 4 4
3 37 Tn 1lm 15«
TR 888

i V3sin(3x) = cos(3x)

1
tan(3x)—\/§
3 _n Ir 13m
T 6 6
197 257 3l1x
6 67 6
_n In 13rm
TTI8 18 18
197 257 31n
18° 187 18

j tan(3x) = V3

3p= X 4n In
337 37
100 137 16rx
37 37 3
_n 4 Tn
T 99
100 137 16rx
9’ 9’7 9
12a,c
y=cosx+13 sin x
V3
1 ¥y = COSX
0| m\ \« 3m o
2 2
—14
—V31 y =13 sinx
b (X _ﬁ) (7_ﬂ _ﬁ)
6 2/\6’ 2
T
13 a tan(Zx—Z): V3
b8 2w 4r Tr 107
DA m = m e oD
4 3’33373 3
57 Tr 197 31x 437
Iy =---

=St T 197 31x 437

X = ---

but0 < x <2n
_In 197 317 437

YT 4 a0
b tan(2x) -1
an(Zzx) = —
V3
_57r 117 177 23n
*T6° 6 6 6
_57r 117 1770 23n
T2 12 12
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C tan(3x—g):—1
g T Tn ix
6 447 4°
157 197 23x
40 4 4

117 237 357 47rn

3x =

127127 127 12°

59 Tln
12712
_ 1ln 237 357
T 36736 36°
471 597 Tln
36736 36

14 asymptotes at t = (2k + 1)%

T

perio 3
=",
n
n=73

t=—,y=5

15

~ ~
Il Il

=}
Il

~
Il

= NI— XN N 3N
<
Il
o))

@)
I
ot
o
=
—

1N
SN —

>
Il
o)l

254



Solutions to Exercise 6K

1 a cos?'(1)=0 3 3 sinx:l
2
i 2r+0=2r1 x—z 5_7T
66
i 4r+0=4rn
ili —47+0=-4 3
. " & bcos2x:£
b cos‘l(_—l) _2x 2 11
2) 3 x=rt 1T
Y76 6
e =T o r lin
. 2. 10m  14n
" 4Ni?_T’T ¢ tan2x= -3
2 Sm
2r —l4r —-10m = 02N
A+ == = ,
iii 7r+3 T 3 33
T Sw
X=—-, —
376
V3
2 a cosx=—
2
— o 1
x:(%, £)+2nn nez 4 x=nm+(-1)"sin 1(5)
b8
()
nm+(—1) 3
/4 117
:—2’ :—2 + - = —-—
n X Vi G ¢
Vs Tr
b2$iﬂ3.x:\/§ n:—l’x:—ﬂ'_gz_Z
V3 o a
in3x = — n=0, x=—
sin 3x > 5 5
2 _ _ n _Sm
3x:(;—r, ?ﬂ)+2nn nez l’l—l,X—ﬂ'—g—E
(ﬂ' 27r)+2n7r c7 ..
X=\=, — — n
9 9 3 117 77 m 5rm
X=——, ——, =, —/
6 6 6 6
ctanx:\@
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1
S x=2nm+(m=2xn+) cos_l(—)

T
=2nmw+ —

T 11

gzg,?ﬂ+2nn,nez
(57r on

x=|—, —
6 6

57 3w

—, —|+2

(6’ 2)+ o

)+2mr

7 cos(2x +

2x + +2nmn € Z

Noay B3
I I
n

N

(0, —g) + 2nm

) +3 +37r
xX=-2n+—,—m, T+ —
4’ b 4’
3 3
0, I, 7T,7r+Z7T
_—57r —7r0 3 T
'x 4 b 7T9 4’ b 4’71.’ 4

8 tan(j—r — 3x) = L

6 V3
%—3x:g+nﬂ nez
3x—E:mr—E nez

6
The—vebecomes part of n

3x =nr
x:? nez
2r -m
= -7, —(, _70
X b8 3 3
’ V3
-V3
sin(4mx) = ——
2
4
4ﬂx:(?ﬂ, 5—7T)+2n7r nez
1 5 n
x—(g, E)'FE nez
1 -1
x:—1+—,—1+i,
3 127 2
—1+5 1 5 1+
2 12737 12’2
=2 -7 -1 -1
37127 6712°
1 5 511
3’127 6° 12
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Solutions to Exercise 6L
1 a From the graph

i The range of the function is [2, 5]
and the amplitude is 1.5.

ii The period is 12.

L 4

iii The function is of the form
d=asin(nt+&)+b
d{m} 'y

b Whenis d(t) < 3.5?
Consider d(t) = 3.5

35=35-1.5 cos(lt)

37 6
it
/\/\ o cos(g) =0
21 7 37 St In

it
Andg—iorgoriorjor-n

5 I-2 2’4 '{mr:]l t=3or9or15o0r2lor---
The amplitude is 1.5. From the graph
Therefore a = 1.5 d(t) <3.5forte[0,3)U(9,15) U (21,24]
The period is 12.
2 oo
Therefore =2 = 12 and n = ~ 2 adn=6+ 4005(— - —)
n 6 6 3
.. 1 )
The centre of motion is at d = 35. 10
1 (0. 8)
Therefore b = 35 6
t
d=15sin(Z +e)+35 5
Centre: d = 6
2 =1.5si 3.5
sin(e) + Range: [6 — 4, 6 + 4] = [2,10]
-1.5 = 1.5sin(e) Period: 2 7 = g =12
. 3n
sin(e) = ~land & = = When 1 = 0, d(0) = 6 + 4cos( =
. (mt  3rm 3
d=15sin(Z+ ) +35 .
6 2 =6+4-=8
) 3n - 2
But sm(@ + 7) = cosf When t = 24,
d=35-15c0%) d(24) = 6.+ 4 cos(4r -
' 6
1
iv The length of the hour hand =6+4Xx 5= 8

is 1.5m. This is given by the

amplitude. b Highest level is 10 m.

Consider 10 = 6 + 4003(% - g)
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l—cos(ﬂ—t—z)
B 6 3

: %t = g (No need to consider other
solution as question asks for earliest
time.)

SLt=2

The water is first at its highest at

2:00 a.m.
¢ Whend(r) =2

2:6+4cos(%t—£)

3
1—cos(m ﬂ)
- 6 3
t
", %:;—TZJTOI‘?)JTOI‘SJTOI'--'
nt 4w 107 167

. —=-—O0r——Of —— Of ---

6 3 3 3

St=8or20o0r32o0r ---
Only 8 and 20 are in the required

domain.
.. The water is 2 m up the wall at
8:00 a.m. and 8:00 p.m.

3 a The time between high tides is

12 hours, so the period = 12

2 T
—=12=>n=-
"= %

"lzlhe average depth is 5 metres.
Therefore b = 5.
The high tide is 8 m. Therefore
amplitude =8 —5=3and A =3

I = 3 sin(%t N g) s
When r = 0, & = 8 (¢ is the number of
hours after 12:00 noon.)

8 =3sin(e) + 5

sin(fe) = 1 and € = g
(7t T
h(t) =3 sm(g + 5) +5
Tt
cos ; +

b When/h =6

1 1 1
X (5) or 2w + cos_l(g) or 4m — cos_l(g)

t= écos‘l(l) or 12 — 9cos‘l(l) or 12
n 3 Vs 3

-+ g cos_l(%) or 24 — g cos_l(%)

~ 2.351 or 9.649 or 14.351 or 21.649

Depth of the water is 6 metres at the
following times (times measured
from 12 noon).
2:21 p.m. 9:39 p.m. 2:21 a.m.
9:39 am.

L] L] ‘h
0 6 12 18 24

4 a Greatest distance occurs when

sin3t =1
.. greatest distance = 3 + 2 = 5Sm.

b Least distance occurs when

sin 3t = -1
.. least distance = 3 — 2 = 1m.

¢ Whenx=5
5=3+2sin3¢
2 = 2sin 3¢
1 = sin 3¢
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T St 9« it
= or—or=—or --- b D=A-B=2 (—)—1
3t 2or > or > or CcoS B
t—ﬂor5ﬂor9ﬂor 4
= G 6 D

For 0 < ¢ < 5 the times are: 0.524 sec,
2.618sec, 4.712 sec

S 241
d Whenx =3 -
3=3+2sin3¢ -3
c
0 = sin 3¢
3t=0ormor2ror3ror --- d The inside temperature is less than
o the outside temperature.
t=0or 3 o3 ormor .- This occurs when
For O <t < 3 the times are: O sec, A< B
1.047 sec, 2.094 sec S A-B<0
©D<0
e The particle oscillates about the point Consider D=0
x=3fromx=1tox=>35. t
0=2 (—)—1
cos{ 15
it
=21 - - i 1 t
5 A=21 3cos(12) or 0 <t <24 gives Tmplies 1_ cos(ﬂ—)
the temperature inside the house and 2 12
1
B:22—5005(%)f0r0$t§24gives f—;:gors?ﬂor~-
the temperature outside the house. f—dor20or .-
a When ¢t = 4 (time measured from For 0<7<24, D<O0forte(4,20),
4:00 a.m.) ie. 4 <t<?20.
4
A =21-3cos i
12 6
m a i
=21 -3cos — ha
3 imetres)
—21-15 ool I o Y . SN VR .

/

1.e. the temperature outside the house I

is 19.5°C at 8:00 a.m. s
=

- - - t t >
| 135 315 49.5 7.5 85.5 103.5 120 r(minutes)
1
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b Whent =0, h = 15sin(-45)° + 16.5 f

= 5.89m (correct to two decimal t =100, A(100) = 15sin(100 —45) + 16.5
places) — 155in955° + 16.5
¢ Solving the equation A(t) = 5 ~ 4.21 metres

5 = 15sin(10¢ — 45)° + 16.5
sin€ ) g The phase shift will be different

—11.5 = 15sin(10z — 45)° for Hamish; the range and the
23 period will be the same. Consider

—— =sin(107 — 45)°
30 - Sn(10r =457 k() = 15 sin(10¢ + ¢)° + 16.5
The first positive solution is t = 27.51 When 7 = 0, k(0) = 1.5

15sin(+¢)° +16.5 = 1.5

seconds correct to two decimal

places.
sin¢® = —1
d There are 6 points of intersection . .
with the graph of 4 =5 ¢ =270
k(t) = 15sin(10z + 270)° + 16.5
e 20 times f = 100,

k(100) = 15sin(1270°) + 16.5

~ 13.9 metres
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Solutions to technology-free questions

1 Note that x € [—m, 2x] throughout.

a sin !
inx =<
2
x is in the first or second quadrant.
m St
xX=—=, —
6 6
1
b 2cosx=-1,s0cosx = ——
x is in the second or third quadrant.
2n 2 A4nm
X=—= 5 &5
333
3
¢ 2cosx = V3,s0cosx = i
x is in the first or fourth quadrant.
o orx lln
6’6" 6
. ) 1
d V2sinx+1= 0,sosinx = ———
V2

x is in the third and fourth quadrants.
3n & St In

ARy

e 4sinx+2=0,sosinx = )

x is in the third or fourth quadrant.
S0 Tm llnx

66 6 6

X =

f sin2x+1=0,s0sin2x = -1

) n 3n Ir
X=-—=, —, —
27272
n 3r In
X=—=, —/—, —
4° 47 4
1
g Cos2x=———

2x is in the second or third quadrant.
St 3m 3n S5x llm 13m
T4 4 d a4
St 3m 3m Sn 1ln 13nm
8 8 8 8 88

2x = —

X =-

1
h 2sin3x—-1=0,s0sin3x = 3
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3x is in the first or second quadrant.

3yo _x _Tmox Sm 13w

6’ 666" 6
177 257 29«
6 6

117 7m0 m 5n 137
ISTRNTRTI TN
177 257 297
187187 18

2 a y=sin3x
2
y=0:x =0, f’ X for one cycle
3°3
¥
]
14

=
3 i
1 -

b y=2sin2x-1

flx)=s5n3x

1
y sin2x >

5
2x = %, Fﬂ for one cycle
m Snm
X=— —
12712
x=0:y=-1
y
A
Mx)=2sin2x— 1
1/
ﬂfln = ‘.rlr B
1112 12
=3
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¢ y=2sin2x+1

1
=0:8in2x = ——
y sin 2x 3

T 11
2x = Fﬂ’ ?ﬂ for one cycle
_In 1n
T
x=0:y=1
¥
i
fx)=2sm2x + 1
3_

0 m\ Jus
1 - 12 12

d y=2 sin(x - %) so translate the graph of y = 2 sin x by % to the right.
Vg
=0: si ( - —) =0
y sinjx — -

X — 1 =0, &, 2x for one cycle
7 5t 9

T4
¥

A
Jix)= Zsin( - B

1/

0l = 5t w
4 4 4
-2
X
e y=2sin—
y sin 37”
y:O:sin?:O
7r3_x = 0, m, 27 for one cycle
x=0,3,6
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0 3\/.5 =
24

X
fyv=2 —
’ - %rx
=0: — =0
y cos ,

nx mw 3m
— = — for one cycle

4 272
x=2,6
x=0:y=2

3 Note that x € [0, 360] throughout.

a

sinx® = 0.5
x° is in the first or second quadrant.
x =30,150

cos(2x)° =0
2x = 90,270,450, 630

x =45,135,225,315

V3

2sin x° = — V3,80 sin x° = —

x° 1s in the third or fourth quadrant.
x = 240,300

Sin(2x + 60)° = —g

(2x + 60)° is in the third or fourth quadrant.
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2x + 60 = 240, 300, 600, 660
2x = 180, 240, 540, 600
x =90, 120,270,300

1y Iy 3
e Zfin(ix) = \/5, SO sin(ix) = 7\/_
(Ex) is in the first or second quadrant.

1
7x= 60, 120

x = 120,240

4 a y:2sin(x+;—r)+2
The graph is that of y = 2 sin x translated g units to the left and 2 units up.

y=0: sin(x+g): -1

n 3r
X+ 3% for one cycle

_In

6

x=0:y= V3+2

¥
i

K
d"y-z.-un[;—.i}ﬂ

b yz—25in(x+7§r)+1

The graph is that of y = —2 sin x translated 73—T units to the left and 1 unit up.

. n 1
y:O:s1n(x+§):§
m nmSm
X+ 366 for one cycle
_nr
¥==53

x:0:y:1—‘/§
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-1 (0, 1<%3)

c y=2sin(x—%)+ V3

The graph is that of y = 2 sin x translated % units to the right and V3 units up.

y=0: sin(x—z):—ﬁ
4 2
x—z = 4n 5—ﬂfor one cycle
4 373
_ 197 23n
12012

3-21 1 197 B3r 9
4 12 12 4
d y=-3sinx
y=0: x=0,r,2nx for one cycle
¥y
A
3 4 ¥ =—3sinx
0
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m
—sin[x-2)+3
ey s1n(x 6)+

. . T . . .
The graph is that of y = sin x translated 3 units to the right and 3 units up, so there
are no x intercepts.

T T T > X
Oz m 13z
6 6 ]
£ y:2sin(x—g)+ 1
Now sin(x - g) = - sin(g - x) = —CO0s X, S0y = —2cosx + 11is an equivalent form.
The graph is that of y = —2 cos x translated 1 unit up.
=0:cosx == y
’ g 2 A
7o for one cycle
X==,—
33 Y
x=0:y=-1

¥
i
| i; \ /\/};T i

y= sinlx

a The line with equation y = 0.6 cuts the curve with equation y = sin 2x four times.
The equation has 4 solutions.

b The curve with equation y = sin 2x cuts the curve with equation y = cos x four times.
The equation has 4 solutions.

¢ Rewrite the equation in the form:
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sin2x — 1 = cos x

The curve with equation y = sin2x — 1 is that of y = sin 2x translated 1 unit down.
Looking at the graphs above, it is clear that translating the sine graph 1 unit down
means that two intersections with the cosine graph are lost and only two remain. The
equation has 2 solutions.

6 a y=3cosx’®

b y=cos2x’

A

1_
\ 90 [\ 270/
1 T 1 > X
0 U180U360
..1-
¢ y=cos(x—30)°

The graph is that of y = cos x° translated 30° to the right.

x:0,360:y:£
2
P

A

14 V3
\,r3//f (360’ —5)
k7

T T T > X
30 W 360
=11

7 Note that x € [—m, 7] throughout.

=

a tanx = \/§
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x is in the first or third quadrant.
2 1

X=—, =
3°3
b tanx = -1

x is in the second or fourth quadrant.
n 3nm

YT
¢ tan2x = —1

2x is in the second or fourth quadrant.
) St nm 3n I
X = -

paliy
3 Sr 7r37r7_7r
TTTRTR 88

d tan(2x) + V3 =0,s0tan2x = -3

2x is in the second or fourth quadrant.
4t m 2m Sm

=TTy
27 mom 5w
=T33
Stan(x):\@
2w
R
T .7
9 a acosg—smg
\/§a_1
2 2
1
Y
V3
T3
btanxzﬁ
3
e
=5
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10 a sin2x = -1

2x = —g+2n7r

b8
x=—Z+n7r,n€Z

b cos2x=1
3x =2nm
2
X = —?,neZ

c tanx = -1

T
X=nr——,n€E’L
4
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Solutions to multiple-choice questions

1 C 3sin(%x—ﬂ)+4

Period = —ﬂ, n= 1
n
2
-1
2
Period = 4n

2 A f(x)= SCOS(Zx— g)—7

Range = [-7+5, -7 - 5]
Range = [-2, —12]

3 E y=sinx
A dilation of factor % from the
y-axis:
y = sin(2x)
A translation of ~ in the positive

direction of the x axis:

i)

4 D f:R—-R, f(x)=asin(bx)+c
Ve
Period = —
erio b
5 A 3sinx)-1=»b

It is only possible for the equation
to have one positive real number
solution at the turning point:

Max value = 2

6 C

7 C

9 C

10 E

11 C

12 B

f(x)=pcosSx+q, p>0
f(x) <0

0> pcosSx+gq
Maximum y value must be negative,

this value occurs at x = 0

S 0>pcosO+g¢g
Lps—q

One rotation = period
2r 1

6r 3

y = COos X

A dilation of factor 2 from the
x-axis:

y=2cosx

A translation of % in the positive

direction of the x-axis:

T
y cos|x — -
Period of graph shown:
Vs
i
n
Vs
n=—

Graph is translated 3 units in the
positive direction of the y-axis. As
the graph is initially positive it must
be a sine function.

y=343 sin(’%)
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Solutions to extended-response questions

1 The time between high tide and low tide is 6 hours.
Assume the function modelling the river is sinusoidal.
i.e.d(t) =asin(nt +&)+ b
where d(¢) is the depth at time ¢ (measured from 0)
Period = 12 .. =% = 12 and n = ’—6r
Average depth :n4m ie.d =4isthecentre.. b =4
Highest value = 5 .. amplitude =5-4 =1
Range = [3,5]anda =1

. (Tt
a d@)= sm(g + 8) +4 i dt’rlnms{%r)ﬂ

Also there is a high tide at 12:00. :
Whent=12,d=5 : :W

5=sin2r+¢)+4

i.e. sin(e) = 1 ———————%
0l 3 6 9 12 15 18 21 24 1
and .. 8:7—T
2
nt 7
di) = '(—+—)+4
(1) s1n6 >
. bd
But s1n(9+ E)ZCOSH
Tt
d(r) = cos(g) +4

b For d(t) > 4 consider first d = 4
4 = cos(ﬂ—t) +4
B 6

it
=0
cos(6)

ﬂ—zorS—ﬂors—”orlrorg—ﬂor
6 2 2 2 2 2
t=3or9orl5or ---
oood>=4forre[0,3]U[9,15]U...
The boat may enter the harbour after 9:00 a.m. but it must leave by 3:00 p.m.

¢ Ford > 3.5
First consider d = 3.5
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.. t=4or8orl6or ---
d>35forte[0,4]U[8,16] U... (See graph above)
A boat can enter the river after 8:00 a.m. but must leave before 4:00 p.m.

120 cm

/L /L

The minimum distance = 120 + 30 The maximum distance = 120 + 60 + 30

= 150 cm =210cm
The mean distance = 180 cm
b y=Asin(nt+¢&)+b
From the above:
Mean distance is 180 cm .. b = 180
Range = [150, 210]

", amplitude = 30,A = 30
2

Period =12 ... — =12
1.e n !
e n=-—

6

t
y=30 sin(% ; g) + 180
When ¢ = 0, distance is minimum
y =150

150 = 30sin(e) + 180

sin(g) = —1
n

e=—=

2

vy =30 sin(%t - g) +180

it

— 180 - 30 (
COS 6

) Since sin(@ — g) =— sin(g - 0) = —cosé.
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¢ i1 Whenr=2

X2
y =180 30cos(” )
6
= 180 - 30 cos(f)
3
=180-15
=165
The distance from the ceiling to the tip of the hour hand is 165 cm at 2:00.
ii When ¢ =23 ’3
y=180— 30cos(’r a )
6
-
= 180 - 30 cos| —
cos{ <
_180-30x 2
2
=180 -15V3
~ 154 cm
The distance from the ceiling to the top of the hour hand is approx. 154 cm at
23:00.

d Wheny =200
200 = 180 — 30 cos(%t)

2 - o)
3 6

m cos_l(z) or m+ cos_l(z) or
—_— =T — —_ T —_ ..
6 3 3

6 2 6 2
tr=6-—— cos_l(—) or6+ — cos_l(—)
b4 3 bq 3

S t=4390r7.61
The tip of the hour hand is 200 cm below the ceiling at 7:36 and 4:24.

3 a Amplitude = 3 When ¢t = 0, y = —3 and therefore a = -3
2
Period =1 .. g 1
n
n=2
a=-3andn =2n

y = =3 cos(2nt)
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b ) y =-3 cos (2mr)

A\
VN

¢ i When y=15
1.5 = =3 cos(2nr)

1
—3 = cos(2nt)

2n
— =2nt
3 bid

. 1
=3 1
The centre of the weight is 1.5 cm above 0 after 3 second.

ii When y=-1.5
—1.5 = =3 cos(2n1)
1
3 = cos(2nt)
;_r = 2nt
! =1
=

1
The centre of the weight is 1.5 cm below 0 after 3 second.

d When y=-1
—1 = -3 cos(2nt)
1
3 = cos(2nt)

~ 0.196
It reaches a point 1 cm below 0 after 0.196 seconds.
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4 a y=asin(nt+¢&)+b
The average inflow is 100000 m?/day .. 5 = 100 000
Minimum flow is 80 000 and maximum 120 000.
". range = [80000, 120 000]
Amplitude is 20000 .. a = 20000
The period is 365 days .. % =365
2n

d theref = —
and therefore z = —

2t
. y=20000 sin(% ; e) + 100000
When t = 121,y = 120000
2 x 121
120000 = 20000 s,in(L

365
L (2 x 121 _ 1
sm(—365 +8)—
2 x 121 n S7 9«
Tﬁ'(‘-}:EOI'?OI'?OI'"‘

's—ﬂ 2rx 121 St 2nx 121 Or  2nx 121

27 365 72 365 O 2 365

~—-0.512o0r577or ...
Choose € = 5.77

.2t
. y=20000 sm(% ; 5.77) +100000

+ g) + 100000

or ...

b When r =0,
y = 20000 sin(5.77) + 100 000
~ 90198.33

ol 421 3035 486
¢ i Wheny=90000
2
90000 = 20000 sin(i’ + 5.77) + 100000

365

1 .2t
— 5 = sm(% + 577)

27t T 117 1970  23rm

%+5.77—€0r z or 6 or C or ---

2nt In 117 197 231

% = z—5.770r?—5.770r?—5.770r?—5.770r
2t
65 ~ —2.1058 or —0.01141 or4.1773 or 6.2717

(Negative values are not considered.)
L t=242.7 ort = 364.3
i.e. when 1 = 242.7 and t = 364.3 the inflow per day is 90 000 m?/day.

276



ii Wheny = 110000
110000 = 20000 sin(% + 5.77) + 100000

1 . [ 2nt
2 = sm(— + 5.77)

365
2rt T Sr 137 177
%4'5.77—601’?01'?01'?

t=602o0rr=181.8
(Negative values not considered.)

i.e. when 7 = 60.2 and ¢ = 181.8 the inflow is 110 000 m?/day.

d When r =152

2mx 152

— 20000si (
y S1n 365

+ 5.77) + 100000

= 117219
The inflow rate is 117 219 m?/day on 1 June.
Graphic calculator techniques for question 7
In a Graphs page enter the rule ’”7
(note that x must be used here Em
instead of 7) in the function entry |
line.

—

Because of the magnitude of

the numbers in this problem it is
useful to increase the number of
display digits using b>Settings B /

i S

and change the Display Digits
to Auto Set the WINDOW
(b>Window/Zoom>Window
Settings) at Xmin = 0,

Xmax = 365; Ymin= 60000,
Ymax = 130000. The graph
appears as shown.

q

| ; |
i X 1
f1{x]~20000 sin +5.771|+100000
1 L

| 365 | 365"":

[E=pasanans
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The value of Y when x = 0

can be found several ways.

Use b>Geometry>Points &
Lines>Point On to place a point
on the graph. Press d to exit

the Point On tool. By double
clicking on the x-coordinate you
can edit this to 0.

Alternatively, use
b>Trace>Graph Trace

and type 0. (An “x =" box will
appear as soon as you start typing

a value).
Hence y = 90198.3 when x = 0.

In order to find the t values

for which y = 110 000, press

e or /+G) to show the function
entry line and enter f2(x) =
110000 (use Intersection from
the Analyze Graph menu to find
each of the required values.

Hint: using b>Geometry>Points
& Lines>Intersection Point/s
will find all intersections at once.

The value when x = 152 can be
found by double clicking on the
x-coordinate of the point found
earlier and changing to 152 or
using the b>Trace>Graph Trace
and editing the x-coordinate

to 152.

Alternatively, insert (/+I)a
Calculator page and type in
f1(152)

=

| 090198 3

(=

1.1

i Ap+S ¥

T

[ |
f1{x)=20000 sinl

|

/F\\{ 181 837, 110000 )

A X ]
+5 . 771+ 100000

0> I 355 o

£2(xc)=110000

L]

A

L (8071702, 110000
I

| 090198 3

f1(:)=20000 sin

l152,117220)

AN

; |
~ +5.771]+100000
|

365

2 7

£2(x)=110000

1 \
ya.mz_ 110000 }
I

I
8

[ |
f1{x)=20000 sjnl

{ 181.827, 110000)

A X ]
+5 771 |=100000

365 |

362
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T 1
5d=12+12 (—(r —))
+ COS 6 + 3

a 1 When r=5.7
T 1
d=12+12 —(5.7 + —)
COS6 3
=1.8276 x 107> ~ 1.83 x 1072 hours

ii When r=2.7

T 1
d=12+12 —(2.7+ —)
COS 6 3

= 11.79 hours

b Whend =5

5=12+12 cos(%(t + l))

3
el
12 6\ 3
1

’é(z ; §) — 2.1936 or 4.089

o t=3.8560r7477
There will be 5 hours of daylight on 25th April and 14th August.

6 a Period:27r+% D
13

=12 10

2

For D(f) = 10 + 3 sin(%t)

D(0) =10

0] 36 12 18

24
D(24) = 10 +3 sin(” X )

6
=10

b For D(¢) > 8.5, first consider
8.5=104+3 sin(’g)

1 ) (m)
—— = sin| —
2 6
nt I 117 197 231
. — = —or or or or ...

6 6 6 6 6

t=T7orllorl19or23or ...
From the graph is can be seen that D(¢) > 8.5 for r € [0, 7] U [11,19] U [23, 24]
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C

a

The maximum depth is 13 m.

From the graph the required period of
time is [2.5, 3.5]

The largest value of w occurs for ¢ = 2.5

w=10+3 sin(?)

= 12.898
The largest value of w is 12.898.

D = p+ gcos(rt)°

High tide is 7 m.

Low tide is 3 m.

Low tide occurs 6 hours after high tide.

High tide occurs when cos(rf)° = 1 and low tide occurs when cos(r7)° = —1.

.. D =p+qgcos(rt)°
gives7=p+q®

and3=p-qQ®
Adding @ and @ gives 2p = 10
p=>5

Therefore from® g =2

Hence D =5 + 2 cos(rt)°

360
The periodis 12 .. — =12
r

and r = 30
S D=5+ 2cos(30r)°

Wl o=l Iy

of & 12
Low tide occurs when ¢ = 6. The depth at low tide is 3 m.
5+ 2cos(30r)° =4

1
cos(30r)° = ~5

S 30r=1200r2400r ...

~t=4or8or ...
The ship may enter the harbour 2 hours after low tide.
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8 a a:b:1o,9:’31

1
i A:EXIOOXSin;—T

V3
_50%x =2
3

=253 square units

ii P=10+10+ \/100+100—20000573—T

=20+ V200 - 100
=30
b P = A implies

20+ 10V2 —2cos@ =50sinéd
&2+ V2-2cosf =5sin6

Plot the graphs of y =2 + V2 —2cos6 and y = 5 sin 6 to find the point of

intersection.

Intersection occurs where 8 = 0.53 or § = 2.27

c Ifa=b=6
A = 18sin6 and
P=12+ V72 -72cos@

=12+6V2—-2coséb
Graphy = P - A for 6 € (0, ) and
note that the minimum > 0, so
P-A>0=P>A.

d If@zganda:6

A = P implies
3b=6+b+ V36 + b2
ie. 26— 6= V36 + b2
4b* — 24b + 36 = 36 + b*
30> —24b =0
3b(h—8) =0

b=0orb =28

[ —T——

10 09y

- [
k)= Tar.! = |
Lxl
1.7 1%

b = 0 does not satisfy the original equation. Therefore b = 8
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e

d

Ifa=10and b =6
30sind = 16 + V136 — 120 cos @
15sin@ =8 + V34 —30cos 8

0 = 0.927 or § = 1.837 (from a cas calculator using the ‘solve’ command)

Ifa:bandH:;—r

A=P
implies
2
3
%x% =2a+ V2a* - a?
V3a2
4a =2a+ Va2
V3a?
=3a
4
V3a2
T _3a=0
4
3
a(T\/_a - 3) =0
12
sa=—=4V3sincea > 0.
V3
The n sided polygon consists of n isosceles triangles. 0
The angle for each triangle at the centre of the circle is
2n -
n n
Length of OX =1
Length of AB =2 tan(z X
n AU B

1
.. Area of triangle = = X 2tan(z) x1= tan(z)
2 n n

Area of the polygon is n tan(z) (n triangles).
n

The horizontal asympote is y = 7

in=3
Area of polygon = 3 tan(;—r) = 33 difference =33 — 7 ~ 2.055
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iin=4
Area of polygon = 4tan(%) = 4 difference = 4 — m =~ 0.858

iii n=12
n
Area of polygon = 12tan(ﬁ) ~ 3.215 difference ~ 0.0738

iv n =50 x
Area of polygon = 50 tan(%) =~ 3.1457difference ~ 0.0041

e The circles are similar
T

.. the area = nrtan| —
n

f iSotheareaisnsin(z)cos(z) A —/™—— B
n n

ii The polygon consists of n isosceles triangles. At
The area of each triangle

s gsin( ) = sin o)
1s — sin[ — ) = sin| — | cos| — A=nm
2 n n n

R
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Chapter 7 — Functions revisited
Solutions to Exercise 7A

1 a y 3 a Y
A
1, 1)
g > X
(_1: _1) 0
X
0 16
B O
Domain = R* Domain = R
Range = (-1, o) Range = R
Neither odd nor even Odd
b by

A

(1, 1
ﬁ >»> X

0
Domain = R \ {0} Domain = R* U {0}
Range =R\ {-1}

Range = R* U {0}

Neither odd nor even Neither
2 1
2 a 325 =(325)=4 4 a i Domain = R*; Range = R¥;
) | Asymptotes: x =0,y =0
b (-32)5 =(-32)5)* =4
iy
3 1 J
¢ 325 =(325)° =8
3 1 )
d (-32)5 =(-32)5)° = -8 ]
5 1 1-
e (—-8)3 =((-8)3)° = -32
T T > X
O] 2 4

4 1
f (-27)3 = ((-27)3)* = 81
b i Domain = R; Range = R
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il

i Domain = R; Range = R

ii

i Domain = R\ {0};
Range = R\ {0};

il

Asymptotes: x =0,y =0

—8—4

i Domain =R\ {0};
Range = R\ {0};

ii

Asymptotes: x =0,y =0

f i Domain = R; Range = R

ii y

S We can assume x # 0 in the this
question witout effecting the result.

6 a Odd

b Even

¢ Odd

d Odd

e Even

f Odd
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Solutions to Exercise 7B

1 a h(x) = fogl), f(x)=¢" gx)=x> b fog'(x)=x

2
b h(x) = fog(x), f(x)=sinx, S - =X
g(x) — 2x2 V; g_l(-x)
= .2 o1
¢ h(x) = fogx), f(x)=x", R GRS
g(x) = x> - 2x ©g—1(x):§3
X
d h(x) = fog(x). f(x) = cosx. Therefore, g
o) = ¥ gHRV0) 5 R0 =
6
e h(x) = fogx), f(x)=x% ¢ fogiR\{0) >R, fog(x)=4de
g(x) = cosx )
d gof:R->R,go = -
£ R0 = fog, f(x)=+, g/ 800 =
— 2
s = -1 e Let h(x) = f o g(x)
g h(x) = fog(0), f(x) =2 Hoo) = 4e V5
g(x) = cos(2x) ho h_l(x) .
h h(x) = fog(x), f(x)=x -2x, 6
g0 = 22 & 4o V) =
6
hi = X
2a fofly=x = 4
= 4€f71(x) =X < ;fl(x) = lOge (i)
ool X 6 Y
4 eh®= (1oge(§))
o () = log, ( j_:) TherefoTe,
Therefore, | (fogy: RY = Ré 3
“1. (0. 00) —s N x 0 0) (x) =
i 0.00) B 700 = 5 loge(4) (fog) () (loge (§>)

1. (2
f (gof):R' >R (go ) ' ()= gloge(;)

5
3a f 1 RU0 SR, (X)) =x2
Both f and f~! are strictly increasing

[\S1[¥)]

b f/l:RTU0} =R, f'(x)=—x
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Both f and f~! are strictly decreasing

2
c fFURY SR, f'(x)=x5

Both f and f~! are strictly increasing

i fogx)=3 sin(2x?),

V]

go f(x) = g(35sin2x)? = 9sin*(2x)

ii ran(fog)=[-3,3],
dom(f og) =R,

ran(go f) = [0,9], dom(go ) =R

b i fog(x)=-2cos(2x?),

go f(x)=g(-2cos2x) =
4 cos?(2x)

ii ran(fog) =[-2,2],
dom(f o g) =R,

ran(go f) = [0,4], dom(go f) =R
¢ i fogx)=e", gof(x)=e¥

ii ran(f og) = (1, ),
dom(f og) =R,
ran(g o f) = (0, 00),
dom(go f) =R
d i fogx)=e* —1,
go f(x)=(e -1y

ii ran(f og) = [0,c0),
dom(f o g) =R,
ran(g o f) = [0, ),
dom(go f) =R

e i fog(x)=-2e" —1,
go f(x) = 2e* +1)?

ii ran(f og) = (-o0,-3],
dom(f og) =R,
ran(g o f) = (1, ),
dom(go f) =R

f i fogh= loge(2x2),
g o f(x) = (log,(2x))*

il ran(fog) =R,
dom(f og) =R\ {0},
ran(g o f) = [0, o0),
dom(g o f) =R"

i fog(x)=log,(x* - 1),
go f(x) = (log,(x - 1))’

ii ran(fog) =R,

dom(fog)=R\[-1,1],

ran(g o f) = [0, c0),
dom(g o f) = (1, 00)

i fog(x)=—log,(x?),
g o f(x) = (log, x)*?

ii ran(fog) =R,
dom(f o g) =R\ {0},
ran(g o f) = [0, ),
dom(g o f) = R"

go f(x) :g(ZX—g): Sin(2x—g)

T
(X,y) - (le - §’yl)

x+§ 1 T

sx = =—x+—-andy =y

2 2 6

Dilation of factor § from the y-axis,

s

then translation &

gof:(3,0) >R,

go f(x) = gBx—2)
=log,3x-2+1)
=log,(3x—1)

Write y* = log,(3x" — 1) and
y=log,(x+ 1)
Then choose,

YV =yand3x' -1 =x+1
xX+2

Thatisy’ = yand x’ = 3

units to the right
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7 a [g0))?-Tg(x)+12=0
(8(x) = 3)(g(x) —4) =0
Sgx)=3orgx)=4

b [g(x)]* - Txg(x) + 12x* = 0

(g(x) = 3x)(g(x) —4x) =0
cog(x) =3xorg(x) =4x

8 W =2x-1
g(x) =log,(2x—1)
oo g(x) =3xor g(x) =4x

9 f(x)=e", g(x) =2+/x

a g(f(x) =2 Vet = 2(e4X)%

= 2¢*™
b x = 2¢2€N ()
I3 =2(g0 /)7
o -1 = l E
(go f) (0= 2ln2
¢ x=24/g7'(%)
g = 4/&7'(x)
2
g '(x) = xz
Foghm =T
= eX2

10 f(x)=e >, g(x)=x"+1

a X = e_zfil(-x)

Inx=-2f"'(x)
f_l(x) = ;lnx

x=(g ')’ +1
x—1= (g (x)*

. 1
g ()=(x-1)3

b fog(x)=e*

23—
:eZX 2

range (f 0 g) = R*
since range (-2x°> —2) =R
and range (¢*) = R*
gof(x)=(>)P +1

=e 41

range (g o f) = (1, o)

1

11 a f: (—1,00)—)R, f(x): m

domain (f) = (-1, o),
s.range (f) = R*

_ 1
o+ 1
flw+t=a
X
Flo=to1
X

range (f71) = (=1, 00),
domain (') = R*

SRS R, () = 1_ 1
X
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b

12 a

fx)=fl(x)=x

flx)=x
1
x+1

x+Dx=1
X+x—-1=0

-1+ Vi+4

but x > 0, (domai%l( )
-1+ V5
2
V5 -1
2

X =

X

X =

fX)=In(x+1)
x=In(f'(x)+1)

e =) +1
fla=e-1

fFYR>R f'x)=e" -1

g(x) = x> + 2x, domain(g) = (=1, o)

range (g) = (g(=1), o)
= (-1, 00)
x=(g ') +2¢7'(x)
(g +2(g7'(x) —x=0
g ') +1)Y?-x-1=0
g+ 1=xVx+1)
g ) +1=xVx+1
g ') =-14« Vx+1
but g7 (x) > -1

g ') =-1+ Vx+1
g i (=1,00) > R, g7'(x) =
Vix+1)-1

fog(x)=In(x*+2x+1)
=In((x + 1)?)
=2In(x+ 1)

(Since domain g = (-1, 00))

13

ng(X):In(l)

X

= —In(x)

f)+ fog(x)=Inx—Inx=0

2 -
14 (g = [ 22

~\5
= V2

= ||

15 a f(g(x) = (> —4—4)(x* —4-6)

= (x> - 8)(x* - 10)
f(g(x)) = x* —18x* + 80
g(f(x) = (x—=H(x - 6))° -4

= (x> - 10x +24)> -4

= x* =203 + 48x% + 100x°

—480x + 576 — 4
g(f(x) = x* —20x° + 14847
— 480x + 572

g(f(x) — f(g(x)) = 158

x* —20x + 148x% — 480x + 572
—x*+18x> — 80 = 158

—20x> + 166x> — 480x + 334 = 0
10x* — 88x% +240x — 167 = 0
CAS calculator gives x = 1 as a
solution

= (x— DA0x*> =73x+167) =0
_ 73+ V5329 - 6680

=1,
x X 0
{ 73 £ V-1351
x=1,——
20
U
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16 a

no real solutions
x=1

f=4-x
f(fx))=4—-@4-x)
=4 - (16 — 8x% + x*)
= —12 + 8x% — x*

f(f(x) =0
-8 +12=0

(x*)P? -8x*+12=0

(P -6)(x*-2)=0
=26
x=i\/§,i‘/6

17 f(x)=e*—e™*

18

a LHS =™ — ¢

- LHS QED
b RHS =3 —e 3 - 3¢5 + 3¢

= —3e" + 3¢ — e

LHS = (¢* — ™)

=¥ —3e" + 3¢ — e

= RHS QED

Consider,
af'(x)+b=x

=2t
a

a
Iff~1(x) = 6x + 3

1 b
azgand—;:S

fflo+2

TP

e+ 2=x(" -1
-9 =-2-

x+2

I (X)— .

20 In(g(x)) =ax+b

ax+b

glx)=e
g(0) =1
l=e

b=0

b

g(x) = ™

g(l)=¢°
0 = o8
a=6

g(x) =

21 Lety = f~'(x)

e +e”
2

e +e”? =2x

=X

D41 =2xe

ely—2x¢’ +1=0

1
e =5 (x= Va2 — g)

=log,(x + Vx? - 1)
But Range of f~!'= Domain of
J =10, 00)
and Domain of f ~'= Range of
f=M,00) 5 fli[l,e0) 5 R,
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i x) =log,(x+ Vx2 - 1)

b gl :R-R g l(x=
log,(x+ VxZ + 1)

¢ Yes

d Yes

22 a If x> ythen f(x) > f(y) and

If x > y then g(x) > g(v)
Hence x > y = f(x) > f(y) =

g(f(x) > g(f ().

If x > y then f(x) < f(y) and

If x > y then g(x) < g(y)
Henceif x >y = f(x) < f(y) =
g(f(x) > g(f ).

The composite function will be
strictly decreasing.
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Solutions to Exercise 7C

P =etha =2 a i (F+e@=sin(T)-20

a i (f+g)=e?~2x

i (fg)(x) =-2xsin (7%)

i (fg)(x) = —2xe
b i (f+g)1)= sin(’f)-z

b i(f+g)(_—1):e_l+1 2
2 —1-2
i (fg)(_?l) —Ixe! =1
.o _ . T
_ i (fo)(1) = -2 sm(z)
-2
2 y
A X
S f(x)=cos (7), gx)=¢*
y=-2x N a i (f+g)x)= cos(%)+e"
y=e
—|2 —Il 0 Il I2 .I°> = ii (fg)(x)=e*cos (%x)
_1-
b i (f+2)0)=cos0)+ ¢’
=1+1
=2

i (fg)0)=1x1
=1

fQ) + f(=%)

6 Letg(x) = 5 nd
]’l(X) — f(X) - f(_x)
We have, g(—x) = g(x). That is g(x) is
even.
4 f(x) =sin (%x) g(x) = —2x ZZZhaVe, h(—x) = —h(x). That is h(x) is

J(x) = h(x) + g(x)
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Solutions to Exercise 7D

1 a flx-y)=2(x-y)
=2x—-2y

= f(x) - f)

b fx-y)=x-y-3)
# f(x) = f(y)

2 f(x=y)=k(x-y)
= kx — ky

=)= f0)

3 f(x+y)=2(x+y)+3
=2x+2y+3

=2x+3+2y+3-3

=f)+f0)-3

a=-3

3 3
4 f(x)"'f(Y):;C*';

_3(x+y)
— —xy
= (x+y)f(xy)

5 (g(x))* = g(x)
(g(x))* — g(x) =0
g)(gx)-1)=0

g(x) =0,1
1
6 g(_x) =g(x)
(g(x))* =1
g(x) = =1

7 fx)=x

fx+y) =@x+y)’

f)+ o) =x+)
Letx=1,y=1

Jx+y) =38

f)+f(y) =2

f(x) =sinx
LHS = f(x +y) =sin(x +y)

RHS = f(x)+ f(y) =sinx +siny

let T ﬂ
X=—=,y=—
)

LHS =sin(mr) =0

RHS = sing+sing — 2+ LHS QED

(any non zero numbers would work)

1
f) = F
LHS = f(x)+ f(y)
B 1 1
= ; + ;
2 2
L
xzyz xzyz

1
2, .2
=X +y)—>
( Y )x2y2

1
22N
=(x +y)(xy)2

= (X +y) f(xy)
= RHS QED

10 A(x) = x?
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aletx=1,y=1
LHS =(1+1)* =4
RHS = (1)* +(1)> =2 # LHSQED
(any non zero numbers would work)
b LHS = (x +y)?
= x> +2xy+y°
RHS = (x)* + (y)*
= 2+
LHS = RHS + 2xy
given LHS = RHS

2xy =0
e, x=0o0ry=0QED

11 g(x)=2*
LHS =230+
— 23x+3y
= 2% % 2V

= g(x) x g(y)
= RHS QED

12 f(x)=x"

f(xy) = (xy)" = x"y"
(by the indices laws)

= f()f() QED
X X X"
f — |l =1|- = —n
y y y
(by the indices laws)

0
= — ED
O

13 f(x)=ax, aecR\{0,1}
S(xy) = axy
= f(f(y) =axxay

= a’xy

letx =1, y=1

(any non zero numbers would work)
fxy) =axy=a
fOfO) =d’xy=d®
if fOf() = flxy)

azza

a-a=0

a=0,1
buta # 0,1

JOfO) # f(xy)

for the case shown

1
4 fiR\-1) - R0 = —

| i
U= =1
+1
x+1
x+1
xX+2 1
fa+l)=—
‘ _x+1 1
Q)+ fa+ D) = ot
_x+2
Cx+2

=1

15 Let f(x) = x>, g(x) =2, h(x) =3
fo(g+h)(x) = f(5)=25
fogx)+ foh(x)=f2)+ f(3)=13

16 g+ho f(x)=(g+h)f(x)

= 8(f(x) + h(f(x))
=go f(x)+ho f(x)
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17 For x>0 g(Uf(x) _ gllog, x)
f(g(x) = f(x) = f(xe®) —log, x f(x) log, x

log, x X €18~

= log,(xe*) —log, x

1 1 0 _1 log, x
= —+ —_

0g x +log(e’) ~ log, x X log, x

= log,(¢") " log,x
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Solutions to Exercise 7E
1 f(x)=mx—4, meR\{0}

a O=mx-4

mx =4

C x:mf_l(x)—4

x+4=mf'(x)
+4
f_l(x)=x , domain =R
d x=mx-—4
m-1x—-4=0
4
X=——
m-—1
4 4
check f( ): m oy
m-1 m-—1
_Adm-4m+4
B m-—1
4
T m—=1
. 4
co-ordinates ( , —),
m—-—1 m-1
m € R\{0, 1}
e y=ax+b
-1
a = — (normalline)
m
y:j+b
m
(09_4)
= —4=b
y= -4
m

2 f(x)=-2x+c

a

0=-2x+c

—c=-2x

c
xX==
2

1
2

(RN SR

<
<

X = —2f_l(x)+c
x—c=-2f"(x)

f‘l(x) = %C, domain = R

x=-2x+c¢
3x=c¢
c
X=—=
3
y=x
c ¢
o 14
co —ords 33
y=ax+b
0,¢c)
= b=c
y=ax+c
normalline1
= = —
=3
1
a=—
2
_’_C+
y—2 c
= x% — bx
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x(x=b)=0
x=0,b
2
b
2— _—— =
b x b)c+4 7 0
A
2l -Z =0
(x 2) 4
b —b?
co — ords: (5, T)

c i —x=x>—bx
¥-0b-Dx=0
x(x—(b-1)=0

x=0,b-1

y=-x=0,1-b

co—ords: (0,0),(b—1,1-0b)
ii b-1=0,
b=1

iii b-1#0,
b+#1
b € R\{1}

4 y=ax’+bx+c
Whenx=-1,y=6
Whenx=1,y=4

6=a-b+c...(1)

d=a+b+c...(2)
Equation (1) — Equation (2)
2=-2b
b=-1
Substitute in (1)6 =a+ 1+ ¢
a=5-c

y=0GB-c)x —x+c

5a(+h*=8
1+h:i2\/§
h=-1+2V2

b (a+1)7%=38

=alx+—| - —

2

— =23 correct
75
a

=-8,b=16

6 f(x)=V2a-x

al2a—x>0
2a > x, so domain = (—o0, 2a]
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b x= V2a-x 7 f(x) = (x> —ax)?

2— —_
X' =2a-x a 0=("-—ax)’

X+x-2a=0

0=x(x—a)
o T1EVi+8a x=0.a
2 co—ords = (0,0), (a,0)
buty>0, ..x>0
-1+ VT+8a b f(0)=(0-0)’
tT 2 -0
y =1, co—ords = (0,0)
. co—ords =
(—1+ V1+8a -1+ \/1+8a) ¢ x€[0,4]
2 2 f0) = (ax - x*)?
2 242
R \/21+8a:1 :(_(xz_aHaZ)Jraz)
-1+ V1+8a=2 (( a)z a2)2
=l-lx-=| +—
VIi+8a=3 204
1+8 =9 maximum value isf—6
Ba =38 d f(-1)=16
=1
¢ 16 = (1) = a(~1))?
d_1+m_2 t4=1+a
2 l+a=+4
V1i+8a =5
a=-1+4
1 +8a=25 4= 53
8a =24
a=3 8 a —ac”™+¢=0
~1+ VT +8a b =C
e ———— =¢ a
2 c
Vi+8a=2c+1 bx=ln—
1+8a=4c*+4c+1 x:llng
) b a
8a =4c¢” + 4c
A +e
a =
2
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b cln(x+a)=>b

b
In(x +a) = —
c

b
X+a=ec

b
xX=ec—a

¢ In(cx—a)=0

In(cx —a) =1

cx=1+a
1 +a
X =
c

x=1+a

co—ords =(1+a,0)

C 1 =cln(x—a)
1
X—a=ec
1
xX=a+ec

1
co—ords = (a+ee,0)
d 1=cln(2-a)
1

“The-a

10 f(x)=e“'=b

ay=0-»>
y=-b

b O0=e""1-b
x—1=Inb
x=Inb+1

co—ords=(Inb+1,0)

¢c ilnb+1=0
In b=-1

ii Inb+1<0

Inb < -1

b<el

1
b< —

e
but b > 0 as given, else there is no

intercept

1
0<b< -
e

11 y=ax* +bx*> +cx+d

(=1,6)

=>® 6=-a+b-c+d

(1,-2)

=Q® -2=a+b+c+d

@Q+® 4=2b+2d
b=2-d

2.4)

=0Q® 4=8a+4b+2c+d

O-®= 2a+2c=-8

a+c=-4

a=-4-c
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Subin Q) = becomes linear
8, or
4=8(-4-0)+4Q-d)+2c+d c<s,
8<c<28-8V6orc>28+8vV6
4=-32-8c+8—-4d+2c+d

4=-24-6¢-3d 3 )
13 a y=ax’+bx"+cx+d

6c +3d = -28 (=2,8)
6c = —28 — 3d =@ 8=-8a+4b-2c+d
28 -3d (@D
€= — 5@ l=a+b+c+d
e e (3.4)
=0) 4 =27a+ 9
a=4-c¢
+3c+d
—24 +28 +3d
a=——Fc ®-30=>@ 1 =24a+6b—-2d
L 3d+4 20 +3D = G 32 = 30a + 30b + 5d
6
2
G = 3?:6a+6b+d
- 20 —
12 y = c—8 X+ 0—3c xX+c @-06 = 1—2:180—361
2 2 5
b* — 4ac _22651_‘1
_(20-3¢\"_ (e=8) 5d-9
2 2 =30
32 5d-9
400 - 120 2 i — =7
_ 4c+9c o2 4 16e Subin ® = 5 5 +6b+d
9 32 =5d -9 +30b+ 5d
=100 — 30c + —c* = 2¢% + 4¢
4 306 = 41 — 10d
1
= 2¢* = 14c +100 p o - 10d
5d 390 41 - 10d
2 _ . 1= - -
a b* —4dac=0 Subin ® = 30 + 30 +c+d
¢® = 56¢ +400 =0 30d = 5d — 9 + 41 — 10d
o 20 V1536 +30¢c + 30d
—2 =30c + 25d
c=28+8V6 -5
b b* —4ac>0 30
c? — 56¢ +400 > 0
c<28—-8vV6orc>28+8V6 14 a

but ¢ # 8 (since if ¢ = 8, the function
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Solutions to Technology-free questions

1 a y
A
10

Domain = R*
Range = (1, o0)
Neither

b y Domain = R \ {0}
Range = R\ {-2}
4 Neither

2 a 2435 =3%2=9

2
5

b (-243)5 =(-3)>=9

3
¢ 2435 =33 =27

2
5

d (-243)5 =(-3)*=9

3
3

e (-27)3 =(-3)° =-243

f (—125)% = (-5)* = 625

3 a i fog(x)=3cos(2x?), go f(x) =9cos*(2x)

ii dom(f og)=R,ran(fog)=[-3,3],dom(go f) =R, ran(g o f) = [0,9]
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—p

i fog(x)=log,(3x%), g0 f(x) = (log,(3x))
i dom(f og)=R\{0},ran(f o g) =R, dom(g o ) = R", ran(g o f) = [0, o)

i fog(x)=1log,(2-x%),g0 f(x) = (log,(2 - x))’

(o]

ii dom(f o g)=(-V2, V2), ran(f o g) = (—0,log, 2), dom(g o f) = (—00,2),
ran(g o f) = [0, o)

=7

i fog(x)=-log,2x°), go f(x) = (log,(2x))*

ii dom(fog)=DR\{0}, ran(f o g) =R, dom(g o f) = (0, c0), ran(g o f) = [0, «)

=
Y]

h(x) = f o g(x), g(x) = x>, f(x) = cosx (Note: answer not unique)

=

h(x) = f o g(x), g(x) = x> —x, f(x)=x"(Note: answer not unique)

(g}

h(x) = f o g(x), g(x) =sinx, f(x)=Ilog, x (Note: answer not unique)

=7

h(x) = fog(x), g(x) =sin(2x), f(x) = —2x2 (Note: answer not unique)

(¢

h(x) = fog(x), g(x) = x* = 3x, f(x)=x*-2x> (Note: answer not unique)

9]
Y]

i (f+ )00 = 2cos(§) te

X

i (fo)(x) = 2¢~ cos( : )

—p

i (f+2(0) =3
i (fg)(0)=2

6 f:la,00) =R, f(x)=-Bx~2)"+3
2
Turning point at (§’ 3)

a 2
3

b (~c0,3]
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A
2
59
> X
0 \2+ 3
3
d U ) = x
B3 ) -2 +3=x
-3
(=27 = -
CEP P R
Because of domain and range of f
) = %, ran = [, 00), dom = (=0, 3]
¢ y
e
2+\3 23
39
3 2
—3)

7 f(x) = clog,(x - a)

\

X

""ﬁ

a x=a

b cloge(x—a)=O:>x—a:e0:>x:a+1
Therefore cooordinates of the x-axis intercept are (a + 1,0)

¢ clog,(x—a)=c=log,(x—a)=1= x=a+e'
Therefore cooordinates of the point where the curve crosses the line y = c is (e + a, ¢)
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d FU ) = x
clog,(f ' (x) —a) = x

log,(f™'(0)—a) = =
) = ef +a
e (a,o0)

f FFlih=2=f2)=1
Fl@=4=f4=2
clog,2-a)=1...(1)
clog,(4-a)=2...(2)
Equation (2) + Equation (2)
log,(4—-a)
log,(2 —a) B
log,(4 —a) =2log,(2 —a)
4-—a=Q2-a)
b—a=4-4a+d’
a*-3a=0
ala-3)=0

a=0ora=3
But a = 3 does not satisfy our equations

1
= —, :0
¢ log, 2 ¢

8 Consider,
af'(x)+b=x

f =t
a a
Iff'(x) =4x-6

1 b
a:Zand—a:—6
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x+2f

b £ = (5

¢ )= %((x—4)% +2)

d fw=(

10 fog(x) = f(g(x))
= f(asin x)

2

2 —a%sin” x

= a

= a1 — sin?(x)
= a+/cos?(x)

=dcoSXx

Note that x € [—g g] and therefore cos x > 0.
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Solutions to multiple-choice questions

1 B .,
xT+2
h(x) =

Split 2(x) into two separate fractions:

h(x) = x* + =
x

f(x) = x*,g(x) = %

2 E The graph of
f:R = R, f(x) = cos(x)
Is not a one to one function.

3 E
A: e = e" X €, s0 A is true.
B: log, xy = log, x + log,, so B is true.
C: log, ¥ = ylog, x, so C s true.
D: £71(1) = log, 1 = 0, true for any x, y.
4 D f(x) =cosx
g(x) = 3%

() ol
()}
()

S E

f: R = R, f(x) = (x —2)? is not an even function as it is a parabola that has been

translated 2 units right, so it is not symmetrical about the y-axis.

6 E
y = 2ax + cos2x

When x =7,y =0

0 =2ma + cos 2m

-1 =2na
1
a=—-——
2
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7 B x>35,g(x) =log,(x=5)
2[g(0)] = g(f(x))
2[g(x)] = log,(x - 5)
log,(x = 5)* = log,(f(x) - 5)
(x—=5)=f(x) -5
x> —10x+25= f(x) -5
f(x) = x*> = 10x + 30

10 C Domain of (f + g) = (=00,3) N [2,00) = [2,3)

1ns?2 _Z:Sm(3x'—’1)

—4 3
1
" choosey’:—4y+2andx’:—x+7—r
3 9
+3 +3 1 3
12 D yT:sin(Zx—g)toy’:sinx’ choosey’:yT:§y+§andx’:2x—%
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Solutions to extended-response questions

1 a Therangeof f: R* - R, f(x) = ¢ *is (0,1)
1
T is R™

X —

The range of g: (—c0,0) — R, g(x) =

b domain of f~! = range of f = (0, 1)

domain of g~! = range of g = R*
To determine the rule for f~! consider
x=e"
log,x = -y
_logex =Yy

Therefore f~!(x) = —log,x

To determine the rule for g~! consider
1

X = y—— 7

Taking the reciprocal of both sides

y—1=-
X

1
andy=—-+1

X

1
glm=-+1

X

¢ i go f(x)is defined as range of f C domain of g
ex
go f(x) =g(f(xn) =gle™) = — =
er*—1 1-¢*

ii y
A
0 > X
T =
e’ 1
gof(x): 1_ex:_1+1_ex
d igofx)= T i = with domain = R* For the inverse consider
&
l-—e
Solve for y
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ii

2 a i

ii

iii

ii

x(l-e)=¢
x —xed =¢
Therefore (1 +x) = x

and e = al
1+x
Theref I ( al )
erefore =1lo
Y Ee 1+x

o -1 = *
(g0 /)70 = log, (—

y
A

I
I
I
I
I
I
I
: > X
I
I
I
I

x=-1

fi[5,00) > R, f(x) = Vx-3

y
A
(52)
> X
0

range of = [\/E, 00)
For the inverse rule consider x = /y — 3
Square both sides and make y the subject.

y=x>+3
and f~'(x) = x% + 3. The domain of the inverse function is [V2, co)

i h:[4,00) > R, h(x) = VX=p

The inverse function has domain [1, o) .
The function £ is increasing and therefore /4 — p =1
Therefore p = 3.

Proceeding as above the rule is A~ (x) = x* + 3.

and domain of (g o f)~! = range of g o f = (=00, —1)
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il ¥

\
>
I
)

3 /(0,1 —->R,f(x)= sinx
g [1,00) = R, g(x) = <

a range of f = (0,1)
b range of g = (0, 1]

¢ f o gisdefined as the range of g C domain of fas 1 <x

1
Fog(x) = f(g(x) = f(i) _ sin(;)

d g o fisnot defined as the range of f ¢ domain of g

e Consider

1
x = — and solve for y.
y

1
Therefore g~ (x) =

X
The domain of g~! = range of g = (0, 1]
The range of g~! = domain of g = [1, c0)

f Range of f = (0,1) C (0, 1] = domain of g™,
Therefore g~! of is defined and
g o f(x) =g ' (f(x) = g (sinx) = g
The domain of g~! o f = domain of f = (0, 7)
The range of g™ o f = [1, 00)

4 aa=2

b ¢c=2-klog,(2)
10

log,(42)

d k=10
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5 a Require that the range of g C domain of f.
That is (—o0, b] C [0, o)
Consider,
X +6x-4>0

S x<-3- \/ﬁorx>—3+ \/E
Therefore choose b = -3 — V13

b Domain of f(g(x)) is (—o0, =3 — V13].
The rule is f(g(x)) = Vx2+6x+5
Range = [3, 00)

¢ Consider the domain of y = f(g(x). Itis (co, -3 — V13]
Consider
X= 4y +6y+5

¥ =y +6y+5

¥ =u+3)?-4
+Vx2+4=(y+3)
y=-3+ Vx> +4
The inverse will have rulet A(x) = -3 — VxZ + 4

The domain = [3, o) and the range (co0, -3 — V13]
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Chapter 8 — Revision of Chapters 1-7

Solutions to technology-free questions

1 a Domain =R\ {0}; Range = R \ {2} 3 -2 .
5 [ +1
b 3x—220=>x2§ S -2=x(f )+ 1)
The endpoint is (%, 3) L@ - xf T ) = x 42
) LA -x)=x+2
Domain = | =, oo); Range = (-0, 3]
3 1 x+2
L () = T
¢ Domain = R\ {2}; Range = (3, c0) The domain of f~!' = range of f =
. RAAL}
d Domain = R\ {2}; Range = R\ {4} Hence
’ xX+2
e x-2>0=>x>0 f‘l:R\{l}—ﬁR,f_l(x)zl_x

The endpoint is (2, —5)

Domain = [2, o0); Range = (-5, o0] B
4 a2/ W_1=x

~1(y x+1

2 {Jf ') -2+4=x el 0= 2
1

i) -2=x-4 f"l(X)=10ge(x; )

ST = 2= (-4 f) = %IOge(x; 1),
LT = (-4 +2 dom £~! = (=1, )
The domain of f~! = range of f = [4, o)
Hence, b Y

4,00 oR fl)=(x-4)>+2

[ T T —
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d y
A
y=X
1A
—> X
0
e y=2x

S 2log;,5 +3log,y2 —log;, 20

200
=log, 20

=1

6 3log, x =3 +1og, 12
log, x> —log, 12 = 3

X3
1 =3

3

X3
12
=124
x = V12a
7 2 x=2°
x=-9

8 log,(x+12)=1+1log,(2 - x)
12
X + ) ~1

oz
98\ 2
x+12

2—x - ¢
x+ 12 =2¢ —ex

(e+Dx=2e—-12

_2e—12
e+l
9 log 4x1 log 4 x x84
Oga Oglf)a_ Oga loga 16
log, a
=2log 2 x —2—
%4 = Ylog, 2
1
2
10 4¢* :99
er:_
9
2x =1 -
. oge(4)
1lo ? lo (3)
X = — — | = —
2 ge 4 ge 2
11 a When x =0, f(0) = 2log, 2
When f(x) =
2log, (x +2) =
log,(x+2)t=0
x+2=¢
x=-1

a=-1and b =2log,2
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12 2% —5%x2%4+4=0
Leta = 2%
a-5a+4=0

(a—4)a-1)=0
a=4ora=1
2% =4or2* =1

Sx=0orx=1

. (3x 1
13 sm(?):i
3x_ Tn m Sn
277566
T T S
X:—EOI‘X:§OI'X:?

b8 1
b (2 +—):—
cos (2x 3 > 16
T 7w 5w
i+ t=2 22
T3 3
2+7T 2 10m
X+ —-=——
6 6
T 9
2x=2, 2
66
_EOI'X_3—]T
TR Ty

15 Consider the gradients of the two lines

Gradient £, = —m

and Gradient £, = —L
m—1
If the gradients are equal
B 2
B
2
"o
m* —m - 20
(m-2)(m+1)=0
m=2orm= -1

a Therefore a unique soluton when the
lines are not parallel, m € R\ {—1, 2}

Iftm=2

2x+y=2

2x+y=-4

The lines are parallel but do not
coincide.

There is no solution.

m = —1 is checked in the next part.

c Ifm=-1
—x+y=2
2x—2y=-4
The lines coincide and there are
infinitely many solutions.

y:%+b
X
When x =1,y = -1
1
Whenx:—2,y:§
a+b=-1...(1)
a 1
—+b==...12
4 2 @
Equation (1) — Equation (2)
3a 3
4 2
sLa=-2andb=1
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17 A=m?> -8 20 a Odd

a A=0=m=+2V2 bf‘l(x):i/g
2
bA>0=>m>2V2orm<-2V2

c i?2
cA<0=-2V2<m<2V2 i —1
18 A =4(+a) - 24a(a+ 1) i () = f(x)

= 4(a* +2a° + @) - 24a® — 24a \/E 03

= 4a* + 84° + 4a* — 244° — 24a 2 .

= 4a(a® + 2a* — 5a - 6) 2 =8

= 4a(a —2)(a + 1)(a + 3) x—16x" =0
For one solution A = 0. Therefore,a = 2 x(1-16x%) =0

ora=-lora=-3

oo|—

1
x—Oorx—(E)

192 i 2220 a=23 L |
2 x=0orx=22o0orx=-22
i Va-32+(=2-12= V13
a*—6a+9+9=13 21 a 4
a*—6a+5=0 b V5
a-5)(a-1)=0
(a=5)a-1) c 2oy
a=5o0ra=1
3 1 d V2a-5
iii 3 =3
-a
e x=-8
6=3-a
_ 3 ¢ _ 103
a=- x=—
. .3 g x<l1
b If a = -2 the gradient of the line is 3
The equation of the line is
yol=2(x-3) 22 a i fog(x)=4x?+8x—3
5
orSy—3x+4=0 ii gof(x)=16x%-16x+3
The angle the line makes with the
positive direction of the x-axis is iii gofl(x)= 1_16(x2 + 14x + 33)

tan‘l(é).
5

b Dilation of factor }‘ from the y-axis,
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then translation % units to the right

¢ Translation 1 unit to the left and

1 unit down
X
23 1= sinf ) = sin()
sin 1
X
i)
sin 1
(") :
4 2
x_mox lr
4 66" 6 6
2m
X = ?
The only solution
24 x:2n7rig,n€Z
% 8
25 Ae"=4...(1) Azgand
Ae* =10...(2)
Equation (2) + Equation (1)
5
k = —
©=2
5
k=1 (—)
0g, 3
5
o)
og, 5

2
26 a Period= ?ﬂ
b Amplitude = 8

¢ i Consider y = sinx and
y' = 8sin5x’

Reorganise the second equation to
/

— =sin5x’

8 /

Then we can write, % =y and

x=5x B
Hence y’ = 8y and x” = — Hence a

sequence of transformations is:
m A dilation of 8 from the x-axis.

1
m A dilation of 3 from the y-axis.

ii Consider y = cosx = sin(x - g)
and y' = 8sin 5x’
R/eorganise the second equation to
% = sin5x’
T,hen we can write,
> :yandx—z =5x
and therefore,

y = 8y and x’ -

5 10
Hence a sequence of transforma-

tions is:
m A dilation of 8 from the x-axis.

1
m A dilation of 3 from the y-axis.

. V.
m A translation of — in the
negative direction of the x-axis.

27 a P1)=0=1+a+b-124+4=0

>a+b=7...(1)
P2)=0=16+8a+4b—-24+4=0
=8a+4b=4

=>2a+b=1...(2)

From (1) and (2)

a=-6and b =13
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P(x) = (x — D(x = 2)(x* + cx + d)
=x*—6x° + 132 - 12x + 4
=02 =3x+2)(X* +cx+d)
=xt -6+ 132 - 12x +4
=2d =4 and 2¢ - 3d = —-12
=d =2 and 2c = -6

2"2"-8)=0
Therefore, n = 3

fg(x) =0
e —Txe +6=0
(e*=6)er=1)=0

x=log,60orx=0

=P(x) = (x — D(x-2)(x* = 3x+2)
SP() = (x— DXx = 2)? 32 Write,
y=2xcosxandy =2(x"—5m)cosx’
Rewrite the second equation as,
y = =2(x' — 5m)cos(x’ — 5m)

1
28 g(x) = -f(x+4)and .
2 Then we can write,

h(x)=2g(5x—-11)+3

1 "= —yand X — St =x
gbx—11) = 5f(5x—11+4) Y y

Hence we can write,

= %f(Sx -7 (x,y) = (x + 57, —y)
Therefore,
h(x) = fCx—=T7)+3 33 a 20 =32 - 11x+6 >0

S2x-Dx=-3)(x+2)=>0

29 Let f(x) = h(x)—x

=x+@@-Dx+b

We know,

f(2)y=0and f(3) =0

Therefore,

8+2a-1)+b=0...(1)

27+3(a-1)+b=0...2)

which become, 34 a f(g(x) = flog,(x))

1
@—2§x§§orx23

b —-X+x2-4x>0

e x(x*-x+4)<0
& x<0

2a+b=-6...(1") — 3log,(x)+2
3a+b=-24...(2) — ¢26102.(x)
Hence, a = —18 and b = 30 = 233

b f(g(2) =8¢

2n _ n —
30 2 8§x2"+10=10 k=8

2%~ 8x2" =0
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Solutions to multiple-choice questions

1 D Domain = [-1, 3) since —1 is 10 A For x < 0, the gradient is —2 and the
included and 3 is excluded. y intercept is (0, —2); the equation is

y = —-2x -2 for x < 0. For x > 0, the

gradient is 1 and the y intercept is

(0, —2); the equation is y = x — 2 for
so is not a function. x> 0.

2 A For each value of x > 0, the rule
X = 2y2, x > 0 gives two value for y,

3 B Require2-x>0,i.e. x <2. Implied 11 ¢ Reflect the graph of y = £(x) in the

domain = (—002) line y = x.
1 Then the endpoint (4, —2) reflects to
1 s -2,4).
4B f(-)=—1 29
a 1 1 Only the third graph fits.
a
-1 12 C a=1
—1-a
o 13 B
a+l 14 A For x < 2, the straight line has
3n 3n 3n radient | and the y-intercept is
s EGro(3)=15)+e(3) radient | and the y-inierecp
2 2 2 (0, —3); the equations is y = x — 3

e . (3m for x < 2. For x > 2, the curve has
= sin(37) + 2 sin[ — )
2 equation y = (x — 2)%.
=2
15 E f(2)=0, f(3) =250
6 C f(g3)=f(18) dom f~! = ram f = [0, 2]. For
f,y = 2x—4. For f~!, interchange x

=56
and y and solve for y.
7 A dom f =[0,6]; dom g
= (~0,2] x=2y-4
dom (f + ) = dom f N dom g X+4=2y
0.2 _x+4
_[ s ] y= 2
8 B fg(x)=(2x*+ 1D)(Bx+2) Hence: A
X+
= 6x° +4x +3x+2 021> R 70 = —
9 C Require 4 — x> >0, i.e. 16 D The only one-to-one graph.
2-x2+x)=>0
D<x<2 17 E For f,y=3x-2

—1
Implied domain = [~2, 2] For 7', interchange x and y and

solve for y.
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x=3y-2 23 A kx—1=x*+3x

x+2=3y F+GB-kx+1=0
1 —(3-k?—
yzg(x+2) A=B-k* -4
=9—6k+k*—4
18 4 4 =k>—6k+5
C y==-x—-4=—-(x-95)
5 3 = (k—1)(k-5)
x — axis intcept is (5, 0) A<O=1<k<5
y — as is intercept is (0, —4).
1 24 B f(g(N)=f(5) =7
area OAB = =(OA)(OB)
2 25 E
- %(5)(4) 3sin(2x) + V3cos(2x) = 0
= 10 square units 3sin(2x) = ~ V3 cos(x)
1
19 D 2x - 3y =12 @ tan(2x) = —$
r-=13 @ py 5% 1ln 17n
@ — @ gives: 6> 6 6
ry=] Lo L 1x
(Note: in this case, you do not 127127 12
need to solve for x and y explicitly, 26 E The graph is that of a hyperbola with
although it is not wrong to do so.) asymptotes x = 1 and y = —3.
20 D 7x—6y=20 0 The eqélauon is of the form
y= -
3x+4y=2 @ x-1 .
3XQ@+2x(i)gives : x=0,y=-4 —42_—1—3
Ox + 14x =6 + 40 A= —g-3
23x =46 a=1
x=2 1
y= -
x—1 4
ta . (7
21 B 0= Y + sin (—5) (Check: x = 3 y = 0 as expected.)
na
1:—7 27 A Asx — +o00,y = f(x) = -2
2 y = —2 is an asymptote So the range
a= T is R\{-2}
22 C 28 D Vertex at (2, 3) means

y=a(x—-2)>+3.
Only the fourth option in which
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29

30

31

32

33

34

35

a = 1 fits.

Require f(—x) = f(x) for any value
of x.

If f(x) = —x?, then

f(=x) = =(=x)

= f(x)
So f(x) = —x? is an even function
of x.
(A quick check reveals that none of
the other functions is even.)

The factor ‘x + 2’ indicates a
translation of 2 units to the left.

So (x,y) = (x—2,y).

The factor ‘3’ indicates a dilation of
factor 3 from the x-axis.

Require x -2 > 0, 1.e. x > 2.
Maximal domain = [2, c0)

The graph has endpoint (3, 1) so its
equation must be of the form

y=avVx-3+1
x=4,y:O:O:a\/T+l

a=-1
y=—-Vx-3+1
m>0foranyx¢2.

3
Som+4>4foranyx¢2.
The range is (4, 00).

31 +k(D)+1=k+4
=0
k=-4

Let P(x) = x> = 5x> + x + k.
P(x) is divisible by x + 1, so

36

37

38

P(-1)=0.

(-1 =51+ +k=0
-1-5-14k=0

k=17

The graph could be a cubic with
minimum turning point at (-2, 0) and
another x - intercept at (2, 0).
Equation is y = a(x + 2)2(x —2)
x=0,y>0:=8a>0

a<0
Only the third option fits.

The graph could be a cubic with

a Stationary points of inflexion as
(-1,2).

Equation is y = a(x + 1)* + 2.

Only the fourth option fits.

y= —%(x +1)* + 2, then when x = 0
(Check: If

which is consistent with the graph.)

P-1)=-14+2+5-6=0

So (x + 1) is a factor.

Option B expanded has a constant
term of +6.

Option C expanded has constant
term of —6.

Option D expanded has constant
term of +6

Only option C fits.

(Alternatively, divide the cubic by
(x + 1) and factorise the resulting
quadratic.)

39 E For fy=mx+3
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40

41

42

43

For f~!, interchange x
and y and solve for y.

x=my+3
x=3=my
1
y=—(x=3)
m
1 3
= —Xx - —
m m
1 3
Hencea=—,b=——
m m

Remainder is given by P(2)
P2) =22 =22 +3(2) + 1

=16-8+6+1
=15
Let P(x) = x> +2x> +ax — 4

Given P(-1) =1
=D +2(-1)? +a(-1)-4=1

-1+2-a-4=1
-a-3=1
a=-4
The graph could be a

quartic with minimum tun-
ing point at (—2,0) and (2, 0).
Equation is y = a(x + 2)*(x — 2)*

a((x + 2)(x = 2))°

= a(x* - 4)?
When x =0,y = a x (=4)> = 16a
For the graph the y intercept is
posture so a > 0
Only the third alternative fits.

As x — oo, f(x) — 1,

Since e™* > 0 for all x, f(x) > 1 for
all x.

Hence the range of f is (1, o0) and
this is the domain of f~!

44 B For f,y =2log, x+ 1

45

46

47

48

49

for 7!, interchange x and y and

solve for y.
x=2log,y+1
x—1=log,y

1
logey = i(x_ 1)

yo b

1
So fl(x) = 2%V

log, (-1 +2) =log, 1 =0, sorange
of g = (0, 0)R"
e¥=1landas x — 00, e >0

Hence the range of the function with
rule y = f(g(x))is (0, 1).

For f,y=¢"-1
For f~!, interchange x and y and
solve for y.

x=¢e -1
x+1=ef
y=log,(x+ 1)
So f71(x) = log,(x + 1).

f(4) = loge(4 - 3) = loge 1= O’ SO
f has range [0, o)
and this is the domain of the inverse.

For f,y = !
For f~!, interchange x and y and

solve for y.

x=e"!

log, x=y-1
y=1+log,x
So f71(x) = 1 +log, x

For f,y = logeg
For f~!, interchange x and y and
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50

51

52

solve for y.

Y

= log, =

x = log, 5
e =2
2
y=2e*

Sof~'(x) = 2¢".

Require 3x -2 > 0, 1.e.
3x>2

>2
x —
3

2
So fis defined for x € (g, oo).

The Graph of f has asymptote
x=-2.

Reflecting it in the line y = x means
its inverse has asymptote y = —2.
Only the third option fits.

Method 1

log, 8x = log, 8 + log, x
=log, 2° + log, x
= 3log, 2 + log, x
=log, x +3

log, 2x = log, 2 + log, x

=log, x +1
So the equation becomes
log, x+3+log,x+1=6

2log, x =2
log, x =1
x=2

Method 2

log, 8x —log, 2x =6
log,(8x X 2x) =6
log,(16x%) = 6

16x* = 2°
=64

¥ =4
+2

X

But x > 0, so x = 2.

53 A log;yx =y(log;,3)+1
= log,, 3" + log;, 10

= log;((10(3"))
x =10(3)

54 B Graph has gradient —2 and
y intercept (0, 2).
Equation is log, N = =2t + 2

N — €2—2t

55 A Asx — —oo,y — 1, so the rule must
involve e™"

When x =0, y =0.

Only the first option fits both of

these.

56 B x = -2isa vertical asymptote and
the domain is (-2, ), so only
the second and fourth options are
possible.
The graph through (0, 0).

1
B: log, 5(0 +2)=1log,1=0

1 1
E: 3 log,(0+2) = 3 log,(2) #0

So the second option fits.

57 D Period=— —[-——|=— =
T T\ T 12T
Range = [—4, 0] so amplitude = 2
and there is a vertical translation of

2 units down.

Sr (7‘[) 8t  2rm
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58

59

60

61

62

these rule out options A and B.
When 6 = %,y:O.
In the third and fifth options, when
6= —%, y = —4; in the fourth option:
T

) 3(—— ; —) 2
y cos 177

2cos0—2

=2-2

=0
So the fourth option fits.

The minimum value of f is
2-3=-1

The maximum value of fis 2+ 3 = 5.

The range of fis [-1, 5]

When x = %, y = 0. Only options A
and C satisfy this.

T T
When6<x<—,y>0.
This is true for option A but false for
option C.

2
Amplitude 3, period = g =

The minimum value of f is —3.
The maximum value of f is 3.
The range of fis [-3, 3]

Px)=0=x-2a=0or

x+a=0orx*a=0.
2

Sox=2aorx=aorx” =-a.
But @ > 0 so x* = —a has no
solutions.

The equation has 2 decimal real
solutions.

63

64

65

66

67

68

69

The gradient of the given straight
live is —2.
For perpendicular lines, mym, = —1.

So —2m, = -1, going m; = 5

Since x and y are interchanged

for the inverse, there must be an
asymptote will equation x = 6 for the
inverse function.

So the inverse has vertical asymptote
with equation x = 6.

2
Period = il
a

f(18) =32 =2°, f(34) = 64 = 2°.
g(2’) =log,2° =5
8(2%) =log,2° = 6
The range of g o f is [5, 6]
Interchange x & y: x = V' —4y+5
Solve for y: x = (y = 2)* + 1
y-2P=x-1
y=24%+ Vx-1

Because of domain restriction, the
rule of the inverse isy =2 — Vx—1

The vertex occurs when x = 2. The
only one-to -one function is that with
domain (2, o)

The domain of f + g is [-5, =3).
h(x) = (f + g)(x) = x> = 5x + 6. The
vertex occurs when x = 3 which is
outside the domain. A(—5) = 56 and
h(=3) = 30. Therefore domain of
h~' = rangeo fh= (30, 56)
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Solutions to extended-response questions

1 a

The graph is of the form YA

y:ax2+b - L1

| -
4t 1 1 L 1 L L 1 1 1 i
L 1 i |

Theveﬂexisat(o’g). ) -

Therefore b = 9

The width of the arch is F H
20m. I
Therefore the x-axis |

im
intercepts are at (10, 0) DF“ _1

and (-10,0)
When x = 10, y = 0.

Hence b =9

and 0=ax100+9

-9
- =00
4= 100 0

) ) -9
The equation of the curve is y = —x” + 9

100

Whenx:—7y:%><49+9:4.59

The man is 1.8 m high.
E is (4.56 — 1.8) m = 2.79 m above the man’s head.

OH is 6.3 m
Consider y = 6.3

_9 )
6.3—mx +9

=2.
_—97 x 100 = x*
30 = x?
. x==+1v30
The length of the bar is 2V30m ~ 10.95m.
Let P(x) = 2x° + ax*> — 72x — 18
By the Remainder Theorem
P(=5) =17
ie 2x (=5 +a(-57—-(72x-5)-18 =17
250 + 25a + 360 — 18 = 17
oo 25a = =75

a=-3
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b 2x°=x>+5x+2
Let P(x) = 2x> — x> —5x -2
P-1)=-2-1+5-2=0
By the Factor Theorem x + 1 is a factor.
Dividing P(x) by x + 1
P(x)=(x+1)(2x*-3x-2)
For P(x) =0
x=-1lor2x*-3x-2=0
and 2x*-3x-2=0
implies (21x +DH(x-2)=0

=——=orx=2
X 5 X

ie x= —5 X = 2 and x = —1 are solutions to the equation 2x> = x* + 5x + 2

¢ x> — 5x + 7 leaves the same remainder when divided by x — b or x — ¢

By the Remainder Theorem
b*—5h+7=c"-5c+17

VN b*—c? =50b-c)
&  (b-o)b+c)=50b-c0)

& b+c=5Sasb#c
b=5-c
and if 4bc = 21
405 -c)c =21

20c —4c¢*-21=0
4¢> = 20c+21 =0

2c=3)2c-T7)=0
which implies

30r 7
c==-0rc=—
2 2
3 3
If =—,4xbx=-=21
) 2
7
b=—
2
7 3
If ==, b=~
‘T2 773 S
As b > c the required values are b = E’C: >
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3 a Ifax? + 7x + 3is positive for all x then a > 0 and ax’® + 7x + 3 = 0 has no solutions.
A =49 — 12a

A<049-12a<0

o as 49
a —
12

. minimum integer value =5
b —3x2 + bx —4 < 0 for all x then —=3x2 + bx — 4 = 0 has no solutions.
A=b*-48
A<0e b>-48<0
o -4V3<b<4V3

. minimum integer value = —6

¢ i1 Assumea+b+c=0
Then b = —(a + ¢) b — 4ac = (a + ¢)* — 4ac
=a’-2ac+c?
=(a-c)
ii Assumeb—-a—-c=0
Then b = (a + ¢) b* — 4ac = (a + ¢)* — 4ac
=a’> - 2ac + ¢*

(a-c)

iii If A =b% - 4ac is a perfect square the quadratic has rational solutions.

iv For example ifa = 4,b = -2 and ¢ = -2 we have
42 =2x—=2=22x> —x—-1)=2Q2x+ DH2x - 1)
If we have b = 6,a = 1,c = 5 we have
X2 +6x+5=(x+5)(x+1)and so on.

V X>=3x-54=(x-9)(x+06)

4 a x=—-4sinnat
b i Whentr=0,x=-4sin0=0

T
s :—4' —:—4
X SlIl2

iii Whent=1,x=-4sint=0 0 1 2 X
4
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¢ Whenx =2

2 = —4sinnt
" —% = sin(nt)
I
ie. ri nt
A
6

2 2
d Period = T 2 seconds
n bis

2

ah=ax—-x*-x=x(a—1)-x?

