Chapter 1 - Reviewing linear equations
Solutions to Exercise 1A

1 ax+3=6 j§=5
4
x=3
3x =20
b x-3=6 20
x:?
x=9
3x
c3-x=2 k—?:Z
—x=-1 -3x=10
x=1 __1_0
S
x+8=0 7
_—14 14
e 2—x=-3 YT TS
—-x=-5
x=5 2 ax-b=a
x=a+b
f 2x=4
=2 b x+b=a
x=a->b
g 3x=35
_5 cax=5b
x—3 )
xX=-
h —2x=7 a
7 d 2=»p
X:—E a
x=ab
i 3x=-7
7 e%—c
X:§ b
ax = bc
bc
xX=—



2y-4=06
2y = 10
y=35

3tr+2=17
3t=15

2a—-4=17
2a =11
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14 -3y =38
-3y=-6
y=2

b x—5=4x+10
~3x=15

=—=-5
-3
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3x—-2=8-2x
5x =10

2(0+6) =10
y+6=5
y=5-6=-1

2y+6=3(>y—-4)

2y+6=3y—-12
-y =-18
y=18

2x+4)=Tx+2
2x+8=Tx+2
—5x=-6
6

X ==

5
Sr=3)=22y+4)
Sy—=15=4y+38
S5y—4y=18+38
y=23

x—6=2(x-23)
x—6=2x-6
-x=0
x=0
y+2 _
3
y+2=12

y=10

4

X X
—+==10
8373
S5x
— =10
6
S5x =60
x=12
h x+4=—
_Z = _4
2
-x=-8
x=28
; 7x+3_9x—8
2 4
14x+6 =9x-8
S5x=-14
14
X=—-——
5

2 2 4
j g(l—ZX)—2X:—§+§(2—3X)

10(1 = 2x) = 30x = —6 + 20(2 — 3x)
10 — 20x — 30x = =6 + 40 — 60x

10x =24
12
xX=—
5
4y -5 2y-1

2 6
(12y = 15) -2y - 1) = 6y
12y —15-2y+1 =6y
4y = 14

=Yy

y=§



ax+b=0

ax+b=cx

ax—cx=-b

x(c—a)=>b
b
X =
c—a
X X
-+ -=1
a b
bx+ax =ab
x(a+b)=ab
3 ab
T a+b
b
24221
X X
x=a+b

x(a-c)=b-d
b—d

X =
a—-c

h =d
b
ax+c=bd
ax =bd - c
bd — ¢
X =
a
. b—cx+a—cx+2:()

a b
b(b—cx)+ala—cx)+2ab=0

b* — bex + a* — acx +2ab =0
b* + a* + 2ab = acx + bex
(a+b)* =cx(a+b)

a+b
X =

C
solongasa+b#0

8 a 02x+6=24
0.2x =-3.6
x=-18

b 0.6(2.8 — x) = 48.6

28 -x=281
—x=78.2
x=-=78.2
2x + 12
c T = 6.5
2x+ 12 =455
x+6=22.75
x=16.75
d 05x-4=10
0.5x =14
x =28



e 4%“10)26 x(x+c)=((x+a)(x—Db)

X +cex=x>+ax—bx—ab

x—10=24
cx—ax+bx =—-ab
x =34
xta—b-c)=ab
f 64x+2=32-4x ab
SoX= ———
104x =12 a-b-c
solongasa+b#0
1.2 3
X= ——= —
104 26 b
bx by
—+ =
a b a+b l+bx 1+x
ta b x+c bx(1 + x) + x(1 + bx) = 2(1 + x)(1 + bx)
ax-b)+bx+a) _a+b bx +bx* + x + bx* = 2(1 + x + bx + bx*)
(x +a)(x = D) Xt bx + bx* + x + bx* = 2 + 2x + 2bx + 2bx*
ax—ab+bx+ab a+b
(x+a)x-b)  x+c 0=2+x+bx
ax+bx  a+b -2 =x(1+b)
(x+a)(x—b) x+c 2
x 1 SRR A

(x+a)x—=D>) - x+c



Solutions to Exercise 1B

1 ax+2=6

2 A+3A+2A =48
6A =48

A gets $8, B $24 and C $16

3 y=2x;x+y=42=3x

X

X

x=4

3x =10
10
X=—
3
3x+6=22
3x =16
16
X=—
3
3x-5=15
3x=20

20

T3

6(x +3) =56

+3=—
* 6

1

Y73

x+5
=23
4

x+5=92
x =87

A=8

42
3
=14,y =28

56 28

3

4

5

=3

W =

X

=+

3
x+1=9

x=8kg

L=w+05A=Lw
P=2(L+w)
=22w +0.5)

=4w +1
4w+ 1 =438

4w = 3.8

w = 0.95
A =0.95(0.95+0.5)

=1.3775m?

m—-1)+n+m+1)=150
3n =150

n=>50
Sequence = 49,50 & 51, assuming 7 is
the middle number.

n+m+2)+mn+4)+(mn+6)=380
dn+ 12 = 80
4n = 68

Son=17
17, 19, 21 and 23 are the odd numbers.

6(x —3000) = x + 3000
6x — 18000 = x + 3000
5x = 21000
x=4200L



9

10

11

140(p - 3) = 120 p
140 p — 420 = 120 p
20 p = 420
p=21

x x _48
6 10 60
S5x+3x=24
8x =24

x =3km

Profit = x for crate 1 and 0.5x for crate

2, where x = amount of dozen eggs in

each crate.

x+3
=1
7 5

2x+x+3 =30
3x =27

Soox=9
Crate 1 has 9 dozen, crate 2 has 12
dozen.

X+

60 0
9 «x

Z4+2 -6
172

x_15

2 4

1

x:7527.5km/hr

13

X X
60X —+60x — =45
X7+ ><6

I5x + 10x =45
25x =45

_®
25

X

=1.8
Total = 2 x 1.8

= 3.6 km (there and back)

Total =4 x 0.9

= 3.6 km there and back twice

14 f=b+24
(f+2)+(b+2) =40
b+26+b+2=40
2b =12

S b=6
The boy is 6, the father 30.



Solutions to Exercise 1C

1a y=2x+1=3x+2
-x=1, ~x=-1

ay=2(-=D+1=-1

b y=5x-4=3x+6
2x =10,.. x=5
y=505)-4=21

c y=2-3x=5x+10
—-8x=8,.. x=-1
Ly=2-3(-1)=5
d y—-4=3x (1)
y—=-5x+6=0 (2)

From (1) y=3x+4
Subsitute in (2).

3x+4-5x+6=0
-2x+10=0
x=35
Substitute in (1). y —4 = 15.
Therefore x =5 and y = 19.

e y—4x=3 (1)
2y-5x+6=0 (2)
From (1) y=4x+3
Subsitute in (2).

24x+3)-5x+6=0
3x+12=0
x=-4

Substitute in (1). y+ 16 = 3.

Therefore x = —4 and y = —13.

f y-4x=6 (1)
2y—-3x=4 (2)
From (1) y=4x+6

a

a

Subsitute in (2).
24x+6)-3x=4

S5x+12=4
5x=-8
8
X=——
5

8
Substitute in (1). y — 4 X (—g) = 6.
50

)’:?

8 2
Therefore x = ——andy = ——.
erefore 5 and y 5

X+y=6

x—y=10

2x =16
x=8,y=6-8=-2

y—x=35

y+x=3

2y =38
y=4x=3-4=-1
x—2y=6

—(x+ 6y =10)

-8y =—4

! 6+

.. = -, X=

Y732

=7

[\ o}

2x -3y =17

9x+3y=15

1ix =22
Sopx=2
4-3y="7..y=-1

4x — 10y = 20
—-(4x+3y=17)




14x — 12y = 40

Ox+ 12y =6
23x =46
Tx=2

14-6y=20, .y=-1

6s—2t=2
55+ 2t =20

11s =22
Los=2

16x—12y =4
—15x+12y=6
X =10
So4y—=5(10) =2
SLoy=13

15x-4y=6
—(18x — 4y = 10)

2p+5qg=-3
Tp—2g=9

4p +10g = -6 39p = 39
35p — 10qg = 45

p=1
Sog=-1

2x -4y =-12

6x+4y=4

8&x  =-8

Sox=-1

2y-3-2=0,.. y:§
2

3x+y=6 (1)

6x+2y="7 2)

Multiply (1) by 2.

6x+2y=12 3)

Subtract (2) from (3)

0=>5.

There are no solutions.

The graphs of the two straight lines
are parallel.

3x+y=6 (1)

6x+2y =12 (2)

Multiply (1) by 2.

6x +2y =12 3)

Subtract (2) from (3)

0=0.

There are infinitely many solutions.
The graphs of the two straight lines
coincide.

3x+y=6 (1)
6x—2y="7 2)
Multiply (1) by 2.
6x+2y =12 3)
Add (2) and (3)
12x = 19.

19

5
X = n and y = T There is only one
solution.



The graphs intersect at the

oint 195
1 — —_—
PO 15> 7

3x-y=6 (1)
6x+2y =17 (2)

Multiply (1) by 2.
6x -2y =12 3)
Add (2) and (3)
12x = 19.
19 .
X = o andy = T There is only

one solution.

The graphs intersect at the

oint Q —é
PO 1577

5 ab,c

10



Solutions to Exercise 1D

1 x+y=138
x—y=2388
2x =226

x=113

y =138 - 113 =25

2 x+y=36
x-y=9
2x =45

x=225

y=36-225=135

3 65 +4C =58
5§ +2C =35, 10S +4C =70
10§ +4C =70
—(6S +4C) =58
48 =12
L8 =9$3

2C=35-35,.. C=%10

a 10S +4C=10x3+4x10
=30+40 =$%70

b 45 =4x3=3%12

c S =%3

4 7TB+4W =213
B+W =42, 4B+4W =168
1B+ 4W =213

—(4B + 4W = 168)

3B =45
.. B=15
15+ W =42, W=3$27

a 4B+4W =4x15+4x%x27
=60+ 108 = $168

b 3B=3x15=$45

¢ B=2§I5

S x+y=45

x—=7=11
2x =56
x=28;, y=17

6 m+4=3(c+4)...(1)
m—-2=5c—-4)...2)
From (1),m = 3¢ + 8.

Substitute into (2):
3c+8—-4=5c-4)

3c+4=5c-20
—2c=-24, .. ¢c=12
m—4=512-4)
m =44

7 h=>5p

h+p=20

S 5p+p=30
p=5 h=25

8 Let one child have x mar-
bles and the other y marbles.



10

11

x+y=110
X
—=y-20
2 y
x=2y—-40
S 2y=40+y =110
3y =150

S y=50; x=60
They started with 50 and 60 marbles,
and finished with 30 each.

Let x be the number of adult tickets and
y be the number of child tickets.
x+y=150 (D)

4x + 1.5y =560 (2)

Multiply (1) by 1.5.
1.5x + 1.5y = 225
Subtract (1”) from (2)
2.5x =335

x =134

Substitute in (1). y = 16

There were 134 adult tickets and 16
child tickets sold.