) a—1
b Maximum occurs when x = ——

¢ Maximum

2
:a;1 x(a—l)—(a_l)

I

a—1 1

=+

="
Ll
—_
Q
o
[—
~———
(3]
Il
Bl

a=2sincea > 1

2
a—1
. _ 1
( 2)
a—1

2
a=3sincea > 1

a—1 2
_5
111( > )

=+]

2
. a-—1
lV( > )—9
a—1 3

2 _
a="7sincea>1
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2
a—1
=10
()
-1
aT:i\/m
a=1+2V10since a > 1

6 a XX —ax=bx—-x

2> —(a+b)x=0
x2x—(a+b)=0

x:Oandx:a+b
a+b
When x = >
a+b a+b2 a+b
f = ~a
2 2 2
_a2+2ab+b2 a* + ba
B 4 2
_a2+2ab+b2—2a2—2ba
h 4
b? — 4>
) 4 )
+b b —
Therefore points of intersection (0, 0),(a > 4a)

¢ PO=bx—x*—x>+ax
= (b + a)x — 2x*

b+a
4

d Maximum occurs for x =

. maximum
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4 4
_(b+a? (b+a)

4 8
D+ a)?

8
7 a y=-125cos(2nt) + 1.25

i Whenr=0
y =—1.25cos(0) + 1.25

=0

b b+a)
= (b+a)x +“—2( ”’)

ii Whent:%
y = —1.25cos(m) + 1.25
=125+1.25
=25
ili Whent=1
y=-125cos2m +1.25
=0

2

b Period:—ﬂzz—nz
n 2r
One revolution of the rope takes 1 second.

1

C }lﬁ.
2.5-

of o5 1@

d 2 =—1.25cos(2nt) + 1.25

0.75
_—25 = COS(Z?Tt)
—0.6 = cos(2nt)
- 2nt = cos” 1 (=0.6) (only first solution required)
1
=5~ cos™(-0.6)

~ (0.3524
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It is 2 metres above the ground after 0.35 seconds.
8 P(t) = 150 x 106 ¥

a From section 5.8, chapter 5 of EMM Units 3 & 4, k = 0.0296 (i.e. 2.96% as a
decimal).

b P(0) = 150 x 10°¢°
. Population on Ist Jan 1950 is 150 x 10°
¢ P(50) = 150 x 10° x 029630
=150 x 10° x 4.3929
= 658941852.1
~ 6.589418521 x 10°
Population is approximately 6.589 x 10% on January 1st 2000.
When P = 300 x 10°

d 300 x 10° = 150 x 100029
7 = 002961

Taking logarithms of both sides of the equation

log 2 =t
0.0206 5

.t~ 23.417 years
The population is 300 x 10 after 23.417 years.

9 a T=Ae*+15 there0<t<10
Whent=0,T =95
95 =A+15
A =80
Whent=2, T =55
55 = 80e % + 15

o 05=¢
Taking logarithms both sides

1
—ElogGS:k

|
k =loge(22)
k ~ 0.3466

b At midnightt =0
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C

10 a

1
T = 80 " 108.(22)x10

= 80e°%2" 4+ 15

1
= — +1
80><32+ 5

=175
The temperature is 17.5°C at midnight.

Graph is decreasing
When T = 24° 1

24 = 8002221 4 15

1
9 _ o los2y
80

90 1
1 (—) — _log.(23)r

lo (2)
ge 80

1
- loge(zi)
t=06.304

=t

This is 6 hours 18 minutes and 14 seconds after

2:00 pm, i.e. 8:18:14 pm.

Jenny first recorded a temperature less than 24° at
9:00 p.m. (Note: temperature is recorded on the hour)

1
T = 80e~10822) 4 15

If V=25and a = 45°

B 25%5in 90
T 10
_ 625
10
=62.5
The distance the ball is kicked is 62.5 m.
For V =20
_ 400 sin 2a
T
= 40sin 2«

Period = 180°; amplitude = 40

nec) 4
a5 '&_
1=
0 ] {huurs';
x(m
40
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11

¢ Ifx=30and V =20
0 sin 2«

10

é_l = sin 2«
3 3
2o = sm—l(z) or 180° — sin_l(Z)
1 3 1 3
o= ESin'l(Z) or 90° — Esin'l(z)

~ 24.3° or 65.7°
The angle projection is 24.3° or 65.7°

1\X
a Area = 0.02(0.92 To)

— 0.02(0.92)10

b When x =

W | W

Area = (0.02)((0.92)3%)

- (0.02)((0.92)%)

= 0.0197

Area is 0.0197 mm? when x = g

¢ load = strength X cross-sectional area

X

= (0.92)!97% x (0.02) x (0.92)10

= (0.92)1°3*15 % 0.02

100-29x 10_9.0
=(092) 10 x0.02=0.02(0.92)" =

d Ifload = 0.02 x (0.92)>
100-29x

0.02 x (0.92)>° = (0.92) 10 x0.02
100-29x

(0.92)>3 = (0.92)" 10
100 - 29x ) s

10
1.e. 100 -29x =25
75 = 29x

and x=2.59
Therefore the cable cannot exceed 2.59 m in length.
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12 a The period of the function

2 b4
=—=21+=—-=12
b 76

i Therefore length of OR is 12 units

ii Q is at the minimum value

00=h-k
R is at the maximum value
OR=h+k

ﬂ12345a739|0|1|2

f {months)

¢ Fromah+k=165andh—-k=7.5
Consider as simultaneous equations
h+k=16.5 ©)

h—k=175 @)
Add @ and @

2h =24

h=12

and from (1 Yk = 4.5

13 a For Carriage A
Stop 1 [llumination = 0.837
Stop 2 Illumination = (0.83)7
Stop n Illumination = (0.83)"1
For Carriage B
Stop 1 [llumination = 0.89 x 0.66/
Stop 2 Illumination = (0.89) x 0.66/
Stop n [llumination = (0.89)" x 0.661

b Illluminations equal implies
(0.83)" I = (0.89)" x 0.661

0.83\"
(@ ~ 0.66

Taking logarithms of both sides
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0.83
1 —— | =log,(0.66
_ log,(0.66)

1o (@)
€089

~ 5.95
The illumination is approximately equal after the sixth stop.

14 a i y=1-a(x-3)?
Wheny =0
l-a(x-3)>=0

1 =a(x-3)
(x—3)2:l
a

1
Tox=3+4/-
a

(3+ \/g,o) and (3 - \/g,o)

ii AB has length 2

C has coordinates (3

Q|

D
1 1
Therefore the area = 3

1 .
= —— square units

Va

X24/—%1

0 /
(0, I|1'.

ii —a’+a=0

n]

==
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3v3
But a > 0. Therefore a = —\/_

iii —ﬁcﬁ +a<0

4
@_ﬁa2+1<0(a8a>0)

iv ——a’+a=-1
~4a® +27a+27=0
Using a CAS calculator yields a = 3 is a solution.
Consider
(a—3)(-4a*-12a-9) =0
ie. (a—3)4a*+12a+9)=0
and 4a®> + 12a +9 > O for all a
a = 3 is the only solution.

V ——ad+a=1
27
~4a* +27a-27=0 3
Using a graphics calculator yields a = 3 is a solution.

—4a® +27a - 27 = 2a - 3)(=2d* = 3a +9)

and 24> -3a+9=0
implies 2a* +3a-9=0
(2a-3)a+3)=0
3

a= Eora:—3

3
a= 3 is the only solution.

Graphic calculator techniques for 12b
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b i In a Graphs page enter
1) = (x = D*(x=2) + 1,
f2(x) = (x—2*(x—4)+2an
df3(x) = (x=3)*(x-6)+3
Set an appropriate window to show key
points.

b ii — v In a Calculator page, use the Solve
command. Note the domain restrictions.

b vi Plot in a Graphs page.

¢ i (g5l
1a,27a a

/
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1 2a " 4 5
=—X—X—a
2 3 27

B 4a*

-~ 81
. 4q*
iv —=

81
o a*t =81
~a=3 (since a > 0)
4a*
— = 1500

Vool

S 81 x 1500

B 4
a* =81 %375
a =3V375 (since a > 0)
15 a D =at* + bt +c

When t=0,D=1.38
Therefore c¢=1.8
When tr=1,D=1.6
Therefore

1.6 = a + b + 1.8 and rearranging gives,
-02=a+b ©)
Whent=3,D=1.5
Therefore

1.5 = 9a + 3b + 1.8 and rearranging gives,

-0.3=9a+3b
Dividing both sides of the equation by 3 gives
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16

-0.1=3a+b @
Subtract @) from @

0.1 =2a
Therefore a = 0.05. Substituting in (1) gives that b — 0.25
D =0.052 - 0.25¢+ 1.8

b Whent=8,D=005x64-025x8+18=3
The deficit is 3 000 000 Ningteak dollars
Graphic calculator techniques for question
In a Calculator page use:
b>Algebra>Solve System of

Equations>Solve System of 1 B=a- 0% 4b- Ote
Equations and enter as shown solve 1 6= l‘ a+l: btc. {abc}
opposite. '. 5232 a43 bac |

. . . a=0.05and b=-0 25 and r=1 8
Substitute ¢ = 8 into equation.

d=0.05 12-0 25 t+1 8)t=8 a3
zraal
R=af* +bt+c
When t=0,R=17.5
Therefore ¢=7.5
When t=4,R=9

Therefore 9 = 16a +4b + 7.5
and 1.5 = 16a + 4b

Diving both sides by 4 gives

3

—=4da+b ©)

8
When t=6,R=28

8 =36a+6b+7.5

0.5 =36a + 6b
Divide both sides by 6
1
- =6a+b @)

|
Subtract Q) from @
3 1

2o —=-2a

7 23
Therefore a = BT and substituting in O gives b = o
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7. 23 15
ThusR = ——£* + =t + —
us Tty

35 35
Whent=8,R = & The rate is gmm/h at 12:00 noon.

23

The rainfall is greatest when ¢ = S e L

The rainfall was heaviest at 7: 17 arzrﬁ 2
17 a N = alog,,(bP)
45 = alog,,(b) (D)
90 = alog,,(10b) .. (2)

Subtract (1) from (2)
Soa=45
Substitute in (1)

45 = 45log;, b
b=10

b N is an increasing function of P.
Therefore maximum when P = 20
Therefore maximum,

N ~ 104 dB

¢ 45log,, 10P = 75

5

log,, 10P = 3
5
10P =103

2
P =103 ~ 4.65
Maximum power setting is 4.

18 n=—— >0
1 +ae?
5790
l’l:w forc:5790,a:4andb:0.03

a i n = 5790 is the horizontal asymptote

ii whent=0,n= Séﬂ = 1158

iii
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b

iv

ﬂ'“'

5190-7;==~
11587
0 ¢ (day)
5790
4000 = | + 4¢-003
579
1+4 -0.03r _ ~ 7
e 400
179
4003 _ 112
¢ 400
o003 _ 179
1600

t= —@log (ﬂ

3 “\ 1600

_ 100, . (@)
3 ‘A 179

i Enter the data in a Lists
& Spreadsheet page.
Plot the data in a Data &
Statistics page.
Determine the logistic
regression using
b>Analyze>Regression>Show
Logistic (d=0)
The result is as shown.

|

5097 66
-0.048591 x

1+2 51786 &

G SRRV TR S VO P PR e e p |
0 20 40 . 60 80 100
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il

5097.66 1+ ——————————===-

1497.08 7

v

19 a The three squares have areas x2, y> and x> + y*. (The length of each the edges of the
largest squareis +/x% + y2 by Pythagoras’s theorem).
The two right-angled triangles each have area 5% As do the other two triangles.

See diagram to prove triangles XYA and ZBW are congruent to triangle CBA.
Hence A = 2(x* + xy + y?)

b Substituting y = 7 — xinto the expression for A
A=22+xy+)%)

=2((7 = x)*> + (7 — X)x + x°)
=2(49 — l4x + x> + Tx — x> + x%)
=2(49 = 7x + x°)

7
A = 2(49 — 7x + x?) is a quadratic with turning point minimum when x = 5

7 147 7
When x = E’A = The corresponding value of y is x = 3

¢ Substituting y = a — xinto the expression for A
A=20x"+xy+)%)

=2((a - x)* + (a — X)x + x%)
= 2(412—2ax+xz+ax—x2 +x2)

=2(a® — ax + x%)
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20

Again a quadratic with minimum turning point when x =y = 3

2 612

a
A=22-L 4+ &
@-5+3

A:Zaz

3
Minimum occurs when triangle ABC is isosceles. The hexagon has an area 1 of the

area of a square of side length a.

f(g(x) = f(8x—4)
= (8x — 4)? + 12a(8x — 4) + 64°
= 64x% — 64x + 16 + 96ax — 48a + 6a°
= 64x* +32(3a — 2)x + 6a* — 48a + 16

64x> +32(3a — 2)x + 64> — 48a + 16

1

= 64[x?
6[x+2

1 2
(3a-2) + =(6a’ — 48a + 16)]
—64[2+1(3 —2)++i(3 —2)2)—i(92—12 +4)+i(62—48 +16)]
= X 5 a 16 a 16 a a 64 a a
1
= 64[(x + 7(3a - 2))%] - 30d?

Range of f(g(x)) = [-30a?, o)

x+4

g0 =——
o x+4)_i2 2a+1 1
g (x))—f( )= e 6t 6at

Completing the square

1
fg™'(x) = 6—4(x +4(12a + 1))* - 304>
Range = [-304?, o)

f(g(2) =630

£(12) = 630

6a*> + 144a + 144 = 630
6a* + 144a — 486 = 0
a® +24a-81=0
(a+27)a-3)=0

a=3
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21 a Range of g = [a, o) and range of f = (—c0,a + 1]
Domain of f = [—1, c0) and domain of g = (—o0, 2]
f o gis defined if range of g is contained in domain of f.
therefore [a, o) C [—1, o). Therefore a > —1.
g o f is defined if range of f is contained in domain of g.
therefore (—oco,a + 1] C (—o0,2]. Therefore a < 1. Largest set S = [—1, 1]

b g(f(x)) = (a — x)> + a = (x — a)> + a. Domain of g o f =domain of f = (—c0,a + 1]
The vertex of this parabola= (a, a)
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Solutions for algorithms and pseudocode

You are advised to look at the Pseudocode appendix to this book and the appropriate
programming appendix.

1 a define f(n):
sum < 0
for i from 1 to n
sum — sum + (=1)' x i
end for

return Sum

S; | i | sum
S 1] -1
S, |2 1
S3 3| -2
S4 14 2
Ss |5 -3
S¢ | 6| 3

b define g(n):
sum < 0
for i from 1 to n
sum «— sum+ 3 X i
end for

return Sum

¢ define p(n):
product « 1
for i from 1 to n
product « product X i
end for

return ptoduct

2 a i n<20;So f(11)=11?+ 1 = 122. Note withuse of else..else if statement with
this program the condition n < 20 implies 10 < n < 20.

ii n<40;So f(40) = 40% + 2 = 1602.

i 7 <40;So f(34) = 40% +2 = 1158.
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b First redefine f(n) to print out (n, f(n)) and then use a for loop.
define f(n):

if n <10 then
T « n?
else if n <20 then
T —n*+1
else if n <40 then
T —n*+2
else ifn <50
T —n*+3
else:
T « "value out of domain"
end if

return n, T

The for loop
for i from 1 to 50

print(n, f(n)

end for

The volume is 32 m?.

Therefore xyz = 32...(1).
Let x m and y m be the length and width of the base.
S =xy+2xz+2yz

From (1), z = —.

64 64

Therefore, S = xy+ — + —

y X

155
S(1,1)=129;5(2,2) =68; S(3,3) = = 51.667; S (4,4) = 48;

208

S5,5) = = = 50.6
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From our calculations in b you can see that the minimum surface area (denoted by
min in the program) is less than or equal to 48. We choose a the larger value of 100
for the starting value of min.
We note that with the following program we are of course working with integer
values. Hence lookinga tvalues of x and y from 1 to 32 will be sufficient.
min < 100
xmin < 1
ymin « 1
for x from 1 to 32

for y from 1 to 32

print min, xmin, ymin

64 64
S —xXy+—+—
X oy
if § < min then
min < S
XMin «— X
ymin <y
end if
end for
end for
Note: It is necessary to assign values to xmin and ymin from the beginning as well as

changing the position of the print statement.

Minimum surface area is 48 m> when x = y = 4. This is the the actual minimum. It
does occur for these integer values.

min « 100
for x from 1 to 64

fory from 1 to 64
128 N 128

S e—xXy+ —+ —
X y
if § < min then
min «— S
Xmin «— x
ymin <y
end if
end for
end for
print min, xmin, ymin
The algorithm returns 76.2,5, 5. In this case it is not the true minimum. The actual
minimum does not occur for these values but it is close.The actual minimum is

approximately 76.1953 when (x, y) ~ (5.03968, 5.03968).

343



f min < 100
for x from 1 to 24
fory from 1 to 24

48 48
S «2XxXy+ —+ —
X y
if § < min then
min < S
xmin < x
ymin <y
end if
end for

end for

print min, xmin, ymin

The algoritm returns 50, 3, 3. In this case it is not the true minimum. The actual
minimum does not occur for these values but it is close.The actual minimum is

approximately 49.922 when (x, y) ~ (2.8845,2.8845).
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4 We note in this case we are only interested in integer values and so the algorithm will
return the ‘real world values’
min < 2010000
for x from 1 to 100
y « 100 - x
C « x> +100x> + y* + y*> + 10 000
if C < min then
min «— S
Xmin < x
Ymin <y
end if
end for
print min, xmin, ymin
Note that C(100) = 2010000. The minimum cost is $451 444 when x = 38 and y = 62.
There are no other values of x and y that give this minimum. In a later example a
method for making sure of this is undertaken.

S a Profit = Selling price — Cost price
So margin per kilogram is given by a — 70 per kilogram for product A and b — 80 per
kilogram for product B. Let P denote the profit.

P =(a-"70)x+ (b—-380)y
Using the rules x = 240(b — a) and y = 240(150 + a — b) we have
P =240(b — a)(a — 70) + 240(150 + a — b)(b — 80)

b We assume that b > a and 240(150 + a — b) > 0. The upper limits are chosen as 1000
cents.
max « 1
for a from 70 to 1000
for y from 80 to 1000
P « 240(a — 70)(b — a) + 240(b — 80)(150 + a — 2b)
if (P>maxand 150+a—-2+b>0and b > a) then
max < P
amax < a
bmax < b
end if
end for
end for
print (max,amax, bmax)
The maximum profit is $300 000 when a = 110 and b = 115. The program gives the
correct result without the conditions 150 +a—2*b >0and b > a
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6 a max « 1
for x from 1 to 48
fory from I to 48
P« xy48 —x—y)
if P> max and (x +y) < 48 then
max < P
xmax < Xx
ymax <y
end if
end for
end for
for x from 1 to 48
fory from 1 to 48
P« xy(48 —x—y)
if (P = max) then
print (max, x,y)
end if
end for

end for

b max « 1
for x from 1 to 64
fory from 1 to 64
P« xy(64 —x—y)
if P> max and (x + y) < 64 then
max < P
xXmax < x
ymax <y
end if
end for
end for
for x from 1 to 64
fory from 1 to 64
P «— xy(64 —x—y)
if (P = max) then
print (max, x,y)
end if
end for

end for

Three solutions: x =21,y =21,z =22;x =21,y =22,z =21;x =22,y = 22,z = 21
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¢ min < 10 000
for x from 1 to 27
for y from 1 to 27
S —xX+y*+Q27-x-y)
if § <minand (x +y) <27 then
min < S
Xmin < x
ymin <y
end if
end for
end for
for x from 1 to 27
for y from 1 to 27
S —xX+yP+Q27-x-y)
if (§ = min) then
print (min, x,y)
end if
end for

end for

a C =3000x + 4000y

b Itis evident that the more trips that are taken tthe greater the cost. You don’t need to
check very large values of x and y. min < 10 000
for x from O to 50
fory from 0 to 50
C < 3000x + 4000y
if C < min and 20x + 40y > 200 and 6x + 4y > 36 then
min «— C
Xmin < x
ymin <y
end if
end for
end for
print (min, xmin, ymin)
The resultis C =24 000, x =4,y =3
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b

a b m count
1 1.5 1.25 1
1.25 1.5 1.375 2
1.375 1.5 1.4375 3
1.375 | 1.4375 | 1.40625 4

define f(x):

return 2¥ -7

a <« 2
b3
m« 2.5

count =0
while b —a > 2 x 0.0001

if f(a)X f(m) <0 then

b—m
else

a<«—m
end if

a+b
m «—

count < count + 1
end while

print m, count

a b m count
2.5 3 2.75 1
2.75 3 2.875 2
275 | 2.875 | 2.8125 3
2775 | 2.8125 | 2.78125 4

define f(x):
return sinx — 0.7

a

b«

INBRCNN

S
m < o

count =0
while b —a > 2 x 0.0001

if f(a)X f(m) <0 then

b—m
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else
a<«—m
end if

a+b
m <«

count < count + 1
end while

print m, count

a b m count
0.654498... | 0.785398... | 0.719948... 1
0.719948... | 0.785398... | 0.752673... 2
0.7526732... | 0.785398... | 0.769035... 3
0.769035... | 0.785398... | 0.777216... 4
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Chapter 9 - Differentiation of polynomials,
power functions and rational functions

Solutions to Exercise 9A

1 f(x)=-x*+2x+1
f=D === +2(-1)+1=-2

fd)=-@)Y +2x4+1=-7

4 - f(-1
Average rate of change = f(4)_—(]:(1))
_7-(=2)
-5
=-1
2 f(x)=6-x
f(_l):6+1:7
f(l):6—1:5
1) - f(-1
Average rate of change = M
1-(-D
_ 2
2
=-1
3 f(x)=x*+5x
a Gradient
QR+ +52+h) - 14
- 2+h-2
_A+4h+ P +10+ 50— 14
) h
_Oh+h?
T
=9+h

b lim9+h=9
h—0

. 4R+ xh+h
4 alm————
h—0 h

i lim

= }liné(4x2h +x+1)
=x+1

2x3h = 2xh* + h
1m

h—0 h
- Il}r%(2x3 —2xh+1)

=23+ 1

lim(40 — 50h)
h—0
=40

lim 5h
h—0

=0

lim5
h—0
=5
_ 30M2x2 4+ 20W%x + h
lim
h—0 ]’l
- 11111%(30hx2 +20hx + 1)

=1

3R +2hx+h
lim

h—0 h
= ]111n(1)(3hx3 +2x+1)

=2x+1

lim 3x
h—0

=3x

3530 = 5x%h* + hx
h—0

- }lin(l)(3x3 +5x%h + x)

=3 +x

211_1)1?)(6x —Th)

= 6x
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5 y=x'—x 7

: y=x>+2x+5
rise

a grad = — :
run grad(PQ) = rise
(A +hP—(1+h) -0 run
= A+h) -1 :((2+h)2+2(a+h)+5)—((2)2+2(2)+5)
1 +3h+302+ 13 —1—h @+ -2
= 7 _A+Ah+ R +4+2h+5-4-4-5
B3+ 342 + 20 h
= T B h? + 6h
=B +3h+2 h
=h+6
b grad = |im grad(PQ) grad(P) = lim(grad(PQ))
= lim(h* + 3h + 2) -
h—0 = lim(h + 6)
h—0
=2
=6
6 f(x)=x>-2
f(X+h)—f(X):((X+h)2—2)—(x2—2) 8 a f(x):Sx2
I h
24 2xh+ I — £ = lim LD =)
= W h—0 h
=2x+h i Ot h)? — 5x%)
£ = lim o+ h) - F(x) =0 h
) h o 5x% + 10xh + 5h? — 5x2
= lim(2x + ) = }}E}) h
0= 2 = lim 10x + Sh
= 10x
b f(x)=3x+2
v flx+h) = f(x)
fix) = lim I
C 3x+h)+2-3x-2
= lim
h—0 h
i 2
= h
=1lim3
h—0
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¢ f(x)=5 f(x) = 5x% — 6x
Sx+h) - f(x)

, . (x+h) - f(x) reon 1
tfu):gﬁf' P / f(x) = lim -
_ 1 5(x + h)? + 6(x + h) — 5x> + 6x
:PF__ = h
) L 5x% + 10xh + 5h* — 6x — 6h — 5x* + 6x
=}ll_r>l(l)0 = h
_ = lim(10x + 5h — 6)
d =10x-6
f(x)=3x> +4x+3
o fx+h) - f(x) 9 . flat+h) - fla) _ 12k
Fo) = fim = —— at h 2h
i (x+h)?+4(x+h)+3-3x*>—-4x-3 =6
= h
= lim . fla+h)— fla—h) _h*+6h
3x2 —3x2 4+ 6xh+3h* +4x —4dx+4h+3-3 2h h
h =h+6
i 6xh + 3h2 + 4h
= lim ————— o flath) - fla@) _ 12k
= lim(6x + 3 +4) h 2h
—> :6
=6x+4
. fla+h) - f@ h*>+10h
e b 1 =
fx)=5x-5 h h
b g S+ h) - f(x) =h+10
S0 =lim =
St h) =550 +5 i flath—fla—h) 20
= lim 7 2h 2h
i 5% + 15x%h + 15xh* + 5h° — 5x%° =10
= h
= lim(15% + 152k + 5h) o flath) - fla) _ B3 + 9h* + 24h
=15x% h h
=h*+9h+24
£
i f(a+h)—f(a—h)_2h3+48h
2h  2h
= h’ + 24
d YNHM—ﬂm:W+%MJ%
h h
=h>+6h+14
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.. fla+h) —fa—h) 21 +28h
11 =
2h 2h
=h*+14
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Solutions to Exercise 9B

1a fx)=x
f(x) = 5x*

b f(x)=4x
F(x) =7 x4x°
=28x°

¢ f(x)=6x
f'(x)=6

d f(x)=5x%-4x+3
f(x)=2x5x—4
=10x-4

e f(x)=4x +6x°+2x—4
F(x) =3x4x> +2x6x+2
=122+ 12x+2

f f(x)=5x"+3x°
F/(x) =4x5x° +3x3x°

=20x° +9x%
g f(x)=-2x+4x+6

ff(x)=—-4x+4

h f(x)=6x-2x"+4x-6
fi(x)=18x* —4x + 4

2 a f(x)=2x-5x2+1
f(x) = 6x* — 10x
f(1)y=-4

b fx)=-2x-x-1

f(x) = —6x% = 2x
f(1)=-8
fx)=x*-2x3+1
f(x) = 4x° — 6x°
fa)y=-2
fx)=x-3x>+2
f/(x) = 5x* —9x?
f(1)=-4

fx)=2x —=5x* +2
f/(x) = 6x* — 10x
f()y=-4

fx)=-2x=3x*+2
f(x) = —6x% — 6x
f(2)=-36
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(g}

_ g3 2 d
y=5x"=-3x"+2x+1 e —(222—-6z+7)=-47-6
dy dz

— =15x* - 6x+2
d
dx f d—(—z3—4zz+3):—3z2—8z
2, 8 12 <
= — — —X —
Y=5t 75T
d
y _6, 8 7a y=2l-dx+l, 2=6
dx 5 5 dx
dy
y=Qx+ Dx-3) T o
=2x*-5x-3 —6=4x—4
X
-1
xX=—
y =3x(2x —4) 2
1 7
= 6x — 12x y:§+2+1:E
-1 7
% = 12x-12 co-ords = (7, E)
3 10x7 + 2x2 b y:4x3, 9248
y= xz dx
d
—104° +2 d—y:12x2
X
@:50)& 48 = 12x°
dx 5
x- =4
ox* + 3x2
:—x x:iZ
=9y + 3x y =32
J co-ords = (—2,-32) and (2, 32)
d—y:27x2+3 d
x ¢ y=x(5-x, 2 =1
dx
d = 5x— x?
222 - 5x%) = dx - 1522 yEormA
“ QZS—ZX
i(—2z2—6z):—4z—6 &
dz 1=5-2x
d —2x=-4
—(67° -4z +3) =182 -8z
dz x=2
y=23)=6

d 3\ 2
E(_2x —5x7) =-2-15x co-ords = (2,6)
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d

) dy

3
=X -3x% = =0
y=x o dx
d
d—z=3xz—6x
0 =3x% - 6x
0 = 3x(x—2)
x=0,2

y:O—OZO,y:8_12:_4
co-ords = (0,0) and (2,-4)

8 a tan45° =1
.. gradient = 1
ﬂ = 4x — 3 Therefore
dx
When gradient = 1
4x-3=1
Lx=1
J=1
the tangent line at the point (1, 7)
makes an angle of tan 45° with the
positive direction of the x-axis.
b Gradient = 2d
Y
— =4x-3
dx *
When gradient =2
4x-3=2
5
LX ==
4
5. 59
Q=%
Therefore the tangent line at the
. (5 59). .
point (é_l’ ?) is parallel to the line
y=2x+8
dy
9 —=2x-1
dx *

10 a

C

2x—1=1
x=1
2x—1=-1
x=0
2x—1= V3
1
x:—(1+ \/§)
2
~ 1+ V3
)
y=x%+3x, (1,4)

Let 6 be the angle between the
tangent line and the x-axis.

dy
— =2x+3
dx o
When x = 1,Q =5
dx
S.tanf =5
C. 0= 78.69°

y =-x2+2x, (1,1) Let 6 be the
angle between the tangent line and

the x-axis. @ =-2x+2
dx
d
When x = 1, Y 0
dx
S.tan0 =0
50=0°

y=x>+x, (0,0)
Let 6 be the angle between the
tangent line and the x-axis.

dy 2
— =3x"+1
dx o
Whenx:O,@ =1
dx
S.tan0 =1
.0 =45°
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d y= -x> - x, (0,0)

Let 0 be the angle between the
tangent line and the x-axis.

dy 2
— =-3x"-1
dx o
d
Whenx:O,—y =-1
dx
S.tan@ = —1
.0 =135°

e y=x*—x? (1,0
Let 6 be the angle between the
tangent line and the x-axis.

d
d—z = 4x° - 2x
When x = 1, @ =2
dx
cotanf =2
o0~ 63.43°

fy= M =x%, (-1,0)
Let 0 be the angle between the

tangent line and the x-axis.
dy

=4 -2
o X X
d
Whenx=-1,2 = 2
dx
Sotang = =2
S 0~=116.57°
y=Q2x-1)y
=4x* —4x+1
dy
— =8x-4
dx o
X+ 2x?
y:
X
= x> +2x
dy
— =2x+2
dx o

c y =2x° - 6x% + 18x
dy

— =6x> - 12x+ 18
dx X X

= 6(x> - 2x + 3)
b* —4dac = 6(4 —12) <0

d_y does not intersect the x-axis

X
d
and since x = 0 gives a9 3, a9 0
d);, dx
for all x (as opposed to d_y < 0 for
X
all x)
3
d y= % — X +x
d
d—i =x>-2x+1
= (x -1
dy
=20,
dx —

since any number squared is
non-negative

12 a y=x"+2x+1,x=3

y=32+23)+1

=9+6+1
y=16
dy
— =2x+2
dx o
dy
— =203)+2
I 3)
=8

b y=x*-x-1,x=0

y=-1
dy

= =2x-1
dx Y
dy
AT
dx
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y:2x2—4x, x=-1
y=2(=1)* —4(-1)
=2+4

y=2x+DHBx-1D(x+2), x=4
y=6x>+13x2 +x-2

=6(4)° + 13(4)* + (4) -2
y=6x64+13x16+4-2
y =384 +208 +2
y = 5%
y=6x>+ 132 +x—-2

j—y=18x2+26x+1

X
x =4, 9:18x16+26x4+1
dx

=393

y=2x+53B-5x)(x+1),x=+1

y = —-10x> = 25x* + 6x* — 10x + 6x
—25x+15x + 15

y=—-10x> —29x* —4x + 15

x=+1,y=-10-29-4+15

y=-28
dy _ —30x% — 58x — 4
dx
x=+1, @:—30—58—4
dx
=-92

f y=Qx —5)2,x:21

2
1 2
x:ZE,y:(S—S)
y=0
y =4x> —20x + 25
dy
— =8x-20
dx o
1 dy
=2-, = =4x5-20
R T
=0

13 f(x)=3(x-1)

a 0=3x-1)7?
x=1
b f(x)=3(x*-2x+1)
J(x) =32x-2)
=6(x-1)
0=6(x-1)

x=1

C 0<o6(x—-1)
x—1>0

x> 1;i.e.(1,00)

d 0>6(x—1)
x—1<0

x < l;ie.(—c0, 1)
e 10=6(x—-1)

x—1=

W] oo W[ W
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14

15

16

(g}

27 =3(x—1)°
9=(x-1)7
x—1=4+3

x=-2,4
x<-1,x>1
i.e.x € R\[-1,1]

-1<x<1
ie.xe(-1,1)

x=-1,1

-1<x<05, x>2
1
iﬁ.XE(—l,E)U(ng)

1
<-1, =<x<?2
by 7 X

I
L&xe(—w,J)U(?2)

1
:_19 _32
* 2
x>-1, x#2
-1
l.e. X € (—,2) U (2, 00)
<—1
x —
4
] E( 0 _1)
i.e. x € |—o0, —
4
-1
=—,2
X 1

18

a

y=4-8-8=-12
co-ords = (2,-12)

dy

)

dx
2=2x-4

2x=6
x=3

y=-11
co-ords= (3,—-11)

3x+2y=28
_,-3_3
Y=

183

16

d_(S 183)
co-ords = 216

y:

f'(x) = x*>>0forall x 0.
Therefore strictly increasing for
R\{0}.

Also f(0) = 0 and f(b) > 0 for all
b > 0and f(b) <0 forall b <O.
Therefore strictly increasing for all
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b

19 a

x €R.

f'(x) = —x*> < Oforall x £ 0.
Therefore strictly decreasing for
R\{0}.

Also f(0) = 0 and f(b) < O for all
b > 0and f(b) > 0forall b <0.
Therefore strictly decreasing for all
x eR.

Assume x > yand x > O and y > 0.
Then
x>y

©x-y>0
Sx-ykx+y) >0
exr-y">0

o x>y

Assume x > yand x < 0Oandy < 0.
Then

x>y

©x-y>0
Sx-yx+y) <0
@xz—y2<0

e X <y?

20 f'(x)=2x—1

21

2x-1>0e x> 3

.. strictly increasing for x > % We also
know that £(x) > f(%) for all x R\{%}
.. strictly increasing for [%, oo)

If x < %fhen f(x) > %

Hence [5, oo) is the largest interval for
which f is strictly increasing.

a (oco,—1]

b [2,00)

¢ [—o0,0]

d [%,oo)
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Solutions to Exercise 9C

1a S(x)
A

rise
b grad(PQ) = — o

_ S +m-fd)
(1+h)-1
2 2
_(+h212
B h
_1( 2 _(1+h)2)
A\(1+h)2 (1 +h)?
_1(2—2(1+2h+h2))
h 1 +2h + h?
1(—4h—2h2)

"\ 2n+ 2

—4-2h
POy = — "
grad(PQ) = 1———5

¢ grad(P) = }lirr(l) grad(PQ)

-4 -2h
=lim —
h—0 1 + 2h + h?
4
1
grad(P) = -4

2 a f(x+h) J(x)

x+h3x3

(=
( - (x+h-=-3
(

(x+h- 3)(x 3)

)
)
(x+h- 3)(x 3))
)

((x +h— 3)(x 3)

Hence

lim

J(x+h) - f(x)

h—0 h

-1

X

X
S = = S

X

=N
oo (x+ h—3)(x - 3)

1

S (x-3)?

b f(X+h) J(x)

X
x+h+2 x+2

(=
(x+2 (x+h+2
(

Grhr2x+2))”

X

=
)
(x+h+2)(x+2))
)

((x+h+2)(x+2)

Hence

lim

Jx+h) - f(x)

h—0 h

-1
lim
=0 (x +h+2)(x+2)
-1
(x+2)?

1

h
1
h
1
h
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3
J(x+h) - f(x)

h CAR —2X_2
_(x+ h)y™ — x4 dx
B h
_( 1 1)X1 5a y=2-47"
“\@x+n* ) h dy 42
_(x4—(x+h)4)xl dz
A+ h)? h 5
y=6z"+z
B (x4—(x4+4x3h+6xzh2+4xh3 +h4))>< 1 p
- Pt h) d—y = —18774 - 2773
b4
B (—(4x3h + 6x%h% + 4xh> + h4)) " 1
N xA(x + h)* h ¢ y=16-77
_ —(4xX + 6x°h + 4xh® + 1Y) dy _ 5 4
- Hx+ a7 ¢
Hence d f)=ds ' +7-7
h —
3 2 2 3
_ lim(—(4x +6x°h+4xh”+h )) e f(2)= 672 — 2773
h—0 x*(x + h)? , 3 i
40 f(z)=-127"+ 62
X
8 £ £ =6x"-3x:
4
=-= f(x) = —6x72 - 6x
4 a y=3x2+5x1+6 6a y=x’+x
dy_ -3 -2 @:—2_3+32
T —6x" — 5x dx X X
=2,
b y=5x7+6x dx
y -
d —=—+4+3x4
& skt 4 12x dx 8
dx _1
=—+12
¢ f()=-5x+4x%+1 4
dy 47 3
'(x) = 1554 — 8x73 Z =1t
F(x) = 15x7* - 8x =7 1

d f(x)=6x>+3x2
fl(x)=—-18x*-6x7°
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b y=x2-x!
dy -3 -2
— =-2x"+
T X X
x=4,

d _

_—2. 1

dx 64 16
_—1+1
32 16

dy 1

dx 32

c yzx_z—x1
d
ﬁ——296_3+x_2
x=1,

d
SO, S
dx

dy

— =-1
dx

d

d—i =32 +2x7°
x=1,

fil:3+2

dy

~Z_5

dx

7 f(x)=10x*>0forall x #0

Sy: =X——=X—X
X X
dy -2
— =1+
dx
dy
=~ _5
dx
1
5:1+;
1
2=
1
2—_
Y TG
+1
X=+—

2
y:axz+bx_1
x=2,y=-2

b
1-2=4a+ =
973
d
%C:%lx—bx_2
dy
=2, 2 =_5
dx
b
2-5=4a- -
Ty
3b
1-2=>3=—
4
b=4
Subinl =>-2=4a+2
da = -4
a=-1
4
y=—x+ -
X

363



10

11

y=2x" —dx7? Subin2z7:%a+6
y:O’ —a_l
0=2x"'—4x72 9
0=2x—4 a=-9
_9 )
x=2 y=—_t+x
X
@:—2x'z+8x'3
dx 3
x=2, 12 y:§x+kx2—§x3
dy -2 8 dy 5 8 ,
2o =4z o D 4 Qkx— —
x4 7% dx 3 T3
—_1+1 t —_1
-9 ax=
1 dy 5 r 2
2 dx 3 3
d
Dok
~ b dx
y—;+ o atx =1,
-1 2
= +b
oy LSO
x=3,y=6 dx 3 3
9 Q:zk—l
16:§+9b dx
-1
2k—1= —— j
@ a2+ by k T k(perpendlcular)
dx
) 9_7 Qk-Dk-1=1
T dx 26> -3k+1=1
27:%a+6b 22 =3k =0

3l =>18=a+27b b=1
92 = 63 = —a+ 54b
31+92 = 81 =81b

3
k2k-3)=0 = k=0, =

2
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Solutions to Exercise 9D

1 a dyA

dx
(0,2)

> X

>» X

d
d_yA
dx
> X
N
e al"
dx
> X
0

>» X
0
dy A
a’x1
—e)
. > X
0] 1
14 o—0m 0—o—
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dy |
dx

(1,2)

> X

-1

OO

(=3,-0.25)

0,29
(2, -2.5)

dy A
dx

>» X

dy A
dx

1.5

> X

__\\/1

dy A
dx

> X

> X

dy A
dx

> X
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3 abD 5 y

A
b F
= X "
YY)y =
¢ B
d C
> X
e A / 0 1
o 4
f E Gradient 1s O at (1, §)
Gradient is positive for R\{1}
4 a y
A - 6
ooy, Y EAX) yoo
y=r1x) AV =28"(x)
\ / y=8)
b
0 1 2
[ .
0
b i0
Gradient is always positive,minimum
ii 0 gradient where x = 0
iii 0
7 a
. Y
iv 96 A
c il h i
ii 0.423

A/
BEE LIRS

b 1 x=-14950rx=0.798

ii x=0.630
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Solutions to Exercise 9E

1 a y =+ 1
Letu=x*+1,y=u*
dy _dy du
dx du dx
= 4u’ X 2x
=4(x* + 1)° x 2x
= 8x(x* + 1)°

b y=@Qx -3

Letu=2x*-3,y=u

dy _dy  du
dx du’ dx
= 4x X 5u*

= 4x x 5(2x* - 3)*
= 20x(2x% - 3)*

c y = (6x+ 1)*

Letu=6x+1, y=u

dy _dy  du
dx du’” dx
=6 X 4u’
= 24(6x + 1)°

d y = (ax +b)"

Letu=ax+b, y=u"

dy dy « du

dx du’ dx
=ax "V
= an(ax + b)"™!

e y = (ax* + b)"
Letu=ax*+b, y=u"

dy dyxdu

dx  du’ dx

= 2ax X nu™™ Y

= 2anx(ax’ + b)""!

f  y=(1-x»)

Letu=1-x*y=u">

& _dy du

dx du’ dx
= 2x-3u?
= 6x(1 — x2)™*

g  y=(-xH7
Let u = x* —x_z,y =u
dy dy y du
dx du’ dx
= (2x+2x) x -3u™*

3

= —6(x+x ) —xH*

h  y=(1-x"

Letuzl—x,yzu_l

dy _dy  du
dx du’ dx
= —1x-u?

=(1-x72
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y=@+ 2+ 1) 3 Lety= = 16(32° + 0!
3 3x3 + x
y=((x+1)) Letu=3x +x
y=@+1)° Theny = 16u~"
Letu=x+1,y=ub dy dy du
= = = X —
dy—dyxdu dx du dx
dx du’” dx = —16u2x(9x* + 1)
=1x6u 16092 + 1)
=6(x+1) (3x* + x)?
When x =1
y = (3 +2x% + 0 @:_10
3 2 4 dx
Letu=x" +2x"+x,y=u
dy dy « du 1
dx du’ dx 4Lety:x2+1:(x2+l)‘1
= (B3x> +4x+ 1) x 4u® Letu=x*>+1
=4Cx + D(x + D + 257 + x)° Theny = u™"
=43x + D(x+ D(x(x + 1)*)° dy _dy « du
= 4G+ D+ Dx+ 1)° dudu - dx
= —u?x(2x)
=4x°CBx+ D(x+ 1)’
B —-2x
y= (6X3 + 2x—1)4 (.X2 + 1)2
Letu=6x>+2x7", y=u4 When x = 1
dy dy o du dy = _l
dx du’ dx dx 2
— (18X2—2X_2)X4M3 When)C: —1
dy 1
= 8(9x% — x 2)(6x° + 2x71) @2
dx 2

y=0>+2x+1)72

S F(x) = f(g(x)

= ((x+ 1)_1) ? F'(x) = g (0)f (g(x)
=(x+1 . . ‘/W
S
dx du dx
=1x—4u>
= —4(x+ 1)
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6 a Lethix)=[f(x)]" 7 dy  _2x=3

; dx — x2(x-3)?

Let g(x) = x dy
—=0=>x==
then h(x) = g(f(x)) dx 2

7 (x) = g/ (f0) X f'(x) 8 h(x) = f(g(x)
= n(f)"™ X (%) 7 (x) = g/ (0 (8(x))

Therefore,

b Let h(x) = -
et h(x) = (f(x)) W3)=g03)f'(g?3)

Let g(x) = x™! =6/"(4)
then h(x) = g(f(x)) =6x8
=48

W (x) = g (f0) X ()
= =(fe) X f'()
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Solutions to Exercise 9F

1
SO+ h) - f®)
h

:(2Vx+h—2\/§)><%l

I 3a f(x)=x3
- aVrrhoaym x ATV :
(Vx+h+ x) h F(x)=-x3
_2a+h-n 1 ;
Vx+h+x h f’(27)=§>< 1
) (273)?
= = 111
N L L
v 373277
Hence
1
i f(x+h)— f(x) b f(x)=x3
1m
h—0 h 1 _Z
2 f'(x):§x3
S Ve v I
- X+n+ \x , _z
f(=8)=5x(-8)3
1 3
Vx = 1))
3
1 —lxl—i
ax) | 34T
a = —x 5 )
d.x 5 ¢ f(x):x§
2 2
d(xz) 53 fix)=3x73
b = —x2 3
dx 2 o)

. fen=5x@ns
d(xz_xz) 53 31 2.1 2
C a2 37379
s s
d(3x2 - 4x3) 31 5 2 d f(x)=ux4

d p =—x 2—-4X—=x3 = 51

3 1% 2 7 ’ f =g

—x 2 — —x3

2 3 , 5 1
£/(16) = = x (16)4

] 4
d(x‘7) 5 5
—6 _Q —_XZ—_
= — 7 - -
o 77 4 2
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4D
dx
|

x—
2V2x+1
1
V2x + 1
d
—(V4-3x)
ax

1

3X ———
2V4 —3x
-3

B 2V4 -3x
i( VxZ +2)
dx

=2

=2x X
2Vx2+2
X

x2+2

4 3yx02 +22)
dx

d 5 3
= —(3x2 +6x2)
dx

15 %4_18 %
= —Xx2+ —x
2 2

15 3
:EXZ +9\/;

5 a Letu=x

2

+a

2

d d 1
LHS = —(Vx? +ad?) = —(u2)
dx dx

b Letu=a

2

- X

1 = LV = = Ly
dx dx

d du
—(Vu) X —
ax dx

1
= —— X -2x

2Vu
X

a

2

— X

2
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6 y=(x+ Va2 + 1)
Letu=x+ Vx2+1, y=u’

LHS:Q:d—uxQ

dx dx du
_ (d(x) N d(\x* + 1)) o dy
\dx dx du

Letw=x*>+1

b (2 4D o).

dx a’x+ dw Xaxdu

1

= 1+—><2x)><2u
( 2w

d

—y:(1+ a

- (ﬂ) x2x+ Va2 + 1)

x2+1

2
2(x+ X2 + 1)

x2+1
2y
= - RHS QED
x2+1

)x2(x+ V1)

7 a Letu=x>+2

d(Vx? +2) 3 d(u) o @
dx T du dx

1
= —— X 2x

2\u

X

x2 42

b Letu=x-5x

d((x3—5x)-%) d(u%) 5
X

dx du dx
= %u_% X (3x* = 5)
= %(3)8 - 5)(xX° - Sx)_%
3x2 -5

¢ Letu=x*+2x

d((x2+2x)%) d(u%) B
= X

dx du dx

L3 2x+2
= —u 5 X2x+
S X

2x+2

- 4
5(x2 +2x)5
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Solutions to Exercise 9G

1 a f(x)=¢"
flx= 56>

b f(x) =73
f'(x) = —21e7"

¢ f(x)=3e 4+ — 27

f(x) = —12¢™ + ¢* - 2x

d f)=e' -1+

fo)=e—e
42 — 2" + 1
¢SO
1
— _e—x + Ee—Zx
f=er—e™
= e e = 1)

f fx)=e*+e*+e>

[(x) =2e" =27

2 a —6xze_2"3
b 2xe® +3
¢ Qx—4)e" 43

d (2x—2)e" 23 _ 1

1 1
e ——ex
2
1
1 1 5
f —x 2e*?

3 Lety:e§+4x

dy 1 x
Then — = —e2 +4
en——=3e

9
a Whenx =0,y = >

11
b Whenx =1, EeZ +4

4 Lety= e 4 2x
d
Then & = (2x + 3)e”*3* 42
dx

a Whenx=0,y=15

b Whenx = 1,5¢* +2

5 a 2f/(x)e2/®

b ZeZXf/(eZX)

6 a y= (e -1)*

Letu = > — l,y:u4

dy dy o du
dx  du’” dx
= (2¢*) x 4u®

— 8€2x(€2x _ 1)3

b y:e\/}
Letu = vx,y = e"
dy_dyxdu
dx du’ dx

MX 1
=e R —

2Vx
1
— VX
=eV'X ——
2Vx
__1 v
2vx
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W

1
y=(e"-1)2 d y=ef
2

1
— ot — 10 Z
Letu=e —1,y=u2 Letu = x3,y = "

dy _dv du b _ds
dx cllu ldx dx du’ dx
= X 1
=§u 2 Xe — e x Zx73
1 1
=—e(e" - 1)2 2 1 %
2 = g_x 3ex

e (2x —3)e DD

f ee‘+x

375



Solutions to Exercise 9H

la@:z 3 a f(x):loge(x2+1)
dx x
) ﬂ:i:_ f(x):2x><xz+1
dx 2x x 3 2x
)
d 3 x+1
c—y=2x+—
dx x b f(x) =log,(e")
dy 3 1 3x-1 1
d—:———:— ’ = —_—
dx x x? x2 S exex
d =1
e_y:§+1:3+x
dx x X
fd)’_ 1 4 a y=log,x
dx  x+1 x=e.
g@: 2 — 1 y=Ine=1
dx 2x+4 x+2 dy_l
h@: 3 dx  x
dx 3x-1 x=e,
iﬂ— 6 d)’_l_—1
dx  6x-1 E_Z_e
_ 2
- dy 3 b y=Ih(x"+1)
dx x xX=e,
=1In(e® + 1
dy  3(log, x)? y=ln+1)
P&t D g
dx x2+1
CQ— 2x+ 1 2%
dx  x2+x-1 T2+l
ddy_3x2+2x X =e,
dx X3+ x2 dy  2e
dx  2+1
edy_ 4 x er+
dx  2x+3
P
dx 2x-3
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y = In(=x)
x=—e,
y=log,e=1
dy -1 1
dx -x x
x=—e,

dy -1 -1
—_— = — = —¢
dx e

y=x+log, x
x=1,

y=1+log,1=1

dy 1
— =1+ -
dx X
x=1,

dy
—=1+1=2
dx

y = log,(x* = 2x +2)

x=1,

y=log,1=0

dy 1
A, BYNI, ) P
dx (2x )x2—2x+2
x=1,

dy

-0

dx

3
x=2,
y =log,2
dy 2
dx  2x-1

3
x=2,
dy _2_,
dx 2

5 f(x)=In(Vx2+1)
1

f(x) =2xx

X
2VaZ+1 Va2 +1
X

2+ 1
alternatively,

f(x) = ln((x2 + 1)%)

1
= E1n(x2 +1)

"(x) = = X2x X
A e
_ X
2 +1
, 1
F)=—==3

6 i(ln(xz +x+1))
dx

=2x+ 1) X ——
@x+1) X2 +x+1

3 2x+ 1
o2+ x+1

7 f(x)=In(x*+1)

f(x)=2xx

x2+1

oy 0 3
f<3)_9+ 5

[S—

d , 1
8 E(ln(f(x))) = f(x) X m
')

-~ f
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x=0,
1(0)
f(0)

< in(1(0) =
_4
2

=2
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Solutions to Exercise 91

1 a

b

ScosSx

—55sin Sx

5sec? 5x

cos x X 2sinx = sin 2x
3sec?(3x + 1)

—2xsin(x? + 1)

2ainfx=geos(—5)
s x 4COSX 4

2005( ﬂ) s'n( n)
—_— —_— — 1 —_— —
SEEY i W)

6 sin2(2x + %) cos(2x + E)

6
6cos(2x + %) sin2(2x + g)
y = sin2x
dy
- =2 2
T cos 2x
T
xX=—-,
8
LT 1
y=sin—=——
TR
dy n 2
T cos4 N V2
y = sin3x
d
d—z=3cos3x
T
X=—-
6
big
= 9] —:1
y sm2
dy n
- =3 - =0
e cos2

C

y=1+sin3x
dy
- =3 3
T cos 3x
b8
xX=-,
6
y:1+smg:1+1:2
dy Vg
—:3 —:0
Tx cos2
y:00522x
d
—y:—ZSin2x><2c052x
dx
= —4sin2xcos 2x
= -2sin4x
b8
xX=-,
4
27‘(
= — =0
Yy = Cos >
dy
—:—2 1 :O
= sin T
y = sin® 2x
d
—y:—2c052x><25in2x
dx
=4 cos2xsin2x
= 2sindx
T
xX=-,
4
.o 7T
= — =1
y = sin >
d
—:2 1 :O
Tx sin
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3 a

y = tan2x
dy 2
— =2 2
e sec” 2x
T
X ==,
8
T
y an4
d
d—z:2seczg
=2 % (V2)?
=4
f(x) =5cosx—2sin3x

f'(x) = =5sinx — 6.cos 3x

f(x) =cosx+sinx
f'(x) = —sinx + cos x

= Cosx —sinx

f(x) =sinx + tan x

f/(x) = cos x + sec? x

f(x) = tan’ x
f(x) = sec’ x x 2tan x

= 2 tan x sec’ x

X
- 2e0{ )
y COS 180
dy 2z sin( 75 )
dx 180 180
= ;—g sin(x”)

b

6 a

X
= 3sin{ g5
y sin 150
dy 3m cos( X )
dx 180 \180
= 67T—Ocos(x°)
3 tan( 371x)
Y =M 180
= tan(ﬂx)
Y =160
dy n 2(7rx)
— = —sec|—
dx 60 60
= 67T—0 sec’(3x°)
y = —In(cos x)
d
A sinx X —1 X
dx COS X
a sin x
©Cos x
=tan x
y = —log,(tan x)
d
“__ sec’ x X L
dx tan x
B 1
~ cos xsin x
2 cos xe2sinx
—2 sin(2x)e s 2~
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Solutions to Exercise 9]
1a y=Q2¥+6)2x°+1)

% = (2x* + 6)%(2)53 +1)

+(2x° + 1)i(2x2 +6)
dx
= (2x% 4+ 6)(6x°) + 2x° + 1)(4x)
= 12x* + 36x% + 8x* + 4x

= 20x* + 36x° + 4x

1
b y=3x2Q2x+1)

dy 1d
— =3x2—(2 1
o 3x dx( x+1)

=

+32x + l)ix
dx

1 1
= 3x2 ><2+3(2x+1)><—1
2x2

c y= 3x(2x -1)°

dy_ d B
T 3x ((2x D)

J— 3_
+3(2x-1) dx(x)

Letu=2x-1

D _ gl d)
dx dx

= 3x(2 x 3u? )+3(2x— D3
= 18x2x - 1)* +32x - 1)°
=3(2x - 1)*(6x + 2x - 1))
=32x - 1)’8x—1)

+32x-1)°

y = 4x*(2x* + 1)

= 4y ((2x + 12 (2x +1)

2+ I)E(sz + 1))

+402x% + 1)* x 2x
= 8x%(2x% + 1)(4x) + 8x(2x* + 1)?
= 32x°2x° + 1) + 8x(2x% + 1)°
= 8x(2x% + D(@x? + 22 + 1)
= 8x(2x* + 1)(6x* + 1)

— Gr+ 1)2Qx+4)

d
dy _ G+ 1) —(2x +4)

3
+(2x + 4)—(3x +1)2
dx

Letu=3x+1

3
d(uZ)
X
dx

_2Gx+1)E + (2x+4)( W3 % 3)

2 =G D2(2)+ (2x + 4)(

_2Gx+ 1) + 5(2x +HGBx+ 1)
2Gx+ )3 +9(x + 2)(3x + 1)
= QGx+ 1)+ 9+ 2)(3x + 1)2
— (6x+2+9x + 18)(3x + 1)2

— (155 +20)3x + 1)

=53x+4)3x + 1)%
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d d
T =4 1)2 + 4242 + 1)2d—y(x2
X

)

du



g

1
y =02+ 1DQ2x-4)2
Y 2 d :
== 1)—(2x —4)2
I (x" + )dx( x—4)
1
+(2x - 4)§i(x2 +1)
dx
Letu=2x-4
A
2
dy 2 ( (u ) du)
= = 1 -
dx @+ 1) dx de
1
+2x—4)2 +2x
1 1
= (& + 1)(—F X 2) + 2x(2x — 4)2
2u2
1 1
=+ DRx—4)2 +2x2x-4)2
(D) +2x(2x - 4)
V2x—4
(1) +4x - 8x
V2x—4
3 5x2-8x+1
V2x—4
y=xBx*+2x+1)7!
dy _ .3 d 2 -1
I =X a’x(3x +2x+1)

d
+Bx +2x+ D' —x
dx

Letu=3x>+2x+1

3

dy
dx

Let u

dx

du™  du

- x3(— x —) G2 420+ 1) + 382

dx dx
(=2 x (6x+2)+32GCx* +2x+ 17!
X (6x+2)(3x* +2x+ 1)
+3°3x% +2x+ 1)7!
—X3O6x+2)+3x°C2+2x+ 1)

Bx2 +2x+ 1)?
—6x* = 2x3 + 9x* + 6x° + 32
Bx2 +2x+1)2

3t +4x3 + 3432
(Bx2 +2x+ 1)?
x*(Bx* +4x+3)
(Bx2 +2x + 1)?

=

e -1)

d 1 1d
A== D2+ 212 —x*
dx dx

=2x" -1
d( 3
MZ)
d 1
= X4(W X zl:) + (2)(,'2 - 1)2 + 4)63

1 _1 1
= x4(§u_2 X 4x) +4x°2x* - 1)2
1 1

=228 - 1) 2 +4X°2x% - 1)2
1

=2 +43°2° - 1D))2x* - 1)2

1
=Q2xX +8° —4xH2 - 1) 2

1
= (10x° —4xH)2x* - 1)2

1
=2x°(5x% - 2)2x* - )2
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1
y = x2(x% +2x)3
dy ,d, , 1 5 Ld ,
— = x"— 2x)3 2x)3 —
T xdx(x +2x)3 + (x* + 2x) dx(x)
Letu = x> +2x

J 1
d (“3)
Do

1
X d—u)+(x2 +2x)3 X 2x
dx

dx dx

1 _2 1

_ xz(gu_3 X (2x + 2)) +2x(x + 227
2, , .2 ,
= gx (x+ D)(x"+2x) 3 +2x(x” +2x)3

2 2 2
= (§x3 + §x2 + 2x(x% + 2)())()(2 —-2x) 3

2 2 2
= (§x3 + gxz +2x° + 4x2)(x2 -2x) 3

14 2
= xz(gx + ?)(x2 +2x) 3

2 2
= 5x2(4x +7)(x* +2x)73

L A2 - 4252 +2)
J e

3(x0 - 16)
x4

2x3(9x% - 8)
5(x(x2 = 1))*45

k

2 a f(x)=e?+1)

F(x)=e"+2x+ x>+ 1) xe
=" (P +2x+ 1)
=ex(x+ 1)2

b

f(x) =¥ (3 +3x+1)

F(x) = e Bx% +3) + (x> +3x+ 1) x 2>
= e (3x* +3+ 2% +6x+2)

=¥ 2x° +3x% +6x+5)
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c 4 a f'(x)=4x3e > —2xte™
f) =" x+1) =2 (2 - x)
F(x) =™ x2(x+ 1) + (x + 1) x 4e*!

’ — 2x+3
= M@0+ 1)+ 2(x + 1)) b f(x)=2e

3
=™ UX® + 8x+4 +2x+2) ¢ Lety = (¥ + x)2
_ 2x
= M1 (4x% + 10x + 6) Letu=e™ +x
3
= e 2x +2)2x +3) Then y = u2
d i &y _dy du
fx) = e (x+1)2 dx  du’ dx
f'(X)=e‘x><§(x+1)2 +(x+1)2 x —de™ = Ju X (2¢ + 1)
1 -1 -1 3 a3 2
:e‘4x(§(x+1)2 —4(x+1)2) —5(6 +x)2 X (2e™ + 1)
—4x __1 1 1
=M DI(3 -4+ D) d Lety= et
X
-1 7 dy 1 .1 |
:e_4x(x+1)2(—4x—§) E——;X@ +;X€
—8x -7 _ e'(x-1)
=T — - 2
2e% Vx + 1 X
1
1 e Lety—ei"2
3aflx)=lnxxl+x+-— @_ %xz
* dx_xe
=lnx+1
f Lety=(x*>+2x+2)e "
y . .
bf’(x)zlnx><4x+2x2><l E:(2x+2)€ — (X +2x +2)e
X
=2x(1 +2Inx) = e Qx+2-x*-2x-2)
:_XZe—x

1
¢c ff(x)=e*x—+Inxxe'
X

d
= ex()lc + lnx) 5 a E(exf(x)) =e f(x)+ e f(x)
-1 =e"(f(x) + f'(x))
d f/(x)=In(-x) x 1 +x+ —
—-X b i( e )_ exf(x)_eXfr(x)
=0 +1 d\f@) T ()2
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i(ef(x)) = F(x)e/W
dx

d
E(ex(f(x))z) = S (f())? + 265 F(0) (%)

d
a(f cos x) = 3x% + (= sin x)x°

= x2(3 COS X — x Sin x)

2xcosx — (1 + x*)sinx

d __ .

—(e™"sin x)

dx

=e¢ “sinx+e *cosx

= e *(cos x — sin x)
6 cos x — 6xsinx
3 cos(3x) cos(4x) — 4 sin(4x) sin(3x)
2 sin(2x) + 2 tan(2x) sec(2x)
12sin x + 12xcos x

% ( x2 esin x)

= xe sin x

sinx 4 x2 cos xe

= xe""¥(2 + xcos x)

d
i E(x2 cos? x)

= 2xcos®

x — 2sin xcos x X x°

= 2xcos” x — x’ sin2x

Lod o
—(e" tan x
J dx( )
= e*tan x + ¢ sec’ x

= ¢*(tan x + sec? x)

7 a f(x)=e¢€sinx
f'(x) = e*sinx + e*cos x
= e*(sin x + cos x)
f'(m) = €"(sinm + cos )

=—¢"

b f(x) = cos®2x
f(x) = =2sin2x X 2 cos 2x
= —4(sin 2x cos 2x)
= —2sin4x
f'(n) = =2sindr
= —2sin0
=0

d
8 Lety = -(f(x)log,

1
= f'(x)log, x + ;f(X)
When x =1
y=4log, 1 +2=2
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Solutions to Exercise 9K

X
x+4

dix+4)
dx

dx
(x+4)a - X
(x +4)?
(x+4)—x
(x + 4)?

d(x* -1
+1)—(xdx )@ -1 -

dx*>+1)

(x2 +1)2
(2 + 1) x2x+ (1 —x*) x2x
(x2+1)2

4x
(x2+1)2

=
=

d(xZ
(1+x) Ix

(1 + x)?

1 1
I+x)=x 2 —x2
( x)2x X

(1+x)?

)x% d(l + x)
dx

1
§(1+x)—x

y:

dy_
dx

(x+2)°
x2+1

X2+ 1)

d(x +2)°
dx

dx*+1)

_ 2)3
(x+2) e

(x% +1)2
(2 +1D)x3(x+2)% - (x+2)° x2x
(x2 +1)2
B + 1) = 2x(x + 2))(x + 2)?
(x2+1)?
(Bx% +3 = 2x% —4x)(x + 2)?
(x2+1)2

(x% = 4x + 3)(x + 2)?

(x% +1)2
(x = 3)(x = D(x +2)?

(x2 +1)2

x—1
x2+2

2
(2 demD A D)

dx dx

(x2 +2)2
(?+2)—(x—1)x2x
(x% +2)?

X2 +2-2x%+2x
(x2 +2)2
—x? +2x+2
(x2 +2)2

2 +1
x2 -1

(= 1)

dx*+1),
— (x*+1)

(x? = 1)?
(2 -1D)x2x—(x2+1)x2x
(=17

d(x*-1)
dx

—4x
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3 +2x+1
S R

(> +x+ 1)di(:2>x2 +2x+ 1)
X
d
@ _ -(3x% +2x + I)E(x2 +x+1)
dx

(X2 +x+1)>2
(X2 + x+ 1)(6x +2)
B2 +2x+ D) x2x+1)
(X2 +x+1)?

3 65 +8x2 +8x+2—-6x>—Tx*—4x—1

a

(2 +x+1)?
B x> +4x+1
(2 +x+ 1)

B 2x+ 1
Y= 2x3 + 2x
d
Q2x + 2x)d—(2x +1)
X
d
—2x+ 1)—Q2x* +2x)
dx

dx (2x3 + 2x)?
Qx> +2x) X2 = 2x + 1)(6x% +2)

(2x3 + 2x)?
43 +4x - 12x° —6x2 —4x -2
(2x3 + 2x)?
—8x® —6x> =2
(2x3 +2x)?
—(4x*+3x°+ 1)
2(x3 + x)?

y = Qx+ 1)*x?
x=1,y=20)+ D*x (1)

y=3*

y =28l
dy ,d((2x + DY) 4d(xz)
A RS S AT PR
dx x dx T@x+ D) dx

= x> X2x42x+ 1P+ Qx+ D x 2x
= 8x°(2x + 1)* + 2x2x + 1)*

= (8x7 +4x* + 2x)(2x + 1)’

= (8x% + 2x(2x + 1))(2x + 1)

= 2x(6x + D(2x + 1)

x=1,

dy _ 2(1)(6(1) + D2(1) + 1)
dx

=2(71)(3)*
=14 x27

— =378
dx
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1
b y=x(x+1)2 d i
x =0, x=1,
2 1 1
y=(0)(0+1)2 y= ——
1+1
y=0 1
d|( 1)% yzi
d (“ ) 1d(x >
A N S SR (x) (XZH)@_xd(x +1)
dx dx dx dy_ dx dx
= x* X : + Vx+1x2x dx (¥ + 1)?
2Vx+1 _x2+1—x><2x
B x? + 2x(x + 1) X 2x T 2+ 1)2
2Vx+1 ~ 1—x2
X2 +4x +4x (2412
2VX+1 x:l’
_5x2+4x dy 1-1
2Vx+1 dx ~ (1+1)
x=0, @:O
dy  5(0)% +4(0) dx
dx 240 +1 ‘ 2x+1
ﬂ:() YT
dx x=1,
1
¢ y=x*Qx+1)2 y:2+1
I1+1
X:O, 3
y=0 y_i
1 ) d2x+1) a’(x2 +1)
2 + ) Qx+ )——
@:xzw+(2x+1)di @:(x ) dx @x+D) dx
dx dx dx dx (x2 +1)2
1
d2x+1)2 (K +1)x2-Q2x+1)x2x
— 42 =
=X T +2x2x+ 1) 2117
x=0, _2x2+2—4x2—2x
d - (2 + 1)?
2 -0+0 )
dx _2A(=x"—x+1)
Y _o T 2t 1)
dx _ & _2cl-1+D ]
ThaTT o T2
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3 a c f(x)=2x+1

1
f0 = e e+ l)zl (iiz)d(2x+ D 2x+ 1)a'(x+3)
70 = e 2 '@ = —
N 1)% d(xd: 1) _ 3)(>;ig)(22x+ 1)
2 1)y > _2x+6-2x-1
S a
+ (2 + 1)% = ﬁ

= (x+ 1)(%@2 L1 I x 2x) 2+ 1)?
eX(e> + 3) — 3ee”

SR IR xR ) 4a fx)s= (3% + 3)2
(24122 x4 1) _ 3¢t 2e*
(e3% + 3)?2
b
1
= 2 3 2 - i + 1 -
fx) =+ D +1)2 b F(x)= sin x(x 1)2 CoS X
A6 +1)2 (x+1)
)=+ D _ sinx(x+1) +cosx
> B (x + 1)2
+(X3 + 1)%M
dx 1
3 i - X(x+1)-log, x
o, A+ D2 dE + 1) X e
e Ao+ dx ) ¢ fio= Gt 1)
+(x3+1)%><2x _ (x+1)—xlog,x
- +1)2
-2+ 1)(%@3 1)1 x 3x2)+2x(x3 I Mx+1)
_ 32,0 3 -5 3 i 1
—2x(x + D+ 1)72 +2x(x” +1)2 —Xx—logex
/ _ X
=+ 1)7%(%)64 + %xz +2x* + Zx) S a filn= (x2
= (x3 + 1)_%(7x4 + %xz + 2x) = I_JIC#C

= x(;x3 + %x + 2)()c3 + 1)_% 1
-2+ 1) - 2xlog, x
X
(x2 +1)2
x* +1-2x"log, x
x(x2 +1)?

b f(x) =
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6 a
fx) =

') =

b f(x)=

') =

e3x
e+ 3
(e3x + 3)%63)6 _ e3x%(e3x +3)

(e3* +3)?
363 (e + 3) — 33 (M)
(3 + 3)?

963x
e¥ +1
eX —1

(- DLE*+ 1) - (e +1)
Le*-1)

(e - 17

(e =1et + (—e" = 1)(e")

¢ fx)=

') =

(e* —1)2
—2e*
(e =17

e+ 2
e2x -2
(e" —2)L(e* +2)
— (€ +2)4 (e -2)

(62x _ 2)2
(€% — 2)2e% — (2 + 2)2¢*
(er _ 2)2
-8 er
(er _ 2)2

7a f(x)=

') =

b flx)=

') =

o
~
~~
=
N
Il

2x

COS X
cos x X 2 — 2x(—sin x)

cos? x
2¢cos x + 2xsin x

cos? x
2 cos(m) + 2m sin(rr)
(cos(m))?

3x7+1
coS x
cos x(6x) — (3x% + 1)(— sin x)
cos? x

6xcos x + (3x* + 1)sinx

cos? x
6m cos(r) + (37 + 1) sin(r)
(cos(m))?

—6r1
1
-6

ex

COS X
cos xe* + sin xe*

cos? x
(cosm + sinm)e”

cos2m

XCOoSx —sinx
2

X
mCOST —sinm
2
-
I3
-1
ra
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Solutions to Exercise 9L
1 a lim(17) = 17
b lin%(x—3)26—3:3

c lin}(Zx—S):l—S:—4

x5

. (@+2)y -3+2 -1
d t1—1>r£13((t—5))

T 3-5 -8
) 2+2r+1
e hm:(—)
1—2 r+1
t+1)>2
:lim(( )):lim(t+1):3
=2\ t+1 t—2
2 _
¢ hm(w)
x—0 X
) (x2+4x+4—4)
= l1im
x—0 X
244
= lim( ") = lim(x + 4) = 4

e tm=(77)
((t+ 11([_ 1))
:}E?(H lt) :12

= lim

t—1

h lin%(\/x+3): V9 +3
- Vi2=23

L (X2 =2x
i hm( )
x—0 X

= lim(x — 2) = =2

x—0

3 _
lim:(x 8)

x—2 x—-2

(x=2)(x* +2x+4)
( (x=2) )
= }Ci_rg(xz +2x+4)=12

= lim

x—2

lim =

x—2

(3x2 -Xx- 10)
x2+5x—14

lim( Bx+5)(x- 2))
=2\ (x + T)(x — 2)

. 3x+5 11
= lim = —
-2 x+7 9

lim =

x—1

(x2—3x+2)
x2—6x+5
-Dx-2
()
x—-2 1

= lim = —
—lx—95 4

= lim

x—1

x =3, since f(3) # ling(f(x)), x =4,
since hr}& (f(x) + 1iIE (f(x)

x =1, since lir%(f(x)) * lin;(f(x))

value to test: x =0

lir(r)g(f (x) = lil’I(l)(f (—2x+2))=2
)}ng){(f (X)) = )lci_r)l(l)(3X) =0#
)Cli_>r5[(f (X))

there is a discontinuity at x = 0

value to test: x = 1

xli_)r{l_ (f(x) = }Cig]l(f (-2x+1)) =
2(H+1=-1

1im (£(x)) = lim(x* +2) = 17 +2
=3 # lim (f()

there is a discontinuity at x = 1
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¢ value to test: x = -1, 0

lim (f(x) = lim (—x) = ~(-1) =1
lim (f(x)) = lim (") = (=1)* = 1
= lim (f(1))

fED === =1= lim (f(x))
f(x) is continuous at x = —1

lim —(f(x)) = lim(x*) = (0)* = 0

lir&(f(x)) = lin(l)(—3x+ 1)=-3(0)+1

=1+ lir(r)[(f(x))
there is one discontinuity at x = 0

4 a valuetotest: x=1,7

lim (f(x)) = lim (2) =2

im (£(0)
=1@%u—4f—9)
=(1-4?%-9

=0# lim (f(x))
there is a discontinuity at x = 1
lim (f(x)) = (lim(x - 4)* = 9)

=(7-472-9=0
lirg{(f(x)) = lin%(x -N=T7-17=
lim (f(x)

f(7):7—7:0:lin%f(x)
f(x) is continuous at x =7
f(x) is continuous for all x € R\{1}
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Solutions to Exercise 9M

1 a
A
\ 0~ =S
T T > X
_1 \1
b
\ >» X
3 )
y=J(x)
> X
—_—
d
y=f1x)
> X

2 x>0, fl(x) = %(—x2 +3)

=-2x+3
, d
x<0, f'(x)= a(3x+1)

=3
test x =0

)}L%{(f(X)) = }Cig(l)(3x +1)=1

xli_)rg{(f(x)) = }Ci_r)l%(—x2 +3x+1)=1=
Tim (f(x)

f(0) = ~(07 +3(0) + 1 = 1 = lim(f(x)
f(x) is continous at x = 0

Lim (f "(x) = lim(3) =3

xli)rgg(f’(X)) = )lcig(l)(—Zx +3)=3=

Tim (f(x)

f(x) is differentiable at x = 0

-2x+3 ifx>0
3 if x<0
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x> 1, fi(x) = %C(x2 +2x+ 1) im (f(x) = lim (-2x+3)=2+3 =5

—2x+42 im (f(x)) :xli>r£11(—x2—2x+ D=-1+2+1
d _ .

x< L f(0)= (-2x+3) =2# lim (f(x)
X

) .. f(x) is not continuous &

not differentiable atx = —1

f’(x) is defined forx € R\{-1}

test x =1

lim (f(x) = lim(-2x+3) = -2+3 = 1

- - 2x—2 ifx>-1
-2 ifx<-1
=4 # lim (f(x) i

lim (f(0) = im(* +2x+ D=142+1 [ = {

f(x)is discontinous &
not differentiable at x = 1

f'(x) is defined for x € R\{1} _A]
0

) 2x+42 ifx>1 \

fm={ )

-2 ifx<0 \
1 2
4 / 5afx= g(x— 1) 3

f’(x) is defined for x € R\{1} ( since

> X

, > X x =1 gives f'(x) = 6)

d
4 x>-1, f'(x) = d—(—x2 —2x+ 1)
X

=-2x-2 | -4
d b f'(x)= gx 5
x<-L fi)=—(=2x+3) F/(x) is defined for x € R\{0} (since
1
=2 x=0 gives f'(x) = 6)
test x = —1
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¢ fo=2x7 d f@ =20+
f'(x) is defined for x € R\{0} f'(x) is defined for x € R\{-2}
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Solutions to Technology-free questions

1 a

26 - 10
Average rate of change = 5
=38
dy
A
dx o J
When x = -4, @Yo g
dx

1
y=x+ Vi-x2=x+(1-x%)2

d 1 1
d—z = 1+ (1 =277 X (-2x)
_1 X
V1 — 22
_4x+1
y_x2+3
dy (% +3)4) - (4x+ 1)(2x)
dx (x2 + 3)2
_12—2)6—4)62
S (2+3)
1
y= V1+3x=(1+3x)2
dy 1 _1
— =—=(1+3x)2x3
dx 2( x)
_ 3
21 +3x
2 1
= +\/}—2_1+x_2
X
dy L, 1 3
— =72 — —x 2
dx 0 Tt
2 1
=T 32773
* 2x2

(

y=(x-9 Vi3 = (x—9)(x - 3)

Y = (-3 + (-9 x5 (-3 2
_ 2x=-3)+(x-9)

2Vx-3
3 3x—15
“2vx-3
f 1
y=xV1+x2=x(1+x%)2
B D+ +xx (1 + 22
dx 2
3 1422
V1 + x2
3 -1
g Y x2+1
dy (2 +1)(2x) - (& - 1)(2%)
dx (2 + 1)2
3 4x
X
h y= x2+1
dy (2 +1D(1) - (0)(2x)
dx (2 +1)2
3 1—x2

1
i y=2+5x)3

1 2
% =32+ 5x%)73 x 10x
1 2
- %(2 +5:7)73
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i

2x+ 1

y:x2+2
dy (2 +2)2) - Q2x+ DH(2x)
dx (x2 +2)2
_4—2)6—2)62
(2420
2
y=03x*+2)3
dy 2 1
d—z = S(x+2)3 x6x
1
=4x(3x*+2)73
y=3x"-4
dy
=6
dx o
=—6(atx=—1)
_x—l
y_x2+1
dy (@ + D)= (x=DH2x)
dx (x2 + 1)2
_1+2x—x2
(2 +1)2
= 1(at x = 0)
y=(x-2)
dy 4
— =5(x-2
prialCa))
=5(@atx=1)

d

4 a

2
3

=2x+2)
dy 1 1
A 3
o 3(2x+2) X2
2 2
:5(2x+2)_3
2 2
:5(8)_3 (at x = 3)
2
233
3)( )
2
= — 2_2
3)><
_1
6
= log,(x +2)
@_ 1
dx  x+2
y =sin(3x + 2)

d
a9 3cos(3x +2)
dx

- cos(x)
Y= %3

d _ 1 sin(x)
dx  27\2
X2-2x

y=e
dy

o= (- 2)e¥ 2

= loge(3 - X)
dy 1

dx ~ 3-x x-3

y = sin(27rx)

d
& _ 21 cos(2mx)
dx
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g

a

y = sin*(3x + 1)

dy .

T =2sin(3x+ 1) x3cos(3x+1)
X

=6sin(3x+ 1)cos(3x + 1)
= 3sin(bx + 2)

as sin(2a) = 2 sin(a) cos(a)

1
y = ylog, x = (log, x)2

dy l(log )% y 1 1
—_ = = ex —_—- —-—-
dx 2 X 2x+/log, x
2log,2
y= e P log, 2x
x
d 2
d_i = -2x?log, 2x +2x7' x 7
2log,2x 2 2-2log,2x
e e T e
y= X sin(27x)

d
d_y = 2xsin(27x) + 27x* cos(27x)
X

y =e"sin2x

@ e*sin2x + 2¢* cos 2x
dx

y = 2x*log, x
d 1
2 = 4xlog, x + 2x* X —
dx X
=4xlog, x + 2x

log, x

y=—5—= x 3 log, x
X
d 1
D - 3x*log, x+ X7 x ~
dx X
_ 1-3log, x
B xt

y = sin2xcos 3x

d
d—i} = (2cos 2x) cos 3x + sin 2x(—3 sin 3x)

=2cos2xcos3x —3sin2xsin3x

sin 2x
e y= = tan2x
COoS 2x
d
Y 2 sec? 2x

X
(Alternatively, use the quotient rule.)

f y=cos’Bx+2)

d
D 30823 + 2) X —3 sin(3x + 2)
dx

= —9cos’(3x + 2) sin(3x + 2)

g

y = x* sin*(3x)
d
Y 2xsin?(3x)
dx

+ x2(2 sin(3x) X 3 cos(3x))
= 2xsin*(3x) + 6x% sin(3x) cos(3x)

= 2xsin*(3x) + 37 sin(6x)
as sin(2a) = 2 sin(a) cos(a)

y= e+ 1
dy 2
2L 0
dx ¢
=2 (at x = 1)
b y= ex2+l
d
d_)yc = 2xe"t!
=0(atx=0)

¢ y=5"+47
dy 3
— =15 +2
o e X

=156 +2 (atx = 1)
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dy x
— =e
dx
=1(atx=0)
7 a y=e"
dy
— =ae
dx
b y = eax+b
ﬂ — ,0X+b
dx
c y = ea—bx
dy -b
= —_p a—bx
dx ¢
d y=be™ —ae™
dy b
B be?*
I abe abe
= ab(e™ — &)
_ e ax—bx (a—b)x
e = =
y e e e
dy
- -b (a—b)x
e (a )e
d
8 a y=3—3xso2=_3
dx
¥y
A
5 - X
dy
—— L _3
dx

b Graph looks parabolic, so derivative
graph will be linear. Also, there is
a turning point where x = 1, so the

derivative function will be zero at
x=1.

n/i B
b

¢ Graph looks cubic, so derivative

graph will be quadratic. Also, there
are turning points where x = 0

and x = 1.5, so derivative function
will be zero at x = 0, 1.5. Finally,
the gradient goes from negative to
positive to negative, so the gradient
graph will be an inverted parabola.

2
9 y:(4x+%)

dy 9 9
D ofgx+ 2)(4- 2
dx (x+x)( x2)

_2(4x% +9)(4x* - 9)
- .
Then d—z = 0 provided 4x*> -9 = 0

(since 4x> + 9 > O for all values of x).

3
H =+—.
ence x 3
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10 a

11

a

2x—13

YT g
dy (X +4)(2) - (2x-3)(2x)
dx (X2 + 4)?
B 2x2 + 8 —4x% + 6x
- (x2 + 4)2
_ 8+ 6x— 2x2
Note that x> + 4 > 0 for all values of

x. So only check the numerators.

3
y > 0 provided 2x -3 > 0, 1.e. x > 7

d
d—y = 0 provided 8 + 6x — 2x% > 0,
X

which is equivalent to 4 + 3x — x* > 0.

443x-x>=@A-x)(1+x)>0
provided —1 < x < 4 (since the
corresponding quadratic graph is
an inverted parabola with x- axis
intercepts of —1 and 4).

d
So y and d_y are both positive
X

3
provided x € (5, oo) N(-1,4),1i.e.

)

y = xf(x)

T = @)+ (D)
= xf'(0) + f(x)
B 1
e

dy _ —f'(x)

dx ~ 0P
_ X
e

dy _ () +xf'()

dx - P

12

13

14

15

2

_ X
TP
dy _ f®PQY) - (DRf)f ()
dx [f(0)]?
_ f@1Qxf(x) - 207 f'(x)
[f(l

_2xf(x) = 2x%f/(x)
- [f(x0)]?

a fog(x)=2cos’x—1
b go f(x) =cos2x’ — 1)
¢ g o f(x)=—-sin(2x’ - 1)

d (g0 f)(x) = —(6x7)sin(2x’ — 1)

f(x) =3+ 6x2-2x°

f(x) = 12x — 6x7
f(x)>0=6x2-x)>0
Therefore positive gradient for (0, 2)

dy

32
dx o

Fory = x°,

d
Fory:x3+x2+x—2, Y- 3x2+2x+1

dx
3x2 = 3x21+ 2x+ 1

©x=—=
Y

y=bx*>—cx
Therefore,

0=4b—-c...(1)
%szx—c
dy

— =1lwhenx=4=8-c=1...

dx

2)
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b= l, c=1 Coordinates
4 f(3log,2) = ebloe:2 — 1631082 — 36
=26_-16x23-36
16 a ¢ —16e"-36=0 =64 —16x8—36=-100
(&' - 18)(e" +2) = 0 (3log, 2,~100)
x =log,(18) ¢ 2e*(e*-8)>0 e x>3log,(2)
b f'(x) = 2e’x — 16" d f(og,(18)) — f(log,(8)) _ 50
F(x)=0= 2e%(e* - 8) =0 log,(18) —log,(8) log 3
- x =log, 8 = 3log,2 2
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Solutions to multiple-choice questions

1 A
Average rate of change =

=e
2 C f:R\{7}—>R,f(x):5+(7
f(x) =5+5(7-2x)"2
f'(x) = 10(7 - x)~3
10
(7 - x)3
£ (x)>0
(7-x°>0

flx) =

x <7

3 A y=fex)

glx) = 2x*
y = f(2x*)
dy

T 8x° f/(2x*)

1
f) = x3
, 1
f(x) = -
) 3x3
As 3x3 # 0, the gradient is
undefined at this point.