(1"

Let a be the numerator and b be the
denominator.

a+b=17 (1)
a+3:1 2.

Frgm 2),a+3=0b
Substitute in (1)
at+a+3=17

2a = 14

a="T7and hence7b =10.

The fraction is —
e fraction is -

(1)

Let the digits be m and n.
m+n=28 (1)
10n+m— (n+ 10m) = 36

12

13

9n —9m = 36

n—m=4 2)

Add (1) and (2)

2n = 12 implies n = 6.

Hence m = 2.

The initial number is 26 and the second
number is 62.

Let x be the number of adult tickets

and y be the numbr of child tickets.
x+y =960 (1) 30x + 12y = 19080
(2)

Multiply (1) by 12. 12x+ 12y = 11520
(1)

Subtract (1) from (2).

18x = 7560

x = 420.

There were 420 adults and 540 children.

0.1x +0.07y = 1400...(1)
0.07x+ 0.1y = 1490...(2)
From (1), x = (14 000 — 0.7y)
From (2):
0.07(14 000 — 0.7y) + 0.1y = 1490
980 —0.049 y + 0.1y = 1490

0.051y =510
510

051

=10 000

y

From (1):
0.1x + 0.07 x 10 000 = 1400

0.1x = 1400 - 700
=700

x = 7000
So x +y = $17 000 invested.

12



100 o
14 —— +20r=10000...(1) Substitute in (1):

(@)(5) ¥ 20@) = 6000

3 \2 3
A %)Jr%:moom(z) 54x =151200
From (1): o x=2800;y =3200
201 = 10000 — 208
S5s

" t:SOO—?...(3)
Substitute into (2):

50s 40 S5s
(T) * (?)(500 - ?) = 6000

150 + 120(500 - ?) — 54000

1505 + 60 000 — 200s = 54 000

=505 = —6000
B=C;C+B+A=100

s =120 10A + 11B + 12C = 1120
10A + 23B = 1120
A =100-2B
10(100 — 2B) + 23B = 1120
3B = 1120 - 1000

Substitute into (3):
£ = 500 - (g) x 120

=500 - 200

co =300
He sold 120 shirts and 300 ties.
B =40

A =20kg, B=C =40kg
15 Outback = x, BushWalker = y; x = 1.2y

200x + 350y = 177 000
200(1.2y) + 350y = 177 000

240y + 350y = 177 000

177000
Y= 7590
x=1.2x300

= 360

=300

16 Mydney = x jeans; Selbourne = y jeans
30x + 28 000 = 24y +35200...(1)

x+y=06000...2)
From (2): y = 6000 — x

17 Tea A = $10; B = $11,C = $12 per kg

30x + 28 000 = 24(6000 — x) + 35200
30x + 28 000 = 144 000 — 24x + 35 200

13



Solutions to Exercise 1E

1 ax+3<4

x<4-3, .. x<1

b x-5>8

x>8+5,... x>13

-6>x, .. x<-6

f 2x< -6
—-x< -3
0<x-3

3<x, .. x>3

g 6-2x>10

3—-x>5

—x>2
0>x+2

“2>x. .x< -2

0<x+8

—-8<x, .. x>-8

dx -4 <2
1<1 <3
X — -, x< =
-2 2
4x+3 <11
4x <8, .. x<?2
-« ’e}
-2 -1 0 1 2

3x+5<x+3

2x <=2, 5. x<—1

. e O
T T T T T
-2 -1 0 1 2
1( +1) > 1
2x X
1
%+——x>l
x 1
__>_
2 2
x> 1, x < -1
<«——o0
-2 -1 0 1 2
1( +3)>1
6x >
x+3>6,.. x>3
L ———
-2 -1 0 1 2
2
§(2x—5)<2
2x—-5<3
2x <8, .. x<4
-
-2 -1 0 1 2



f

h

3x—-1 2x+3
— <
4 2

-2

Bx-1)—(@4x+6)< -8
—-x—-7< -8

—x<-1, . x>1

2 -1 0 1
4x-3 3x-3

- <3
2 3
4y —
x23—(x—1)<3

4x-3-(2x-2)<6

2x—-1<6

2x<T, . x<

<
-

2 1 0

1 3
1-7x
> 10
2 =
Tx—1
> 10
;=
Tx—1>20
Tx>21, ..x>3
— >
-2 -1 0 1 2 4
5x—-2 2-—x !
3 3

S5x -2)-2-x)>-3

6x—4 > -3
6x>1, .. x
6
I T T |0
3 a2x+1>0

2x> -1, x> ——

b 100 -50x>0
100 > 50x

2>x.0.x <2

¢ 100+ 20x >0

20x > —100,.. x > =5

Let p be the number of sheets of paper.

3p <20
20

P<?

peEZ, .. p=6

66
+72+x275
3
138 + x > 225

x> 87
Lowest mark:87

a,b

15



c,d

16



Solutions to Exercise 1F

1

a

c=ab

=6x3=18

d T=dp+cq
e T=60a+b
a E=1IR
=5%x3=15
b C=pd
=314x10=314
c P—R(T)
- \v
:60x@:1000
9
d7==
R
240
=— =12
20
e A=nrl

=3.14x5x20 =314

f S =902n-4)
=906 x2-4)="720

c

a PV=c. . V=—
¢ P

F

b F=ma, . a=—
m

1

¢c I=Prt,.. P=—
rt

17



e S =P(l+rt)

S
SLo==1+rt

2R
R-r
. (R-rV =2R
V—-rV-2R=0
RV-2)=rV
R(V -2)
y = ——

fv=

b A=—bh
2
106
40 = —
2

1 2
¢c V= gﬂhr
3V
T o2
_ 300
T 25x%x3.14
12

=——=382
3.14

~h

1
d A:Eh(a+b)

5
SO:EX(10+b)

20=10+5b,.. b=10

6 a l=4a+3w
b H=2b+h
c A=3x(hxw)=3hw

d
Area = H X [ —3hw
= (4a +3w)(2b + h) — 3hw
= 8ab + 6bw + 4ah + 3hw — 3hw

= 8ab + 6bw + 4ah

7 a i Circle circumferences = 27(p + q)
Total wire length
T =2n(p+q)+4h

il T=21(20+24)+4x28

=881+ 112
b A=nh(p+q)
. + _A
A
P—ﬂh q
T-M
8a P=——
D
6:E
D
2
6D=4,:. D=—
3
a a
b H=—-+-
37 b
6 6
S==+—-
3 b
6
-=5-2=3
b
3b=6,.. b=2

18



q= 90(2n — 4) 10 a Width of each arm = ¢

b —
n Length of each ofthe 8 arms = ——
6 90(12n — 4) 5 2
= — —-C
n P=8XT+4C
6n =90(2n —4) = 4b—4dc+4d¢ = 4b
n=15Q2n-4)
b Area of each piece = bc, but the
n = 30n - 60 2 .
centre area (¢”) is counted twice
60 . 2
29n =30,.. n= — .. A=2bc—-c
n n 29
roor ¢ 2bc=A+c?
d R=-+=
a 3 b A+c?
4 = £+£ ' B 2C
2 3
5r
ra 11a a=a+2b
I’:%:48 a2:a+2b
5 .
2b=a(a-1)
a
1 Lb==@-1
9 a aBig triangle area = Ebc 2(a )
1
Small triangle area = Ebkx ck b a+x b-y
1 a—x b+
= ~bek? g
- (a+x)b+y)=(a—x)(b-y)

1 2
Shaded area D = Sbe(1 - k°) ab + bx +ay + xy = ab — bx — ay + xy

1 bx+ay=-bx—a
b D= Ebc(l—kz) Y Y

2bx +2ay =0
2D
1_k2:E 2bx = —2ay
k2:1_2_D x:—ﬂ
bc b
k = 1—2—D ¢ px=4/3¢g-r?
c
P22 =3q -1
2D
¢ k=4/1-— r? =3q - p*x®
c
_ 4 Soor=x4/3q - p*x?
B 12
2 6
V3 3

19
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Solutions to Technology-free questions

1 a2x+6=38 2aa-t=b>b
2x=2,..x=1 a=t+b, . t=a-b
b 3-2x=6 b at+b:d
3 c
_2x:3’,-,x:—§ at+b=cd
c 2x+5=3—-x at =cd - b
2 t—Cd_b
3x:_2""x:_§ a
- c alt—c)=d
d 3 x:6
S at —ac =d
3= x=30 at =d + ac
—x =27 x=-2] , _d+ac _d
S ==
e f:4,.'.x:12
3 a—t
d ==
13x
b5 1= a—t=clb-1)
&C:ll a—t=cb-ct
! 44 —t+ct=cb-a
13x:44’:.x:E tc-=1)=cb—-a
b —
g 32x+1)=5(1 -2x) t:C la
c_
6x+3=5-10x
e at+b
1 =
16x:2,.‘.x:§ ct—b
at+b=ct->b
3x+2 3-—x
h + =5 at —ct = -2b
5 2
2B3x+2)+53-x) =50 tc—a)=2b
2b
6x+4+15-5x=50 =
c—a

x:50—19:31



1
f =d
at+c

dat+dc =1
dat=1-dc

. 1 —dc
 ad

3 a2-3x>0

2> 3x
2

§>x,.'.x<

3-2x
> 60

5 2
3-2x>300
—2x > 297

-297 > 2x
5 2
Sox < —148.5

(SSEINS)

b

¢ 3(58x-24)+10 <70
3(58 x —24) < 60

58x—-24 <20

22
X< —

S58x < 44, ..
x < 25

3-2x x-17
5 5 =*
6(3 —2x)-5(x—-7) <60
18 —12x —5x-35<60
53 -17x < 60
—-17x <7
0< 17x+7

4

X
Y
£=3

1
—x=2z+3t
' 7F

x=2z7+6t

Whenz=4and t = -3:

x=2X4+6x-3
=8-18=-10

ad=e+2f
b d-eé*=2f
1
f=§(d—€2)

cIfd:110ande:31,
= —(10-3%) ==
f 2(0 3%) 5

A = 40071 cm?

The volume of metal in a tube is given
by the formula V = nf[r* — (r — £)?],
where ¢, is the length of the tube, r is the
radius of the outside surface and ¢ is the
thickness of the material.

a {=100,r=5andr=02
V = x 100[5% = (5 - 0.2)*]
=71 x 100(5 — 4.8)(5 + 4.8)
=% 100x0.2x9.8
=7x20%9.8
= 1967

b {=50,r=10andt=0.5

22



V = 1 x 50[10% = (10 — 0.5)*]

a u=10,v=20and=>35.

= 7 % 50(10 - 9.5)(10 +9.5) . (10+2O)><5
=n1x50x0.5x%x19.5 2
=75
=nx25%19.5
_975x b u=10,v=20and s = 120.
S22
120 = 10+ 20 ,
8 a A=unrs (r) 2
120 = 15¢
A =nrs
A t=38
r=—
s
b T =P +rw) (W) 10 V = nr’h where r cm is the radius and
cm is the height
T = P(1 + rw) V =500m and / = 10.
T =P+ Prw 5007 = 7r* x 10
T —P=Prw 2 = 50 and therefore r = 52
T_p The radius is r = 5 V2 cm.
w =
Pr
n=p 11 Let the lengths be x m and y m.
cv= r (r) 10x + Sy = 205 (1)
3x-2y=2 (2)
V2 = n-p Multiply (1) by 2 and (2) by 5.
r 20x + 10y = 410 (3)
rxvi=n—-p I5x - 10y = 10 “4)
_n—-p Add (3) and (4)
TV 35x = 420

x=12andy = 17.
The lengths are 12 m and 17 m.

d ac=0b%+bx (%)

(

1
ac = b + bx 12 =— (D).
n 5
ac — b* = bx m _1 ).
n—1
Lo e b? They become:
b 5m+5=n (Dand Tm=n-1
(2)
u+ v)t Substitute from (1) in (2).
2 ' Tm=5m+5-1
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13

m=2andn = 15.

m Mr Adonis earns $7200 more than Mr
Apollo

m Ms Aphrodite earns $4000 less than
Mr Apollo.

m If the total of the three incomes is
$303 200, find the income of each
person.

Let Mr Apollo earn $x.

Mr Adonis earns $(x + 7200)

Ms Aphrodite earns $(x — 4000)

We have

x+ x+ 7200 + x — 4000 = 303200
3x + 3200 = 303 200

3x =300000

x = 100000

Mr Apollo earns $100 000 ; Mr Adonis
earns $107 200 and Ms Aphrodite earns
$96 000.

14 a 4a-b=11 (1)

3a+2b=6 (2)
Multiply (1) by 2.

8a—-2b=22 3)

Add (3) and (2).

11a = 28 which implies a = 1—?
9

From(1), b = ——
rom(T), T

b a=2b+11 (D)
4a-3b =11 2)
Substitute from (1) in (2).
42b+11)-3b =11

Sb:_g?é?)
b=—-——

; 33 11
F D,a=2x|-——]+11=—-——.
rom (1), a x( 5)+ 5

15 Let #; hours be the time spent on hig-

ways and t, hours be the time travelling
through towns.

th+h=06 (1)

801, + 241, = 424 (2)

From (1), =6 -1

Substitute in (2).

801 +24(6 — 1)) = 424

56t =424 - 6x24

ty=5and 1, = 1.

The car travelled for 5 hours on
highways and 1 hour through towns.
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Solutions to multiple-choice questions

1D 3x-7=11
3x =18
x=06

4 A 7=11(x -2)

22x-y) =10

So4x =2y =20
x+2y=0
5x =20

Lx=4y=-2

Average cost = total $/total items

ax + by

xX+y

x+1 2x-1
4 6
3x+1)-2Q2x—-1)=12x

3x+3—-4x+2=12x
—13x=-5

X

SoX ==

13

72 + 157
3
72+ 15z > 12

15z > -60

8 B > 4

S>> -4

hw + k
~ T
Aw =hw+k
wlA—-h)=k
k
T A-h

10 B Total time taken (hrs)
X 8x

9 A A

W

+

25 5
2x

— 4
5

| &
[

)
= = N =

le_
5 =
1km 25
X = — =
4

11 E Thelinesy=2x+4andy=2x+6
are parallel but have different y-axis

=
I
I

)

m

intercepts.
Alternatively if 2x + 4 = 2x + 6 then
4 = 6 which is impossible.

12 B 5(x+3) =5x+ 15 for all x.
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Solutions to extended-response questions

1

a F = 2C +32
5
9
If F =30, then 30 = §C +32
9
d -C=-2
an 5
1
which implies C= —?0

1 o
A temperature of 30°F corresponds to (—?) C.

b If C = 30, then F:§><30+32

=54+32=286
A temperature of 30°C corresponds to a temperature of 86°F.

¢ x°C = x° F when x=—-x+32

x=-40
Hence —40°F = —40°C.

d ng(x+10)+32

5x =9x+90 + 160
—4x =250
x=-62.5

9
e X = 5(2x) + 32

—13x

=32
5

e -160
13

f k = 2(—3]{) + 32

Sk =-2T7k + 160
32k =160
k=5
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1 1 2
2 a — 4 — = —
Vv u r
. . u+v 2
Obtain the common denominator = -
vu r
) ) vu r
Take the reciprocal of both sides = -
u+v 2
) 2vu
Make r the subject r=
u+v
2vu 2vu
b m = (v — ) + —u)
u+v u+v
3 v —vu  uv—u®
Cou+v u+v
3 v —vu u+v
T ou+v uv—u?

_vv—u) v

T u(v—u) u

3 a wm

!

/m

|

The total length of wire is given by T = 6w + 6l.

b i If w= 3/ then

ii If 7T =100, then

Hence

Make y the subject

and

w
T=6 6(—)
w + 3
= 8w
8w =100
25
)
w
[=—
3
_2
6
L =6x+8y
8y=L-6x
_L—6x
Y=g

27



ii When L =200 and x = 4,

200-6x4

Y= 8
176

=D _»
8

d The two types of mesh give
6x + 8y =100 (1)

and 3x+2y =40 (2)
Multiply (2) by 2 6x + 4y =80 3)
Subtract (3) from (1) to give 4y =20
Hence y=35
Substitute in (1) 6x+40 =100
Hence x=10

4 u km/h v km/h

A d km B

a At time ¢ hours, Tom has travelled ut km and Julie has travelled vz km.

b i The sum ofthe two distances must be d when they meet.

Therefore ut+vt=d

d
and t=
u+v
They meet after hours.
u+v
ii The distance from A is u X d = ud km.
u+v u+v
1
¢ If u =30, v=50andd = 100, the distance from A = M
30 + 50
=37.5km
The time it takes t ti =1.25h )
e time it takes to mee 1s30+50 ours
5
u km/h vy km/h

A d km B



d
a The time taken to go from A to B is — hours. The time taken to go from B to A is

b

u
— hours.
%
The total time taken = c_l + C—J
u v
d d
Therefore, average speed = 2d + (— + —)
u v
_ogd - dv+du
uv
uy
=2d
d(u+v)
2
= ™ km/h
u+v

i The time to go from A to B is T hours.
d
Therefore T=- (1)
u

d
The time for the return trip = — (2)
v
From (1) d=uT
and substituting in (2) gives

. . u
the time for the return trip = —.
%

T
ii The time for the entire trip = 7 + el
"
T +uT
S - hours.
v
akmh _2bkmh
A 9 km
One-third of the way is 3 km.
3 6
The time taken = — + —
e time taken 5
3 3
= — 4+ —
a b
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b The return journey is 18 km and therefore, if the man is riding at 3¢ km/h,

the time taken = —
c

Therefore, if the time taken to go from A to B at the initial speeds is equal to the

time taken for the return trip travelling at 3¢ km/h,
3

then

and hence

IS \S R o)
Q= QW

+_
b
L]
b

()

o

[\

1]
Q|

+

| —

a+b

a
To make c the subject, take the reciprocal of both sides.

c ab
2 a+b
2ab
d -
an ¢ a+b

ii Ifa=10andb =20, c =400 =30

_ 40
-3
X
a 3 hours at 8 km/h
f%lunusatloknuh
b Average speed (+)'(x+y)
\" =X == —
8e P Y87 10
10x + 8y
= —+ -
(x+y) 20
80
= X —
(¥ +) 10x + 8y
_80(x+y)
© 10x + 8y
C 10 % % + 8 X ly_O =72
and, from the statement of the problem,
x+y=170 (D)
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Therefore simultaneous equations in x and y
5x 4y
—+==72
4 5

Multiply (2) by 20 25x + 16y = 1440

Multiply (1) by 16 16x + 16y = 1120

Subtract (4) from (3)
9x =320
320
which gives X = 5 andy =

8 First solve the simultaneous equations:
2y—x=2 (1)
y+x="17. 2)
Add (1) and (2).
3y=9
y =3 and from (2) x = 4.
Now check in
y—2x=-5 (3)
LHS =3-8=-5= RHS.
The three lines intersect at (4, 3).

2)

3)
“4)

310

9
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Chapter 2 — Reviewing Coordinate geometry
Solutions to Exercise 2A

1 a A2,12),B(8,4) 3 AB3.1,7.1), B(8.9,10.5)
1 1
= — 2 = = — . . =
X %( +8)=5 X 12(31+89) 6
y:§(12+4):8 y:§(7.1+10.5):8.8
M is at (5, 8). C is at (6, 8.8).

b A(-3,5), B(4,-4)

1 —
¥=5(=3+4=05 4 a X(-4,2),M(0,3)

1
y= %(5 +-4)=0.5 For midpt x: 0 = E(—4 + X)

M is at (0.5, 0.5). x=4

¢ A(-1.6,3.4), B(4.8,-2)

1
= —\— = 1
X 2( 1.6 +4.8)=1.6 For midpt y: 3 = 5(2 +)

i
=—-(B34+-2)=0.7
’= 2( ) 1+2=3
M is at (1.6, 0.7). 2
y
—=2 . vyv=4
d AG.6,-2.8), B(~5,4.5) y — oY
X = 5(3-6 +-5)=-0.7 Point Y is at (4,4).
1
y = 5(-28+4.5) = 038 b X(—1,-3), M(0.5.~1.6)

is at (= 1
Mis at (=0.7,0.85) For midpt x: 0.5 = 5(~1 + %)

2 Ais(1,1), Bis (5,5) and C is (11,2). I=-l+x.x=2 |
AB:x:yzl(S—l):3 Formidpty:—1.6:§(—3 +y)
Midpoint is at (3, 3). 32=-3+2,-y=-02

1 ) i _
BC: x = 5(5 +11) =8 Point Y is at (2, —0.2).

¢ X(6,3), M(2,1)

1
y:§(5+2):3.5 ' 1
For midpt x: 2 = 5(6 + Xx)

Midpoint is at (8, 3.5).
1 .
AC:x:§(1+11):6 4=6+x. . x=-2

1
1 For midpty: 1 = =(-3 +y)
y=5(1+2)=15 2

Midpoint is at (6, 1.5). S t(2;;)3.+y, Sy=35
o1n 1s at (—2,)).
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d X(4,-3),M(0,-3) 7 A=(=3,-4),B=(1,5),C =(7,-2)
AB = (1 — =3)2 + (5 — —4)?

. 1
For midpt x: 0 = 5(4 + x) — 42+ 92
Lx=4 = \/9_7
For midpt y: does not change so BC = (T - 17 +(-2-5)7
y = =3 Point Y is at (-4, -3) = /62 + (=7)2
1 1 = V85
5 Atmidpoint: x==(1+a);y==4+5b
mi p(iln X 2( a),y 2( ) AC = T = 32 1 (<2 — —4p
x:§(1+a)=5 - V102 + 22
1+a=10,..a=9 = V104
1 = =~
y=tarn=-1 P = 97+ V85 + V104 ~ 29.27

4+b=-2,".b=-6
8 A(69 6)’3(10’ 2)a C(_195)$ D(_77 1)

1
For P: x=—=(6+10) =8
6 a Distance between (3, 6) and (—4,5) 2

_ 1
= V(6-52+(3--4)2 y=~(6+2)=4
NP1 Pis at (8, 4).