4 A

1

e+1—(1)

S
— )2

k
5B y=—F——7
Y
, —3kx?
y ="
2(x3 + 1)
3 —3kx?
2(x3 + 1)
-3k
l=—
8
-8
k=—
3
6 C The gradient is positive when:

7 D

8 D

x<-3orx>?2

f(x) =4x(2 - 3x)
f(x) = 8x — 1247
f/(x) = 8 — 24x
f(x) <0
8—-24x<0

fA) - f(2) 4log,(4)-2log,
2 B 2

=2log,4 —log,2
=4log,2 —log,2
= 3log,(2)
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9 A y=x+3)(x-2)

10

y=x>+x-6

dy
— =2x+1
dx .

dy
When —= = —7
cn dx

-8 =2x

x=-4

When x = -4

y= (-4’ -4-6
y=06

Coordinates = (-4, 6)

y = ax* — bx

d
d—z:Zax—b

When@ =0,x=2
dx

O=4a-b

da = b

Sub into: y = ax* — bx
y:ax2—4ax

y=ax(x—4)

Using null factor theorem:

x=0,x=4

11 E f0) = =

flk)y=2=5k*-3=2

Sk=1lork=-1

Test values with calculator. kK = 1

£(x)
12 C h =22
™=

4x* — 1242

g(x
' (0g(x) — &' (0 f(x)

R
—4X0—-—0oX
A
4
e
13 A f(g(x) = x

g f (gx) =1
g'(6) x f'(g(6)) =1
g6 x f(8)=1
g6)x4=1

g'(6) =

Bl
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Solutions to extended-response questions

1 f(1)=6, g(1) = ~1, g(6) = 7and f(~1) = 8
F()=6, g(1)= -2, f(~1) = 2 and g'(6) = ~1

a i fo)()=gMf(g)=-—2xf(-1)=-2x2=-4
i (gof)(l)=f(Dg'(f(1))=6xg'(6)=6x(=1)=-6
i (fg)'() = f/(Dg(D) +g'(Df(1) =6x (=) +(=2)x6 =-18

iv (gfY(D=FMg(H+gMf1)=6%x(=1)+(-2)x6=-18

AY /(Mg -g'(Hf(d)  6x-1-(-2x6)
_ 1) = = =6
Y (g)( ) [e(DP 1P
. (8Y 4 _ &) - fMegl)  2x6-(6x-1) 1
i (o= T e
b For f(x) =ax® +bx* +cx+d., f(1) =6 and f(-1) =8
Therefore

a+b+c+d=6 1
—a+b—-c+d=28 2
Also f'(x) = 3ax* + 2bx +c, f/(1) = 6 and f'(=1) = 2
Therefore
3a+2b+c=6 3

3a-2b+c=2 4
Subtract 4 from 3 to give 4b =4 and b = 1

Add 1 and 2
2b+2d=14andasb=1,d =6
From 1

a+c=-1 5
and from 4

3a+c=4 6

Subtract 5 from 6
2a = 5 and thereforea = — and ¢ = —=
2 2
2 f'(x)=0forx=1andx=>5
f'(x)>0forx>5and x < 1
f/(x)<0forl <x<5

f(1)=6and £(5) = 1
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a The graph of y = f(x + 2) is obtained from the graph of y = f(x) by a translation of
2 units in the negative direction of the x-axis.

d
i Therefore d_y =0forx=-landx=3
X

ii Q>0forx>3andx<—l
dx

b The graph of y = f(x — 2) is obtained from the graph of y = f(x) by a translation of
2 units in the positive direction of the x-axis.

i Therefore Z{—y =0forx=3andx=7.
X

ii The coordinates at which the gradient is zero are (3,6) and (7, 1)
¢ The graph of y = f(2x) is obtained from the graph of y = f(x) by a dilation of factor

3 from the y-axis.

d 1
i Therefore Y O forx = — and =
X 2 2

1
ii The coordinates at which the gradient is zero are (5, 6) and (%, 1)

d The graphof y = f (%) is obtained from the graph of y = f(x) by a dilation of factor
2 from the y-axis.

i Therefore Z'_y =0forx=2and x = 10
X

ii The coordinates at which the gradient is zero are (2,6) and (10, 1)

e The graphof y =3f (%) is obtained from the graph of y = f(x) by a dilation of factor

2 from the y-axis and factor 3 from the x-axis.

d
i Therefore Y _ Ofor x =2 and x = 10
dx

ii The coordinates at which the gradient is zero are (2, 18) and (10, 3)
3 f(x) =(x—a)"(x—B)" where m and n are positive integers with m > n and 8 > «

a f(x)=0impliesx=aorx=,

b Using the product rule
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() =n(x—-a) (x=p)" +m(x—a)'(x—B)""
=(x—a)" ' (x=B)" ' [n(x = B) + m(x - @)]

= (x— )" ' (x = B)" ' [x(n + m) — (B + ma)]

np + ma

¢ f'(x)=0impliesx=aorx=Forx =
n+m

d i Ifmandnareoddthenm —1andn — 1 are even.
Therefore (x — )" '(x = B)"! > 0 for all x

+
and f(x) > 0 for x > 2"

and x #
+m '8

ii If mis odd then m — 1 is even and (x —8)"~' > 0 for all x
Therefore f’(x) > 0 if and only if (x — )" [x(n +m) — (nB + ma)] >0
If n is even then (x — @)*~! > 0 if and only if x — & > 0.
Together gives
(x — @) [x(n +m) — (nB + ma)] > 0is equivalent to both factors positive or both
factors negative.

If both are positive:
nB + ma
x> aand x > p
f me B
np + ma np + ma
and as 8 > a, > a+ and thus x >
n+m n+m
If both are negative
np + ma

x<aand x < and hence x < «

n+m

n

4 f(x)= 1-)|ix” where 7 is an even integer.
a1 1 _x"+1—1_ X"
X+1 x+1 14
B ’an—l
) 1
c 0< < 1 as nis even. Therefore —1 < — <0and0<1- <1
X'+ 1 Xt +1 X'+ 1

xn—1

d f’(x) = 0 implies ()CZTI)Z = 0 implies x = 0

nxn—l
X"+ 1)2

e f'(x) > 0for (

> 0 which implies x > 0
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Chapter 10 — Applications of differentiation

Solutions to Exercise 10A

1 y=x>-1

dy
e
x =2,
dy
e
tangent: y = 4x + ¢

2x

4

x=2,y=3
3=8+c
c=-5
y=4x-5

2 y=x>+3x-1
x=0,y=-1

dy
dx
x=0,
dy
- =

normal :

=2x+3

3

y=x*-5x+6

=(@x=3)(x-2)

Gradient of normal = 1
y=x+c

=x+c
x=2,y=0
0=2+c
c=-2

y=x-2
When x = 3,

dy
I
=1

6-5

Gradient of normal = -1
y=—-x+c

=-x+c
x=3,y=0
0=-3+c
c=3
y=3-Xx
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4

y=Qx+1)

dy

=182x+ 1)

x=0,
dy _ 18(1)%
X

=18
tangent:
y=18x+c¢

x=0,y=1
l1=c

y=18x+1
normal:
-1

y:§x+c

x=0,y=1

1=c¢

= =2x92x+ 1)
T 2x+1)

w
Il
NS}
=

=
Il
N W DN W

-

=
Il

I
o)

<
Il
—_—
1o Ol
S~
[\
|
W

<
Il
‘I

N —
—_

3 —11)
2 4
y=3x+c

co-ords = (

6a y=x>-2

i tangent:
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y=2x+c ii normal:

x=1ly=-1 y=3rte
-1=2+c¢ 1
3 :§X+C
c=-
y=2x-3 x=0,y=-1
-l=c
ii normal: |
-1 = —x—
y:7x+c y—3x !
= = — 1
x=1,y 1 c y=-
-1 X
-1 -
c=— Q:_l
2 dx x?
-1 1 dy
= —X— — :—1’—:—1
Y 2 2 o dx
b y:x2_3x—l i tangent:
x=0,y=-1 yEoame
d x:_l’y:_l
—y:2x—3
dx -1=1+c¢
dy
0,2 -3 ¢c=-2
o dx
y=—x-2
i tangent: ii normal:1
y=-3x+c y:_—1x+C
x:O’y:—l J—
=x+c
-l1=c
x=-1,y=-1
y=-3x-1
-1=-1+c¢
c=0
y=x
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d

y=x-2)x*+1)

=X =-2x*+x-2

i tangent:
y=8x+c

x=-1,y=-6
-6=-8+c

c=2

y=8x+2

ii normal:

-1
= —x+
y=—gx+c

e

y= V3x+1

x=0, y=Vi=1
1

@ZSX—

dx 2vV3x+ 1

3
2V3x+1
x=0,
Q 3

Vi

dx

dy _
dx

N W N

i tangent:
3

y:§x+c
x=0,y=1
l=c

3

y:§x+1

ii normal:
-2

=—x+c
Y=3

x=0,y=1

1=c¢

y:%x+1
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i tangent:

1+
= =X C
)

x=1y=1

ii normal:
y=-2x+c

x=1,y=1
l=-2+c¢
c=3
y=-2x+3

i tangent:

= —=X+cC
Y73

x=1y=2

ii normal:

_3 N
=—x+c
Y=

x=1,y=2
-3

2:7+C

i tangent:
y=4x+c

x=2,y=-8
-8=8+c¢

c=-16

y=4x-16
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ii normal:

-1
y:TX'i'C
x=2,y=-8

—8:_71+c
c:—7l
2
=15
T2

_—x 15

YT T

i tangent:
y=c
x=2,y=-2

ii normal:
x=2

j oy=2+x—4x+1
x =1,
y=2+1-4+1
y=0

@:6x2+2x—4
dx

X =1,

dy
L =6+2-4
dx

=4
i tangent:
y=4x+c
x=1,y=0
0=4+c
c=-4
y=4x-4

ii normal:

7 y=56x— 160



_xz—l
T2+
-1

x:O,y:T:—l
2+1-2
x2+1

2
241
y=1-2(x*+1)"

d
D o x—1x =202+ 12
dx

y

y:

y=1

B 4x

S+ 1)2
dy
o=

tangent:

x=0, 0

y=0Xx+c

x=0,y=-1

dy 1
— =6x X ————
dx 2V3x2+1

3x
V3x2 +1

tangent:

3+
==x+c
Y3

x=1y=2

tangent:
y=-2x+c

x=0,y=-1
c=-1

y=-2x-1
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dy -4

dx_w

=—4
tangent:
y=-4x+c

x=1,y=1

l=-4+c

y = sin2x

Y
— =2cos2
P cos 2x

x =0,
y=sin0=0

dy
= —2¢cos0=2
dx COS

y=2x+c
x=0,y=0
c=0
y=2x

~
Il
—
o
=]
|
Il
p—

x =0,

y=tan0 =0
dy
dx
y=2x+c

=2sec’0=2

x=0,y=0
0=c
y=2x
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e y=sinx+ xsin2x
dy .
T = coSx + sin2x + 2xcos 2x
X

x=0,
y=sin0+0sin0=0

d
—y:cos0+2sin0+0:1

dx
y=x+c¢
x=0, y=0
c=0
y=x
f y=x—tanx
dy 2
CA I
P sec” x
Vi
x=-,
4
_Z tanﬂ—ﬂ 1
Y=y 474
dy ) T
— =1 -—=1-2=-1
dx SE:C4
y=-x+c¢
T T
= -, :——1
SRR AR
Vi -
—_1=—+
4 4 "¢
Vi
=—-1
)
y=—-x+=--1

10 a f(x)=e' +e"

ff=e—-e™
f0=1-1=0
y=c
fO)=1+1=2
2=c
y=2

b f0=
=St
f'(0)=1;—1=1

y=x+c
1-1
f0) = —— =0
0O=c
y=x

¢ f(x)= x>
F(x) = 2xe* + 2x%e*
= 2xe?*(x* + x)
() =2e1+1)
= 4¢?
y=4e’x+c

fH=1xe*=¢

e’ =4e’* + ¢
¢ = =3¢
y =4e’x — 3¢°
d fx)=eV”
1
(%) = Vx
xX)=——=e
1 (x) e
e
Il —
ra=3
y=gxte
f)y=e' =e
°y
e==
5 te
e
c==
2
y=3G+1)
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e f(x)= xe®

b f(x) =1n(2x)

/ X2 2 X 2 1
f(x)=¢€" +2x% f,(x)zz_x:;
= 22+ 1) |
7| :2
F)y=e@+ 1) ()
=3¢ y=2x+c
1
= 3er+c (5,0):0:1“
f(Hh=1xe' =e c=-1
e=3e+c y=2x-1
c=-2e
¢ f(x) = In(kx)
y =3ex —2e
, k1
f(x):k_:_
f f(x):xZe—x . X X
f/(X)=2xe_x—x22e_x f(%):k
= e (2x—x7) y=kx+c

f)=e?4-4=0
y=c

1
(%,0):0:1%

4 c=-1
_ 2,2 4
f@)=2%e T e y=kx—1
4
_:C
82 1
4 12 a y=x5
YT a dy 1 _4
— = =X
dx 5

11 a f(x)=Inx

d
When x =0,y =0, —ynot defined.

, 1
= x Therefore equation of tangent
=1 x=0
y=x+c¢ 3
b y= x5
(1.0)=0=1+c PRI
— = —x 5
c=-1 dx 5
B d
y=x-1 When x =0,y =0, d—i;not defined.

For the normal the gradient is —1

_ ‘ Therefore equation of tangent
The equation of the normal is

y=x+1 x=0
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1
c y:(x_4)§ 13 y:tan2x

d
y=0=>x=4 —y:236022x
5 dx
d 1 -5 = 7—T
D k-4 3 Ty
dx 3 .
x =4, y= tanZ =1
dy . d
<~ is undefined d_i’ — 2 gec? %T 4
. tangentis x = 4 y=dx+c
2 n
d y=(x+5)3 =g V=
y=0=>x=-5 1="4c
1 2
dy 2 -= B n
—_ = = 5 3 c=1=-=
dx 3(x+ ) 2
x=-5, y:4x+1—g
d
@ is undefined x=0
dx i ’
.. tangent is x = =5 n
y=1-3
| 2
e y=Q2x+1)3 A:(O,l—g)
1
=0=>x=-=
Y 2 OA:g—l
dy 2 _2
— =—-2x+1)3
ax~ 3D
-1 14 y=2¢"
=, d
dx 2 d_y = 2e*
Y. X
— is undefined d
dx a9 2¢* when x = a
. X
.. tangent is x = ) Gradient of the line segment joining
2 a
. (a,2e%) and the origin is ¢
f y=x+5)5 2e¢
So— =2e
y=0=x=-5 .‘.aazl
dy 4 1
— =—(x+5)5
ax =50+
x=-3,
d
& is undefined
dx

.. tangent is x = =5
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15 y=1log, x
dy 1
dx  x
dy 1
— =—-whenx=a
x a
Gradient of the line segment joining
log, a

(a,log, a) and the origin is

Clog,a 1

a a
slog,a=1.a=e

16 y = x*+2x
dy
— =2x+2
dxd o
il =2a+2whenx=a
X
Gradient of the line segment joining
242
(a,a* + 2a) and the origin is a a
242
S P
a

La+2a=2d%+2a
La=0

17 y=x+x
dy
— =3x2+1
dxd *
Y 3@+ Iwhenx=a
X
Gradient of the line segment joining

(a,a® + a) and the point (1, 1) is

@ +a-1

a—1 5
_3a2+1:a +a-1
o a-1

LB+ Da-D=d+a-1
3@ +a-3-1=a+a-1

243 -3a%=0
a2(2a -3)=0
3

La=0 = -
a ora 7
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Solutions to Exercise 10B

3)— f(2 4
1 a Average rate of change = % = m
_45-24 dl -8
1 dr — (1+1)
=21 t =10,
b Average rate of change al = -8
dt 113
_S@+h) - /2 _3
32+ 62+ h) - 24 i.e. I wanes by ~ 0.006 units/day
B h
2 _
_3(@+4h+h ); 62 +h -24 4 V() = 1000(90 — 1)}
_ 18k + 3h?) a V'(t) = —=3000(90 — 1)?
h it empties at 3000(90 — £)*> m?/day
= 18 + 3h
b V(1) =0,
¢ f1(x)=06x+6 1000(90 — 1) = 0
f2)=18
t = 90 days
2 a ‘2_" ¢ V(0) = 1000(90)°
t
= 729 000 000 m*
b 9
dr d V' (1) = =300 000
a4 ~300 000 = —3000(90 — 1)
dx (90 — 12 = 100
q A 90 - = £10
dr
t=90=+10
dv
e T since t € [0, 90]
t = 80th day
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d 1
e “°e_ 2 43
c o 160(6Ot 4t7)

(m?) = %(15# - )
7.29 x 108 - d 0

dt
152 -7 =0
£A5-1H=0

t=0,15
max flow occurs at
£y oA t=15

(using graph to determine max. or min. status)

0 o0 ! (days)

~Y

6 a r= 100,250,500
-243 %107 (read off graph-turning points)

b draw tangent at 7 = 200,

rise .
1 y £ use i to find gradient
5 V(t):—(St ——),OStS2O AV
160 5 —- = 430000 m3/day

a V(1) = 1 (207 — ) ml/min (be careful re: vertical scale)

160
b c =100,V =4x10’
v A =250,V =8x10’
mL/min i 4 x 107
( ) % ~ >1<50 ~ 270 000 m3/day
U
(15, 105.47)
d 100 <t < 250 or ¢ > 500
0 2|0 t(minlies)
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a 30

=—-—1log,3
P = P()e_kt 8
15
When = O,P = 30 = _Z loge 3
30 = poeo The rate of loss is

% log, 3 ~ 4.120 units per

Py =30 hour when ¢ = 0.
When t=8,P=10 dP 8k
15
% _ o8k = —leoge3><e_l°g<’3
15 1
1 _
loge(g) = -8k = 7 x log, 3 x 3
5
1 1 - _=
and k=—— loge(_) = 4 lOge 3
8 3 This rate of loss is
- %10&(3) ~ 0.1373 gloge 3 =~ 1.373 units per

hour when ¢ = 8.

(—é logf@))r
b When P=8,8=30e

dT 45
8 - _ = ,-03
1 a dt 2 ¢
4 (10ge(3)8 )t oy 1
15 T e Also, e = %(T - 15
4 L dT 45
— =33 S—==—(T-15
15 dt 150( )
2 _3g = —03(T - 15)
4
15 b i When7 =90,1=0
siog,(7)
= —— 229625 dT 45
log,(3) e
The pressure would be 8 units after dt 2
approximately 9.625 hours. ii When T = 60
: apP _ — dT
¢ i 7 = ~0ke = = -0.3(60 - 15) = ~13.5
1
where k = 2 log, 3 iii When 7 = 30
dp 0
When 7= 0, 77 = —30ke = -03(30-15) = ~45
= -30k
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9 12a y=e*
y=3x+2cosx

—2x=1Iny
dy . -1
E:?)—Zsmx x=71ny
-1 <sin2x <1 dy -1
—-2<-2sin2x<?2 dx 2y
dy
d o _ _
—153—25in2x$5.'.d—y >0 QED Y
X
b y=A~
1
_ in— d
10 V(o) 3+2$1n4 d_y — Akt
X
5 _ kx
a V(10) =3+ 2sin(—) = k(Ae™)
2
= ky
~ 4.197
1 t _n,-02
1 5 _
V/(10) = —cos(—) a 1=12,
2 2 m =224
~ —-0.4
~ 0.18 kg
11 y = 600(1 — ¢ b 1=0,
m=2
a
y m-—1,
—_——— — 1:26—0.2t
1
—02t=1n-
)
0.2t = In2
0
t=51In2 =~ 3.47 hours
dy _ -0.5¢ 1
b e 600(0.5¢7%") ¢ i e 02— :
_ —0.5¢
= 300e 0.2/ = In4
1=9, t=101In2 ~ 6.93 hours
d
Y 3000745 ~ 333
dx
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t=15In2 =~ 10.4 hours

1
= -3 m/hr

1
Rate of decay = 3 m
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Solutions to Exercise 10C

1 a f(x) = x> —12x
f(x)=3x>-12
=0

3x2-12=0
¥ -4=0

co-ords = (-2, 16),(2,-16)

b g(x) = 2x* — 4x
gx)=4x-4
g'(x) =0,

4x-4=0
x =1,
gl)y=2-4
=-2
co-ords = (1,-2)

c h(x) = 5x* - 4x°
W (x) = 20x° — 20x*
W (x) =0,
20x° —20x* =0
K1-x=0
x=0,1
h(0) = 0,
h(l) =1
co-ords = (0,0),(1,1)

d

f()=8t+5F-1,t>0

(1) = 8 + 10t — 3¢
'@ =0,
32 +10r+8=0

10 £ V100 + 16

6
10+ 14

t>0,. t=4

f(4) =32 +80-64 =48

co-ords = (4,48)

g(z) = 8% - 37*
g (z) = 16z - 127°
g@=0,
16z-1272=0
(37 —4)z=0
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f

g

f(x) =5-2x+3x"
f'(x) = -2+ 6x
J'(x)=0,

6x—2

h(x) = x> — 4x* = 3x + 20,
x>0
W(x)=3x*-8x-3

R(x)=0
3x* —8x-3=0

8+ V64 + 36
6

~2 18
6° 6

18
0, x=— =

X > X 6

h(3)=27-36-9+20
=2
co-ords = (3,2)

f(x) =3x* = 16x° +24x* - 10
f(x) = 12x° — 48x* + 48x
f'(x) =0,
x(x*—4x+4) =0
x(x=2)>=0
x=0,2

a

f(0)=-10
f(2)=3x16-16x8+24x4-10
=48 - 128 +96 - 10
=-80+ 86
=6
co-ords = (0,—-10), (2,6)

f(x) = ¥ —2x

fl(x) =2 -2
f()=0=e"=1

=x=0
Coordinates of stationary point: (0,1)

f(x) = xlog,(3x)

f(x) =log,(3x) + 1
f'(x)=0=log,(3x) = -1

. 1
xX=—
3e 1 1
Coordinates of stationary point: (=—, —=—)
3e 3e

f(x) = cos(2x), x € [—m, 7]
f'(x) = —2sin(2x)
f'(x)=0=sin2x) =0

= 2x = 2m,-m, 0,721

T T

=x=-m-2,0%
X T, 2,,2,7T

Coordinates of stationary point :

m m
_sl’__9_15071,_9_19 91
(=, D), (=5, =1, (0, 1. (5, =D, (@, )

f(x) = xe*
f(x)=e"+xe* =e*(1 +x)
ff(x)=0=x=-1

1
Coordinates of stationary point: (=1, ——)
e
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f(x) = x%¢*

f(x) = x*¢* + 2xe® = xe*(2 + x)

ff(x)=0=x=-2,0
Coordinates of stationary point:

4
(_2a 6_2)’ (O’ 0)

f Sf(x) = 2xlog,(x)
f(x) =2log,(3x) +2
f'(x) =0=log,(x) = -1

=>x=-
e

1 2
Coordinates of stationary point:(—, ——)
e e

3 a f(x)zxz—ax+9
ff(x)=2x-a
r'3) =0,
6-a=0

a=06

b h(x) = x> —bx* —=9x +7
W (x) =3x* - 2bx -9
W(-1)=0,
3+2b-9=0
2b=6
bh=3

4 y=xX+bx*+cx+d

dy
dx
When x =0,y =3

nd=3
When x=1,y=3

=3x>+2bx+c

S1+b+c+3=3

~b+ce=-1...(1)
When x = 1,% =0
L2b+c=-3...(2)
Subtract (1) from (2)
b=-2
sLe=1

5 y=ax*>+bx+c

x=1,y=-3
(1) =-3=a+b+c
d
d—§:2ax+b
dy
= —:4
o T dx
2) 4=4a+b
dy
:1’—20
dx
3) 0=2a+b
2)-3) = 4 =2a
a=2
subin(3)= b+4=0
b=-4
subin(l)= -3=2-4+¢
c=-1

y=2x"—4dx-1
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y=ax’ +bx* +cx+d a x=2,y=7
1 b
)C:O,y:7§ 1 7:2a+§
g= 2 dy _,__2%b
"2 dx T 2x—1)p
¥=3y=-6 =229
15 " dx
-6=27a+9b+3c+ — 2b
2 O=a-—
27 9
—— =27a+9b + 3c 2b
2 2 a:;
9
—Z~=9a+3b+c...(1)
2 subin1:>7:ﬁ+é
D 30+ 2bx + )
dx_ ax X+ C 722
o b, °
R T b=9
—3=c subin2 = a =2
9
subin(1) > —==9+3b-3 9
2 b y=2
3 (2x—1)
—§:9a+3b...(2) Q: ~ 18
d dx (2x — 1)
x=3,2=0 J
dx _y_o
0=27a+6b-3 18‘1x
9a+2b=1...(3) (2x_1)2—2
-5
(2)—(3):>b=7 2x-1%=9
subin(3) > 9% -5=1 2x—1=43
9a =6 2x=1+3
a—% x=-1,2
32 522 15 x=h
X X
_____3 -
A R ) y= 242
-3
=-5

7 y=ax+bR2x—-1)"

co-ords = (—1,-5)
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y=02x—-1D"(x+2) 9 y=(*-1)"

dy d d
d_i = S @x- 1 X (x4 2)x - 1) %C = 2x x n(x* — 1)
_ 2 n—1
y di(x +2) = 2nx(x* - 1)
o = 2nx((x + D(x = 1))'!
=2nR2x—- 1" X (x+2)
dy
+(2x-1)" -0
= 2x = 1) @2n(x +2) + 2x - 1)) 2nx((x+ Dx— 1Y =0
=Qx—-D"'Qnx+4n+2x-1) x=0,-1,1
= Q2x— 1" N@2n+2)x+ (@4n - 1))
dy 10 =2
dx 0, Y x2+1 ) )
2 2
0=2x— 1" (2n+2)x+@n—1)) dy T+ D -xz(+ 1D
2 2
2x—1=00r 2n+2x+@n—1)=0 dx =+ 1)
1 -4 3 X+1-2x2
xziorxzzn_'_z N (x2 + 1)?
3 1—x2
(212
dy
= =0,
dx
1-x*=0
x==1
=l
Y=
1 -1
- = 1 — -1. —
co-ords ( ,2),( , 2)

428



Solutions to Exercise 10D

1 a 0=4x
x=0
0
+ | 0| +
— |~
inflexion

b0=x-2)(x+5)

x=-572
-5 2
+ 10| =1 0] +
1IN S
max. min.

cO0=(x+1)2x-1)

1
x——l,i
1
—1 5
+1 0| =101+
AR RN R
max. min.

d 0=-x*+x+12
0=—-(x*-x-12)
O0=-(x—-4)(x+3)
x=-3,4

-3
- 0| + 0 -
NI
min. max

e 0=x>—x-12

0=—(x—4)(x+3)

x=-3,4
-3
+1 0] =10 +
0 I S
max. min.
f 0=>5x"-274°
0=x5x=27)
27
X—O,?
27
5
+1 0| =1 0] +
1IN S
max. min.
g 0=x-1)(x-3)
x=1,3
1
+ 10| -10 +
I | S
max. min.
hO0=-(x-1)(x-3)
x=1,3
1 3
-0+ 0] -
N
min. max
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2

a

a’y<0 N

. x = —21s amax

x=1.5,

dy<0 N

@>O /

%<0 N
x=0,

dy
=
x=1,
%>O, /
x=2,

dy
=
x=2.5,
%<O N

. x =01s a min.

0 —

0

. x = 2 1S a max.

y=x —5x*+3x

@=3x2—10x+3

dx

dy

= -0,

dx
Bx-1)(x-3)=0
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dy .
- <0

dx

x =3,

dy

-0 —
dx

x =4,

dy Ve
- >0
dx>

1

X = gisamax.

x = 3 1s a min.

y=3-x
dy 2
= -3
dx o
dy

= =0,

dx

x=0
x=-1,
d

_y<0 N
dx

x=0,

dy

-0 —
dx

x=1,

dy ~
- <0
dx<

x = 0 1is a stationary point of infection

@:12x3+48x2+48x
dx
dy
= =0,
dx

x(x> +4x+4)=0

x(x+2)>%=0
x=-2,0
x = -3,
dy
= =_27x12
dx
FA8X 948 X3 <0 N

x = -2,
dy
~Z =0
dx —_—
x=-1,
ﬂ:—12+48—48<0 N
dx
x=0,
dy
=0 —
dx
x=1,

y=3x*+16x° +22x% + 3

Y piagsags0 /7
dx

. x = —21s a stationary point of

infection

x = 01s a min.

y=x—x
%:sz—l
d
1
x2:§
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ii

V3 D 1o
dx
x=-1,
o,
d dx
_y>0 / 2 3
dx 12x° = 12x" =0
-1 2
xX=—, x(1-x)=0
V3
dy x=0,1
2o —
dx x=0,y=0
x=0, (0, 0) is a stationary point of inflection
dy . \ x=1,y=4-3=1
dx (1, 1) is a maximum turning point
_+l
X = V3 b i y = x> —6x°
d _
d—y:() — y=0
o C(x-6)=0
x=1,
x=0,6
ﬂ>0 / y
dx A
-1
X = — is a max
\3 i
! is a min 0.0 6.0
xX=— i
\/§ (9 ) (5 )
0
i y=0
(4, -32)
4x* =3x* =0
X@4-3x)=0 i o320y
dx
dy
— =0
dx
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3x(x—4)=0 d i
x=0.4 y=x +6x>+9x+4
x=0,y=0 y=0

3 2 -
(0, 0) is a maximum turning point +6x"+9x+4=0

I x+dHx+1)?=0
y:64—96 X-il’ltS:X:—4,—1
=-32 y—int:y:4

(4,-32) is a minimum turning point

y=3x"-x°
y=0
¥*3-x=0
x=0,3
y
(ER i "
— =3x"+12x+9
dx
dy
(3,0) Y
> X
0{(0, 0) 332+ 12x+9=0
¥ +4x+3=0
x+3)(x+1)=0
@:6)6—3)62 x=-3,-1
dx ;
d X==2
dy _,
dx y==-27+6x9-9%x3+4
3x2-x)=0 y=-27+54-27+4
X:0,2 y:4
x=0,y=0 (=3,4)
(0,0) is a minimum turning point 1S a maximum turning point
x =2, x=-1,
y=3x4-8 y=0

(=1,0)

=4 . . . .
1S a minimum turning point

(2, 4) is a maximum turning point
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f

ii = =2 x5 =14

= 10x(x* - 1)*

dy _
dx
10x(x> - 1D)* =0

0

x=0,%1
x=0,
y=(-1y =-1
(0’_1)
is a minimum turning point
x = =+I,
y=0
(£1,0)

are stationary point of inflection

iy=*-1)7*
=1
x-ints: x = +1
x=0,y=1
y-int: y =1

(-1,0) 0

d—i} = 8x(x* - 1)°
dy

dx
x(x*-12=0
x=0,=%1
(-1,0),(1,0)

are minimum turning points
(0, 1) are maximum turning points

y=2x+3x2 - 12x+7
dy

E:6x2+6x—12
dy

= =0,

dx

0=6x+6x—12

X+x-2=0

x-1Dx+2)=0
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x = =2, 1 both are turning points . (x = 1)? is a factor,

x=-3, Ly=(x-1D*Q2x+7)
d _1\2 _
b _0_3_2 (x-1Q2x+7)=0
dx -7
>0 x:ints:x:1,7

x=0,y=7,y—int:y="7

X = 0, d y
dy
T -12<0 (=2.27)
. x =-21is amax
x=-2 0,7)
y==2X8+3x4+12x2+7 (_z 0) 0 (1:0) > X
y=—16+12+24+7 2
=27
(-=2,27) is a max 5a P = Brad+b
x=2 5
J P'(x) = 3x" +2ax
Y
I ot = x(3x + 2a)
>0 P'(0)=0
) . ~x=0
. x=11isamin . . .
1s a stationary point for all values of a

x=1 and b
y=2+3-12+7
x=1,y=0

(1,0) is a min

b see above, (1,0)
is a point on the curve

cy=0

2x> +3x% — 12x + 7 = 0 (from a),
we know (1,0) is a turning point.
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f(x)=Q2x-1°Q2x—4)*

P'(-2)=0
32 + 2a(-2) = 0 fO) = D4
19— 4g =0 y-intercept = =256
423 co-ords(0, —256)
(-2 +3(-2 +b=6 0=Cx-1PQx -4
1
-8+12+b=6 X=§,2
44b=6 . 1
x-intercepts = 5 2
bh=2 |
P(x) = B 13246 co-ords (5,0), 2,0)
P'(x) = 3x* + 6 b
P(-1)=3-6 f()=02x-1)
N (- 4% + x -4 S (2x - 1))
<0 dx dx
P()=3+6 = (2x - 1)’ X2 x4(2x - 4)°
+(Qx - 4)* x2x502x -1
>0 / =2x-4°Qx- DY Q2x-1)x8
x = 0is a min. + (2x—4)x10)
Local minimum at (0, 2) = (2x — 4)’2x — D*(16x — 8 + 20x — 40)

= 2x—4)°2x - D*36x — 48)

. =123x-4) 2x-4)°2x - 1*
x = —2 1is a max. P9 =0,

P'(-3)=27-18> O/

Local maximum at (-2, 6) 12 — 4) (2 — 4)3(2x B 1)4 -0
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4
X = 3 (turning point)
or x = 2 (turning point)
1
or x = E(stationary point of inflection)

f(H=123-4H2-4°2-1*
>0

F(1.5) =12(45-4) 3 -4°3 - 1)*

<0
f'3) =129 —4) (6 -4} 6 - 1)*

>0
X = 3 is a max.
Xx =2 1is amin.
5 4 ,8\5 /_p\4

G)=G-1G-496 )

~ 40.6
(2,40.6) 1S a max.
fQ=@-D¢@-4

=0
(2,0) is a min.

-

1
(5, 0) is a stationary point of inflection

(0, =256)
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b

i (4x>-1°%>@x*-17°
4 —1>1if(4x* -1’ >0
4 >2if (4x* -1 >0

1
x2>§if(4x2—1)5>0

1
IX| > — if 4x*-1)° >0
V2

1

x2<Zif(4x2—1)5<O
1

x| < 5if(4x2—1)5<0

1 1
Soxl > —or|x < =

\2 2
ii

f(x) = 8x X 6(4x* - 1)°

g (x) = 8x x 6(4x* — 1)*

f(x) > g'(x)

8x X 6(4x* — 1)° > 8x x 6(4x* — 1)*

6x(4x* — 1) > 5x

if x>0,

6(4x* —1)>5

5
4x* = 1) > =
@ -1D>

11
4% > —
7%
11

2
>_
MDY

11

24
V66
> [
12

X >

a

if x<0,
6(4x>*-1)<5
5
4 - 1)< =
(4x )<6
11

4x* < —
Y%

V66 _ -l
n S

or— <x<0,
2

V66

orx>——

12

y=x+x*-8x-12
x=0,y=-12
y-intercept = (0, —12)
y=0
X +x2-8x-12=0
try x = 3 (a factor of — 12)
27+9-24-12
=0

.. (x—3) 1s a factor

(x=3)(xX*+4x+4)=0

(x=3)(x+2%=0
x=3,-2
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x-intercepts = (—2,0), (3,0)

%:3x2+2x—8
=CBx-4)(x+2)
dy
=~ -0,
dx
Bx-4)(x+2)=0
4
-2 -
X '3
x==-2,y=0
4
73
4\ (4y? -
- (2) + (2 —8(—)—12
r=(3) +(5) -5
_o 16 32
27 9 3
_ 64 +48 — 288 — 324
- 27
~ =500
27
14
=-18—
27
stationary points are (-2, 0) max
and(i1 ﬂ)min
3727

b y=4x— 18x> + 48x — 290
= 2(2x° — 9x? + 24x — 145)

x=0,y=-290
y-intercept = (0, —290)
y=0
2x3 —9x* +24x-145=0
using CAS calculator
x=5
y=2(x—=5)2x* + x +29)
2x* +x+29 =0,

-1+ V1 -232
4

no real solutions

X =

y=0,x=35
x-intercept = (5, 0)
dy

= 12x* — 36x + 48
dx

= 12(x* - 3x+4)

X -3x+4=0

3+19-16
==

no real solutions

X

..y has no stationary points

a f(x) =3x* +44°
flx) = 12x° + 1247
f'(x) =0,
2X°x+1)=0
x=-1,0

f(0)=0

(0,0), stationary point of inflection
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f-1)=3-4
=-1
(=1,-1) min., since
Jf(x) is shaped and (0, 0)
is a stationary point of inflection

fx)=x*+2x° -1
f(x) = 4x> + 6x°
f'(x)=0,

2x°(2x+3) =0
x = 0 (stationary point of inflection)

x=— (turning point)
f(0) =-1
0,-1)

is a stationary point of inflection
ff(-2)=4x-8+6x4

<0
f[(-H)=-4+6
>0
P8
2 16 4
8
- 16
-3 —-43 ) )
(7, F) = (—1.5,-2.6875) is amin.

c fx)=3x> =32+ 12x+9
=3(x = x> +4x+3)

f/(x) =33x* - 2x+4)

(%) =0,
3x* —2x+4=0
2+ V448
X=————
6

no real solutions
.. f(x) has no stationary points

10 f(x) = %(x -1’8 -3x) + 1

a f0)= -D'®) +1
=1-1
-0 QED
f3) = %@3(—1) +1
=-1+1
=0 QED

1 d
b f'(0)=glx =18 -3x)
1 d 3
+ 3@ =301
_ 3 133 — 1y
= 8(x 1) 8(8 3x)(x=1)
_ %(x_ 12((8 = 3x) — (x— 1))

= %(x - 1)*(9-4x) QED
want x such that f/(x) > 0
%(x ~1*(9-4x) 20
since (x — 1)> > 0,
9-4x>0
9

< Z
Y27
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11

> <

m (4_? 1.305)

"

y = 3x* — 4457 + 14457
dy _
dx

= 12x(x* — 11x +24)
=12x(x - 8) (x — 3)
d
x=0,3,8
x=0,

> X

12x° — 132x% + 288x

y=0
(0,0) is a minimum turning point
x =3,

y=3—44%x27 + 144 x 9
=243 - 1188 + 1296

=351
(3,351) is a maximum turning point
x =38,

y =3x8 —44x8 + 144 x 64
= 12288 — 22528 + 9216

=-1024
(8,—-1024) is a minimum turning point

12

13

y

A
(3, 351) /
> X

a

a

(8, —1024)

x = —1 (stationary point of inflection)
x =1 (min)

x =5 (max)

x =0 (max)

x =2 (min)

x = —4 (min)

x =0 (max)

x = =3 (min)

x = 2 (stationary point of inflection)

y=x*—16x°

d
ﬁ = 4x° - 32x

= 4x(x* — 8)
dy
dx

x=0,+2V2
x=0,x= 12\/5,

y=0y=-64
Since the x-intercepts are +4,0 we
can sketch the graph.

-0,
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b

hence (0,0) is

a maximum

(£2 V2, —64) are minimums

6X2m_2)

y = x2m _ 16x2m—2
dy 2
A |
dx (x
= 2mx*"

Lo 162m - 2)x*m3

= 2x*"3(mx® = 16(m — 1))

dy

= =0

dx

"3 (mx® = 16(m - 1)) =

x=0,mx*=16(m—-1)=0
,  16(m—1)

X =

m

(4 m - 1))2m - 16(4 m - 1))2m_2

m m

m = 1))m 16 % 16" ((mm;l))m_l

m

Il
[S—
[
3
—_—

m— 1)’" ((m - 1))'"—1

m

(220 (-5
S
m

stationary points are :

(0,0)min
_ m _ 1ym—1

(i4 [(m 1)’ 16™(m ml) )max
m m

14 Y

N

15 f(x) = x%e* in set
f/(x) = 2xe* + x*e

> X

= " (2% + 2x)
f'(x) <0,
(2 +2x) <0
¥ +2x<0
x(x+2)<0
x<0&x>-2

L =2<x<0
notation, {x: —2 < x <0}
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in set notation, {x: —2 < x <0}

16
f(x) — 1OOe—x2+2x—5

£(x) = 100(=2x + 2)e ¥ 255
J'(x) >0,
100(=2x + 2)e™ 275 5 0
-2x+2>0

19
x<1

hence maximum f(x) occurs at x = 1.
f/(1) = 100e 27

=100e™*
~ 1.83

17 fx)=e*-1-x

a ffx)=e" -1
f'(x)=0,

e* =1

x=0
fOy=e"-1-0

min f(x) =0

b min f(x)=0
S fo) =0
ef—1-x>0

e*>1+x QED

18 a (0,1) min

b y=x

c Y
A
ﬂx)zx-l—ex /', )

y= ex(px2 +gx+r)
d
dx

= (px*(q +2p)x + (r+ )
x=0,y=9
9=2%0+0+7)
9=r
y = (px* + gx +9)

d
d—z = e"(px*(q +2p)x + (¢ +9))

x=1,y=0

O:el(p+q+2p+q+9)
Bp+2g+9=0

x=3,y=0

0=e’Op+3(g+2p)+(g+9)

O9p+3g+6p+qg+9=0
215p+49+9=0
2-21=29p-9=0

p=1

subinl =3+2¢g+9=0
2g = -12

q=-6

y=e (x> —6x+9)

& E(pxX> +gx+r) + € 2px +q)
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4x*-8x

20 a y=e
d
ﬁ:(sx—
dy
b =0
dx
8(x — e 8 =0
x—1=0
x=1
x<1
x> 1

. 2_
(smce et 8 0)

21 y
A
8)e4xz_8x y=1log, 5x
y=log, x
02,0
01/ /1,0)
tangents are parallel for any given
value of x
£ <0 22 f(x)=x’Inx
2
S0 >0 a f’(x):2xlnx+x—
by

y _ =x2Inx+1)
cox=11s amin.
x =1, b f(x)=0,
y:e4_8:e_4 ¥Inx=0
s (1, e™) is a min. x* =0, Inx=0
c » x=0, x=1
1 x=0,1  butx>0, ..x=1
c f'(x)=0
! < . x2Inx+1)=0
0
1, e% x=0,2Inx+1=0
-1
Inx=—
d x=2, 21
_ _l16-16 Y=
dy—e =1 Ve
Y _ 16-16 1
d——S(x—l)e x=0,— but x >0,
e
=38 11
CX=—=¢ 2
x=2,y= Ve
1
- __ 1 142 1 1
! 4+C d x—e_Z,y:(e_Z) ln(e_Z):——el
5
c=-
4
1 5
y=-—=x+—
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A A
4r (1,16)
3-2\3) 3+2V3 /
: > X
0 3
o / M
1+ translated 2 to the right
0 " i >» X e y
L A
(e 2,—€ 2)

\ (3, 16)
"\

1
23 a y > X
1-2V3 0/0_11 \

(=1, 16) y=/x) (=1,-16)

-3 /\Q 11) L4 2V3 Z ) reflected in the x-axis

L0 2
(0, 22)
1-2v3 \ 1+23/

(3,-32)

graph dilated by factor 2 from x-axis (-1,0) .
0
4\
c
;J: (1,-8)

(-3, 16) 1+2V3 ¢ y

-1-2v3 A
/3\\U - 2.8
- -1
/ (15 _16) _

translated 2 to the left 0 3\
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d y f(x) = 2cos x + 2 sin xcox

A
f'(x) = =2sinx + 2cos xcos x — 2 sin x sin x
of G = —2sin x + 2(1 — 25sin’ x)
X
-1 = 2(-2sin* x —sinx + 1)
=) fix) =0,
e y . I+ V1+38
A sinx =
-4
-1+3
(0, 12) P
sin x 1
(-3.0) 0 * sinx = %,—1
n 3n Snx
X = T T~ 0
62 6
Vs n
i5) = 2eor(5) +sn(3)
25 a A'=(a+1,0) N
3
B = (b+1,0) :\/§+7
b P =(h+1kp) _3V3
3 2 3
2% a f(;):Zcos(§)+sin37r
f(x) =2cosx—2cos>x+ 1 —
f'(x) = —=2sinx + 4 sin x cos x f(%r) _ ZCOS(%T) n sin(lo?n)
"xX)=0=2sinx(2cosx—1)=0
S (%) ( ) s ﬁ
= sinx =0o0r cosx = = 2
-343
= x=0,m 21 or :T
S (7r 3 3)
xX==,— —, —— | max.
33 ) 6 2
©,1), (m,-3), 2nr, 1) are min. 3 . i . )
(ﬂ 3) (57r 3) (7,0) stationary point of inflection
=, = |,| =, = | are max.
320372 E _m)
—,—— | min
b 6 2
3 T 11
c Maxx:g,g,Minx:Fﬂ,?ﬂ

5
d Maxx:;—r;lnﬂx:n;Minx:—n
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27 a and

b

> <

(6, 816)

(7, 861)

Using a CAS calculator:

y = —x*+8x% + 10x% + 4x

loc max at (6.761,867.07)

no stationary point of inflexion, since at

dy
=0,—= = 4.
o dx

-960

Use the ‘solve’ command of a CAS
calculator, giving:
x=4317 or x = 8.404
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Solutions to Exercise 10E

1 f:[-3.3] > R, f(x) =2 — 82 3 f:[_i,ﬁ]_m,
Local maximum at (0, 2) 2°2
f(=3)=2-8(-3=2-72=-170 f(x) =2x° — 6x°
f3)=2-23?=2-72=-70 F(x) = 622 — 12x
Therefore absolute maximum of f is 2 o) = 0
and absolute minimum is —70 fx =0,

x(x=2)=0

2 f:[-3,21 >R, x=0,2

f(x)=x> +2x+3 J(0)=0
fl(x)=3x>+2 f2)=16-24
f’(x) has no real solution =-8
f(x) has no stationary points f (_73) = _TZ7 - %
f(=3) is absolute minimum ~81
= — =-20.25
f(2) is absolute maximum 4
5 125 75
-3)=-27-6+3 i Ot
J(=3) " f(Z) 4 2
abs. min. = =30 =25
_ T4
f2)=8+4+3 *31

abs. max. = 15 absolute min = T

absolute max =0
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4 f:[-2,6] >R, f(x)=2x"—8x" dv o

d
f(x) = 8x> — 16x xz
30x—36x"=0
(0 =0,
x(5-6x)=0
8x(x*-2)=0 s
x=+V2,0 . x )
since x = ( gives
JC(“—L‘E):S—16 V =0, it is not the max,
=-8 SoX = 3 is the max
£0)=0 ord :(éﬁ)
co-ords S 36

f(=2)=32-32=0

f(6) =2%x6%-8x6 , , .
there are no turning points, so test the end points,

= 2592 — 288 x=0,
= 2304 V=0
absolute min = —8
absolute max = 2304 x=0.3,
16 64
V=15x% E - 12 x E
> _ 1200 - 768
: 12> 432
. - = _ 3
absolute max : V = 25 3.456 cm

when x = 0.8

. . 5
e turning point at x = 2

5
4x +43x) +4y =20 test the endpoints, A
4X +y = 5 X = 0,
y = 5—4x V = 0,
a V = x(3x)y x=1,
= 3:2(5 — 4x) V=15-12
V= 15x> - 12x%° -
5
ED =z,
dVv , 16 125
i _ V=15Xx——-12x —
b dx = 30x 36X 25 216
~ 375-250
36
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125
absolute max : V = ET 3.472 cm?

h = —
when x c

6 x+y=30,z=xy

a xel2,5],
y=30-x
y € [25,28],i.e. 25 <y <28

b z=x(30-x)
2

z=30x—x
dz
—=30-2
dx o
d
d—Z:O,x:15

X
this is outside the domain x € [2, 5]
.. values to test are

x=2,5

x=2,

z=60-4 =56,

x =25,

z=150-25=125

absolute minimum = 56

absolute maximum = 125

a 1 1

(x—4)2 (x-1)?

5 4
b (53)

2°3

3 )

¢ Absolute max = 5; Absolute min

4

-3

8

square 1 has perimeter
X
,1.e. side (—)
X 2 1
A=

16
square 2 has perimeter

10 -
(10— 4), ic. side( y x)

(10 — x)?
Ay = ————
2 16
A=A +A,
_x2+(10—)c)2
B 16
_xz+100—20x+x2
B 16
3 2x% = 20x + 100
B 16
1
= g(x2 —10x + 50) QED
dA 1
— =—-2x-10
dx S(X )
1
:Z(X—S)
dA
=0,
dx
x=5

1
A= g(x2 —10x + 50)
25 41
x€[0,1] AQ0) = T and A(1) = ry
The maximum is ?mz but only one

square is formed
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9 g:[2.1,8] > R, g(x) N b f(x) =0,
x—2 1 |
: (x—42  (x+1)7

g =1

S (x-2p i i
J0) =0, (x—4)7=(x+1)
1 (x=4)==(x+1)
G2 ! ifx—d=x+1
(x-27%=1 —4=-1
x—-2==1 does not work
x=2=+1 Lx—4=—-x+1)=—-x-1
x€[2.1,8] 2x-3=0
x =23, 3
X = E
values to test : 3 ! |
F2.1), f3), f(8) 1(5)= AR
1 &) )
21)=21+—
2.1 * 51 4
= 12.1 53 )
1 co-ords = (—, —)
f3)=3+ 1 2°5
—4 ¢ values to test: 3
| 701, £, £ (3)
J@®) =8+~
° =12
- gl 275
6 oolil_s
absolute minimum = 4 1Oy = 1 4 4
absolute maximum = 12.1 fQ3) = 1 + 1 = >
4714
. absolute minimum = 3
. — 5
10721031 = R, f(x) x+1 M 4—x absolute maximum = 2
1 1
= i
, -1 -1
aSW= T T map
1 1

T —42 (x+1p
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11 Absolute max = 72; Absolute min absolute maximum = 2

) absolute minimum = -2

1
14 Absolute max = -+ 2¢%:
e

Absolute min = 2 V2

y

A

12 Absolute max = 1; Absolute min = —

A
I 15 f(x) = 2e07D°

\ f(=2) =2¢° and £(2) = 2e
di £/ = 4x = D’
f'(x) =0 implies x = 1
f=2

Absolute max = 2¢”; Absolute min = 2

16 Absolute max = —log, 10;
0

Absolute min = ——
13 y e

_ 2
CLDA v = v
>» X

0‘ ~ &
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Solutions to Exercise 10F

1 Let x m be the width of the rectangle
Let y m be the length of the rectangle

2x+2y=100= x+y =50

Area,A = xy = x(50 — x) = 50x — x*

. maximum area = 25 X 25 = 625 m?.

x=y=4;x,y>0;
x* +y? is a min.
letz = x° +y?
y=4-x
z:x3+(4—x)2
=x°+ 16— 8x + x*
=X +x°—8x+16

d
d—i:3x2+2x—8
dz

"
dx

32 +2x—-8=0

-2+ V4 +96

3 x+y=100 P=xy

y=100—-x
P = x(100 — x)
= 100x — x?

dp
— =100-2
dx o
dp
£ -0,
dx

x =50

this gives max P

x=50,y =100-50=50=x

OED
P =50°
P = 2500
Y
2500 \
a 50 1:"1
4 | [’J
¥ | Il
| oo |
X | ||
L
y+2x=4
y=4-2x
A =xy
= x(4 - 2x)
= 4x — 2x°
dA
— =4-4
dx x
dA
— =0,
dx
x=1km
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the farmer should make one side 2
km long and the other two sides 1 km
long, using 2 km of river.

5 p,g>0
P'g=9
R 9
q9=—
P’
z=16p+3¢q
7
z=16p+—
p
d
= _ 68
dx p*
dz
= =0,
dx
81
—4:16
4
3 .
— =2 since p >0
p
p:

genk

6 SA =150, base has side x(x >, not > 0)

O

a SA =2x>+4xh
150 = 2x° + 4xh

_75—x2
T 2x

h QED

b V=x’h
2
:x2(75 x)
2x
_75)c—x3
2

dv 75 3,

CHT2 2"

dv_

75 2

2

= — X —

T3

=25

x=5cm

_ 52 _
V:75X§ 5 :3752125:125CH13

7 P =100n - 0.4n* — 160

a i d—P =100 - 0.8n
dn
dP
— = 0 implies 100 = 0.8n
dn
son=125

A maximum occurs when n = 125
as P is a quadratic with negative
coeffient of n?.

ii Whenn =125,P=100x 125 —
0.4 x 1252 — 160 = 6090
Maximum daily profit is $ 6090.

b When P =0,
100 £ V1002 — .4 x 04 X 160
e 0.8
~n~1.6,248.4

In this problem a continuous model
for a discrete situation has been used.

¢ P> 0implies 2 < n < 248 (Note: n
can only take integer values)

d Let $P be the profit per article
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. P total profit
)

" no. of articles
100 — 0.4n% — 160
n

1
=100 -0.4n — 160

n
In order to find the maximum profit
per article consider the derivative of p
with resect to n.

dp 160
—=-04+—
dn n?
d 160
d—i’ = 0 implies 0.4 = —-
160
o2 1%
704
i.e. n® =400
~n=20
The gradient chart indicates
maximum:
<20 20| >20
signf’(x) | +ve | 0 | —ve
shape / - '\
i.e. selling 20 articles maximises the

profit per article.

values to test :
S(6),S5(12), 5(20)
S(6) =-216+ 108 + 2160 + 5000
= 2052 + 5000 = 7052
S(12) = —=1728 + 432 + 4320 + 5000
= 3024 + 5000 = 8024
S(20) = —=8000 + 1200 + 7200 + 5000

= 400 + 5000 = 5400
absolute maximum = 12°C

S (12) = 8024 salmon

-1
M(x) = %(ﬁ — 14x* + 32x — 50),
0<x<10 1

M (x) = ;—0(3)62 —28x +32)

M'(x) =0,

322 —28x+32=0

28+ V784 -384
B 6
2820

6

4
x=-,8

X

X

S(x) = —x> + 3x% + 360x + 5000, valucs to test:

x € [6,20]
S’(x) = =3x* + 6x + 360
S’(x) =0,

X —2x-120=0

x+10)(x-12)=0

x=-10,12
but x € [6,20]
x=12

455



4
x:0’x:§9x:8’x_>oo
50 5
M@©0) = =— ==
O=3=3
| 4 16 64
M(=)=—(50-30x% - + 14 ———)
(3) 30( 3T Ty
11
- (E(BSO 1152+ 672 — 64))
_ 806
810
4\ 4
()2
3) 405

1
M(8) = 25(50 - 32 x 8 + 14

X 64 —512)

178
T30
89
15
Maximum M occurs at x = 8 mm

Minimum when x = 3

10 a Let X be the midpoint of BC.
Angle XCO =6
Therefore XC = 4 cos 6
BC = 8cos#

1
Area = 3 X (8 + 8cos ) x 4sinb

= 16sin6(1 + cos6)
A = 165sin0(1 + cos 6)

2—2 = 16[cos (1 + cos §) — sin’ )]
= 16[cos2 6 —sin®6 + cos 0]
= 16[cos?> 0 — (1 — cos>6) + cos b]
=16[2cos’0 +cosd — 1]

- 0 implies

(2cosf —1)(cosf +1)=0
1
cosf = 5 or cosd = -1

1
For the figure to exist cos§ = 3

which implies 0 = ;—T
Therefore maximum area
T b3

= 16sin —(1 + Cos —

3

=16 x X == 12\/§square units

N‘él w
| W

11 distance = {/(x — 3)*> +)?

= V2 —6x+9+ x4
want minimum distance

d
d—(x4+x2—6x+9):0
X

43 +2x-6=0
2X° +x-3=0

try x =1

2+1-3=0 \/
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(x—1D)Q2xX*+2x+3)=0 d

x—1=02x>+2x+3=0

2+ V424

=1
X X 1

no solution

x = 1 is the only solution

y=1

. (1,1) 1s the pointon y = X

closest to (3, 0)

AB
12 a AP =cosf
300
P=—
cos 8
.. time taken to run from
300 1 75
Ato P = X — =
cos 4 cosd
B P C
(]
A AB = 300 o
BC=1100

b
PC = BC — BAtan#@

= 1100 - 300 tan 6

.. the time taken to run from P to C

_ 1100 - 300 tan ¢
B 5

=220-60tan@

¢ Let T denote the total time
then 7= time to run from A to
P+ time taken to run from P to C

= % +220 - 60tan 8

cos
- 1220 - 6o S0
cosd cosf
_ 75 - 60sin@ 290
cosd

The quotient rule gives

d_T _ cos6(—60cos 0) + sin 6(75 — 60 sin 6)
do cos?é

d
(Note.% (220) = 0)

—60cos? 6 + 75 sinf — 60 sin” 6

cos2 6
3 —60[cos? 0 + sin> @] + 75 sin @
B cos2 6
3 75sin 6 — 60
Bl cos2 6
dT
-0
do
. . 75sin6 - 60
implies —————— =0
cos2 6
i 60 4
Sosinf= — = —
75 5
4
0= sin_l(g)

(Only the acute angle solution needs
to be considered).

0 ~ 53.13°
In order to confirm a minimum
consider the following

When 6 = 60°,
dT  75sin 60° — 60
— = >0
de cos? 6
When 6 = 50°,
dT  75sin50° — 60
— = <0
do cos2 6
s.a mlnlm}‘-lm occurs when
Ty
sin”{ 2

75 - 60 % 2 +220
3

5
=45+ 220
=265
.. minimum time taken is
265 seconds.

4
When siné = 3 T =
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4 4
If sing = g,tane =

5

.. BP = BAtan#

4

=300 x =

5

= 400
5
4

£

3
P is 400 metres from B for a
minimum time.

13
N(r) = 50te 1"

N/(t) — 506—011 _ Ste—oll
=5¢7%110 - 1)
N(@®H=0=>1t=10

Therefore maximum population when 7 = 10

N(10) = 500¢"

14 a y

10 60

207
b Maximum rate of increase
= N’(0) =50
N"(t) = =571 = 0.5¢7%1%(10 - x)
N'H=0=1r=20

, 50
N'(20) = =

Maximum raStS of decrease
= N'(20) = —
e

3(,ny I
15 V() = —(10t ——)osmzo
4 3
a i V(0) = 0 The volume of water is
OmL whent =0

2 3
i V(20) = %(10 % 20% — %)

_3><4oo( 20)
4

:3><100(

= 1000
The volume of water is 1000 mL

when 1 = 20

b V(if) = Z(zor— 3%3)

3
= 2201 — 1
2 )

Domain of V(¢) = [0, 20]
V(0) = 0 and V(20) = 1000
V'(f) = 0 implies 207 — > = 0

20— =0
“t=0o0rt=20
A gradient chart
t < 0| << 20>
signof V() | —ve | O | +ve | O | —ve
shape NEAERE
V (mL) 4
1000 7
0 20 ¢ (seconds)

reveals a local minimum at (0,0)
and a local minimum at (20,1000)
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d

16 a

C

The graph of V’(¢) against 7 is a
parabola with ¢ intercepts 0 and 20.

VA
mLJs (10, 75)
Vi) =4(200=1")

—_—
f fseconds)

0 20
The maximum occurs when ¢ = 10

and 3
V'(10) = 1(200 —100)

=75

The flow is greatest after 10 seconds
and the flow is 75 mL/s.

dy 187 . (nx
2. sm(%) x €[0,80]

or . (nx)
= ——sin| —
40 80

d
=L\

0 40

-9r |
40
dy )
For the graph of I against x
x
1r _or
80 40
71- e

80

amplitude =

period =2n+

When x = 0, @ =0

dx
@ _ 187 sin(ﬂ X 80)
dx 80 80
187 .

=—sinr=0

When x = 80,

Maximum gradient magnitude occurs

17

27r><@: 160
m

a

X

e i)
whnere Sin 30

This occurs when x = 40 for
0<x<80

I+

6 12 241
The depth of the harbour at time ¢ is
given by
t

D) = 10+ 3sin( T Jo < 1 < 24
amplitude = 3

. m 6
period =2r+ — =21 X — =12
centre D = 10
range = [10 - 3,10 + 3] = [7,13]
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b D(t) > 8.5

it

<:>10+3sin(6)28.5

which is equivalent to

. (Tt
3 sm(g) >-1.5

() -1

6/ 2

Consid (T 1

onsidaer Sln(g) = —5

nt  In

then g = E

117 197 23m

or? or?or?or---

t=T7orllorl9or23or...

From the graph and considering the
domain [0, 24]

{t: D) >8.5}=[0,77TU[11,19] U
[23,24]

The rate of change of depth is given
by the derivative function

D'(r) = 3—7T cos(ﬂ—t) I cos(ﬂ—t)
6 6/ 2 6

i D'(1) = gcos(g) -

The rate at which the depth
is changing when t = 3is 0
metres/hour.

6
ii D'(6)= gcos(g) = gcos(n) =

T

2
The rate at which the depth

is changing when f = 3 is —g
metres/hours.

(This means that the depth

is decreasing at a rate of g
metres/hour).

NN

i D'(12) = gcos(Zn) -
The depth is increasing at a rate of
g metres/hours

d The function which describes the rate
18

D'(r) = gcos(%t)

i D’(¢) has a maximum when

it

=1
cos(t6)
.'.%:Oor27r0r47ror

t=0orl2or24o0r ---
For the required domain the depth

is increasing most rapidly when
t=0ort=120rt =24

ii The depth is decreasing most

rapidly when
cos(m) =-1
5)=

.'.whenﬂ—t =mor3morSmor---
St=6orl8or30or--

For the required domain the depth
is decreasing most rapidly when
t=6orl18
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Solutions to Exercise 10G

1 f(x)=(x-1D*x-b),b>1

a f)=0-2x+1)(x-0b)

b

f'()

=X -Q2+b)x>+(1+2b)x—b
=3x>=2Q+b)x+1+2b
=(x-1)GBx=2b-1)

') =0,

(x—=1)Bx—(1+2b)=0

3 1+2b
T3

x=1,x

f()=1-2-b+1+2b-b=0

f(1+2b): (2b—2)2(2b+1—3b)

3

co-ords = (1,0) & (

2b +1
c

d

3 3
_ 4 _qpep(lzb
=505
I RRTS!
BT

1+2b -4@:-1P)
3 0 27

> 1 as b > 1 so the other stationary

point is a local minimum; hence the point

(1,0) is

1+2b
3

1+2b

b

always a local maximum.

=4

=12

11
)

2 y=x*—4x’
a %:4)63—8)6
d
4x(x* -2)=0
x=0,i\/§
x=0,y=0
(0,0)
x=+V2
y=4-4(2)
=4
(+V2,-4)

b (x,y) > (x+a,y+b)
(0,0) — (a, b)
(+V2,-4) - (a+ V2,b—4)

3 a

f(x) = ax® + bx® + cx
f)=10=>a+b+c=10...(1)
f(x) = 3ax* +2bx + ¢
ff(H=0=3a+2b+c=0...(2)
Multiply (1) by 2 and subtract from (2)
a-c=-20=>a=c-20
Substitute for a in (1)
c—20+b+c=10
S b=30-2c
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3 =0=27a+6b+c=0

-1
2T =20)+6(30-2¢)+c¢c =0 :7
27¢—540+ 180 —12c+¢ =0 X
y=—+c
16¢ —360 =0 1“
360 45 x=-y=0
16 2 1
OZE'FC
4 f:[0,00] > R, f(x) = x> —ax’ C:l
a>0 a?
_=x 1
a f/(x)=2x—3ax’ YTa T &
= X(2 - 3ax) c y=ax+c
f'(x) <0, !
x(2 =3ax) <0 x=-y=0
since x > 0,2 -3ax <0 O0=1+c¢
2 c=-1
:>X>§
The end point is also to be included y=ax—1
2 2
since f(—) > f(x) for any x > — 2
3a 3a d max. at x = —

2\ 4 Yaxs 14 8
(5)= ol

) ) =L - =
f(x) is strictly decreasing when x > 3 3a)  9a*  27d° a’\9 27
a 4

(%) >0,  27a?
x(2-=3ax) >0 range = ( — 00, W]
since x > 0,2 —3ax >0

2 : _ 2
e = Sa i y=x-3)

3a dy

— =2(x-3
O<x< 3 dx x=3)
a
The end points are included since =2x-6
2 2
f(0)<f(x)<3—fora110<x<3— X =a,
a a
f(x) is strictly increasing when dy
— =2a-6

0<x<— dx

3a

462



b x=a c
y =ax* - bx®

y=(a-3)
—a*-6a+9 @:4ax3—3bx2
) dx
= (a,a” —6a+9) x=1,
c y=mx+c Z_yzo
X
=2a-6
(2a )“Cz 4a=3b...(1)
x:a,y:(a—3) le,y:16
(a-3Y=2a(a-3)+c i )
=q —
c=(a-3)(a-3-2a)
=16+b...2
c=(a-3)(-a-3) “ @
subin (1) = 4(16 +b) = 3b
y=(@-3)2x—-a-3)
5 64 +4b = 3b
=2(a-3)x—-a +9
b =—64
d y=0, subin (2) = a=-48
2x—a-3=0
2x=a+3 7 a
[ =@x-a’x-1)
a+3 5 5
X = > =(x"=2ax+a’)(x—1)
= x> — Qa+ D)x* + (@* + 2a)x —
6 a f(x) = x* F/(x) = 3x% — (4a + 2)x + (a® + 2a)
= f(x+h) =@+ f'(x)=0,
f(l+h) =16 3x —(4a+2)x + (@* +2a) = 0
(1+h* =16 4a+ 2+ 4Q2a +1)> - 4(3a + 6a)
X =
1+h==2 6
_2a+1x Va2 + da + 1 - 3a? — 6a
h=-1+2 = 3
h=-3,1 _2a+1+ Va2 -2a+1
X B 3
b fl)=x _Qa+Dx@-1)
= f(ax) = (ax)? B 3
2
flay=8 x=a%5
3 _
@ =3 fla)=0,
a=?2
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(a+2)_(a+2 3a) (a+2_3) iii f,(a+1)
U3 33 2
2 - -1 3(a+ 1)
=( . )(a ) :iﬁgl——@a+nm+1m4f+2m
4 2 )
(l—a)—(l—a) 3a-+6a+3-8a
9 —12a — 4 + 4a* + 8a
-4 -a)’ = 2
27 ; —a’> +2a-1
2 —4(1 - =
co-ords = (a,0), (a - , d-a ) 4
3 27 —(a—1)2
—4(1 — a)® -4
bSincea>1,M>O, a+1 a+1 Zra+1
T e [a)
Hence (a, 0) is a local minimum and 2 2 2
2 —4(1 -a)’ 1 1
(a; , (27 %) )1salocal :Z(l—a)zi(a—l)
maximum. 1
=§m—1f
¢ i f(H)=3-4a-2+d"+2a —(a—1y
=——x+c
=a®-2a+1 Y 4
PSP _a+1 _l 3
=(a-1) XY= ,y—S(a 1)
y=(@-1’x+c
f (1) =0,
0=(a-1)7+c

c=—(a-1)7
y=(@-17°(x-1)
ii f(a)=0
y=¢c¢
fl@=0=c
y=0
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1 s -l a+l
s@-1'= G 1)( )+c

2
1 a—-1 a+1
SOUUEREY
c=gza-Dl—=H+=
1
= ga-1°

_ L
y—4(a D(=x+a)

__1 2
=g la-Dx-a

8 a f(x)=(x- 1)2i<x— b)* + (x — b)ziu— 1)?
dx dx
=2(x-Dx-b)((x—-1)+(x—-b))
=2(x-Dx-b)R2x-b-1)

b ff(x)=0,

b+1
=1,b,—
x b 2

() =0, 1) =0,
_ 2 _ 2
5)- () ()

-5

~ b+1 (b-1)*
Co—ords—(l,O)(b,O)(T, 6 )
b+1
=2
€™
b=1=4
b=3
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10 f(x) = ax* + bx> + cx* + dx

a f'(x) =4ax® +3bx*> +2cx +d
f=1

l=a+b+c+d...(1)
(=0

0=4a+3b+2c+d...(2)

f=1)=4

d=a-b+c—-d...(3)

(H)-B)= -3=2b+2d

-3

bZT—d

Q) -(1)-(3)= -5=2a+3b+d
9
—5=2a-2-3d+d
2
1
~5=2a-2d

1
—d— -
a 4

. 1 /-3
subin (1) = 1= (d—Z)+ (T—d)c+d

7
1:—Z+C+d
11
- ——d
€Ty

b f/(4)=0

0 = 4a(64) + 3b(16) + 2c(4) + d
0 =256a+48b + 8¢ + d
0= 256(#)+48(_3 _2d)
11 —4d
+8( 7 )+d
0=1256d — 64 —72 —48d +22 —8d +d

0=201d-114

114
201
38
67

d
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Solutions to Exercise 10H

1 a x0:2

xp =2.166...

x; =2.1510...
x3 =2.1509...
x4 =2.1509...

x = 2.151 correct to 3 decimal places.

X0 = -2

X1 = -1.8

X = -1.75...

x3=-1.747...

xg = —1.74767...

x = —1.75 correct to 2 decimal
places.

X0 = -2

x; =-1.8

Xy = -1.75...

x3=-1.747...

x4 = —1.74767 ...

x = —1.75 correct to 2 decimal
places.

X0 = 2

x;p =2.642. ..

X, =2.555...

x3 =2.55419...

x4 =2.55419...

x = 2.554 correct to 3 decimal places.

X0 = 2

x; = 1.6266...
xy =1.5662...
x3 =1.5644 ...
xq =1.56446. ..

x = 1.564 correct to 3 decimal places.

2

fx)=x>-3
[ =3¢
Xt = g — L)
I (X
_ x -3
< Xptl = Xp 3x,%
C3x - (0 -3)
- 3x2
3 2x3+3
32
Xo =2
x; = 1.5833...
X, =1.4544 ...
x3 = 1.4423 ...
x4 = 1.44224 ...
x5 = 1.442249...

flx)y=x"-2x-1

f(x)=3x*-2
Xn+l = Xp — f(xn)
I (e
‘ X = 2x,— 1
e Xl = Xy — 3%—_2
3 3x3 = 2x, — (3 = 2x, = 1)
N 3x2 -2
3 23 +1
S 3x2-2
X0 =2
X1 = 1.7
x, = 1.6230...
x3 = 1.61805...
x4 = 1.61803...
x5 = 1.61803...
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4 flo=x'-2x+1
f(x) = 4x° — 647

Xt = 2y = L)
I (xn
. B xh=2x + 1
e Xpkl = X — m
B dxt—6x3 — (x2 - 2x3 + 1))
N 4x) — 6x2
B 3xt—4x3 -1

5 f(x)=x>-158

f/(x) = 5x*
Xt = 1y = L
I (xn
) x> — 158
o Xprl = Xy — 5¢d
B 5x — (x) — 158))
= e
4xd+158
=5
X0 = 3
x; =2.7901...
xy =2.75352...
x3 =2.75252...

x4 = 2.752525920389. ..
x5 = 2.752525920388.. ..

6 a Xo = 0.6
x; = 0.6355088 ...
x2 = 0.6412015...

7

b

a

2 _l
f)=x"+e 2" =17
1 _1
f(x)=2x— ¢ 2%
X :x_f(xn)
n+1 n f,(x"
1
x2+e 2™ -7
S Xl = Xy 1
2x— —e 2
xt+e 2%
X1 = Xo — 1
2x9 — —e 2
:_2_4+€—17
—4—56
22
- e+8
X
=1 _z
, 1 1
f(X)—;—Z
f(x)=0
1 1
-—=—2>0
x 4
x<4

Therefore x € (0,4)
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J(xn)

Xn+l = Xp —

Ifa€(0,4)and a < ethenlog,a < 1

S (xn and x > 0
Xn
log, x, — " ~ £(xn)
o Xpl = Xy — ﬁ € Xpy1 = Xp — fl(xn
x, 4 xlzxo—f(x())
4dx, (loge X, — ﬁ) (%o
= x, — 4 1
" 4 - x, 4
X :1+§
4%, = 5% — 4, log, %, - ) >
_ Xy = Xy — A% (log, X — - 1
4 —x, 1
=1+
_ 4x,(1 - log, x,) 3
- 4 — x, _4
3
e e
¢ Jobeerg =iy f 1)
) 1 1 Xn+l = Xn —
f(e):__Z S G
€ X1 = x0 f(xo)
1 1 0T
y—(l—f)z ———|(x—e) 1" (xo
4 e 4 3
d—e\ (4-¢ _6_10ge6_§
A v Bl v L B 1
(4—6) 4-¢ (4—6) 12 ;
—_ e X —
YT\ T4 4e 4 = 6 - 12(10g, 6 - 5)
y= (224 = 6-12log, 6 18
4e

d At x = a the equation of the tangent

= 4log,(a) —a 4—a
ke (o)

4
Wheny =0,

(4loge(a)—a) (4a
X—a= X 1

—da

a—4 loge(a) a
( ) (4 a) T
a2 - 4a log,(a) +4a—a )

4—a
3 4a(l - log, a)

4—-a

=12log, 6 — 12

g Solution 1 xp =1
x; = 1.33333...
Xy = 1.42463 . ..

) x3 = 1.42959. ..

x4 = 1.42961 ...
Solution 2

X0 = 6

x;1 =9.5011...

X, = 8.6453 ...

x3 = 8.6132...

x4 = 8.61316. ..
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Solutions to technology-free questions

1

a y=x-8x+15x
D3¢ _16x+15
dx

=—1(atx=4)
For the tangent:
y+4=-1(x-4)

y=-x
b Tangent meets curve again when
X —8x* +15x = —x
¥ —8x*+16x=0
x(x* = 8x+16) = 0

x(x—4)% =0
Thus x =0and theny=0(x =4
corresponds to the given point).
The tangent meets the curve again at
the point (0, 0).

2 Atx:a,y=3a2

y =3x°
dy
~Z_6
dx o
=6a(at x = a)

For the tangent:

y— 3d® = 6a(x — a)

y = 6ax — 3a*

x=0:y= —34a?, so the tangent meets
the y axis where y = —3a?.

y=x—7x*+ 14x -8
d
& 32— 14x+ 14
dx
=3(atx=1)
For the tangent, x = 1 gives y = 0, so:
y=—0=3x-1)

y=3x-3

A parallel tangent has gradient 3, so:

dy_

dx
3 - 14x+14=3
382 - 14x+11=0

BGx-11)(x-1)=0

11
x=1,—

The x coordinate of a second point with

11
the same gradient is x = 3

a Average rate is given by

AB)-A2) 9m—4n

P I R
b A=nar
dA
Z:Zﬂr
=6m(atr=23)

Instantaneous rate is 67

a f(x)= 4y = 3x*

f(x) = 12x% = 12x°
= 12x*(1 - x)
=0ifx=0,1
x=0,y=0x=1,y=1
The stationary points have coordi-
nates (0,0) and (1, 1).
x <0, f"(x) > 0; f7(0) = 05
O0<x<1,f(x)>0;s0(0,0)is a
stationary point of inflexion.
O<x<1,f(x)>0; f'(1) = 0;
x>1,f(x)<0;s0(1,1)is a
maximum.
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b g(x)=x-3x-2

g(x)=3x*-3
=3(x+1)(x—-1)
=0ifx=-1,1

x=-1,y=0x=1,y=-4
The stationary points have
coordinates (—1,0) and (1, —4).

y:x3—6x2+9x=)c(x—3>)2

dy

- =3x> - 12x+9
=3(x* —4x +3)
=3(x-1)(x-3)
=0ifx=1,3

x=1y=4;x=3,y=0

x<-1,f(x)>0; f'(-1)=0;
-l<x<1,f(x)<0;s0(-1,0)is a
maximum.

-l<x<1,f(x)y<0; f'(1)=0;
x>1,f(x)>0;s0(1,-4)is a
minimum.

The stationary points have coordinates
(1,4) and (3,0) . Also it is evident

from the factorised form that (3,0) is a
stationary point of inflexion. Then (1, 4)
must be a maximum.

For the intercepts:

y=0,x=0,3

¢ h(x)=x-9x+1 .
The graph is shown below.

g(x)=3x"-9 ¥
=3(x* - 3)
= 3(x + V3) (x - V3) (L9
=0ifx=-V3,V3
x:—\/g,y:6\/§+1 0 : .
x=V3,y=-6V3+1
The stationary points have
coordinates (— V3,6V3 + 1) and
(V3,-6V3+1)
_ ’ . — 0 d
1<V > 01V =0 7 2 == e -2)
~V3<x< V3, ()< 0; '
. _ —0ifx=1,2
so there is a maximum at There are stationary points where x = 1
(—V3,6 V3 +1). and x =dy2- dy
x<1l,—<0;—=0atx=1;
~V3<x<V3,f(x)<0; dx dx
dy
’ =0: 1 2, —_— 0,
F1(V3)=0; <x<2, o<
x> V3, f(x) > 0; so there is a stationary point of inflexion at x = 1.
. . J J
so there is a minimum at 1<x<2,d—y<0;d—y:Oatx:2;
(V3,-6V3 + 1), P *
x> 2, d—y > (; so there is a minimum at x = 2.
x
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8 y=x-3x"-9x+11
d
d—z:3x2—6x—9

=-9(atx=2)
Alsowhen x =2,y = —-11
For the tangent:
y+11 =-9(x-2)

y=-9x+7

4
5

9 f)=x-1

a The function is differentiallble for

4 1
R\{1}. f /() = 5(x=1)73

4 4
b fO)=3.f@=-3
For the tangent at (2, 1):
4
y—-1= g(x -2)

4 3
y=gox-¢

For the tangent at (0, 1):
4
y-l=-35k- 0)

y:—§x+1
4
C gx—§:—§x+l
8 8
5775
x=1
When x =1,y = 1, SO (1,l)is the
5 5

point of intersection of the tangents.

10 For a sphere of radius r and volume V,

4
V= §7rr3.

i 4nr?
=64rifr=4

The rate of increase of volume with

respect to the change in radius is 64x

cm’/cm when the radius is 4 cm.

dv dV dr
b —=—XxX—
dt dr dt
=4’ x 1
= 4nr?
=64rifr=4

The rate of increase of volume with
respect to time is 647 cm? /s when the
radius is 4 cm.

(An alterative is to use the initial
conditions to express r in terms of
t,1.e. r = 1 + ¢, and then V in terms
of t; then differentiate to get the result

directly.)
11 0= Lot
4
a%:%wWQs
b ‘;—f — 2565 (att: 2—10)

So the rate of increase is 25¢> °C/s.

12 y=e¢e"
ﬂ—ex
dx

=e(atx=1)y—e =e(x—1)

y—e=ex—e

y=ex

13 D = 50¢"
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dD

— = 50ke"
a r e
= k x 50¢" = kD
dD
Thus — = ¢D, where ¢ = k.
dt
dD
b v kD = 0.2 x 100 = 20 cm/year

y = e3x + e—3x

Z—i =3¢ — 373
=0if
3¢ = 373"
=1
x=0

When x =0,y = 2.
Since y — oo when x — +o00, it is
evident that y = 2 is a minimum.

15 a Let the equation of the line of the

third side be y = mx + ¢
The point (1, 1) is on the line.
Therefore,
l=m+c>c=1-m
The equation of the line is,
y=mx+ (1 —m)
When x =0,y =1-m.
Wheny =0, x = m_—l
Intersection of y :ngx
with y = mx + (1 — m).
mx + (1 —m) = 3x

m-3)x=m-1

—1and 3m -3
X = =
m-—3 A—
1 -1 -
Area of triangle= < ><3m S
2 m m-—3
3 3(m—1)*
~ 2m(m - 3)

b

16 a

12
LetA:3(m D

2m(m — 3)
dA _ =3(m—1)(m+3)
dm ~— 2m2(m-3)?

If m = 1 the line is y = mx and it in-

tersects with y = 3x at the origin. No
dA
triangle formed, If m = -3, — < 0
A dm
form < -3 and — > 0 for m > -3.

Therefore local minimum.

=1
fo=1-—

ff(x)=0=>x=16
f(16) =16-32=-16
Local minimum at X(16, —16)

f)=0= Vx(vx-8)=0
Therefore, x = 64

64 4
)
9 64
3 1 ’
=1-Z ==
2 2
Equation of tangent
. 128 1( 64)
YT T YT
1 32
= ——Xx - —
YT

i) = 1 -

Vo4
3 11
S22
Equation of tangent
1
y= %(x - 64)
y= ix -32
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1 1 32 X
S el
d ¥ 32 ¥ 3 y sm2
_ 64 dy_cos(x)
te 3 dx 2
1 64 1 Vs
LY=o X — =32 :_(t :_)
y 7 ° 3 NG at x >
64 1 .
~ 3 y- V2= 7()6—5)
. 64 64 2
Coordinates P —, —— 1 T
3 3 y=—x— —— V2
V2o o2V2
e Three points lie on the line
y = —x.Use similar triangles C y=cosx
to see OP = 40X. Therefore dy )
OP:0X=3:1 dx | omx
= (atx:—)
a y =log, x (1)( 37r)
= X - —
ay _1 Y 2
dx x 3n
1 y=Xx-=
=—(atx=¢) 2
e
1 d = log, (x*
y—l==(x—¢) y = log,(x7)
e dy 2
1 PR
y—1=-x-1 dx x 5
e
= - (atx=—o)
y=ix Ve
¢ 2
—l=—-——((x+ Ve
y \/Z( Ve)
2 1
= ——X -
TV
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Solutions to multiple-choice questions

1A y=x*-x-5

Z’—y:2x—1

X
Gradient of tangent equation=4
LAy
Tdx

L4 =2x-1

y=-7
Sub x and y values intoy = 4x + ¢

—1210+C

45
c=—-——

4

2 E Since the gradient changes from
negative to positive at point a, this is
a local minimum.
Since the gradient remains the same
at, before and after point b, this is a
stationary point of inflection.

3 E The graph of the second function

5

is obtained from the graph of the
first function by this sequence of
transformations:

(1) areflection in the x-axis

(2) a dilation of factor 2 from the
X-axis

(3) a dilation of factor 2 from y-axis
(4) a translation of k units vertically
up

The point (0, 0) transforms to (0, k)
and is now a maximum due to the
reflection (the dilation leave no
effect).