1

ForM: x==(-1+-7)=-4

= V50 =5V2~7.07 or . 2( +-7)
1
b Distance between (4, 1) and (5, —3) y= 5(5 +1)=3
= V@4 =52+ (1 --3) M is at (4, 3).

. — A — 2 _ 2
vy S PM = (-4-82+(3-4)
= V17 ~4.12 - \/(_12)2+(_1)2

' = V145 ~ 12.04
¢ Distance between (-2, —3) and
(=5,-8)
= V(=2 = =52 + (-3 — —8)? 9 DM = (-6 —0)2 + (1 — 6)
= V32452 = (=6)? + (-5)?
= V34 ~ 5.83 - V61
d Distance between (6,4) and (-7, 4) DN = (3 -0)2 + (-1 - 6)
= V(6 —-TP + @47 VBT
— 2 2
= V132 +0 — 358

=13.00 DN is shorter.



Solutions to Exercise 2B

N
|
o

1am= —4 3 m=0soy=mx+cmeansy = c.
0-(=1) Here ¢ = 6:
6-0 Y
bm=—=2
"=370 A
e o lm0 1
"TAT0 4 (1,6)
4-0
d m=——=-4 -
"0 0 x
3-0
:—:1
e m 3-0
4-3 1
3-0 -2 _ 2
fm=——05=-1 dam=370="3
10-0 5 b —1‘6“3‘ “%
m = = — — (=
BT (2 4 =3)
—3-7
8-2 6 cm=—— =22
h :—:—:—2 —
"T0-37 3 -6
.o 5-0_5 _ 5 dm:%:—8
M0 -4" 474 -
4-0 4 e Rise=zerosom =0
m = = —
P03 73 ¢, 0-(6)
. —6-0
k Rise =zerosom =0
16-9
m= —m— =
& 4-3
2 Line with gradient 1: 3695
y h m=—""=11
"= 65

im= 0B P,
/ -8-(=5) -3
> X
0/\/11 o _lo0-1_99 .
- FMm=T0-1"79 ~

K m:1000—1:999:111
10-1 9
lm:64—125:—61:61

4-5 -1



1
= -
1=6(1-b)=6-6b
5
6

6b=5, . b=

We only need positive angles, so
negative ones have 180° added.

0-(=3) _

a (0,3),(-3,0;m= 320 =1

Angle = tan~!(1) = 45°
0-(-4)

b (0.—-4),(4,0): m = — 1
0,-4),(4,0); m 120
Angle = tan~!(1) = 45°

0-2 1

(¢ (0,2), (—4, 0), m = T—O = 5

1
Angle = tan_l(i) =26.57°

0--5
(0,-5),(=5,0); m = S 0" -1
Angle = tan™!(~1) + 180° = 135°

8§—-2
_4, -2 5 6,8 5 = =
(4,2, 68y m=

Angle = tan~!(1) = 45°

4-6 1
2 2, 4)m=——-—==
(2.6). ( ,)Jz —— =
Angle = tan‘l(i) =26.57°

1-4 1
-3,4 Dym=———=—=
(3,xm,xml6__3 3
Angle = tan‘l(—g) =161.57°

4--3 7
(—4,-3), (2,4),;71 T H__4° 8
Angle = tan‘l(g) =49.4°

b-a
3a—-3b
1

ool t)- -1

1
Angle = tan‘l(—g) — 161.57°

(3b,a), Ba,b);m =

-b
(¢,b),(b,c);m = c=v_ -1
b-rc

Angle = tan~'(-1) + 180° = 135°
tan45° = 1

tan 135° = -1

tan 60° = V3

tan 120° = — V3
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Solutions to Exercise 2C

1 am=3,c=6

b m=-6,c=7
cm=3,c=-6

d m=—-1l,c=—4

ay=mx+c;m=3,c=95
soy=3x+5

by=mx+c,m=-4,c=6
soy=—-4x+6

cy=mx+c;m=3,c=-4
soy=3x—-4

a y = 3x — 6; Gradient = 3; y-axis
intercept = —6

b y =2x - 4; Gradient = 2; y-axis
intercept = —4

1
cy= %x — 2; Gradient = E; y-axis

intercept = =2

1 5 1
d y= §x — 5; Gradient = 5; y-axis

intercept = ——
=3

a2x—-y=9
-y=-2x+9
y=2x-9,..m=2,c=-9

b 3x+4y=10
4y = -3x + 10
3 +5' 3
y=-gxts.m=-1.c

The equation is of the form
y=3x+c;

When x = 6,y =7
n17=3x6+c

Soe=-11

The equationisy = 3x — 11

The equation is of the form
y=-2x+c;
Whenx=1,y=7
ST==-2%X1+c

=9

The equationisy = =2x +9

(-1,4),(2,3)
3-4 1

m=_——=—=

2--1 3 ,
Using(2,3):y:—§+c:3

0,4),(5,-3)
-3-4 7
m= — = ——

5-0 5
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Using (0,4): y=c=4
7

Sy = —gx +4

S5y=-7x+20

S TIx+ 5y =20

(3,-2),4,-4)
-4 - =2 5
Som= =—
4-3
Using (3,-2):y=-2X3+c=-2

c=4

Ly=-2x+4
L2x+y=4

(5,-2),(8,9)
R )
m= —— = —

8-5 311
Using(S,—Z):y:?x5+c:—2

3y=11x-61
So—11x+ 3y =-61

The line passses through the point
(0,6) and (1, 8).

8—-6
Therefore gradient = -0 2

-0 -
The equationisy = 2x + 6

The equation is of the form
y=2x+c;
Whenx=1,y=6
L6=2X1+c

Lc=4

The equationisy = 2x + 4

The equation is of the form
y=-2x+c;
Whenx=1,y=6
L6==-2X1+c

Lc=38

The equationis y = —=2x + 8

The equation is of the form

y=2x+c;
When x = -1,y =4
L4=2x(-1)+c
c=6

The equationisy = 2x + 6

The equation is of the form
y=-2x+c;
When x =0,y =4
Le=4
The equationis y = —2x + 4

The equation is of the form
y=-5x+c;

When x =3,y=0
n0=-5%x3+c¢

se=15

The equationis y = =5x + 15

3 e _0-4 2
y—'mx c,m—6_0— 3
Using (0,4),c =4

-y

=73

B e _—6-0 _
y—.mx c,m—O__3— 3=
Using (0,—6), c = -6

y=-2x-6

3 e _0-4 4 !
y—'mx c,m—4_0— 1=
Using (0,4),c =4

y=-x+4
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11

3-0 3
y:mx+c;m:—0_ =—-=

Using (0,3):

3
y:—§x+3

6-4 2
Gradient = —— = —

— 3
Passes through (0,4),.. ¢ =4

Therefore equation is y = 37 +4

7 —
Gradient = =
radien 11

Whenx=1,y=0

S 0==x1
3>< +c
2

S.C = ——

3

2 2
Therefore equation is y = 373

o

2

3-0 1
Gradient = 3o (_;) = >
When x = -3,y=0

1
0=

2
3

X(=3)+c
SCc= >

. 1 3
Therefore equation is y = Ex + >

0-3 1

Gradient = - () =3
When x =4,y =0
L 0=—=x4

3 X4 +c
Le=2 1
Therefore equation is y = —zx +2

. 8-2
Gradient = 45_—(_15) =

When x = -1.5,y =2
L2=1x(-15)+c

Sc=35

Therefore equation is y = x + 3.5

2-175

4.5-—(—3)"_0'5

Gradient =

12

13

When x = -3,y = 1.75
2175 =-0.5%x(-3)+0.25
~c=0.25

Therefore equation is
y=-05x+0.25

a Axis intercepts: (0,4) and (-1, 0)
4-0
m=——=4,

0—-1_
c=4soy=4x+4

b Specified points: (—3,2) and (0,0)

2-0 2
m_—3—0_23

X
:O = ——
c SOy 3

¢ Axis intercepts: (—2,0) and (0, —2)
0-—-2
m = T—O =1
c=-2s0y=-x-2
d Axis intercepts: (2,0) and (0, —1)
0--1

m=5T0 T

c=-1soy=

b

-1

= —

e m=0,c=35s0y=3.5

f m undefined. Vertical line is x = k
sox =-2

P and Q are on the line y = mx + ¢;
1--3
= :4
"=
Using Q at (2,1):
y=4X2+c=1soc=-7
Line PQ has equation y = 4x —7

Q and R are on the line y = ax + b:
3-1 2

.25-2 05
Using Q at (2, 1):
y=4X2+b=1sob=-7
Line QR also has equation y = 4x —7

P, QO and R are collinear.
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14 a y+x=1
Does not pass through (0, 0) because
y=1-xhasc=1

b y+2x=2(x+1)
Does not pass through (0,0): this
equation simplifies to y = 2, so y is
never 0.

c x+y=0
Passes through (0,0) because ¢ = 0

15

a

x—y=1

Does not pass through (0,0) because

y=x+1lhasc=1

x=4

y=11
x=11
y=-1
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Solutions to Exercise 2D

1 a

x+y=4
Ifx=0,y=4;ify=0,x=4
Axis intercepts are at (0,4) and (4,0)

x-y=4
Ifx=0,y=-4;ify=0,x=4
Axis intercepts are at (0, —4) and
(4,0)

-x—-y=6
Ifx=0,y=-6;ify=0,x=-6
Axis intercepts are at (0, —6) and
(=6,0)

y—-x=38
Ifx=0,y=8;ify=0,x=-8
Axis intercepts are at (0,8) and
(-8,0)

2x -3y =12
Ifx=0,-3y=12
12

y= -2 =4
YT 3

Ify=0,2x=12
12
LXx=—=06

2
y

0 6
4

x—4y=28:

Ifx=0,-4y=38
8

Ly=s—==2

Ify=0,x=8

y
L .
8

0
-2

-3x+4y=24
Ifx=0,4y =24

. _24_
Ly=g=
Ify=0,-3x=24
24
2 -8
-3

y
/4/>x

73 0

SoX =

—Sx+2y =20

If x=0,2y =20

.‘.y=§ =10

Ify:()2,0—5x:20

_—5:—4
y

R e

10

oo 7

e 4x—-3y=15

Ifx=0,-3y=15
15

.'.y:_—3:—5

Ify=0,4x=15
15

L x= =2 =375
YT
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0 15
4
-5
f 7x-2y=15
Ifx=0,-2y=15
15
.'.y:_—z——7.5
Ify=0,7x=15
. 15
X =
y
0 15
5y
2
J3ay=x-1

Ifx=0,y=-1ify=0,x=1
Intercepts at (0, —1) and (1,0)

/

by=x+2
Ifx=0,y=2;ify=0,x=-2
Intercepts at (0, 2) and (-2, 0)

i

/_2 0 > X

c y=2x—-4
Ifx=0,y=-4;
ify=0,2x-4=0,s0x=2
Intercepts at (0, —4) and (2,0)
y

0/2

/
=

4 a y=2x-10
If x=0,y=-10s0 (0,-10)
Ify=0,2x=10,x =5 s0 (5,0)

[-10

b y=3x-9
Ifx=0,y=-9s0(0,-9)
Ify=0,3x=9,x=35s0(3,0)
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¢ y=5x+10

If x=0,y=10s0(0,10)

Ify=0,5x+10=0,

so5x =-10and x = -2 s0 (-2,0)
y

10

_7 F =

d y=-2x+10

If x=0,y=10s0(0,10)
Ify=0,-2x+10=0,
so2x =10and x = 5 so0 (5,0)

y
A

\10
N
"N

Say=x+2

by=-x+2 y

N | —

b x-y=1

x—1=y
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7 ay=x+3

> X

f 3x+6y=12
6y =12 - 3x

Ly=—=+42
Y=73

I~




g dy—6x =24

4y = 24 + 6x
3x

Ly=—+6

Y=5

y
A
o

> X
/A
h 8x—3y=24
—3y=24-8x
8x
=3
Y =3
y
A
— X
0] /3

8 a y
0.3) A
y=3

0 > X
b v
A

(-2,0) .