The maximum point a, f(a) of the
original graph transforms as follows:
(1) (a, —f(a); local minimum

(2) (a,-2f(a); local minimum

(3) (2a, -2 f(a); local minimum

(4) 2a,-2f(a) + k) local minimum

f)y=x-x*-1

f/(x) =3x* —2x

Stationary points occur when
f'(x)=0

3¢ —2x=0

xBx-2)=0
Using the null factor theorem:

2
=0and x = =
X and x = 2

As it is a local minimum the gradient
of the tangent is 0. Therefore it is a
horizontal line which goes through
the point (2, 4)

y=mx+c
m=0
SLy=4
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6

7

8

9

V = —10x(2x* - 6)
V = =20x° + 60x
dv

o= —60x* + 60
0 = —60x> + 60
60x> = 60
x = =l1
When x = -1,V = -80
V #-80

.. Maximum volume occurs when
x=1

flx) = ax> +bx* +cx+d
f/(x) = 3ax® +2bx + ¢
A = 4b* - 12ac
A<0=4b>-12ac <0

ab? -3ac <0

b2
@a>§
f:,R—>R,f(x):e"—ex
fx)=¢e"—e
S (x0)=0
ef—e=0
e =e
x=1

Turning point occurs at x = 1
Sub into f(x) to find y coordinate:
y=e—e

y=0
= (1,0)
y - eax

1
Tangent at point (—, e)
a

10 A

11 E

12 B

d—y:ae
Atx = -
a
dy a
a:aea
dy
E:ae

Equation of tangent: y = aex + ¢

1
Sub in point (—, e)
a

e=ae—+c
a
e=e+c
c=0
.. equation of tangent:
y = aex
N = 4000e"*
dN
=800 0.2¢
dt ¢
When =3
dN
— =800e"° ~ 1458
dt
Stationary point pf inflection when
x=-8
y=e"*-1

Point where equation crosses the
y-axis:

x =0,y = 0 coordinate: (0, 0)
dy

_e_x

dx
Gradient of tangent at x = 0:
dy |

dx

Equation of tangent:
y=—-x+c¢

Sub in point (0, 0):
c=0

.. Equation of tangent:
y=-x



13D f(x)=x-9x*+24x+c¢
f/(x) =3x* - 18x + 24
f(x)=0=x>-6x+8=0
Sx=4orx=2
f@) =c+16and f(2) =c+20
Local minimum at (4, ¢ + 16) and a
local maximum at (2, ¢ + 20)
The local minimum has to be below
the x axis and the local maximum
above. Therefore ¢ + 16 < 0 and

c+20>0
That is, ¢ € (=20, -16)

14 C
ax
f) = e ==
e
£/ = ae -2
=0if
ax a
ae™ = —
e
1
e = — = e—l
e
ax = -1
1
X =—--
a

The coordinates of the turning point

(2
arc | ——, — |.
a e
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Solutions to extended-response questions

|

y m?2 xm

|

l <——4m———>

< xm—>
a Shaded area = 4x — x°

ie.y=4x—x

b Asy>0,4x—x*>>0
rex(4-x)>0

SLy>0forO<x<4
The possible values of x are 0 < x < 4.

dy
“Z-4-2
C dx X

d

& _ 0 implies x = 2

dx

Note: y = 4x — x? is a quadratic with negative coefficient of x°.
Whenx=2,y=8-4=4.

The maximum value of y is 4 and this occurs when x = 2.

2

d y = 4x — x? is a quadratic with negative coefficient of x?

or gradient to the left of x = 2 is positive and to the right negative.

ﬂ =3

f From the graph the possible values for y are 0 <y < 4.
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2 &=ym -

f
xm
4
t
xm
+

——ym —

a A=xy+3xy=4xy

b Perimeter = 48

o 48 = 6y + 4x
48 —4x
T
2
—8-=
3
c A=4xy
2
:4x(8—§x)
8x?
=32x—- —
T3
dA 16x
d —=32-—
dx 3
A

96
ol 0 implies x = T 6. Maximum as quadratic with negative coefficient of x?
x

2
Whenx=6,y:8—§x6:4

e Whenx =6
A:32><6—§><36

=96
The maximum area is 96 m?.

3 a Costis (12 + 0.008x) dollars per kilometre plus $14.40 per hour for the driver, where
x is the speed of the truck in km/h

i Cost per kilometre for tmck travelling at 40 km/h

1
= (12+ 0.008 x 40) + 14.40 x 5

=12.68
i.e. the cost per kilometre is $12.68.

479



il Cost per kilometre for truck travelling at 64 km/h
1
= (12 + 0.008 x 64) + e x 14.40

=12.737
i.e. the cost per kilometre is $12.74.

b Let C be the cost per kilometre.
14.40
C=(12+0.008x) +

14.40
X

=12 +0.008x +

¢ To sketch the graph we first differentiate to determine tuming points.

For C = 12 + 0.008x + 14.40

dc 14.40
— =0.008 —
dx x2

dcC

and stationary points occur for i 0.
X

This implies
0.008x* = 14.40

x> = 1800
x =30

~ 42.426
A sign chart is used to determine the nature of the stationary point.

<30v2 | 30v2 | >30V2

sign f’(x) -ve 0 +ve

shape \ - /
. A minimum occurs where x = 30 V2.
When x = 30 V2
14.40

C =12 +0.008 x 30 V2 +
302

= 12+0.24\/§+%
V2

= 12+0.24V2+0.24V2

= 12+0.48V2

~ 12.679
. minimum at (30 V2, 12 + 0.48 V2)
When x = 120
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a

14.40

=12+0.008 x 120 + ——
C + X + 120

=12+0.96 +0.12
=13.08

It is also observed that as x — 0, C — oo and that as x large, the graph gets close to

that of ¢ = 12 + 0.08x.

{
,l (120, 13.08)

-
—
-

Ha 2
e 12+ MRy

44— l6cm ——
I I

T__l __________ L_
i |
I I
10cm i i
I I

A L.

1 T 11 xem
g

xcm
.. length of box = (16 — 2x) cm
width of box = (10 — 2x) cm
height of box = xcm
Volume = length X width X height
= (16 —2x) (10 — 2x)x
=48 -x)(5—-x)x
= 4(40 — 13x + xP)x

= 4(x3 —13x% + 40x) cm’

All dimensions are positive.
10-2x>0and 16 =2x>0and x > 0
x<5and x <8and x>0

0<x<5
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¢ Let V =4(x’ — 13x* + 40x)

dv

— = 4(3x% - 26 + 40)

dx

dv

- = Oimplies 4(3x* —26x+40) =0
X

S 3x—26x+40=0
S Bx=20)(x=2)=0

x=—orx=2
X 3 X

butO<x<5.. x=2

d A gradient chart reveals there is a maximum when x = 2:

<2 ]2 ]>2
i v + 0
s1gnE ve —ve
shape ‘/ ‘—‘\
Whenx = 2,
16 —2x =12
10-2x=6

.. The dimensions of the box for maximum volume are:
2cm, 6¢cm, 12cm

e Maximum when x = 2
 Vimax =405 -2)(8-2)2

=4Xx3xX6x%X2

= 144
The maximum volume is 144 cm?

o -\\:}
Area of rectangle = length X width
Let A denote the area.
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Let x denote the width.
Let y denote the length.
A =xy

Consider the derivative of A with respect to x.

dA
8-
dx o

— = O implies x = 8
dx
As A is a quadratic function with negative coefficient of x?, a maximum occurs where

x = 8.
2

Whenx:8,A:8x8—%:32

.. Maximum area = 32 square units.

a T =k + 2w?
Whenw =5,T =75
15 =k+50
ie. k=25

So: T =2w* +25

b T
T=2w+25
0 w
T 25
¢ Average time in seconds per kg = — = — + 2w
wow
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d 1 Let A be the average time.

25
A=—+2w
w
A
Minimum occurs when da =0.
dw
dA
— =-25w?2+2=0
dw
25
which implies w? = >
. 5 5V2
ew=—=——
\2 2
A gradient chart confirms minimum:
- 5 5 S 5
W — — —
V2 [ V2| V2
) dA
sign of — | —ve 0 +ve
dw
shape / - \
5V2 : . N
Tkg ~ 3.54 kg yields the minimum average machinery time.
ii. Whenw = ﬂ
2
_2x5V2 25
ES
2
=5V2+5V2
=10V2

". minimum average machine time is 10V2 =~ 14.14 seconds.

7 Let the base have dimension x m by x m and # m be the height of the tank.
The volume of a cuboid = length X width X height

=xXxXh
= x’h
For this tank volume = 500 m*

s xh=5001

gl

L]
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Let A m? be the area of sheet metal required.

A = x>+ 4xh
(Note: The tank is open.)
From equation (1)
_ 500
"=
500
T A=x+ 4x(—2)
X
, 2000
=x 4+ —
X
Differentiating to find a minimum:
dA 2000
-2y —

dx x2

dA
— =0 implies x*> = 1000
dx

x=10

The gradient chart shows a minimum occurs when x = 10.

X < 10 | >

signof — | —ve | 0 | +ve
dx

shape \ - |/
Whenx=10,h =5

Therefore the dimensions necessary for a minimum surface area are 1I0m X 10m X 5m

8 a Areaof bottom = x* + x* = 2x

Area of top = x*

Area of sides = xh + xh + xh + xh = 4xh

. total area = 4xh + 3x*

ie. C =4dxh+3x°

b  Volume V = x*h

For Volume = 12m?

12 = x*h
. 12
ie. h= F
12
and € = 4x(5 ) +34°
X
48
= — +3x°
X

¢ It is preferable to complete d

2
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before sketching the graph.

. dC 48 L6
i — = —— +6x
dx x2
dcC

48
E:Oimplies —;+6x:0

which implies 6x = —
X

~x=8and x =2

o (2, 36)
>
O x
The gradient chart is as shown:
X <2 |2 ]>2
. dC
sign— | —ve | 0 | +ve
dx
shape \ -/
.. a minimum when )Zc = 2 When x = 2, the dimensions are
1
2m, 2m, 3m(h = ?)
ii When x =2

C:12+%:12+24:36

. The minimum area is 36 m>
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1
9 a The area of a sector A = 51’2 0
In this C?Se r=a
S A= 5(129
4

\/

b The length of the wire =a+a+ ¢

=2a+7¢
where {=ab
Therefore as the wire is 1 m = 100 cm in length
100 = 2a + af
~ 100 = a(f + 2)
e 100
e.a=——
0+2
1/ 100 \?
A=—-|——=
2 (9 + 2) o

¢ Differentiating to find maximum

10/ 1 \2
A:—(—)H
2 \6+2

Using the product rule

A _ 5000[ L%

0 6+272  (0+2)
0 imories ) 26

—_— = 1mpilies =

6 DI 0 v 22 =+ 2y

(0+2)P°-2000+2)%=0

(O+2)%0+2-201=0

LO0=2o0rf=-2
but>0.. 6=2

The gradient chart will show a maximum i.e. A is maximum when 6 = 2
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2
d WhenO:Z,A:l( 100) )

2\2+2
1
= — %252 %2
2
=625

The maximum area is 625 cm?

10 a L=2r+1r0

1
L0=—=(L-2r1

r

Area of sector = §r29

1

(L)

0

1
b i The area of the sector A = ErL —r?
dA 1
. —==-L-2
dr 2 "

dA 1 L
and i 0 implies EL -2r=0,s0r= r

L
ii Substituting r = 7 in 1 gives

1
—(L—2xli)
4

S
Il

Il
NI SN
—_—
h
|
SIly)
[\) N—

X
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. . L
ili A stationary point occurs when r = T

fr<—,—>0
r<4 r>

r< T ar < 0 (gradients considered locally)
r
So the stationary point is a maximum.

1
¢ Area of sector = =26

L
When 6 =2,r=—

4 2
SOA fsector= — X — X2
rea o1 sector 2 16
L2
~ 16

1
Area of triangle = Erz sin 2

1 I?
= 5 X E Sil’l2
_ L?sin2
32
Area of triangle  L*sin2 L
Area of sector 32 16
[*sin2 16
_ < =
32 12
sin 2

.. Area of triangle ~ 45.5% area of sector

11 b P C

J AB=75m
/ AD=30 m

A B

a Let T be the total time in seconds and DP = x (m) (Note: the position of P varies)
T = time to swim to AP + time to run PC + time to get out
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AP V900 + x?

time to swim AP = —— = (Pythagoras’ Theorem)
speed of swimming 1
) 75-x 3
time to run PC = ) = 5(75 - X)

3
time to get out = 2

3
T = 900+x2+§(75—x)+2

490



1 1
b di ( V900 + x2) = 2xx (900 + %2)”2 (Chain rule)
X

T 1
B (cll_x = x(x* +900)"2 — %

dT

¢ i Minimum occurs when — =0
X
dT 1
— =0 implies x(x*> + 900)"2 = =
dx
X 3

- x(x2 + 900)%
and 5x = 9(x* + 900)%
Squaring both sides yields
25x* = 9x* + 8100

. 6x° = 8100
8100
L2
Xt = e
and x = T (Note: x > 0 and so positive root is chosen)
1
=22—
2

1
A gradient chart reveals a local minimum when x = 225

ii The minimum time occurs when x = —

A
90 90\2 3 90
When x = —,T = 9OO+(Z) +§(75_Z)+2
22500 18
_ 15— 2) 42
16 +3(5 4)+
1
—£+3 £+2
4 4
~71

The minimum time is 71 seconds.

d If the boy runs from A to D and then from D to C

30 75
tll’l’le——z'Fl—2
3 3

30 75
= — 4+ —

5

3

3105
_ 22 63
5571

It takes 63 seconds to run from A to D and then from D to C.

[SS1))
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dy .

12 a Fory=¢",— =¢

dx
Whenx =1,y = eand% =—e
Therefore the equation of the tangent is given by
y—e=e(x—-1)

ie. y—e=ex—e
..y = ex is the equation of the tangent.

d
For y:ezx,—y = De?*
& d
Yy
h =—,y=e+—=2
when x 2,y e e e

1
The equation of the tangent at (5’ e) is given by

1
y—e=2elx 7

ie. y—e=2ex—e
1
y = 2ex is the equation of the tangent at (5, e)
kx ﬂ —
" dx

when x = %,y:eandd—z:ke

Fory=e kek~

The equation of the tangent is

1
y—e =kelx .

ie. y = kex

Consider the equation of the tangent at the point (a, k)

which passes through the origin for the curve with equation y = e*

d d

Y kek* and at (a, k%) , Y kek@
dx . X

.. The equation of the tangent is

y =0 = ke*(x — 0)
ie. y=ketx
Also the gradient of the tangent can be determined as the gradient of a straight line
joining the point (a, €) and (0,0)
eka -0 eka

Gradient = = —
a—0 a
k
ket = e
a
1
a=—
k
and k= e

.. Equation of tangent is y = kex
a sentisy 492



e Solving ¥ = x is equivalent to solving the pair of
equations
y = ekx
y=x
simultaneously.

kx

i There is a single solution to the equation ¢** = x if y = x is a tangent to the curve

y = ek,
1
From (d) this occurs only if ke = 1 i.e. if k = — for k > 0.

e
There is always a unique real root for k < 0 (check the graph of y = €** for k < 0)

ii For no real roots, there are no solutions to the pair of equations
kx

y=e
andy = x
1 .
For k = —,y = x is a tangent.
e

1 )
For k > —, the curve y = ¢ does not meet the liney = x.
e

13 a Distance SL = V64 + x* (Pythagoras’ Theorem)
Time taken = time taken for S L+ time taken for LF
SL LF

; + ;
rowing speed  running speed

\/64+x2+20—x

5 15
V64 +x2 20— x
S Tx) = 5 + 15

— Wkm ———

b Differentiating to find minimum
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1o
T'(x) = §(64 + )7 - =

T'x)=0

o X 1
implies —— = —

1
S(64+1)2 10

1
. 15x = 5(64 + x%)2
Squaring both sides yields
225x% = 25(64 + x%)

ie. 200x*> =25 x 64

S8
and x = —— (Note: positive root is chosen as x > 0)
10V2

=ﬂ:2\/§

A gradient chart reveals a minimum.
When x = 2V2

_ Ved+8 20-2V2
-5 15

_6V2 4 22
5 '3 15
18V2 -2v2+20
15
16 V2 + 20
15
~ 2.84
16 V2 +20

The minimum time is — 1 hours =~ 2.84 hours ~ 2 hours 50 minutes

T

31 seconds
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Graphic calculator techniques for question 13

In a Calculator page, define the function.
To find the x-value where the minimum
occurs, solve the derivative equalling zero.
16 V2 A

Hence minimum occurs at (2 V2, 5 '3

In a Graphs page enter the function t(x).
Find the minimum
using b>Analyze Graph>Minimum.

A further investigation can be made by
considering

V64 + x2 20— x
T(x) = +

where A is the rowing speed and B is the

running speed.

In the problem, store A=20and B=5ina
Calculator page

Enter the formula in the Function Entry
Line as shown by the graph label.

The result is as expected. It is best to row
straight to F.

)

Define r[r:'-

salvellifﬂ:x]}ﬂﬁ.m'] =2 J'_.

d2- /2] 162 4
15 +E |_|

Hl E:iib Decimal 2.34182 u—i

£1lx)=tlx)

{ 2.82843,2 84183 )

]
[
[~
o

o1

Fes

-,

S Wl K RN T W R WY I T A T q.......,-"p.-..q..;....h..:::.\a.q..u‘,

30
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14

Investigate the minimum value, holding

A =5 and varying B. The use of fMin(, o i o e
b>Calculus>Function Minimum, is a appmx{f}.{m 'HH x.0,20)) i
good way of doing this. The screen shows S—a 2

a possible investigation. The first value of 205 20
fMin( was obtained with A =5, B = 15. i.e. approx( fl dinE‘_ Al :D‘}} =3 06550
f1(x). The following values are obtained

by altering the B value (A is constant) in il : : 2
function £2(x). approx|fMin{fXx).x,0,20)) x=4 6188
Note: approx( is used to give decimal an- el
swers for easier comparison. Other options 6]

to give decimal answers can also be used.

N ® fishing boat 1

T 6 km

66t
l Lstip fishing boat 2
— ey —
Position of fishing boat 1 after  hours = (6 — 6¢) km North
Position of fishing boat 2 after ¢ hours (10 — 8¢7) km East
Distance apart after  hours
= \/(6 — 6t)? + (10 — 8r)? (Pythagoras’ Theorem)
Let D km be the distance apart after ¢ hours
D = (6 -61)2 + (10 — 81)2

and D? = (6 — 61)> + (10 — 8¢)°
The minimum value of D will occur for the same value of ¢ as the minimum of D?.

d(D?
AT _ 1266 - 61)— 16(10  81)
dt
= =72+ 72t - 160 + 128¢
= 2007 — 232
DZ
d(dt ) = 0 implies
232
=—=1.1
=200~ MO

This is a local minimum as D? vs 7 is a parabola with positive coefficient of #2.

The boats are closest 1.16 hours after noon, i.e. after 1 hour 9 minutes and 36 seconds.
Whent = 1.16

D = \/(6 -6x%x1.16)2 + (10 — 8 x 116)?

=12
The least distance between the two fishing boats is 1.2 km.
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152 4

77 (x, ¥)
/jg >
£
47,
y=2-22
Area of rectangle, A = 2x X 2y
=4xV2 - 2x2
74
=4x(2 —2x°)2

b 2 —2x? > 0 for the relation to be defined
1> X
and -1 <x<1
But 0 < x < 1 (as x is the half-width of the beam)
.. allowable values are x € (0, 1)

¢ Using the product rule and chain rule
1
A =4x(2 - 2x%)2

dA 1 1
— =42 -2x)2 = 2x(2 - 2x%)2 x 4x
dx
1 2
Sae-r -
(2 -2x2)2
42— -8x°
- 1
(2 -2x2)2

8 —8x2—8x2 8—16x2

- 1 1
(2 -2x2)2 (2 —2x2)2
dA

Maximum will occur when P =0

X
A
Whend—:O
dx
8 = 16x°
1
2—_
Y73
L
X=x—
V2
1

butxe(0,1) .. x=—

V2

A gradient chart shows local maximum when x =

I
H
p—

.Whenx=—,y

&l-
(\o)
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16

=2V2

. The maximum cross-sectional area of the beam is 2 V2 square units.

A
y

(x, y)

T
(-2,0) (2.0)

h
a Area of a trapezoid = —(a + b)

where £ is the height of the trapezoid and a and b are the lengths of the opposite

parallel sides.
.. Area of the trapezoid = %(4 + 2X)
Buty =4-x?

4 — 2
c.Area, A = “4-x)

4+ 2x)

= %(4 — X2 (2x +4)

b Using the product rule

dA _ 1 .
- = 3l 2x@x+ 4 + 24 - )]

1
= 5[—4x2 —8x+ 8 —2x7]

1
= 5[—6x2 —8x+8]=-3x"—4x+4
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dA
— =0implies 3x* +4x -4 =0

dx
L Bx=-2)(x+2)=0
2
X = gorx:—Z
dA
— ==-CBx-2)(x+2)
dx

2 dA
When x > -, — < 0 (locally)
3 dx

2 dA
Wh <=,—>0
NE=3 U

2
.. local maximum when x = 3

. : 2
.. The trapezoid has its greatest area when x = 3

1
i A:EXy(2a+2x)

= y(a + x)
= (az—xz)(a+x)
}'A

(x, )

I~ A7

ii Using the product rule
— =d® -+ (-2x)(a+x)
dx
2

=a* — x* = 2xa - 2x°

=a® - 2xa - 3x°

=(a+x)(a—-3x)
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Lo dA a
ili — =0impliesx=—-orx=—a
dx

dA
when x > ‘_1’ — < 0 (locally)
3 dx
a dA
Wh <=,—>0
en x 3 an

. a
. maximum when x = 3

17 N(t) = 241e™%%

-t 24 -t
N'(t) =24e5 — ?te 5
=t 24¢
— ¢35 (24 - —)
¢ ( 5
N'(t) =0,
24¢
24-"—=0
5
t
— =1
5
t=5
N(5) = 120e7!
12
= —0 = 44 bacteria

e
(round because it is a discrete quantity not a continuous one)

18 a y=—1+bt* +ct
Whent=1,y =10
Whent=2,y=24

L 10==-1+b+c
and 24 = -8 +4b + 2¢
1l=b+c¢ 1

and32=4b+2c 2
Subtract 2 x 1 from 2
10=2b

S b=5andfroml,c=6

Ly=—L+5°+6t

b y=-1+5t+6t
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i yis the rate of increase.
.". to determine when area covered by the plant is a maximum consider y = 0
ie. £ +57+6t=0
—t(* -5t—6)=0
t=00r(t-6)(r+1)=0
~t=6ort=—-1ort(Note:t>0and whent =0,y =0)
y=-tt-6)(t+1)
When ¢ > 6,y < 0 (locally)
Whent <6,y >0
.. local maximum thenz = 6
The area is a maximum 6 weeks after planting.

ii The rate of increase y = —£> + 51> + 6¢
To determine maximum rate consider

d
Y 32410046
dt

%:Oimplies—3t2+10t+6:0

The quadratic formula gives

—-10 + V100 + 72
6
-10+ V172
6
~10 243
6
10F2V43 _ 5% V43 ;o0 or — 0,519

t > 0in this example and a gradient chart reveals that a maximum rate of
increase occurs when ¢ = 3.852.

i.e. The rate of increase is a maximum after 3.852 weeks.

¢ This question requires antidifferentiation at year 11 MM 1 & 2 standard.
y=—1 +5t> + 6t

. Area = t4+5t3+6t2+

a BN

When ¢t = 0, area = 100cm? .. ¢ = 100
~Area = 2512 a2y 100

B 4 3
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Whent =4
—4% 5x43

Area = — +
rea = —

:—43+§><43+3><16+100

+3x16+ 100

3
:214 3% 16 + 100

_ 2x64

+ 48 + 100

- 42% +48 + 100

2
=190~
3

2
The plant will cover 190§ cm? after 4 weeks

d After 6 weeks the rate becomes negative which implies the plant begins to recede.
Area = 244 cm? after 6 weeks

7 = 218 cm? after 7 weeks

= 121 cm? after 8 weeks
The area becomes “negative” between 8 and 9 weeks. The model is not valid after

this. Once the area begins to decrease the model is questionable.
19 f(x)=x*-3x*>+6x-10
a f/(x)=3x2-6x+6
f/(x) = 3 implies 3x> —6x+ 6 =3
Lt =2x+2=1
Cxr=2x+1=0
L (x=1)?=0
x=1
and f(1)=1-3+6-10=-6
The coordinates of the point where f”(x) = 3 are (1, —-6)
b f(x)=3x>-6x+6
= 3[x* — 2x + 2]
=3[x* = 2x+ 1+ 1]
=3[(x—1)* + 1]
=3(x—1)*+3

¢ (x—1)*>>0forall x € R\{1}
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~ f(x) > 3 forall x € R\{1}

20 a y=ax’ + bx’ + cx + d passes through the x-axis at (1, 0)

“0=a+b+c+d...... (1)

1
Gradient =0Owhenx=1and x = =

d
gradient function, d—y = 3ax’ + 2abx + ¢
X

S 0=3a+2b+c...... 2)

3 3
. ) ) 1 4
Finally it passes through the point (g, E)
4 a b c
L—==—=+—=—+=+d...... 4
27727 93" @
Subtract 3 and 2
8a 4b
0=—+—
373
S 0=2a+b
ie.b=-2a...(5
Substitute in (1) for b Substitute in (4) for b
4 a 2a c
=a-2 = 4=
O=a—-2a+c+d 247 275 9+3+d
. a c
1.e.0=—-a+c+d...(6) f__ﬁ+§+d"'(7)
Subtract (7) from (6)
4  22a N 2¢
27 27 3

ie =4 =-22a+ 18¢
and -2 =-11a+9c

-2+ 1la
T = —

Substitute in (2) for b and ¢
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2+ 1la

0=3a-4a+2-
9a + -2+ 11a
0= ———
9
a=1
and b = -2a = -2
2+11
and ¢ = — =1
From (1)

O=a+b+c+d
0=1-2+1+d
d=0
ieea=1,b=-2,c=1,d=0
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b Q:3axz+2bx+c
dx

=32 —4x+1
=GBx-1((x-1

d 1
d—z<0for§<x<1

C J.nl.

(5:3)
27
/':l (1,O) x

y=x -2x>+x

| =

= x(x - 1)
d
d—z:Owhenx:§
and x = 1
4
h = — = —
when x 3,y 77

d 1
andd—i<0forxe (§’1)

21 V= %T((y + 630)° — 630%)

a When y =40
V= ’3—’((40 +630)° — 630%)

- 731(6703 — 630°)

- ;1(50716000)

~ 53109 671.0
Volume of water in reservoir = 53 109 671.0 m?

v r« ’
b D 3(3(y+630) )

= 711(y + 630)?
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dv . S . L
c o > 0 for all v € R, gives that the function is increasing and the gradient increases

Y
as y increases.

d V= ;—T((y + 630)° — 630%)

= g((690)3 + (630)°) when y = 60

- ;—T(78 462 000)

=82165214m’
Vv A
(m® | (60, 82 165 214)

0 ¥

dv
e i 20 000 — 0.0057(y + 630)>

d_pr.h
dr (0, 13 765.51)

(60, 12 521.44)

>
0 y

dv
The graph of I against y is a parabola.
It is the graph of z = —x? transformed by a dilation of 0.0057 from the x-axis
followed by a translation of 630 units “to the left” and 20 000 units “up”.
The domain is 0 <y < 60.

d
When y = 60, d_‘t/ = 12521.44

d
Wheny =0, d_‘t/ = 13765.51

22 a i The circumference of the base of the cone is equal to the length of the sector
formed. Hence 27r = (2 — 0) (radius of circle is one)
S 2nr=2m -6

_2n-0

- 2n

7
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il

.

r

W +rr=1
P =1-7?
2 —
From (i), r = -0
2
21 — 0)\2
- (5
2
21 — 6)\?
and h = 1—(7T )
2
G v 1 2
iii V=—-nr
3
1 (27r—92 21 — 0)\2
-3 |- ()
3 2 2
bWhen9:7—T
271'
7 (TN |an? — (4n2 — 4n6 + 67)
-3
3\ 2n 472
T 7T2
:z(zwm
3\8 472
1
_Pm4 16
192 4
49 |15
~ 384 V16
497
1536 15
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27— 6\? [4n6 — 6
¢ 03= d ( dl ) " Solving using a CAS calculator 6 = 0.3281
3\ 2n 472

21 — 6)?
Gl AN vy

2472
d (Note: 0 <8 <nm)

i maximum occurs at § ~ 1.153

ii maximum volume is V ~ 0.403 cm?

Q2 - 6)*

1
V= 476 — 6%)2
¢ 2 0 =0
av 1 , 11 5 !
5 = a3 [—2(27r —0)(4n0 - 6*)2 + E(27r — 0)*(4n — 20) (4n6 — 1) "2
Q- 9)[—2(47r0 - 6%) + (21 - 0)?
- 2 1
24m (4n0 — 62)2
dv
— = 0 implies 8 = 2n

do
or =870 + 20> + 4n* —4n0+ 6> = 0

ie30> - 1210 +4x2 =0

0- 127 + V144n2 — 4872

6
0 - 127 + 4 V6r?
B 6
= @T—Sﬂ ~1.153

Maximum volume is 0.403 cm?

23 a i y

Ay=x3+x2+x

(0,0)

No stationary points
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il y
A

—-1.618 0 0.618

(15 _1)
i ’
A
(_la 1)
0.618
-1.618/ 0
(l _
3 27
iv y
A
> X
(0, 0)

No stationary point
b i f(x)=3x>+2ax+b

ii f'(x) = 0implies 3x*> + 2ax+ b =0

—2a+ Vda® -4 x3xb
6
—2a + V4a? - 12b
6
—a+ Va? -3b
3

X =

¢ i Ifa®> —3b =0, the cubic has one stationary point given by x = 3 = -3. 500



ii Ifr=3,ad*>=9anda=+3 Ifb=3,a=-3andx=1

Lx=-lorx=1 y = (1) =3(1)% + 3(1)
Ifb=3,a=3and x = -1 =1-3+3
y=(=1®+3(=1)?+3(-1) =1

=-1+3-3 Coordinates (1, 1)

=-1
Coordinates (—1,—1)
Each is a stationary point of inflexion

i y

y=x3+3x2+3x

iv y

y=1"x) y =f(x)
(1, 1)

- > X

1
a=-3,b=3
y=x3—3x2+3x

0

d No stationary points exist if a*> < 3b
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|
24 Let y= 08X

X

dy xxi-log,x

dx x?
I —log, x
2
d 1-1lo
d_fc :Oimplies% =0
Lx=e
dy
d—<Of0r1—logex<0c>logex>1<:>x>e
x
dy
d—<0f0r1—10g€x>0(:>10g€x<1<:)x<e
x
. amaximum for x = e
log, 1
When x = e,y = = —
e e

i.e. The ratio of the logarithm of a number to the number is a maximum when x = e.

25 a i f(x)=6x*— x> +ax* —6x+8
If x + 1 is a factor f(—-1)=0
ie. f(-1)=6+1+a+6+8=0

L a+21=0
a=-21
ii y
A
(-0.15,8.4) | g
_4 |
3 X
oL 1 2
/ ’
(—1.18,-0.88)| (1.45, -21.4)
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(0, 8)
(0.143, 7.57)

>» X

0

ii minimum = 7.57 when x = 0.143

iii g/(x) =24x° - 3x* +42x -6

iv gx)=0
243 3% +42x—-6=0
x=0.1427

v g'(0)=-6;g'(10) =24 114

vi d—(g(x)) can be written as g”’(x), meaning the derivative of derivative.
X

g’ (x) =72x* —6x+ 42

vii g”(x) = 0 implies
12x* —x+7=0
ButA=1-4x12x7<0
". no stationary points
Hence the graph of

y = g’(x) has positive gradient for all x. There is only one solution of g’(x) = 0.

26 a f(x)=(@x-a)’*(x-b’a>0b>0
£ (x) =2(x—a) (x —b)? +2(x - b) (x — a)*
=2(x—a)(x-b)(x—b+x—a)
=2(x—a)(x—b)2x— (b + a))

b+a

b i f/(x)=0impliesx=aorx=borx= 5

ii x=zaorx=5>

¢ Stationary points
(a,0) (b,0)
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When x = >
a+b a+b Zia+b 2
f( 2 ):( 2 _“)( 2 _b)
_(a+b—-2a\?(a+Db—-2bY
- (5 (55
_(b—a\?(a-DY
_( 4 )( 4 )
_@-b)
16
) (a+Db) (a-Db)*
coordlnates( ST )

e i

ii If @ = —b coordinates are (a, 0) (—a, 0) (0, a*)

il y
A

(0, a*)

> X
—a a

27 a f(x)=(x—a)’(x-Db)
/(0 =3(x—-a)’(x=b) + (x—a)’
= (x—a)*[3(x = b) + (x — a)]
= (x — a)*[4x — 3b + a)]

3b+a

b i f(x)=0impliesx =aorx=
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il f(x)=0impliesx=aorx=>»

¢ (a,0) is a stationary point of inflection as f’(a + h) and f’(a — h) have the same sign

where £ is a small number.

b+a
If x =
YTy
3b+a 3/3b+a
f(x)_( 4 _“)( 4 _b)
_(3b+a—4a)3(3b+a—4b)
B 4 4
B (3b—3a)3(a—b)
B 4 4
27
=——(b-a)*
3b256( %)
It x> 2% then f/(x) > 0
Ifx < 227% then /(x) < 0
3b+a 27
. local mini ———(b-a)
ocal minimum at( TRY: 6(b a)

d Calculator

e Ifa=-b

274*
stationary points are (a, 0) and (—g, 1—2

f i Ifalocal minimum at x = 0, b+a

4
+b
g If there is a turning point for x = a 5
th a+b 3b+a
en =
2 4
S 2a+2b=3b+a
L 0=b-a
“b=a

Ifb=a f(x)=x-a)

28 f:(0,6] = R, f(x) =xlog, x+ 1

1
a f’(x) =log, x + x X — =log, x + 1 (product rule)
X

b f’(x) = 0 implies log, x = -1

SoXx = e‘l

0,ic.a=-3borb = —g.
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When x> e !, log,x+1>0

When x < ¢!, log, x+1<0
. aminimum when x = ¢~! ~ 0.37,

i.e. during the fourth month of its life.

1
When x = e”!, f(x) = —log, e + 1
e

d The mouse’s ability to memorise is a maximum after 6 years.

29 a i Yy +r2=100
Sy = V100 - r2
-, height = 2y = 2 V100 — 12

ii V=nrh

= nr’ (2 m)
= 27r* V100 — r2
b i V
A
(cm?)
>
0 107 (cm)
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C

d

dv
ii d—>0f0rr€

ii Maximum volume is 2418.4 cm?

This occurs when r = 8.165 and & = 11.55

iii Use the ‘solve’ command of a CAS calculator.

r=6456o0rr=9297

1
V = 27r4(100 — r%)2

dv ) 1
2 4nr(100 = )2 — EF(IOO — )2 X 277
;

’,2

1
= 27r|2(100 = )2 - ——
(100 — r2)2
[2(100 — %) — ]
(100 — r2)2
[200 - 3/7]

=2nr

=2nr ;
(100 — r2)2

dv

ii Ifd— =0,200-3=0

,,
. 3r% =200
2 200

10\/_

3
.. maximum volume is given by

200 ( 200)

Vv =271 X — (100 — —
max =27 X — 3

) 400n(100)% _ 40007 V3
3 \3) 3 3
_ 4000 V3x

9

i Calculator

=

r

dv .

iii I is increasing for r € (0,5.21)

r
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30 a Surface area = nr2 + 2nrh + 271>
=3 + 2nrh = 1007

232 +2rh =100
Che 100 — 372

2r
2
b V=nr?h+Zar

=nar’|————|+ z7ar
2r

3

100-32\ 2
ﬂF(T) + —r

= Z(300- 97+ 4r7)

- %(300 — 5%

¢ defined for r > 0 and 300 — 572 > 0

ie. r2 <60
r<2\/ﬁ
d V= g(3OOr—5r3)
A
_— =L — 152
P 6(3>OO 5r7)
e

31 a i 30x*y =3000
100
YT

ii S =12xy+5xy+ 13xy+60x>

= 30xy + 60x?
100

= 30x— + 60x”
X

~ 3000

X

+ 60x°
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A [3x B

12x Sx

s
dx x2

ii d_ = 0 implies 3000 = 12023
X

Therefore x° = 2250

and hence X = 53

When x = 53, S ~ 1539 cm?

dS _dSdx _ ( 3000
dt  dxdr x2
ds ( 3000

When x = 10, &2 =
on X dr 102

= 585 cm?/s

+ 120x) x 0.5

+ 1200) % 0.5

100 000
2 - P
32 a fO) = T 000

Using the Chain rule
100 000

/ — -30 -0.3x
F 0 = = T00e03e X 730

_ 3000 000e~03
(1 + 100e703x)2

3 000 000
b i Whenx=0,f(0) = " =294.08
1 When x =0, 70) = 577002

The rate of growth is 294 kangaroos per year when x = 0

. , 3000 000e~!'
ii When x = 4,f (4) = m = 933.0498

The rate of growth is 933 kangaroos per year when x = 4

33 a fisdefined for
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6-02x>0
< 6> 0.2x

@6>
— >X
0.2

< 30> x

soa=30

b f(0) =8log, 6
When f(x) =0
8log,(6-0.2x) =0
which implies
6-02x=1
5= éx
25 =x
. (25,0) and (0, 8log, 6) are the coordinates of the axes intercepts

¢ f(x)=8log,(6-0.2x)

, -8
F @)= 562020
when x = 20
'(20) = ——
£20 56 -4)
-4
=—=-0.8
5
d Consider x =8log,(6 —0.2y)
x y
8§ =6-— 2
¢ 5
y= 5(6 - eg
) = 5(6 - €8

e The domain of f~!is R
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34

35

Calculator

g (x)= cos(x)esmx

g (x) = 0 impliescos x = 0 ase’n* £ ()

. . m 3n
.". the stationary points occur at x = 3 and x = >
The coordinates of the stationary points are

3 1
(5¢)ma(52)
o
range = |—, e
e

period = 2 as g(x + 2m) = g(x)

y=¢e'
dy .
— =
dx

Whenx:O,j—y:I

x
Therefore equation of tangentisy = x + 1

Identical transformations applied to the curve and the tangent retain the relationship,
i.e. the image of the tangent is tangent to the image of the curve.

Consider the curve with equation y = a f(bx)
d
Then the gradient at (%) is given by d—y =ab f'(bx) = ab f'(x1)
X
But the gradient of y = f(x) at x; is f'(x;) = m
.. gradient of y = a f(bx) is abm
.. equation of the tangent at (%, yla)
. X1
isy—ya= abm(x - ?)
Ly = bam(x - %) + yia
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= bamx — amx| + y,a
But y; = mx; + cand
-y = a(bmx —mxy + yp)
y = a(bmx — mx; + mx; + c¢)

Sy =a(bmx + c)

) 60 60
36 a lWhenl:O,X:m:7:3O

When ¢t = 0, there are 30 g not dissolved.

0 1 6
ii Whenr=5,x= So1_3 where A = Eloge 5
3 60
()
e -3
3 60
- 5
sx(§) -3
~ 12.2769
When ¢ = 5 there are 12.28 g not dissolved.
dx 1 0 .
b E = 52e" x —m (Chaln TUIG)
3 3001e
(et —3)2
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60

C 1 X = —Se/ll _ 3
5xe" —3x = 60
R 3x+ 60
5x
dx  3001e"
7 E—
(Se/“ - 3)
3x+60y (SGx+60) \2
:—3001( Al )—( (Bx+ )—3)
S5x Sx
_ 2
_ —60/1(3x + 60) . (3x + 60 3x)
X X
3x+60 x2
- —60/1( )
)7 3600
— _A(x + 20) X %
Ax?
-
20
ve dx x2
11 - = - -
a1 ﬂ(zo * x)
- —/lx(% n 1)

x-axis intercepts x = 0 and x = —20 domain = [0, co0)

iii Rate of dissolving increases where x is the amount of material not dissolved.

37
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1
Then y = — and @—@ du
u

= X —
d9 du dO
! X sec’ 6
= —— X sec
W2
1
= — X sec’ 6
tanZ 6
cos? 6 2
=———> Xsec™ 0
sin” 6
3 1
sin® @
= —cosec’d
2
b — =tané
MP
2
SoMP = ——
tan d
N
c —Q =tand
8
.. NQ =8tanf

d OP+0Q=0M+ MP + ON + NQ

2
=8+ ——+2+8tand
tan @

2
=10+ 8tanfd + ——

tan 0
e Letx=OP+0Q
_ 2
1.e. x=10+8tanfd + —
tan @
dx 2 2
— = =2 cosec“0 + 8sec” @
do

d
f minimum occurs when d—z =0
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—2[cosec]’d + 8sec’ 6 = 0
2 8

Toin?e ot
28
" sin?9  cos?6
sin’6 2 1
cos26 8 4
) 1
tan 0_4_1
andtan@zi1
2
Weknow0<0<g
tanG:1
2
o 0>26.6°

d
I 60 > 26.6°, d—z <0 (locally)

If6 < 26.6°, dx >0
do

.. minimum when 6 = 26.6°

1
Iftan0 = —
an 3
2
x=——+8tan6 + 10
tan @
2 1
_T+8X§+10
2
=4+4+10=18

The minimum value of x is 18 units.

38 letf:R—>R,f(x)=e"—e*
a f'l(x)y=e"+e™*

b f(x) =0impliese* —e™ =0
1

ie. ee——=0
ex

e —1=0

2x=0

which implies x =0

¢ f'(x) = e* + e and both e¢* and ™ are positive, so f(x) > O for all x.
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39 a (log, x)* = 2log, x
is equivalent to (log, x)> — 2log, x = 0
i.e. log, x[log, x = 2] =0

which implies  log, x = 0 or log, x = 2

x=1lorx=é?

Fory = 2log, x | For y = (log, x)*
dy _ 2 Let u =logy x
dx x Then y=u’

dy dy du
b d =ZX=2ZX="-
N ax T dudx
1
=2u.—
X
_ 2log, x
X

The gradientof y = 2log, xat x = 115 2

The gradient of y = (log, x)* at x = 1 is 0
This information is now used to sketch the graphs.

¢ Note: y = (log, x)*> > 0 for all x and
(log, x)> > c0asx — 0

d .. {x: 2log, x > (log, x)z} = {x: l<x<

?)

> <

The result that f’(x) > 0 for all x is used

(1,0)
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40 A cross-section of the solids is as shown.

a h=VA+ AE Vv
=a+acosl

where a is the radius of the sphere

b r=asin 0

¢ V=—nrh
3 S
1
= §7r(a2 sin” 0)(a + a cos ) v

1
= gna3 sin 0(1 + cos 6)

d Using the product rule

dv 1
70 = §7m3[sin2 0 x —sinf+ 2sinfcosf(1 + cos 6)]

1
= 577613[— sin® @ + 2sin@cos (1 + cos §)]

av 1
0 = 0 implies gna3[— sin® 6 + 2 sin # cos 6(1 +cosd)] =0

sin® @ = 2sin@cos (1 + cos §)
For sinf # 0
sin® @ = 2 cos @ + 2 cos> 0
Using sin6 = 1 — cos* 0
1 —cos’@ =2cosf+2cos* 6

which implies 3cos’6+2cosf—1=0
This is a quadratic equation in cos 6. It factorises to give the following:
(3cosd—1)(cos8+1)=0

1
..cosf == or cosf =-1
A gradient chart confirms a maximum volume occurs when

1 1
cosf = 3 (When 0= cos‘l(g)) ,i.e. 6 ~70.53°

526



41

a

b

C

d

1
V= gﬂa3 sin?4(1 + cos 6)
Using sin@ =1 —cos* 6

1
V= §7ra3(1 — cos? 6)(1 + cos 6)

1
When cos@ = 5
1 1 1
V=-o %1——X1+—)
37U TN T3
I 5 « 8 « 4
= —7ma’ X — X —
3 9 3
3 32ra’
- 81 .
32
The maximum volume is 87r1a cm?
Aebt
YT A

Dividing through by 1 + Ae” gives
1

—1-—
Y 1+ Ae

and as Ae?” > 0 for all ¢, <1

1+ Ae
Hence 0 <y <1

By using the quotient rule
dy (1 + Ae’)bAe” — bA%e?
di - (1+ Aeby?
bAe"
Aebt
As YT T Aek

y(1 +Ae”) = Ae”
y + yAe = Ae”
and y = Ae”(1 —y)
Aebt — y
-y

i From the result of b
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dy bAe”
dr (1 + Ae)?

Substituting Ae”™= o
2
2o {1 1)
dx 1-y 11—y
i)
-y
= by(1 -y)
d
i =2 = by(1-y)
dx
is a quadratic expression in y with negative coefficient of y* (b is a positive

constant)
.. a maximum occurs when y = 0.5.

e FromcAet = —2—
-y
when A =0.01,b=0.7and y = 0.5
0.01e%" = 1
7 = 100

0.7t = log, 100

10
= = log, 100 ~ 6.578

.. The bacteria are increasing at the fastest rate when ¢ = 7 (to the nearest hour).

42 Let f(x) = &
X

a f(x)=e'x!

The product rule gives

f/(x) — exx—l _ exx—Z
et ef
x  x?
B xe* —e*
2
X) =
b If ! 0
xe* —e*
— =0
X

which implies e*(x—1)=0
andase* #0forallx e Rt,x =1
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¢ There is a stationary point when x = 1 and f(1) = e.
Therefore there is a stationary point at (1, e).

fx—1
Ifx>1f(x)= Lz) > 0 (Note: domain of f” is R")

X
(x— 1
Ifx<1f’(x):L2)<O

.. there is a minimum at(1, e)

ff(x)  xe'—e' x

IV T T e y

= V
L G S A
il lim, e m = }1_{?0(1 x) =1 (1, e)

. f'(x) = f(x) when x is very large

> X

ae
e n=—
f 65k
When ¢ = 65,1 = aes
30k
When 7 = 30,1 = %

30
The population of birds is the same for the years 1930 and 1965.
ae®* ek

65 30
e35k:§:£
30 6

13
35k = loge(g)

1 13
k= —1 (—) ~ 0.0221
35 2e\g

d
f Minimum occurs when d_’: =0
Using the quotient rule

dn a(kted — k)

dr 2
3 ae®(kt — 1)
=—F
1
d—l: = 0 implies ¢ =

This is a local minimum
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43 a

1 35
and ¢t = I T 3 ~ 45.27

Liog (2] 10g (2
35 Oge 6 Oge 6
The minimum population occurred in 1945.

When ¢ = 0, N = 1000
When ¢ =5,N =10 000
As N = Ael

1000 = Ae°

which implies A = 1000
Also 10 000 = 1000
which implies

ek =10

1
k= g loge 10

1
i.e. A =1000 and k = 3 log, 10 =~ 0.46

dN 1
- = kAeX, where A = 1000 and k = S log, 10

dN
— =kNas N = Aée!
dt

i Whenr=4

dN 1 4
—7 = 5102, 10 1000¢3 log, 10

4
=2001log, 10 x 105
1.e. the rate of growth when 7 = 4 is 2905.7 bacteria/hour.

ii When =50

dN 50
— = 200(log, 10)e’s log, 10

=2001og, 10 x 10"
=21log, 10 x 10"

~ 4.61 x 10"
i.e. the rate of growth when ¢ = 50 is 4.61 x 10'2 bacteria/hour.
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44 T(t) = p + gcos(nrt) where p, g and r are constants

a From the graph:

2
i The periodis 12 .. =~ =12
r

1
which implies r = 3
(20-4)

ii The amplitude is = 8 which implies g = 8

20+ 4

The centre is T = = 12 which implies p = 12

b T'(t) = —nrg sin(zrt)

4
S T(3) = —?” sin(%”)

3
4
The hours of night are decreasing at a rate of ?ﬂ hours/month when ¢ = 3
4rn 3m\  4n
T'(9) = —— sin| = | = —
®=-3 Sm( 2 ) 3

. . . 4
The hours of night are increasing at a rate of 3 hours/month when ¢ = 9

¢ Average rate of change from7r=0to7 =16
_T®)-T0)

6-0
t
when T'(r) = 12+ 8 cos(%)
12 + 8 cos(m) — (12 + 8 cos(0))

.. Average rate of change =

6
_12-8-12-38
B 6
16 8

T 6 3

8
1.e. the average rate of change for time interval [0, 6] is ~3 hours/month.

4r mt

d 7(t) = —— sin(—)
(0 3 G

Rate of change of hours is maximum (in the sense of maximum increasing rate)

it

i)
wnen Sin 6

This occurs when
nt 3 or Tr or
6 -_ 2 2 DY

ie.t=9or2lor ...

The rate of change of hours of night is a miximum after 9 months. 531



45 a Area A = length X width

ii

il

iii

= x X 2cos(3x)

= 2x cos(3x)
dA
i — =2cos(3x) — 6xsin(3x)
dx
When x = 0, d—A =2
dx
m dA T, T
When x = g,a = —6><651n§
= -7
A
A
*~—» X
0 T
6

Either use the ‘Intersect’ feature of a CAS calculator of the graph screen
or use the ‘solve’ command at the calculator screen to solve the equation
2xcos3x =0.2.

x =0.105 or x = 0.449

maximum area is 0.374

Use the ‘max’ feature of a CAS calculator of the graph screen or use the
‘flex’ command at the calculator screen with the instruction 0 < x < % when
x = 0.287

dA

i — =2cos(3x) — 6xsin(3x)
dx
dA 1
Ix = 0 implies tan(3x) = I

il

46 a i

The co-ordinates of the points of intersection are (0.287, 1.16), founded as
with c ii.

1 t
/l’ :—1 —e20
N'(¢) +lOe
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i N'(1) = 0 implies 10 = ¢20
t =20log, 10 ~ 46.05
Whent =20log, 10
N(#) = 1000 — 201og, 10 + 2¢'°& 10
= 1000 - 201log, 10 + 20
= 1020 - 201log, 10
~ 973.95
Minimum population is 974

iii N(0)= 1000 +2 = 1002

iv. N(100) = 1000 — 100 + 2¢°
=900 + 2¢°
~ 1196.826

v N
A (100, 900 + 2¢5)

1002 { = N
(20 log, 10, 974)

> |

-
oll\)l*i

1
b Ny(t) = 1000 — 72 + 2e2
i Ny(0)=1000-0+2
= 1002
1
ii N>(100) = 1000 — 10 + 2e2

1
=990 + 2¢2

1.1 1.1 1 é

iii V(1) = —Ez‘z + 5t‘z X 20 X 2e20
11 1 é
_Eﬂ(_HEeZO)
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~
|NI>—

N;(t) = 0 implies €20 = 10
1
2 og, 10
20~ %
1
12 =20log, 10
t = (201log, 10)*
When t = (201og, 10)?

Ny(#) = 1000 — 20 log, 10 + 2¢'°& 10

= 1000 - 201log, 10 + 20
Minimum population is 974

3 t
¢ N3(r) = 1000 — 2 + 220

i Using a CAS calculator with the ‘min’ feature at the graph screen, the minimum
population is
297 when t = 100.24

. 31 1 ¢
d 1N3(t):——t2+mezo

2
ii Nj(H=0
31 1 L
—12 = —e20
2" T 10¢
RS
15¢2 = €20

t = 201log,(15 Vi)
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47 a y = (2x> — 5x)e™*

eSa —

1

(3,10): 10 = 3¢
10

3
a=-=1lo e(lo)
4= 308473

b i y=0:2x>-5x=0 (since e** > 0)

x2x-95) =
5
X—O,E

ii dy _ (4x — 5)e™ + (2x* — 5x) X ae™
dx

= 2ax*(4 = 5a)x — 5)e™
=0if

2ax* + (4 -5a)x-5=0

X =

48 a f(x) =
f'(x) =

Xn+1

R |

—4 4+ 5a + V16 — 40a + 2542 + 40a

4a

—4 +5a+ V2542 + 16

:xl’l_

4a

C=xX—-x+12

3x2-2x—-1
e
e

X —x2—x, + 12
3x2 —2x,— 1

CxBx -2, - D) - (x5 - x5 — X, + 12)

3x2 —2x,— 1

_ Bx} —2x2 —x,) = (x) — X2 — x, + 12)

3x2 —2x,— 1

25 -x—12
C3x2-2x,— 1
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b i

ii

define f(x):

return x> —x2 —x+ 12

define Df(x):
return 3x2 —2x — 1

X« =2
while f(x) > 107® or f(x) <-107°
X & X — f(X)
Df(x)
print x, f(x)
end while
X0 = -2

x1 = —=2.1333333333333333
xy = —2.125838367918746
x3 = =2.12581366303931
x4 = =2.125813662771433

It takes two iterations to reach this accuracy.

¢ f’(1) = 0. There is a local minimum. The tangent is parallel to the x-axis

d It take 35 iterations to reach the solution to 4 decimal places.

f(0) = —1. The tangent has equation y = —x + 12. The first iteration gives x; = 12.

1

It has moved away. The turning points are at x = 1 and x = —3
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Chapter 11 - Integration

Solutions to Exercise 11A

f £ dx ~

f(x0) =0, f(x1) =35, f(x2) = 14, f(x3) = 27, f(x4) = 44

b —
= [FO) + 2£Ce0) + 2 (o) + 2 () + f )

o+ 2 (1) + f )|

1
= 5(0+10+28 +54 +44)

1
=—-x 136
2

=068

1 1 1 1
fxo) =1, f(x1) = E,f(xz) = g,f(x3) = Z,f(xzt) =3
b —
= [F00) + 20 + 2f(x2) + 2 (x) + fx0)

:%(1+1+§+%+%)
1, ot

2 30

_ 101

T 60

f(xo) =5, f(x1) = 3.5, f(x2) = 2.5, f(x3) = 2.2, f(xg) = 2
b —
= [£00) + 20 + 2 (x2) + 2 (x) + fx0)

=055+7+5+44+2)
=117
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b-a
2n

1
:Z(0+2'5+4+4'5+4+2'5+0)

4 a | £(x0) + 2 (1) + 2 (x2) + 2 (x3) + 2 (xa) + 2f (x5) + f(x6) |

_3
8

b 4.48. (15 trapeziums)

1

5 5 [ £@o) + 200 + 27 (x2) + 2(es) + 2f (xa) + -+ + 20(9) + £(10)]
=050+7+74+76+78+78+8+8+7.4+6.6+2.9)
=36.75

1

16 4 16
fxo) =1, f(x1) = ﬁ»f(xz) = g,f(x3) = g,f(xzt) =3

b —
o [FGr0) + 2 0e0) + 2(0) + 2 () + f ()]

—1(1+2+§+2+1)
-8 17 5 25 2

1 5323

o
8 850
5323

6800

~ (0.78279%4 ...
Therefore m ~ 3.13

7 a 4371

b 1.128
8 109.5 m?

9 a The definite integral represents the trangular region shown.
The trangle has base 5 — 2 = 3 units.

1
When x =5,y =5 -2 = 3, so the triangle has height 3 units Area = 3 X3x3

9 .
= 5 square units
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9
Hence fzs(x —2)dx = 7

A

] /: 5 X

2

b The definits integral represents two equal traingular regions show.

9
Formal, area = 2 X 3= 9 square units

Hence f_sl lx—2|dx =09.

]

A

1|LI 2 :ln:."'r

¢ The definits integral represents the trapezium region shown.
The distance between the parallel sides is 1 unit.
When x =1,y =2 + 1 = 3 units.
When x =2,y =4+ 1 =5 units.

1
Area = 5><1><(3+5)
= 4 square units

Hence ['Q2x+ 1)dx =4

W
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Solutions to Exercise 11B

b f5x3 —2xdx

4 2
X X

= ——2 —_—

5><4 ><2+c

d f6z—322—z+2dz

:f3z2+5z+2dz

3 2
Z Z
=-3—-+5—+2z+
3 y Tt
3,9,
=-7+=-7"+2z+c
2
dy
2 a —=x"
dx *
———x2+c——i+c
Y= 2x2
d 1
b & = 43k = 4x3
dx
3 4 4
y=4X-x3+c=3x3+c
dy r 3
¢ — =Xx4 + 5
i

=y

f 2x~% + 6x dx

-3

:2_—3+6X—+C

X

-2

2

2

= ——x3+3%+¢

—

3

2x72 + 6x 3 dx
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b _ 3
dx

y=te
x=0,y=6
6=c

4

X

=—+6
Y=

3

x2 X2
y—?+3+c

2

R L
—3x 2x C
x=4,y=6

2 1
==z —x1
6 3><8+2>< 6+c

16
6:—§+8+c

16 =22

- )___—_-_==
¢ RE
_23 1, 2
Y=Y Ty

1 3
5 a fﬁ(2+x)dx:f2x§+x§dx

4 3 235
:§x2+§x2+c

f5x3 + 2x2
c —_—
X

2

—3%—21_1+c

_E 2
2 z

_313—4+C
2z

,dx = foz +2xdx

50,
=—+x +c

3

5x° + 32

+
3 C

3 s
d f\/)_c(2x+x2)dx:f2x5 + x2 dx

4 5 217
:—x2+§x2+c

5

e fxz(Z +3x%)dx = f2x2 +3x* dx

f f\S/}(x+x4

2% 3x
=—+—+c

3 5

4 13
)dx:fx3 +x3 dx

317 3 16
:7x3+Rx3 +c

6 f'(x)=3x*-x72

3

X X

-1

=3
f@ =33 -+
s 1
=x +-+c
X
f2)=0
1
0:8+5+c
-17
c=—
2
1 17
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8 a fl(x)=16x+k
F/(2) = 0s
0=32+k
k=-32
f(x)=16x-32

2
b f(x)= 163 -32x+c

=8x*—32x+c¢
f@)=1
1=32-64+c¢
c=33

f(x) = 8x* = 32x + 33
f(7)=8x49 -32x7 +33
=201
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Solutions to Exercise 11C

1 a f(Zx—l)zdx

1
=—2x-1)
2 3(x 1) +c¢

= 8(2x— D} +¢

f(2—t) dt

=T(2—t) +c

-1
= T(Z—t)4+c

c f(Sx— 2)% dx

= 5—4(5x 2) +cC

_ e A4
—20(5x 2" +c

f f (4x +3) 3 dx

h

1
= —glx+ 32 +c

|
“3@x+3e €

f(3x+ 6)2 dx

:—3(3x+6)2 +c
3X =
2

2 3
= §(3x+6)2 +c

-1
(Bx+6)2 dx

1 1
:—1(3X+6)2 +C
3 —
)

2 1
= §(3x+6)2 +c

f(2x 4)2 dx

= —(2x 4)2 +c

2><—
2

1 9
= 5Qr-42+c

f(3x+ 11)2 dx

= —(3x+ 11)2 +c
7
3X =
3

1 7
= 7(3x+ 112 +c¢
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f(2 3x)2 dx

—3X§

-2 3
= F(Z -3x)2 +c

1 f(s —2x)*dx

2 a

(o)

(¢

—

1

=——(5-2x+c

-2X5

__ _ 5
10(5 2x)” + ¢

x ldx

| —

/

110 X+
— C
2 gé’

1
f3x+2dx

1
= 3 log,3x+2)+c¢

4
1+4x

=log,(1 +4x) +¢

5
f3x—2dx

5
= 3 log,3x—=2)+c¢

3
f1—4xdx

3
= 7 log,(1 —4x)+c

3
f ~dx
2-3

4 —
= —610ge(Tx) +c

dx

=—6log,(x—4)+ >

(2 3x)2 +c

5
3af—dx
X

=5log, x| + ¢

3
b d
fx—4 *

=3log,|x— 4|+ ¢

10
¢ f2x+1dx

10
= 710g6|2x+ 1|+ ¢

= 5log, [2x + 1|+ ¢

6
d f5—2xdx

6
= —zloge|5—2xl+c

= —3log, |2x - 5| + ¢

f6(1 -2x) 7 Vdx

= —-3log, |1 —2x| + ¢

f f(4 3x)"'dx

——3ln|4 3x|+ ¢

(4]

-1
?ln|3x—4|+c

1

3x +log, |x| + ¢

b x+log, x|+ ¢

1
x+1

(o)

2
d 2x+3+loge|xl+c

3
-——————+c
2(x —1)?
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f —2x+log, |x| +c 7 a f X

x+1
dy 1 fl L 4
= - X
5 - = — 0
4 dx 2xx> x+1
=x-log,|x+1|+¢
y=xzlog,x+c
2 1-2x
=% y= b d
1
2:510geez+c :f—2+ 5 dx
x+1
2:§X2+c =-2x+3log, |x+ 1]+ ¢
c=1 2 1
c f allil dx
1 x+1
y==log,x+1,x>0
2 ¢ 1
:f2— dx
dy ) x+1
dx  5—2x =2x—-log,|x+ 1| +¢
2
y=—log,|5-2x|+c
-2 g & _ 3
y=—log, [2x-5|+c dx  x-2
x=2,y=10 y=3log, |x—-2[+c¢
10=-log,1+c x=0,y=10
c=10 10 =3log, | -2|+¢
5 =10 -
y:—loge2x—5+10,x<§ ¢=10-3log,2
y =3log,|x—2[+10-3log,2
-2
e v=3tog (57 + 10
X)= ——
x=5 You can complete it without using the
f(x)=10log, |[x - 5|+ ¢ absolute value function.
f(5+e)=10
10 = 10log, e + ¢
c=0

f(x)=10log,x-5,x>5
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To satisy the conditions you can write

dx x—32 theruleasyz%loge%c+10
:_2—x
y=3log,2-x)+c IOQ: 5
x:O,y:IO dx 2 —4x
5
10 =3log,2 +c¢ y=-—glog 2x -1l +c
c=10-3log,2 x=1,y=10

=3log, (2 - 10 —3log,2 5
v = 3loed2 =0+ 10 o, 10 =2 log, [1] + ¢

2—-x
y= 3loge(T)+ 10 S

5
y= —Zloge 2x— 1]+ 10

dy 5
) dx 2 —4x 5
- =-1 10
P %] |

Y= log, |2 —4x| + ¢ To satisy the conditions you can write

B 5 1

-5 the rule as y = —log, +10
y= 7 log 4x—2l+c YT %%
x=-2,y=10

-5
10 = —log,| -8 - 4| +c

-5
10 = Tloge 10+ ¢

5
c= 10+Zlog610

5 5
y= Zlogelo—zloge|4x—2|+10
5

‘+10

y = —log,

4x -2

4
5 5
1 2x—1‘+10

y = —log,
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Solutions to Exercise 11D

1 6.
—e% +
e C

1 3
—e¥+=x*+c

2 2

1
—ge_3x +x%+c

f2e3x—e Ydx
23x+ x+

= —¢ e c
3

f5e§—3e§dx

9 2x 15 Ix
—e3 ——eS tc¢
2 7

1543_X 9%4_
—e3 — —e c
4

@:er_x
dx
I, x2+
= - — c
) 2
x=0,y=5
1
5:§—O+C
9
2
y:l(€2x_x2+9)
2
dy _
2L — e ¥
dx ¢
y=-3¢"-e"+c
x=0,y=4
4=-3-1+c
c=28
y=-3¢"—-e"+8
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d 1
4 d—z:ae_x+1 b y2562x+c
—09—3 x=1,y:e2
’dx 1
3=a+1 €2=§€2+C
_ 1
a=2 02562
d
D o241 1, 1,
dx y= e +2e
y=-2e"+x+c
x:O’yZS dy kx
—_— = —p
5=-2+0+c¢ dx
c=7 a x=1,
y=-2e"+x+7 @:—ek
x=2 dx
’ > Tangent
y=-2e°"-2+7 y=—éx+ec
2
y:9__2 x=0,y=0
e
O0=c
dy kx y:—ekx
dx x:l,y:—€3
a x=1, 3 = —o
4y _ k=3
dx
Tangent ﬂ=—€3x
g p dx
y=ex+c
1
x=0,y=0 b y:—§e3x+c
0=c x=1y=-¢
_ Kk
el —e3:—le3+c
x=1,y=¢ 3
2
ezzek c=—§e3
dy 5 3 3
dx
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Solutions to Exercise 11E

2 2
1 a fxzdx e f—zdx
1 1 X

241 -1 -1
-3 3 T2 1
7 _1
3 1 )
b fx3dx f x2 +2x°dx
-1 1
3 4
- x_42 :[%x§+%x3]
4], 3 3 0
2/ 3 2
_8t 1 :—(42+43)——(12+13)
4 4 3 3
2 4
=20 ==(8+64)- =
3( ) 3
13 _ 140
c Lx—xdx -3
P 2
:[Z_?]o g fx3+2x2+x+2dx
0
(1 1) 0—0) #2322 2
=|—-— —]—- — — |2 ot r 2
41 2 [4+ 3 +2+ xo
_ 16 2 4
T4 :I+§x8+§+2x2—0
2 16
d (x+ 1)2dx =4+ +2+4
-1
46 1
1 2 — = _ 152
= |50+ 17| 3 =13
3 -1
1 1
:_33__03
3() 3()
=9
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YY)

+5x° dx

hf2x
1
5.4

4 4
B

N

5 4

128 4 5
= =0 30-2_2
5 51

5

=p
[\ ~ "

~

=

+

N

N|_|_

IS

=

¢ (1 —2x)*dx

-1 3 1 3
= —(— ——1‘
6(3)+6( )
27 1

6 6
13

3

(ix32+§x256)—(4—1+

d (3 —2x)"%dx

)

e (3 +2x) 3 dx
0

- [}4(3 ¥ 2x)_2]z

I RN R
=7 +4(3)

11
T 36 196
10
441

1
f f(4x+1)3dx
-1
[ 4]"
—[16(4x+1) ]_1

I PV
_16(5) 16( 3

625 81
16 16
544
T 16
= 34
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1 1
g f(2—x)§dx
0
1

2 3
JET
= %2(1)% + %(2)%
= %(2% -1
~1.22

h 2x—4)2 dx

2 174
= [5@e-02]
- Vi- V2
=2-V2

i (3 +2x)%dx

4 a fh(x)dx:S
0
th(x)dx
0
:th(x)dleo
0

b f(h(x)+3)dx
0
:fh(x)dx+f3dx
0 0

=5+12
=17
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0
1
C fh(x)dx 5 a f dx
4 0 x—6
1
:—fh(x)dx :_f dx
0 0 6—x

= = [loge(6 - x)]z

d f (h(x) + 1) dx = (log,(2) —log,(6))
0

1
=log, | =
:fh(x)dx+fdx ge(3)
0 0
=5+4 1
b d
f:Zx—’j *

2 2
e (h(x) — x)dx 1
0 :ElogES—Elogel
:fh(x)dx— xdx 1
0 0 = ~log,5
24 2
—5- |1
= [2 . . f6 3
=5-8 5 2x+ 7
3 6
_ 3 - [— log,(2x + 7)]
2 5
3 3
= Eloge 19 — Eloge 17
_310 (19)
—2 %17
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Solutions to Exercise 11F

1
laA:fydx ciA:fAydx
0 0
1
:f3x2+2dx :f4—xdx
0 0

e ZX]; - [s- 3]
=(1+2)-0+0) =(16-8)-0
=3 =8

6
bA:fAydx iiA:fAydx—fydx
2 0 4
6

= 3_.8d _ x? .
f:x X =8- [4x— 3]4 (from (i)
x* 4 =8—-(24-18) - (16 — 8))
:[——8x]

4 2 =8-(6-9)
= (64—-32)— (4-16) 0
=32+12
=44
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2 a A=x>-2x c y=x+2)(x+7)
=x(x—=2) y=0, x=-2,7

y=0, x=0,2 f7
A= ydx
-2

2
A=—fydx ;
0 :f —x* +5x + l4dx

2

2
:—L XZ—ZXdX _[_x3 5x2 ]7
-2

=|—+= +14
x3 22 3 + 2 + X
= —|— —Xx —
[3 ]o :( 343+5X49+98)
g 3 2
=—(——4) 8 20
3 —(—+——28)
4 3 2
- -(F)+(%)
6 3
b y=@4-x3-x =1215
y=0,x=34 4 y=X-5x+6

A:—fydx =(x=2)(x-3)
’ y=0, x=2,3

A:—fA(x—4)(x—3)dx 3
3 A:—fydx
2
A:—f—x2—7x+12dx 3
3 ——f x> —5x+6dx
2

3 72 4
:—[x——iﬂzx]
3

3 2 :—[)6—3—5—xz+6x]3
(64 _Tx16 32 h
5 ) G- o) (-2
-7 ) (50
-5)-) 1
| 6
6 e y=3-—x

= (V3+x0(V3+2x)
y=0,x=%V3

Vi
A:Iﬁydx
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- (3v3-23) (33

3
=2V3+2V3
=43

f y=x>-6x"

= x*(x — 6)
y=0,x=0,6

6
A:—fydx
0
6
:—fx3—6x2dx
0
6
:f6x2—x3dx
0

416
_[r3_X
_[ZX 4 1
:2x(216)—%
4
=432 — 324
=108
3 a y
Ay:2x+1/
i
A0 1 g
2

> X

33
3

)

A
— 2
y=r (4, 16)
> X
0 4
y
A
4 y=4-2x2
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Y
A
y=1-x)(1+x)?
1
. > X
4 O 1\
y=3x+2x2
y=0,
-2
3X:?
3x° = =2
-2
3—_
)

.

-2

1
)3
3

which is not in the region under
consideration

S
.'.A:f 3x+2x 2 dx
2

2

2
75

2

5
[§x2 - 2x_1]
2

(§x25—%)—(§x4—%)
5 2 2

=2 _Z_6+1

2

5

375-4-50

321

10

—— square units

10

>» X
[

0
A= f f(x)dx ( from graph)
-1

0
:f 1+xdx
-1

3 .
4_1 square units

_n,2
¥y Area =2¢" + 1
A / 15.78 square units

e

> X

[—

1
A= f f(x)dx ( from graph)
0

1
:f 46> + 3 dx
0

I
= [262" + 3x]
0

=2’ +3)-(2+0)

= 2¢% + 1 ~ 15.78 square units
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1 2
A:—fydx+fydx ( from graph)
0 1
1
:—f x2 - x)(x—1)dx
0

2
+f x2-=x)(x-=1)dx
1

1
= —f —x> +3x% = 2xdx
0

2
+ f —x> +3x% = 2xdx
1

=5 square units

y Area = 0.5 square units . j«A G- v
-1

:f3x—x2dx
-1

3)C2 x34
-5 -3,
_(3*16_6_4)_(%4_1)
2 3 2 3
64 3 1
=24 — -
3 2 3
_45 65
2 03
5

= square units

b assuming the graph shown is
y= X(S - .X),

0 3
A:—f x(3—x)dx+f x(3—x)dx
-1 0

—fx(3—x)dx
3

3, 2P 13, ¥ 3, x
[ 3]-fe-3,-fe-3

from (a)

~(55-5)- 00w (343

_(§x16_ﬁ)+(w_2_7)
2 3 2 3

but A is above the x-axis
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so A =(0,3)
By=0
0=91 —-x)
I-x=0
x=1

B =(1,0)

3 2

y
boas [(1-2)
fo 9 )%

(0 to A, where 0 is the origin)

= 2 square units

10 y

-3-2 0

g, (1)

3 9%\3
-2

A:—f yvdx (from graph)
-3

-2

1
. d
L 23"

—1 =
- [? log, |2 - 3xl]_

W

y
~

2

3

-1 1
= —log, |8| + gloge [11]

3
3 (11)

= —10 _
3 %%\ g

11 y
! A
1
I
| \_—yzz
-R——-:-— —— ——————
-N\# 20 =
7 \!
1
I
1
log,2+4 :

0
A:—fydx
-2

0 1
:f2+ dx
) x+4

0
= [2x + log, |x + 4|]
-2

(from graph)

=(0+1log,4) - (-4 +1log,?2)
=2log,2+4-log,2
=log,2+4

12 a RHS = "9
— e(lna")
= ax

=LHS QED
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d
b _ X
dx(a )

d
- x(In a)
dx(e )

=Inae

=a‘'ln

xIlna

a

faxdx
:fexlnadx

1

_ exlna +

Ina
ax

- Ina

c

b
c f a“dx
0

= [ @ ]b from (b)

Inaly
B ab 1
" Ina Ina

1
=—2(@ -1 QED
Ina

559



Solutions to Exercise 11G

1 a fcos3xdx

= 3 sin 3x

1
b fsin Exdx

= —2cos —
COoS 2)6

f 3cos 3x xdx

= sin3x

1
d stin Ede

1
= _4cos —
COS 2)C

fsin (Zx - g) dx

-1
= - cos(2x — g)

(g}

(¢

f fcos3x+sin2xdx

1
= gsin3x— 5cos2x

[)c]

f cos4x —sindxdx

1 1
= 1 sin4dx + Zcos4x

-1
h f7 sin 2x + cos 3xdx

1
= Zcost+§sin3x

-1
i f7005(2x+ g) dx

-1
= T sin(2x + g)

J fsin nxdx

-1
= — COoSTX
r

3
d f sin@ + cos 0 dO
0

n
= [-cos 0 + sin 9]3

=(0+1)—(-1+0)
=2
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S
NS

sin (Zx — ;_r) dx

e f sin 26 do if
0 0

1 2 -1 3
= [—5 cos 29]; = [7 cos(2x — 731)]:

1 1 -1 n 1 -
= 5D+ 5(D) == Cos(g) +3 COS(?)
=1 -vV3 1

= — 4+ —
) 4 "3
3
f f cos 36 + sin 30 d6 :1_\/§
4

wIix

[l 1n30——cos39]
3 0 T X
1 fcost—smde
30) (030 °

:(O 1
i % = [5 sin 2x + 2 cos g]o
3 1 1
73_( :(Esin 27r+2cos7—2r)—(§sin0+20050)
T
g f cos30+sin(0——)d9 )
0 3
| T
[ sm30—c0s(0——)]3 T
3 3/1o 2
) 3 A:f ydx
:(0—1)—(0——) 0
2 3
-1 :f sin —xdx
=7 o2
. [ ) 1 ]g
=|-2cos =x
h fsinx+cosfdx 2 1y
4 4 T
xT* =-2cos— +2cos0
4c0s— + 4 sin 4]
0 =2-12

|-
(4(5)+455)) - oo
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y ¢ y
A A
1'\ 1
0 T T = > X
) -t 0| Tx
7 4 6 6 4
f4cosxdx %T
0 _ﬂcos2xdx
:[sinx]g 61 x
o :[isin2x]:
_$_o =z
| _1(£)_1(—_ﬁ)
=@ 2\ 2 2\ 2
_V3
y 2
A
d y
" A
\/5_
— > X
00 nr =
4 3 2 0 p > X
f3 sin2xdx x 2
’ n f20059+sin 6 do
:[_—10052)(]3 0
2 0 _ [sind - e]g
- _1/-1 1 | = |SI1n COS 0
- 53)r 5w =(1-0)= (-1
_3 )
4
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> X

o~

T

2

|
g - 29]
2 Sln

|

N = N =

S e N
|

Il
—
|

(@}

]

|72}
—_

[\®)

=

+
A
~—
[E—
S pIN

|
| L
—
<|‘>—A
[\
SN—

+
N | —
—_
<|‘»—n
[\®)
N —

1 . /4n 1 (T
)

1

3
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N

d f cos(3m — x)dx
0

= [— sin(37 — x)f

s

= [—sin(x — 37r)]61

3
= sin(—27r — Zﬂ) —sin(—2m — )

= sin(—?%) — sin(—r)
-1

V2
-1

V2

D =
|

0 n2m
3 3
3
A:f 2 +sin3xdx
0
3

1
= [Zx ~3 coS 3x]0

-5 3e)-o-Jo)

= %(7‘(+ 1)
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Solutions to Exercise 11H

2
4
1 a f“\/}dx e fezx+—dx
1 1 X

2 37 1 2
= [§x2]1 = [Eez“” + 4log, |x| 1
16 2 1 1
=3-3 :§e4+4loge2—§e2—4logel
14 1 1
== :5e4—§ez+4loge2
1 f
b f(1+x)2dx z
-1 1 fsin2x+cos3xdx
[ (1+x)] ° .
-1 -1 . 2
1 1 = [7 CcoS2x + = sin 3x]
= =(2)* - (0’ ’
3 3 L 1 —(1 0
s = (S D+ 360)- (50 +50)
3 _or
8 2 32
c fxgdx 2
0 :g
3 478
- |37, g
%><16 0 -
f in— + cos — dx
=12 4
d ) :[4cos—+4sm40
3 o1 1
cost—smixdx :( 4( ) ( )) (=4(1) + 4(0))
0 2
1 113 _
[zsm2x+2coszx]§ =4
1 2
:Esin?ﬂ+2cosg—§sin0+2c030
1/V3 V3
= —)+2[—)-0-2(1
(5) 25 ) -0-2m
5
_5V3
4
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: ;
h f Sx+sin2xdx 2 A :f sin x dx
0 0

[sz ! cos?2 ]g [ cos ]g
=|— - = X = |- X
2 2 0 0
2 Vs
5(§) | | = —cos = +cos0
- - —(—1>) -(0-350) _
( 2 2 2 = 7 +1
5t 11 1
— g "2 2 =5 square units
5 2
g
d (sinx)
. 3 a—
1 dx\cos x
1y? d d
f(Z + )_C) dx ) cos xa(sin x) — sin xa(cos X)
4 1 B 2
[t L
Loox X _ cosx+sin’x
14 B cos? x
= [4x +4log, |x| — —] 1
xl _
1 cos? x
_ (16+410ge4— Z)—(4+4loge 11
1
1 Therefore, f 5 dx
:16+810g62—1—4+1 COS” X
3 _sinx N
:12Z+810ge2 Tcosx ¢
=tanx + ¢
1
J f x? — ¥ dx
0 b
_[x_3_x_4]1 d(cost)
13 4l dx\ sin 2x
1 1 d d
=371 _ 2 sin ZxE(cos 2x) — 2 cos ZxE(sin 2x)
1 sin*(2.x)
12 _ 2(—sin® 2x — cos? 2x)
sin® 2x
B 2
sin® 2x
Therefore, ———dx
sin” 2x
_ cos2x
2sin2x
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c i(1oge(3x2 +7)) ¢
dx

1
=6x X ——
__ O 2VI1 + x?
3X2+7 =1+ X
T dx VI + 22
3x2+7 J
lf o EC(loge (x+ VI +x2))
=— | ——dx
6 3x2+7 X 1
1 = (1 + )x
:gloge [3x2+7]g V1i+x2) x+ V142
1 19 _(\'14—)62+x)>< 1
2810g6(7) Vit 2 1+ 22
d . = !
d a(xsmx)) | 1+ 2
= XCOS X +sinx f ! dx
Therefore, 0 VI +x2
Xcosx+sinxdx = xsinx + ¢ 1
fﬂ x = [loge(x + V1 + x?)
4 xcosx + sinxdx = [xsinx ! 0
Js 0 =log,(1 + V1 + 1) —log,(0+ VI +0)
7 3 .14
fo xcosxdx =|cosx+ xsinx . = log,(1 + V2) - log, 1
ﬂ\/_ i—l = log,(1 + V2)
8 2
4\
4 a 1+log,(2x), —x + xlog,(2x) 5 d—(e )
X
b x+ 2xlog,(2x), =2 log,(2x) — x eVt
x+2x X x X =
e e 4 2\/}
Therefore,

2
fl ﬁdx = [e‘/;]l = 26\5 —2e

6 65sin*(2x) cos(2x), —

7 using the CAS calculator’s ‘integral’
command:
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a 139.68
b 18.50

¢ —0.66

d -23.76
e 2.06

f 043

2x+3
x—1
_ 2x—-2+2+3
B x—1
2(x—=1) 5
- x—1 +x—1
5
x—1
= RHS QED

2 3
b f O
2 X—l
5
:f2+ dx
2 X—l
4

- [2x+510ge - 1|
2

8 a LHS =

=2+

=(8+5log,3)—-(4+5log, 1)
=4+ 5log, 3

x-2
_5x-4-6+6
B x-=2

5(x—-2) 6
) +x—2

6
x—2
= RHS QED

=5+

5x -4
b d
fx—z g
6
= 5 d
f: 2™
4

. [5x +6log, x—2)
3

=(20+6log,2) - (15+6log, 1)

=5+6log,2

Il
—_—
[

I
| =
=
~——

]

10 a y

&

Il

| I
[

X
o0
—
f—

|

|
Nal
~

|
NN
[
——
—
|
M| —
=
N —
o0
+
(@)

b y=log,|cosx|

dy ) 1
— = —sinx X
dx COS X

= —tanx

T
3
ftanxdx
0
:f —tan xdx
0

= —[loge | cos xl]

wIix

wIix

0

= —log, | cos gl + log, | cos O]

1
= —log, 3 +log, 1

= log, 2

568



)= sin(%x)
flx)=-2 cos(%x) +c

)2

2
2==-2 cos(?ﬂ) +c

1
2- —2(7) .

2=1+c¢

c=1

fx) = =2 cos(%x) +1

12 a f'(x) = cos2x
1
f(x) = 3 sin2x + ¢
fm =1,
lzzsin27r+c
c=1
|
f(x) = 3 sin2x + 1

3
X

b f(x) =
f(x)=3log, |x| + ¢
f)=eo,

6=3log,1+c
c=6
f(x) = 3log, x| +6

F(x) =2e7 -1

13 di(x sin3x) = sin 3x + 3xcos 3x
X

f xcos3xdx
0

1
:§f 3xcos3x + sin3x — sin 3xdx
0

_lf
-5 |
1

e ]
o]

N

(o ]

1
3xcos3x+sin3x—§f sin 3xdx
0

3\6 7 2 3\ 3 2 3
_7r1
18 9

14 y=a+ bsin(”—x)

2
0, 1)
= 1=a+bsin0
l=a
(3,3)

3= +bsin(3§)
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X
y sin|
x=0,y=1
V4
=1,y=1-2sin =
x=1,y sin >

=-1
.. there is an x — intercept

0=1-2 sin(gx)

o1
SIDE)C—E
T _7'(
2756
1
73

1 4 T 4
(§+;cosg)—(0+7—rcos0)

(1+4 n)+(1+4 n)
ﬂCOSZ 3 7TC0S6

-1 4\/_4

a 1.450 square units
b 1.716 square units

16 using the CAS calculator’s ‘integral’

command.:
0.1345

17 f'(x) = x + sin2x
2

flx) = ——50052x+c
fO) =1,

1
1=0-=cosO0+c¢
L3

2
£ x2—cos2x+3
x:

2

18 a ff(x)dx

= fg’(x) dx

=g +c

=2+ +c

b f h(x)dx
= f k' (x)dx

=k(x)+c

=sinx> +c¢

= — + — — — = 0.5987 square units

3 b1

15 using the CAS calculator’s ‘integral’
command.:



¢ ff(x)+h(x)dx = [2log, |x — 1] + 4x];
= (2log,2+12) - (2log, 1 + 8)

B fg,(x) +K(x)dx —4+2log,2

= g(x) + k(x) + ¢
20

=+ 1) +sina’ +¢ y
A
d | -f(dx
:—fg'(X)dx o 1)
=-gx) +c
=-2+1)7+c | .
¢ ff(x)—4dx f3m+1dx
2
= g’(x)dx—f4dx 2 . 7
f = [3 X 2(2x 4)2 +x]2
=gx)—4x+c L L,
=P+ 1P —dx+c =G@ﬂ+$—Gmn+g
= 1+1(2)%
f f3h(x)dx 3
:3fkf(x)dx 21 a f —
3
= 3k(x) +c , »
=3sinx’ + ¢ = [g(x_ 2)2]3

=§@ﬁ—§aﬁ

=§(2«/§—1)

2
b f V2 — xdx
0

2

= [%2(2 - x)%]

0

= %2(0)% + %(2)%

5
22
3
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2

log, [2x — 1] + 3x]
1

I I
(ElogeB|+-6)—-(§logel-+3)

log,3+3

| =

3
e f V2x—5-6dx
25

F

:(%(n%_18)—(%«»%_1ﬂ

1

3

=--3
3

1 3 3
x—x@x—$2—64
2 25
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Solutions to Exercise 111

1 y=12-x-xty,=x+4
12-x-x*=x+4
X +2x-8=0
x+4)(x-2)=0

x=2,-4
to test which graph is higher in this
interval:
x=0,y1=12,y, =4

2
A=f yi—y2dx
4

2
:f(12—x—x2)—(x+4)dx

4

2
:f 8 —2x — x*dx
—4

= [Sx -x* - x_3]2
—4

3
8 64
:(16—4—5)—(—32— 16+?)
= 36 units’
2 y
A
S g(x),
(*19 4) ﬂX)
1 (2, 1)

f)=5-2gx)=x-1)
5-x2=x-1)7
S5—x*=x*-2x+1
2x* -2x-4=0
K -x-2=0
x-2)(x-1)=0

x=-1,2
to test which graph is higher in this
interval:

f0)=5, g0)=(-1)" =1
2
-'-A:flf(X)—g(X)dx

2
:f 5-x2—(x*=2x+ 1dx
-1

2
:f 4+ 2x - 2x>dx
-1

2x32
= |ax+ 2——]
[X X 3 .,
:(8+4—1—6)—(—4+1+%)
3 3
—16-6-1

= 9 units?