0 >

x=-2

10

y
A
> X
0 y=—2
0,-2)
y
A
x=5
0 5, 0) > X

y=xsom = 1;45°
y=-xsom=—1;135°
y=x+1som=1;45°

x+y=1
y=—x+1som=-1;135°

y=2xsom=2;
tan~'(2) = 63.43°

y==-2x;m=-2;
tan~!(-2) + 180° = 116.57°

y=3x+2;m=3
tan~'(3) = 71.57°

2y =-2x+1

1
LYy =-—X+ E;m:—l
tan~'(-1) = 135°

2y—-2x=6
y—x=3

Ly=x+3m=1

tan~'(1) = 45°
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11 A straight line has equationy = 3x — 4

12

Jy=-x+7
x+7 1
= —— —m=——
Y=T373 3

i
tan‘l(—g) +180° = 161.57°

0,a):a=-4
(0,0):0=3b-4
4
3b:4,.'.b:§
(1,d):d=3-4=-1
(e,10): 10 =3e -4
14
3e=14, -.e = —
e e 3
a
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Solutions to Exercise 2E

1 a Gradient =2

Equation is of the formy = 2x + ¢
When x =4,y = -2
L=2=2X%x4+c

Se=-10

The equationis y = 2x — 10

1
Gradient = ——
radien >

Equation is of the form y = 5% +c
When x =4,y = -2
1
—2:—§><4+c
se=0
1

The equation is y = —5%

Gradient = —l

Equation is of the formy = -2x + ¢
When x =4,y = -2
SL=2==-2X4+c

Lc=6

The equationis y = —2x + 6

1
Gradient = — =
radien 3

1
Equation is of the form y = 7% +c
When x =4,y = -2
SL=2==Xx4+
3 c
Le=-4

1
The equationis y = Tl 4

2x-3y=4
—3y=-2x+4
2 4
= —X - —
Y3173

. .2
So the gradient we want is —.

Using the point (4, -2) :

2
y——2:§(x—4)
2
yzg(x—4)—2
2 8
—Zx---2
Y=3473
2 14
= —x - —
Y=3rT g
3y=2x-14
2x -3y =14
2x-3y=4
3y=2x-4
2 4
= —Xx—- —
Y 3,3
Gradient = —=
radicn 2

Equation is of the form y = —Ex +c
When x =4,y = -2
L2 =—=X4+
> c
sLe=4 3
The equationis y = —5% +4

x+3y=35
S 3y=—x+5
1 +5
LYy=-—=x+=
YT
Gradient = ——
radien 3

1
Equation is of the form y = —3% +c
When x =4,y = -2
SL=2=—==Xx4+
3 C
2
Le=—=
) 1
The equationisy = —=x — =
quation is y 3573
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h x+3y=-4 So perpendicular gradient is

S 3y=-—x—4 —1+—§=2
1 4 Using the point (1,4):
.‘.y:—gx—g y—4=2(x-1)
Gradient = 3
Equation is of the form y = 3x + ¢ y=2=D+d
When x = 4,y = -2 SLoy=2x+2
L=2=3x4+c
Lc=-14 5 A(1,5) and B(-3,7)
The equationis y = 3x — 14 Midpoint
M(l +2( 3)’ 7;—5) — M(-1.6)
2 a2y=6x+4;y=3x+4 7-5 _ 1

Gradient AB = ——— = ——
radien 3 >

Parallel: m = 3 for both -3 -
.. gradient of line perpendicular to

b x=4-y;2x+2y=6 AB = 2. The equation of the line is of
Parallel: m = —1 for both the formy = 2x + ¢
Whenx=-1,y=6
1 2
c3y—2x:12;y+§:§x L6=2%x (-1 +c

Lc=38

2
Parallel: m = 3 for both Equation of lineis y = 2x + 8

d 4y-3x=4;3y=4x-3

: -3-2 5
Not parallel: 6 Gradientof AB= —— = =~
-3 =4 7% 7
4y = 3x + 4 GradientofBC:W:—g
Product of these gradients
3x 3 5
4 TT5%3°
3y=4x-3 AB and BC are perpendicular, so ABC is
4x { a right—angled triangle.
y==-
3

7 A@3,7),B(6,1),C(=8,3)

3 a y =4 (The y-coordinate) Gradient AB 7-1 )
radien =—=-

3_
b x =2 (The x-coordinate) _ S 1
tBC = —— = —
(?radwn C 50 6= 5
¢ y = 4 (The y-coordinate) ..AB 1 BC
d x =3 (The x-coordinat . 1
’ (The x-coordinate) 8 Gradient of RS = _6 __
61 24 2
4 Gradient of | 6i | GradientofST:ﬁzz
radien x4 6is ——. -
adient of y 5 575 Product of these gradients = —1, so RS
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and ST are perpendicular.
. -2--4 1
Gradient of TU = =

6—2 —22 2
Gradient of UR = 2_—_ =2

Similarly, 77U and UR are perpendicular,
asare ST and TU, and RS and UR.
So RS TU must be a rectangle.

4x -3y =10
-3y =10-4x
3y=4x-10
4 10
e

4
Gradient = 3

dx—-ly=m
—ly=m—-4x
ly=4x-m
4 m
Y= T
GradientziL

These lines are perpendicular, so their
gradients multiplied equal —1:

10

4 4
Ix—- =1
377
16
— =]
3
16

At intersection (4, 2) the y and x values
are equal. From 4x — Iy = m:

16
n=16-2(-)
32 80
=16+ = ==
3 3

a The line perpendicular to AB through

1
B has gradient ) and passes through
(—=1,6).

The equation of this line is

R
= —=x+ —.
Y=

b Intersects AB Wh(lsrll
2x+3=—=x+ —.
x+3 2x > .
.. x =1,y = 5 are the coordinates of
point B.

¢ The coordinates of A and B are (0, 3)
and (1, 5) respectively.
.". the coordinates of C are (2,7).
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Solutions to Exercise 2F

1 The point (2, 7) is on the line y = mx — 3.
Hence 7 =2m -3
Thatis, m =5

2 The point (3, 11) is on the line
y=2x+c.
Hence 11 =2 x 3 + ¢ Thatis,c =5

Gradient of line perpendicular to the
line y = mx + 3 is —— The y-intercept
is 3. "
The equation of the second line is
y= LAY

m

1
If (1, —4) is on the line, -4 = —— + 3.
m
1
Hence —— = -7.

m

1
That is, m = =
7

4 8=mx3+2

m=2

S f:R— R, f(x)=mx-3,me R/{0}

a

b

C

. 3
x-axis intercept: mx -3 =0,.. x = —
m

6=5m-3
Sm=9
m—?
-5

- 3
x-axis intercept < 1 for — < 1,
m
Som>3

d y = f(x) has gradient = m, so a

perpendicular line has gradient

m
Using the straight line formula for the
point (0, —3):

1
Y= (=3) = ——(x=0)
m

1
Ly=-——x-3

m
ORmy + x =-3m

R — R, f(x) =2x+c, where c € R

x-axis intercept: 2x+¢ =0,.. x = —g
6=5%x2+c
c=-4

C
—— <1

7S
c>-2
y = f(x) has gradient = 2, so a

1

perpendicular line has gradient = ——.

Using the straight line formula for the
point (0, ¢) :

y-c==3(x=0)

! +
LYy=—=x+c¢
Y=73

Xy
_ 2 _4
12

Wheny =0,% =4, x = 4a
a

The coordinates of the x-axis

intercept are (4a, 0).

Rearranging to make y the subject.

12
y:—x—48
a

12
The gradient of the line is —
a
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(g}

1]

®©

i When the gradient is c\? (c)\?
12 ili OM = (—) (—)
2,—=2,..a=6 4 2
a
.. . 5¢?
ii When the gradient is =\
-2, —=-2,".a=-6 502
a4 IfOM:2\/§then\/E:2\/§
. se=8
Wheny =0,x = <
2
y=-2x+c. Whenx=1,y=7 9 3x+by=12
L T=m2e a 3x+by=12
Se=09.
c by =-3x+12
§S1C>CSZ ) 3x+12
. . YT
Line perpendicular to y = —2x + ¢ has .. . 12
.. y-axis intercept 1S —.
gradient — b
2 1 3
Therefore y = 7% +c b .. gradient = 3
¢ 3
A(=,0) and B(0, ¢) i = =1
2 '
i The midpoint of line segment AB b=-3
c c
h dinates | —, =
as coordinates (4, 2) 3
c C ii——=-2
If(—, —) = (3.6) then ¢ = 12 b
4°2 3
b=—
ii The area of the triangle 2
AOB = Lxex €€ b
27 52 T4 d Gradient of perpendicular line is 3
c
Lo, € . b
If the area is 4, 4 4 which The line is of the form y = gx +c
implies ¢?> = 16. Therefore ¢ = 4 Whenx =4,y =0
i b
since (¢ > 0 0=2vaie
3
4b
c=—-—
3
b 4b
Ly = gx— ?0r3y: bx —4b
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Solutions to Exercise 2G

1 Atn=0,w = $350, paid at $20 per n
Sow=20n+350;n € N U {0}

2 a Atr=0,d; =0andv=50km/h
Sodp = vt =50t

b Att=0,d; =80andv = -40 km/h
Sody =80-401

¢ Gradient = 50
dl
200 (4,200)
150
100
50

0 t
0 2 4

Gradient = -40
dz

80

60

40

50

0 t
0 2

3 a Atr=0,V =0, fills at 5 L/min
SV =5¢

b Atr=0,V =10, fills at 5L,/min
S V=5t+10

4 a Atr=0,v =500, empties at 2.5
L/min
Sov=-=25t+500

b Since the bag is emptying, v < 500
The bag cannot contain a negative
volume sov > 0

- 0<v <500

The bag does not go back in time so
t>0

The bag empties when
-2.5t+500=0

2.5t =500

t =200
After that the function no longer
holds true,
S 0<1<200

500 1

-

0 200 ¢

S Atn=0,C=2.6,Cperkm=1.5
S~ C=15n+26

6 a Atx=0,C =85,C perkm =0.24
. C=024x+ 85

b When x = 250,
C =0.24 (250) + 85
=60 + 85 = $145

7 Att=0,d =200 km,
v = =5 km/h from B
~od=-5t+200
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A
w(g)
51 +
50 T T T T T T }
01 2345 6 x(cm)
w =50+ 0.2x
Ifw=525g,

x=5x%(52.5-50)
=5x%x25=125cm

C=an+b

If n =800, C = 47; if
n =600,C =35

800 a + b = 47

600 a + b = 35

200 a =12
23 o

200 50 _
Substitute into 2nd equation:

10 a

3
600 x — +b =135
50

36 +b =35

b=-1
-~ C=0.06n-1

If n = 1000,
¢ = 0.06(1000) - 1

=60-1=8$59

C=an+b

If n =160, C = 975; if
n=120,C =775
160 a + b = 975
120 a + b = 775

40 a =200

La=——=25

Substitute into 2nd equation:

600 + b =775

b =175
S C=5n+175

Yes, because b # 0

Whenn=0,C =$175
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Solutions to Exercise 2H

1 Thelines x+y=6and 2x + 2y =13 7 3
both have gradient —1 but different Gradient of 3x + my = 5is — —.
y-intercepts. "

+2
Gradient of (m + 2)x + 5y = m is — = :
2 Let x = A. Then solution is If the gradlengs are ;Clll_li_alz
{(1,6 -1) : 1€R} “m 3
15 =m* +2m
3 a m=4. Theline y = 4x + 6 is parallel mE+2m—15=0
totheliney =4x-35
(m+5)(m-3)=0
b m+#4 m=-5orm =3
c I5= Snét +6 a When m = -5 the equations become
ng 3x-5y=35
Check: (5,15) lies on the line —3x+5y=-5
y=4x-5 They are equations of the same line.

There are infinitely many solutions.

4 6=4+kand6=2m-4 b When m = 3 the equations become
Lk=2andm=35 3x+3y=5
Sx+5y=3
5 dm—-2)+8=4.. (1) They are the equations of parallel

lines with no common point.

2m+24=k...(2) No solutions

From (1)2m-4+8=4

m=20 8 A:C=10r+20
From (2) k = 24 B: C =8r+30
a A
6 The simultaneous equations have no C
. . A

solution when the cooresponding lines

have the same gradient and no point in B

common. 30

Gradient of mx —y = 5 is m. 20

Gradient of 3x+y =61s — 3. 0 ;t

.. lines are parallel when m = -3

b Costs are equal when
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9

10

10t + 20 = 8¢ + 30
2t=10,..t=5

Day 1:

1
John: v =—m/s
a

1
Michael: v = 5 m/s

d = vt = 50 m, so Michael’s time is:
t=50 ! =50b

Similar‘l)y, John’s time is:
t=50 ! =50a

Michae‘f wins by 1 second
250a=50b+1

Day 2:

John runs only 47 m:
t=47a

Michael runs the same time:
t=50b

Michael wins by 0.1 seconds
S 47a=50b+0.1
Fromday 1: 5056 =50a -1
S 47a=50a-1+0.1

3a=09,..a=0.3
50b=50x03-1=14

S b=0.28
Michael’s speed:
1 1 25 /
= — = — = —M/S
"ThT 028 7
da =10t + 15
dg =20t +5

t 1s the time in hours after 1.00 p.m.

11

12

a

a

15

~Y

0

da = dg when
20t +5 =10t + 15

10t =10, ¢t =1
A: $C = 2.8x
B: $C = x + 54
sc A
54 -

0 30 x

Costs are equal when 2.8x = x + 54
1.8x =54

x =30
It is more economical if there are
more than 30 students.

Anne: when ¢ :10, d=0;
v =20 km/h = gkm/min

t
nd==

Maureen: when ¢ :30,d =57,
v=—-18 km/h = —Ekm/min

3
nd=5T—-—t
10
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b d (km) ¢ They meet when

t 3t
57 377710
t 3t
-+ — =37
3710
. > 10+ 9¢ = 1710
0 90 ¢ (min) 197 = 1710
1710
= 1—9 =90
They meet after 90 min, i.e.
10.30 a.m.

d Substitute into either equation, but
Anne’s is easier:
d=1 - 93—0 = 30
Anne has traveled 30 km, so Maureen
must have traveled 57 — 30 = 27 km.
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Solutions to Technology-free questions

1 a A(L,2) and B(5,2): y does not 3 Ifm=4theny=4x+c
change.
LengthAB=5-1=4 a Passing though (0,0); y = 4x
L I+5
Midpoint x = 2 3 b Passing though (0,5);y =4x+5

.. midpoint is at (3, 2).
¢ Passing though (1, 6);

b A(-4,-2) and B3, -7) y=4+c=6,".c=2
Length AB = y/(—4 =32 + (-2 — =7)2 y=4x+2
— J(—72 +52 =
B _4(1 +7)3 +51 V74 d Passing though (3, 7);
Midpoint x = ) y=12+c=7,.c=-5
-2+ -7 9 y=4x-5
y= = ——
e 1 9
..mldpomtlsat(—z,—i). 4 ay=3x-5
Using (1,a),a=3-5=-2
¢ A3,4)and B(7,1)
Length AB = (7 - 3)2 + (1 — 4)2 b y=3x-5
= 2+ (32=V25=5 Using (b, 15), 3[30—5 =15
3+7 =20,..b=—
Midpointxz%zS 3b=20,.5 3
4+1 5
y=—7%—=35 —4-2 3
2 52 Sy:mx+c;m=ﬁ:—z
.. midpoint is at (5, E) Using (3. 4y —_
3
—4:(—4—1)3+c
12-3 9
- — = - ——4=c=—
2 am sS4 -1 1 ¢ ]
3 7
b -6-4 10 y=-7%"7
m= ———m— = ———
8§—-3 11
4y = =3x -7
¢ x does not change so gradient is _— ;
undefined. XEAy=-
d sz—a:_l
a-0 6 y=mx+c:m=—-=
b-0 b Using (-4, 1):
e m= = - 2
a=0 y=-3(4H+c=1
0-b b
f m= = -

o

a —



§+C:1 .C:—§

25

YT 7373

Jy=-2x-5
2x+3y=-5

a Lines parallel to the x-axis are y = c.

Using (5, 11), y = 11

b Parallel to y = 6x + 3 so gradient
m=06
When x =0,y = -10,s0c = -10
y=6x-10

c 3x-2y+5=0

—-2y=-3x-5
3 5
y=3%+3
m = % so perpendicular gradient

2

3
Using (0,1),c =1

y:—§x+1
Jy=-2x-3
2x+3y=-3
y=mx+c:
Line at 30° to x-axis, m = tan30° = —
Using (2, 3) : 3=—+c¢
V3
2
c=3-—
V3
S V3y—x=3V3-2
y=mx+c:

Line at 135° to x-axis,

ﬁ»—

m = tan 135° = -1

Using (-2,3):3=-1Xx-2+c¢
Soc=landy=—-x+1
SLx+y=1

10 Gradient of a line perpendicular to

y=-3x+2is —.

Therefore required line is of the form

1
y==zx+c.

When x =4,y =8
.‘.8:§><4+c

4 20
Hencec =8 — — = —

3
1 20

y:§x+?

11 y=2x+1
Whenx=0,y=1..a=1
1
Wheny =0,2x+1=0. .‘.b:—i
Whenx=2,y=5...d=35
Wheny=72x+1=7...¢e=3

12 a y=2x-38
When x = 0,y = —8 and when
y=0,x=4
y

Y

0 @0
(Os _8)

b 3x+y=6
When x = 0,y = 6 and when
y=0,x=2
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Y

(0’6)3x+y:6

Y) =

¢ 3x+y+6=0
When x = 0,y = —6 and when

y=0,x=2
Yy
x+y+6=0
(_23 0) -
0 -

d y-2x-8=0
When x = 0,y = 8 and when

y=0,x=-4

e y=—-06x+6
When x = 0,y = 6 and when
y=0,x=1
Yy
0.6) y=—06x+6
(1,0) X

°\
f 2x+5y+10=0

When x = 0,y = -2 and when
y=0,x=-5

13 a

b

C

2x+5y+10=0

y=ax+?2
When x =2,y =6
L6=2a+2

La=2

The equationis y = 2x + 2

i Wheny=0,ax+2=0
-2
X = —
a
ii
-2
—>1
a
-2<a
L0>a>-2
Equivalently -2 <a <0
x + 3 = ax + 2 Substitute in
XxX—ax=2-3
x(1=a)=-1

1

a—1
y = x + 3 to find the y-coordinate.

y= +3
a-1
_3a-2

A

The coordinates of the point of
3a-2
a-1" a-1

intersection are (

(Since a < 0)



Solutions to multiple-choice questions

1D

4+6
Midpoint x = —— =5

242
=7

1
Midpoint y =
Midpt is at (5, 7)

Midpoint x-coordinate
-4
6= 1% . x—16
Midpoint y-coordinate
-6+
3=V . y-12
SLx+y=28
) -10-(-98)

Gradient= — = -2

radien c s

) 2a — (—3a)

Gradient= —— = —1

radien 17— 9%
y=mx+c,m=3
Using (1,9):
9=3+csoc=6
y=3x+6
y.—mx c,m= S5 =
Using (2, —6):
y=4+c=-6;c=-10
Soy=2x-10
y=2x-6
Using (a, 2):

y=2a-6=2,".a=4

Axis intercepts at (1,0) and (0, —3):

9

10

11

y=mx+c:c=-3
Using (1,0): 0=m—-3som=3
y=3x-3

Sx-y+7=0
-y=-5x-17

Sooy=5x+7
Gradient = 5
ax+2y—-11=0
2y = —ax+ 11

a 11
y=-—=Xx+—

2 2
Parallel lines mean gradients are

equal:
=5 a=-10

2

C=25x+65=750
2.5x=685,.. x =274

2ax+2by =3...(1)
3ax—-2by="7...(2)
Add (1) and (2)
Sax =10

SoX ==
a

Substitute in (1)

y:—%
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Solutions to extended-response questions
1 a C=100n+27.50+ 50 + 62.5n = 550 + 190n

b
C <3000 . 550 + 190n < 3000

190n < 2450

_ 2450
=790
n<129

The cruiser can be hired for up to and including 12 days by someone wanting to
spend no more than $3000.

¢ 300n < 550 + 190n
110n < 550

n<5
It’s cheaper to hire from the rival company for cruises less than 5 days.

2 a Itis the cost of the plug.

b It is the cost per metre of the cable.

c 1.8
d
245 =45+ 1.8x
20 =1.8x
20
xX=—
1.8
100
9
1
=11
9

1
11 5 metres of cable would give a total cost of $ 24.50.

3 a Itis the maximum profit when the bus has no empty seats, i.e. x = 0.
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b P<0
1020 - 24x < 0

~24x < —1020
~1020
—24

x>425
43 empty seats is the least number to cause a loss on a single journey.