3 ay :x+3,y2:12+x—x2

x+3=124+x—x?
X*=9=0
x+3)(x=3)=0

x=-3,3
to test which graph is higher in this
interval:
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x=0,y1=3,y,=12

3
A:f y2 —y1dx
-3

3
:f(12+x—x2)—(x+3)dx

Il
| PR
w & w

Nej

|

=

o

U

=

3
27 27
- 27——)—(—27+—)
( 3 3
54
=54 - —
3
=54-18
= 36 units’

b yi=3x+5y,=x>+1
3x+5=x*+1

¥ -3x-4=0
x=-4Hx+1)=0

x=-1,4

to test which graph is higher in this
interval:

x=0,y1=5y=1

A:f)ﬁ—yzdx
-1
:f(3x+5)—(1+x2)dx
-1
:f4+3x—x2dx
-1

3 x34
=4 2__]
[x+2x 3],
64 3]
16 - 24——)—(—4 2 —)
( 3 273
125
:—unls
6

x==+1

to test which graph is higher in this
interval:

x:()’yl = 3,)’2 =0

|
A:f yi—Y2dx
-1

1
_ f 3 -2 - 2?)dx
.

1
:f 3 - 3x%dx
-1

= [Bx-x]},
=3-D-(=3+1)
= 4 units?

yi =Xy, =3x

X = 3x

X -3x=0

x(x=3) =

x=0,3

to test which graph is higher in this
interval:
x=1ly=1Ly,=3

3
A=fy2—y1dx
0
3
:f?)x—xzdx
0

3
=[37 37

27
=(3-9)-0-0
:gunits2
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— _ — 1
€ Y2 =X, X y2_2 bQ: e — e N dx

YI=EVE 2 =x-2 0

1
+ Vx=x-2 =[e““+e_x]
0
x=x>—4x+4 1
:(e+—)—(1+1)
X -5x+4=0 e
1
x-4Hx-1)=0 = e+ — — 2 ~ 1.086 units’
e
x=1,4
5 7
6 -1
A:f (s1nx)—(—)dx
0 2
[Feose 3¢
=|-cosx+ =x
2 o
-V3 1 7 1
1 = (_(—\/_) + =X —ﬂ) - (—(1) + —(O))
A= Vx—Vxdx 2 2 6 2
0
7
_ V3L TR L e 3699 units®
+f4«/}—(x—2)dx 2 12
1
4 310 123 X 4
:I:—x2:| +[—x2——+ZX]
4 16 2 1
= +(=-8+8)-(5-=+2
3+(3 ) (3 2+) A
_20 2 3 y=sinx
3 3 2
X
3 0] =« 7\/n g
0 2 3 2 y=sin2x
= — units? 3
2 A= f sin 2x — sin xdx ( from the graph)
0
0 I -1 3
4 a P:fe—e_xdx+fe—exdx :[7cos2x+cosx]
-1 0 0
1 B -1 21 b4
:2f o — o dx _(7005?+cos§)
0 -1
= 2[ex — €], - (7 cos 0 + cos O)
=2(e—e)-2(0~1) _lo1
= 2 units’ 42 2
! its?
= — uni
4
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log, 3
Area = f 2+ 3¢ —edx
0

o]

A= cosx — sin2xdx
0 log, 3

1 = [2x -3¢ - ex]
2
+ sin2x — cos xdx

0

= (2log,3 - 36083 — %3 —(0-3-1)
=4+2log,3-1-3

0 =2log, 3

~ 2.197 units’

o]

o]

1
= [sin X+ 3 cos Zx]

XN NIN

+ [_7 COS 2X — COS x]

oo 1 T ) 1
= (sm— + — cos —) - (smO + > cos 0) 9 a f:R" >R, f(x) =log,(2x)
) (_1 ‘ 71) (_1 _ 77) Consider xl = log,(2y) . Solving for y
5 cos T — sin 5 5 cos 3 sin c) givesy= 5ex

1 1 1 1 1 1 1
14—+ ~1(x) = =¢* and the domain
2 4 2 2 2 4 S 2°
1 Off_l :R
= Eunits2 4
y
e*=2+3e"* %
=2 =3=0 — |-
(e"=3)e*+1)=0
e =-1,3
Since e* > 0,e¢* =3
x =log, 3 log, 4
y=et=3 b bf £ ) da
0
P = (log, 3,3) log.4 1
:f —e'dx
0 2
1 . log, 4 3
-l =3

¢ By symmetry ff f(x)dx
2

= 4log, @) - 3
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Solutions to Exercise 11]J

1 b
1 a aV:—f f(x)dx
b—aJ,

2

aV:m , x(2—-x)dx
L 2x - x%)d
_Efo( X —Xx")dx
Iy, T
_Z[X 3x ]o
1 8 2
=5(4-3)=3
b av= ! f " sin(x) dx
-0 0
1 4
= ;[— cos(x)]0
1 2
= —(~(-1) - (=) = =
T n
c av=

1 2
= f sin(x) dx
Z_pJo
2

= %[— cos(x)f

2 2
= 2(-0) - (-1) ==
T

T

2r

1 f? )

d av= sin(nx) dx
2_7T —0Vvo

n
n

2x
1 n
=5 [— ;cos(nx)]o

1
(D =(=1)=0

1
= (D= (=1) =0

1 fz
e av = (e*+eV)dx
2-(-2)J

1 2
:ﬂf‘fﬂa

1 _ _
= Z«ez_e = (e —e%)
1
= 5(62 -e?)
10 /
2 avtemp = —— 50e"2 dt
10-0 J,
1 [ 50 _,llo
= — e 5
"y
=—10(e> - ¢

=10(1 = ¢7) ~ 9.93°C

3 mean value =

= - (ax — x*)dx
a

al?2 3 1o
Iyl 13)
a(2a 39
_a
6

4 a p°?=300= p=3001"°

1 "
a_ofo x(a—x)dx
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1 1
300v " dy
1=-1J1
2 Y2

=3000(2 — 2%
~ 401.8 N/m?

b v=3t+1,so:

a

t=0,v=1,t=1,v=4
av pressure

1
4-1

[300 01]
“3lor’

= 1000((4)*! — 1)

300v—0~9dv

~ 148.7 N/m?
dH 3
o =1+ Zs1n(60)f0rte [0,200]
ﬂﬂ.
dr
T4
,.%_
1/4 . .
o0 6 120 180 240 *
dH 3 nt 11
S350 1442 ( ) b
dt > L= Sll’l 60 8

= 3 sm( m) g
4 60/ 8

=4 sm( m) > !
60/ 2

it 1
Consider the equati '(—):—
onsider the equation sin 0 >
This is equivalent to
ntow or Sm or 137 or 177 or
60 - 6 DY
ie.t=100r500r 130 or 170 or - - -

For the required domain and by

d

dH
observation from graph o > 1.375
for ¢ € (10,50) U (130, 170)

The rate of heat loss is greatest when

sm(m) 1
60

This occurs when

nt mw St 9«

— = —0r—Oor—or...

60

= t=30o0r 150 0r 270 or- - -

.. rate of heat loss is greatest when

t =30 or 150 for ¢ in [0, 200]
i The total heat loss f03r te
120 . (Tt
0.1201 = [*1 + 2 sm(@)dt

[ LX)
B 4 60

45
=120 — — cos 2«
T

45
—(0— —cosO)
g
_10-B .8
T T
=120

.. 120 kilojoules lost over the
120 days.

ii Total heat lost for ¢ 63
1
[0,2001 = [ 1+ ) sin(g—o)dt

- [t % cos(”_f)]m
B 60

45 200z 45
=200- = ( )(0——
€08 60 b

—200—ﬁ s(lo—”)+ﬁ

T T
:200—£><—1+E

Vs T
g, B

27r

135
=200+ =2

+27r

~ 221.48 kilojules
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6 d—V:1000—30l2+21‘30SlS15 = 1000 — 30 x 225 + 2 x 3375
d = 1000
.. The maximum flow occurs

av
aWhent:O,d—:1000 whens=0and ¢ = 15

t
The rate of flow is 1000 million

litres/hour= 10? litres/hour. ii The maximum flow is 1000
When ¢t = 2, millon litres/hour.
=1000-30x4 +2x2° =
1000 — 120 + 16 ¢ 4dv
= 896 million litres/hour = 8.96 x 108 dt
. 1000
litres/hour
b i To find stationary points, let
dv ) 3 —r—
R="—-=1000 - 30 +21 of 10151
Stationary points occur when .
R d i Areabeneath the graph between
7~V t=0and =10
dR _ —60¢ + 61> = f 1000 — 30¢% + 2¢° dt
dt 0
= —61(10 — ¢ 30x 24710
(10-9 - [1000t _axr A
R O impliest=0ort =10 o
— = mpli = orir =
dr pHes o = 5000
A gradient chart for — is as . . )
N . dt ii 5000 million litres flowed out in
shown: <0 |0 | << | 10]>10 the first 10 hours.
sing of (lll—lf +ve 0 -ve 0 +ve
shape 7 S I B 7 a R:[0, o) = R, R(t) = 10log,(t + 1)
When ¢ =5, R(5) = 10log,(6) =

.. a local maximum at (0,1000)
17918

When ¢ = 5, the rate of growth is

and a local minimum when

t = 10. .
when 7 = 10 ~ 17.918 penguins per year.
AV When ¢ = 10, R(10) = 10log,(10) =
R:E:IOOO—3O><102+2>< 23.978
10° When ¢ = 10, the rate of growth is

23.978 penguins per year.
When ¢ = 100, R(100) =
.. 101og,(100) ~ 46.151
.. local t (10, 0 ¢ .
ocd mlmmzr‘r/l at( ) When ¢ = 100, the rate of growth is
When r = 15, i 46.151 penguins per year.
4

1000 — 30 x 152 +2 x 15°

= 1000 - 3000 + 2000
=0
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R(r)=10log,(r+1)

0 g

:
X

¢ For the inverse function consider 1 (3.0) (L0 (2,00
t=10log,(y + 1)

=log,(y +1)

and the inVlerse function is
R'(t)=el0 -1

The domain of R~! = range of
R =R"U {0}

d i

@ 4 y=R(1)
10log,(101) .

0 100
.. required area = area of

rectangle — area
10 log,(101)
=100 x 10 log,(101) —f (e10 — 1) dy
0
v 10 log,101
— 1000 log,(101) - [10610 —y]
0

= 1000 log,(101) — [melogelol — 10 1og,(101) — (10" - 0)

= 1000 log e(101) — [1010 — 10 log,(101) — 10]
= 1000 log,(101) — 1000
~ 3661.27

ii The penguin population

has increased by 3661
penguins over 100 years.
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™
o

=20 =10 0O 10 20 x
{metres)
Area of cross section

_ (% 2
= _20(25 —0.02x%) dx

The symmetry of f gives that

the area of cross section
=2 [7(25 - 0.022%) dx

3 120
) [25x— x—]

150 1o
203
- 2(25 20 - —)
<V~ 150
8000
= (500 - —)
( 150

1
=893~

The volume of the hall = area of cross

section X length

1
=893= x 80
3 X

= 71#466% m’

1510 -5 0 5 10 15 %
(metres

Area of cross section
= [7.(20 - 0.06x%) dx

The symmetry of f gives that

the area of cross section
=2 [°(20 - 0.06x?) dx

x3 15
- 2[20 _ —]
7501,

153
- 2(20 15— —)
% 30

= 465
The area of the cross section is
465 m?

b The volume of the hangar = area of
cross section X length
=465 x 100

=46 500 m’
10
y A

(-3.9) @0

0 x

-2
The parabola is of the form y = ax? + b
When x =0, y=-2

3
Wheny:O,x:w_L:1
3
0=a(>)?2-2
a(4)
2x16

and a

. 32
1Le.a=—

.. The equation of the parabola is

32
y:—x2—2

The total volume of the trough = area of
cross section X length To determine the

area of cross section

3 2
=132
consider 2 ﬁ;‘ Tx —2dx
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323 3
—o22X s

[ 27 x]
:2(2 27, §)

27 " 64 4
A

272
=2

. The cross sectional area is 2 m?

The total volume = 2 x [ = 2] m3, where
¢ is the length of the trough.

When the trough is half full the volume
is / m? and the cross sectional area is

1 m? The shaded area = 1 m?

32 32
Shaded area = 2 fa(— a - 2) - (— a - 2) dx
o \9 9

32 32 a
=2 ?azx—Zx—ﬁx3+2x0
_» 324 324°
) 27
644’
=2
1727
_ 1284°
27
S84
27
y A

1 /-
\_/[maz;’

-2

which implies a® =

128

3 32 (3
P R A
7 9 7
23 23
32 9
= x—— 2
4

9 21?

25
=@ 2

23

1
=23 -2

1
. the depth =2 — (2 - 23)
1
=23 metres ~ 1.26 metres

The depth of the water is 1.26 metres when it is
half full.

11 a y=3- 3cos(§)forx € [-3n, 37]. The

maximum value of the function is 6 and
hence the maximum height of 6 metres
b Thearea—Zf’r 3 —-3cos z d
= Ox 3 X
=2[3x-9 sin(g)]g” =18n

The area is 187 m?

d

c i —dizsin(g).When )
_ _a a Y _
x=a,y=3 3005(3)and—dx sm(3).

Therefore the equation of the normal is

a
~(3-3e0v(3)

y ( cos 3
=- (x—a)

sin(%)
ii If it passes through (9,0),
1
0—3+3cos(g): —

3 - (a
SlIl§

Solving numerically gives a = 5.409

O -a)

dv it . (Tt
12 a i 3[cos(3)+sm(§)+2]

dv
i Whent=0,E=3[1+0+2]=9

ii Whenr =2, d—V
dt

=3[—1+%+2]=3(\/§T+2)
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dv 8 it it
ili Whenr=4,— =3[1+1+2 = — in| —
iii en 7 [ ] 3f0 [cos( 2)+ sm( g )+2] dt

=12
= 3[2 sin(m) 8 cos(m) + 2t]8
b From the graph maximum value is 12 and the o 2 m 8 0
minimum value is 0.834 _ 3(§ 16— (_§)) _ 48(1 N l)
g bis
¢ The volume through the pipe in the first 8 48(r + 1)
minutes =T litres
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Solutions to Technology-free questions

3 3 T
1 65 2
1 a X dx = [—x4] = — ; ( f)
j; 2 LT g , sin2{6 + 1 d6
b Since sin x is an odd function, the 1 bs %
. . . = [—— Cos2(9+ —)]
integral is 0. (Alternatively work 2 47/1o
through the integral.) (1 377) ( 1 JT)
. 1 ={3 cos > > cos >
c f(ai—xi)dx =0
1 2 374 h
= [aZx - —x2] T . 1 T
3 1 f sin46 do = [—— cos 46]
32 3 3 23 0 4 0
:(4a2——><8a2)—(a2——a2) 1 1
3 3 = ——cos4n)—(——cosO)
3 4
__da2 —0
3
3 2
3 _—
d f——S\/}—x 2 dx 2 fx+2f(x)dx
1 X -1
1 3 2 2
= 3x 2 —5x2 —x 2dx = xdx +2 f(x)dx
1 -1 -1
1 3 —174 212
:[6x§—1—0x§+2x7] :[X_] +2X%x5
3 | 21
80 10 23
- 12——+1)—(6——+2) ==
( 3 3 2
55

3 5 5 1
dx = dx — d
| 3£ﬂMXLﬂMXLﬂwx

3 .

(3 j(: COSZHdH:[—sm290 :1_(_2):3
:@mg}_zl
2 2 2 4
2 3

e dx = — d
¢ f ldx:[logex]'i f3 f(x)dx sz(x) X

X 1 3

=log,e —log,1 =1 :—IZf(X)dX—fl f(x)dx
= 2 (-6)=4

584



2 1 2
5 f(x+1)7dx:[—(x+l)8] — 820
0 8 0

1 1 1

3 _ 4
6 f0(3x+1) dx—[—3x4(3x+1) ]O
85

4

7 If F(x) is an antiderivative of f(x), then
9
f fdx = [FI,
0

=FO9)-F@0)=5
Also by the chain rule

i(F(3)C)) = 3f(3x), so:
dx

3
f f(Bx)dx =
0

[F(3x)]:

(F(9) = F(0))

Wl W] = W —

8 If F(x) is an antiderivative of f(x) , then

f(x)dx = [F(0)1

1
=F@4)-F(1)=5
Also by the chain rule
d
—((F@Bx+1))=3f3x+1),s0:
dx

1
f fBx+ dx = =[F(3x + D]
0

= 2(F(4) - F(1))

Wl WD W] = W] =

9 a Signed Area

1 | 1 1
= —5(3+4)—§><3+§><5+5(5+12)

3.5 17

—7++
2 2 2 2

¢ Signed Area

=-0.25x (8 + %) - 0.25 %

(%3+7)—0.25><(7+%)—0.25x

37 61 61
§+0.25x§+0.25x(§+ 19)

= -3.1875

10 The area of the shaded region

from x = a to x = b is given by
b

[ f(x) - g(x)dx.

The area of the shaded region

from x = b to x = c is given by

I g(x) = f(x) dx.

The area of the shaded region

from x = ¢ to x = d is given by
d

[ f(x) - g(x) dx.

The area of the shaded region is
b C

[ f(0) - gydx + [ g(x) — f(x)dx

d
+ [ f(x) - g(x) dx

11 a The curves intersect where

2x+ x> =15,ie x> +2x - 15 =0.
Hence (x — 3)(x+5) =0, so P has
coordinates (3, 9).
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O has coordinates (7.5, 0) .
b The area of the shaded region is

3 7.5
f x2dx+f 15— 2xdx
0 3

_ l 3 2975
=|zx| +[15x—-x7]5
3 o

=9+ (112.5-56.25)-(45-9)
=29.25

2
12 a areaA:f 10x~2 dx
1

= [-10x7']3
=-5-(-10)=5

P 5
b f 10x % dx = f 10x~% dx
2 P

[-10x7']) = [-10x7']),

10 10
S5—-—=-2+—
P V4
20
= _7
P
20
P=5

13 The area of the shaded region is

f 16x72 - 0.5x+ 1dx
2

5
+f 0.5x—1-16x2dx
4

= [-16x7" = 0.25x% + x];

+[0.25x% — x + 16x7'];

=(-4-4+4)—(-8-1+2)

+(625-5+32)-(4-4+4)

=3.45

14 a Whenx=0,6y—-y*>=0,s0y=0,6.

Thus A has coordinates (0, 6). For
point B, solve y = 6y — y?,
ie.y?—5y=0,s0y=0o0ry=>5.
As y = x, then B has coordinates (5,
5).

area

P= Sydy+f66y—y2dy
0 5
-[57] -3
:2—25+(108—72)—(75—%)
or 1
== =15

Area bounded by the parabola and the
y axis is given by

1 6
f 6y —y*dy = [3y2 - —y3]
0 37 1o

=36
So area Q = 36 —area
5 125
P=20-=—.
6 6

15 a yinterceptis (0,2)
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4 y=e+1

(0,2)

0

2
b f ex+1dx:[ex+x](2)
0
=(+2)-(1+0)

=’ +1

16 a The graphs intersect at (0, 1) .

¥
A
y=e*
2 0
2 0 0
b f e_xdx+f exdx:2f e’ dx
0 ) )
= 2[ex]92
=2-2¢?

1
17 a f e dx = [e'];
0
=e-1

b area=2(e—-1)

31377,
12 . 2
-~ (2xg-=
337 3)
14

9

1
19 area :f 2¢* + 3dx
0

= [e* + 3x],
=(*+3+—(1+0)

=’ +2

20 The intercepts are (—1,0), (0,0), (2,0).

y
A

[ /.
/_'1 2

0
area :f x(x=2)(x+ 1)dx

2
—f x(x=2)(x+ 1)dx
0

0
:fx3—x2—2xdx
-1
2
—fx3—x2—2xdx
0

1 1 0
=[50 -7
1 1 2
el
—_(_+__1)_(4___4)
4 3 3
37 1
"0 7%
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Nl

21 f e —2—(—e*+2)dx
1

n2
5
2
= f 2¢° —4 dx
In2
5
= [2ex - 4)6]1312

3 5
= 2e2 —4><§—4+41n2

5
=2¢2 +4In2 - 14

22 a Equation of normal
f=6-e¢>

f/(x) — 26—2)6

1
£'(0) = 2 = Gradient of normal = -5

1
y—5:—§x
1
y:—§x+5

Therefore D has coordinates (10, 0)

For C consider

0=6-¢2*
—2x=1n6
x=——=1In6

Therefore C has coordinates
1

——1In6,0

[-3meo)

b Area of the triangle to the right

= % x10x5 =25
Area of the region to the left

45
Therefore total area = — +31n6

23 a 2sin(mx)+1=0

7 11
Coordinates C|—,0|,D|—,
oordinates (6 ) (6

1

6
b f 2sin(rx) + 1 dx
0

[ 2 g
=|——cosmx+x
T 0
= 2cos n +7+2
oo 6 6
V3+2 7
= + —
T 6
11
6
j; 2sin(mx) + 1 dx
6
11
[ 2 6
=|——cosmx+x
T 1
6
243 2
= - 4+ —
Vs 3
V3+2 7 243
Total area= + -+ —
b4 6 /8

2

3
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~1
1
:1+3\/§+2 bf X+ ldx

2 T 2 X —
[1 2 L og | 1|]_1
= —x e'x_
24 a 8—_)(:2 ? -2
X
_ —+loe|—2|)— 2 +log,| - 3|
8x— % = 12 (2 g (2 +log, |- 3)
2 3
2
_8x+12=0 e 2.3
X X Oge3 2

x=6orx=2 x T
Coordinates (6, 2), (2, 6 2 ’
oordinates ( ), ( ) c f sinx + xdx = COS X + x ]2

0

b f68—x—1—2 [ -
2 x (0+§) (-1)

2 6
= [Sx— % —12Inx

n?
=—+1
N 8
=16+ 121n (—) -5 1
3 d f e*+ oy dx
=16-12In3 -
f 1
= e'+ - X dx
—4 2 - X
2 2 1 -5
1 _ [
25 a f e +xdx = [—e‘x + ixz] = [e - 5log, |1 - x|]74
0 0
(s 1 4 1
= (7 +2) - (=) = e = 3oz ) = (e - 510z, )
=3-¢7 e et 4 l1oge§
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Solutions to multiple-choice questions

2 dy ax
5 A —=—+1
1 C L3f(x)+2dx dx 2+
2 2 _ax2
:f3f(x)dx+f2dx yE=ohxtc
0 0
2 x=0,y=1s0c=1
=3 f f)dx + [2x]5 02
o2 y:T+x+1
:3f f(x)dx+4
0 6 D f'(x)=-6sin3x
5 f(x)=2cos3x+c
2D ff(x)dx:F(S)—F(?)) 5
3 13)=3

S
S F(5) :f f(x)dx+ F(3)
3

c=3-2cos2r =1

5 —
:ff(x)dx+4 f(x) =2cos3x+ 1
3
4
L. L s 7C f_sﬁ(x)dxzzandﬁf(x)dx:6
3 C afx - 2x dx:E L f(x)dx = —6 and
11
a2y 9 Ls s dx = =4
a\4 3 ) 12
8 C
a_3_2_az—2 Q:ae_x+2
4 3 12 dx
_ d
30’ -84’ -9 =0 x:O,d—y:S, s0a+2=5, i a=3
X
(a-3)3a>+a+3)=0 L
y=-3¢"+2x+c
La=3
a x=0,y=1,s0-3+c=1,ie.c =4.
4 B The area of the shaded region y=-3¢"+2x+4

from x = 0 to x = 2 is given by

2
Jo fO0) = g(x) dx.

The area of the shaded region
from x = 2 to x = 5 is given by

£ g - fax.

The area of the shaded region is

I F@) - gydx + ] gx) — f(x) .
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9

10

100

A = — 100 — x)xd
3 verage 100 J, ( X)xdx
5 +8.
e 1 100
=100 100x — x* dx

R(t) = 5¢7%! litres/minute. 0 -
Since R(¢) is the rate of flow, it is 1 [ 5042 x3]

dv =100 -3
equal to — where V L is the volume 100 3 1o

of water at time ¢. Thus the outflow _ 1 (50 % 1007 1003)
in the first 3 minutes is given by 100 3
3 5 3 100?
f 5011 gy _ __[e—o.n] =50 100 - ——
0 0.1 0 100
=503 - 1) = 100(50 — T)
=12.959... 3 50
To the nearest litre, this is 13 litres. = 100x 3
5000
Area(A) = xy =73 ~ 1667
2x + 2y =200 |
x+y=100 11 D A= =(fQ)+2fB)+2f(4) + f(5))
2
A = x(100 — x) 1213
Y
3147 229
80 160

12 D By symmetry, the shaded regions
have equal area, so the total area is
given by

2f sinxdx = 2[—cosx]r_,

=2 (—cosm+ cos(m — a))

=2(1 = cosa)
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Solutions to extended-response questions

1 aFory=x——=x—x2
2

Y -3
—=1+2
dx o

d
When x =2, = =

bm\]

The equatlon of the tangent

7 5
= Z(x=2
y-7=20-2

SA4y-=T=5x-10
and 4y — 5x = -3

b Wheny =0, x = % The coordinates are (%, O)

1

¢ Wheny=0, x—— =0
X
implies x> =1 =0

i.e. x = 1 The coordinates are (1, 0)

d Required area = Area of triangle AT C — Area of should region

1 3\ 7 2
= _(2-2)x - —x2d
2( 5)X4 flx roax
2

_177[x2+_1]
=25 %a 7|2 T,

a(2v3)-G+1)

3 49
40
9
40
9 49
e The required ratio = 10 K) 9:94
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a y A 2 Let M, have coordinates (a, 0)

y=x a 5
= x“dx
iir fo
i
o ]

N P (a.a®) Area of OPM
_ [xj ‘

 J

The coordinates of P are (a, a*)

Area of OPN z = area of rectangle OMPN —area of OPM ]

3 e
2 a
= X _—
a a 3
B 243
3 33
2
.. The ratio of the areas = % : % =2:1
b y A \ Let M have coordinates (a, 0).
- 1
N y=x Area shaded = f x2 dx
P(a. ai) 0
2 314
=|Zx2
[3x ]o
) 3
r g a?
0 x -
o 1 3 3
Area of rectangle OMPN = a X a2 = a2

2
.. shaded area = 3 of the area of rectangle OMPN.

¢ Let M have coordinates (a, 0). Then the coordinates of P are (a, a") Area of region
enclosed by PM, the x-axis and the curve

u +1 qa an+1
= fo xX'dx =

n+ 1]0 T n+1
Area of rectangle OMPN = a x a" = a™"!

1
.". Area of described region = 1 (area of rectangle)
n
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3 a y A 2 The parabolas intersect at (1, 1)

y=x 1
_ .2 . the area :f x2 — x> dx
=y 0

1 :
The area is = square units.

b Fory=x"andy" = x

1
xn = x"

1
which implies 1 = x" " n
. n’-1
re.l=x n

n_
sx= (1) = 21

If n1s even, x = 1 is the only solution. All such pairs of curves intersect at (1, 1).

¢ The coordinates of P are (1, 1) h i
1 N 7
Area :f xn — x"dx
0
l+1 n+l q1 =
_[xn _x ] [ W X
11
i n+1()
n
1 1
_l 1 n+1
n
_n 1
T n+l n+1
n—1 i
= square units
n+1 d
) ) n-—1
d Area with shading =1 —( )
n+1
_n+1—n+1
B n+1
2 ¢
= square units
n+1 d
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10-1 9

e Forn =10, Area = 071 = 1 square units
100 -1 99
F =100, Area = = — it
orn 00, Area T00+1 - 101 square units
1000 - 1 999
F = 1000, Area = = it
orn rea 10001 ~ 1001 square units
fForn_1:1+L,asn—>oo,n_1—>l
n+1 n-1 n+1
d@_ 2.6t
a dt_e
.92L62.6t+c
o 2.6
5
:Bez.ét+c
whent =0, 8 =30
o 5 385
T 13 13
5 385
d9:_2.6l‘ -
an 136 + 3
when ¢t = 3

0= ie%“ + 385 _ 968.3

The temperature is 968.3°C after 3 minutes.

b g(°C) A/
100, 30)
>
0 t (min)
c When 6 = 500
_ 5 2.6t 385
500 = 3¢
6115 13 ¢
3 35 ¢
1223 = >
t= i1o (1223)
- 13 ge
~2.734

595



The temperature is 500° after 2.734 minutes.

d The average rate of change for interval [1, 2]

_0(2)-06(1)

o2-1

5 5, 385 5 56 385)

BEEMRNE (13€ 13

5

_ E(6542 B 62.6)

~ 64.5

The average rate of change for the interval [1, 2] is 64.5° per minute.
d
d—): =ve™!, where v = 5 x 10* m/s

d
a Whent:O,d—::SXIO“m/s

alx_v_5><104

dr e et

X
ast — oo, — — 0
dt

¢ The distance travelled between ¢ = 0 and ¢t = 20

20
:f 5% 10% " dt
0

20
= [—5 X 1o4e—f]
0

=-5x10*xe? +5x%x10*

=5X 104(1 - e‘zo)metres

—t

dx
a &=
dt

Lx=-vel+c

Whent=0,x=0

ve

SL=—=v+c
ie.c=v
Lx=v—ve!
=v(l-e
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0 )

6 a Lety=¢ ¥ sin2x
then, using the produce rule,

d
D 3737 gin 2x + 2¢73% cos 2x @
dx
Fory = e73* cos 2x
d
D 373% o8 2x — 2737 sin 2x B)
dx
b From @

f(—3e‘3x sin2x + 2e ¥ cos Zx) dx = e73*sin2x + ¢

ie. =3 [ e sin2xdx +2 [ e cos 2xdx = e sin2x + ¢,®
From @

f(—3e‘3x cos2x — 2¢3*sin2x) dx = e ¥ cos 2x + ¢

ie. -3 fe‘3x cos2x —2 fe‘3x sin 2xdx = e 3* cos 2x + c,@

¢ Leta= fe‘3x sin2xdx and b = fe‘3x cos 2xdx
Then the equations can be rewritten as
—3a+2b = e *sin2x + ¢y
—3b—2a=e3*cos2x+cy
Multiply ® by 3 and ® by 2 and add:
—9a — 4a = 3¢ sin 2x + 2e 3  cos 2x + 3¢y + 2¢»)
So=13 fe‘3x sin 2xdx = 3e ¥ sin 2x + 2¢ ¥ cos 2x + (3¢ + 2¢2)

1
i.e. f(e‘3x sin2x) dx = —E(3e‘3x sin 2x + 2e3*cos 2x) + C
3¢y + 3¢
-13

where C =
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i 3sina =4cosa
~ 3sina

:4 i B.

" cosa o :
( 4
ana = —
3

ii Consider the triangle

Then sin(a) = 3 and cos(a) = %

b Area of the shaded region = foa 3sin dx + fa 4 4 cos xdx

= [-3 cos x|y + [4sin x)3

- —3cosa—(—3)+4sin721—4sina

:—3><§+3+4—4><4—1

5
9 16
= Z47-=
5775
=-5+7
=2

Area of the shaded region = 2 square units.

8 a y=xlog,x
Using the product rule gives

d

2 - log,x + x X —
dx X
=log,x +1

Also f(logex + 1)dx = xlog,x + ¢
flogexdx +x = xlog,x + ¢

and fle logexdx = [xlog ex — x]{
= elog,e — e — (elog,1 — 1)
=e—e—-0+1

fl log,xdx =1

b y = x(log,x)"
Using the product rule:

d 1
9 (log,x)" + x X — x n(logex)”‘l
dx X

= (log,x)" + n(log,x)""!
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¢ l= fle(logex)” dx,and I,,_; = fl “(log,x)""! dx
From @
Jog,x)" + n(log,x)"" dx = x(log,x)" + ¢

S, +nl,_ = [x(logex)”]
1

d I = [ (log,x) dx
From (¢) Iz =e-31

=e—3le-21]
=e¢—3e+6[;
=-2e+6 by(a)
9 To find the point of intersection, consider x> = by
and y? = ax
as a simultaneous pair. x2=by
2 2,2 y
.'.yz;and(z) =ax = ax
which implies x* = ab® Q P(r, s)
12
and x = a3b3 Substitute for x in
y? = ax
) 12
V= a(aS b3 )
12
=a3b3 >
a3b 0 M %
21
Sy=a3b3
12 2 1

Sr=a3b3 and s = a3b3

The area of the region shaded horizontally E
12

a§b§ 2
:f x—dx
0 b

11
113 a3b3
=315,
! X a X b*
=—Xa
3b

_ab

3
The area of the region shaded vertically [[H]I[[[[[I
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_ [y_
3a

21
3 ]a3b3

0

_ab

3

The area of rectangle OMPQ = a

LAl

10 a

2
3

. a
three regions have area 3

area required

in{d](El
)

F

I

area required
in (b)

z T
b f 2sinx - ldx = [—2cosx—x]g
0

—COS = — = — (=2 _
cos6 G (=2cos0—-0)
—2x£—z+2
2 6
T
2 -
V3 6

¢ For the inverse of f(x) =2sinx — 1
consider x =2siny—1

(x

andy = sin'l(

ie. fl(x) = sin‘l(

+1) .
=siny

x+1
2

x+1)

1
b3 xa

W=

b

The domain of f~! = range of f = [-3,1]

2
3

ab
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1
d N (x)dx
0

S

area of rectangle — ﬁ f(x)dx
6

S

Il
SN}
|
N ]
—_
\9)
@
=
=
|
—_
N
QU
=

IR IR NI N

—[-2cos x — x]

[eN RN ST

+ [2cos x + x]

[N ERSTE

The ‘integral’ command of a CAS could be used in this question.

11 a Fory= e%(lO - X)

d X X
d—z = 5e10(10 — x) — €10
X X
—el0(1 - = — 1)
¢ ( 10
__* %
10°
1
Fory = V100 — 22 = (100 - x2)2
d 1
4 (100 — x2)2
dx
_ —X
-1
(100 — x2)2

d
b When x = 0, d_y = ( for both functions
X

d
¢ When x = 10,—y = —¢
dx
d [1e10(10-x)dx="71828...
B V07 =52 dx = 78.5398....

.. area between the curves = 6.7118 square units

6.7118

e percentage error = x 100 = 8.55%
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f Equation of the chordisy = 10 — x
Area of the shaded region = 257 — 50 = 28.54 square units

d(| = X X
g i d_(elo(m_x)):1_10610(10—x)_e1o
X
10 x X 10 10 X
Lk mao—x)dx:[mao—x) +f €10 dx
0 0 0

x 110
-(10) + [10e10]
0

=—-10+ 10e - 10
= 10e — 20

fom ¢10(10 — x)dx = 10(10e — 20)
ii .. exact area of shaded region = 257 — 100e + 200 square units
12 R(f) = 10e~T0) sin(%t)
a i RO0=0

3
ii R(3)=10e 10sinr=0

, _L . (mt 10m _ L it
b R'(t)=—-¢ 10 s1n(§) + Te 10 cos(g)
_%[1071 cos(m) Sm(m)]

=e _ — |- _

3 3 3
c i If(’)(t) = 0 implies

3
Tﬂ cos(%t) = sin(%t) ase 10 £0
it 107
ta“(?) ER
" %t = tan_l(lg—ﬂ) orm+ tan_l(lg—ﬂ) or 2w + tan_l(gﬂ) or 3w + tan_l(lg—ﬂ)

3 10 3 10, 3 10. 10,
St=— tan_l(—ﬂ) or3+ — tan_l(—ﬂ) or6+ — tan_l(—ﬂ) or9 + tan_l(—ﬂ)
b 3 Vi 3 b 3 3

ii stationary points (1.409, 8.646) and (7.409, 4.745) loc max (4.409, —6.405) and
(10.409, —3.515) loc min

t
t N
d R(:) = 0 implies sin(%) —0as10.e 10 £0
%t =Qormor2ror3mordn
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t=0or3o0or6or9orl2

}F:R[’H’

0 3\/5/\9\/'2 r

f i Use a CAS calculator to find areas
[P Ry dr ~ 1647337 . 1647 litres flowed in

i [} R()dr~ 1220377 . 12.20 litres flowed out

iii Total amount of water in the device
=16.47337...—-12.20377...+ 4

=4.2695 + 4

= 8.2695
There are approximately 8.27 litres in the device

[ R(t)dr ~8.9918....
.. There are 4 + 8.9918 = 12.992 litres in the device after 30 minutes. (Use a CAS
calculator with this problem.)

13 a Ifcos2x =2cos?x—1andcos2x=1-2sin’ x
1 —cos2x 1 —(1=2sin’x)

l+cos2x 1+Qcos2x—1)

_2sin2x
"~ 2cos?x
:tanzx
=sec’x—1
41— 2
bf oSty f(sec x—1)dx
0 1+cos2x
7
[tanx x]
0
—tanﬂ ﬂ—l n
T4 4 4
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Chapter 12 - Revision of Chapters 9-11

Solutions to technology-free questions

N 3 f(x) = 2*log,(2x)
y =
A1 .
"(x) = 2xlog, (2x) + x° X —
wWond@=D o det-D S0 = 2rlog Zx+
dy T dx T 7 dx = 2xlog,(2x) +
a T (x* —1)? xlog,(2x) + x
B 20— D) —4x3(3 - 1)
B (x* = 1)2 4 a f(x)= prise
B 2x% = 2x — 4x° + 4x° , A 2x+1
- (x4 _ 1)2 f (X) =2e
(8- 28+ ) f'(b) = 22!
TR} The tangent is at the point (b, e2*1)
_ =2x( - 1)? Gradient of line from the point to the
ST A1 2b+1
( ) origin is ¢
dy
Zx = O’ 62b+1 _ 262b+1
0= —2x(x% = 1)? b 1
T Aoy .'.b=§
looking at the numerator
, b f(b) =" +k
x=0,x" =1 f/(b) — 2€2b+1
x=-1,0,1 2+l 4k 5 2b1
. — e
looking at the denominator ot bl
e + k = 2be
Kl k= (2b — 1!
x # *1
x=0
in set notation, {0}
2 y = (3x% —4x)*
Let u = 3x° — 4x.
Then y = u*
dy dy » du
dx du’ dx
d
D 4183 x (6x — 4)
dx

= 8(3x — 2)(3x% — 4x)*
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1 3x+1

5 y=x3+c b gx) = ™
dy _1.-2 dGx+1)
dx 3" = f0Gx+ )
When x =8,y = a g0 = (f(x))?
La=2+c...(1) _ 3 = Gx+ D)
Cody 1 (f(x))?
Whenx=8. 0 =12 RSO I CES IVAE)
o (F3)?
RERET) _3x-2-10x5
When x = 8,a = 8m — 8 - (-2)
5 99 —6-50
S.a= 5 -8 = —? - 4
Substitute in (1) gB3) =14
_23_2 Co4e c g0 = [fI
28 g(0) = 2f(0f ()
Y L g(3)=2%(=2) X5
= 20
6 A L
verage value= ) L‘ 3x N 1, X 9 \/_
2 =
= é[loge(?)x + 1)] a &) *f () )
| ’ g = VR () +
= —log,7 fVx
6 f@
"4y = Va4 + ==
g4 f()+2VZ
3 3
7a\f5x_2dx:§b&6x—%+c =2x2+§
11
3 3 gy sl
_ g4 =—=5
bbfﬁx—mﬂh_IO—%x 272

8 a g(x)=3x-5f(x)
g'(x) = 6x—5f"(x)
gB3)=6x3-5f(3x)

=18-5x%5
g3)=-7
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b g(X)=]%

d
ﬁm—ﬂqf
’ _ X

xf'(x) - f(x)
x2

g'(x) =

4f(4) - f(4
gy = LI

_4x2—6
16

g =

10 f(x) = f(g(x)

()= V3x+4, gx) =x* -1

g(x)=2x
)= f'(g(x) x g'(x)
= 32 -1)+4x2x
= 32 -3)+4x2x
) =2xV32+ 1

11 f(x)=2x>-3x+5
a f'(x)=4x-3
b f7(0) = -

c ff(x)=1
4x-3=1
4x =4
x=1
in set notation{1}

J'(x)
Jf(x)

12 %(loge 3 f(x)) -

13

14

1
y=+Va-x=(a-x)2
Letu=a- x.
1
Theny = u2
dy dydu
dx ~ dudx
dy 1 _1
A Ta |
a2 7D
B 1
2vVa—x
dy
Whenx=1,— = -6
dx
_2\/a—1__
1=12Va-1
1
— —a-1
144~ ¢
_ 145
144

1
Area of region A = f —x* —x+2dx
0

X

?‘5*“]

0

11

Area of region B =
1

:_[_X___+2x]
1

m 7
= — —2m+ =
3+ m+6

—x> — x+2dx
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Area A = Area B

m m?
s _om=
3 + > m=20

2m +3m* —12m =0

mQ2m? +3m—12)=0

-3+ V9 +96
-3+ V105
szorm:T
-3+ V105
Butm > 1,.'.m:T

f(x)=x3+3x2—4
f/(x) = 3x% + 6x
15 a f/(X)=0=3x(x+2)=0
SLx=0orx=-2

f0)=-4,f(-2)=0

2 ~ X4 3 2 B
b j:zf(x)dx—[z+x —4x]_2—0

2

2 X4
dy=|=+x’—4x| =4
cfof(x) X [4+x x]

0

1 2
d Area=-— f F(x) dx + f F(x)dx
0 1
19

2

16 f(x) = L GBx-17!

3x—1
Foo=9"D gy
dx
3
C (Bx-1)2
, B -3
F@=G-7
1oy = TS
@)= 5

17 y=1-x

dy _

-2
dx o

LHS :x%+2
=xX-2x+2
=2-2x
=2(1 - x%)
=2y =RHS QED

18 A =4nr?

dA
dr

= 8nr

dA
r:3,E:87r><3

19 y=1.8x"

10
T 2x36
10
72

10 10
36’ ﬁ)
~ (0.28,0.14)

co-ords = (
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21 y=

22 z=3y+4,
y=2x-1
d:_de dy
dx dy dx

=3x2
=6

23 y=(5- 7x)°

Y _7%95-70¢
dx
= —63(5-7x)°

25

26

y = (x> +3)(2 - 4x — 5x%)
@ _ (x> + 3)(—4 — 10x)
dx

+(2 - 4x - 5x%)(2x)
x =1,

dy

— =(1+3)(-4-10)+(2-4-5)2)

dx

=5x-14
=-70
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27

28

X

y:1+X2 29 f(X):m
dx d(1 + x?)
1+x)= —x—— =~ a
dy U T o L (fa ) - )
dx (1+ )2 / (x):hm( n )
(4 X)) —xxX2x 1
1+ 22 m(2x+2h+1 2x+1)
B 1-—x2 h=0
(1 + x2)2 _ m(lx(2x+1_(2x+2h+1)))
=1 h—0\ h 2x+1D2x+2h+1)
’ 1 ~2h
d 1-1 = lim|— X ))
dy ESith pa (h AX2 + dxh + 2x + 2x + 2h + 1
X
- (4x2+4xh+4x+2h+1)
. 2+x -
M 4x2+4x+1
-2
dQ2 d(x? H - =
dy P +x+1 ( +x)_(2+x(x+—x+) T (2x+1)2
dx (x2+x+1)2 b0 )
:(x2+x+1)—(2+x)(2x+1) £ = (12
(2 +x+1)? Y
_x2+x+1—2x2—5x—2
- (2 +x+ 1)
> 41 30 f(x)=x*+3x%2-1
(2 +x+1)? a f'(x)=3x"+6x
=0 f) =
Zl_y:_Tl 3x> +6x=0
X
- x(x+2)=
x=0,-2

in set notation, {—2, 0}
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b f'(x)>0
3x% +6x >0
x(x+2)>0
x<=-2,x>0

in set notation, R\[-2, 0]

c ff(x)<0
3x2 +6x<0
x(x+2)<0
-2<x<0

in set notation, (—2,0)

31 y=
- X
x—1+1
S
:—(1—x)+ 1
1-x 1-x
1
=_1-
1—x
=—1-(x-D"
dy -2
—=-1-(x-1
P (x—1)

1

(=12

1
I+y 1+y
1

1+y

=1-(uy+17!
dx

— =—Ix-(y+ 17
dy X-(y+1)

=0+D7
dy (dx
dx

dy

A 1)?
I v+ 1D

32 y=(*+ 1)_2

d -3 _3
d—z =2x X 7(x2+1) 2

5
= 3x(x*+1)2

33 y = x*

dy 3

=~ _4

dx o
LHS :xxﬂ
dx
= xx4x>

= 4x*

:4y

= RHS QED

—)_1 =+ 1))



34 f/(x) = 10x* > 0 for allx # 0

f(b) =2b> > £(0)=0forallb >0
f(b) =2b° < £(0) = 0 forall b < 0

(SIE]

353.£
-t )

—4-2V2

2 sin (g)dx

N

1
f —d
lr@x—mzx
1

20

36 a fx)=avVx+1-x-1

a

2Vx+1
f'(x)=0
-1=0

') =

a

2Vx+1
2Vx+1=a

=

x+1=

=
Il
Llal\) ";l QN _l;l QN
|
P

&":
—_———
INES
|
[—
N —
I

b i f(3) =16
aVa-3-1=16

2a =20

a=10

i (35 =24

'(35) = —&
f'(35) =~

1
Ly=24=—2(x-35)

1
y:—6x+%+24

1 179
y=——Xx+—

6 6

179
il (0, ?) ,(179,0)

37 f'(x) = —6x> < Oforallx # 0

f(b) = —6b* < f(0)=0forallb >0



f(b) = —6b> > f(0) =0 forallb <0 b Letf(x) =y = xcos2x

d
f(x) = Y _ cos2x — 2xsin2x
dx

. —mx+2
38 a Jx)=e +4x Let A(a, f(a)) be a point on the graph

f'(x) = —me ™" + 4 of f(x) = xcos2x which has tangent
_ 4 that passes through the origin.

/ — mx+2 _

Fo=0=e B Then gradient of chord OA =
gradient of the tangent at A. That is

:>—mx+2:loge— 2a -0
m acoscazl _ cos 2a — 2asin 2a
1 4 a—0
= x= —(2 -log, —) acos2a = acos2a — 2a* sin 2a
m m 5 .
S.o—a”sin2a =0
b l(Z—loge i)<0 This implies @ = 0 or sin2a = 0,
m —-n<a<srm
4 Ca=0 n n
C>2_10gg_<0 S.a= OI'EOI'—EOI‘JTOI'—ﬂ.
’Z: The CO(;{dinates are
C}l _>2 (090)3(_9__ s __9_)3(7['71-)’(_71-9_71-)’
08 2 2)'\ 22
4
o —>e
m 40 a

o m<de?

39 a Letf(x) =y=xsinx

d
f(x)= Y inx+xcosx
dx
Let A(a, f(a)) be a point on the graph
of f(x) = xsin x which has tangent
that passes through the origin. b f(x) = 3sin(rx)
Then gradient of chord OA =

gradient of the tangent at A. That is J'(x) = 3mcos(nx)

asina -0 — Sind + acosa Equation of tangent when x = !
asiana:asina+azcosa f,(l):()
s.a’cosa=0 _%
This implies @ = 0 or cos a = 0, I
—-n<a<snm c
T T

sa=0o0r=or—=.
a or or 5

The coordinates are
T T 7r)
b

(0,0),(5,5 (5.2
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1

1 1
éﬂw—fdxzjh3ﬁmmm—fdx
0 4 0
= [ cos(mx) xz]%
= X 8
13
=5 - (D)
_3_ 1
R Y

41 Where does the line y = 5 meet the
2
hyperbolay =4 + —
X

2
4+-=5
X
2
Z -1

X
x=2

2
= [4x+21nx—5x

1
2

=@8+2In(2)-10)-(2-2In(2) - g)

3
=-3 +41In(2)
Area of the rectangle bounded by the
line x = E,y =5,y = 8 and the y-axis is
3

2
Therefore area of the shaded region is
4log,(2)

42 h(x) = (ax* + b)e*
K (x) = 2axe™ + c(ax* + b)e ™
K (x) = ax + cax* + cb)e*

m 1(0)=-4
be = -4

S b=-4

m /(0)=8 = che® =8
So—4c =38
Le==-2

m /' (x) =0when x=-1
—2a+ca+cb=0

2a-2a+8=0
—4a+8=0
a=72
43
L _ cosH
AB—cos
AD _
2-x 0
4 3
inf = - and cosd = =
sin 5an cos 5

Area of rectangle = AD X AB

=« (12-x)sink
cos @

S5x 4
= —(12-x)x =
3 2= 0x3
4
:gﬂkw)
Therefore maximum when x = 6

Area = 48 cm? 04
AB =10cmand AD = 5 cm
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Solutions to multiple-choice questions

1 B Stationary points when x = 0,4, -7 2ln _In

The sum is — = —
Checking gradients 6 2

S B Do arough sketch.
mx>4= f'(x)>0

2+h)y -2
m0<x<4= f(x)<0 6 E gnd PO ="7"7 "5
3
m - 7<x<0= f(x)<0 :W
mx<-7= f(x)>0 =12+ 6h+Hh
On;y ome local maximum. 3 3
7 A L&D -FOI  x+h x
2 h h
f2)=-15 _3x3Geh)
F2)=9 hx(x + h)
—3h
f(x)=6x"-2x-2=23x"-x-1) =+ h)
1 3
‘X)) =0=x=—(1+ VI3) __
/ 6 x(x + h)
1
F(1+V13) <9 8§D y=c
1
and f(g(l - V13) <9 fl—y = 2ce**
Therefore absolute maximum when o
x=2 = 2¢ (whenx = 0)
=11
3 y=sin2x+1
4 =c=55
—y:20032x
dx 9 B y:bxz—cxzx(bx—c)
dy
x=0: -7 =2cos0=2 y=0ifx=0orx==.
1 . Since the graph crosses the x-axis at
4 C f'(x):(ﬁcosx—sinx)e\/g (4,0),%:4,i.e.c:4b 0,
1 dy
f’(x)=0:>$cosx—sinx:0 a:%x—c
1 =1at (4,0)
= tanx = —
V3 So8—-c=1l,ie.c=8-1 @
yo X Iz 13n
6767 6
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10 A

11 E

12 B

13 C

14 D

@—-Ogives0=4b -1

1
b=-
4
1
=4x—.
¢ 4

The graph shows two local
maximum and local minimum; there

are no stationary points of inflection.

Here, f’(x) = 0 at 3 points

f)=4-e*

f(x) =27

The graph is a decaying exponential
with the x-axis as a horizontal
asymptote.

Only the last graph fits.

The gradient of the gives graph is
zero at some negative value of x and
again at x = 0.

The gradient goes from positive to
negative to positive through these
two stationary points.

Only the second graph fits.

2nr+h =30
= h=30-2nr
-V = arr(30 = 27r)

= 30nr? = 27%1°

dv
— = 60nr — 607° 12
dr
av
— =0=6mr(10—nr) =0
dr
) 10
For maximum, r = —
Vi

Since the derivations are equal,
the functions differ by at most of
constant.

15

16

So g(x) = f(x) + ¢

=3 +2+c
8(2) =29
124+2+c¢=29
c=15
g(x):3x2+2+15
=33+ 17

(Alternatively, g(x) = 3x> + k for
some constant k, so only options A,
B and D are posible. Substitute x = 2
in each to see which gives 29.)

f/(x) = ke® — ke ™
— ke—kx(eka _ 1)

Case(l): k>0
Then f’(x) > 0 provided e** — 1 > 0
ie e -1
2kx <0 (Since &’ = 1)

x>0 (Since k > 0)
Case(2): k<0
Then f(x) > 0 provided e** —1 < 0

iee <1

2kx <0
x>0 (Since k£ > 0)
In either case, f’(x) > 0 for x > 0

(o) = (= 9)g(x)
Given that g(x) < O there are
stationary points when x = =3 and
x=3.

x<-3= f'(x)<0

-3<x<3=f(x)>0

x>3= f'(x<0
f has a local minimum when x = -3

and a local maximum when x = 3.
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17 C Average rate =

18

19

20

21

22

E Gradient PQ =

V(4)-V(2)
—
4515
2

=15 m?/ min

Sx+h) - f(x)
(x+h)—-(x)

23 E

[(x+h)?=2(x+h)+1]

—[x* = 2x+ 1]

h
x% + 2xh + h> = 2x
—2h+1—x?
+2x—1
h
_2xh+h2—2h
B h
=2x—-2+2h

The gradient of the gives graph is
zero at a point in (-3, —1) and again
at a point in (0, 2). The gradient goes
from position to negative to positive
through these two points.

Only the fourth graph fits.

The gradient of a tangent to y = f(x)
at x = a is given by

y fla+h) - f(a)
im

h—0 h

If a=2, this becomes

o @) - f2)

h—0 h

From the graph, strictly increasing
for [-3,2]

The graph of y = —x?> + 4x + 3 is an
inverted parabola will a maximum
tuning point.

24 A

25 D

26 D

27 A

dy
— =-2x+4
dx o
=0ifx=2
The y = -4 + 8 + 3 = 7, which is the

required maximum value.

h'(x) = f'(0g(x) + g'(x) f(x)
L (Q2) =282+ 8 Df(2)

=-6x-3+7x4
=18+ 28
=46
y=2 -
d
%C:bc—?)x2
= x(2 - 3x)
2
:Oifx:0,§
There are stationary point where
=0and x = =
X and x = 3
dy
— =2x+3
dx - "

d
When x = 2,y = 10andd—y -7
X
Equation of tangent. y—10 = 7(x—2)
Ly=Tx—-4

Let F(¢) be an an antiderivative of

Vi + 4
f V3 + 4tdt = F(x) — F(0)
0

. f(x) = F(x) - F(0)
S0 =F(x)= VB + 4t
S =V1+4=15
F =24t
X

1
f(x) = §x3 +log, x+ ¢
(Since the condition has x > 0)
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28

29

30

31

f)y==+log,1+c

+c

—_ I = I =

=—ifc=0

W

1
fx)==x>+ log, x

W

3
fz f(x)dx = [F(x)];
=FQ3)-F(2)

3

2
sin x dx—f sin x dx
T

T

Area

NSTPS]

T T
sinxdx+j; sin x dx

s

2

NSTPS]

The Straight line crosses the x-axis at
x=-1
Area = f_21x+ 1dx—f__21x+ ldx

dy 1

dx  x2

:x_z
y:—x_1+c

1
=—+4c

X

y =2 where x = 1

2=-1+c
c=3
1
y=—-——+3
X

16

33

34

Sok= V33
) =8Vx+1-(x+1)
, 4
f(x) = -1
x+1
y-axis intercept is (0, 7)
When x = 0,
8Vx+1-(x+1)=0
8= Vx+1
x=63

x-axis intercept is (63, 0)
Gradient of the line connecting the

two intercepts is —é
, 1
f(x):—§
4 _1:_1
Va+1 9
4 8
Vel 9
x+1 9
4 3
9
x+1:§
81
x+1:?
77
Sy

Area = — [ f(x)dx+ [} f(x)dx
Which is not the same as any a of the
first four options.

2
35 A Area:f ! dx
0 3—x

= [~log,3 - v);
= —log, 1 +log, 3
=log, 3
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36

b
1
Afsiandx:[—Ecosbc

37 A

39 D

1
5 40 B fx3—3x2dx:43
1

a—1

a [ ]
——1c052b+—lcos2a a_l[z_x]l_%
2 2

4

a |
1 ——a -(=-1)=43(a-1)
= E(cos 2a — cos 2b) 4 (4 (
X . : 4 3
For A;TSubstltuu?rrlg aZ _ iy Z= 43(a—1)
b=—anda = - give,
1, 4 A a*—4a’ +3=172(a - 1)
3(cos§ —cos T) = 50-0) = 0as a* —4a® — 1724+ 175 = 0
required.
(Checking each other option shows a=17
that none of these gives zero.) 41 D F(x) = 28 + ax® + bx
Since the shaded region is below the f/(x) =6x>+2ax+b
i —f(xdx.
6-2a+b=0...(1)
9 +8a+b=0...(2)
A=x8Vx+ 16— (x+16)
90+ 10a =0
e 1R (2
=8xVx+ 16— (x + 16x) 4= -9andb = —24
dA
— =8Vx+ 16+ -2x-16
dx * Vizle 777 42 C f(x) =sin2x
dA 1
E:O:x:S(\/5+l) f(x):—§c052x+c
AB(V5 + 1)) = 256 £(0) = 3,50
1
fl(x)=3x"+6x-9 3:—§c050+c
=3(x* +2x - 3) 1
=—=+4c
=3(x+3)x—1) 12
>0ifx<-3orx>1 0235
So the function is stictly increasing if 1 1
x<-3orx>1 f(x)=—50082x+3§

43 B f'(x)=3x"-2x—-1
=Gx+Dx+1)

1
=0ifx=-=,1
I x 3
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The gradient is positive if x < -3

and negative if —% <x<l1.

So there is a local maximum at
x=-1.

The gradient is negative if

L < x < 1 and positive if x > 1.

So there is a local minimum at
x=1.f1)=1-1-1+2 =1 there
is a local minimum at (1, 1).

s 3n
2 2
44 A Area= cos x dx — . Ccosx dx
0 2
x 3n
= [sinx]; — [sinx] 7
2

=(1+0)—(=1-1)

= 3 square units

45 C x+y=1soy=1-x
p:x2+xy—y2
=xX+x(1-x)—(1-x)?

=X 4+x—x—142x—x2

=—x*+3x-1
dP
— =-2x+3
dx o
3
=0ifx=—-
if x >

and this corresponds to a maximum
since the graph of P against x is an
inverted parabola.

46

47

48

49

—COS x

y=e
dy —COS X .
= = X
T e sin x
= sin xe
J b
—COS —
where x = z, Y o sinZe T3
37 dx 3
V3 o1
2
and this is the gradient of the tangent
tx=".
at x 3
Using mym, = —1
V3 1
m=-1s (e )
2 1
= ———¢2
V3
1
_ —2e2
V3

Since (1, 3) is a maximum point on
the graph, (1) = 0.

The equation of the tangent is
y=-3=0(x-1)

y=3

P=—x"+6x+4

Z—i =-2x+6

=0ifx=3
and this corresponds to a maximum
since the graph of P against x is an
inverted parabola.

Whenx=3,P=-9+18+4
=13
The maximum value is 13.

Stationary points
f'(x) = x* — x> = 1 occur when

F'(x) = 0.
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/ — 3 _ 15
J(x)=3x" - 2x Therefore minimum distance is T\/_

=x(3x-2)
. o) 55 B
=0ifx =0, 3 sin(2x) = cos x
Using calculator x = WL
s o S+ = f(2) te 62 6
S0 D f(2)= }ll_r}(l) n From symmetry we see that
= lim i* + 6/ + 12 2 F(x) - g(x) dx =
5 6
5t
=12 —ﬁ_ré g(x) — f(x) dx
2
51 B y=alet Therefore total area
iy =2 [ f(0) - g(x) dx
yp = X2 + 2xe” 0
x + [1© g0 — f(x) dx
= xe*(x +2)
= 0ifx=0,2. 56 C  y=2e¥-1
Note that y > 0 and when x = 0, @ _ 6o
y =0, So the minimum value is 0. dx
6e* =6
52 E f(x) =asin(3x)
e =1
f'(x) = 3acos(3x)
) Lx=0
J'(m)3acos 3n Equation of tangent:
= -3a y—1=6x .
Wh =0, x=—-—
—2ifa=-2 TR
3
0 a
53 Local maximum when x = a. 57 C fg fydx=n= fo af(x) dx —n
Therefore a = 2 fo2f(x)—1dx=2f0 f(x)_fo I dx
=-2n-a
54 A Let D(x) be the distance from (4, 0)
to vx 58 A B
[DOF = (x = 4) + x fo=g+x-2
d 2a
(D) =2(x=4) + 1 fo=-=+1
=2x-17 f(x):0:>—2a+1:O
d 7 1
— (D =0 - _ a==
e @) =0=x=7 a=3

o i
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59 D

60 A

61 D

y=2x+ax’> +1
d
—y:6x2+2ax
dx

When x = -1,y =a - 1,% =6-2a
Equation of tangent at x = —1
y—(a-1)=6-2a)(x+1)
When x =0,y =0

Therefore,

l-a=6-2a=a=>5

flgx) = x
(fog(x=1
S8 f (g(x) =1
g [ (g4) =1
g6 =1

, _1
g(4)—z1

From the graph, there is a stationary
point of inflexion at x = =3 and a

minimum stationary point at x =

Zal0

A quick check of each option shows

that the fourth is not true, as there are
two stationary point on the graph.
(Checking the other options shows
each is true.)

Use a CAS calculator to plot
the curve on the interval (-1, 1).
It shows one x intercept at

x = —0.78783.

-

Hence the required area is given by

—0.78783
A:f 2sindx — e dx
-1

1
+f e —2sindxdx
~0.78783

=30.02 to 2 dp
where the integrals have been

evaluated using a CAS calculator.
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Solutions to extended-response questions

1
1 a S =50+30e3"
When =10
s = 50 + 30e~?

~ 54.06
There are 54.06 g of salt in the mixture after 10 minutes.

SA

80
(10, 54.06)

50+ ---- ===

0 t

= _6e5!
cdt e

1

d Considering s = 50 + 30e 5
1

Solve for e™5’
s—50

30

1
Substitute in — = —6€ 5

=¢ 5!

to yield

e Whenr=0
s =50 + 30¢°

=80
The volume of water is 100 litres.
.. Concentration = 100 = 0.8g/litre
f Concentrati u
oncentration = —
1 100
50+ 30e75’

Concentration = 0.51 gram/litre
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1
50 + 30e”5’

implies 0.51 =
1mplies 1100
.i51:§0+3mf?
— = e_gt

and therefore
t=-5log, —
Oge 30
= 5log, 30
~ 17.006
The concentration first reaches 0.51 g/litre after about 17 seconds.

T = 40e7%3 + 20, t > 0
Whent =0
T =60
The initial temperature of the body was 60° C.

4\
60-

p]| EEEEEEEEEESSS

0 t

dT
—=_-144 —0.36¢
dt ¢

Since T = 40e~93% 4+ 20
o036 — L7 20

Hence d—T = —14.4(T _ 20)
dt

= —0.36(T -2
n 0.36(T - 20)

£(t) = 1000e0-

f(0) = 1000

Initially there were 1000 F-type spores.
50% of the initial number is 500.
Consider
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500 = 1000e~2

0.5 =e"

oo t=-21log,(0.5)
=2log,2
~ 1.386

It takes about 1.386 minutes to kill half of the F-type spores.

f(0) = 1000 and g(1000) = 1200
Initially there are 1000 F-type spores and 1200 G-type spores,
so there are 2200 line spores of both types.

Fort =5
f(5) = 100002 and g(5) = 1200e-07%5
= 1000¢>? = 1200733

fS)+50) 100
fO)+g0) 1

Percentage of spores still alive after 5 minutes =

1000e=23 + 120073 100

2200 “7
1000 ¢35 + 1200 ¢33

~ 5.378
.. Percentage of spores still alive after 5 minutes is 5.378. %

Total no. of spores = 1000e~">" + 1200e~%7"
i.e. T = 1000 + 12007 where T is the total number of spores

dT

—- = ~500e707 — 840"
Whent=5

62_7; — _SOOe—O.SXS _ 84080.7><5

= —500e72> — 840e3

~ —66.408
When ¢ = 5, the rate at which the total number of spores is decreasing is 66.4 spores

per minute.

Live F-type spores = live G-type spores
When f(1) = g(1)

ie. 1000e7%" = 1200e07
02 _ 1200

hich impli
which implies e 1000
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1 6
— — loo (~
and ¢ > oge(s)

= Slog,

~ 09116
.. the number of live F-type spores = the number of live G-type spores when
t =0.9116.

e number of spores

1200
1000 A
f
- >
0 0.91 t (minute)
4V =100(1 — e
a
VA
100f====mmmmm e e e m e
0 >t

d
b i Acceleration = d_‘t/ =100 x 0.2¢70%

=20e "% m/s?
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ii From V = 100(1 — e %)

1%
_ 1 _ —-0.2¢
100 ¢
1%
and 6_0'% = 1 — m
_100-V
100
dv
o = 20 —-0.2¢
dt ¢
_ 20( 100 — V)
100
1
= 5(100 - V)m/s?
¢ when V =80
80 = 100(1 — ¢~
0.8 =1-e"
e =02

oo =02t = log,(0.2)
ie. t = -5log,(0.2)
=5log,5
When the velocity of the body is 80 m/s, r = 5log, 5 = 8.05 seconds.

5 C=0.05x%+5x + SOOC
The average cost A = —
X

i.e. A=0.05x+5+ @
X
dA 500
— =0.05- —
dx x2
i 0 implies
005 = 0
X
i.e. x2 =10000
x =100
d—A > (O for x > 100
dx

and — <O forx <0
X
. a local minimum at x = 100

i.e. 100 units per annum minimises the average cost per unit.

6 T= T()e_k[
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dT

= —kTne —kt
v 0
= —kT
iy rti ItoT
. — is proportional to
i prop
b Whent=0, T =100-30=70
1.e. T() =70
When ¢t =20, T =70 -30 =40
. 40 = 7020
T 20k
7
4
and —20k = loge(§)
1 4
e
20 57
1 1, (7
=20 %el3
= 0.028 (correct to 3 decimal places)
dT
— = —kTpe™
© . 0
— ( ) =30 10&( )
T20 %)
3
2
70 o (7) loge(z)
=—-— — e
20 %3
3

The temperature is decreasing at a rate of 0.846 degrees/minute.

1

a ip®H=02-02 20+01e_0 >0

. p(10)=0.2 - O.2e‘2 +0.1e7!
~ (0.1155 (correct to four decimal places)

ii Ast— oo
e_% — 0 and e_l_tO -0
p(t) — 0.2
The proportion approaches 0.2

13 3
b p'(f) =0.01e720 —0.01e 10
Let N(t) be the number of new cases per day
N(1) = kp'()
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- k(o.me‘% - o.owﬁ)
To find maximum, differentiate to find N’(#) and solve the equation N’(¢) = 0
N'(r) = (—O.OOOSe_Z_tO " o.oowﬁ)k
N’(t) = 0 implies
0.0005 ¢ = 0.001¢”T0
e20 =2
. t=20log,2 ~ 13.86
N’(t) < Ofort > 20log,2 and N'(t) > 0 for t < 201log, 2
which implies a local maximum at = 20 log, 2

The number of new cases per day is a maximum when ¢ = 20log, 2
i.e. after 13.86 days.

8 Let $x be the rent per month from each apartment.

- 500

The number of apartments occupied = 70 — 2%
_ 700 — x + 500
- 10
_ 1200 —x
10

Let $R be the total revenue

then R — x(1200 — x)

- 10

1 2
= 7512002~ )

R o
— = 0 implies x = 600
dx
this is a maximum as R is a quadratic function of x with negative coefficient of x* i.e.

the price per apartment to maximise monthly revenue is $600.
5x 10*

RELR

a Whenr=0, V=5x10*
i.e. the initial volume of liquid is 5 x 10* m?

b V=0(x10Y17+1)"?

dv
ks —10 x 10*(t + 1)~3 (chain rule)
1
o+ 1)
dv 10°
Whent=1,— = —— = —12 500
n dt 23

i.e. the rate of change of the volume of liquid with respect to time is —12 500 m?/day.
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5x10* 10

V4) = = — = 2000
c V&) 32 5
5% 104
V(1) = X22 — 12500
.. the average rate of change of V with respect to ¢ for
. 2000 - 12 500
the interval [1,4] = —
4-1
= —-3500
The average rate of change for the interval [1,4] is—3500 m3/day.
4
d 510 -
(t+1)2

5% 10 < (1 + 1)°
Tt+1> Vix104 >0
L t>100V5 -1

100 V5 -1 ~ 22261
~. the amount of liquid in the pool is less than one cubic metre after 100 V5 — 1 ~
222.61 days.

”
m3)| (0, 5x 10%

0] i(days)

10 a
C
($'OOO)A

/(1{,5.65)
2_

0 oY

1 3
b % = Z.3N2(N3 +16)"4 (chain rule)
_ 3N?

- 3
A(N? + 16)%

¢ The rate of change of cost in $ 1000 s with respect to the number of bottle tops
produced.
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11 Profit = Selling Price — Cost Price

80 800
Selling Price = —- X p = —
800p 160(1))
Cost Price = — X2 = —
p p
.. Profit = 800 _ 16(2)0
P
Let R denote profit
1
then R = 800 _ 6(2)0
p p

drR 800 N 3200
dp — p* P

. .. _dR
For maximum profit consider e 0

P
800 3200
—74' 7 :0(p io)

-800p + 3200 =0

p=4
A sign diagram shows a local maximum

p <[4 ]>
dR

— |+ |0
dp
sign |/ | =]\

800 1600
Whenp—4,R—T— 42
=200 - 100
=100

800
.. The selling price is $4 to maximise profit and the number of items sold is e = 50

12 y = (ax+b)?
When x =0,y =

1
Z=p2

4

L b =4
and b = £2
d
@ —2a(ax + b)~>
dx 3

dy
When x =0, — = —=
en x dx 4

3
i —2a(b)~?

4
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>

\

0

> X

(SIS \S)

X = —§I
]
Substituting b = 2 gives
5 2a X
—— = -2a —_
4 8
T a=3
For b = -2
a=3
.. The possible pairs are (3, 2) and (-3, -2)

Fora =3, b =2 (equivalently a = -3,b = -2)
1

Y= Grr2p

1
13 a Cost per hour = 160 + EW dollars

1000
A journey of 1000 km at 10 km/hr takes

= 100 hours.
1
(160 + 750 < 107
- Cost of journey _ (160 + 10)100

=17 000
The cost of the journey = $17 000

1000
b Time for a journey of 1000 km at Vkm/hr = hours

1 21000
- c=(160 —V3)
¢ ( " 100

~ 160 000

14

+ 10V?

¢ In order to sketch the graph it is necessary to investigate stationary points.

dC 160 000
— =+ 20V
dv V2
dC 160 000
i 0 implies 20V = 2
o V3 =8000
1.e. V=20 160 000
When V =20, C = + 10 x 20?
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14 a

=12 000

WhenV>20,£ >0
dv

When 0 < V < 20, d—C<O
dv

CA

(%)

(20,12000)

>
0 V(km/h)

*. there is a local minimum at (20, 12 000)
For C = 160 000 +10V?

as V — oo, C > 10V?
asV -0, C - o0

". the graph is as shown here.

From the above the most economical speed is 20 km/hr and the minimum cost is
$12 000.

From the graph the minimum will occur when V = 16
1 1000
C=(160+ — V)<=
100 %

160 000
+ 10V?
%

160 000
== * 10 x 167

10 000 + 2560

=12 560
. the minimum cost is $12 560 when the maximum speed is 16 km/hr.

B xkm D (30-x)km C Let BD = x, where D is
l_j the point where the camper
12 km i reaches the shore.
! Then DC = 30 — x
A : and by Pythagoras’ Theorem
AD = Vx% + 122
The camper rows at 5 km/hr. Therefore the time taken to row from
AtoD = # hours.

The camper walks at 8 km/hr. Therefore the time taken to walk from
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(30 = x)

DtoC = hours.

The total time, 7' (hours), for the trip is given by
i
Va2 + 144 L 30-x_ (x* +144)2 L 30-x

T =
8 5
To find the minimum time consider stationary point

1 1
2x X 5(x2 +14472

. dT —_—
Cdx 5 8
_ X
-—= -2
5(x2 + 144)2
1
= = 0 implies S =

1
5(x2 + 144)2

1

so8x = 5(x% + 144)2
Squaring both sides
64x% = 25(x* + 144)

39x? =25 x 144

, 25x144
X = ——
39
60 60 V39
X = = \/_ ~ 9.61
V39 39
A gradient chart reveals a minimum
60 V39
X < >
dT 39
signof — [ = | O +
dx

shape \ | - /

". the camper should land 9.61 km from B to minimise the time of the journey.

If C is 24 km fr?m B

(x> +144)2 24— x
T = +
5 8
dr X 1
dx 8

1
5(x% + 144)2
.. local minimum is the same as a.

1.e. the camper should still row to a point 9.61 km from B.
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15

Let C be the cost of laying the pipe

Distance AX =4 — x

The cost of laying the pipe along AX = 10(4 — x) dollars
1

The cost of laying section XB = 25(x> + 9)2
1

oo C =104 - x) +25(x* +9)2

To find the minimum consider I

X
d 1
€ _ 104 25x(x2 +9)72
dx

:_10+i

1
(x2+9)2

dC
— = 0 implies 10 =
dx

25x

1
(x2+9)2
1
. 10(x* +9)2 = 25x

1

2 (x*+9)2 =5x
Squaring both sides gives
4(x* +9) = 25x
4x* + 36 = 25x7

5o 36=21x%
12
X = —_
7
12
X < — | >
dC !
- -10 +
dx
shape | \ | — /
.. 12
A minimum occurs when x = -

[12
.. Length of pipe on the surface should be (4 - 7) ~ 2.7 metres in order to

minimise costs.
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16 a

d

vt g(x) > h(x)
204 1 1
& —->—
15 x X . .
" & x> 1 (Multiply both sides
=1 by x2. Note x > 0)
0.5
9 1 2 3 ax
{x:g(x)>hx)}={x:x>1}
o1
g'(x) = 2
2
Wx)=-=
X
g'(x) > n'(x)
1 2
(= —; > —;
& —x > —2 (Multiply both sides by x* : Note x> > 0)
TXx<?2

x:gdx)>Mx)}={x:0<x<2}

1
¥y A fx) = ?
I’Z(X) = ;
h(x) > f(x)
1 1
e —=>—
X2 X3
& x > 1 (Multiply both sides by
X
0 Note x> > 0)
SoAxih(x) > f(xo)) ={x: x> 1}
4 3 ’ 2
S = _F’ h(x) = —;
n(x) > f'(x)
& - 2 > -3
XX
(Multiply both sides by x*: Note x > 0)
—2x> =3
L3
X<y 3
. {x: W) > f/(x) = {(x: 0<x< E}

1
filx) = i Hx) =
fix) > fr(x)

n+1
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1 1
© — > —— (Multiply both sides by X1 Note x"*! > 0)
x}’l

S ))ccn> 1
SoAx i) > L0} = {x: x(> 1}1)
—(n+
R0 == Ao ==
fi(x) > f5(x)
n (n+1)
_xn+l - xn+2

(Multiplying both sides by x"*? : Note x**? > 0)
L-nx>—(n+1)

+1
and x < (nt D
! 1
n+
o 1) > () = {x: 0<x<"—|
17 a
y A Let D = OP
l)2 = x2 + )
X
1 It is sufficient to minimise D? to minimise D
X o= dD?) o 2
L7 > . dx x3
d(D
0 x (d ) _ 0 implies x* = 1
X
Tox ==l
A sign diagram confirms a minimum at the points (1, 1) and
(-1 -1
b
then D? = x*> + =
P(x —lf] d(D’) 2 4
# = X - —
P x dx2 x>
d(D) N
> — 6 _
0 e e x implies x° = 2
ie.x=+V2 .
When x = i\6/§, y=—-—
V2

As before, a sign diagram reveals minimum distance for

P(\ﬁ/i, %) and P(—\ﬁ/z, %)
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1
then D?=x*+ -
x n
d(D?) 2n
=2x
dx x2n+1
d(D?
(dx ) = 0 implies
2n
2x = 2t
2x2n+2 2n
1
and X = +n2n+2
n
y= n 2n+2

18 a Let y m be the width of each window
.. bxy =36
6
r=
The width of the wall = 8 + 3y
The height of the wall = 6 + 2x

.. Area of the brickwork A = (8 + 3y)(6 + 2x) — 36

_ (8+ %)(6+2x)—36

:48+%+16x
X

A
(m?) 27
,/’y = 48 + 16X

I<(2.6,92.14)

’
s

>

¢ In order to find the value of x which will give the minimum amount of brickwork,

T
0 6 x(m)

%onsideri 08
—=——+16
dx x2 "
dA 108
i 0 implies x* = e

+—3 \/g
Lx=+

2
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19 a

¢ lengthof OV 3

33

Butx >0 .'.x:Tz2.62
A sign diagram shows local minimum
< 3V3 >
x —
dA 2
— -10 +
dx
shape | \ | - /
3V3 3vV3 2
Whenx:—\/_,y:6+—\/_:6><—
2 2 343
43
= T\/_ ~ 2.3

3v3 43
.. The dimensions of each window are height 5 metres and width = metres;

the minimum area of brickwork is 48 + 48 V3 ~ 131.14 metres.

x>landy>1
impliesx > 1and — > 1
implies ] <x <6

From the graph the maximum will occur at either x = 1 or x = 6
Ifx=1,A=48+108+16=172

Ifx:6,A:48+%+16><6:162

.. The maximum amount of brickwork which could be used is 172 m?

s B y=x-g bArea:—f_L;)CZ_Qde
\ /'/ > =-2 f():xz - azcix
_ N [x_ — & x]
3 0
4a® )
= quuare units
L :;':ﬂ. —at)
See graph above.

Length AB = 2a
3

4
If the area of rectangle ABCD is % square units

43
BC:%+2a
4a3xl 24> "
= — X — = —units
3 2a 3

length of BC 24>
ength o _i+a2:§,aratioof2:3.
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371
20 a f (l—tz)dt—[t—t—] ¥
)?

3 3

1 -3
-4
:%—(3+%
2
—5—(6)

1
:_5§

b ['(1-Adi=0

371
implies [t - —] =0

2 a’
- — — =0
37973

@ -3a+2=0

¢ Fromb fal(l — 1) dt = 0 is equivalent to
a>-3a+2=0
By the factor theorem (a — 1) is a factor
anda® —3a+2=(@-D@*+a-2)=(a-1)*a+2)
. [0 =)di=0fora=1landa= -2

av
21 a i Whent=0, I = 10e~! x5 = 50e! litres/minute

dv
ii i 0 implies 10e~“*D(5 — £) = 0 and therefore t = 5

iii The rate is 1 litre/minute when t = 2 minutes and 18 seconds (to the nearest
second)

iv The rate is less than 0.1 litres/minute for the first time when
t = 3 minutes and 48 seconds (to the nearest second)
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av .:|_1| dav
—=50 & Jr Decimal —=18 104

| i dt

salvef_lﬂ E_[‘HI; {5-::]-&;_) f=3
solve[m- f-[:+13_ {5_‘%1‘!} =2 29696
sotvel10- e 1+1). (5_=0 1.,} 1=3 79217

Solving graphically. Enter f1(x) = 10e=**D(5 - 1)[0 < x < 5 Use the Point On tool
(b>Geometry>Points & Lines) and edit the
y-coordinate.

2%y / \
ni.a.-]=[m e 1. (5], 0sx<s
[ 2 20696,1)
(279317,0.1) (4 o)
e
‘-lhi—"—l—li;l-k_,":*.*.::::.':::_-:_T_“T.., e

b Use Integral from the Calculus menu. There are 14.74 litres of water in the tank

after 5 minutes.

¢ The time (to the nearest second) that there is 10 litres in the tank is 53 seconds.
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i i
l10- |2 eS41) e'f‘)r Decimal

14 74

. : - .
x
{ -
aclv@u |llD- e
0

E T+ 1} ’ |: 5__\-}" dx=101

x=0 887202 LI|

22 a A =5

3
b Ei=5-—=0.6719...

In2

1 a A2:§+3:4.5

3
b E,=45-—=0.1719...
2 In2

n

2 Ay =4.37132

E, =4.37132 - i =0.0432...
In2

Ag =4.333891

Ey = 433891 — — = 0.0108. ..
In2

1
23 a f()=1--,
X

1
il--<0
X
1
S —->1
X
S x< 1
1
ii1--=0
X
1
S -—-=1
X
Sx=1

x>0
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1
iii 1-->0
X

1
s —-<1
X

S x> 1

1
Also f/(x)=1—-—-<1forx>1
X

Local minimum (1, 1)

1 1
1—-—-=-
X n
1 1
Sl--=-
n o x
n—1 1
=S = -
n X
R n
X =
n-—1

If the tangent at P(a, f(a)) passes through the origin.

a—lna—O_
a-—0 B a
a—lna_a—l

- =

o ln(a) =1

Sa=e

fleh=el+1

fleh=1-e

Equation of tangent

y—( '+ =1-e)(x—e!
y—el-l=>0=-ex—-el(l-e)
y—el-l=(l-ex-e'+1

y={0-ex+2
fe=¢€e"—n
fie)y=1-e™"

Equation of tangent
y=("-n=>0-e")(x-¢")
y—e'+n=(1-e")x—-€"+1
y={-e"x+1-n

When x =0

y=1-n
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24

d
y:xlnx:>—y:1nx+1
dx

2
Hencefx—lnxdx:%—xlnx+x+c

f x—Inxdx= ol
1

2 e
3—x1nx+x]1
&2
E—e
et -3
2

1
—(=+1
+e (2+)

f'(x)=1+cosx
f"(x) = —sinx

We know —1 <cosx <1
Therefore, 0 < 1 +cosx <2
Thatis, 0 < f'(x) <2

f"(x)=0 o sinx=0

Therefore x = —4n, -3, 21, —m, 0, 7, 2, 37, 41

Stationary points of inflection occur when f’(x) =0 and f”(x) =0 f'(x) =0 © x =

=3, —m,m, 31

Coordinates of the stationary points of inflection are:
(=3n,-3n), (-, —n), (m, 7) and (37, 37)

1
g'x) = 3 + Ccos x

, 2r 4m 2m 4n
gW=ler="3 o333
Coordinates of stationary points are:
4r V3 2=
‘?’7‘?)
o V3 o«
‘?"7‘5)
2n V3 =&
?7*5]
4r V3 2n
?‘7*?)
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Solutions for algorithms and pseudocode

1 a define f(x):
return sin(x)
h«05
T

a<— =

3 T
e cos(2)
i—0
fl 1
2«1
print("Known value",m)
while (abs(f1 —m) > 0.001) or (abs(f2 —m) > 0.001)
1 farh=ra=m
2h
o ferh-f@
print(i, h, f1, 2)
i—i+1

h _
)

end while

Note: abs(f1 — m) > 0.001) means the same as f1 —m > 0.001 or f1 —m < —0.001
Known value 0.5

i h f1 12
0 0.5 0.479% ... 0.2673...

1 0.25 0.4948 . .. 0.38711...
2 0.125 0.4986.. .. 0.4446. .

3 0.0625 0.49967 . .. 0.47262 ...