X >

¢ The profit reduces by $24 for each empty seat.
4 a i C=0.091n, 0<n<50

ii C=0.058(n—-50)+0.091 x50
=0.058n - 2.9 +4.55
= 0.058n + 1.65, 50 <n <200

ili C =0.0356(n —200) + 0.058 x 200 + 1.65
=0.0356n - 7.12+ 11.6 + 1.65
= 0.0356n + 6.13, n > 200

o

b sy
181
S S R (300, 16.81)

161 |

141
(200, 13.25)

12--

107

(50, 4.55

- -

| T I L ] boa pox podi e ea i
L) T LI B B} T T T

30 100 150 200 250 300

0 > n(kWh)

i When n = 30 kWh,
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from the graph C~$3

from the formula C =0.091 x30
=$2.73
ii When n = 90 kWh,
from the graph C~$7
from the formula C =0.058 x90 + 1.65
= $6.87
iii When n = 300 kWh,
from the graph C=~17
from the formula C =0.0356 x 300 + 6.13
=$16.81
¢ When C = 20, 20 = 0.0356n + 6.13
13.87 = 0.0356n
n=2389.60...

Approximately 390 kWh of electricity could be used for $20.

5 a Let (x1,y1) = (2,10) and (x,,y2) = (8,-4)
mo 2T -4 -10
X2 — X1 8—-2
14
"6
=7
3

y=y1 =m(x—xp)

=7
y—loz?(x—Z)

7 14
_IO:_ _
Y 3773
7 14
+=-x=10+ —
yr3t 3
LT
yr3tT3
3y + 7x = 44
7 2
Sy = —tx 4142
R

The equation describing the aircraft’s flight path is 7x + 3y = 44.
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b When x = 15, 7x15+3y =44

105+ 3y =44
3y =-61
—61
Y=
- 20!

3
When x = 15, the aircraft is 20% km south of O.

6 a For the equation of line PQ, let (x1,y;) = (4,-75) and (x,, y») = (36, —4).
m = Y2 = )1
X2 — X1
=4 -(-75)
- 36-4
7
32

Now y—y =m(x—x;)

71
y=(-75) = S =4

L5 = 71 71
YT TR
71 671
y = —x — —— is the equation of line PQ.
32 8
71 671
When 7x = 20, = —%x20—- —
en 7x y=135 X s
_355_ 671
8 8
_ -316
-8
1
= -39~
1.e. line PQ does not pass directly over a hospital located at H(20, —36).
71 671
Wh = - -36=—x— —
b eny 36, 36 32x 2
383 71
8 32
BEE N B
TR O

i.e. when y = —36, the aircraft is 1 =1 km east of H.



7 a C =40x+ 30000

b When x = 6000, C =40 x 6000 + 30000
= 270000
270000
t heelb =
Cost per wheelbarrow 6000
=45

i.e. overall cost per wheelbarrow is $45.

¢ Cost per wheelbarrow = $46
40x + 30000 46

X
40x + 30000 = 46x

30000 = 6x

S x = 5000
i.e. 5000 wheelbarrows must be made for an overall cost of $46 each.

d R=280x
30000} ® (1000, 80000)

70000 1

60000 +
50 000 1 C = 40X + 30 OOO

40000 +
30000 -
20000 t
10000 ¢

(1000, 70000)

0 160 260 360 460 560 660 760 860 960 1600 X
f R>C, . 80x > 40x + 30000
40x > 30000
S x> 750
1.e. minimum number of wheelbarrows to make a profit is 751.
g P=R-C
= 80x — (40x + 30 000)
= 40x — 30000



8 a Cost of Method 1 = 100 + 0.08125 x 1560
=226.75
Cost of Method 2 = 4 x 27.5 + 0.075 x 1560

=227
i.e. Method 1 is cheaper for 1560 units.

b Number of units of electricity
0 1000 | 2000 | 3000
Cost ($) by Method 1 | 100 | 181.25 | 262.50 | 343.75

Cost ($) by Method 2 | 110 | 185 260 335
Calculations for Method 1:

100 + 0.08125 x 0 = 100
100 + 0.08125 x 1000 = 181.25
100 + 0.08125 x 2000 = 262.50
100 + 0.08125 x 3000 = 343.75

Calculations for Method 2:

4%x275+0.075x0=110
4 x27.5+0.075 x 1000 = 185
4 x27.5+0.075 x 2000 = 260
4 x27.5+0.075 x 3000 = 335

C A
C"Stg())__ (3000, 343.73)

| (3000, 335)

300 (2000, 262.50

2501 (2000, 260)

2004 (1000, 185) "\ Same cost for 1600 units

of electricity used.

150t (1000, 18125)

1001
< t t t t t t >

0 1000 1600 2000 3000 units

d C; =100+ 0.08125x
Cy,=4x%x275+0.075%xx
=110+ 0.075x



When C1 = Cz,

100 + 0.08125x = 110 + 0.075x
0.00625x = 10
x = 1600
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Chapter 3 — Quadratics

Solutions to Exercise 3A
1 a2x—-4)=2x-8
b —2(x-4)=-2x+8
¢ 32x—4)=6x-12
d —3(4-2x)=6x-12
e x(x— 1) =x*—x

f 2x(x—5)=2x>-10x

2 a 2x+4x)+1=6x+1
b 2x+x)—-6=3x-6
c Bx-2x)+1=x+1

d (—x+2x+4x)—-3=5x-3

3 a82x-3)-2(x+4)
=16x-24-2x-8
=14x-32

b 2x(x—4)-3x
=2x% — 8x—3x

=2x> - 11x

c 42-3x)+4(6-x)
=8—12x+24 —4x
=32-16x

d 4-3(5-2x)
=4-15+6x
=6x-11

a

2x(x —4) - 3x
=2x% — 8x - 3x

=2x>—11x

2x(x —=5)+ x(x = 5)
=2x> = 10x + x> - 5x

=3x% — 15x

2x(—10 — 3x)
= —20x — 6x°

3x(2 = 3x + 2x°)

=6x—9x% + 6x°

3x—2x(2 - x)
=3x—4x+2x°

=2x’—x

3(4x —2) — 6x
=12x—-6-6x
=6x-6

GBx=7)(2x +4)
=6x°+ 12x — 14x - 28
=6x>-2x-28

(x = 10)(x — 12)
= x> —10x— 12x + 120
= x> —22x+ 120

Gx— D(12x + 4)
=36x2 + 12x— 12x— 4
=36x% -4
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d dx-52x-3)

=8x*—12x—10x + 15

=8x2—22x+15

e (x— \/g)(x— 2)

=x2-2x— V3x+2V3
=X -2+ \/§)x+2\/§

f 2x- \/g)(x+ \/g)

=22 +2V5x— V5x -5

=22+ V5x -5

g 3x— V)(x+ V)
=32 +3VIx-2VIx—- 14

=332+ VIx - 14

h (5x-3)(x+2V2)

=52 +10V2x - 3x-6V2
=52 +(10V2-3)x-6V2

i (Vox-3)(V5x-32V2)

= 5x% = 32V10x - 3V5x + 96 V2
=5x2 - (32V10 + 3V5)x + 96 V2

6 a 2x—3)3x>+2x—-4)

=6 +4x> —8x—9x* — 6x + 12

=6x° =52 — 14x+ 12

b (x=D&*+x+1)

=X+ +x—x

=x -1

2

—x-1

(g}

(6 —2x — 3x*)(4 — 2x)
=24 —12x — 8x + 4x? — 12x* + 6x°
=24 —20x — 8x* + 6x°

(=}

Gx=-3)(x+2)—2x=-3)(x+3)
= (5x* + 10x - 3x - 6)

—(2x* +6x-3x-9)
=52 +7x-6)—(2x* +3x-9)

=3x>+4x+3

(2x +3)(3x —2) — (4x + 2)(4x - 2)
= (6x* — 4x + 9x - 6)
— (16x* — 8x + 8x — 4)
= (6x% + 5x - 6) — (161 — 4)
= —10x" +5x -2

(4]

a (x—4)?
= x> —4x—4x+ 16

= x> —8x+16

b (2x-3)
—4x> —6x—6x+9
=4x* - 12x+9

¢ (6-2x)
=36 —12x— 12x + 4x>
=36 — 24x + 4x°
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e (x— V5)? 9 a (x-y+2)(x-y—-2)

=x*— V5x— V5x+5 =((x=-y+((x-y)—2)
=x>—2V5x+5 =(x-y?-7
=¥ —2xy+y - 2°
f (x—2V3)
:x2—2\/§x—2\/§x+4(3) b 2a-b+c)2a-b-c)
2 avErs D2 = (2a-b)+)(Qa-b) - )
=Qa-by*-¢*
a (x—3)(r+3) = 4a* - 4ab + b* - ¢*
=x* = 3x+3x-92 ¢ Gw -4z + (3w + 4z — u)
=x'-9 = (3w — (42 - w)(Gw + (42 — )
b (2x—4)2x+4) = Gw)’ = (2w’

— 0wl _ 162 _2
=4x> +8x-8x— 16 = 9w — 162" + 8zu —u

=42 - 16 d 2a- V5b+c)2a+ V5b +¢)

¢ (9x — 11)(9x + 11) = (2a + ¢ — V5b)(2a + ¢ — V5b)
= 8122 + 99x — 99x + 121 = Qa+c)y’ - 5b°
— 812~ 121 = 4a* + 4ac + ¢ - 5b*

d 2x-3)2x+3)

10 a i A=x>+2x+1
=4x* -9
ii A=((x+1)>

e 2x+52x-95)
_ 4295 b i A=(x-1?+2x-1+1
ii A=x2
f (x—\/g)(x+ \/g)
=x-5
11 a,b,c

g (2x+3V3)2x+3V3)
= 4x> - 27

h (V3 - VI)(V3+ V7)
=3x* -7



d,ef
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Solutions to Exercise 3B

1 a

b

2x+4=2(x+2)
4a -8 =4(a-2)
6-3x=3(2-x)
2x =10 =2(x-5)
18x+ 12 =6(3x+2)

24 — 16x = 8(3 - 2x)

4x* — 2xy = 2x(2x — y)
8ax + 32xy = 8x(a + 4y)
6ab — 12b = 6b(a — 2)
6xy + 14x%y = 2xy(3 + 7x)
X +2x=x(x+2)

5x% = 15x = 5x(x = 3)
—4x? — 16x = —4x(x + 4)
7x +49x* = Tx(1 + 7x)

2x — x> = x(2 - x)

6x°y? + 12y2x2 = 6x%y?*(x + 2)
7x%y — 6y*x = xy(7x — 6y)
8x%y% + 6y%x = 2xy?*(4x + 3)
X +5%+x+5

= xX*(x+5)+(x+5)