8 |0.001953125 | 0.49999968 ... | 0.49915395 ...

The first approximation reaches the tolerance level ati = 3
The second approximation reaches the tolerance level ati = 8

b define f(x)
return log,(x)

h« 0.5

m«— 0.4

a<«—2.5

i—0

fl«1

2«1
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print("Known exact value",m)
while (abs(f1 —m) > 0.001) or (abs(f2 —m) > 0.001)

! 2h

| ) - fa-h

L fath - f@

! h
print(i, h, f1, 2)
i—i+1

he =

2

end while

Known exact value 0.4

i h f1 12
0 0.5 0.40546... | 0.36464...
1 025 | 00.40134... | 0.381240...
2 | 0125 | 040033... | 0.39032...
6 | 0.0078125 | 0.40000... | 0.39937...

The first approximation reaches the tolerance level at i = 2
The second approximation reaches the tolerance level ati = 6

define f(x)
return xA'—-loge(x)

h < 0.5

me3

a1

i—0

fle«1

2«1

print("Known exact value",m)
while (abs(f1 —m) > 0.001) or (abs(f2 —m) > 0.001)

! 2h

|t - fa-h

L fath - f@

! h
print(i, h, f1, 2)
i—i+1

h _
)

end while
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b

Known exact value 3

i h 71 12
0 0.5 3.90138... | 7.31406...
1 0.25 03.22834... | 4.8730...
2 0.125 3.0572... | 3.8721...
3 0.0625 3.014319... | 3.4208...
4 0.03125 3.00358... | 3.20674...
5 0.015625 3.00089... | 3.10246...
12 | 0.0001220703125 | 3.00000... | 3.00079...

The first approximation reaches the tolerance level ati = 5
The second approximation reaches the tolerance level ati = 12

We start by noting that you may prefer to start your output with the initial value.

This can be done by bringing the print statement up to the top.
define f(x)
return —x° +5x> - 3x+4

define Df(x)

return —3x% + 10x -3
x < 3.8
n=>0

while (f(x) > 10710 or f(x) < —10710)
print (n, x, f(x))
ne—n+l
x=x—f()/(Df(x))
end while
The code for i -vi is exactly the same with the function and its derivative being
replaced.

i f(x)=-sin(2x) —x

f'(x) =2cos(2x) — 1
sin(2x,,) — x,

" 2cos(2x,) — 1

_ xp(2c08(2x,) — 1) = (sin(2x,) — x;)
B 2cos(2x,) — 1

_ 2x, c08(2x,) — sin(2x;,)

- 2cos(2x,) — 1

Xn+l = X

ii f(x) =cos(2x) — x
f'(x) = -2sin(2x) — 1

646



cos(2x,) — x,
~ —2sin(2x,) — 1
X, (=2sin(2x,) — 1) — (cos(2x,) — x,,)
-2sin(2x,) — 1
3 —2x, sin(2x,,) — cos(2x,,)
B ~25sin(2x,) — 1
3 2x, sin(2x,,) + cos(2x,,)
B 2sin(2x,) + 1

Xn+l = Xp

i f(x) = log,(x) — 0.25x
1
)=~ -025
log, (x,) — 0.25x,,
1 _oos

Xn

Xn+l = Xp

Xn (i - 0.25) — (log,(x,) — 0.25x,)

Xn

1
— -0.25
Xn

1 - log,(x,)

1
—-0.25

Xn
_ Xn = Xn loge(xn)
1-0.25x,

iv f(x)=e*—log,x-3
1
f(x)=e"—-
X

e —log, x, — 3

Xn+l = Xp —

efn — —
Xn

e x, —1—(e™ —log, x, — 3)

ex,, _ —
Xn

e x, —e* +log, x, +2

1

en — —
-xn

v f(x) =sinx—log,x -3

f'(x) =cosx— l
X
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sin x, — log, x, — 3

1
coS X, — —
Xn

Xn+l = Xp —

1
X,(cos x, — —) — (sin x, — log, x, — 3)
Xn

1
coS X, — —
Xn

X, cos x, — 1 —sinx, + log, x,, + 3

coS X, — —
Xn

X, COS X, — sin x, + log, x,, + 2

1
coS X, — —
xl’l

vi f(x)=(x-2)*-log, x
1
Jx0)=2(x-2)- p
(x, — 2)* = log, x,
Xn+l = Xp — 1
2000 =2) - —
Xn
1 2
Xn(2(xp —2) = —) = ((xn — 2)" — log, x,
Xn
B 1
2(x, —2)— —
Xn
3 2x5 —4x, -1 —(x, -2+ log, x,
B 1
2(x, —2)— —
3 2x2 —dx, — 1 = (x2 — 4x, + 4) + log, x,
B 1
20x, =2)— —
x2 -5 +log, x,
B 1
206, =2) = —
Xn
X0 = 1.5
x; = | 1.8695652. ..
X, = | 1.7994524 ...
x3 = | 1.7963279...
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Xo = 2

x; = | 1.967741935...
x, = | 1.966903756...
x3 = | 1.9669032026...

¢ X0 = 0.5

x1 = | 0.636363636...
x, =] 0.618381618...
x3 = 0.618034117...

d X0 = 0.6
x1 = | —0.61260621626. ..
xy = | —1.21530959125....
x3 = | —1.2780177811...

define f(x):
return SInx — —

4
define Df(x):

return COSX — —

4
define Df(x):
return —sinx

x <3
while f(x)> 107 or f(x) < —-107°
. 2£(0) x Df(x)
2(Df(x))* = 2f(x) X DDf(x)
print X, f(x)
end while

X — X

a 47.5425. The actual value is 47.25
b i Change the first line in the while loop to: strip < f(left) X h
ii Change the first line in the while loop to: strip « f(right) X h

¢ Define f(x) = 2*
a0
b2
n < 100
and then as in the given code.
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Chapter 13 - Discrete random Variables and
their probability distribution

Solutions to Exercise 13A

1

1H, 1T, 2H, 2T, 3H, 3T, 4H, 4T, 5H, 5T, 6H, 6 T

2 HHI, HH2, HH3, HH4, HH5, HH6,
HTI1, HT2, HT3, HT4, HTS5, HT6,
THI1, TH2, TH3, TH4, THS5, TH6,
TT1, TT2, TT3, TT4, TTS, TT6

4
335—2—B
3
b_
4
6 _ 4
52 13
8 2
d5=73
3 1
4 a>=-
25672
1 3 4 2
b et6 673

S P(SUL)=Pr(S)+Pr(L)-Pr(SNL)
=0.7+0.6-0.5
=0.8

6 Ares Srodfonis

lenguage [irararurs

)

025

10

11

Pr(Lit U Lan)

= Pr(Lit) + Pr(Lan) — Pr(Lan N Lit)
=03+0.6-0.25

= 0.65

a 0.05+0.02 -0.003 = 0.067

b 0.05 -0.003 = 0.047

1-0.75-0.12-0.08 = 0.05 = 5%

let Pr(A) be the probability that an adult
owns a car & Pr(B) be the probability

that an adult is employed
Pr(A) = 0.7, Pr(B) = 0.6

PANB) 06 6

Pr(BJA) = = =2
Pr(A) 07 7
a 17
500
18 9
500 250
. 30+45+33+39+17
500
164 41
© 500 125
d 10+17+2+1+11 3 41
500 500
130 13
P = — = —
a Pr(guns) 200 ~ 20
70 7
b P N male)= — = —
r(guns N male) 300 ~ 20
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114 57
12 a Pr(head) 5 ﬁ = m

40 2
b Pr(ten) = 330 = o)

54 27
Pr(2 h N — = ——
¢ Pr(2 heads) 200 ~ 100

2 1
d Pr(3si N — = —
r(3 sixes) 500 ~ 250

, Area of white
13 Pr(Whlte) = W

307

" 50

900

" 2500
9

"5

A f
14 a Pr(Green) = ATea 07 green
Total area
Ly

nr?

Area of yell
b Pr(Yellow) = —oa 07 YETOW

Total area

12
671'}"

nr?

15 C C’
T 032 0.13 | 045
T’ 1 033 0.22 | 0.55
0.65 0.35

a Pr(TnC’)=0.13

b Pr(T NnC)=0.32

16 s s

D | 025 0.15
D" 1042 0.18

0.40
0.60

0.67 0.33

a Pr(D) = 0.4

b Pr(S) = 0.67

c Pr(D'NnS’) =0.18

17 A A’
S 1053 0.12 | 0.65
S710.18 0.17 | 0.35
0.71 0.29

a Pr(S")=0.35

b Pr(ANS’S)=0.18
¢ Pr(A’'nS)=0.12

d Pr(A’nS’) =0.17

18 a Pr(A) =042,

Pr(B) = 0.76,
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Pr(A U B) = 0.82 b Pr(A N B) + Pr(A N B') = Pr(A)
Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B) Pr(A N B') = Pr(A) — Pr(A N B)

0.82 = 0.42 + 0.76 — Pr(A N B) Pr(AN B’) =0.42 -0.36 = 0.06
Pr(A N B) = 0.36
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Solutions to Exercise 13B

1 a Pr(RR) = 0.25x0.8 = 0.2 p 28 _ 7T
1000 200
b Pr(R'R’) = 0.75 x 0.9 = 0.675 20040
¢ Pr(R Sunday) 38577
= Pr(RR) + Pr(R'R’) g 200 _2
=0.2+0.075 = 0.275 500 5
total speed
2 a Pr(BJA) = PrBn4) 7 a Pr(S) = 22 5PeeCd
Pr(A) total
_130_ 65
6 T 448 T 224
Pr(BN A) total fatal 115
= b P F = =
b Pr(AlB) = — o )= ol - 248
1
== ¢ Look only at the Speed column:
’ Pr(F|S) = 42 2
130 65

Pr(A N B) = Pr(B|A) Pr(A
3 a P ) = Pr(BIA) Pr(4) d Look only at the Alcohol column:

=0.1x0.6 =0.06 61

Pr(F|A) = —

b Pr(AlB) - PrAnB) 1 (Fl4) 246
~ Pr(B) 5

8 a Pr(UnS§)=08x%x03=0.24

Pr(CnF) 03 3
4 Pr(CIF):r;TF)):ﬁ:§ b Pr(JUS)=08+0.3-0.24 =0.86

5 Let H be the event poor harvest. 9 Pr(A) = 0.6,Pr(B) = 0.5,Pr(C) = 0.4
Let D be the event disease.
Pr(D N H) a Pr(A) xPr(B)=0.6x0.5=0.3
Pr(DIH):W ANB=1{1,3,5) Pr(ANB) =0.3
" ) POOD Rxee
~ Pe(HID)) Pr(D’) + Pr(HID)Pr(D) - and b are independent
_ 0.8x0.3 b Pr(A)x Pr(C) = 0.6 x 0.4 = 0.24
0.8x0.3+0.5%x0.7 ANC =1{2,6) Pr(ANC)=0.2
_ Pr(A N C) # Pr(A) X Pr(C)
59 . A and C are not independent
a 500 1 ¢ Pr(B)x Pr(C)=0.5x04=0.2
1000 2 BNC={9) Pr(BNnC)=0.1
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Pr(BN C) # Pr(B) x Pr(C)
.. B and C are not independent

10 Pr(A) = 0.5,Pr(B) = 0.4

Pr(A N B)
Pr(B)

_ Pr(A) x Pr(B)

B Pr(B)

= Pr(A)

=0.5

a Pr(A|B) =

b Pr(A N B) =Pr(A) x Pr(B) =0.2

C

14

15

16

Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B) 17

=05+04-0.2
=0.7

11 03x0.7+0.6x03=13x03=0.39

12 Pr(A N B) = Pr(A) Pr(B)
0.1452 = 3[Pr(A)]?
0.0484 = [Pr(A)]*

Pr(A) = 0.22

13 Pr(A) = %Pr(B)
. Pr(B) = 2 Pr(A)

Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)
0.28 = 3Pr(A) — 2[Pr(A)]?

2[Pr(A)]* — 3Pr(A) + 0.28 = 0

(2P(A) — 2.8)(Pr(4) - 0.1) = 0
- Pr(A) =0.1

18

Pr(HHH)
1 -Pu(TTT)

oo | J|oo| —
|

(1,1)...(1,6),(3,1)...(3,6),
(5,1)...(1,6).

There are 18 outcomes to consider.
(5,3) and (3, 5) satisty the property.

Therefore required probability is
2 1

189
0.03 X 0.95 + 0.97 x 0.02 = 0.0479

S =stop N = no stop

a Pr(§55)=0.6x0.9x0.9=0.486
b Pr(NSN)=0.4x0.3x0.1 =0.012

¢ Pr(SNN) =0.6 x0.1 x0.7 =0.042
Pr(NSN) = 0.012

Pr(NNS) =0.4x0.7x0.3 = 0.084
Pr(SNN) + Pr(NSN) + Pr(NNS) =
0.138
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4,22 416
© 85757675 30
160 2
19 a —— ==
23 20075
70 7
b — =L
400 ~ 40
7
40 _ 1
©2 77
5
7
40 _ T
d 150 15
00
1 3 1 2 5
2 CX T 4xZ =
0a2>< +2>< a

3

21 — x

12

22 a 03x0.75+0.6x0.8+0.1x0.3

b

0.6x02 012 24

= v|E] e

| W

2 1 4 3

X X
1110 12 11

PRIV
271770

1 1 1

220 735 "2

1 4 10
220 7220 T 220
15
220

3

44

= 0.735

1-0.735 0265 53

2

10

655



Solutions to Exercise 13C

1 a

b

discrete
continuous
discrete

discrete

continuous
discrete
continuous
discrete

{HHH, HHT, HTH, THH,
HTT, THT, TTH, TTT}

X =0, {TTT)
X =1, {HTT, THT, TTH)
X =2, (HHT,HTH, THH)
X =3, (HHH)

4
PrX22) ==

Yes, since p(x) > 0 for all x, and Zp(x) = 1

Pr(X<3)=0.1+02+0.1+04=0.8

Pr(X = 3) = Pr(RRR) = 4/9 x 4/9 x 4/9 = 64/729

Pr(X = 2) = Pr(RRB) + Pr(RBR) + Pr(BRR) = 3 X 4/9 X 4/9 X 5/9 = 240/729
Pr(X = 1) = Pr(RBB) + Pr(BBR) + Pr(BRB) = 3 X 4/9 X 5/9 x 5/9 = 300/729
Pr(X = 0) = Pr(BBB) = 5/9 X 5/9 x 5/9 = 125/729

604

Pr(X>1)=1-Pr(X=0) = —

(X > 1) rX =0) =5
304
Pr(X>1)=1-Pr(X=0)-Pr(X=1) = =—
(X > 1) (X = 0) - Pr( ) =75
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6 a {(1,1),(1,2),(1,3),...,(6,4),(6,5),(6,6)}

die 1
1121314 [5 |6
1121345 |6 |7

. 21341516 |7 |8

bodie2 =567 3 |9
4156718 |9 |10
5167189 |10]11
6178191101112

6 1

i PY <5)= — =

c1r(<5)366
21
i Pr(Y =3]Y <5)=2 ==
ii Pr( |<)63

i Pr(Y <3|Y <7)=Pr(Y <3)/Pr(Y <7) = (3/36)/(15/36) = 3/15 = 1/5
iv Pr(Y > 7)Y > 4) = Pr(Y > 7)/ Pr(Y > 4) = (21/36)/(30/36) = 21/30 = 7/10
v Pr(Y = 7)Y > 4) = Pr(Y = 7)/ Pr(Y > 4) = (6/36)/(30/36) = 6/30 = 1/5

vi Pr(Y =7Y <8) =Pr(Y =7)/Pr(Y < 8) =(6/36)/(21/36) = 6/21 =2/7

7 a die 1

die 2

NN B W[N] =
e e el el e e
NSRRI NSRRI\
W W[ W|W| N =
ARV =
NN B W[ =] W
NN B W[N =D

b Y=1,2,3,4,5,6
¢ Pr(Y=1)=0.1+0.1-0.1x0.1

=0.19

8 a Pr(X =2)=Pr(WWB) + Pr(WBW)
+ Pr(BWW)
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where B means ‘black ball drawn’ and W means ‘which ball drawn’.

2 2 3 2 3 2
PI'(X:2):§X§X§+§X§X§

Pr(X > 2) = 0.288 + 0.064 = 0.352.

Pr(X =3)
Pr(X > 2)

0.064 2
T 0352 11
~ 0.182

Pr(X =3]X >2) =

{(1,1),(1,2),(1,3), ...,(6,4),(6,5),(6,6)}

1

Pr(A) = -

HA4)=¢

Pr(B) = !

6

15

Pr(C) = —

(€)= 3¢
(counting possibilities)

_ 3

12

6

Pr(D) = —

(D) = z¢

(counting possibilities)
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1
¢ PrAnNnB)=—

36
(counting possibilities)
1
36 _ 1
Pr(A|B) = T %
6
(counting possibilities)
3
Pr(ANnC) = 36
1
12
1
Pr(AlC) = 12 = 1
5 5
12
Pr(AN D) = L
36
(counting possibilities)
1
36 _ 1
Pr(A|D) = T ¢
6

d A&B, A&Dsince
Pr(A|B) = Pr(A)&
Pr(A|D) = Pr(A)

10 a Yes, since p(x) > 0 for all x, and Zp(x) = 1

b Pr(X>2)=02+03=0.5

11 a, since the sum of the p(x) values > 1; and ¢ negative probabilities values is 0.

12 Let x be the number of black balls in the sample.

659



6\ (27
a Prx=0)=(3) =(753)
4\ 8
Prx =3) = () = 133
4 6 6 6
PI'(X—I)—EXEXE'FE
4.6 6 6
10710710710
18
=3 —
* 125
_ 4
125
Pr(}(:2):1_27_ § 54
125 125 125
_ 36
125
X o |1 |2 I3
27 | 54 | 36 | 8
PriX =01 75 | 125 | 125 | 125
6 5 4 1
bPI'(X—O)—EX§X§—8
4 3 2 1
PX: = — — - = —
X =3=15%9%87 30
4 4
Pr(X:l):£><§><—+£><—><§
1079787107978
4 6 5
+—X=X=
1079738
1 1
:3 _ = -
52
Pr(X:2):£xix§+ix§x§
1079787107978
4 3 6
+—X=X=
1079738
13
—3XE—1—0
P 01112 |3
1131
PrX=x) |- || 2| —
MX=91%131 1030

13 Pr(X =0) =0.6> = 0.36
Pr(X =2) =0.4% =0.16
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Pr(X=1)=1-0.16-0.36 = 0.48

X 0 1 2
Pr(X =x) | 0.36 | 0.48 | 0.16
4 a 1 2 3 4 5
Pr(X=x)102]02]02|02]0.2

b Pr(X>3)=02x3=0.6

15 a {(1,1),(1,2),(1,3),...,(64),(6,5), (6,6) }

b

02 1
¢ Pr(X <3IX>3) = — =

0.6

3

die 1
112134 [5 |6
1123145 |6 |7

, 2131456 |7 |8

die2 4567 |8 |9
4150678 [9 |10
516(7(8]9 [10]11
67189101112
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1
Pr(X = 12) = o

X 2 3 4 5 6 7 8 9 10 | 11 12
1 2 3 4 5 6 5 4 3 2 1
PrX=21 35136 136 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36
¢ p(x)A
6/36- .
5/36- ?if
4/36- ,i:i,
3/36- R
2/36- A
1361 ¢ 1 1 b UL
S S T T N
0 2345678 9101112 x
4+3+2+1 10
d Pr(X >9) = 36 _%
_
18
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7

7
e Pr(X§10|X29):%:E
36

16 a {(1,1),(1,2),(1,3),...,(6,4),(6,5),(6,6)}

b dice 1
1127374156
1lolololololo

ey 2100 1010

s BTol1lol112]0
4l0lo0l1]lo0l1]2
slol1l2(110]1
6lololol2]1]0

y 0 |1 |2

by oy | 2|10 4
=136 | 36 | 36

¢ pA

11/184 e
1
1
1

5181 1 e
1 1

2/184 1 1 e
4 1 1 1
-1 »
o1 2 Y
6 5 1

17 a Pr(X=0)= x5 ==
4 3 2

Pr( X =2)= — X — = —

X =2=1%9" 15

1 2 8

PrX =1 =1-3-2=

X 01 |2
1] 8|2

PrX =) | 5 | 15 | 1

7
PriX#1)=—
b Pr(X #1) G
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18 centre circle = 7(2)* = 4n
middle circle = 7(10)? — 7(2)? = 967
outer circle = 7(20)? — 7(10)> = 3007

a

19 a

4
400 100
96

6
Pr(XZZO):m:E
3

Pr(X = 100) =

Pr(X:IO):m:Z

X 10 | 20 | 100

el
4 | 25| 100

1 1 1

Pr(Y = 200) = — X — =
T )= 100 X700 ~ 10000

1 6 3
Pr(Y:120):ﬁx£x2:@

33 3
Pr(Y:llO):ﬁxZXZ:ﬁ

6 6 36
Pr(Y = 40) = 2o x = = =
Pr(Y:3O):26—5><§><2:%
Pr(Y:20):%x%:%
y 20 [30 [40 | 110 | 120 | 200

91936 | 3| 3 1
PrY=2 | 16 | 25 | 625 | 200 | 625 | 10000

Pr(X = 3) = Pr(EEE) + Pr(NNN)
11 1

8 8 4
x=4,

{NEEE, ENEE, EENE, ENNN, NENN, NNEN}

1 3
Pr(X =4) = — =
1( ) 6><16 g
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¢c Pr(X=5)=1-Pr(x #5)
B 2 3

8 8

oo | W

20 Pr(Hj) = 0.6 and Pr(Hp) = 0.4
Sample space: (Hu, Hp),(Ha, Tg),(Ta, Hp), (Ts, Tp)
Scores: (Ha,Hg) : =2, (Ha,Tg) : 1,(Ty,Hp) : 1,(T4,Tp) : 4
Pr(Hy, Hg) = 0.24 and Pr(T4, Tg) = 0.24
Probability of a head an a tail is 0.52.
x| =2 1 4
px) [ 024 052 0.24
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Solutions to Exercise 13D

1 There is:

30% chance of winning $0 ($2 prize less the $2 cost to play)
10% chance of winning $18 ($20 prize less the $2 cost to play)

60% chance of losing $2 (the cost to play)

Therefore the expected win/loss per game = =2 X 0.6 + 0 X 0.3 + 18 X 0.1 = 0.6 dollars

In 100 games the expected win/loss = 100 X 0.6 = 60 dollars

2 a Mean=1x0.1+3x%x03+5x%x0.3
+7x%x0.3
=0.1+09+15+2.1
=4.6

b Mean =0.25x-1+0.25x0+0.25
X1+025%x2
=0.5

¢ Mean =0x0.09+1x0.22+2x0.26
+3%x0.21+4x0.13+5x0.06
+6x0.02+7x0.01
=0.22+0.52+0.63 + 0.52 + 0.30
+0.12 + 0.07
=2.38

d Mean = 0.2 x0.08 +0.3x0.13
+0.4%x0.09 +0.5x0.19
+0.6 X 0.7 +0.7 x 0.03
+0.8%x0.10+0.9x0.18
= 0.569

e Mean=7

f Mean=0
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3 1 =8$10,000 x0.13 + $5,000 x 0.45
+$0 % 0.25 — $5,000 x 0.15
= $1,500 + $2,250 — $750
= $3,000

4 assuming a payout (as opposed to a profit) of $5 for a win,

5 1
=—-X-51+-x%4
H= $ G $

1
= _$6 = -%$0.17, i.e. aloss of 17¢c.

S u=0x0.12+1x0.36+2x0.38+3x0.14
=0.36+0.76 + 0.42
=154

X 1 2

w
n
()}
3
(o]
O
—_
(e}
—_
—_
—
\9}

Pr(X = x)

ANl =
AN =
oY)
(@)}
oY)
(o))
oY)
(o))
oY)
(@)
&l
(@)
&l
[*)}

1] 1
6| 6

| —| N —

1 1
=IX-+2X-+3X
K 6 6

1 1 1
+4X6+5X5+7X%

1 1 1
+8x%+9x%+10x%

] !
1% — +12% —
MR TR T3

6+12+18+24+30+7+8

+9+10+11+12
36

147
T 36
49
T 12

7 a E(X)=2x0.01+3x%x025+4x0.40
+5%x0.30+6x0.04

=0.02+0.75+1.60 + 1.50 + 0.24
=411
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b E(X®) =8x0.01 +27 x0.25
+64 x0.40 + 125x0.30
+ 216 x 0.04
=0.08 + 6.75 + 25.60
+37.50 + 8.64
=78.57
¢ EGX-4)=5E(X)-4=5x4.11-4
=16.55

o1 |
d E(}—()— 3 X001+ £ %025

1 1 1
+ZXO'40+§XO'3O+6XO'O4

=0.255

E(X) = ZxPr(X = x) =2.97
E(commission) = 2.97 x $2000 = $5940

1 1
c 15()(2)=0><p+1><§+4><4—1

1 1
1 - 4 x —
+ 6><8+6 X16

=0+%+1+2+4

15
S 2
o? = E(X») - E(X)?
15 7
= — —4 = —
2 2
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10 a k+2k+3k+4k+5k+6k=1
21k =1

1
k=—
21

1 Xk+2%x2k+3%x3k+4x4k

=3
=
I

+5 X5k +6X%X6k

1+4+9+16+25+36
21

_ 91
21

¢  o?=EX® -4
E(X?) =1 xk+4x2k+8x3k

+ 16 X 4k + 25 X 5k + 36 X 6k
_ 1+8+27+64+ 125+ 2166

21
441
T 21
=21
169
2
21 -2
7 9
20
N X7)
9
11213 [4
111123 |4
1202146 |3
30369 |12
41481216
x 1 ]2 (3[4 [6 [8 [9 [12]16
2 x| L[ 222|221 2]
“Y116|16 /16| 16|16 |16 | 16 | 16 | 16

1 2 1
b i PriX>8=—+—+—

16 16 16
41
16 4
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1 2

ii E(X)=1X1—6+2X1—6
2 3
Ix 2 4 4x
+ X16+ Xl6

1+4+6+12+12+16
+9+24+16
16

100
16
25

4
1 2
iii EX)>=1x—+4x —
iii E(X) ><16+ Xl6

2 3

=41 =

+9X16+ 6><16

2

2
+36><E+64><E

1 2
+81X%+144XE

1
256 X —
+ X T

1+8+18+48 +72+ 128
+ 81 + 288 + 256

16
900
T
225
T4
225 625
ozzE()(z)—uz:T—W
275
“ 6
HI|T
11 ]2
212 |4
12 (3|3 |6
4|4 |8
505110
616 |12
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—1><i+2><£+3><i
12 12 12

2 1 2
+4XE+5X§+6XE

®
=
I

1 1 1
— +1 — +12x —
+8><12+ 0><12+ ><12

1+4+3+8+5+12+8+10+12

12

7
b PriX<uw = T (counting on the table)

1 2
2\ _
c E(X)_1><—12+4><—12
2

1
— +1 =
+9><12+ 6><12

1 2
+25XE+36XE

1 1
+64><§+100><E

+ 144 % i
12

1+8+9+32+25+72
+ 64 + 100 + 144

12
_ 455
T2
5 5 , 455 441
- =EX)-u =12 " 16
497
T 48

13 a Var(2X) = 22Var(X) = 4 x 16 = 64
b Var(X +2) = 12Var(X) = 16

¢ Var(l - X) = (=1)*Var(X) = 16

d sd(3X) = \/Var(3X) = /32Var(X)
= VIx16
=12

14 a ¢c=1-03-0.1-02-0.05
=0.35
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b EX)=1Xc+2x03+3x0.1
+4x0.2+5x%x0.05
=035+0.6+03+0.8+0.25
=23

¢ EX)=1xc+4%x03+9x0.1
+16x0.2+25x%x0.05
=035+12+0.9+32+1.25

=69
o = E(X?) - (E(X))?

=6.9-(2.3)
= 6.9 - 5.29
= 1.61

o= Vo2~ 127

15 a k+2k+3k+4k+5k=1
15k =1

k=—
15

1 2 3
1XE+2XE+3XE

=3
=
I

4 5
4x — )
+ ><15+5><15
1+4+9+16+25

- 15

55
15
11

= — ~ 3.667
=3

0.2 — E(xZ) _/Jz

1 2 3
EXH)=1—+4x — =
¢ E(X°) 15+ ><15+9><15
4 5
+16XE+25XE
1+8+27+64+125

15

225
15
15
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1 2 3
16 a E(X)=%x2+%x3+%x4

4 5 6
+%x5+%x6+%x7

5 4 3
+%x8+%x9+%x10

2 ]
Ll —x12
T3 36

2+6+12+20+30+42+40
+36+30+22+12
36

252
T 36

=17
alternatively, since we know the probability distribution is symmetrical, we also know that the mean is

the central number, i.e. E(X) =7
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1 2 3
b E(X2)=%x4+%x9+%xl6

4 5
+%x25+%x36

6 5
+%x49+%x64

4 3
+%x81+%x100

2 1
— X121+ —= x 144
+36X +36><

4+ 18 +48 + 100+ 180
+294 + 320 + 324 + 300
+ 242 + 144

36

1974
36

329
= — ~ 54.833
6

o = E(X?) - (E(X))*

17 a by symmetry, E(X) =3

b Var(X) = E(X?) - E(X)*
E(X?) = 0x 0.0156 + 1 x 0.0937
+4x0.2344 + 9 x 0.3126
+16 X 0.2344 + 5 x 0.0937
+36x0.0156
=0.0937 + 0.9376 + 2.8134
+3.7504 + 2.3425 + 0.5616

=10.4992 ~ 10.5
Var(X) =10.5-9

=15
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Solutions to Technology-free questions

5 4 4 5 1
1 Pr(B B)==X—-+-X~= Pr3N ‘H&'T) = = x (0.8 x0.2
a Pr(BW or WB) 9><9+9><9 1( ) 2><( X
_40 +0.2%0.8)
81
5 4 45 = 0.16
=9Xg5%t9%yg Pr(‘H&T’) = Pr(A N ‘H&T)
5 +Pr(BN ‘H&T’)
b Pr(BW or WB) = ) )
Pr(AN ‘K&T’) = 5 X (0.4 x0.6
2 m chocolates, ¢ milk chocolates, m — g +0.6x0.4)
dark chocolates. — 024
a Probability of dark = mq So Pr(‘H&T’) = 0.16 + 0.24
m
=0.40

b m — 1 chocolates, g milk chocolates,
m — q — 1 dark chocolates. Pr(A|'H&T’) = % =04
Probability of two dark chocolates 0.40
m-—q « m—q-—1

4 a Machine I 60% of items and Machine

m m-—1
- (m—q)m-q-1) 11 40% of items.

m(m — 1) 3% of items produced by machine I
are faulty.
3 Require Pr(coin A| ‘H&T” tossed) 2% of items produced by machine II
_ Pr(AN‘H&T') are faulty.
 Pr(CH&T) Probability of faulty
Pr(selecting A) = Pr(selecting B) = % =0.6x0.03+0.4x0.02
Pr(HIA) = 0.8, PR(TIA) = 0.2, = 0.6 X 0.03 + 0.4 x 0.02
Pr(H|B) = 0.4, Pr(T|B) = 0.6 = 0.018 +0.008
= 0.026
b Pr(uilFy = PFIMD X Pr(MD
Pr(F)
0.03%0.6
~0.026
0,018
~0.026
9
T 13
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5 04p?+01+0.1+1-0.6p=1 b EX?) =Zx*p(x)
0.4p> —0.6p+02=0

1 1 1
:4XZ+16X_+256X_
4p* —6p+2=0

4 4

1
2
20 —3p+1=0 647X
2p-D(p-1)=0 =1+4+64+1024
1 = 1093
Lp= 3 orp=1
Var (X) = B(X?) - [EX)]?
= 1093 — (21.5)
6 a k+2k+3k+2k+k+k=1
= 1093 — 462.25
10k = 1
= 630.75
k=0.1
2523
b E(X) = Zxp(x) 4
_ 2523
=—k+ 0+ 3k + 4k + 3k + 4k ¢ From part ¢, Var(X) = ——=.
4
=13k
But 2523 = 3 x 841
=1.3 2
=3x%x29
¢ EX?) =Xa%p(x 292
(X9) p(x) S()Var(X)23><29
=k+0+3k+ 8k + 9% + 16k 2
2943
=37k =37 = sd(X) = 97\/_
Var (X) = E(X?) — [E(X)]?
=3.7-1.69 =2.01 8 a Profitis $(x — 2) if the cylinder is ok
and —$2 if the cylinder is defective.
7 a E(X) = Zxp(x) plx=2 2
1 1 PrP=p) | § 3
=2X—-+4x-—
4 4 4 2
1 1 b E(P)=ZpPr(P=p)=-(x-2)- ¢
+16X —+64 % — 5 5
4 4 4
1 =—-x-2.
= 215(21.5) 5

¢ To make a profit in the long teem,
require E(P) > 0, i.e.
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10 a

4
§X—2>0

4
§X>2

5

- =25
x> 3

The manufacturer should sell the
cylinders for more then $2.50.

470
Pr(¢ Nne>1 )= ——
r(‘ < 30 > 1 acc’) 1000

=047

Pr(* <30°N ‘> 1acc’)
_ Pr(* <30n > 1 acc’)
B Pr(‘>1 acc’)
0.47
470 + 230
( 100 )
_ 047

~0.70
47

~ 70

Let I = ‘immunised’, D = ‘get disease’
Pr(D)=Pr(DNID)+Pr(DNT)
= Pr(1) Pr(D|I) + Pr(I") Pr(D|I")
=0.7x0.05+0.3x0.6
=0.035+0.18

=0.215
So 21.5% are expected to get the

disease.

[NOTE: This is a probability way of
saying: “5% of the 70% and 60% of
the 30% get the disease, i.e. 3.5% +
18% = 21.5% get it]

Pr(D|I) Pr(])
Pr(D)
~0.05x0.7
0215
0035

© 0215
35 7

T 215 43

b Pr(|D) =

1 1 1
11 Pr(4) = 5. Pr(B) = 2. Pr (AIB) =

a Pr(A N B) = Pr(A|B) Pr(B)
LV

6" 4

1

24

b
Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)

_1+1 1
2 4 24
17

T 24
Pr(A’ N B)
Pr(B)
But Pr(B) = Pr(A N B) + Pr(A’ N B)
So Pr(A’n B) = Pr(B) — Pr(AN B)
1 1

4 24
5
24
5

So Pr(A’|B) = 24

Pr(A’|B) =

1
4

ANl
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Pr(AN B)
Pr(B’)
But Pr(A") = Pr(AN B) + Pr(AN B’)
So Pr(AN B’) = Pr(A) — Pr(A N B)
1 1

2 24
11
T 24
Pr(B’) = 1 — Pr(B)

1
—1-=

Pr(A|B’) =

11
24
3

4
11

18

So Pr(A|B’) =
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Solutions to multiple-choice questions

1 A Pr(B) =2Pr(A) and Pr(X <u) =0.46+0.24 =0.7
Pr(A U B) = 0.405 X o
PI‘(A U B) =3 Pr(A) _ 2[Pr(A)]2 6 C 0.1°+025+03+02+0.1- +
0.05% = 0.215

2[Pr(A)])? — 3Pr(A) + 0.405 = 0
QPr(A) = 2.7)Pr(A) - 0.15) =0 7 E Var (X) = E(X?) - [EX)]?

. Pr(A) = 0.15 = 1.69 — (1.20)
2 E Four red and three yellow. =1.69-1.44
Bothred = & x > = 2 =025
7 6 7
3 2 1 sd (X) = v0.25
Both yellow = = X — = =
7 6 7 _05

Probability the same colour= =
8 C E) =EG3X+10)
3D Pr(-3<X<0)=Pr(X=-3)

= 3E(X) + 10
+Pr(X =-2) +Pr(X = -1) =3x100+ 10
=0.07 +0.15 + 0.22 310
= 0.44 Var(Y) = Var 3X + 10)
4 C 2k+3k+0.1+3k+2k=1 =9 Var(X)
10k = 0.9 =9 x 100
k=0.09 =900
9 C E(x)=XZxp(x)
E(X)
=-p+0+1-3p
=0.09(-1x2+2x3+3%x2)+0.1
=1-4p
=1
10
S BD a+b+02=1=a+b=08... D
D E(X) = Zxp(x) = Pr(X = x)) EX)=-2a+04=02... ®
=1x0.46+2x0.26 From @), 2a = 0.2 soa = 0.1
+3%0.14 + 4 % 0.09 Substitute in : 0.1 + 5 = 0.8 so
b=0.7
+5x%x0.07
=0.46 +0.48 + 0.42 + 0.36 + 0.35
=2.07
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Solutions to extended-response questions

1 a ZPriX=x)=1
c+2c+2c+3c++27+7P +c=1

10¢* +9¢ = 1

10 +9¢—1=0

(10c —)(c+1)=0
c=0lorc=-1
butc>0 .. ¢=0.1
b Pr(X>5)=Pr(X=5+Pr(X=6)+Pr(X =7)
=10c% + ¢
=10 % (0.1)* + 0.1
=02
¢ IfPr(X <k)>05
then by considering cumulative probabilities

re. Pr(X <2)=03;Pr(X <3)=0.5
the minimum value of £ is 4.

2 a 113.{'-'

b i Probability of Janet winning
=0.3%0.6+03%x04x%x04+0.7%x0.4x0.6
= 0.396

ii Probability of Alan winning
=1-0.396
= 0.604
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¢ i Let X be the number of sets played until match is complete.
Pr(X =2)=0.3x0.6+0.7 0.6

=0.6
S Pr(X=3)=04

t 2 3
Pr(T =1 | 0.6 04

ii EX)=2x0.6+3x04=24

Pr (Alan wins in three sets)
Pr (Three sets)
~03%x04x0.6+0.7%x04x0.4
B 0.4

d Pr(Alan wins | three sets) =

= 0.46

3 Let $w be the amount a player pays to play.
1$5] [$5] [$5] [s10] [$10]
Let X be the possible value From 2 cards
X =10,15,20
A score of 10 is obtained if two $5 cards are chosen

3
S Pr(X =10) = 5 X 3 = 0 (without replacement)
A score of 15 is obtained with $10 on the first and $5 on the second or $5 on the first

and $10 on the second.
3 3 1
X =4 =X —
4 5 2
3

+_

2
L PrX =15)= %
5
20 10
3

5
A score of 20 is obtained with a $10 on each card.
2 1

Pr(X:ZO):ng

1

T 10
Let Y be the amount a player receives
Y=10-worl5—wor20-w
The probability distribution for Y is as shown
y [ 10-w 15-w 20-w
Pr(Y=y)[03 06 0.
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S E(Y) =0310-w)+0.6(15 —w) +0.1(20 — w)
=3-03w+9-0.6w+2-0.1w

=14-w
IfE(Y)=0, w=14
i.e. The player should pay $14 to ensure that it is a fair game.

4 Let F denote free from faults
Let N denote not free from faults (defective)
Pr(F|A) =0.95 Pr(F|B) =0.98 Pr(F|C)=0.99

Pr(A) = 0.5 Pr(B) = 0.3 Pr(C) = 0.2
a Pr(A)=0.5
b Pr(NJA) = 0.05

¢ Pr(N) = Pr(N|A) Pr(A) + Pr(N|B) Pr(B) + Pr(N|C) Pr(C)
=0.05x0.5+0.02x0.3+0.01 x0.2
= 0.033

Pr(produced by A and defective)
Pr(defective)

_ Pr(N|A) Pr(A)

~ Pr(N)

~05x0.5

~0.033

25

T 33

d Pr(AID) =

5P o 1 2 3 4 5
Pr(P=p) | 039 027 0.6 0.12 0.04 0.02

a i E(P)=0x329+1x027+2x0.16+3x%x0.12+4x0.04+5x0.02
=027+0.32+0.36+0.16 + 0.1

=1.21
The mean number of passengers per car is 1.21
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ii Var(P) = E(P?) — [E(P)]?
E(P*) = 0> x0.39 + 12 x 027 + 22 x 0.16 + 32 x 0.12 + 4% x 0.04 + 5% x 0.02
=0.27+0.64 +1.08 +0.64 + 0.5 = 3.13
Var(P) = 3.13 — 1.4641
= 1.6659

sd(P) = V1.6659 = 1.2907 (correct to four decimal places)

iii o =sd(P) = 1.2907
u—20=-13714
u+20 =3.7914
Pr(u =20 < P<pu+20)=Pr(-1.3714 < P < 3.7914)
=Pr(P=0)+Pr(P=1)+Pr(P =2)+Pr(P =3)
=1—-[Pr(P=4)+Pr(P=35)]
=0.94
b i Let T be the cost per car in dollars.
Pr(T =1)=Pr(P =0)=0.39
Pr(T =0.40) =Pr(P=1) =0.27

Pr(T = 0) = Pr(P = 2) + Pr(P = 3) + Pr(P = 4) + Pr(P = 5) = 0.34
t 1 040 0
Pr(T =1) | 039 027 034

il E(T)=1x0.39+0.40x0.27+0x0.34
=0.39+0.108
= 0.498
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iii E(7T%) =1x0.39+0.4%x0.27

=0.39 + 0.0432
=0.4332

Var(T) = E(T?) - [E(T))?
= 0.4332 - 0.248004
=0.1852

sd(T) = 0.4303
u—20 =0.498 -2 x0.4304 = -0.3628

u+20 =0.498 +2x0.4304 = 1.3588
Priu—20<T <u+20)="Pr(-0.3628 < T < 1.3588)

=Pr(T =0)+Pr(T =04)+Pr(T =1)
=1

6 a E(Y)=0x0.135+1x0.271 +2x0.271 + 3 x 0.180 + 4 x 0.090
+5%0.036 + 6 x0.012 + 7 x 0.003 + 8 x 0.002
=2.002
The mean number of sales per week 1s 2.002.
b E(Y?) = 6.002
Var(Y) = E(Y?) - [E(Y)*] = 6.022 — 4.008004
=2.013996 ~ 2.014
sd(Y) ~ 1.419
¢ i Let B be the bonus paid to each salesman.

The possible values for B are 0, 100 and 200
Pr(B=0)=Pr(Y =0)+Pr(Y = 1)+ Pr(Y = 2) = 0.677

Pr(B = 100) = Pr(Y = 3) + Pr(Y = 4) = 0.27

Pr(B = 200) = Pr(Y > 4) = 0.053
The probability distribution is

b 0 100 200
Pr(B=b) | 0.677 027 0.053

ii E(B)=0x0.677+ 100 x 0.27 + 200 x 0.053
=27+10.6
=37.6
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The mean bonus paid is $37.60.

7 Let P denote the percentage profit

p ‘40 30 20 10 O -10 =20
Pr(P:p)‘O.l 0.15 025 0.2 0.15 0.1 0.05

a E(P)=40x0.14+30x0.15+20x0.25+10x0.2+0x0.15-10x0.1 =20 x 0.05

=13.5
The mean return is 13.5%

E(P?) = 1600 x 0.1 + 100 x 0.15 x 400 x 0.25 + 100 x 0.2 + 100 x 0.1 + 400 x 0.05
= 445
. Var(P) = 445 - 182.25
= 262.75
. sd(P) = V262.75 ~ 16.2%

b Pr(13.5-2x 1621 < P <135+2x16.21) = Pr(~18.92 < P < 45.92)
=1 - Pr(P = —20)
=1-0.05
=0.95

c Return = Profit-Brokerage
Percentage gain = 0.6 X Return

= 0.6(Profit-Brokerage)
Let G be the percentage gain

Then G =0.6(P-2)
E(G) = 0.6E(P) — 1.2
=0.6x13.5-1.2
= 6.9%
Var(G) = (0.6)*> Var(P)
= 0.36 x 262.75
= 94.59
sd(G) ~ 9.726%

8 Consider the case when the promoter takes out insurance.
If it rains:
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($)Profit = 250 000 — 60 000 + 20 000

=210 000
(assuming the $250 000 is paid by the insurance company and the $20 000 profit is
added.) If it does not rain:
($)Profit = 25 0000 — 60 000

=190 000
The probability distribution for this
p | 190000 210 000

Pr(P=p) | 067 033

E(P) = 196 600
Then the promoter does not take the insurance, the probability distribution is as shown
below:

p | 250 000 20 000

Pr(P=p) | 067 033
and E(P) = 174 100

the promoter should buy the insurance.

For the tossing of two dice the sums of the values may be recorded in a table as shown

die A

deB|1 2 3 4 5 6

1 2 3 4 5 6 7

2 34 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

5 6 7 8 9 10 11

6 7 8 9 10 11 12
The possible sums are 2, 3, 4,5,6,7,8,9, 10, 11, 12

1
The probability of obtaining a sum of 7 = T = 3
3 1

The probability of obtaining a sum of 11 or 12 = % = -

The probability of any other sum = 3

Let X be the amount obtained from game and let w be the amount obtained from
obtaining a sum not equal to 7, 11 or 12

The probability distribution is as shown:

x \—10 11w

1 1 3
PeX=x) | - — =
X=01c 17 3
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10 11 3w
BX) = —— + — + 22
e A

FEX)=0
20 1 Ow
12 12 12
9w 9
1212
w=1
There should be a payment of $1.00 for a sum not equal to 7, 11 or 12.
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10 a i Probability that the first prototype is successful is 0.65.

ii Probability of the first not successful, but the second successful
=0.35%x0.65

= 0.2275

iii Probability of the first two not successful, but the third successful
= (0.35)%* x 0.65

= 0.0796 25

iv Probability that the project is abandoned
= (0.35)°

= 0.0428 75

b The following cases have to be considered:

Cost Probability
A First is successful $7 million 0.65

B First is unsuccessful but second is successful | $10.5 million | 0.2275

C First two unsuccessful but third successful $12.25 million | 0.079625

D The project is abandoned $12.25 million | 0.042875
Let C be the cost of the project.

C 7105 1225
Pr(C=c) | 0.6 02275 0.1225
- E(C) =7%0.65+10.5 x 0.2275 + 12.25 X 0.1225

= 8.439 375
the expected cost is $8.439 375 million

¢ Let P denote the profit
P ‘ 20-7 20-10.5 20-12.25 -12.25

Pr(P=p) [ 065 02275  0.079625 0.042875
o E(P) = 13X 0.65 + 9.5 x 0.2275 + 7.75 x 0.079 625 — 12.25 X 0.042 875

.. Expected profit is $10.703 125 million

11 If the scoreis 5, 6,7,8,9, 10, 11 or 12. Alfred pays $x to Bertie. Therefore Alfred has
100 — x dollars.
If the score is 2, 3 or 4 Alfred has 100 + x + 8 = 108 + x dollars.
The tables gives the sum of the scores when the two die are tossed.
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die 2

del |1 2 3 4 5 6
1 2 3 45 6 17
2 345 6 7 8
3 4 5 6 7 8 9
4 567 8 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12

Let Y be the score.

30 5 1
Pr(Y > = — = - Pr(Y <4) = —
r(Y > 5) 6 6and r(Y <4) S

a Let A be the amount of Alfred’s cash

A | 100-x 108 +x
5 1
Pr(A = - -
I( a) c c
5 1
. EA) = 6(100 - Xx)+ 6(108 + Xx)
1
= 6(608 —4x)
= l(304 —2x)
3
b If the game is fair E(A) = 100

1
§(304 - 2x) =100

304 - 2x =300
Tx=2
2 2.9 21 .
C E(A") =97 X6+111 xg (given x = 3)
—98941
B 3

1 1 2
.. Var (A) = 2894§ - (5[298])

2
=27-
9

12 Let X be the values of the die | |
Pr(X=1)= 2 Pr(X =2) = 7 Pr(X =6) = 4_1(1 - X)

Pr(X=3)=Pr(X=4)=Pr(X =5) = é
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Table for total

2nd

Ist |1 2 3 4 5 6

1 2 3 45 6 17

2 3456 7 8

3 4 5 6 7 8 9

4 56 78 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12

a Let Y be the total.
Pr(Y =7)=2Pr(1 &6) +2Pr(3 & 4) + 2Pr(5 & 2)

b Let

and

x 1-x 1 1 1 1
_ZXZXT+2X5X5+2XEXZ
x(l—x)+2+2
-8 36 24
_x(1=x) 1 1
T3 112
(1 -x)+4+6
a 72
_9x—9x2+10
a 72
P=Pr(Y=17)

a’_P_9—18x
dx 72
dP 1
= =0 =
dx = 2
12
9x——9(—)+1o
1o 2
TEy T 72
9 9 9
72 72 288
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Chapter 14 — The binomial distribution

Solutions to Exercise 14A

1 aand b describe a Bernoulli sequence. b Pr(X =2)=0.2527
2 n=7p=05 6\(1\'(5\ 1125
o o G -
Pr(X = 4) = ( 4)(0.5)4(0.5)3 = 0.2734 36/ \6 6 216
~ 0.0536

> (3 ) - G0V ) (X6

a Pr(X=3)= ( )(0.2)3(0.8)1 =0.0256

N

406
b Pr(X =4) = (3)(0.2)4(0.8)0 =0.0016 T 46656 0.0087
HOIERNGIE]
4 n=5p=04 ‘ 3)\6/ \6 4)\6) \6
5 6\(1V(5) . (6)(1)°
a Pr(X =0) = | 104°0.6)° = 0.0778 1s56) \6) T 6\
~ 0.0623

5
b Pr(X =3) = ; (0.4)%(0.6)° = 0.2304
8 n=10,p=0.1

5
Pr(X = 5) = [ |(0.4°(0.6)° =

0.01024
x=0,1,2,3,...,10
5n=3,p=05 b i Pr(X =0)=0.3487
3 .o _1_ _
a Pr(X = x =" ]0.5)70.5 ii Pr(X>1)=1-Pr(X=0)
X =0.6513
x=0,1,2,3
b Pr(X =2)=0.375 9n=11,p=0.2

— — 11 X 11-x
6 n=6,p=048 a Pr(X=x)= (x )(0.2) (0.8)

’ x=0,1,2,3,...,11
a Pr(X=x) = ( )(0.48)X(O.52)6‘x
X

x=0,1,2,3,4.5,6

b i Pr(X =2)=02953
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ii Pr(X =0)=0.0859

iii Pr(X>1)=1-Pr(X=0)

=0.9141
1
10 n=7,p==
n P 5
7 1x47—x
wor =05/ )
a Pr( X) (x)S 5

x=0,1,2,3,...,7
b i Pr(X=7)=0.000013
ii Pr(X =0)=0.2097

iii Pr(X=2orX =3)=0.3899

11 1- (100)(0.2)0(0.8)10 - (110)(0.2)1(0.8)9

410 10x1x4°

=150 510

12 n:7,p=1—2;0

(a)

100

. 6x°(100 — x)

m —————
1006

6 5
100 —
X 6x°(100 )c)+

+
1006 1006
15x*(100 — x)?

1006

il

13

14

15

16

17

fy

~ 0.6836

using the CAS calculator
a 0.1156

b 0.7986

¢ 0.3170

using the CAS calculator
0.6791

using the CAS calculator
a 0.1123

b 0.5561

¢ 0.00001

d 0.00001

((6))(0.4)0(0.6)6 + (?)(0.4)(0.6)5

+ (;)(0.4)2(0.6)4

3¢ 6x2x3% 15x2%x3*
= — 4+ +

56 56 56
_36+4><36+5><4><35
_ =
C3x3 +4x3 Tx3
B 55 55

~ 0.544
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1
18 a (4_1) ~ 0.00024

b using the CAS calculator
Pr(> 3 correct) ~ 0.1694

3 3
3V (2 6°
19 =|l=] = = =0.01
o (22 =& ~oors

3N\5)\5

¢ using the CAS calculator
Pr(> 3) ~ 0.8208

d Pr(exactly 3| > 3) =
(b) 0.2765
—~ = ——— =~(.3368
(¢) 0.8202

4\8
20 a (5) ~ 0.1678

b using the CAS calculator
Pr(> 6 corrent) ~ 0.00123

¢ Pr(8 correct | > 6 correct) =
Pr(8 correct) B (0.2)% 3

Pr(> 6 correct)  (b)

3 3
2 3
NI E——

Pr(exactly 3)
Pr(>3)

0.00000256

~ 0.0021
0.00123 0.00

21 a (0.15)'° =~ 0.000 000 006

b 1-(0.85'"~1-0.1969 ~ 0.8031

¢ Pr(>|goal | > | goal)
Pr(> | goal)
- Pr(> | goal)
(b)) - 10(0.15)(0.85)°
- ()
~0.8031 - 0.3474

0.8031
04557

~0.8031

~ 0.5674

4\
22 a (3) ~ 0.0115

b using the CAS calculator

p=0.2, n=20,

min = 10, max = 20

Pr(> 10 correct) = 0.00259

¢ Pr(X> 12X > 10) =

Pr(X > 12)

Pr(X > 10)
0.0393 (using the CAS calculator)

693



Solutions to Exercise 14B

1 d u=np=2_8

) 0'2:np(1—p):8><(—)=—

1
5 a,u:np:6><6:1

b Pr(X>1)=1-Pr(X=0)-Pr(X =1)

2
+ S (3) e (M)
v 7 - 6 6/\6
v sy
. ", - 6\6
1
~1-0.7368
~ 0.2632
3ab

3
6,u:np:50><4—1

= 37.5 people will survive on average

2 _ —
¢ the distribution in part b is a o =np(l = p) = u(l - p)
reflection of the distribution in part o?=9, u=12
ainthe line X =5 9=12(1-p)
| 3
4 a pu=np=>5 P=7
o2 =np(l-p)=5x(0.8) =4 p:%
b u=np=6 12:n><;1
12
o? =np(l=p)=6x(04) = = n =48
74\ 4
48\(1\ (3
o s (31
2 1000 ~ 0.0339
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u =30, o’ =21

o? = p(l = p)
L2
P=30
9 3
P=307 10
= np
3
30 = nx —
nXlO
n =100
100\/ 3
Pr(X = 20) = >
r( ) (20)(10
~ 0.0076

9 n=20,p=0.5

u=np=10

o?=np(l-p)=10x05=5

oc=V5~22
u+t20=10+44
=5.6,144

.". the probability of obtaining between 6
and 14 heads is ~ 0.95

10 n=1200,p = 0.6

6
w=np=200x — =120

10

4
o?=u(l-p)=120x — =48

10

o= V48 =4V3 ~ 69

u+20 =~ 120+ 13.8
=106.2,133.8

the probability that between 107 and
133 students will have attended a
government school is ~ 0.95
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Solutions to Exercise 14C
1an=5p=02
i Pr(X =0)=(0.8) ~0.3277

ii PriX>1)=1-Pr(X=0)
~ 0.6723

b Pr(X > 1) >0.95
1 -Pr(X =0)>0.95
Pr(X =0) < 0.05
(0.8)" < 0.05

n=~13.43

.". the smallest number of shots is 14

¢ Pr(X > 1) > 0.95
1—Pr(X =0-Pr(X = 1)) > 0.95
Pr(X = 0) + Pr(X = 1) < 0.05

0.8)" + (’i’)o.s"—l % 0.2 < 0.05

(0.8)" + n0.8""! x 0.2 < 0.05

n~21.77
the smallest number of shots is 22

2a iPr(X=2)-= (120)(0.1)2(0.9)8
~ 0.1937

ii Pr(X>1)=1-Pr(X=0)
=1-(09"°
~ 1 -0.3487
~ 0.6513

b Pr(X>1)>07
1-Pr(X =0) > 0.7
Pr(X = 0) < 0.3

0.9y < 0.3

n~1143
.. the smallest number of tickets is 12

p=20.6
Pr(X = 5) > 0.25

Z)(0.6)5(0.4)”‘5 > 0.25

using CAS calculator, the minimum
number of shots is 7

p=02
Pr(X =3) > 0.1

’31)(0.2)3(0.8)”‘3 > 0.1

using the CAS calculator, the minimum
number of chocolates is T

p =035
Pr(X >2) > 0.9
1-Pr(X=0)-Pr(X =1)> 0.9
(0.65)" + n(0.35) (0.65)""" < 0.1

using the CAS calculator, the minimum
number of games is 10
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p =0.07
Pr(X > 1) > 0.8
I1-Pr(X=0-Pr(X=1)>0.8

(0.93)" + n(0.07)(0.93)"! < 0.2
using the CAS calculator, the minimum

number of balls is 42

7 p=0.7
Pr(X > 50) > 0.99

using the CAS calculator the minimum

number of shots is 86
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Solutions to Technology-free questions

roc- ()2 ()

4 anp=0.1x20=2

b
4
=3x 5= Pr(X <2)=Pr(X =0)+Pr(X = 1)
:la -—920+2()><i><1219
125 120 20 “\20
Pr(X =1 - (2 lg(gﬂ)
2 Pr(X:1|Xz1):u ~120) \20
1-Pr(X =0) "
5 — 1_9 xg
(l)p(l—p)4 — 120 20
“T-a-pp _39x 19"
- 20
_ sp(l-p)’ 20
1—(1-p)
5 a

13
3 a Pr(X:O):(g) = —

Pr(X > 1) = 1 — Pr(X = 0)
- 1=Pr(X =0) = 0.9984

27
. Pr(X = 0) = 0.0016(1 — p)* = 0.0016
1-p=02
Pr(X =3)
PrX=3X>1)= — "2 _
X=X =D =TT -0 p=08

l)marzﬁ{gﬁa—pf

3
J = 6p2(1 - py
7 = 6(p(1 - p))’
X % Maximum when p = 0.5

6 a Pr(x=5)+Pr(X =6)=0.1
5\ 1 9\*
bPr(X—l)—(l)Xl—OX(I—O)
_ 5x9¢
108
¢ 200% 0.9 = 180
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’ 1 _P(X =

7aPr(X:3):(l): ! b Pr(Y>1)=1-Pr(X=0)
. 26\’

- _(ﬁ

273 - 263
273
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Solutions to multiple-choice questions

1D n=>5,p=0.6,XisBi(n,p)

Pr(X = 3) = (;)(0.6)3(0.4)2

5x4 3 )
= —(0. 4
2><1(06) 0.4)

=10 x (0.6)°(0.4)
2 A n=5p=0.35, XisBi(n,p)
Pr(on time at least once)
= 1 — Pr(lets all 5 days)
=1-(0.65)°

1
3 E Pr(number >4 ) =Pr(S5or6) = 3

1
n:4,p:§,XisBi(n,p)

== ()

4x3 1 4
“2x1°979
R

27

7

n=2380,p =04,
X is Bi (n, p)
Pr(X <30) =Pr(0 < X <29)
=0.2861
using a CAS Calculator.

5 A n=>,,
X isBi (5, p)
PriX<1)=Pr(X=0)+Pr(X =1)
=(1-p)y +5p(1-p)
=(1-p)*1-p+5p)

=(1-p)*( +4p)

1
6 A E(X):np:18><§:6

2
For(X):np(l—p):6><§:4

So,u:6,a'2:4

7 B Since p = 0.7, the distribution
has a long tail to the left. The
greatest probablity will be near
the mean, which is 10 X 0.7 = 7.
Hence the second graph is the best
representation.

10
-9}

(10) 10x9 %8
m= = —

8 D

3/ 3x2x1
=120
9 C u=4=np=4 ... Q0
oc=V3 o?=3
=npqg =3 ... @
3
2)+(1):q=-
)= :q 1
1
P=3
10 C Use (X)npg =np(l —p) =1.875n =

10 : p — p*> = 0.1875 Using a CAS
solve command gives p = 0.25 or
p = 0.75. (Automatically, note that
0.1875 = 16’ so the quadratic can

3
beexpenedaspz—p+1—:0:

1 —é—Oso —lor
P=g\P—g|=%s0P=7

3
p = —. Since the coin is biased

towards heads, the probability of a
head is 0.75.

700



18

250
Pr(X <3)=0.7316
124 Pr(X = 40)
T =
i 01X = 35) Pr(X > 35)
=0.0679

13 E Pr(Thomas wins at least one set)
1 — Pr(Thomas wins no set, ) =
1-0.76n
1-0.76n > 0.95

0.76n < 0.05
A CAS Calculator show that

0.76'° = 0.065... and 0.76
n=0.048...

So that fewest number of days is 11.

(Alternatively, taking log,, of both
side) gives log;, 0.76n < log,,0.05
nlog,,0.76 < log,,0.05
1 0.05
S 0810

log,, 076
(Since log,, 0.76 is negative)

son > 10.91... and hence the least
number of days is 11)

14 B Pr(Thomas wins at least one set)

= 1 — Pr(no wins or one win)
:1—mmn—cy0mym7@*l

=1-0.76n — 0.24n (0.76)*"!

15

A CAS calculator shows that this
probability 1) 0.940 ... whenn = 17
and 0.952...

when n = 18.

So the fewest number of day is 18.
(Note: An efficient way to use a CAS
calculator is to first Define the func-
tion f(n) = 1-0.76" —0.264(0.76)*!
It is then a simple matter to evaluate
f(n) for various values of n.)

np =2+/np(l = p)
n’p® = 4np(1 - p)
np =41 -p)
np—4+4p =0
pn+4)=4

4
n+4

p:

4 1

<004 > — < —

p=004=-—7 <73
n+4> 100

n >96

16 A np=84andnp(l —p)=5.46

1—p=065
p =035

8.4
=2 o
"= 035
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Solutions to extended-response questions

1 a For children without disability there is an equal chance of answering A, B or C.
Let X be the number of questions out of 10 which are answered A or B. X is a

2
binomial random variable with n = 10 and p = -
2\ 10
Pr(X = 10) = (5) =0.0173

The probability that the answers given by a child without either disability will be all
As and Bs is 0.0173

b Pr(Answering C five or more times)

= Pr(Answering A or B 5 or less times)

=Pr(X <5)
=Pr(X =0)+Pr(X = 1) + Pr(X = 2) + Pr(X = 3) + Pr(X = 4) + Pr(X = 5)

~(s) (6N - CIET T - (I 6)
(IS ()T

(5] rom ) oo ) (3] 3] <[5
a0 5) 5]+ (3] <(5)

10
1
= (5) [1+ 20+ 180 + 960 + 3360 + 8064]

1\
:(5) [12585]

=0.2131
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Graphic calculator techniques for question 1

a In a Calculator page select
Binomial Pdf from the
Probability > Distributions
menu and complete as shown.

b For the cumulative binomial
select Binomial Cdf from the
Probability > Distributions
menu and complete the dialogue
box as shown.

Binomial Pdf
Num Trials, n | 10 I
Prob Success. p: lE.-'s

X Value: | 10 |y

| il:ancelz

binomP‘df( 10,—.10
T

5

0.017242 5

-

Prab Success, p: [ 13 I

Lower Bound: | S :I

Upper Bound: [ 10 I

!-Cancel_
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2 0017242
binomPdf] 10,—, 10

T

[ 1 0 212128

bmc:m[fdl']lw,—,fa,lﬁj

T
|

2:-33'

2a iPrX=1-= (110)(0.1)(0.9)9 ~ (0.3874

i Pr(X > 1[Pr(X > 1) = Pr(X > 2]X > 1) = /X 22)
11 T T = Pr - - - 7
= ==V T x> 1)
~ 0.4052
12
i p=-=~0.18
i p=
iv Pr(Y > 1) <0.03

1-Pr(Y =0)—Pr(Y =1) <0.03

1-[(1-py° +50p(1 — p)*1 <0.03
Use graphical approach with CAS.
0 < p <0.005

3 a 1 p=—, n=06LetX be the number of defectives.

=5 =(2) (4]

=0.0819

N | =

ii Pr(X <3)=Pr(X=0)+Pr(X = 1)+ Pr(X = 2)
= (0.8)% + 6 x (0.8)°(0.2) + %C»(0.8)*(0.2)*
=0.9011

b i Let X be the nélrnber of defectives.
Pr(X =2) = (2)p2<1 -p)*

=15p°(1 - p)*
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ii LetP =15p*(1—p)*

dP
—> =30p(1 - p)* = 60p*(1 - p)°
14
=30p[1 - pI’[1 - 3p]
dP 1
%:Ozpzlorngorpzo

Note whenp=1lorp=0, P=0
1

p= 3 gives a maximum probability.

53 65 45 18 2
Meanvalue—1)(@4‘2)(@4‘3)(@4‘4)(@4‘5)(@

=2
2 6 !
np=2,n=06.. ==
P p 3
Using the CAS calculator

i Pr(X=2)=0.3292

_Pr(X>2) 031962
T Pr(X>1) 0.68834

il Pr(X>2[X>1) = 0.4926

Let X be the number of faulty articles in as asample of size 10.
Then X is Bi (n = 10, p = 0.05)
Pr(batch accepted after first sample) = Pr(X < 2)

=Pr(X=0)xPr(X=1)

Using a CAS calculator given 0.9138616 = 0.9139 correct to 4 decimal places.

Batch is rejected if 3 or more faulty articles or if there are exactly 2 faulty articels

and then a second sample of size 10 contains any faulty articles.
Pr(X > 3) = 0.0115036

Pr(X =2) = 0.0746348

In a second sample, Pr(> 1 faulty articles) = 1 — Pr(o faulty articles)

=1-0.95°

=0.4012631
Pr(batch rejected) = 0.0115036 + 0.0746348 x 0.4012631

=0.0414517
= (0.04145 correct to 4 significant figures.

¢ Either 10 which are tested or, if 2 of the sample of 10 are faulty, a second 10 (giving
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a total of 20) are tested.
Let p’ = Pr(2 faulty article in first sample), so

1-p" =Pr(0,1,3, ...10 faculty articles in first sample).
Thein if y = number of articles tested, this gives:
y | 10 20
Pry—q) | 1-p P
E(Y) =10(1 - p") +20p’ = 10p” + 10
From past b, p” = 0.0746 = E(Y) = 10(0.0746) + 10 = 10.746

Let X be the number of people with a birthday in January.

ISR
Pr(X =2) = (g)(ﬁ) (ﬁ) = 0.0735

Let Y be the number of people with a birthday in January.

Pr(Y>1)=1-Pr(Y=0)=1 118
f(Y 2 1) =1-Pr(Y =0) = ‘(E)

=0.5015
Let Z be the number of people with a birthday in January.
N
11
Pr(Z>1) = 1—Pr(Z:0):1—(—)

12
N
11
1- (E) > 0.9

N
11

11
© Nlog,|—| < log,(0.1)
12
log,(0.1)
11
1 -
& N > 26.46304
Least value of N = 27.

S N>

7 For a two-engine plane
Let X be the number of engines which will fail.

The plane will successfully complete its journey if O or 1 engines fail.

Pr(X =0)+Pr(X = 1) = (1 — ¢)> + 2¢(1 — q)

=1-29+q" +2q-24
:1—q2
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For a four-engine plane:
Let Y be the number of engines which will fail.
The plane will successfully complete its journey if O, 1 or 2 engines fail.
Pr(Y =0) +Pr(Y = 1) + Pr(Y = 2) = (1 — ¢)* + 4g(1 — 9)* + 6¢°(1 — ¢)°
= (1= ’[(1 - 9)* +49(1 - q) + 64°]
= (1-’[1 =2q +¢* + 4q — 44" + 6¢°]
= (1-¢’[1+2q+3¢’]
To find when a two-engine plane is to be preferred to a one-engine consider the
inequality
1-¢*> (1 -9 +2g+3¢%
(1= q)(1+q) > (1 - g)*(1 +2q +3¢°)
(1+q) > (1 =g)(1 +2q+3q°)
1+g) >1 +2q+3q2—q—2q2—3q3q>q+q2—3q3
0>q*-3¢°
0> ¢*(1 - 3q)
1

- <g<l1
3_q_

1
A two-engine plane it to be preferred to a four-engine plane for 3 <g<l
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Chapter 15 — Continuous random variables
and their probability distributions

Solutions to Exercise 15A

% 3<x<6
1f(X)

x<3orx>6

ff(x)dx—f—dx

fwf(x)dx: 1

f(x)=0
.. is a probability density function

2 foof(x)dle

2
fx2+kx+1dx:1
0

3t ¥ =
§+4—2k+2:
-11
Zk:T
-11
k=5

T T > X

0.5 1

0.5
Pr (X <0.5) :f 12x% — 12x° dx
0
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ke y=>0

f(y):{o y<0

[ FO)dy =1

f ke dy =1
0

consider

lim
a— o0

lim [—ke ™14 = 1

a—00

a

ke?dy =1

lim (—ke ™ + ke®) = 1

a—oo

—klim(e™“)+k=1

bf(y)={

k=1
e”? y=0
0 y<0
2
Pr(YSZ):fe_ydy
0
= [~
=—e2+¢"
1
=1-— ~0.865
e

_ 7
—

36 Js

36(3

_ 1 ((12s
~ 36\ 3

(343

36

28

108

7
= — ~ 0.259
27

3

—1[£
= —[t— — 8%+ 55¢

7
1
b Pr(Ts7)=f5 2= =nar

16t + 55dt

7

5

200 + 275)

—— -392+385
e

1 (350 322
3

Pr(55<T <7)

Pr(T <7IT >5.5) =

7
L

Pr(T > 5.5)

1

36(t— S)(11 =1 dt

T
ks

%(t =5)(11 =) dt

~ 0.244

Pr(T < 7)

Pr(T < 7T < 10) =

Pr(T < 10)

[ 31—6(t—5)(11 —fydi

flO
5

~ (.28

1
%(t =511 -1)dt
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b

foo f(x)dx =1
17 ' 1 -
ﬁ ksm(l—on(x - 7)) dx =1

-10, (= v
[Tk COS(E(X - 7))]7 =1

-1 1
—Ok cos(m) + —Ok cos(0) =1
m bis

10 1
0 9% oy
T T

k=2

ED
20 Q

i

17 T T
Pr (X > 16):f —sin(—(x—7))d
; 207 {10

1 x 17
= [7 cos(m(x - 7))]7

—_—1csos()+lc059—7r
- VI 10

~ 0.024

ii Pr(12<X<13)

B n
j:z 20 sm(l—o(x - 7)) dx
-1 m b
= [7 cos(m(x - 7))]12

—_—ICOS l +lCOS 5—7T
2 10/ 2 10

fmf(t)dt: 1
fmke(%)dt: 1
0

Consider

lim ake(%) dt=1

—00
a 0

k x lim [—2006(%)]61 =1

a—oo
0

k x lim(—2006(2_m) + 200e°) -1

a—0

200k x lim(l - e(z_Tao)) =1

x a—0oo
200k = 1
1
k=—
200
= 0.005
b Pr(T > 1000) = [~ — (ﬁ)d
r(T = )= Jiooo 200° !
Consider
1 —r
lim —e(zoo)dt
a—> J1000 200
—1 \1¢
= lim [—e(m)]
amee 1000
= lim (—e(%) + e‘s)
3 1
&

1
- Pr(T > 1000) = — ~ 0.007
e

710



8 a y 9 4 ’
A
kA 3]
2 4
1 4
T T T T Oo—>» X
0 > 0] 02040608 1
_1 1
3
0 4
b f Fydr=1 b Pr(025<X <075 = [ 32dx
. !
0 1 3
fk(1+X)dX+fk(1—x)dx:1 =[X3]T
4
R H_ﬁ]l_l N
21 2], K “ o4 6a
13
: _ ! — — ~0.406
! (1+2)+(1 2) O‘k 32
L1
2 2_k 10 a y
k=1
0.1

: :
:f_11+x+dx+f 1 - xdx
2 0

1
x2]2

4 lx ==
[x 2]
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b Pr(-1<X<1)

1
:ff(x)dx
-1
01
:Il m(l()'FX)dX

1
1
— (10 -
+j; 100(0 x)dx

X
= 1—00 10x + ? .
1 X2 !
+ m[lox — E]O
1 1
} m(“‘ (‘“’* 5))
1
10—-=1-0
+(10-3)
19
=—=0.19
100
11 a f fo)dx=1
<k
f —de =1
1000 X
Consider
lim —zdx =1
a—eo J1000 X
lim _—k] =1
=L X 1000
lim -k + LI
a—o\ a 1000
k —
1000
k = 1000

e 1000
b Pr(X >2000) = [, —5 dx

. x2
Consider

¢ 1000 -10001"
lim 5 dx = lim[ ]
a—oo 2000 X a—oo X 2000

(—1000 1000)

=hm| = %2000

a—oo

Pr (X > 2000) =

N = N =

12 a Pr(X>1.5) = foof(x)dx
15

2 1
= f 2(1 — —z)dx
15 X

b Pr(X<18|X>1.5)
_Pr(15<X<18)
 Pr(X>1.5)

1

I 2(1 - —)dx

x2
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13 a Pr(X28):foof(x)dx
8

1] =
:f —e 5 dx
g 5

Consider

) 41 =x ) =
lim —e5 dx=1lim|—e?5
a— oo 8 5 a—oo ]

. —a =8
lim|—e5 +e5

a—oo

=8

=e5
-8
Pr(X>8)=¢e5 ~0.202
Pr(X>12
b PrXz12|X3>8) = 1212
Pr (X > 8)
ool .
f12 365 dx
- 3
es
Consider
lim le_S_xdx lim[—e;]
a— Jip a7 12
=8 N =8
es es
—a -12
=e5 lim|—e5 +e 5
8 -I2
=eS Xe S
__4
:eS
__4
Pr(x>12|X>8)=¢5 ~0.449

I

14 a Pr(X <0.5|=0.45)

0.5

f(x)dx

[eS]
0

0.5
0.2dx +f 0.2+ 1.2xdx
1 1

1
2

| =
+
‘w
| =

[\

Il
N[ —
+
| ——

o

Il
n| —
+
—_——m
sl=
+
S
N —

Il
[\®]
8o

Il

o

~

W

b Pr(X>0.5|X>0.1)

_Pr(X>0.5)
- Pr(X>0.1)
I -(a
I f(x)dx
0.55

-~ 11 6
£.1§+§de
11

4f(;1 1+ 6xdx

11
1
4[x + 3x2

0.1
11

1 3
4((1 +3)— (1—0 + ﬁ))
11
- 387
25
275

=—=~0.711
387
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15 a ¥

.

0.5
b i Pr(X<O.5):f e dx
0

— [_e—XJg.S

ii Pr(X>1)

f e Ydx
1

Consider
lim e “dx = lim[-e"]]
a—oo i a—oo
= lim(—e % +e ")
1
e
1 -1
PriX>1)=-=¢
e
iii Pr(X>1)
r
PriX>1|X>05)=————">-
rX=1X>05 =5 x%>05
1
—_€
1
Ve
1
Ve
1
=e 2

714



Solutions to Exercise 15B
1 a fx)=2x,0<x<1

E(X) = fooxf(x)dx

(o]

1
= f 2x% dx
0

b f(x)z#c,0<x<1

E(X) = fooxf(x)dx

(o]

¢ f(x)=6x—-6x* 0<x<1

E(X) = fmxf(x)dx

1
= f 6x% — 6x° dx
0

1
d f()=—,x21
X

E(X) = fooxf(x)dx

1
1
:f—dx
0o X

2

a

C

consider

d
lim —dx = lim[In|x|]{
a— oo 1 X a— oo

lim(Ina —1In1)

a— oo
= lim Ina

a—oo

E(X) does not exist

1

b 2.097

1.132

d 0.4444

3 a ,u:fooxf(x)dx

1
:f 2x* — % + xdx
0

2011
5 32
_12-10+15
B 30
17
_%z0.567

b Pr(Xs,u)zf# f(x)dx

17

30 . 4
= 2x” —x+ ldx
0

17
1 1 30
= [§x4—5x2+x0

LIy oy 1
— 2130 2130 30

~ 0.458
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11 "
4 f(x)=—+——cosx, m<x<nm 6 a E(%)=f lf(x)a'?C
oo X

2n 2nm
_ [ 1
B = Lo i dx - f 12x - 1222 dx
T 0
X  XCOSX
=)t T = [6x — 4x°),
using the CAS calculator = 0 =6-4=2

Alternatively, notice that the function
i1s symmetrical about the y-axis, so the
mean must be 0.

=y

E(e*) = foo e f(x)dx

(o]

1
= f 12x%e*(1 — x) dx
0

S I fOrdy =1 using the CAS calculator = 1.858
B
Aydy =1
L re 7 aPr(X<1)
B 1 1
L (R
7Y =1 0 0
: =-e' +e?
AB?
S |
2 =1--~0.632
® AB*=2 e
00 2
#=f yf(y)dy b Pr(ISXSZ):f e ¥ dx
o |
1= [ ayd =[]
- 0 y 2, -
=—e¢“+e
B
A e—1
2=|3 = ~ 0.233
[3y ]o 82
@ AB’=6 m |
Cfexdx:—
@:B:3 0 2
@ e 1
1 2 [_e ]0 :E
Subin@® = AQB3)" =2
1
A:z —e_’"+e0:§
0 1
1_ -m _ _
)
|
e =—
2
em =2

m=1In2 = 0.693
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8 a foof(x)dle 11 a ,uzfooxf(x)dx

(o]

1 1 2
fkdle :fxzdx+f 2x — x> dx
0 0 1

[kx](l)zl [x31 ) x3]2
=|=| +[x—-=
k=1 3o 3
1 8 1
bfldx:% 3( 3)(3)
0
1 1
il =+ :§+4_?0
70
1 =1
I’I’L—2 . 1
b f()dx ==
0 2
_ 1\
9 f()=5(x-D"0<x<1 —
f 5(x—1*dx =025 m 1
0 fxdxzi
[(x— 117 =025 0
211
(m—1)° —(-1)> =0.25 [_] - -
. 2], 2
-1y =-0.75
(m—1) | m 1
3 2 2
m—1:(—0.75) = 1
1 m=1
m = (=0.75)5 + 1 ~ 0. 0.0559
1 12 f(x) =30x* —30x°, 0 <x < 1
10f—67dx:09 .
0 e a,u:f xf(x)dx
[—eT] =0.9 »
L = f 30x° - 30x° dx
—e4 +¢°=09 0 |
e 30
ET =0.1 = [Sxé - 7)67]
0
e§r:10 _5_@
m B 7
—=In10 5
4 p=2~0714
m =41In10 ~ 9.210 minutes 7
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& |
Lo fx)dx = 13 f(x) = 2”—0 sin(llo(x - 7)), T<x<17

2
O 5 1 " 1
30x" — 30X dx = = fdx =3
0 2 oo 2
| "n  (x 1
[6x5 - 5x6]0 =3 j; 20 SIH(E(X - 7)) dx = 5
om o 6 _ 1 -1 (7 " 1
S Sm® = > [2 cos(lo(x 7))]7 =3

using the CAS calculator
m ~ 0.736 - cos(%(m - 7)) +cos0=1

u=0714<m QED

B [xz]o N X2 N 2)c3]1
10]_, 10 5 0
1 1 2
=0-—+—+--0
10 10 5
2
-5
b [ feydi= 1
xX)dx = =
o 2
ifm <0,
| 1
Zdx = -
Ls )
[xm_l
5], 2
m+1_1
5 5 2
m>0
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0 m
[lédx+£ %+gxdx=%
Lofx, 3] 1
5 |5 51, 2
m  3m? 3
55 10
3m2+m—§:0
2
1= VI+18
m—f
since m > 0,
-1+ V19
m=—— '~

6

d
15 a —(kxe ™) = ke ™ — kPxe™®
dx

f kxe ™ dx = _71 f —kPxe™**

+ ke™ — ke™* dx

k k
-1
— _xe—kx _ Te—kx
o kx+ 1)
ok
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Consider

- (;)
lim x(—)e dx
A

a—0o ]

—_

1 a
a = lim [xe_/lx - /le_/lx]
0

a—o0

a—o0

- 1im(—e‘%(a + )+ %0 + /l))

=1+ lim (—(a +4) - e‘%)

a—0o0

p=Aa

1
d y = e *is dilated by factor 3 from
the x-axis and by factor A from
the y-axis
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Solutions to Exercise 15C

S

1 EX) = f xf() dx b [ rod=3
1 _‘X’b 3
:f 2x2dx f 3x2d_x: —
0 0 4
_ |25 1 39 _ 3
_k40 ¥l =
2 b zé
= 5 4 1
»_ 4 3\3
(B0 = 5 b:(ﬂ ~ 0.909
E(X?) :f xzf(x) dx c

the interquartile range = b — a

1
:f2x3dx 1 1
0 3 1\3

:Bﬂl :&f%ﬂ

~ 0.279
1
2 3 a
o? = E(X?) - (E(X))* Y
_ o 8 _ 1 0.5
“ 18 18 18 ' .
>
ool V2 0
3v2 6
a 1
b ff(x)dx:Z
1 —00
2 a fxf(x)dx:— a 1
—o0 4 fO.Sexdx:Z, since a < 0.
f 3l dx = & consider
0 4
1
31a _
[x ]0—4
1
3_ 1
@0

~ (0.630

o=

Q
I
—_
S~—
W=
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al 1 00
lim —edx = - 4 a f f(x)dx =1
k——0co k 4 —00
1 9 k
lim [e*]} = = f_d -1
ko —o0 k 2 oz X
1
kgr_noo(ea—ek)zz [kInx]] =1
1 kIn9—klnl =1
el ==
2 kln9 =1
1
azlni _L
" In9
a=-1In2
f le_)‘a’x:l, since b > 0 b ﬂ:waf(x)dx
by 2 4 ;
1 8 4
- 1 —dx= — = — ~ 3.641
fe dx =5 L 9 T 9 T I3
b oo
consider EOC) = [ ds
lim fh d ! O x
i e dx ==
h— 00 = —d
I b ? flln9 o
. _ —xh:_ 5 9
pml=e ™l =5 i
L 43|,
fm(—eT+en) =5 B
b1 ~4In3  4In3
2 20
1 = —
—b=1In- In3
n 2 0_2 — E(XZ) _/JZ
b=1n2 20 16
the interquartile range = b — a "3 (In3)?
=1n2-(-1n2) :201n3_16z4948
(In 3)? '

=2In2 =~ 1.386
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d 1 (o]
5 a ff(x)dx:Z b ,u:f x f(x)dx
I 1 1
fZ—Zxdsz :f2x—2x2dx
0 0
a 1 1
[2x—x210:4—1 :[xz_%x3]
) 1 > h
2a—a" = —
1 _1.2
1 3
a2—2a+1:0 1
2+ VE_T 3
a =
2 E(X?) = f X2 f(x) dx
\/g —00
a=1-—, 1
2 :f2x2—2x3dx
since0 <a<l 0 1
2 1
b 3 4
3 =|=x" — =x
| JWdx=7 [3 2 L
b 3 —g_l
f2—2xdx:— 3 2
0 4 1
b - —
3 =
[2x—x2] = — 6
o 4 o? = B(X?) -1
2b—b2:§ 11
4 6 9
3
b =2b+ 3 =0 _ 1
18
b—ZiV4_3
B 2
“ 1
1 i
b:lii 6 _Oof(x)dx_4
L faer_xzalx—l
b—i,sznceOsbsl . 4
b “
b a [e_xz] :Z
1+\/§ 1 ’
s 1
22 —e_az+e'0:£—l
_V
2 2
~ 0.366
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o _ 3 b PR
e = - - —
4 Imf(x) X 4
3
2 b
—a” =In-— X 3
Zdx==
4 ~f02 X 1
4
= +4/In= ~ 0.5364, b
R VA f2xdx:3
. 0
since a > 0

b
Lf fydx=1
b 2
f 2xe ¥ dx =
0

b= \/§, since0<b <2

the interquartile range = b — a

= V3-1
~ 0.732

—
ml

=

N
| e—
(e S
1

Bl—= BAlW AW AW A

1 2 2

2 _
-b“ =1n Z — i % dx
b=+VInd = 1.1774, B8P
since b > 0 - [EL
the interquartile range = b — a 8 4
~ 0.641 "6 3
E(X?) = f xzf(x) dx
“ 1 _;o 3
7 a f f(x)alx-zL _ x—dx
—00 0 3
X 1
Zdx == 472
foj 27y _ [x_]
8 1

2xdx =1

[glzl o> = E(C) - i
0 162
=1 =2-5 75

a=1, since0<a<?2
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8 a foof(x)dle
10 h

f kx(100 — x> dx = 1

0

10
kf 100x — X’ dx =1
0

4 10
k[SOxz _ x—] ~1
4 0

k(5000 - 2500) =1
1
k= 2500

= 0.0004

b ,u:fooxf(x)dx

f“’ 100x% — x*
= | ———ax
o 2500
1 [100 5 xSllo
—X
0

25000 37 T 5

~ 2500\ 3 5

1 ({2000
25\ 15

80
T 15
16
e

1 ( 100000 100000

a

E(X?) = f ) x2 f(x) dx

0_2

g

(o]

U s
- | _
fo 5 (100x” — x°) dx

10
1 1
N VSV R

2500[ * 6XL

250000 —

~ 1000000
~ 2500

_ 1 {15000 — 10000
~ 25 6
_ 5000
© 150
_ 100
3
=EX) -
_ 100 256

3 9
44
9

211
-3

~2.21

foof(x)dx: 1

kf a’ —x*dx=1
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b ,u—fooxf(x)dx

f_a—‘wx

3x*
l 8a 16a3]_a

31 B 3a* 3a2 B
8a 164° 8a

=0
E(X?) = f ) x? f(x)dx

a3x2 3yt

. 4a  4ad

3 ¥ 32
4a 2047,

a=+V20
a=+2V5

note: the way the question is

a=2v5

10 a

3k 4

3a*
1643

—00

3 6
fk(3—x)a’x+f kB-—x)dx=1
0 3
213 2 6
X X
k([3x—? ?—3)(]3)—1

0

o=+ (3 )G

kx9=1

+

k=

Oo| —

stated implies that a is positive,
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216 36
27 6

E(X?) = f ) X2 f(x) dx

(o]

3.2 3
X X
- dx

o 3 9

6 .3 2
X X
+ ] = -Zdx

;9 3

AR Pl

9 36], [36 9],
27 81

=[=-=]-0
(5-5)0)

+64 216 81 27
36 9 36 9

9 9
=32 +36-24- 2 +3
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Solutions to Exercise 15D

1 a EX)=4
C = 300X + 100
E(C) = E(300X + 100)
= 300E(X) + 100
= 1300

b Var(X) =0.25
C = 300X + 100
Var(C) = Var(300X + 100)
= 90000 Var(X)
= 22500

b V=2X+3

91
E(V)=2XEX)+3=—
(V) =2xEX)+3 =5

3 a E(X):fooxf(x)dx

(o]

10 10
:f —dx
5 X

10

= [10lnx]
5

=6.93147
E(U) =3 x E(X) + 25
= 45.794

b EX? = f ) x* f(x) dx

10
:f 10dx
5
10
:[10)(]
5

=100 — 50 = 50
Var (X) = E(X?) - E(X)*
=50 - 6.93147>
~ 1.95472
Var(U) = 9 X Var(X)
=17.592

4 a E(X):fooxf(x)dx

(o]

Var (X) = E(X?) - E(X)?
1177
20 242
~ 0.048
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5 a E(3X):f 3xf(x)dx cl 54
d Let g(x) be the function required

193
X
- I] 2 dx we know g(x) = ax? and since
41l -1<x<1, -3<3x<3
=[9%] ) ax’ -3<3x<3
g(x) =
. 0 x<-3orx>3

:0 (o0
f gx)ydx=1

E(9X?) = f ) 9x% f(x) dx f

ax*dx =1

1 4
27x 3
2 3
l [x] =1
-3

—00

a—

275! 3
‘[ 10 }4 9a — (-9a) = 1
S22 sy 0= L
10 10 5 18
Var (3X) = E(9X?) — E(3X)? X2
— -3<x<3
27 g(x) =418
= ? 0 x<-3o0or x>3
_ — 2 _ —1)2
b EQG-X)=3-EX) (x=1) _2<x<4
1 e h(x) = 18
=3- §E(3X) 0 otherwise
=3-0=3
Var(3 — X) = Var (X)
1
= §Var 3X)
3
=2=06
5
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Solutions to Exercise 15E

1 a

Fuozvf?ﬂndr
0

*
= | —ar
L

[T
-|5|
0 ifx<0
F(x) = g if0<x<5
1 x>5

Pr(X <3)=F(@3)

First element of hybrid function.

1 X
Sdr=2
Jsa;

I 1
nw:f—m:—
o 47 1

where 0 < x < 1
Second element of hybrid function.
4

X
F(x)= —
(%) 20+c 1
Whenx:l,F(x):Z
1 1
Theref - = —
erefore, 1 2O+c
ng )
X 1
Fx)= —+ =
W=3573
where 1 < x <2
The hybrid function
f ifo<x<1
4
1
F)={2 11 if1<x<2
20+5 ifl <x<
1 x>2
F(x)=0.5
DAl
—+-=05
20 5

x* 3 4
—_— = — X =
20 110
x=63

Y

> X

b Pr(X>2)=1-Pr(X<2)
=1-FQ2)
=1-(1-¢*

4 a

b

-4

=e

Pr(X>2|X<3)=

F(6) =1
k(6)* =1

k=—
36

1
Pr(—sXsl
2

Pr(X >2)
Pr (X < 3)

o4

- FQ3)
-4

=% 100183
1—¢

):Pr(Xsl)—Pr(X<%)

1

- F(1)-.F(§)

1 1(1

7(1)—%(1)
1
T 48

730



10 2 .
5a FG0)=1--5=7 0 ifx<0
6 F(x)=14x>-3x* ifo<x<l1
b F(m)=0.5 1 x> 1
10
I-—=05 0 ifx<0
10, f()={12x*-12x° if0<x<1
m 0 x>1
m
—=2x =2
0" 2% =20
¢ Fla)=0.025 0 o<
0 7 F(x)={1-(1-x) if0o<x<l1
I-—=0025 1 x>1
10 h975 0 ifx<0
a
10 400 f)=4{51-x* if0<x<1
“=0975 T 39 0 x>1
F(m) = 0.975
10
I-—=0975 8 Fo {O.Se" ifx<0
XxX) =
1 1 -0.5¢e" 1
£=0.025 0.5¢ ifx>0
0 o = 0.5¢* ifx<0
bIM =400 0.5¢* ifx>0
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Solutions to Technology-free questions

\2
1 a kf xdx =1
1

R
K=x*| =1
=]

1 1
kKl=x2—-=x1|=1
[72-37)

1
Zk =
2

k=2

11
b Pr(l<X< 1.1):f 2xdx
1

ol

=121-1
=0.21

1.2
c Prl<X«< 1.2):f 2xdx
1

s

=144 -1
=0.44
1
2 f(a+bx2)dx:1
0
1 1
ax+—bx3] =1
3 0
1
a+=b=1 @)

3

E(X)—2 :
—3,s0.
! 2
fx(a+bx2)dx:—

0 3
: 2
fx(ax+bx3)dx:—

0 3

1
15 1 40 2
[Zax + 4bx ]0 =3
1 1 2
24t 3b=3 @
1 1 4
2X2Q)=()|==-=p==-1
x(2) <>(2 3) .
1 1
p=-—
6 3
b=2

1
Substituting in (1) gives a = 3

1
The graph of = sinx, 0 < x <, has
x-intercepts at (0,0) and (7, 0) and a

) T
maximum at|—, —|.
2 2)

Also, the graph is symmetrical about the
live x = — , so the area under the curve

a1
i Oto —is =.
rom 0 to > is 3

m 1. 1
(Alternatively, solve fo 3 sinxdx = 5)

o

(Note that the symmetry also implies

LT
that the mean is 5

4 a Pr(1<x<3):—(3—1)—i(1—1)

= A=
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b PriX>21<X<3)

Pr(X>4[X>2)=

> <

PriX>2nNn| <X<3)
Pr(l1 <X <3)

Pr2<X<3)

Pr(l1<X<3)

Pr(X <3)-Pr(X <2)

5

1 1
78-D-72-D

| =

PriX>4NnX>2)

P(X >?2)

_Pr(X > 4)

~ Pr(X >2)

W] = Blw|sI—

2,16
3 9

D=

> X

b P(X<0.)5)=

0.5
(12x% = 12x%) dx

1
6 a kf(xz—x3)dx:1
0

37 4

1 1
k[—x3 - =X

-

1

1
4:|:1
0

=1

—k=1
12

k

=12

(Note that this agrees with the
function given in Qn. 5 above.)

2
2 5
b Pr(X<§):f (12x% = 12x%) dx
0

[4x3—3x4]
0
8 16
_4Xﬁ_3xﬁ
1_6
27
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b Pr(X <0.2[X <0.3) =

8 Pr(X<m):f
0

sin

:sin(

. (mm
smT =0.5
mm
4 6

2
m=—

3

T
4

-0

— COS (—

),

mm

4

)

bJI—

0.2
f 3x% dx

0.3
3x% dx

0

0.

8

008

027

27

X
4

) ax

x(x+2)
6 dx
:—fx2+2xdx
16 Jo
1x3 24
1_6[?”]0
7
-3
“(x+2) 5
dx = —
o 16 T3
< 5
2)dx = =
0(x+ )dx >
x? a 5
Z 4oy =2
[2+x]0 2
2
5
Z 42 ="2
7 THT 3
@ +4a—-5=0

(a+5)a-1)=0

a=-5ora=1

1
IOaf
-1

La=1

_4c
3
c
For PDF — =1
3
.c=—
4
b 0

11 foln(l )"1dx_[ "(l_x)n]

=1

X

3

c(1 = x*)dx = c[x— 3

[
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71 1 ¥
12 a f —dx = [loge(x)

o X 1
=log, m

1
log,m = ~

1
13 a Letg(x) = —5 cos x2.

1
Then g’'(x) = ) X 2x8in x

mn

C

P n <X<
r —
3
Pr(X <m) =
f xsinx? dx =
0
1 m
[——cosxz] =
2 0
1 m>
——cos|—| =
2 2
)
cos|—| =
2
2

3
I

3
I

= N = N = N =

(en)

X

R
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Solutions to multiple-choice questions

1 B The second graph partly lies below

13
. 4 A Pr(XSl.3):f 2 (2~ 1)dx
the x-axis. Since f(x) > 0 for all 4

x, this could not requirement a 1, 3 13
probability density function. = [Zx - Zx]
1
2 D An antiderivative of 4x is 2x°. ~ 0.0743
If the domain is of the 5
from 0 < x < a, then 5 E E(X):f xx%(xz—l)dx
1

f4xdx:[2x2]
0 ’ —fz §x3—§x dx
=242 - J \4 4

=1 [14 32]2
1

1 - 16x N gx
zazﬁ(sincea>0), 27
so option D fits. 16
(Note that the above shows 5
options A —» C eure2 not posible. 6 B EU)= f 2 x %(XZ ~1)dx
= 1
For option E: 2 4xdx 203 3
L = f —xt = 2x%|dx
V2 , \4 4
2
= 2
= [2x2 f _ [ixs B lxs]
NG 20 4 |,
4 1 29
- (5) - 2(5) =10
=3 var (X) = E(X)* - [EQO)?
29 (27)2
Ll 1 ¢ = |7z
3D f —sinxdx:l——cosx 10 16
0 2 2 0 67
1 1 =
= —Ecosk+§ 1280
=1
if cosk = -1
k=mn
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o3 1
7 C Zdx==
, 4972
e, =3
16], 2
m4_1
16 2
4_3g
m= V8
~ 1.6818

8 D
[P xfodx =26

20
9 C E(X):f x X (400 — x*) dx
0

32
E)
(using a CAS calculator)
Then the expected consulations time

40000

32
for three patients is 3 X 3= 32 min.

10 A Let s be the minimum score for
an ‘A’.
Then Pr (X > S) =0.10 or
equivalently Pr (X < §) = 0.909.

S X
H —— sin| — |dx = 0.90
encej(; 700 Sm(SO) X

1 ax\|’
[—5 COS(%)L =0.90

2

TS

) = ~0.80
COS(SO)

% — cos!(—0.80)

50
s = —cos~'(-0.80)
T

~ 39.8
so the minimum score required is

closest to 40.

11 B

12 C FQ.5)-F(1)=

ol n AW
oo =—
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Solutions to extended-response questions

k
1 fx) =14 12(x- 1)3

0
a ff(x)dx: 1=
0

if0<x<4

ifx<OQorx>4

k 1

= dx = 1

12]:(x+1)3 *
k I

0

kL Ly,
12\ 50 2/)

12[_2(x+ 1)2

25 1
b E(X+1):ﬁf:(x+1)2dy
25 1 7

T 12| (x+ D
25( 1

=={--+1
12(5 )
3

3

EX+1)=EX)+1
EX)=EX+1)-1
5 2

=——1=—

3 3

d PX<c)=c
25 (¢ 1
12 Jp (x+1)3

o)
24| (x+ 17

dx=c¢

c

0

25 1 |
S — =C
24\ (c + 1)?
Using the ‘solve’ command of a CAS calculator gives ¢ = o orc=0orc= 3
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2
Butc>0,soc:§.

a (1—1) if 100 < x < 1000

2 f(x)=4100\" 100
0 otherwise
5 11000
1000 a X 8la
a floo f)dx = [m(x - ﬁ)]mo =T 5

81 2
For f to be a probability density function _Ta = 1 and hence a = T

1000 a 2\
b dr= | (x- )| ~0.108025...
o0 /(0 [100(x 200)]950

¢ E(X) = 11)?)00 xf(x)dx = [—

’ ) 3 111000
(x al )] = 700 hours
100

8100\ 2 300

d [ xfx)dx=0.5
Solve for c.
¢ ~ 736.396 hours

e Let X be the number of components in a box that lasts less tha 950 hours. Binomial
with p ~ 0.108025,n = 50
Pr(X <1)=0.232...

T T
— cos[—(x—-6 ifl<x<l11
3a f()=120 (10( ))
0 ifx<lorx>11
11
Pr(E4 > 10) = f(x) dx
10

=0.024472 ...

—p

Pr(E4 > ¢) = f(x) dx
11 ‘
f(x)dx =0.01

c=10.3623...
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10
C E(X):f xb(x) dx
1

32
5

10
d f b(x) dx = 0.05
k

k=9.1215...

3 2
e Pr(Pipe unacceptable) = 3 % 0.054496+ = 3 x 0.017175 ~ 0.040

f Probability of machine A given unacceptable

_ probability of unacceptable given A X probability of machine A

probability of unacceptable

% x 0.56697

= 70.039568
~ 0.826372

19

2 3
X 1
b Pr(l < X <3) ﬁSd)H—L 15(0 x) dx 30

Pr(1.5 <X <3)
Pr(X < 3)

¢ Pr(X>15x<3)=

2 X 3 1
his5 dx+ [ ;501020 dx

_Jis s
T oox 31
by 5 dx+ ;35010 -2x) dx
6l
~ 88
d EX) zxzd +f5x(1o 2x) d
= — dx — (10 — 2x) dx
0 5 , 15
7
"
3 ke
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. c X
e i Ogdx:O.l
=0.1¢2=0.1
=>c=1

ii Pr(X > 1), X is binomial with n = 20 and p = 0.1
Pr(X > 1) = 0.6083

5 E(X -c¢) = f (x* = 2cx + ) f(x)dx
2
! fxz —2¢x + ) (x —2)dx
2,

1
= 5 f(x3 - (2c+ 2)2 + (c24c)x - 202) dx
2

1
= 5(302 —20c + 34)

2
IfE(X - c)* = 3
implies 3¢? — 20c + 34 =2

3¢ —20c+32=0

(Bc—8)(c—4) =0

Therefore ¢ = g orc=4

kx ifif0<x<2
6 f(x)=1k(4-x) if2<x<4
0 ifx<Oorx>4
. 1
a The area of the triangle = 3 X4 x 2k v !
= 4k
1
Therefore k = 7 (2.2k)
0 4 -
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b Since the graph of y = f(x) is symmetrical about x = 2, E(X) = 2.
var (X) = E(X?) - [EQO)?

lfzx3d.x+lf4 2(4 - x)dx -4
= - - x4 -x)dx —
4 Jo 4 ),

14
=— 4

WIS

c Pr(X—u<1)=Pr(X-2|<1)
=Pr(1<X<3

d Pr (X > a) = 0.6 or equivalently Pr (X < a) = 0.4.
Since the graph of y = f(x) is symmetrical about x = 2, Pr (X <2) =0.5.
Hence 0 < a < 2.

f”d 04=2
—Xax =4 = —
o 4 10

-
a:%:éts—x/g(a>0).
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Chapter 16 — The normal distribution

Solutions to Exercise 16A

2 (c) appears to be the only normally
distributed curve

3 a using CAS calculator, integral = 1

b i E(X):fooxf(x)dx

o0

co —2\?
:Im:s\)/cﬂe_%(%) dx

ii using CAS calculator, integral=2

¢ i EX?)= f ) X f(x)dx

(o]

_f‘” x
Jw3
(=

il using CAS calculator, integral =

5]

2

dx

=

X e

SN——

13
iii o= Vo2
= VE(X?) - [EX)]?
= V13-4
=3

4 a using CAS calculator, integral = 1
b i EX)= f xf(x)dx

:foo al e_%(%‘t)zdx

—e0 5V27
il using CAS calculator, integral =
—4

¢ i E(X?= fooxzf(x)dx

(]

_l(ﬂ)z
X e 2\ 5 ) dx

i BE(X2) =41
iii o= Vo2
= VE(X?) - [EX)?
- Va1 - 16
=5
1 _l(x;s)z
5 — 2\'10
s 10 «/ﬂe
a u=3
o=10
x—3
(readoﬁ”( 0 )

section of the equation)
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b
1 _l(ﬁ)
6 f(x)= e 2\ 1
Va2
a u=-3,
=1
(read off (?)
section of the equation)
b
1 _l(ﬂ)z
7 fx) = e 2\ 3
Va2
a u=0
0
(read off (x - )
3
section of the equation)

b o

il | —
_.-9-3-?'-'.'-45--4-]-.'-‘4i'l:-‘id'iE?Eg
|

a

a

translation + 3 along the x-axis
(u=3)
dilation factor 2 from the y-axis
(o =2)

dilation factor 3 from the x-axis

translation + 3 along the x-axis
(n=3)
dilation factor 3 from the y-axis

-

dilation factor 2 from the x-axis

translation =3 along the x-axis
(u=-3)

dilation factor 2 from the y-axis
(0 =2)

dilation factor 5 from the x-axis

translation =3 along the x-axis

(u=3)

dilation factor 2 from the x-axis

dilation factor — from the y-axis

(0 =2)

translation =3 along the x-axis
(u=3)
dilation factor 3 from the x-axis

dilation factor 2 from the y-axis
1

[r=3)

translation +3 along the x-axis

(u=-3)

dilation factor 2 from the x-axis

dilation factor 3 from the y-axis

(c=2)
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Solutions to Exercise 16B
1 a 16%
b 16 %
¢ 2.5%

d 25%

2 a u~135
30~ 15

o=x5

Q

b u~10

30

X

o =

4
4
3

3 a =68%

b o~ 100%2—68% 6%

100% — 99.7%
- 2

=0.15%

o
?

4 u—20and u+20
273 -62and27.3+6.2
answer:

21.1 and 33.5

5 one; 95;99.7; three

6 ~ 1-095 _ 0.025,i.e. 2.5%
7 a =~ 1_368 =0.16,i.e. 16%

b ~ 1_5'68 ~=0.16i.e. 16%
8 a ~68%
b~ 100% — 68% 16
2
o~ 100%-95% _, .
2
9 a ~95%
b~ 100%2—68% 6

¢ = 50%, since the mean = the median

for normal distributions

~ 99.7%

160 — 160
-0
8

b 150; 160 _ 125

172 - 160 _
e

10 a

1.5

256 - 270
10 B
281-270
10 B
305270
10 B

11 a -14
1.1

3.5

12 Michael has a score of

standard deviations

27-18
— =

Cheryl has a score of
standard deviations
.. Cheryl performed better

8578

1.4

L.5
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13 Biology score is

14

standard deviations

History score is

4.1

standard deviations
.. the student did better in Biology

a

Steve:

French:
English:

Mathematics:

French:
English:

Mathematics:

77 — 68.5

79 =753

19-15

4
42 — 35

8
20 -20

21-23

4
39 -42

~ 1.73

~ 0.90

Sue:
15-1
French: > 5 > =0
42 — 35
English: =0.7
o 191020
Mathematics: _ =-0.2
b i Mary
ii Mary
iii Steve

¢ if all the subjects are weighted
equally, Mary is the best student,
since her total standardised mark is
higher
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Solutions to Exercise 16C

1 a

b

3 a

b

C

These results are vary close to the
‘68%—-95%—-99.7%’ rule.

0.9772

0.9938

0.9938

0.9943

0.0228

0.0668

0.3669

0.1562

0.9772

0.6915

0.9938

0.9003

0.0228

0.0099

0.0359

0.1711

0.6826

0.9544

0.9974

10

11

12

a 0.0214

b 0.9270

¢ 0.0441

d 0.1311

c =1.2816

c =0.6745

c=1.96

—-1.6449

—-0.8416

—-1.2816

-1.9600

a 0.9522

b 0.7977

c 0.0478

d 0.1547
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13

14

15

16

17

0.9452
0.2119
0.9452

0.1571

9.2897

8.5631

c=10

k=15.88

a =0.994
b=1.96

¢ =2.968

0.7161
0.0966

Pr(x <2625 <x<27)
_ Pr((x <26) N (25 < x < 27))

Pr(25 < x < 27)
_ Pr(25 < x <26)
~0.09---
= 0.5204

18

a

c=33.5143
k=13.02913

c1 = 8.28;¢, =35.72
(assumed symmetrical about the
mean)

0.9772

Pr(x<11|x < 13)
_Pr(x<11]'n'x<13)
B Pr(x < |3)

_ Pr(x<11)
~ Pr(x < 13)
09772
~0.9999
=0.9772

10.822
9.5792

Cy = 10.98;6‘1 =9.02
(assumed symmetrical about the
mean)
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Solutions to Exercise 16D
1 a i0255
ii 0.0478

iii Pr(IQ > 130|1Q > 110)
_ Pr(1Q > 130)
~ PrIQ > 110)
_0.0227 -
02524 ---

= 0.0901

b 124.7

2 a i 0.7340
ii 0.8944

iili Pr(> 170 | between | 68 &174)
_ Pr(between 170 &174)
~ Pr(between 168 &174)
_ 0.0655---
~0.1185---
=0.5531

b 170.25cm

¢ 153.267cm

3 a i 0.0766

ii 0.9998

iii 0.1531

b 57.3

4 a 10.56%

b 78.51%

S mean = 1.55kg; sd = 0.194kg

6 a

b

36.9%

69

0.0228
0.0005

If Y is the number with heights
exceeding 190 cm, then Y is Binomial
with n = 10, P = 0.02275....
Pr(Y >2)=Pr(2 <Y <10)

= 0.0206
using a CAS calculator’s ‘bimom
CAS’ function.

Pr(X < 295) =0.05

Priz < 2220 _ g5
5 o

— =-1.6449

o
o = 3.04 grams

Pr(X < 340) = 0.02
40 —
301 _ 02

= -2.0537
p = 350.27 grams

9 1004 ml

10 a small 0.1587

medium 0.7745
large 0.0668
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b Expected cost 12 a 0.0228, 0.1587

= 100 x $(2.80 x 0.1587 + 3.50 b Let x be the amount of chemical in a

X 0.7745 +5.00 x 0.0688) type A call, so x is normal with mean
= $348.92 10 and sd 1 Let Y be the amount
of chemical in a type 1 cell, so y is
normal with mean 14 and sd 2

11 a i 0.1169 Pr(x < ¢) = Pr(y > ¢)
i 17.7 pr(’“‘ 10 _c- 10) _ Pr(y—_ 14
1 1 2
b 0.0284 - 14)
2

- 14
ie. Pr(z <c—10) = Pr(z . )

where z has a standard normal
distribution. Since the graph of
y = f(z) is symmetrical about the

- 14
y-axis, the number ¢ — 10 cm ¢

are equidistant from the original.

4
Hence & — =—(c-10)

c—14=-2¢c+20

3¢ =34
34
CcC=—.
3
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Solutions to Exercise 16E

1 e —
1 n=100,p=— u=np=16
1006 o = /np(1 - p) ~ 6.898
H=np= o ~ 16.667
o = np(l - p) ~ 3.727 a Pr(10 < X <20) =0.7834

Pr(X > 10) = 0.9632 calculator calculator

b Pr(X > 15) = 0.0108 calculator
2 n=300,p=0.5

p=np =150 5 n=200,p=
= ,p=04
o = /np(1 — p) = 8.660 1 =np =80
Pr(X > 156) = 0.2442 calculator o = \np(l - p) ~ 6.928

Pr(X <76) = 0.2819 calculator
3 n=100,p =0.1

p=np=10 6 n=25p=025
= ,p =0.
a Pr(X > 15) = 0.0478 calculator o = np(l - p) ~ 2.165
b Pr(X < 15) = 0.2525 calculator a Pr(X > 10) = 0.0416
calculator
4 n=400,p=04 b Pr(12 < X < 14) = 0.0038  cal-
culator
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Solutions to Technology-free questions

1 aPrZ>a)=1-Pr(Z<a)
:1—p
b Pr(Z < —a) =Pr(Z > a)
:1—p
¢ Pr(—a<Z<a)=Pr(Z<a)
—Pr(Z < —a)

=P-(1-p)
=2p-1

X
ZaPr(X<3):Pr( 22

1 1
= Pr(Z < —1)

—4 3—4)

So a=-1

X-4 -4
b Pr(X >5) :Pr( > )

>—
1

=Pr(Z>1)
So b=1

¢ Pr(x>4)=Pr(Z>0)
=0.5

3 (x,y) > (ﬂ,ay)
o
Since 4 = 8 and o = 3, then

(x,y) — (%8,3y)

4 a Pr(x<alx <b)

_Prlx<d n’x <)

b Pr(X <2u—-a)=

Pr(x < b)

_ Pr(x<a)
"~ Pr(x < b)

H_H

g
—da

7<)
ag

7 —H

o
d
o222

:1—Pr(Z_u)
g

x_
o
J7i

<
a
>

Also, Pr(X<a)=g¢q
X—u a—pu
)=

<
o g

Pr(Z< u):q

g

Hence Pr(X < 2u — a)

:1—Pr(2<ﬂ)

g

l-gq

¢ Pr(iX>b|X>a)

_Pr(x>b"N"x>a)

Pr(x > a)

_ Pr(x>D)

"~ Pr(x > a)

1 -=Pr(x<b)
1 -Pr(x <a)
l-p

l-g
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Pr(X S:P(
r(X <35) T > < >
|
:Pr(Z<—)
2
x—4 3-4
Pr(X<3)—Pr( — <= )
1
- Pz ——)
r( <72

1
Pr(X>5):PrZ>§)

1 1
Pr(3 < X 5:P(—— z —)
r3 <X <5) T 2< <2

1
Pr(3<X<6):Pr(—§<Z<1)

2.55-25
Pr(X < 2.55) = Pr(Z < W)
=Pr(Z < 1)
=0.84
Pr(X <2.5)=0.5 sinceu =25
Pr(X < 2.45) = Pr(Z < %)
=Pr(Z < -1)
=Pr(Z>1)
—1-Pr(Z<1)
=0.16
Pr(2.45 < X < 2.55)
=Pr(-1<Z<1)
=Pr(Z < 1)-Pr(Z < -1)
=0.84-0.16
= (.68

a Pr(W > 505) = Pr(Z > M)

5
=Pr(Z>1)
=1-Pr(Z<1)
=1-0.84
=0.16

b Pr(500 < W <505)=Pr(0<Z < 1)
=Pr(Z < 1)
= —-Pr(Z < 0)
=0.84-0.5
=0.34

¢ Pr(W > 505|W > 500)

_ Pr(W > 505)
~ Pr(W > 500)
~0.16
T 05
=0.32

510 — 500
d Pr(W > 510) = Pr(Z > —)

5
=Pr(Z > 2)
=1-Pr(Z<2)
=1-0.98
=0.02

8 a Pr(X <6.5) = Pr(Z <0.5)

=0.69

b Pr(6 <X <6.5)=Pr(0<Z<0.5)
=0.69 - 0.5
=0.19
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¢ Pr(6.5<X<7) 9 The standardised scores are as follows.

62-50 12
=Pr(0.5<Z<1) Test A: T :H:1.09O9...
=Pz <D -Priz <0.5) Test B: 64— 48 =
17
=0.84 - 0.69 S 732 63 i & e

So the best test was test C and the worst

d PrS5<X<7)=Pr(-1<Z<1) test was test B.

=Pr(Z < 1)

_Pr(Z < -1) 10 a Pr(X > 10) =Pr(Z>0)=0.5
=0.84-(1-0.84) b Pr(X > 13%3:_P£(OZ > b)
=0.84-0.16 - Pr(Z > ) = Pr(Z < b)
= 0.68 S Pr(Z > 1.5)=Pr(Z < b)

S Pr(Z < -1.5)=Pr(Z <b)
nb=-15
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1 A The graph is symmetrical about the

line x =4,sou =4.

Almost all of the distribution lies
between —5 and 13, i.e. 18 unit, so
60 = 18

o=3

Use the invNom command of a CAS
calculator with Area set to 0.25. This
gives —0.6745 correct to 4 decimal
places.

X has mean 12 and variance 9, so the
standard deviation is 3.

1 15-12
Pr(X > 15) = Pr(x B )

3 3
—Pr(Z > 1)

Pr(X > 110) = 0.0038
110 - 102
s Pr(Z > ——— ) =0.0038

8
.. — = 2.6693 (Use the Inverse

normal command)
Lo=3

X—H
(X’y) - (T,O-y)
Here y =6 and o = 3, so

(x,y) = (XT_6,3y)

The given information means that
Pr(X > k) = 0.20

where x is normally distributed with
u =100 and o = 14.

This can be re-written in the form
Pr(X < k) = 0.80.

Use the invNorm command of a CAS

Solutions to multiple-choice questions

7

8

9

10

calculator with Area set to 0.80 and
the values 100 and 14 for the mean
and standard deviation respectively.
This gives k = 111.8, correct to one
decimal place.

Angie’s standardised scores are

follows. 5 7
Mathematics: =0
Indonesian: 7-39 =—1
— 64
Politics: 68 -6 =1

So her best subject was Politics,
followed by Mathematics and then
Indonesian.

Pr-1<X<2)=Pr(u—-oc<Z<u+20)

=Pr(84 < X < 17.1)

u =20 =0.005
Pr(X > 1) = 0.999

1 —p
- Pr(z )z().
r( > 0.005) = 099

1 —p
s —— =3.0902
0.005 0

s =1.015

u=272,0 ="
Pr(X < 260) =~ 0.091

260 — 272
el < 20272

) ~ 0.091
g

o — =—1.3346
g

S0~ 8.99
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Solutions to extended-response questions

1 u=50,0=10
Let X be the score.
For the top 10% consider

Pr(X > ki) = 0.1
-~ Pr(X < ki) =09
ki — 50
< = 0.
<= ) 0.9
k=50
ST
k= 10% 1.2816 + 50

=12.816 + 50 = 62.816
.. 63 and above indicate high aptitude.

Pr(Z

= 1.2816

For the next 20% consider
Pr(X > k) = 0.3
S Pr(iX <k) =07
kr — 50
< =0.7
10 )
ko, — 50
10

o ky =50+ 5.244 = 55.244
.. Scores from 56 to 62 indicate moderate aptitude.

For the middle 40% consider
Pr(X > k3) = 0.7
S Pr(X <k3) =03

ks — 50

. Pr(Z

=0.5244

Pr(Z < ) =03

.. From the diagram

Pz < 20 ;ﬁ) =07 ky =50

S k3 =50—5.244 = 447756

.. Scores from 45 to 55 indicate average aptitude.
For the category of little aptitude consider

10

10
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Pr(X > k) = 0.1 y

s Pr(Z> k“_SO) ~0.1

10
s Pr(Z < 0= k4) = 0.9 .
10 ko—50 O 50—k, ¢
S0~k _ | here 4 -ky
o =L 10 10
50 — ky = 12.816
and k, = 10 — 12.816

=37.184

Scores from 37 to 44 indicate little aptitude.
Scores less than 37 indicate no aptitude.

1.e. Scores 63 and above indicate high aptitude.
Scores from 56 to 62 indicate moderate aptitude.
Scores from 45 to 55 indicate average aptitude.
Scores from 37 to 44 indicate little aptitude.
Scores < 37 indicate no aptitude.

Let L be the amount (mg) for a lethal dose

pu=110,0 =20
Let D be the amount (mg) for a surgical anaesthesia
u=50,0=10

Let ¢ mg be the dose such that 90% of patients need less than this amount for surgical
anaesthesia

ire. Pr(D<¢)=09

Transforming to the standard normal

Pr(Z <<= 50) - 0.9
c—50
_ 12816
10
©e=10%1.2816 + 50
— 12.816 + 50
— 62.816

To find what percentage of patients would be killed by these amounts consider
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Pr(L < 62.816) = Pr(Z <

62.816 — 110)
20

= Pr(Z < -2.3592)
=1-Pr(Z <2.3592)
=1-0.9908
=0.0092

1.e. 0.92% of patients would be killed by a dose of 62.816 mg or less.

3 u=60000,0 = 5000

a i

ii

Let X be the mileage for a tyre

55000 — 60000
< = <
Pr(X < 55000) Pr(Z < e )

where Z is the standard normal variable

=1-0.8413
= 0.1587

The proportion of the tyres which last less than 55 000 kilometres is 0.1587 or
15.87%

50000 - 60 000 74000 — 60 000
<X< = <Z<
Pr(50000 < X < 74 000) Pr( 5000 <Z< 5000 )

=Pr(-2<72<2238)
The required region is shown:
Pr(-2 <Z <2.3) y

= Pr(Z < 2.8) - Pr(Z < -2)

= Pr(Z <2.8) - [1 - Pr(Z < 2)]
=Pr(Z<28)+Pr(Z<2)-1
= 0.99744 + 0.97725 — 1 2 0 28 2
= 0.9747

The proportion of tyres which last less than 74 000 kilometres but more than
50000 is 0.9746 or 97.46%
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Pr(X > 72000)

iii Pr(X >72000|X > 60000) = Pr(X > 60000) (conditional probability)
The diagrams show that the y
required probability is given E\_
by Area divided by Area and e =) =
transforming to the standard 0 i ém g Em X
normal

Pr(X > 72000) Pr(Z >2.4)
Pr(X > 60000)  Pr(Z > 0)
1 -Pr(Z <2.4)

= JE—

0.5 .
1-0.9918 60000 72000 *

0.5
=0.0164

o

b Pr(X>¢)=09 y
Transforming to the standard normal

¢ — 60000
pe(z> S0
r( = 775000 ) 0.9

A graph of the standard normal curve
helps: ¢ — 60000 ¢ 60000 - ¢

¢ — 60000 60000 - ¢
. _ 5000 5000
. Z > = Z <

Pr( 5000 ) Pr( 5000 )

60000 — ¢
Pz < 222 S D,
r( = 775000 ) 0-9

60000 — ¢
5000

- 60000 - 5000 x 1.2816 = ¢
. ¢=53592

= 1.2816

The company’s advertising manager can claim that 90% of their tyres last more than
53 592 kilometres.

2 _
¢ Pr(X > 72000) = Pr(Z > 72000~ 60 OOO)

5000

12000
— > —_—
Pr(z = 75000 )

= Pr(Z > 2.4)
=1 -Pr(Z < 2.4)
=1-0.9918

= 0.0082
The probability of one tyre lasting more than 72 000 kilometres is 0.0082
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The probability of 5 tyres lasting longer than 72 000 kilometres is (0.0082)° ~
3.7x 107!

Graphic calculator techniques for question 3

a i Choose Normal Cdf from the ol =
Probability>Distributions menu. " Al
norrnCdf{-W‘ESIDUl:}, OODGD‘EDGD} 0 158655 |

Complete as shown. |
1199

| Pz 009 i<o =0l O

Choose Inverse Normal from the | nomCd{-=,55000,60000,5000) 0158655
Pr ility>Distributions menu. Com- . .

obability>Distributions ¢ | invHom(0.1,60000,5000) 53592,
plete as shown. I

2499

4 a Let L be the useful life of a fluorescent tube
u=0600,0=4
605 — 600)

Pr(L > 605) = Pr(Z >
5
=PrlZ > -
r( —4)

= Pr(Z > 1.25)
=1-Pr(Z <1.25)
=1-0.8944

= 0.1056

b Pr(L > 607|L > 605)
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_ Pr(L > 607)

"~ Pr(L > 605)
~ 0.3792

=0.379169...

612
Pr(B > 605) = f f(x) dx =~ 0.077537 ...
605
Binomial , n = 10, p = 0.077537 ...
Pr(Y > 3) = 0.036978 . ..

Assume equally likely to select globe from either company.
Pr(W > 605) = 0.5 X 0.1056 + 0.5 x 0.0775 ~ 0.09155
~ 0.092

Pr(Company Bllasts longer than 605 hours)
_ Pr(lasts longer than 605 hours|Company B) Pr(Company B)

Pr(W > 605)

_ 0.077537 x 0.5

0.09155
=0.423

Let X be the length of the dimension
Pr(X > 60.4) = 0.03

Pr(X < 59.7) = 0.05

¥
L u | z
60.4 - pu
o
y
0.5
L] 0 ] z
59.7-pu u-59.7
o o
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P4Z<:&”4_“)=097 P{Z<:“_597):095
g (0B
004k ee079 and “T - 1 6a4ss
(o8 o
£ 604-u=188079c @ and u-59.7 = 1.644850 @
Add equations @ and @
0.7 = 3.52564¢

0 =0.19854, i.e. o = 0.2, correct to one decimal plea.
Substitute in @

60.4 — u = 1.880790
S =60.4 - 1.880790
= 60.02658, i.e. u = 60.0, correct to one decimal place.

3 -60.02
bH@>m@+ma<w@:H@>aB mowﬂ

0.19854
59.6 - 60.02658)
0.19854

= Pr(Z > 1.37715) + Pr(Z < -2.14858)
=1-Pr(Z < 1.37715) + 1 — Pr(Z < 2.14858)
=2 -Pr(Z < 1.37715) — Pr(Z < 2.14858)
=2-0.915767 - 0.98416

=0.1
These the percentage of rejects is 10%.

+ Pr(Z <

6 Let H denote the hardness of the metal
pu=70and o =3

a Pr(65 < H <75)=Pr

= 0.9044
The probability that a randomly chosen specimen has acceptable hardness 1s 0.9044.
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b Pr(70 —c < H <70 +¢) = 0.95 ¥y

mptes p{ 102E7T0 Ly T02E=T0) g5 /l/\

Pr—ESZSE)zO.% e 0 e 2
37773 -3 3
2Pr(Z§ g)— 1 =095

C

Pr(Z < 5) ~0.975

C

¢ 196

3

¢ =588

¢ Let X be the number of acceptable specimens out of 10 randomly selected
specimens.
X is a binomial random variable with n = 10 and p = 0.9044
E(X) =np =9.044
The expected number of acceptable specimens is 9.044.

73.84 — 7
d Pr(H < 73.84) = Pr(Z < M)

3

3.84
=plz <)
£ < 3

=Pr(Z < 1.28)

= 0.8997
Let X be the number of specimens out of the ten selected which have a hardness less
than 73.84.
Pr(X <8)=1—-[Pr(X =9)+Pr(X = 10)]

=1- (190) (0.8997)°(0.1003) — (0.8997)!°

= 0.2651 (to four decimal places)

e Let P be profit. The probability distribution for P
P | 20 -5
Pr(P = p) | 0.9044 0.0956
- E(P) =20x0.9044 — 5 x 0.0956

=17.61
The expected profit is $17.61.
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E(P?) = 400 x 0.9044 + 25 x 0.0956
= 364.15
~. Var(P) = E(P?) — [E(P)]?
=364.15 - 310.1121
= 54.04

7 Let u be the mean lifetime for a watch and o the standard deviation.

a The mean error is 0
Let X be the error
Pr(-5<X<5)=094

Pr(_—S <7< 2) = 0.94
g g
5
2Pr(Z < —) 120094
o
o4

Pr(Z < =
2

ST NS

= 1.8808
5

7 = 1.8808
— 2.658

b Let Y be the number of watches rejected out of a batch of 10 watches.
This is a Binomial distribution with p = 0.06 and n = 10
Pr(Y <2)=Pr(Y =0)+Pr(Y = 1)

= (0.94)'0 + (110) (0.06)(0.94)°

= 0.5386 + 0.3438
= 0.882

8 a Let X be the number of litres in a y
standard bottle.

75— 0.7
Pr(X < 0.75) = Pr(Z < w)

0.008
= Pr(Z < —-1.25)
=1 -Pr(Z < 1.25)
= 0.1056

125 O 125 ¢
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b Let N be the number of bottles out of ten which contain less than 0.75 litres. This is

a binomial random variable with n = 10 and p = 0.10565.
S Pr(N>3)=1-[Pr(N =0)+Pr(N =1) + Pr(N = 2)]

=1-0.9197
= 0.0803
¢ Let Y be the number of litres in a large bottle.
Define W = 4X — 3Y
We require Pr(W) > 0

i.e. Pr(4X —3Y > 0)
Note: E(W) = 4E(X) — 3E(Y)

=0.01
Var(W) = 16Var(X) + 9Var(Y)
=16 x (0.008)* + 9 x (0.009)>
=0.001753
. sd(W) = 0.04187
- Pr(W > 0) = Pr(Z >

0.01 )
0.04187

= Pr(Z > —0.23883)
= Pr(Z < 0.23883)
= 0.5944
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Chapter 17 — Sampling and estimation

Solutions to Exercise 17A

1 No; sample will be biased towards the whole population (e.g. electoral roll).

type of movie being shown.

2 a No; biased towards shoppers.

b Randomly select a sample from
telephone lists or an electoral roll.

No; only interested people will call, and
they may call more than once.

a No; biased towards older, friendly or
sick guinea pigs which may be easier
to catch.

b Number guinea pigs and then
generate random numbers to select a
sample.

No; a student from a large school has
less chance of being selected than a
student from a small school.

10

11

a Divide platform into a grid of 1 m?
squares. Select squares using a
random number generator to give two
digits, one a vertical reference and
one a horizontal reference.

b Yes, if crabs are fairly evenly
distributed; otherwise, five squares
may not be enough.

No; a parent’s chance of selection
depends on how many children they
have at the school.

Not a random sample; only interested
people will call, and they may call more
than once.

People who go out in the evenings will
not be included in the sample.

a Unemployed will be under repre- 12 a All students at this school
sented.
b p=0.35
b Unemployed or employed may be
under represented, depending on time ¢ p=042
of day.
¢ Unemployed will be over repre- 13 a 022
ted.
sente b

Use random sampling based on the
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Solutions to Exercise 17B

1 a p:f_ozé
¢ P(P=0)= (253) _ %
Pr(iJ:_):(ag): %
o580
5\(5
Pr(ﬁzl):(z?;()t))): 1_12
pl o % % X
Pr(P = p) % % % %
dPr(P>0.5):E+%:%
2 a p:%zg
b Valuesoff’:o,é’;%,g’l
p| O ! 2

Pr(P = p) | 0.0036 0.0542 0.2384

o 3 4
p| 3 3 1

Pr(P = p) | 03973 0.2554 0.0511

d Pr(P > 0.7) = 0.2554 + 0.0511
= 0.3065
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Pr(0 < P <0.7)

- =0.6924
Pr(P > 0)

Pr(P < 0.7|P > 0) =

p=05

1

Values of P : 0, 33 1

W[ N

1
N
P 33

Pr(P=p)| 0.1 04 04 0.

Pr(P > 0.25) = 0.9

p=04

Values of P : 0

W | —
[SSIIR )
—_

p

Pr(P = p)

AN — | ©
DO | = (W] =
RS EIEN

Sl -

) 1
Pi(P > 0.5) = 3

Pr(P < 0.5P > 0)
_Pr0<P<05) 3

Pr(P > 0) 5

>

Pr(P =) | —

e el o O]

OO W N | =

R 5
Pr(P > 0.7) = —
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(o)

(=3

7 a

C

Pr(P=p) | —

;|U1 TR

Pr(P < 0.4) = ;

m@>om<0&
H®<P<O&

Pr(P < 0.8)

Values of P : 0,

I

0| =

25

26

W
—_

pl 0

1

4

1

256

Pr(P = p) s

256

625

16

5

1
2
%

3
4
625 62

625

1

113

Pr(P > 0.5) = 5

pl 0

1

1
PP =) | ¢

00| W N =

1
1

= W

1
EX)=0x — +

E(X?) = 0% x

Sosd(x) =

1
1
1
3
1
m 3
+

o
oo =(3)-|

Z

1
4
1
2

1
4
2

|
B

6
w3y

1
T27%
x1+C)
17\2

3
4

X

§+@fxl
8 \4/) " 4

+1><i:0.5

1
4 16
+(1)2><i—i
16 16

p—

p

0

Pr(P = p)

1

32

5
i
32

1
E(X)=0X —+ =X

32

1
5

2
5
5
16
5

+
32

IS 5\|U' W
|U1 SRS

X
1

@)

5 4 5 1
— I x—=0.
><16+5><32+ ><32 0.5
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1 1\2 5 2\ 5 3\ 5 4\2 5
N2 — 2 I I I =
E(X°) =0x +( )x +( )><16+( )x +( )><32+

275 "5 5] 16 7\5
i

- Var(X) = 0.340176 — (5) ~ 0.050176

- sd(X) = 0.224

u=0.5, c=0.224

1 13
plo = = 2

10 4 2 4
] 256 256 96 16 1
pep=p | 20 20 26 16 1
"P=P | 55 &5 5 65 65

256 1 256 3 16 1
E(X)_OX@+ZX@+ZX%+1X%_

256 (12 256 (32 16 (2 1
E(XZ):Ozx@+(Z) zx@+(z) x@+(1) X33 =0.08
- Var(X) = 0.08 (0.02) — 0.04
- sd(X) = 0.2
u=02 0=02

0.2

~ X
11 n=30,p=04. Let P = —
n p e 30

a Pr(P > 0.4 =Pr(X > 12) = 0.0845

= 3%07
b,uzp:().3,0'=\/p( p):\/03><0 — 0.084
n 30

12 n =100, p = 0.4,

. X
a Pr(P>045) o Pr(m) > 0.45) & Pr(X > 45) = 0.1311

. X
b Pr(P > 045) & Pr(ﬁ) > 0.45) & Pr(X > 90) = 0.0655

1

13 an=16p=
.5 X 5
Pr(P> 2| e Pr[= > 2| ePr(X>5) =0.
r( _16)@ r(16_16)<:) r(X > 5) = 0.3698

()

X 1 = 0.340176

32
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14 a

PrIAJZi
. 5 . 3 ( 16)
Pr|P>—|P>—
16 16 . 3
Pr|iP>—
16
_Pr(X>5)
"~ Pr(X >3)
= 0.4606
1 ~ p(1—p)_\/0.25><0.75_\/§
”‘p_4and‘7‘\/ n 16 16

p =0.65n=20
Pr(P = 0.65) = Pr(X = 13) = 0.1844

1 - . .
u= 0.65,0 = \/p(Tp) = \/M =0.1066

20
u—o =0.543
u+o =0.757
Pr(0.543 < P < 0.757) = Pr(10.86 < X < 15.14)

=Pr(11 < X < 15)
= 0.7600

u—20 =0.4368
u+20 =0.8632
Pr(0.4368 < P < 0.8632) = Pr(8.74 < X < 17.26)

=Pr(9 < X < 17)
= 0.9683

~ 0.1083
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Solutions to Exercise 17C

1 p=05,n=50 S p=0.3,n=50
1- 1 —
p=05.0= PP _ L=03.0= PA=P
n n
0.5x0.5 /0.3 x0.7
—— =0.0707 = y/———— =0.0648
%0 0.46 - 0.5 he cal 5? Iso be done directl
A 46 - 0. The calculation can also be done directly
~ < — ) =
Pr(P < 040) = PrZ < =5 7675 ) with calculator:

Pr(Z < -0.5658)

Pr(P < 0.2) ~ 0.0614
The calculation can also be done directly

with calculator:

Pr(P < 0.46) ~ 0.2858 6 p=0.6,n=100
1—
L= 06,0 = p( - p)
2 p=0.12,n =300 [0.6 x 0.4
_ B p(] — p) = W = 0.0490
u=0.12,0 = "

0. . Pr(P <0.8) ~ 1
_ 012330088:0.018762 a Pr(P <0.8)

The calculation can also be done directly b Pr(0.6 < P <0.8)~0.5

with calculator: . A
Pr(ﬁ > 0.1) ~ 0.8568 ¢ Pr(0.7< P < 0.8|P > 0.6)
_ Pr(0.7 < P < 0.8) ~ 0.0412

Pr(P > 0.6)

3 p=05n=25

1_
,u=0.5,0':1/¥ 7 p=05,n=100
05x05
_ _ [p(1 -
- T_O'l a =050 = p(np)

The calculation can also be done directly

with calculator: = 1 / % =0.05
Pr(P > 0.6) ~ 0.1587 The calculation can also be done
directly with calculator:
4 p=0.1,n=200 Pr(0.4 < P < 0.6) ~ 0.9545
1- N
p=01,0=2d=P b Pr(P > 0.55) = 0.1
" Let X be the corresponding
0.1x0.9 S ]
=\ 200 - 0.0212 normal approximation with
The calculation can also be done directly _ . ]0.25
u=05ando = [—
with calculator: n

Pr(P > 0.15) ~ 0.0092
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Pr(X > 0.55) = 0.1 1-
i ) b u=052.0=PL=P) _ 00350
0.55-0.5 N n
& Pr (Z > T) =0.1 Pr(P > 0.575) = 0.0139
0.05
@PY(ZST):” 10 p=09.n =250
0.05 212
= —— =1.28155... h=2""-084
o a p=-= 0.848
025  0.05 .
n 128155, b u=090= 2122 _ 0190
n
o 92 _ 00390 Pr(P < 0.848) ~ 0.0031
n
. 0.25 — 0.001522 .. c Yesj because ﬂ.le chance of the b?,.tttery
n lasting only this short period of time
=n=164237 ~ 164 is very small if the manufacturers

8 p=0.1,n=1000

p(1-p)
=0.1,0=,/——2
7 o "
[0.1x 0.9
= W_0.0095

Pr(0.08 < P < 0.12) ~ 0.9650

V]

Pr(0.08 < P < 0.12|P > 0.10) =
Pr(0. P<0.12
1008 <P <0.12) 9650

Pr(P < 0.12)

=0.52,n = 400

1_
—0l.o = [pd=p)
n
/O.l x 0.9
W = 0.0095

230
200 - 0.575

a p

claim is correct.

11 Pr(P < 0.32) = 0.2445
Let X be the corresponding

normal approximation with

227
u=035and o = 0 >
n

Pr(X < 0.32) = 0.2245
0.32 - 0.35
o

-0.03
o

—0.03 _ —-0.6919. ..

& Pr (Z < ) = 0.2445

© Pr (Z < ) = 0.2445

=

0.2275 0.03

n 0.6919...

o
N % = 0.0390

= % =0.00188...

=
=
=>n=121.011 =~ 121
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Solutions to Exercise 17D

1 a

b

0.08

90%: (0.0354,0.1246),

95%: (0.0268,0.1332), 7
99%: (0.0101, 0.1499) Interval

width increases as confidence level
increases

0.192

90%: (0.1510,0.2330),

95%: (0.1432,0.2408),

99%: (0.1278,0.2562) Interval
width increases as confidence level
increases

0.2

(0.1069,0.2931)

4 (0.2888,0.3712)

5 a

b

10
(0.4761,0.5739)

(0.5095, 0.5405)

The second interval is narrower
because the sample size is larger

11
(0.7895,0.9065)

(0.8295,0.8665)

The point estimates for both samples
are the same, but the second confi-
dence interval is narrower because
the sample size is larger. This interval
does not contain 0.9, and would cause

us to doubt the manufacturers claim.

90%: (0.5194,0.6801),

95%: (0.5040, 0.6960),

99%: (0.4738,0.7262); Interval
width increases as confidence level
increases

90%: (0.5111,0.5629),

95%: (0.5061,0.5679),

99%: (0.4964,0.5776); Interval
width increases as confidence level
increases

M=002p=08

1.96\2
= (@) % 0.8 x 0.3 = 1536.64

Since n must be an integer larger than
the calculated value to ensure the margin
of error is no more than 0.02, n = 1537

M=005p=02n=

1.644912
L < 02%0.8 = 173.165
( 0.05 ) X U.ex

Since n must be an integer larger than
the calculated value to ensure the margin
of error is no more than 0.05, n = 174

»* =030
? Mz(z)'(s)%ss 2
- (= 03%0.7 = 1548.11
" ( 0.03 ) SRl

Since n must be an integer larger than
the calculated value to ensure the
margin of error is no more than 0.03,
n = 1549
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12

a

2.5758

2
0.02 ) x03x0.7 =

M= 0.02,(
3484

Reducing margin of error by 1%
requires the sample size to be more
than doubled

p*=03,M=002n=

096fx03x07—ZM694~2m7
0.02) XD =AIOIER

p*=0.5M =0.02
n

1.96)2
Gﬂﬁ)x05x05~24n

¢ i p"=03,n=2401

/0.3 x0.7
M =1. — =~ 1.
%0 2401 8

The margin of error is less than
2%

ii p*=0.5,n=2017

[0.5x0.5
M =1. — =22
%6 2017

The margin of error is greater
than 2%

d 2401, as this ensures that M is 2% or
less, whoever is correct
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Solutions to Technology-free questions

1 a All employees of the company

b p=035

p = 0.40

2 a No; only people already interested in

yoga

b Use electoral roll

c Pr(P = %) =Pr(X=1)

Possible ways:
BRR,RBR,RRB

17 1

8\Vn 80
7 1
n 10
7 1
n 100
n =700

pl-p
n

k

100 100

. 1.96 Vk(100 — k)
B 1000

pd -p
100

_1.96x 42201
n

—196x£

n
~0.588
~Vn

M =1.96

k
k106410~ 10

Margin of error would decrease by a

factor of V2

Confidence interval
( 576 674

1250’ 1250

( ~1.964/Z PA=P 5196

Adding the boundary values:
1

2/\ = 1 = D = —

p pP=3

pl—p 674

5+ 1.96 _
p+19 " 1250

(1—
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1+196 /1 _ 674 9 a 50x0.95=45
2 4n 1250

b
fwli _ 4 Pr(Y > 49) = Pr(Y = 49) + Pr(Y = 50)
25 V4n — 1250
50 50
[1 1 = (49)(0.1)1(0.9)49 + ( < 0)(0.1)0(0.9)50
4n 50
o = 5(0.9)* + (0.9)*°
4n B 2500 — 59(09)49
4n = 2500
n =625 10 a p=0.60
b M=0.10

8 a 40x0.95 =38

I le si
b Pr(Y =40) = (ig)(0.95)40(0.05)0 _ ¢ Increase sample size

(0.95)40
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Solutions to multiple-choice questions

1

B This class is a sample of the whole
school population, so any statistics
determined from this sample is
called a sample statistic.

C When the statistics is calculated
from the whole population it is
known as a population parameter.

D All we can say about a 95%
confidence interval is that 95% of
such intervals will capture the true
mean. Statement B is a common in-
correct interpretation of a confidence

interval.
p—p
EM=1.96
100
0.3x0.7
=196 X |——
50
=0.1270

N 3
PriP> —|=Pr(X >
r( 270 r(X > 6)

Binomial: n = 20, p = 0.15
Pr(X > 6) = 0.067308...

2p = 0.084 + 0.236
p=0.16

B To be more confidence of captur-
ing the true mean the interval will be
wider.

E I the centre of a confidence
interval is a sample parameter not a
population parameter

II the bigger the margin of error the
bigger the confidence interval

10

11

12

13

14

IIT a point estimate is a single value
estimate like p

IV the sample proportion a point
estimate

C Since the width of the confidence
interval is inversely proportional to
the square root of the sample size,
increasing the sample size by a factor
of 4 decreases the width by a factor
of 2.

1.96\2
EM=003n= (@) x0.3%0.7 =
896.37 ~ 897

A See definitions

B A sampling distribution is the
distribution of a sample statistic,
and as such shows how this statistic
varies from sample to sample.

Let b be the number of red

bricks. Take ﬁ = m

p (110;)” 004 p=020r

p(1—-p)
100

p(l—p)=0.16

P-p+0.16=0

p=0.38

More red bricks than grey. Hence

p = 0.8 and b = 8000

=0.0016

D The width of a confidence interval
will decrease if the sample size

1s increased, or if the level of
confidence is decreased.
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Solutions to extended-response questions

1 a

b

C

2 p

a

b

1.96\2
n:(v)p*(l—p*) 0<p'<l1
1.96\2
- sk 1 _ sk
(0.02) p(=p)
=9604*p*(1 — p)
n

24014

T ! >p*
0.5 1

From the graph, the maximum occurs when p* = 0.5

If they use the maximum samples size (2401) then they will ensure the margin of
error stays within the desired range of +2%

=0.7,n =100

Pr(P > 0.75) = Pr(X > 75) = 0.1136 (using CAS calculator)

N P <X<74
Pr(0.68 < P <0.75) = r(1§r9(); 2 6_9) ) =0.7423

p=0.57,n=100
95% CI = (0.4730, 0.6670)

i Pr(Y =5) = (3)(0.95°(0.05)° = 0.7738

i Pr(Y =0) = (§)(0.95)°(0.05)° = 0.0000003
iii Pr(Y <4)=0.2262
iv 0.95% 5 =4.75

500

n
X:gzl+67+72+55+60:311
p=——=0.622

N
(e
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CI = (0.5795,0.6645)

L 500
P="N
60
b p=— =0.15
P =200
500 500
¢ 22 Z0.15N ~ 22 = 3333.33 ~ 3333
N 0.15

d 95% Cl for p

[0.15 % 0.85 0.15x0.85
0.15-1.96 00 <p<0.15+1.96 20

[0.1275 0.1275
0.15-1.96 2400 <p<0.15+1.96 200

e 0.1150 < % < 0.1850

N
5.4056 < 300 < 8.6951
2703 < N <4348
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Chapter 18 - Revision of chapters 13-17

Solutions to technology-free questions

1 a Pr(faulty)
8 20 7 14

= — X — + X —
15 800 15 700
8 1 7 1

= —X-—+-—=X—
15 40 15 50
17

" 750

Pr(Machine A| faulty

_ Pr(faulty[Machine A) X Pr(Machine A)

Pr(faulty)
7 1

X
15 50

2 a Let X be the number of plants which
do not survive. X is binomial n = 4,

_1
P =3
N1
b Pr(X=4)=[=] = —
X =4 (5) 625
cPr(X>1)—1—1
- 625
_ 624
© 625

d Let Y represent the number of boxes
in the sample of six in which all
plants survive. Y is binomial n = 6,

r=(s)

=04

5
5 k
ﬁ k cos(rx) dx =
5

(5

—sinmx
T

Sincearea= 1, — =1 =k = g

b

2

T

ﬁm cos(mx) dx = [g X % sin(ﬂx)]

_ %(sin(mﬂ) ; 1)

For the median;
1
5( sin(mm) + 1) =0

mmn=0ormnr=2n

m=2

(since 5 <m < 5)
— m —
2 2

c Pr(X<

Pr(X<z)
7 4
_|X<2)=—
4 Pr(X < 2)
2-V2
)

m

[\S] O8]

3
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a

a

9
Pr(X> —)
Pr(X> z'x > %) -—
PrX > )

2
=2vV2-2

:(2_\/§)+(1_2_\/§

_ Pr(X>3)
CPr(X> 1)
0.1
T 05

Pr(X >3|X > 1)

Pr(1 < X <3)

Pr(X > 11X <3) = Pr(X < 3)

()
~

0.
)

\=}

9

E(X) = SxPr(X = x) = 1.7

E(X?) = Zx*Pr(X = x) = 4.9
Var(X) =4.9 - 1.7 = 2.01

6 x3 6
f kx(6 — x)dx = k[3x2 - —]
0 3

0

= k(108 = 72) =36k
1
36k=1=k=—
~ %73
1 20
% o x(6—x)dx—ﬁ

f %(6—x)dx:0.5

0

3

X X

23—
[X 3

m

=0.5
0

1
3m2—§m3—18:0

Om> —m> =54 =0

—(m = 3)(m* —6m —18) = 0
Som=73
Other solutions are outside [0, 6]

6

1
— f X6 - x)dx =3 Symmetry
36 Jo

can be used for this.

Pr(X < 2)

Pr(X < 3)
1 2

6 ; x(6 — x)dx
1 3

T3 ; x(6 — x)dx

2
f x(6 — x)dx
0
3
f x(6 — x)dx
0

28

3

18
14

27

Pr(X <2|X <3) =

754



Pr2 <X <4)

Pr(X > 2|X < 4) =
X > 20X <D= %<2

1
36 , x(6 — x)dx

1
6 , x(6 — x)dx

fx(6—x)dx

_ 2
fo(6—x)dx
0

3 2 3
Pr(RG):§X§:§

3 3 3
b Pr(RG) + Pr(GR) = 3 + ®-1a

¢ Pr(G;|Ry) + Pr(B2|R;) + Pr(Y2|Ry) =
2 2 1 5

S+ 4-o==
Y Y
, .5 4 5
d PR NRY =3 %= ==
e Pr(R; NRy) +Pr(B; N B,) +Pr(G; N

4 1
7 Pr(A) = §,Pr(B) = §,Pr(A’ N B) =?

a Pr(A’ N B) + Pr(A N B) = Pr(B)
Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)

i’.r(A N B) = Pr(A) + Pr(B) — PX(A UB)

41 s
CPANB) = o4 = —2 =
AnB=2+3-7=7

Also

Pr(A’ N B) + Pr(A N B) = Pr(B)
1 4 1

S Pr(A’NB) =

3 21 7

1
b Pr(A’NB) =Pr(B) = 3

8 a Pr(A N B) = Pr(BJA) Pr(A)
1.3

—_ X —_

574

3

20

Pr(A’ N B') = Pr(B'|A") Pr(A’)

I

:p)(
p

4
Pr(B) = Pr(A N B) + Pr(A’ N B)
3 1-p
20 4
~8-5p
20

Pr(A N B)
Pr(B)

b Pr(A|B) =
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_ _ 2a
IPr(X =x) =1 11 a f (x—a)2a — x)dx
La+03+01+02+b=1 a
x3 3ax2 5 2a
a+b=04...(1) =| -5+ 2w
E(X) = ZxPr(X = x) = 2.34 3
L a+0.6+03+0.8+5b=234 "6
La+5h=064...(2) Since the area = |
613
2)- () <= 1
4b = 0.24
bh=0 .
b =0.06
2a
From(1) a = 0.34 b E(X) = f x(x —a)2a — x)dx
b E(X?) = 6.54 oA 3ad e
Var(X) = 1.0644 - [ gty e
_a
: 4
10 a Pr(win) i
=0.7%0.9+0.3x0.4 _63
4
=0.63+0.12
=0.75 12 a E(X)=2

b Pr(Fully fit| Did not win ! b
(Fully fif ) bPr(X<2):(%) 6+16><(z) 6><§

_ Pr(Fully fit N Did not win) 8
B Pr(Did not win) 23 x 715
~0.1x0.7 TG
025
_ L 13

25
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0.004x — 0.04 = —-0.001x + 0.06
0.005x = 0.1
x=20

1
0 = 5

1

a5 = <

2
fB0=—

Area of the whole triangle is 1.
Therefore area of required region

1 1 1 2
—1—(EX5Xg+EXIOXg)

1(1 4
=1-=|z4-
2(5 5)

14 a Pr(X>1)=1-Pr(X =0)
5 1=Pr(X = 0) = 0.99968
Pr(X = 0) = 0.00032
(1 - p)’ = 0.00032
I1-p=02
p=0.8

bma=®:@ﬁM—m2

= 10p°(1 - p)?
= 10(p* = 2p* + p°)
LetP = p*(1 — p)?
Z—I; =3p® - 8p* + 5p*
=p’(3-8p+5p°

=p*(Sp-3)(p-1)

15 p=40,0=2
Pr(36 <X <44) =g

1_
Pr(X > 44) = Tq

16 f02(1 —x)dx =
9

20:

2a—a® =

Al BAlW W

8a—4a* =3

4a*> -8a+3=0
(2a—1)(2a—3) =0
1 3

GZEOI'C;ZE
0< <1, = —
S XS a )

since
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17 n=3,=2
a Pr(X =0) = (1 - p)}

b Pr(X =0)=p’

(1-p) =8p’
1-p=2p
1=3p

1

P=3

18 a Lety = sinx’.

d
Using the chain rule d—y = 2x cos x*

X
i ¥
2
Pr \/E<X< \/E :f 2xcos x* dx
3 2 \E
:[sinxz] z
V3
—sinﬂ sinﬂ
) 3
_ V3
B 2
1
C Pr(X <m) ==
2
2xcosx“ dx = =
0 2
m 1
. 2 _ 2
[smx]o =5
1
. 2 _
sinm” = 3
2 _ 7
"%
b8

=
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3
19 a p=—

—

b 0,1

12

373

¢ Pr(P = 0) =probability of all red
balls.

:EX§X58

1
20 Letp = ¢

[pd-p) _ 1
n o~ 20
pl-p _ 1

n 400
400p(1 = p) <n

1 4
>400 X = X =
"= 575

n > 64

21 a Consider black out of the red box and
then white out of the red box.

22

. n=3 4 3 3

1 X + — X
n n+l1l n n+1
_4n-12+9
nn+1)
_4n—3
a4+ 1)
.n-3 n-3 3 n-2
11 X + —
n n+l n n+1
_n2—3n+3
nn+1)
Pr(first is black | white is second)
_n—3 n—3_n2—3n+3
on n+1 " nn+1)
(-3
2 -3n+3
X_
E(Z):E(—’u)
o

éE(X — p)(Using E(aX + b) = aE(X) + b)

1
—(u -

(o8

=0

Var(Z) = Var(X — #)

a

1
— Var(X) (Using Var(aX + b) = a’Var(X))
o
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Solutions to multiple-choice questions

1 E
Pr (same color) = — i+1—2><E
16 15 16 15
1 1 3 11
- Cx_— 4w
4 5 4 15 6 A
1 11
=20 720
12
20
3
5
2 B 7 B
Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)

0.5325 = Pr(A) + 3 Pr(A) — Pr(A) x 3 Pr(A)
0.5325 = 4 Pr(A) — 3[Pr(A)]?

Pr(A) = 0.15
16
3 D Pr (six correct) = (E)
_ 1
64
=0.0156 8 E
4 B 4> +5% +4c +37 =1
16¢ =1
ool
16 9D
E(X) = ZxPr(X = x)
4 5 4 3
=1X—+2X — 43X —+4x —
“T6 T 16 77 16 T 16
_38
16
=2.375
4 5
Pr(X < p) = TR 0.5625

5 C If X is the number of spins if takes to
get a ‘3’, then it could take 1 spin or

2 spins or . .. .; there is no theoretical

upper limit. So the sample space is
{1,2,3,4,...}.

E(X) = 2Xx Pr(X = x)

=4x03+6x0.2
+7%x0.1+9x04

=12+12+07+3.6

=6.7

E(X?) = Zx* Pr(X = x)

=16x0.3+36x0.2
+49x0.1+81x04

=48+72+49+324

=49.3

= B(X*) - [E(X)]

=49.3 - 6.7

=4.41

var(X)

The values of X are 4, 6,7, 9. Since
Y =2X — 1, the corresponding
values of Y are 7, 11, 13, 17. The
probabilities are uncharged, so the
fifth option fits.

If Z =aX + b, then
var(Z) = a* var(x)
and b =4, so
var(Z) = (1-)* var(X)
= var(X)
=441

Here, a = -1
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10 E

11 C

12 B

13 D

14 C

15 B

Let H be the even that
the temperature exceeds
30. Using a tree diagram:

Pr(HwealHpon) = 0.6 X 0.6 + 0.4 x 0.25

= 0.46
Var(X) = E(X?) - [E(X)]
=202 - 112
=202 -121
=81
sd(X) =9

95% of scores, assuming an

approximate normal distribution, will

lie in the internal (u — 207, u + 20) .
u—20=50-20=30
u—20=50+20=70

So the required interval is (30, 70).

Pr(at least 2 heads)

<)) )

1

E(X) =np
= 400 % 0.1
= 40

If a die is rolled until a six is
obtained the sample space is
{1,2,3,...}. This can not be a
binominal variable since there is no
theoretical limit to the number of
rolls.

16 E var(X) = np(1 — p)
=900x0.2x0.8
=9x16

sd(X) =3x4
=12

17 E  var(X) = np(1 - p)

=42p(1 - p)
=9.4248

p(1—p)=0.2244
Use the solve command of a CAS

calculator, giving p = 0.34 or
p = 0.66. (Alternatively, solve the
equation formula)

18 A If p is the probability of success,

7
then Pr(5 sucesses) = (g)ps(l - p)>.

But 5 successes is the same as
2 fails. So this represents the
probability of exactly two failures.

19 A Pr(4 females) = '°C4(0.2)*(0.8)°
~ 0.0881
20 D Pr(=1) =1 - (0 at home)
=1-(p
2 3
21 D f (kx3 + —x)dx =1
0 4
2
1 3
Zk 4 .2 =1
[4 X + Sx .
3
dk+= =1
"3
1
4k = —=
2
1
k=——
8
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1 2
22 C Pr(X<2) = 5 f (4x — x*)dx
0

2
1 1
= —[sz - —x3]
0

9 3
1 8
=—[8-=
o)
_16
29
~ 0.5926

8 rm 1 .
23 E §f0 (l—x)dxzzwheremlsthe

median.
8[ 21" 1
—|x - — -
3 2 : 2
1, 3
m—im —1—6

Solving this quadratic with a CAS
‘Solve’ command (or by use of the
quadratic formula) gives m =~ 0.209
orm=1.791

ButO<m < %, som ~ 0.209

2 1
24 B EX) :f Zx(l — —2)dx
1 X

[

2

= [xz —2log, x]
1

=(4-2log,2)-(1-0)
=3-2log,2
~ 1.614

25 C Pr(-1.0<Z<0)

1
=5 Pr(-1.0<Z < 1.0)

1
~ —x0.68
2

=0.34

26 D From the definition of standard

27

28

29

30

deviation, it is always positive

for any distribution, including.
(Checking the other options:

A: a mean can be negative

B: values for any normal distribution
be any number in the interval
(=00, )

C: the area is exactly 1

E: the standard deviation could be
greater than the mean (it is for a
standard normal distribution))

Pr(X > 2.6) =~ 0.1151, using the
‘normCdf’ command of a CAS

calculator. (You do not need to

standardise.)

Pr(X < -2),~ 0.0228, using the
‘normCdf’ command of a CAS
calculator. (In this case, you might
note that:

-2-2
Pr(X < -2) = Pr(Z< 7 )

= Pr(Z < -2)

1
~ 5 x 0.05 = 0.025
using the 20~ limits. the only close
option is the last option.)

Since 02 = 0.4, oo = V0.4
Pr(X > —-2.73) = 1, using the
‘normCdf’ command of a CAS

calculator.

Since 02 = 4, o = 2.

Pr(1 < X <2.5) = 0.2902, using

the ‘normCdf’ command of a CAS
calculator. (If you mistakenly used 4
for o, you would get 0.1484, which
is not one of the option!)
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31 E If X is the amount of cordial in a
cup, then X is normal with u = 50
and o = 2.
Pr(X > ¢) = 0.90, so
Pr(X < ¢) = 0.10, giving
¢ = 47.44 mL using the ‘invnorm’
command of CAS calculator.

32 C If X cm is the length of a lock of

cheese, then X is normal with u = 10
and o = V0.5.

Pr(X <¢)=0.95, givingc = 11.16
cm using the ‘invNorm’ command of
a CAS calculator.

33 A Prlu—k<x<u +k)=0.7

kK X- k
Pr(—— < H < —) =0.7

o o o
Pr(—ﬁ <Z< E) =0.7

g g

Thus an area of 0.3 remains in the
two tail, or 0.15 in each tail.

So Pr(Z < E) =0.7+0.15
o

=0.85
Using the ‘invNorm’ command of a

CAS calculator shown that
Pr(Z < 1.03643) = 0.85

= K = 1.03643
o

Now 0% = 2.25, soo=1.5.
Hence k = 1.555. to 3 decimal
places.
(Note that the value of the mean y is
not actually needed.)

34 B If X kg is the weight of a pocket,
then X is normal u = 1.
More than 0.05 kg underweight

means X < 0.95 and 3% are

35

37

38

39

40

41

C

B

underweight.
Pr(X < 0.95) = 0.03
Pr(Z <200 ) =0.03
o

Using the ‘invNorm’ command of a
CAS calculator shows that
Pr(Z < —-1.88079) = 0.03

o 905 ) es079
(oa
005
7 = 1.88079
~ 0.027

The graphs have the some centre so
M1 = H2.

The lower graph is more spread out
then the upper graph so o > o7.

The standard deviation is V25 = 5.
About 68% represent, + 1 standard
deviation from the mean of 173.
173 -5 =168

173+5=178

So the interval is (168, 178)

n =200, p =0.38
95% CI = (0.313,0.447) (Calculator)

Interval is

(p—2.55w/p(1_p),p+2.551/p—(1_p))
n n

Adding the left and right boundary
values gives 2p.

Hence, 2p = 0.620

p =0.310

Increasing the level of confidence
means that the interval will be wider

Only statement II is correct

Since the width of the confidence
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interval is inversely proportional to 2 C pPrlp> 3 — Pr X

3
> —
the square root of the sample size, 30 10)
=Pr(X >9)

decreasing the sample size by a
£ P g = 0.3264

factor of 2 will increase the width of
the interval by a factor of V2
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Solutions to extended-response questions
1 CAS calculator is used throughout this question

a Let X be the weight of a trout from lake A. u = 3.6 kg, o = 0.5 kg
Pr(X > 4.25) = 0.0968

b Pr(X > k) =09
k=296

7r(2x—7)) h<ex<5

T
- cos(

¢ Let Y be the weight of a trout from lake B. b(x) = 6 6
0 elsewhere

5
E(Y)ZNZL xb(x)dx:%kg

d Pr(Y >4.25) = fs b(x) dx = 0.1464
4.25
e Pr(Y>¢)=09
’ b(x)dx=0.9
c=2.6145

f Pr(W >4)=0.6 XPr(X >4)+ 04 xPr(Y > 4)
=0.227

g Pr(caught in lake A|weight more than 4 kg)

_ Pr(weight more than 4 kg|(caught in lake A) X Pr(caught in lake A)
B Pr(weight more than 4 kg)

= 0.560

h Binomial n = 6 and p = 0.227
Let X; be the random variable.
Pr(X; >0)=1-Pr(X; =0)
~1-(1-0227)°
~ 0.79
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i

Let X, be the number of fish in a box of size n that weighs more than 4 kg.
~ 1 X, 1
Pr(P,<-)ePr(—<-)ePrX,<1)e Pr(X,=0)
n n n

A 1
Pr(P, < -) < 0.1
n

Pr(X, =0) <0.1
(1-0.227)" < 0.1

n=9
u=950=>5
Pr(T <a)=08 =a=99.2°C
108 <T <112
Pe(T < 112IT > 1 = —
(T < H2AT 2 108) = 5 7—=708)
=0.928

Pr(90 < T < 105) = 0.8186

Pr(95 < T, < 110) = 0.8186 The standard deviation is the same and the interval has
moved 5 to the right. So an immediate answer is k = 100, but by the symmetry of the
graph, we see that k = 105 is a second value.

Pr(T > 80) = 0.98 and Pr(T > 110) = 0.04
Pr(Z > 80_”) =098 and Pr(Z > 10 -p

) = 0.04
o

—
g

Pr(Z< 80 ):0.02andPr(Z< 110_") = 0.96
o

— 110 —
89K _ 505375 and LO2H — 175069
o o
u=96.2 and o = 7.9 correct to one decimal place.

probability of working at 110° C = 0.1
Binomial, n = 20, p = 0.1. Let X be the number working in box.
Pr(X > 2) = 0.6080.

Pr(X, >1)=1-Pr(X, =0)
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Pr(X, >1)>09

1 -Pr(X, =0)=>09
< Pr(X, =0)<0.1

© 09" <0.1

n > 21.8543

n=22

CI (0.0186,0414)

(19—1.9@/'”(1 _p),p+1.96,/w)
n n

Adding the left and righ boundaries of the CI
2p =0.16
p =0.08

6 p(l—p)
n

p+1.9 = 01414

p =0.08

Solve for n
n="74.9986...
Therefore take n = 75

i =3 min and o = 3 minutes.
i Pr(-5<T <5)=0.743677--- = 0.7437
ii Pr(T >5)=0.252592---~ 0.2525

Binomial n = 7, p = 0.2525

Late less than twice

Pr(T <2)=Pr(T=0)+Pr(T =1)
=0.438738 --- ~ 0.4387

Late twice

Pr(T =2)=0.312463--- ~ 0.3125
Late more than twice

Pr(T > 2) = 0.248799 - - - ~ 0.2488

f 0 3000 10 000
Pr(F = f) | 04387 0.3125 0.2488

E(F) =3000 x 0.3125 + 10 000 x 0.2488 = $3425.38
If previous approximations are used $3425.50

E(F?) = 3000% x 0.3125 + 10 000% x 0.2488 = 2.7692 - - -

x 107
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E(F?) —[E(F)]*> = 1.9589--- x 107

Therefore sd ~ $3994.85

If previous approximations are used $3425.8
33

d p=—2
P = 768

CI (0.084,0.162)

3n 2 2_2
ef dfd dd = 25 =2 < 50
. n
3
ff df(d) dd ~ 0.0187
8

12
a f k(x—8)(12-x)>dx =1
8
64k = 3

k=—
64
12

3
b & Js x(x=8)(12 - x)*> dx =9.6

12

¢ Pr(X > 10) = 63—4f x(x = 8)(12 — x)*> dx = 0.3125
10
E(Y) =80x%0.3125 =25

Pr(10 < X < 11)
Pr(X > 10)
11

3
o x(x = 8)(12 — x)* dx
10
3 12
o x(x = 8)(12 — x)* dx
10
=0.1625

d Pr(X > 11|x > 10) =

e Pr(85 <Y <10.5) =0.555889--- ~ 0.5559

f Pr(Y <a)=0095
a=119738 =~ 12.0

g i Pr(Y>12.2)=0.033376...
Binomial n = 64 and p = 0.033376...
Pr(P>1)=1-Pr(X =0)
=1 - (0.96662)"
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=0.88611--- ~ 0.8861

ii Pr(Y >m) <0.00055 < 1 —Pr(Y <m) <0.00055
Pr(Y < m) > 0.9995
Using calculator m = 8

iii E(P)=p =0.033376
p(l—-p)
n

and sd(P) = =0.02245. ..

h Let m be the number from machine B and T the total number. Therefore T — m
produced by machine A.

06125 =" %054+ L=m, 1
T T 16
m m 11

6125=" %05+ (1- 2y =

0.6125 = 2 x 0.5+ (1= Z) X 2
m

Letx =
T

11
0.6125 =0.5x+ (1 —x) X T

Lx=04
1-x=0.6

S In the following E denotes the event occurring, N the event not occurring.
Three trials are considered first.

a 1 The outcomes to consider are

(E, E, E) Pr(E, E, E)=0
(E, E, N) Pr(E, E, N)=0
1 1
(E, N, E) Pr(E, N, E)ZEXIXE
(N, E, E) Pr(N, E, E)=0
(N, N, E)
(N, E, N) Note: Remember the event cannot occur in consecutive trials.
(E, N, N)
(N, N, N)

1
Probability of it occurring just twice = Pr{(E, N, E)} = 1

ii Consider the following outcomes
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(E,E, N, NN Pr(E, E,N,N)=0

(E, N, E, N) Pr(E,N,E,N):lxlxlxlzl
2 2 4
(E, N, N, E) Pr(E,N,N,E):—><1><l><1:l
2 2 2 8
(N, E, E, N) Pr(N, E, E, N)=0
(N, E, N, E) Pr(N,E,N,E):EX%xlx%:é
(N, N, E, E) Pr(N, N, E, E)=0
Pr(the event occurs exactly twice) = l + l + l = l
4 8 8 2

b For 5 trials there are 10 possible outcomes to consider
(E, E, N, N, N) Pr(E, E, N, N, N)=0

1 1 1 1
E,N,E, N, N Pr(E, N, E N)==X1Xx=X1x==~
(,”,) r(77’N’ ) 2>< XZX X2 8
1 1 1
E,N,N,E, N Pr(E, N, N, E, N)= =X 1X=X=-X1=—
(,7’9) r(??a’ ) 2)( X2X2X 8
(E, N, N, N, E) Pr(E, N, N, N, E) lxlxlxlxl !
T = — —_ —_ _ = —
2 27272716

(N, E, E, N, N) Pr(N, E, E, N, N)=0

1 1 1 1
(N, E, N, E, N) Pr(N,E,N,E,N):§x§x1x§x1:§
(N, E, N, N, E) Pr(N,E,N,N,E):lxlxlxlxlzi
2 2 2 2 16
(N, N, E, E, N) Pr(N, N, E, E, N)=0
(N, N, E, N, E) Pr(N,N,E,N,E):lxlxlxlxlzi
2 2 2 2 16
(N, N, N, E, E) Pr(N, N, N, E, E)=0

Pr(the event occurs exactly twice) = T6

6 Let X be the number of sixes obtained in 5 tosses of a die
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Pr(an even number of sixes) = Pr(X = 0) + Pr(X = 2) + Pr(X = 4)

() o) -3 )

5

@)

[5° + 10.5° + 10.5]

AN —

5

[4425]

AN —

=0.5692
Pr(an odd number of sixes) = 1 — Pr(an even number of sixes)

=0.4309
Let Y be the amount won by Katia. The probability distribution is as shown
y ‘ 1 -X
Pr(Y =y) | 0.4309 0.5691
The game is fair if E(Y) = 0

re.if 1 X 0.4308 — 0.5691x = 0

This implies x = 0.7570
Therefore Mikki should receive 76 cents from Katia if there is an even number of sixes.

7 a Let x be the daily demand
Let s be the number of newspapers stocked
If the demand is less than the number stocked
P =0.75x-0.5s
If the demand is greater than the number stocked
P=0255-0.25(x—¥) Note: the newspaper seller is considered
— 0.5s — 0.25x to lose money by not ordering enough.

P 0.75x—-0.5s x<s
055 -025x x>

b Using the result of a a probability distribution for P is obtained with s = 26
p ‘ 5 575 650 625 6 575 5.50

Pr(P = p) ‘ 0.05 0.10 0.10 0.25 0.25 0.15 0.10
The computations are as follows

x=24 p=075%x24-05%x26=5

x=25 p=075%x25-0.5%x26=5.75
x =26 p=0.75%x26-05%x26=06.5
x=27 p=05x%x26-0.25%x27=6.25
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etc.

Reorganising the table
p | 5 550 575 6 625 6.50

Pr(P = p) \ 0.05 0.10 0.25 0.25 025 0.1
E(P)=5x0.05+550%x0.10+5.75%x0.25+6x0.25 +6.25 x 0.25 + 6.25 x 0.1

=5.95
The expected profit is $5.95.

¢ E(P) = Es: (0.75x — 0.55)p(x) + g (0.55 = 0.25x)p(x)

x=24 x=s+1

d The newspaper seller should stock 27 (computation not shown).

I 1 1
8 a i Probability bean bag lands outside = 1 — 373%%¢
ii Probability of two consecutive throws landing outside
1 1 1
the circle = — X — = —
ecircle = = X = = 72

iii Probability of first on the rim and second inside the

circle = ! X ! —1
372 6

b Let X be the score.

X _[o]s |10

5
1‘2
1015

4
i With two shots to score a 20 requires two 10’s. .. Probability of score 20 = 75

(S

Pr(X = x) > Y

ii In other to score 10 the score could have resulted through 0 and 10 or 10 and O or
Sand>5.

1 2 1 2 1 1
P ility of 0= - XZ 4 —XZ 4 —x—
robability of score 10 2x5+2x5+10x10

1 1 1

=—4+—-+—

5 5 100

2 1

5100

4

100

¢ For Jane to score a 10:

e It can be a ten from 2 shots (bean bag of Anne; outside).
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41 1 41

Probability of this = — X — = —
robability of this 100X6 500
e [t can be a ten from one throw (bean bag of Anne: rim)
1 2 2
37515
41 2 121
Probability of aten = — + — = —
robability of a ten 600+15 00
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9 pu=280000, o =20000

a Let X be the distance travelled annually ¥
Pr(56 000 < X < 60000)
56 000 — 80000 60000 — 80000
=Pr <Z<
20000 20000 ' S 1 2
=1.2 =1 | 1.2
=Pr(-12<7Z<-1)

From the graph it can be seen
Pr(-1.2<Z < -1)
=Pr(l<Z<12)
=Pr(Z<12)-Pr(Z<1)
=0.8849 - 0.8413

= 0.0436

The probability that a randomly selected taxi will travel between 50 000 km and
60000 km is 0.0436.

b Pr(Below 48 000 or above 96 000)
= Pr(X < 48000) + Pr(X > 96 000)

pd 7 < 48 000 — 80000 cpdz> 96 000 — 80000
= Pr T
h 20000 - 20000

= Pr(Z < —-1.6) + Pr(Z > 0.8)
=1-Pr(Z<1.6)+1-Pr(Z > 0.8)
=2-Pr(Z < 1.6) - Pr(Z < 0.8)
=2 -0.9452 - 0.7881

= 0.2667
The percentage of taxis which travel below 48 000 km or have 96 000 km is 26.67%

¢ Pr(48000 < X < 96000)
= 1 — [Pr(X < 48000) + Pr(X > 96 000)]
= 1-0.2667

=(0.7333
Let Y be the number of taxis out of the 250 which will travel between 48 000 and

96 000 km.

Y is a Binomial random variable with n = 250 and p = 0.7333

E(Y) = np = 183.325

1.e. 183 taxis out of the 250 are expected to travel between 48 000 and 96 000 km.
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d Let ¢ be such that ¥

Pr(X > ¢) = 0.85 \’\
Then Pr (Z > M) =0.85

20000

c-80000 O 80000-¢ ¢

From the graph
20000 20000
80000 - ¢
PlZ<——|=0.8
r( = 720000 ) .
80000 — ¢
—— =1.0364
20000 03643
¢ = 80000 —20000 x 1.03643
= 59271
85% of taxis travel at least 59271 kilometres.
10 a i Let X be the weight of cereal in a box
9u =505, 0=5
Pr(X < 500)
_ Pr(Z - 500 - 505)
5
=Pr(Z <-1)
=1-Pr(Z<1)
=1-0.8413
=0.1587
ii u=?0=5
Pr(X < 500) = 0.1 y
500 —
implies Pr(Z < 5 ,u) =0.1
From the graph
— ! I
Pr(Z < 200~ p 0 z
500 = u u =500
~500 5 5
= Pr(Z > £ )
- 500
= 1- Pr(Z <F= )
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1 — 500

1- Pr(Z < ) =0.01

0.99 = Pr(Z <HZ 500)

23263 = 20

=5 x2.3263 + 500
=511.63

b Let Y be the number of boxes under weight. Y is a Binomial random variable with

n=35, p=0.158655
Pr(Y >1)=1-Pr(Y =0)+Pr(Y = 1))

=1-(0.841345) — (i) (0.158655)(0.841345)*
=0.1809

kx(100 — x*) if0<x<10
0 otherwise

11 a i f(x):{

41110
Fo)dx = [k(sox2 - x—)l — 2500k
0 4 0

1
For f to be the function of a probability density k = 7500

1

i B0 = [ xf(0dx = =

16
folo x2(100 — x*)dx = 3
10 A\ 1"
iii Pr(X >3)= f3 f(x)dx == [k(SOxZ - Z)] =0.8281
3

Pr3<X<7) [ fxdx
PrX<7) [ foodx

iv Pr(X>3|X<7) = = 0.7677

b This is a binomial distribution. Let W be the number of moviegoers who have to
queue for more than 3 minutes
Pr(W >5) =7

In this situation n = 10 and p = 0.8281
Using a calculator gives Pr(W > 5) = 0.9971
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985 - 1000
12 a Pr(X <985) = Pr(Z < —)

12

-1
=PrlZ < —5
=Pr(Z < -1.25)

=1-Pr(Z < 1.25)
=0.1056

b Pr(X <985) =0.01

< 985 —u
12

u—985
12

1 — 985
12

1 — 985
12

=12 x2.3263 + 985

=1012.92
The machine should be set at 1012.92

Pr{Z =0.01

1 -Pr{Z < = 0.01

Pr|Z < =0.99

=2.3263

13 In the tree diagram A, B and C are the machines. D is
defective. D’ is not defective.

a 1 Pr(AnD)=0.35x%x0.03=0.0105

ii Pr(D)=Pr(An D)+ Pr(BnN D)+ Pr(CnND)
= 0.0105 + 0.25 x 0.06 + 0.40 x 0.05
= 0.0455

y
125 © 125 £

985 = u i —985
12 12

o 7 o
o D
o
0.25 - <
= 0%~ p
% -;:.D" ]
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Pr(CND) 0.4.x0.05

PKC | D) = _
b PrCID) = =55 0.0455

= 0.4396

_Pr(AUB)ND') _PrAND)+Pe(BND') 05745 1149

PrAU B| D') = _ _
¢ Pr( D) Pr(D’) Pr(D’) 0.9545 ~ 1909

14 a i u=EX) =2ZxPr(X = x)
=4.25

i o= yVarX)
Var(X) = E(X*) - [E(X)]*
=1x0.02+4x0.03+9x0.04 + 16 x 0.45 + 25 x 0.45 — (4.25)*
=0.02+0.12+0.36 + 7.2 + 11.25 — (4.25)*
= 18.95 — 18.0625
=0.8875

o = V0.8875 = 0.9421

ili Priu—20<X<pu+20)
= Pr(2.366 < X < 6.134)
=0.94

iv Pr(X >4)=0.45+045
=09

b i Binomial

i o

i Expected number of working games in box
= E(Y)

=20x%x0.9
=18

| bl

ili Var(Y)=20x0.9x0.1
=1.8
o= V1.8

= 1.342
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15 a

iv Pr(Y > 19) = Pr(Y = 19) + Pr(Y = 20)
=0.27017...+0.12158...

= 0.3917 (correct to 4 decimal places)

n =1000,X =100 CI= (0.0814,0.1186)
m = 800,Y =80 CI=(0.0792,0.1208)

width female = 0.0372
width male = 0.0416

The confidence interval is narrower because the sample size for the females is larger.

900 of each sex
pi(1 = pr) _ Do(1 = po)
n m
0.1x09 _ ﬁz(l —ﬁz)
1000 800

0.072 = pr(1 - p2)
p> = 0.078 or 0.922
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Solutions for algorithms and pseudocode
1 a i input N

count «— 0

for [ from 1 to N
outcome «— randint(1, 6)
if outcome = 2 or outcome = 4 or outcome = 6 then

count <« count + 1

end if

end for
count

estimate <«

print estimate

il input N
count < 0
for i from 1 to N
outcome «— randint(1, 6)
if outcome < 4 then
count <« count + 1
end if

end for
count

estimate «—

print estimate

b total — 0
count < 0
for i from 1 to 6
for j from 1 to 6
total « total + 1
if 6 <i+ j<10 then
count < count + 1
end if
end for

end for
count

total

print

2 a count < 0
for i from 1 to 1000
outcome <« randint(1,9)
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if outcome =9 then
count < count + 1
end if

end for
count

estimate «—

print estimate

count < 0
for i from 1 to 1000
outcome <« randint(1,9)
if outcome = 2 or outcome = 4 or outcome = 6 or outcome = 8 then
count < count + 1
end if

end for
count

estimate «—

print estimate

count < 0
for i from 1 to 1000
outcome <« randint(1,9)
if outcome > 3 and outcome <7 then
count <« count + 1
end if

end for
count

estimate «—

print estimate

count <« 0
for i from 1 to 000
outcome <« randint(1,9)
if outcome > 3 and outcome <7 then
count < count + 1
end if

end for
count

estimate «—

print estimate
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e

3 a

count < 0
for j from 1 to 1000
number «— randint(1,9)
outcome <« randint(1,9)
if outcome = number then
count « count + 1
end if

end for
count

1000

print estimate

estimate «—

i counta < 0

countb < 0

countc < 0

validthrow « 0

for i from 1 to 1000
x « random(-20, 20)
y « random(-20, 20)
if x? +y? <400 then

validthrow = validthrow + 1

if x? +y? > 100 then
counta = counta + 1
else if x> +y? > 4 then
countb = countb + 1
else
countc = countc + 1
end if
end if

end for
validthrow

1000

print
ii Change the print statement to: print
iii Change the print statement to: print

iv Change the print statement to: print

countc

1000

countb

1000

counta
1000

782



b Here is a program to give the probability a score of 200 and a score of 40 points.You
can obtain the other probabilities of scores by using other if statements. You are
working with two throws at a time in the loop.
counta < (0
countb < 0
for i from 1 to 10000

x1 « random(-20, 20)
vl « random(-20,20)
x2 « random(-20, 20)
yv2 « random(—20, 20)
if x12 + y12 < 400 and x2° + y22 < 400 then
twovalidthrow = twovalidthrow + 1
end if
if x12 + y1%2 < 4 and x2° + y2? < 4 then
counta = counta + 1
end if
if4 < x12 +y1? < 100 and 4 < x2% + y22 < 100 then
countb = countb + 1

end if
end if
end for
_ twovalidthrow counta countb
print 1000 " twovalidthrow’ twovalidthrow

4 counta <+ 0

countb <« 0

countc « 0

countd « 0

counte «— 0

countf « 0

countg «— 0

counth <« 0

Input R

for [ from 1 to 10000
xI < random(-25,25)
vl < random(-25,25)
x2 « random(-25,25)
y2 « random(-25,25)
x3 « random(-25,25)
v3 « random(-25,25)
if x12 +y12 < R? and x2? + y2% < R? and x3? + y3% < R? then
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counta = counta + 1
end if
if x12+y1%2 > R? and x2° + y2% > R? and x2° + y2% > R? then
countb = countb + 1
end if
if x12+y1%2 > R? and x2° + y2% > R? and x2° + y2% < R? then
countc = countc + 1
end if
if x12+y1%2 > R? and x2° + y22 < R? and x2° + y2% > R? then
countd = countd + 1
end if
if x12 +y1%2 < R? and x2° + y2% > R? and x2° + y22 > R? then
counte = counte + 1
end if
if x12 +y1%2 < R? and x2° + y2% < R? and x2° + y2% > R? then
countf = countf + 1
end if
if x12 +y1%2 < R? and x2° + y2% > R? and x2° + y2% < R? then
countg = countg + 1
end if
if x12+y1%2 > R? and x2° + y2% < R? and x2° + y2% < R? then
counth = counth + 1
end if
end for
scorel50 = counta
score30 = countb
scorel0 = countc + countd + counte

scorel10 = count f + countg + counth
scorel50 score30 score70 scorell0

10000 ° 10000 °~ 10000 °~ 10000

print

5 a sum«0
for j from 1 to 1000

count < 0

x<0

while x <5and x > -5

A «— random()
if A < 0.6 then
x—x+1

else

xe—x—-1
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end if

count < count + 1
end while
sum <— sum + count
average «— sum/ j

end for

print average

b Here we take 50 steps.
x<0
for j from 1 to 50
A <« random()
if A < 0.5 then

xe—x+1
else
xe—x—1
end if
end for
print x

6 For this program you need to randomly choose a direction N, S, E or W. For this we
will name a command: randomchoice[N, S, E, W] which will return one of these with
equal probability.

Here we take 50 steps.
x«<0
y«0
for j from 1 to 50
direction < randomchoice[N, S, E, W]
if direction = N then
ye—y+1
else if direction = S then
ye—y—1
else if direction = E then

xe—x+1
else
xe—x—1
end if
end for
print (x,y)

785



7 x—0,y—0u—0,z«<0
average «— (
for j from 1 to N
x « 2x random( )—1
y « 2X random( )—1
u « 2x random( )—1
z « 2X random( )—1
if x> +y? < 1and u? + 72 < lthen
count «— count + 1
d e - u?+ (22
average < (average X (count — 1) + d)/count
end if

end for

print average

8 a i total =0
count < 0
for i from 1 to 9
for j from 1 to 9
for k from 1 to 9
total « total + 1
if 5<i+ j+k <20 then
count « count + 1

end if
end for
end for
end for
count
print
total
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ii rotal < 0O
count <« 0
for i from 1 to 9
for j from 1 to 9
for k from 1 to 9
ifi+ j+ k> 15 then
total « total + 1
if i+ j+ k> 20 then
count < count + 1
end if
end if
end for
end for

end for
count

total

print

iii rotal < 0
count < 0
for i from 1 to 9
for j from 1 to 9
for k from 1 to 9
total « total + 1
if i +2j+ 3k > 40 then
count <« count + 1

end if
end for
end for
end for
. count
print
total

b i total 0
count < 0
for i from 0 to 9
for j from 12 to 16
total « total + 1
if 16 <i+ j <20 then
count « count + 1
end if
end for

end for
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count
total

print

ii total <0
count < 0
for i from 0 to 9
for j from 12 to 16
if i+ j> 16 then
total « total + 1
if i+ j> 20 then
count < count + 1

end if
end if
end for
end for
i count
print
total
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Chapter 19 - Revision of Chapters 1-18

Solutions to Technology-free questions

1 f(g()=fBx+1) 4 a f'(x)=705x - 3x° x (15x* - 3)
=@Bx+1)*+6 =21(5x% = 1)(5x* - 3x)°
=9x +6x +7 = 21x°(5x% — 1)(5x* - 3)°
2 Infinitely many solutions if the b f/(x) = 2™ + 2x x 4™
determined of the coefficients matrix is = 26%(1 + 4x)
Z€ero, 1.e. ,
I 3 o ff0)=2x1x1
4 (. +2)| =2
I(l.+2)-12=0
PF+2.-12=0 5 a
d 1
I+ 1P -13=0 d—(leoge(Zx)) ~2xlog, () + 2 x &
X X
l.=-1+ V13
=x(1+ 210ge(2x))
[0 S0 b
y 0 3]y £ (2x + 1) cos(x) — 2 sin(x)
X) =
B [ 2x] (2x +1)?
=13,
(2 X d + 1) cos(z) -1 sin(z)
x' =2xandy = -3y f’(z) _ 2 2 2
1, d 1, 2 T 2
x=—x andy=—= —
) y 3y (2 X > + 1)
1 1 1
y = — becomes — =y’ = — 2
* L T+ 1)
2
ie.y’ = —— orin terms of '
6 6 a f'(x) =" x2 cos(2x)
X, ¥y, Y= _; =2 COS(Zx)esin(Zx)

Reflection in x-axis, dilation by factor
2 from y-axis, dilation by factor 3
from x-axis, OR (using the final rule)
reflection in x-axis, then dilation by
factor 6 from the x-(or y-) axis.
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b f'(x) = 3tan(2x) + 3x x 2 sec’(2x)
= 3 tan(2x) + 6x sec’(2x)

2 2
f’(;—r) =3 tan(?ﬂ) + 2 secz(?ﬂ)
1
= 3V3+2rx ——
cos? 2
3

=-3V3+21x4
=81-3V3

7 sin(2x) —cos(2x) =0
sin(2x) = cos(2x)

tan(2x) = 1
2x= d + nr

_n(4n+1)
4

n4n+1)

X=—-"

L,NEZL
8 n

2
8 a Amplitude = 4, period = g =r

4
9 y:f(x)=1—m

xX— 00, y—> ;x> 2, y—> +o0

S, the asymptotes have equations

x=2andy=1

4
—0:y=1——"
o Y 0-2

=1-(-2)

=3

4
=0: =1
Y x—=2
=x-2=4
x=6

The intercepts are (6, 0) and (0, 3)
check the endpoint of the domain:

x=—-ly=1-

-1-2

10 a y=5¢"1-3
interchange x and y and solve for y:
x=5""1-3

507" = x+3

3
y_I:] X +
e 0g, —
x+3
~1=1

y=f1= loge(x;3) +1

b range of f = (-3, o0) = domain
of !
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S5x 1 n bs
11 -, —=<x< <
C“(z) 2 27"%2
General solution is given by
o = +7T +2
y T E3TAm
+271 dnm
ST
2
=0:x=x—
MR
i 27r N 4
n=lx=+—+—
YEEGE TS
2 14
?ﬂ, 1—57T(0uts1de internal)
p_m 4
a 3 5
14 2
= —1—5ﬂ ;(outs1de internal)
Soluti 2 2rm
olutions are x = 15" 15
12 gu+v)=5u+ v)?

= S(M2 + 2uv + vz)
g +v) =5 —v)>?
=5’ = 2uv + %)
g(u+v) + glu—v) = 10? +v?)
=2(5u” + 51?)
=209(u) + g(v))

b
4-0

13 Average value = ex dx

_ Ll
= 7" =1)

14 a x=0,y=6: 6=0+0+c¢
c=6
x=-2,y=0:0=-8a-2b+6

15

16

4a+b =3 ..
d
ﬁ =0 when x = -1
d
b d—i =3ax’ +b
= 0 when x = —1, so
3a+b=0 )
c O-@: a=3
Substitute into @: b= -3 X3
=-9
ay=gx)=3-e"
Interchange x and y and solve for y.
x=3-¢”
P =3—x
2 y= loge(3 - X)
1
y=g (0= 7 10g,3 - x)
domain of g~! = range of g = (—c0, 3)

b y=gg'(x)

= x, with domain(—oco, 3)

a The graph of y = f(x) is continuous
and appears to be ‘smooth’ at (0, 1),
so the derivative exists of x = 0
where the gradient appears to be zero.
The gradient is positive for all other
value of x. The graph of y = f’(x) is
shown below.
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v = izl

-

b F -8x° x<0
xX) =
8x>  otherwise

(Note that f(0) = 0 as expected.)

17 f(x):_i310ge(1—3x)+c

1
:—§10g6(1—3x)+c

3
18 y= f(x) = 7 +3
Intercharge x and y and solve for y

3
= 3
X 2y—1+
3
=~ —x=3
-1 "
2y-1 1
3 x-3
3
2y —1 =
4 x—3
3
2y = +1
4 x—3
_3+x—3
T x-=3
_ X
T x-3
_ ol X
y (x) 0 =3)

19 tan(2x) = — V3

D= eee— — Z 42
x 3 P33 TRTzTAN
) dr m 2w Sw
X = -, =, —
37 33737
2w 7w Sm
X = T TS s T e A s
363 6
since x € T U n the solution
S\ 1) \ag)
T
are x = ——, —
6 3

20 X is normal with mean 84 and standard
derviation 6.
a Pr(X >84)=Pr(Z>0)
=0.5

b Pr(78 < X < 90)

78—84<Z<90—84
6 6

=Pr(-1<Z<1)

=Pr(Z < 1)=Pr(Z > 1)
=Pr(Z<1)-Pr(Z>1)
=PrZ<1)-(1-Pr(Z< 1)
=2Pr(Z<1)-1
=2x0.84-1

= 0.68

=Pr

¢ Pr(X <78|X < 84)
_Pr(X <78 X <84)
B Pr(X < 84")
_ Pr(X <78)
"~ Pr(X < 84)

Pr(X < 78) = Pr(Z < -1)
=1-Pr(Z< 1)
=1-0.84
=0.16
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Pr(X < 84) = 0.5

0.16
05
=0.32

Pr(X <78|X < 84) =

> x
21 a Pr(X<3):f —dx
1 24

X2 ’
%)
9-1
48
1
6

T x
bPr(XZb):f—dx
p 24

[,
48],

49— p?

48

3

~ 8
if49 — p* = 18

> =31

b= \/3_1, since b € [1,7]

1
22 The gradient of the tangent is 3

|
Wi

>
@
o
=

W] = W =

2

v =lE
Il Il

|
[\S]
p— p—

if x~

=
Il

1 2
:>y:§.x—§
x=-Ly=-ly+1==(x+1)
1 2
2y:§x—§

Hence a = ig

23 a b=16-4d’

A = area XYZW
=2ab
=2a(l6 -4 a%
=32a - 8a°
A

b d—:32—24a2
da
=0
32

Ifa®> = =

Y
4
3

. 2
a=+——
V3
243
= +—
3

2
Buta > 0,s0a = = and
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128 V3
A= \/_

(This clearly correspond, to a
maximum since a € [0,2] and A =0
for a = 0 or a = 2. Alternately check
the sign of the derivative.)

3
24 f (=3x% + 2bx + 9)dx = 32 27
-1
3
=32
-1

(=27+9%+27)-(1+b-9)=32

—x> + bx® +9x

8b+8 =32
8b =24
b=3

25 a Using a tree diagram

04x%x03+0.6x04=0.36

Sant,, NSan
Pr(S angyelS anyeq) = ——- Wed

S anweq
036
C0.64

= 0.5625

28

26 a Mean of X = E(X)

=0x06+|x02+2x0.15
+3x0.0

= 0.65

the mean is $0.65.

b Pr(same amount) = Pr(0& 0 or 1&1
or2&2or3&3)

= 0.6° + 0.2
+0.15% + 0.05°

=0.36 + 0.04
+0.0225 + 0.0025

= 0.425

The possible sequences are:
G—-G—->R—->Ror

G—-oR—->G—->Ror

G-oR—->R->G
where G = goes to gym, and

R = goes for run
Required probability = 0.5 X 0.5 X 0.6

+0.5%x0.4x%x0.5
+0.5x0.6x0.4
=0.15+0.10
+0.12
= 0.37

a Volume = area cross-section X height
1

= E)Czh

= 2000

x>h = 4000

. 40(2)0
X

b The hypotenuse of the right-angled
triangle cross-section has length V2x.
The surface area is made up of three
vertical rectangles and two equal
triangular ends.
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29 a

b

1
A= \/Exh+xh+xh+2><§x2

= xh(2 + V2) + x*

000
— X2+ V2) + ¥
X

4000 V2 + 8000
= + X

=xX

X
dA 4000 V2 + 8000
— = - +2
dx x2

=0

X

if 2x° = 4000 V2 + 8000
i.e. x> = 2000 V2 + 4000
= 20002 + V2)

EX) = 1

0l 234567809
107107107107 107 10" 107 10" 10’

ii
Pr(P < 0.2) = Pr(X < 2)

= Pr(X = 0) + Pr(X = 1)

9\" 9y (9
=110 +10><(1—0) X(E)

NEAVERS
10/ \10

EANRL
10 10
_19x9’

- 1010

=1

14
30 Pr(X = 51X > 5) = =
Pr(X = 5) 14

Pr(X=5)+Pr(X=6) 15
6p’(l-p) 14
6p>(1—p)+p® 15
6(l-p) 14

6(1-p)+p 15
45— 45p =42 - 35p
3=10p
3
~ 10

p

31

46 —
Pr(46<X<54):Pr( 6-%0

<Z<

54 - 50)
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Solutions to multiple-choice questions

. . . . )
: 2
1 B Write the equations in matrix form: 4 C k= f 2 dx

_ mx 6 X
y= 3 )
_ 6x = [2 10geIXI]
y= m+4 -6
mx 6x =2log,2 —2log,6
2 m+4 _9 logef
m(m + 4)x = 12x 6
12
(m* +4m—-12)x=0 - 1oge(_)
Solution is unique if 3
(m+6)(m—2) # 0 =1og1
Thatisif, m # -6 orm # 2 9
1
k = —
“79

2 A Since sin(g) = 1, then | b
5 D Average value = —— f f(x)dx
Vs b-a a
2x = <+ 2nn

2 3 1
x=nr o+ S 3-(-D
3
3 B The graph of f has a sharp point at j: . log,(x +2)dx
4 4

x=-3 SO f’(—g) is not defined. _Slog,5-4

S . Bl 4
Hence the graph of f” is discontinu- using the integral command of a
ousatx = ——. CAS calculator.
Checking the other points shows that 6 A | T
each one is true. Average value = — 0 f sin(2x) dx

z_

1
) cos(2x)

1
(—5 cos(n)) —cos(0)
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7D (X,y)=0Cx+5y+1)]
Hence, X’ =3x+5andy =y +1

/

X = andy=y —1
The image of y = x* has equation
1
yl _ 1 — §(xl _5)2
9y =(x' =57 +9
That is, 9y = (x — 5)> + 9

8 C [f] = f()
(eSx)3 — e3y

3y — e9x

e
3y =9x
y=3x

D
) Pr(X > a) =0.25

2
f sin(2x)dx = 0.25

a

1 2
[_E cos(2x)] =0.25

2k .
10 A f (1+2ek)dx=1
0

. 2k

x+2ke§] =1
0

2k + 2ke*) — (2k) = 1

2ke? =1

75-8
0.25
= Pr(Z < -2)

=Pr(Z > 2)

11 A Pr(X<7.5) =Pr(Z <

)

12 B x>+ 12x =2kx -2
K +(12-2k)x+2=0
Quadratic has two solutions if
(12 =2k —4(1)(2) > 0
4k* — 48k + 144 -8 >0
k> —12k+34>0
(k-=6)>-2>0

1 1
-3 cos(m) + 3 cos(2a) = 0.25-(-1) + cos(2a)(k —6— \/E)(k -6+ \/Q) >0

= 0.25cos(2a) = -0.5

2a =

w| ¥

— Wl

Q

k<6—\V2ork>6+ V2

13
D -7 +12=0

(e =3)e*-4)=0
e =3,4
2x =log, 3, log, 4
1 1
x=3 log, 3, 3 log, 4
= log, V3, log,2

Solution set = {loge V3, logEZ}

3
14 B Reflection in x — axis: —7x2

3
Translated 3 units right: —7(x — 3)2
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15

16

17

18

19

E

E

Translated 4 units down:

3

-7(x-3)2 -4

The equation of the new graph is
3

y=-7x-3)2-4

1
E(X):—fxzdx
8 Jo
:1[1)@]4

8 13" o

_1(64
8\ 3
8

3

Since f(2) does not exist, since
log, 0 1is undefined, the graph

of y = f(x) = 4 log,(x — 2)*is
symmetrical about the asymptote
x = 2. For a one-one function, the
domain must be restricted and for
a domain of [a, o0), we must have
a > 2 of the available options, only
the first fits.

P g = 24 _ g

=f2x+2)-3
So transform the graph of y = f(x)
using this sequences:

1
m dilation of factor 3 = 0.5 from the

y-axis
m translations of 2 left and 3 down

J'(x) = g'(x),s0

fx) =gx)+c
Now f(1) =2 and g(x) = —xf(x), so
So f(x) =gx)+4

Let Pr(B) = p
Hence Pr(A) = 5p - 0.1

20

21

Pr(AUB)=(5p-1D+p-pGp-1)
0.7075 = =5p*> + 6.1p — 0.1
0=5p>—-6.1p+0.8025
p=0.15
Pr(A) = 5x0.15-0.1 = 0.65

EX)=0xa+1xb+2x0.6
=b+12

=1.6ifb=04
Thena+04+06=1—>a=0

Adding the boundaries of the
interval:

0.1723 + 0.3277 = 0.5

In the usual way,
2p=0.5=p=0.25

Hence

)

1_
p+1.645 /p(—p - 0.3277
n

0.25 + 1.645 4 0.25x0.75 =0.3277
n

0.25x0.75 —0.047234
n
0.25 x0.75

n
= 0.011899
= 84.041

= 0.002231

1
n
n
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22 E
(m-4)x+6y=6...(1)

2x+(m—-3)y=2m—-10...(2)
(I)x(m —3)and (2) X 6
(m—4)(m—3)x+6(m—3)y=6m-23)...(1")
12x + 6(m — 3)y = 6(2m — 10)...(2")

(1) -(@2)

(m—-4)(m—-3)x—12x = 6(m — 3) — 6(2m — 10)

m* —Tm + 12x — 12x = 6m — 18 — 12m + 60

(m* — Tm)x = —6m + 42

mm—"Tx=-6(m-"17)
Infinitely many solutions if m =7
and no solutions for m = 0

23 D n=1000,p=0.52
95% CI = (0.489,0.551)

24 C The candidate needs more than 50
% of the vote to win. Based on the
confidence interval they will get
between 48.9% and 55.1% of the
vote- they might win but its too close
to tell.
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Solutions to extended-response questions

. 163 +4x% + 1
la jy=-—>7"27"

2x2
dy  2x*(48x% + 8x) — 4x(16x> + 4x? + 1)( ofient rule)
— = uotient rule
dx (2x2)? E
B 96x* + 16x° — 64x* — 16x> — 4x
- 4x4
B 32x* — 4x 3 8x* — 1
4B
dy o 3
— =0 implies 8x” -1 =0
dx |
3 -
TR
1
xX==
2
1
Stationary point at (5, 8)
i y= 2 L2 hieved by dividi
il y=8x+ +§x (achieved by dividing L y-a:+1+2ﬁ'-
by 2x?) -
Addition of coordinates gives the shape i /;:E” 3
of the graph. "-._J,.";
To establish minimum: L.
when x = 0.25, y=12 e : -I.E.F.‘ "
80 .8 o
h =0.75, = — =8=
when x =73 5
or gradient
dy
when x = 0.25, — =-56
dx
dy 152
h =0.75, — = —
when x il
b A .
3
NG
semRO— 70
i ycm
v O &0 c
B+ yxem =P

i AOPC ~ AABC
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a

b

and both are right angled triangles. By Pythagoras’ Theorem

BC = V132 -52=12

dPC QP
and — = —
BC AB
12-x 'y
12 5
60 — 5x
dy=
and y B
60-5
ii Area of the rectangle A = xy = %

iii The practical domain forAis0 < x <12
By the properties of parabolas for which the coefficient of x*
is negative, maximum point has coordinates (6, 15).

2
Alternately: A = 5x — X
12
dA _ _sx
dx 6
dA
— =0, implies x = 6
dx
when x = 6, A = w =15

maximum area is 15 cm?

y=k(x=p)x—q)
Since y=6 when x=0, 6=kpg @

Also 0=k(x—p)x—q)
implies X=porx=gq

hence p=1and g=3as p<q
From equation M k=2

i Fory=m(x—-p)*(x—q)
As before p=1andg =3
Now asthenx =2, y=2
2=m2-1)>*2-3)
m = —2 (Note: when x =0,y = 6)

‘q.i

(6, 15)

12 =
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il

iii

y=-2(x-1*x-3)
= 2|(x* =2x+ D(x=3)

= 22[x° = 2x% + x = 3x% + 6x — 3]
= =2 = 5x% + Tx = 3]
=-2x+10x> - 14x+6

Q:—6x2+20x—14 y

dx

ﬂ = 0implies —6x*>+20x—14=0

dx 5 l:ﬂ, ﬁ}

— 2@Bx —-10x+7)=0

S Bx=T)(x-1)=0 (1, ;‘i)
7 3 .7

= — :1
— X 301')6

7 64
Wh =1,y =0, Wh ==,y=—.
enx=1,y en x 3 y 77 o
There is a local min at (1,0) and a local max at (5, E) .
dy 11 1
I:iIOte. E = —? when x = 5
& 2 whenx=2
dx
d
& - _15whenx=25
dx
A gradient chart illustrates the nature of the stationary points
1 1 1
1(1]1 2— | 2= 2—
x < <x< 3 3 x> 3
d
sign of D e |0 +ve 0 —-ve
dx
shape \ - / - \
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3ay=ax—x

Wh =
eny=0 YA = i
x(a—x)=0 _——
S x=0,orx=a 2 4
By symmetry turning point occurs
when 4 C >
r*=3 0 a\ X
a a
Y= gWheny: E(a— 5)
)
T4

The area is 3 square units.

2
a a a
i Wh = -, = X——(—) N
c 1 en x 3 y=a 3 3 }4'\
@2 &2 Z g ’ ,
- — - — - — 2a 2a
39 [3 3 }\1 A B“‘[T TJ
_2a2 |
) =
. _ 2a _2a2b O/j g z_a\x
W enx—?,y—7 y symmetry 3 3
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1
3&
_a_4 , 8a* (a 1 , 1 3)
279 TR (2X9 81 ¢
3 203 & 8 1 |
9 18 81 81
a’ 9
= —|18—-=--8+1
il
3 13a°
162 ,
2
Area of the rectangle = g X %
B 124°
162
&
required area = T3 square units
2[4 2(12
Note: This area may also be found by evaluating [ ax — x* - > dx
§a
4 a Equation of line y A
L350} s 0,1.5
= x+ 1. Lk
y 0-3 ( )
1 N 3
= ——Xx+ —
22

b i y=sinf+2cosf

d
@ cosf —2sind
do

d
ii d—z = 0 implies cos 6 = 2sin 8

1
which implies tanf = E(cos 0+ 0)

|
S f= tan‘l(i) ~ 26.57°

1
iii y~2.2361 when6 = tan‘l(z)
(26.57, 2.2361) are the coordinates of the stationary point. The following
1
shows the exact coordinates to be (tan‘l(i) , \/5)
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. 1
iv A maximum occurs when 6 = tan‘l(z)

5
1 1 1
Note: sin(tan‘l(z)) +2 cos(tan‘l(z)) 8
— L + 2 X i 2
V5 V5
5
NG
V5
=3
y= V5 sin(6 + @)
when 6 =0 2 .. sin 2
= ,y = L. a = —
V5

a= 63.435°lThe smallest positive solution is chosen.

Any solution will work.]
y = V5sin(6 + 63.435)

Voya (V5 an”'(})

=5inf + 2cos@

0 8

¢ i coordinates of Q = (2sin6, 2cos6)

ii Q is on the line with equation
1
= ——X+ —
R )
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iii

3
2 cos@ = —sinf + 3

. 3

2 cosO +sinf + 3
i.e.4 cos@+2sinf =3
2 cosf +sinf =

From (b)(iv)

\5 sin(@ + sin~!

2

[\SRRON)

)-

sm(e + sin_l(%)) 23—\/5
0 + sin_l(%) = sin” (23 )or 180 — sin ‘(%)

0 = sin“( )—sm ( )"”So_sm_l(%)_sm_](%)

= —21.3045 or 74.4346
for 0° < 8 < 90°, required answer 6 = 74.4346°
Alternative Method to find the point Q
O can be considered to be on a circle

Sl

radius 2 km centre 0.
The equation of this circle is x> + y> = 4

Solve simultaneously the equations

X +y? =4 ©)

1 3
andy = —EX + E @
Substitute from @) into @

1 3\?
(——x+§) +x* =4

9—26x+x2+4x2:16
522 -6x-7=0

.6+ V36-4x-Tx5
SoX = 10

_ 6% V176

10
_6i4\/ﬁ_3i2‘/ﬁ
Y70 T s
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3+2V11

x must be positive .. x =

5
3+2vV11
1.e. 2sinf = T\/_
o 3+2411
1.e. sinf = ————
6 = 74.4346°
a 1 Areaof OXYZ :1x2 cm? C B
Area of ABY = 3 X 10 X (10 — x)
= 5(10 — x) cm?
. total area A = x* + 50 — 5x
— X2~ 5x+50 f
ii domain = (0, 10) i “1“

G*xcm‘bx

i AA
(10, 100y

(2.5, 43.75)
it 4
0 10

iv minimum area = 43.75 cm?

1
b i f(x)= 3 X base X height
1
=5 XAX X XY

1
= 5(10 — x)x domain = (0, 10)
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ii Maximum area of AYX = 12.5cm? ¥ A ( 25]

5, —

This occurs when x = 5 2

When x =5 f[x}:luu-x]r
Area of square OXYZ = 25 cm? 2
Area of triangle ABY = 25 cm? Y

: ~ ) 0 10
Area of trapezium CBYZ = 37.5 cm

ratio of areas AYX: OXYZ:ABY : CBYZ
=125:25:25:375

=25:50:50:75
=1:2:2:3

3
6 f(t) = 1000(£> — 10t + 44)e” 100 < t < 35
Using a CAS calculator it is interesting to graph the function for ¢ € [0, 35].

L 1 L
a i f'(r) =10002¢t — 10)e 10 — E(IOOO(I2 - 107 + 44))6_ 10

1

= 100" 10[20¢ — 100 — % + 107 — 44]
t

= 100" 10[30¢ — 144 — £*]

13
= —100e"10[£* — 30z + 144]
| B S, _L
i f7(1) = —100[—Ee 10(r2 — 30t + 144) + (21 — 30)e 10]

1
= 10e‘m[t2 —30r + 144 — 207 + 300

3
= 10e‘ﬁ[r2 — 50t + 444

b i Increasingif f'(r)>0
ie. —100e‘%[t2 —30r+144] >0
is equivalent to > — 30t + 144 < 0 as — 100710 < 0 for all ¢
(t-24)(t—-6)<0
t€(6,24)
The number of unemployed was increasing for 6 < ¢ < 24.

i f7(t) <0
1
10 710 [£2 — 50t + 444] < 0

is equivalent to 12 — 501 + 444 < 0
First consider the equation
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2 —50t+444 =0
t:5()i 502 — 4 x 444
2
50+ V724
2
=25+ V181

o2 =50t +444 <0 fort € (25— V181,25 + V181)
However, the domain of the function is [0, 35].

So f"(t) < 0 for t € (11.546,35)

i (6.24)N(11.546, 38.454)

= (11.546,24)
yA y=2f(x)

‘,f')’=ﬂ.r}
i

T on h

ui _P 14 \._l.;/ 2 x
/
r’f -2

/
A dilation of factor 2 from the x-axis.

A |y=f)
fopm f(x)
;f
RN (W x
p
!
/!
!

A dilation of factor % from the y-axis.

A reflection in the y-axis.
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iv yA

; y=—f0x)
A reflection in the x-axis.

v yA
y= flx+2)

)‘r y= f[x}
/
/!

T - .,~|

¥ T _.F }
=2 W17 2 x

/
Jf g
A translation of 2 to the left.

b f does not have an inverse function as it is not one-to-one.

C }ul.
=1
y=g (x), .
" ly=gW)
!
/ >
}‘=1_.-' 0 2 X

d igx)=x*>(x-2)andg: (2, ©) =R
gX)=2x(x=2)+ x> =xQx—4+x)=x(3x—4)
When x = 3g’(x) = 15

i (gog Y =1
g’(g‘l(x))((g‘l)’(x)) = 1 (by the chain rule)

(g‘l) (x) = ;
g’(g‘l(X))
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' 1 1 1
et ©) = = ——=
BRRZONEE
g8
d 1 d
This can also be shown by the result @ —, il
dy Z_y dx

1
8 a i cos(0.l)~1- 5(0.1)2 =0.995

Actual value, correct to three decimal places = 0.995

ii cosx =0.98
Consider the equation

1
1- Exz =0.98
L 2-x2=1.96
0.04 = x2
x==0.2

Actual value correct to three decimal places x = +£0.2.00 « (+£0.200)

1
b i Letf(x)=1- Exz
A reflection in the x-axis is given by
1
g(x) = —f(x) = Exz -1
A translation of 7 units in the positive direction of the x-axis if given by

h(x)=gx—m) = %()c—ﬂ)2 -1

1
ii h(3) = 5(3 —-m)? -1~ -0.98998

(Actual cos(3) = —0.98999 correct to five decimal places.)

9 ¢ 0em &
A Re= 3x—oB
[ ix
5
10 cm
x1
2 | Q
De— 3x—= P ¢

2

3
a Area of a triangle RBS = area of triangle PDQ = % cm?

1
Area of a triangle CPS = area of triangle ARQ = 3 X (30 = 3x)(10 — x)
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. Area of parallelogram = 300 — 3x? — 3(10 — x)?
= [300 — 3x% — 3(100 — 20x + x?)]

= (60x — 6x%) cm®

b 0<3x<30and 0 < x< 10
L0<x<10

c A = 60x — 6x°
dA

d—=60-12
an P X

YA _ G impli _s
. implies x

Since the expression is quadratic with negative coefficient of x> a local maximum at
(5, 150).

d 5

(5, 150)

10 a i

(&
From triangle OT P

h
I
|
t
X A P

ﬁzsiné’

1
;. OP = —
sin 6

ii BO=O0OP-NP
NP = TP as AQNP is congment to AOT P

1
and TP = —
tanf
1 1
BO=—8 — —
Q sind tand
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1 cos 8

~ sinf sin6
B 1 —cos@

sin @

1{1—-cos6 1
b Area of the trapezium = —( cos + )

..a minimum when 0 =

2\ sinéd sin @
_2—cos9
2sind
2 —cosd
cS=——
2 sin@
dS  sinfx2 sinf —2cos (2 — cos0)
o (2 sin6)?
_ZSin29—4 cosf +2 cos2 6
B (2 sin )2
_2—4 cos 8
"~ 4 sin@
das 2—4coséb b8
d — =0implies, —————— 0<6<=
do 1mphes 2—4cosf=0 < <2
p 1
cosf = —
2
9_7r
-3
ds
and%<0when 9:%
das
andE>0when Q:g
T
3
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1
2__
bl 2 3 1
Whenf=- S = = - X —
V3 2 3
2 X —
2
and AP =0P -1
B 1
_sin(g)
_1
=G
2
2
=—-1
V3
2-V3
V3
_2v3-3
3
11 P
2
ALS : B
— am

a 1 distance AP = acosf

distance PB = g X 20 = af(for arc PB)

acosd
1

2

=2acos0

time for AP =

af

time for PB = = ab

. total time, T = a(6 + 2 cos 0)
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dy .
b — =200(1 —2sin6) x P
d@ \ [E.fo{-ﬁ‘i"\ﬁ]]

d | T/
d—z =0 1mphes sin @ = 5 i y= m3+:cmm
. T [— lmx}
maximum when 6 = 3 2’
¥ =400cos8
y=2008 e
o x 8
2
.. . ta .. .
¢ The minimum value for T is > This is obtained T [ T 1’5]]
—.a —+
by the dog running around outside of the lake. ™ [E T

12 a i f(x)=(x-1)gk) and f'(x) = (x — 1)h(x)
f(x) = g(x) + (x — 1)g’(x) (product rule)

8(x) + (x = Dg'(x) = (x = Dh(x)
8(x) = (x = Dh(x) = (x = Dg'(x)

= (x = D[A(x) - g'(x)]
(x — 1) is a factor of g(x)

ii F)=1-k-3+2k—k+2=0where F(x) =x>—kx* =3 -2k)x—(k-2)
F'(x) = 3x* — 2kx — (3 = 2k)
F'(1)=3-2k-3+2k=0

iii By the factor theorem x — 1 is a factor of F(x) and F’(x).
S F(x) = (x—1)g(x) and F’(x) = (x — 1)h(x) where g(x) and h(x) are
polynomials.
.. x — 1 is a factor of g(x)
. F(x) = (x = 1)*>w(x) where w(x) is a linear polynomial)
(X2 =2x+D(x—=p)=x> —kx> = (3 =2k)x — (k- 2)
SL=p =—(k-2)
ie.p=k-2
L F(x) = (x = D2(x = (k=2))
and F(x) =0impliesx=1orx=k—-2
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b

i Fory=ax’>+bx+c

ii

iii

iv

d
d—§:2ax+b

Given that (1, 1) is on the parabola and the Vg T "
gradient is the same as y = x> at x = 1 we have /
a+b+c(l) =1

d d
—y:3x2andwhenx:1, —y:3)
X d

M+b:3ewy:ﬁ, !

From® b=3-2a

From® c¢c=1-a-b
=1-a-@3B-2a)
=1-a-3+2a
=-2+a

=a-2

y=ax*+ (B -2a)x+a-2
y=x
to find Q consider
ax*+B-2a)x+a-2=x>
ie. X —ax?+Qa-3)x+2-a)=0
Let F(x) = x> — ax®> + (2a — 3)x + (2 — a) (the polynomial of a)
SFx) =(x-1DX(x—-(a-2)
. The parabola meets the curve y = x> at the point ((a — 2), (a — 2)*) and
h=a-2.

Ifa-2=-2,a=0,b=3andc=-2

Q is the point of intersection of y = x* with the straight line y = 3x — 2.

Note: y = 3x — 2 is the equation of the tangent to the curve y = x> at the point
with coordinates (1, 1)

Ifa-2=-3,a=-1,b=5andc = -3

Q is the point of intersection of y = —x> + 5x — 3 and y = x°
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a coordinates of A(t, é)
coordinates of B(z, 1(4 — 1))
r 1 1
Lengthof AB=Z =t(4 —1) - 3= 5(8z —212 1) = 5(7: —-21%)

b For the intercepts consider: [
1
5(7t - 21‘2) =0 -
HT7-26)=0
t=0ort= 2
ort =3

74
416

77
Note: (5, Z) is the point of intersection of

y:%andyzx(4—x)

¢ The maximum value of Z = % and this occurs when ¢ = %

14 a Let X be the number of boys.
X is the random variable of a Binomial distribution.

i Pr(X=2)= (;)(0.5)2(0.5)2 = %

i Pr(X=1]X>1)=?
Pr(X > 1) = 1 — Pr(X = 0)

=1-(0.5)"
_ 15
16
4 4
Prx=1)  (1)©03) 116
= > = = = J— =
Pix=11x=0 =551 15 MTET
16
b Child 1 Child 2 Child 3 Child 4
B 3
‘H,:"'_"'__,..-F-/ﬂg
d_.__._,_,..-".ﬂ
#23 G 3
& 4 8 4
~ @ ii:i G 4
B+ --_._,,_h___;i
{G*:—:ﬂi: —
E
1 3 3 3 27
iPr(allboys):Exgxgxgzﬁ

= Yy

(ST

Z=%(7:-21’}
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15 a

ii

iii

1 3 3 3 27
Pr(allgilrls):§><§><§><2—5:ﬁ

pr 21, 21 7
T m X) = =
Same seX) =550 ¥ 250 ~ 125
1 2 2 2 8 4
(BGBG) = 53X 53X 5% 5% 550 7 125
Pr(GBGB) 1><2><2><2 8 4
T = — — — —_= —
2 *5%5%5 250 125

.. Pr(no two consecutive children will be of the same sex) = 75

Two males and two females. The possible combinations are BBGG GGBB
4! 24

BGBG Note: No. of ways of arranging = 131 = " =6
GBGB T
BGGB
GBBG 1 3 2 3 18
Pr(BBGG) = Exgxgxg =350

18
Pr(GGBB) = 5

4
Pr(BGBG) = 5 (see part ii)

4
Pr(GBGB) = 5 (see part ii)

y ><3)(2 12
5

1
Pr(BGGB) = SX5 =5

2

12

18+18+8+8+12+12
.. Pr(two males and two females) =

250
_ 6
~ 250
_ 38
125
C Y T
b
y =k ‘
A x

B g a4 —o
y = kx?
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b
b i Gradient of DB = % and it passes through (—a, 0)
a

ii

b
.‘.y—OzZ(x+a)

le.y=—x+ -

2a 2
_ 2
Crosses y = —x
a2
b
where —x + — = —x°

2 2 a?
Multiply both sides by 2a?

bax + ba®> = 2bx*
i.e. 2bx> — bax —ba®> =0
which implies
2x° —ax—a*> =0

LQ2x+a) x—a)=0

aor
x=--orx=a
2
LatT x=-2
‘ 2
b(—a\> b
O
mey=,\7) 71 ,
a
dinates of T (——,—)
coordinates o are 2 4

a b
¢ Area= f_ab— —x2dx

a2

2
a X
=2b fo 1 - o dx (by symmetry)

i 3 1@
= 2b»x— %L
= 2b:a— 3a_;]
= 2b:a— g]
=gab
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_le,a a (a a a
42 3 \16 4 24
b

=£[12+24—16—(3—12+2)]

ba
=—[20+7
8[ +7]

_27ba _ 9ba
T 48 16
Now S, = gab— 91b—gl from ¢
_ (64 -27)ba  37ba
B 48 48
ratio S : S, =27:37

_b>a2+a a’ ale a.
T [\4a 2 3a? 4 " da 4
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16 a Let X be the thickness of the washer
Let Y be the diameter of the hole
For X: u =0.25,0 = 0.002
For Y: u=0.5,0 =0.05

i Pr(X <0.253)

0.253 - 0.25)

_p
r(Z = T0.002

= Pr(Z < z)
2

=0.9332

il Pr(X < 0.247)

_ il o 0247025
B 0.002

3
=Pz <-2
r(< 2)

3
=1-PZ<-=
( < 2)

=1-0.9332
= 0.0668

iii Pr(Y > 0.56)

0.56 -0.5
0.05

= Pr(Z > —§)
5

=Pr(Z > 1.2)
=1-PrZ < 12)
=0.1151

= Pr(Z >

iv Pr(Y < 0.44)
0.44 - 0.5
—plz < 222
r( = 70,05 )
0.06

—Pilz < -2
r( =~ 70,05

=Pr(Z < -1.2)
=Pr(Z > 1.2)
=0.1151
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b i Let A be the event 0.247 < X < 0.253
Let B the event 0.44 < Y < 0.56
Pr(A) = Pr(X < 0.253) — Pr(X < 0.247)
=0.9332 - 0.0668
= 0.8664
Pr(B) = Pr(Y < 0.56) — Pr(Y < 0.44)
=0.8849 - 0.1151
=0.7698
Pr(A N B) = Pr(A) Pr(B) X and Y are independent and therefore
= 0.8664 x 0.7698 A and B are independent events.
=0.6670
.". Probability of rejecting a washer is 0.333.
.. 33.3% of washers are rejected.

ii Pr(A) =0.8664
.. expected number of washers of acceptable thickness in a batch of 1000 is
866.4.

iii Pr(An B’) =Pr(A) Pr(B’)
= 0.8664 x (1 — 0.7698)
= 0.8664 x 0.2302
=0.1994

.. Expected number with acceptable thickness but not acceptable diameter is
199.4.

17 Let AC = x
Then CE =90 — x
and CB = /(90 — x)? + 242
<. total cost C = 100(90 — x) + 200(90 —
x)2+ 576)%
dc

— =-100+ 200
dx *

-2(90 - x)]

1 1
3% (90 — x)> + 576)"2 x

d 200(x - 90
d—C = 0 implies 100 = (x = 90)
X

(90 — x)% + 576)%
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1
which implies [(90 — x)? + 576]2 = 2(x — 90)
= (90 — x)% + 576] = 4(x — 90)?
2 3(x = 90)? =576

24
Sx—=90=+—
V3
L x=90+8V3

as0<x<90
x=90-8V3, [x=90-8V3, as0< x <9.]

dC dC
E>0Whenx>90—8\/§anda<0whenx<90—8\/§

. aminimum when x = 90 — 8 V3 ~ 76.1436 m

y=e~
;
0 A(n.0) Bn+1,00 X
dy
18 i —=—*
a dx e ]
When x = n, Y e
dx

.. equation of tangentisy —e™" = —e™(x — n)

Ly=—e"x+e'n+e™"

ii Wheny=20
sex=e""n+e”
x=n+ 1™ #0)
The line DB is a segment of the tangent at D.

n+1
f eV dx = [—e ]!
n

— _(e—(n+1) _ e—n)

=—e"e - 1)

n

b i

1 1
.. area of region ABCD = —(1 - —)
e" e

) 1
.. The area under the curve y = e™* between x =nand x =n + 1 is —n(l - —).
e e

810



". The area of the second part = — - — — —

1 1
_2en €"+1
11
er\2 e
1 1(1 1
.. The ratio of the two parts = ===
2e"  e'\2 e
111
272 e
=ee—2
i vA
by
C
- “'/}E 3
0 A(n,0) Bin+1,00 X

n+1

The shaded area = f —e"x+e"'n+e"dx

—n2

n+l
+(e"n+e )xl
n

n(n+ 1)2 —n,2

= +e_”(n+1)(n+1))—(—e

+e"(n+ n

n +12 2
#—e_"[—%+n2+n

= ;[(n + 1?2 = (n* +2n)]

:%[n2+2n+1—n2—2n]

19 a i Volume of cylinder = 7r*h
3

Volume of hemisphere = §7Tr '
2
.. total volume, V = §7rr3 + 7r?h hem
2
_ ’%(y +3h) r==> :
PRALLE
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il Surface areas of capsule = surface area of hemisphere

3na’

+ curved surface of cylinder + base
= 27r% + 2nrh + mr?

= nr(3r + 2h)

V = nd’®

2
e 7%(2;» +3h)

— 27 = 3nr*h

_a3 2

rr 3
3 3a3 =217
32

ii §$=nr2h+3r)

=nr

=7

(2 x (3a’® = 2r%) . 3r)

372
2% (3a® -2r°) N 3r2)
3r
2_613 - ﬁ 3r2)
r 3
26> 5r2
r 3

812



P =0.64°

o r=(0.6)a
A e
) (v— 3 )

20 a Let X be the cylinder diameter.
Pr3-d<X<3+d)=0.75

Pr —d <Z< d =0.75
0.002 0.002

2Pr(Z < ) -1=0.75

0.002

Pr(Z < ) =0.875

0.002

_d
0.002
d = 0.0023

= 1.15

Pr(Q = ¢g)
C E(Q):Z(s—l)—lxizgs—l

E(Q2):(s—1)2><§+1><}L

v | §1_3s—42
ar (Q) = (S—)><4 1 )

3 5 1 1 )

= Z(s -2s+ 1)+ 1 16(9s 245 + 16)
3 9 2 24 6 3 1

=l--=s+|[=—-=|s+=+--1
4 16 16 4 4 4
312

()
V3

'.Sd(Q):TS

21 Let X be the length of a worm.
u=20and o = 1.5.
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22 -20
a Pr(X >22)= Pr(Z > )

1.5

=Pr|Z > 2
B ~15

= Pr(Z > 1.3333)
=1 - Pr(Z < 1.3333)

=0.09121
195-2 205 -2
b1%(19.53)(520.5):1%Mszsu
1.5 1.5
—Pr—l<Z<1
B 37773

= Pr(0.3333 < Z <0.3333)
=2Pr(Z <0.3333) - 1
=2x0.63056 — 1
=0.2611
¢ Let Y be the number of worms out of five of 20 cm in length, So Y has a binomial
distribution with n = 5 and p = 0.2611.
Pr(Y =2) = (;)(0.2612)2 (0.7392)°

=10 x (0.2611)* (0.7389)*
=10 x 0.0682 x 0.4039
=0.275

2
22 a P= ;—0(56—x)x€ [1,40]

1

_ 2 3
dP— 9();56)6 x7)
— = —(112x - 3x°
ax - oo 12 =3
b i
1 40?2
P(1) = — X (56 — 1) P(40) = — X [56 — 40]
i 90 90
_ 284‘—1
18 9
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dP 1 ) .
E =0= %(112)( - 3x ) =0 i I
L x(112=3x) =0 I\
1 ] (40, 734 2
SLx=0o0rx=37= / Nl
3 AgH
1 1232
when x = 37§ P(x) = 35123 ~ 289.0798

The maximum value of P is 289.0798 tonnes

1 X X
i A=—-—Xx— — = —
c i < X 90(56 X) 90(56 X)

o)

32
ii The maximum value of A is 8 15 tonnes/man, when x = 28.

23 f(x) = (k+2)x*> + (6k — 4)x + 2

a 1 Whenk=0
fx)=2x*—4x+2

=2(x* - 2x+1)
=2(x—1)
ii Whenk=-2
f(x)=—-16x+2
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ili Whenk =-4 y

f(x) = —2x* —28x+2 (-7, 100)
= —2x[x* + 14x — 1]
= —2[x% + 14x + 49) — 1 — 49] 2
_ 2 -
£(0) = 2;2\5}1:1 ?(x) :5 %], (x+ 77 = 50 RN
L x=-Tx V50 (-7-5v2.0) (-7+5v2.0)
=-7+5V2

f(x) = =2((x +7)%) + 100

axes intercepts are (0,2) (=7 -5 V2, 0) and
(=7 +52,0)

Vertex is at (-7, 100)

b f'(x) =2(k+2)x+ (6k—-4)

f'(x) = 0 implies
4-6k 2-3k

YT kv k+2

2 -3k 2 - 3k\
f(m—z):(k”)x(m—z) + (k=9

(2-3k?* _(3k—2)(2-3k)
T k2 P ez
(2 =3k)?> =22 -3k)?> +2(k+2)
- k+2
—(2 =3k +2(k +2)
- k+2
A check from previous results
Whenk =0, x= 1, f(1)= —++4 _
When k = -2, f is undefined

(2-3k)

+2
k+2

2

0

14
Whenk = -4, x = ) =-7
-2+ 12)? +2(-2)
fN) = =
. —196-4
B -2
=100
2 -3k
i If 0, ——>0
ilfa> ) >

Multiply both sides of the inequality by (k + 2)? (2 — 3k)(k +2) > 0
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2
A sign diagram reveals {k : a > 0} = {k 1 -2<k< 5}

2
ii a=0implies k = 3

i 1fp > 0, 2T H2ATD
k+2
Multiply both sides of inequality by (k + 2)?
(-2 -3k +2(k+2)(k+2)>0
(-4 - 12k +9K>) + 2k + )k +2) > 0
S (=44 12k = 9K* + 2k + 4)(k +2) > 0
(14k = 9k*)(k +2) > 0
k(14 = 9k)(k+2) >0
Consider the sign diagram

-1 1
o, 0 14
9

.‘.{k:b>0}:{k:0<k<%}U{k:k<—2}

14
iv {k:b<0}:{k:—2<k<0}u{k:k>E}

¢ f has alocal maximum when k +2 < 0
i.e. when k < -2

d For f(x) = (k +2)x> + (6k —4)x + 2
A = (6k —4)? — 4k +2)2
= 36k*> — 48k + 16 — 8k — 16
= 36k* — 56k

i f(x)is aperfect square if A =0

i.e. 36k* — 56k = 0
4k(%k - 14)=0
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14
k=0ork=—
or 9

ii If there are no solutions A < 0
ie. 4k(9%k —14) < 0

14
O0<k<—
9

2
1 62
Sox =10 -
ge 2

- =log, (¢*) —log, @

=2-log, 2
b iy=e2-2e"
dy
) 2—2x+2 —-X
e e e
d
i & - implies e>72* = ¢™*
dx
ce¥=¢?
x=2

iii Whenx=2, y=¢>*-2¢72
=¢ 2 - 2¢2

iv

¥4

0.2
dilated = 25
vertically
T >
4 X ﬂ'
Whenx=0,y=¢e*-2 -0.24

:,'.—_.e""{f:"'-z]
Asx e, y (-

=g ¥_ 2"

(2-10g,2,0)
I
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¢ The equation ?~>* — 2¢™ = k has two yA

. . . 1
distinct positive solutions for k € (——2, O)
e

25 a y=bix+a) +c

y={x+al

3 3

Gl 2T P raaed

3 342x% +4x+2

T X2 +2x+1
_2x2+4x+5

T

+2

# -1

¢ o A dilation of factor 3 from the x-axis
e A translation of 1 unit in the negative direction of the x-axis.
e A translation of 2 units in the positive direction of the y-axis

1 2 1
2x2 +4x+5 3
dfﬁdxzf +2dx
0 x2+2x+1 o (x+1)2
1
:f 3(x+ 1) +2dx
0
= [-3(x+ 1) + 2],
3

=5 +2-(3)

7
2
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25-0

ii y—-25= (x —50)

50-25
SLy—=25=x-50
Ly=x-25

b y=ax*+4x+c

C

50=25%a+100+c @
25=50’a+200+c @
Subtract @ from (D
25 = (25% = 50%)a — 100
125

252 _500 ¢
125 -1
ag= —— = —
75%x 25 15

Substitute in (D
1
50 =625 x —— + 100
X 15 + +c

1
LLc=— 2 —
c 50+65><15

.. equation of parabola

1, 25
- 4y — ==
y 15x + 4x 3

1
= —E(xz — 60x + 125)
i area of rectangle OABE

=25x50
= 1250 square units
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50

1
ii area of region EBC = f —E(x2 —60x + 125) — (x —25)dx
25

1 50

2
= —45x = 250d
15 ) x X x

50

o 250x]
25

36875
iii total area =

square units

27 a Area of rectangle POST = (4cosf +4cosf) X2
= 16cos 6
Area of triangle QRS = % X 8cosf x4sinf
= 16cos @ sinf

.. Area of metal plate = 16(cos 8 + cos 6 sin6),0 < 4 < g

dA
b 20 = 16[—sin 6 + sin §(— sin ) + cos 6 cos 6]
= 16[—sin @ + cos” 6 — sin’ 4]
= 16[-sin6 + (1 — sin> §) — sin” 6]
=16[1 —sin @ — 2 sin’ 6]
¢ —5 =0implies = 16[1 —a - 2a*] = 0 (where a = sin6)

o2 +a-1=0
S Ra-1)a+1)=0

1
Sa=— =—1
a 2ora

1
C.sinf = 3 orsinfd = —1

bis n
0= —si 0<Q0< =
6s1nce (0] >
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d

28 a

A0) =16 T
n (§16)

A[Z] = 16[cos = + cos = sin =
6 = COS6 COS6SIH6

V3 3
C1ex 2«2
* %

- 12V3

b |
@ v

Let X be the length of the engine part.

The engine part must be between 4.81 cm and
5.20 cm.

Pr(X < 4.81) = 0.008

Pr(X > 5.20) = 0.03 asl-p 9 p-asl

4.81 —
(oa

1 —4.81
g

5.20 —
(oa

Pr(Z 2V -p ) = 0.97
g

.. we have the equations
— 481 20 -
KoL arand 220 7H s

4-481=24lc @and520—-pu=188lc @
Add @ and @

520-4.81 =(2.41+ 1.881)c

0.39 =4.2910

0.0909 = o (correct to four decimal places)
Substitute in D

u—4.81=241x0.0909

u=5.0290

Pr|Z < = 0.008

S PrlZ < =0.992

Pr(Z > =0.03

Let $C be the cost to produce a part that meets the specifications. Then with
probability 0.962, the cost is $4; with probability 0.03, the part is priced at a cost

of $(4+2)= $6 ;with probability 0.008, the part is rejected and the process begins
again: so with probability 0.008 x 0.962 = 0.007697, a good part is made at a cost of
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29 a

$(4+4) = $8, and with probability 0.008 x 0.03 = 0.000 24, a good part is made at a
cost of $(4 +4 +2) = $10.

But with probability (0.008)? = 0.000064, it is rejected and the process repeats ad
infinitum.

METHOD 1
C 46 8 10 12 > 12

Pr(C =c¢) ‘ 0.962 0.03 0.001696 0.00024 0.0000616 insignificant

E(C) =4x0.962 + 6 x 0.03 + 8 x 0.007696 + 10 x 0.00024 + 12 x 0.0000616 =
4.092707

The expected cost of producing 100 parts is $409.27.

6=21
T =21+Ae™™
Whent=0, T =100
~100=21+A
LA=179
ST =21 +79¢ "

Whent=10,7 = 84
5. 84 =21+ 79710
@ —10k

=e

79 o
- —10k = log, >
98 79

1 79
S k=—log, — ~0.02
10 %63
70 =21 +79¢™4
Y w
g Te .
.. —kt =log, —
%8 79
. 1 i 49
St=——log, —
k %79
A 110 . 10
kT 79 T T
lOge @ loge (@
The temperature of the kettle will be 70°C after 21.1 minutes i.e. at approximately
2.44 pm.

9
x loge(—) ~ 211
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C T

b — e = = —

d Whent=0, T =100

Whent =10, T =84
84 — 100

.". the average rate of change = BT °C min
= _1—0 °C/min
= —1.6 °C/min
dT
— = —kAe™
e o e
i Whenr=6
dT
— = —kxT79x e
dt
~ —2.0479 °C/min
dT
— = —kAe™™
dt ¢
= —k(T - 6)
i = —k(60 — 21)
= —k(39)
= -39%
= —0.8826 °C/min
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30 Let X be the number of good components

a Probability of a batch being accepted

=Pr(X =4)+P(X = 5) = ( . ) (%)4(%) " (%)5
A
ol

6

32

3
=— =0.187
T 0.1875

A(p) = Pr(X = 4) + Pr(X = 5)
5
=( A )(1—p)4p+(1 -p)

=1 -p'5p+1-p)
= (1-p)'[4p+1]
b=4
¢ A'(p) = —4(1 - p)’(1 +4p) +4(1 - p)*
= (1= p)’[-4(1 +4p) + 4(1 - p)]

=(1-p)y’[-4 - 16p + 4 - 4p] AA
= (1 - py’[-20p] 0D
= 20p(1 - p)°

Note: no stationary point for p € (0, 1)

0 1P
d i A(p)=0.95: using the ‘solve’ command of a CAS calculate with 0 < P < 1
gives P = 0.076

ii A(p) = 0.05: again using ‘solve’ gives P ~ 0.657

e i A'(p)=-20p(1-p)
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ii AA

>
0 11 P

=)
4 4
A”(p) = =3(1 - p)*(=20p) — 20(1 - p)*

= —20[1 - pl*[-3p + (1 - p)]
= =20(1 - p)*(1 - 4p)

iii
" o 1 b . : 1
A”(p) =0impliesp=1orp = 1 so A’(p) is a minimum in p = T

1
iv Most rapid rate of change of probabilities occurs when p = T
31 At = (4.5-0.30°
a Whenz=0, h(0)=4.5 =91.125cm

b h(t) >and?>0
S (45-03)°>0and7>0
equivalently 4.5 — 0.3t >and r > 0

4.5
.‘.EZtandtZO

SLt<l15andr>0
ie. t€[0,15]

¢ V=(0.8)2%4.5-037°
= 0.64(4.5 - 0.31)°

d hisalto 1 function
domain of A is [0, 15]
range of 1 = [0, 91.125]
Consider x = (4.5 — 0.3y)*

1
x3 =4.5-0.3y
503y =45 —x3

|—

1
10x3
3

SLy=15-
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1
1013
. inverse function is A '(f) = 15 - ——

3
domain = [0,91.125]

0| (15,0) (91.125,0) ¢

32 y=3mm
Let X be the diameter
Pr(X < 2.9) = 0.063
Pr(X > 3.1) = 0.063

3.1-3
o

a Pr(Z > ) ~ 0.063

Pr(Z > E) =0.063
o

1
Pr{Z < O—) =0.937
o

0.1
o

=1.53

oo 0L
T 1.53
= 0.06536

b Let Y be the number of ball bearings accepted out of 8.
The probability of rejection = Pr(X < 2.9) + Pr(X > 3.1)
=0.063 x 2
=0.126
For the binomial distribution, p = 0.126 and n = 8
Pr(Y >1)=1-Pr(Y =0)
=1-(0.874)
=1-0.34047
= 0.6595

827



Pr(Y =2) = ( 2 )(0.126)2(0.874)6

ii
=0.198 14

¢ 1 u=3.050=0.06536

2.9-3.05 3.1 =305
<2. >3.1)= Y =3 B =
Pr(X <2.9)+Pr(X > 3.1) Pr(Z_ 0.065.36)+1 Pr(Z_ 0,065.36)

=Pr(Z < -2.295) + 1 — Pr(Z < 0.765)

=2 —-Pr(Z <2.295) - Pr(Z < 0.765)
=2-0.9891-0.7779

=0.233

So 23.3% will now filloutside the given range.

il Pr(3.05-c<X<305+¢)=09

—C C
Prl————<Z<———|=0.
Pr(0.06 536 =~ = 0.06 536) 09

C
<——|—-1=0.
2Pr(z_0.06536) =09
Plz<—S )=0095
. ~0.06536]
C
 Soesae = 1-6M9
- ¢ =0.1075

33 0.8

1
miss breakiSE—
¢ 04
oV % 0.2

not o W” 03
'I-':mfeﬂping 0.6 \\\
0t miss breggpo—— 0.7
ast b

a From tree diagram
i Pr(oversleeping N missing breakfast) = 0.4 X 0.8 = 0.32
ii Pr(not oversleeping N missing breakfast) = 0.6 X 0.3 = 0.18

iii Pr(oversleeping N missing breakfast) + Pr (not oversleeping N missing breakfast) =
0.32+0.18 =0.5
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Pr(overslept | missing breakfast) =

Pr(overslept N missing breakfast)
Pr(missing breakfast)

¢ This is a binomial distribution problem if it is assumed that a student’s behaviour is

independent of any other students behaviour.
Let X be the number of students who miss breakfast

i Pr(X =2)="2C»(0.520.5)8 = 0.043955
ii Pr(X>1)=1-Pr(X=0)=1-(0.5"'"=0.999

iii Probability of at least 8 not missing breakfast
=Pr(X<2)=Pr(X=0)+Pr(X=1)+Pr(X =2)
= (0.5)'%+ 10 x (0.5)'° +19 C5(0.5)*(0.8)*

7

T 128
34 a
b y4
{0, 1)
cy=—-+e
dy 1
2 = _ + X
dx 2t
dy 1
d i —=0-—=+¢"=0
oy 2 ¢
which implies 2° e’
xt=e*
loge(xz) =—Xx

re. 2log, x = —x

ii Asx>0, 2log,x=-x<0
-2 log,x <0
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Sx<1
.. local minimum lies in the interval (0, 1)

\

iii

iv local minimum occurs when x = 0.7
. 0.7
Ly=—+e
=07 _
= 3.4 correct to one decimal place
i.e. coordinates local minimum are (0.7, 3.4)

35 a i From the diagram
amplitude =7.5 .. b =7.5
and centreisaty=75..a="17.5
JI'.:H.

(e, g)

151

7.57

.
¢

0 125 25 :d.'n:. 5};
2

iod =27+ = =50

perio e 50

Som=125, n=15andd = 37.5
ii .'!"'“"

19 y=flx)+4

(50, 11.5)
115 ———= =N == -

7.5 4

(37.5, 4)

-
>
x

=

b 10=75+7.5si1
sin —
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1 1
6 =sin"!|=]orm—sin!|=
3 3

50 sin~! 1 or 50 Gin-! 1

X=—=5 — — |- -

27T 3 T 3
=2.704 or 22.296

X (2 x
¢ g = 2f(§) _ 2(7.5 +75 sm(%(g

27X
=15+ 15sin| —
+ Sm(ZSO)

125
.. amplitude = 15

=15+15 sin(ﬂ)

centrey = 15

T
period = 2 5 50

d
= 15+ 15sin [ —=(x - 10)
B 125"

(72.5, 30)

(135, 15)

)
)

i the new function has rule A(x) = g(x — 10)

(260,15)

0 ifx<?2

0 x>

(0, 15)

r

(62.5, 30y

(125, 13)

(250,15)

g

(187.5.0) 250 X
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5
f22

For f to be a probability density function k = 4.

b i

ii

iii

37

Pk
fx)dx = [k(5x — x})]3 = :

5 5
5 5 13
E(X) = f22 xf(x)dx = 4f22 5x=2x*dx = <

Solve [ f(x)dx = 0.5 for a

4(5a —a® - (10-4) = 0.5
8(—a’*+5a—-6)=1

—8a% +40a-49 =0

0- V2 as 2 < a§
4 2
- V2

Therefore a =

10

The median is

Var(X) = E(X?) - [EQOP = —

\/_ 72
2
Theref = —
ererore o 12
13 V2
Pr(X <u- =P < — — —
y X <pmo) r(x 6 12)
= 0.1857
A
¥
ka
0 a xr

a [ f(dx=1

1
Therefore Eka2 =1

2
and k = —

a?

832



E(X) = fa xf(x)dx
0

_a3k
6
_a
"3
b Var(X) = E(X*) - [EX))?
:‘faxzf(x)dx—a—2
0 9
_a4k a’
12 9
)
18
C Pr(X>y+20):Pr(x>g+ 2a ):6_4\/E
3 342 9

d Solve [ f(x)dx = 0.5 fora

a =1000( V2 +2)

38 y= — —log,(x+3), x> -3

10

d
a1 1

dx 10 x+3

and d_y = 0 implies x + 3 = 10. Hence x =7
X

dy 11 1
E—I—O—x+3>ﬁf0r)€>—3

7
¢ The coordinates of M are (7, o~ loge(IO))

Equation of line is y = (5 = log,(10)) = f5(r = 7) i.e. y = x ~ log, 10

d i “The line in ¢ has gradient % and hence if corners the x-axis at a point to the left
of P (since the gradient of the curve 7 < %).
For the line, when y = 0,
x = 10log, 10.
Hence the x-axis intercept at P is granter than 10 log, 10."

ii Using the ‘solve’ command of a CAS calculator shows that the intercept at P has
x coordinate 36.852
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Q_ X

39a —=——
dx 32 +24
dy
b ——=0—x=0;theny= V24 = 2+6.
X

So the coordinates of the local minimum are (0, 2 \/6).

¢ f(=x) = V(=x)2 + 24 = Vx2 + 24 = f(x), so the function is even.

d 1
e Whenx =1, d—y:—.

x 5
So the gradient of the normal at (1, 5) is —5.
Its equationisy —5 = -5(x — 1)

y=-5x+10:
Y _ . )
f i 10 at the point (5, 7):
dy dydx .
— =——(ch 1
0= drdr (chain rule)
0= > &
Vx2 24 dt
Sdx
10==-—at(5,7
74 e

dx
— = 14 unit d
0 units/secon

X2+ 24 + x|+

d Va2 + 24
g —|12log, - =
dx 2

X
—+1
Va2 Va2 +24 2
12 x X +24 + al + a

X2 +24+x 2 Va2 +24
12 x* +24 x?

+ +
Va2 +24 2Vx2+24 2Vx2+24
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424 Vx? + 24 as required
= — = X .
VaZ + 24

5
h Area:f Va2 + 24 dx
2

5
X2+ 24+ x| +

xVx2 +24
2

= [1210ge
2

= (1210g;2 +§) — (1210g,2 V7 +2) + 2V7)

= 1210ge( ﬁ6 )—2\/7+§

+1
35
= 1210ge(\/7—1)—2\/7+7

\

0 z
m=0

I

40 a i

g,=-0.6745

g, =0.6745

iv interquartile range = 1.3490

v Pr(gi —1.5XIQR<Z < g3+ 1.5XIQR)
= Pr(-0.6745 - 1.5 x 1.3490 < Z < 0.6745 + 1.5 x 1.3490)
= Pr(-2.698 < Z < 2.698)
=0.993 or 99.3%
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41

a

vi 0.7%

ip

| bl
i o

u—0.67450

u+0.67450

| bl
i o

i
iv 1.34900
v 0.993 or 99.3%

vi 0.7%

I f@dx=1
k j—
n+1
Therefore k =n + 1

n+1

E(X) = [) xf(0dx = —

E(X) = [} @ f(dx = ;

n+1

O )

If m is the median, then

komx4dx:§
1 S|
k n+1 - _
n+ 1l L 2
kmn+l :l
n+1 2
Sincek=n+1
n+1_n+1:1
T T T2
1

(1)m
m=|-

2
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1
— 1

2 a iGradientAB: %
~ 2-b
IRCENE))
1
T ob-1
1
T 1-b

.. , 1
1 g(x)——m
1
T 1-b

if(x-12>=b-1
x—1= Vb -1 (positive square root since x > 1)
x=1+Vb-1

e+1 1
b i f dx = [log,(x — D5
2 x—1

=log, e —log, 1
=1-0
=1

1+e 1
ii f dx =8
e x—1

[log, (x— D]}* =8

log, e —log, (c—1)=8

I-log, (c-=1)=28
log, (c—1)=-7
c—1=¢"

c=1+¢"

1 1
¢ i Areaof trapezium = E(b - 2)(1 + —)

b-1
1 b
= 50-2(525)
_bb-2)
S 2b-1)
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b(b—2)_8
2b-1)

b*—2b=16b- 16

b*—18b+16=0

Solving by the formula or completing the square gives b = 9 + V65 but b > 2. so

b—-9+ V65.
ml
mn+1 1 o
d [ x_ldx+f2”

Now the upper terminals must be greater than 1 since we can not integrate over the

discontinuity at x = 1. Hence:

[log, (x — ]2+ + [log,(x — 1))
(loge(mn) + loge(ﬂ)) = 2 ( n positive so m positive)
n

loge[(mn) x (%)] =2

log, m* =2
m? = e

m=e (m>0)

_(1=b)1+b)
bR -1)

1
ﬁ_l
43 a i Gradient AB = T
3 1 - 02
T BR(b-1)
b+
-
, 2
f(x):——3
X
b+
=-—0
11 2b2
f 3_
Y ETe

. . 1 1
b i Area of trapeziums = E(b - D(ﬁ + 1)
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C

B>+ 1) -1)

SO =T

B*+1)(b-1) 10
2b? )
9b® —b*+b—1) = 20b°
9h3 — 29 +9b — 9 = 0
Using the factor theorem or a CAS calculator shows that » — 3 is a factor of the
cubic, giving (b —3)(9b*> = 2b +3) =0
The quadratic has no zeroes (B> —4AC < 0),s0b =3 is the only solution.

b b
iii ff(x)dx:f —zdx
1 1 X
b

ii

I

|
+
—

<1sinceb>1and500<%<l

b
D) =S() - f f(x)dx
1

CGERCEDY
- 22

WP+ -1)  (b-1
B 212 _( b )

1
—(1- l_7) from b i and b iii

(]
b-1
2p?
b-1
= - 1)?
2 @D

_ =1y
b o SR
To show that the function is strictly increasing for b > 1, it is sufficient to show that

D’(b) > 0forb > 1.

(b* + 1 -2b)
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(2b2)(3(b - 1)2) - ((b - 1)3)(4b)

D)= b
_3b(b-1-2(b-1)°
- 253
_(b-1*Bb-2(b-1))
- 253
_-D*b+2)
- 2b3

>0forallb>1

44 a f'(x) = X"(—ne ™) + mx" e
= X" e _px + m)
=0
ifx=0orx= ﬂ.
n

So for the stationary point not at the origin, x = — and then
n

-
n n
m

The Point with coordinates (—, (—) e‘”””) is a local maximum tuning point (by
n \n

reference to the given graph or by checking the sign of the first derivative which goes

from positive to negative through x = —).
n

b Find the equation of the tangent at a general point x = a on the curve.
x=a: f(a) = d"e "
f'(a) = a™ e " (—an + m)
using y — y; = m(x — x1) , the equation of the tangent is
y— alemwtn — am—le—an+n(_an + m)(x _ a)
The tangent passes through the origin, so (0, 0) satisfies the equation.
(—an + m)(—a)

—g"eamtn — am—le—an+n

l=(—an+m)(am+0, e +0)
an=m—1

m-—1
a=——

n
substitute to find the y-coordinate:

fla) = f(’"T_l)

1 m
— m-= en—m+l
n
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So the tangent at (’"‘1 ) ( ’"T_l)me”‘m”) passes through the origin.

n

(Note: the tangent at (0, 0) also passes though the origin!)

¢ i Using CAS calculator, we find that
2

00 e
f X2€_2X+2 dx = —
0 4

4 oo 4
So: = fo x’e 2 dx=1and k = =

1
4
wa<n=jﬂ7ff””m
o €

. = (62 - S)e_2 (using a CAS calculator)
ii

=1-5¢7
5
:1_;

iii The made is the value for which f is a maximum. Use calculus to solve
f'(x)=0.
fl(x) — x2(_26—2x+2) + 2xe—2x+2 dx

=2xe P2 (=x+ 1)

=0
ifx=1
So the mode is 1.
Alternatively, note that x2e~2**2 is the function from part a withm = 2 and n = 2
From That question, the x-coordination of the stationary pointis x = % = % =1

in this case.

45 a i f e ¥dx = lim e dx
0

—00
a 0

1 a
lim [——e‘q“]
a—>o0 q 0

1 1
im e+ )
a—oo q q
1
=0+ -
q

= —(sincee ¥ — Qasa — o)

0 k
Hence f ke ™ dx = —
0 q

= lifk=gq
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ii EX)= f xXqge dx
0
1 )
= — (using a CAS calculator)
q
iii E(X?) = f x* X g% dx
0

2
= —(using a CAS calculator)
q

var(X) = E(X?) - [EX)]?

1
q

)

1
iv Ifm= 3 log, (2), then

1
j; ge T dx = [-e” ]
=—e " +1
2
= —¢ 0% 4 ]

—lo, 1
=—¢ %241

So m is the medium. |
Alternatively, solve fom f(x)dx = 3 for m.

Pr(X > 1 loge(3))
q

1 1
b Pr[X > —-log,(3)| X > - loge(Z)) = N
7 7 Pr(X > loge(Z))
q
1

Since the median is %[ log,(2) from part a iv, the denominator is 5.
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1 1
Pr(X > ~log, 3) = 1 - Pr(X < ~ log,(3))
q q

1
— log,(3)
=1- fl] ge " dx
0
1
— log,(3)
_ —gx19
=1-[-e q ]0
= 1 + elogg _ 1
| 1
_, 0% 3
1
For the numerator: = 3
So
1
1 1 3
Pr(X > —log,(3) | X > —log,(2)) = =
q q l
2
2
3

i The graph of y = f(x) = 0.01e™2%1* x > 0, is that of an exponential function
with y-axis intercept (0, 0.01) and horizontal asymptote y = O (the x-axis).

VoA

(0,0.01)4

LY

0

il Pr(X > 100) =1 - Pr(X < 100)

100
=1- f 0.01e7%01x gx
0

100
—1— [_e-o.ou]
0

=l+e'-1

=e 12037

1
oo F I't . — 1 2
iii From partaiv,m = o log, (2)

=100 log, (2) = 69.31
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46 a 0.527

b (0.4961,0.5580)

¢ Fora95% CI, M = 1.96 X 4| % ~ 0.0309 Half this width is 0.0155

Thus, we need to find a such that

0.527 x 0.473
[22E0AE 0155
ax 1000

a =0.981

To find the level of confidence associated with a = 0.981 we use the normal cdf
function.

Level of confidence = Pr(—0.981 < Z < 0.981) = 0.6734

Ie, 67.34% confidence interval

d Twice this width is 0.0618 Thus, we need to find a such that Thus, we need to find a
such that

/0.527 x 0.473
a X W =0.0618

a=3914

To find the level of confidence associated with a = 3.914 we use the normal cdf
function. Level of confidence = Pr(-3.914 < Z < 3.914) = 0.9999

ie, 99.99% confidence interval
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