=(x+5*+1)

b xy+2x+3y+6
=x(y+2)+3(y+2)
=x+3)(y+2)

c XXy —xr -y +1
=Xy -D-0"-1
== De" -1
=(x-Dx+Dy-Dy+1)

d ax+ay+ bx+ by
=ax+y)+bx+y)
=(a+b)(x+Yy)

e a°-3a*+a-3
=d*(a-3)+(@-3)
=@+ 1)(a-73)

f 2ab —12a - 5b + 30
=2a(b-6)—-5(b-06)
=((b-6)2a-)5)

g 2x*—2x+5x-5
=2x(x—-1)+5(x—-1)
=(x-DQx+5)

h X —4x+22%-38
=x(x* —4)+2(x* - 4)
= (-4 +2)
= (x=2)(x+2)(x+2)

i x°—bx*—a’x+a’b
= xX*(x=b)—d*(x - b)
= (& —a*)(x - b)
=x—-a)x+a)x-D>b)
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x? =36 = (x — 6)(x + 6)
x> =81 = (x—-9)(x+9)
X —a? = (x—a)x+a)
4x2 =81 = (2x — 9)(2x +9)
9x> = 16 = Bx - 4)(3x + 4)
2522 —y* = (5x = y)(5x + y)

3x% — 48 = 3(x* - 16)
=3(x —4)(x +4)

2x% — 98 = 2(x* — 49)
=2(x-N(x+7)

3ax* = 27a = 3a(x* - 9)
=3a(x-3)(x + 3)

a>=7= (- NTa+ V)
242 -5 = (V2a - V5)(V2a + V5)

212 =(x— VI2)(x+ VI2) =
(x = 2V3)(x +2V3)

(x=2)>-16
=(x-2-DHx-2+4)
=(x-6)(x+2)

25 -2 +x)
=5-2+x)5+2+x)
=B -x)(T7+x)

3x+ 12 =12=3((x+1)>-4)
=3(x+1-2)(x+1+2)
=3(x—1)(x+3)

(x=2)? = (x+3)*
=((x=2) = (x+3)N((x = 2) + (x + 3))
=(x-2-x-3)(x-2+x+3)
=-52x+1)

(2x —3)*> = 2x + 3)?

=((2x=-3)-2x+3))((2x=3)+ 2x +3))

= (=6)(4x)
= -24x

(2x —1)*> = Bx + 6)?

=((2x-1)-Cx+6))(2x—-1)+ (Bx+06))

=(=x-T7)(5x+53)
=-5x+T7(x+1)

Check signs: must be + and —
-Tx-18=x-9(x+2)

Check signs: must be — and —
¥ =19y +48 = (y - 16)(y — 3)

a*—14a+24 = (a—12)(a-2)

a’>+18a+81 =(a+9)(a+9) =
(a+9)?

2 =5x-24=(x-8)(x+3)

¥ —2x—-120 = (x — 12)(x + 10)
Check signs: must be — and —
322 -7x+2=0Bx—-a)x—-b)
a+3b=T,ab=2

b=2a=1:
322 -7x+2=0Bx-D(x-2)
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Check signs: must be + and +
6x2 +7x+2 = (6x+a)x+b)
a+6b="17, ab=2;no solution.

Try:
6x2+7x+2=0Bx+a)2x +b)
2a+3b=7,ab=2
a=2,b=1

6x +7x+2=0Bx+2)2x+ 1)

522+ 23x+ 12 = (5x+ a)(x + b)
a+5b=23;ab=12

b=4 a=3

5224+ 23x+ 12 =(5x+3)(x + 4)
2x° +9x + 4

=2 +x+8x+4
=x2x+1)+4Q2x+ 1)
=R2x+D(x+4)

6x* — 19x + 10

=6x> —15x—4x+ 10
=3x(2x—5) - 2(2x - 5)
=(2x-503x-2)

6x*> —7x -3

= 6x> —9x + (2x - 3)
=3x2x-3)+(2x-3)
= (2x-3)3x+1)

12x* = 17x + 6

= 12x> - 9x — 8x + 6)

= 3x(4x — 3) — 2(4x - 3)
= (4x-3)(3x-2)

h

a

5x* —4x—12

=5x> = 10x + 6x — 12)
=5x(x=-2)+6(x—-2)
= (x-2)(5x +6)

5x° — 162 + 12x

= x(5x* — 16x + 12)

= x(5x* — 10x — 6x + 12)
= x(5x(x—2)—6(x—2))
=x(x=2)5x-06)

Check signs: must be + and —
3y? — 12y — 36 = 3(y* — 4y — 12)

=3(" -4y - 12)
=3(y+a)(y-b)
a—b=-4;ab=12

La=2,b=6
3y? =12y =36 =3(y + 2)(y — 6)

2x% — 18x +28 = 2(x* = 9x + 14)
=2(x=2)(x=7)

45 —36x +72 = 4(x* = 9x + 18)
= 4(x - 6)(x — 3)

3x% + 15x+ 18 = 3(x*> + 5x + 6)
=3(x+3)(x+2)

ax* + 7ax + 12a = ciz(x2 +7x+12)

ax+3)(x+4)

48x — 24x% + 3x° = 3x(16 — 8x + x%)

= 3x(4 — x)? or 3x(x — 4)?
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10 a (x—1)*+4(x-1D+3
Puty=x-1:
=y +4y+3
=(+3)0+1D
=(x—1+3)x-1+1)

=x(x+2)

b 2(x—1)*+5(x-1)-3
Puta=x-1:
=2a* +5a -3
=Qa—1)(a+3)
=Q(x-1=Dx—-1+3)
=(2x-3)(x+2)

¢ 2x+ 1) +72x+ 1)+ 12
Puta=2x+1:
=a*+7a+12
= (a+3)a+4)
=R2x+1+3)2x+1+4)
= 2x+4)(2x+5)
=2(x+2)2x +5)

11

a,b,c,d

e,f
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Solutions to Exercise 3C

1 a

b

x=-2)(x-3)=0,.. x=2,3

x2x—-4)=0,.. 2x(x-2)=0
©x=0,2
x—-4H2x-6)=0

L 20-Hx-3)=0
~x=3,4

B-x)x-4=0

©x=3,4
2x-6)(x+4)=0

L 2x=-3)(x+4) =0

L x=3,-4

2x(x—-1)=0,.. x=0,1

5-2x)6-x)=0

. 2(% —x)(6—x) ~0

5
=26
)
=16,". x¥*-16=0
L= DHx+4)=0
Tx=4,-4
X —4x-3=0
o x=-0.65, 4.65
23 —4x-3=0
o x=-058,2.58

C

—2x*—4x+3=0
sox=-2.58,0.58

X -x-72=0
L (x=9x+8)=0
©x=9,-8

X —6x+8=0

L (x=-2)(x—-4)=0

T x=2,4

Check signs: must be + and —
xX*-8x-33=0
SLx=—a)x+b)=0
a—b=28;ab=33
a=11;b=3
(x—-1Dx+3)=0
wx=11,-3

x(x+12) =64

X +12x-64=0

Check signs: must be + and —
Lx—a)x+b)=0

b—a=12;ab = 64,

b=16;a=4

x—4(x+16)=0
~x=4,-16

e Check signs: must be + and —

83



X +5x-14=0
(x—a)x+b)=0
b—a=5;ab=14,
b=Ta=2
x=2)(x+7)=0
Lx=2,-7

X =5x+24, . xX*—5x-24=0
Check signs: must be + and —
Lx=—a)x+b)=0
a—b=5,ab=24

a=8;b=3

x=8)x+3)=0
Lx=8,-3

2x2+5x+3=0

L Rx+a)(x+b)=0
a+2b=5;ab=3
a=3;b=2
Cx+3)(x+1)=0

3
x=-2-1
T3

4x* —8x+3=0

L Qx—a)2x-b)=0
2a+2b=8;ab =3
a=3;b=1
2x-3)2x-1)=0

31

..XZE,E

6x> + 13x+6 =0

SoBx+a)2x+b)=0

2a+3b=13;ab =6

a=2;b=3

Bx+2)2x+3)=0

o 23

’ 372

2xX-x=6

L2 —x—-6=0
3

Tx=-=,2

2

6x* + 15 = 23x
so6xP =23x+15=0
Sobx—a) x—-b)=0
a+6b=23;ab=15
b=3a=5
6x—5)(x=3)=0

5
Cx=2.3
T 6

f Check signs: must be + and —

2x*=3x-9=0
S 2x—a) x+b)=0
2b—a=-3;ab=9

b=-3;a=-3

2x+3)(x-3)=0
3

. .X——E,S
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10x* - 11x+3 =0

S Bx=-a)2x-b)=0
2a+5b=11;ab =3
a=3;b=1
G5x-3)2x-1)=0

31
' 572

12X +x=6

12X+ x-6=0
Check signs: must be + and —
SLobx—a)2x+b)=0
6b — 2a = 1; ab = 6;no solution
S (dx=-a)Bx+b)=0
4b—-3a = 1;ab =06
a=-3;b=-2
4x+3)3x-2)=0
a3

4’3
i 4x*+1=4x

LA —4x+1=0
1
L Q2x-17=0,0 x=<
2x-1) X >
j x(x+4)=5
K +4x-5=0

Check signs: must be + and —

L (x—a)x+b)=0

b—a=4;ab=5

b=5a=1

x=-Dx+5=0
Lx=1,-5

oxt=3x, . 2 -3x=0

T x(x-3)=0,.. x=0,3

1 x> +8x=-15
x+8x+15=0
(x+5)(x+3)=0
~x=-5-3

m 5x%=11x-2
LS —1lx+2=0
S Bx—a)x-b)=0
a+5bh=11;ab =2
a=1;b=2
Sx—-1D(x=-2)=0

1
x=-.2
Y73

5 a,b,c

d.ef

6 Cut vertically down middle:
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x 10 R = 1.6 +0.03v + 0.003v2 = 10.6
- 3v? + 1600 + 30v = 10600

A =6 + T-x )
23y +30v—=9000 =0
) _
..A:6x+x(7_x):30 Sovo+10v=3000=0
x4+ Tx— 2 =30 Lv=—a)v+b)=0
ey b—a=10: ab = 3000
L X =13x-30=0 b=60,a=50
T (x=3)x-100=0 (v-50)(v+60)=0
. x_310 " VZSO,—6O

v>0,.. v=50km/h
However,0 < x < 7sox =3

11 P=2L+2W =16

7 M:%lx—gxz A L=8-W
. 104x — 8x% = 288 A=LW=WE-W)=12
X —13x+36=0 L8W-Wr=12
L (x=dHx-9)=0 LW2-8W+12=0
" x=4,9 L (W=2)(W=6)=0
T w=2,6
8 h=70t— 161" =76 Length = 6 cm, width = 2 cm
S 1662 =70t +76 =0
82 =35t+38=0 12 A:%:ls

S8t =19)(r-2)=0 b
h=b-1,.. A==(b-1)
19 2
.t =2, — seconds b

8 5(b— =15

b*-b=30,-. b>*-b-30=0
L (b+50b-6)=0
b=6,-5

b>0,.. b=6cm

9 D:g(n—3):65

~nt=3n-130=0
“m—a)n+b)=0

b-a=-3;ab=130 Therefore height (altitude) = 5 cm

b=10;a =13

(n—=10)(n+13) =0 13 e=c+30...(1)

) 1 1

©n=-10,13 800 19= 1890 )
e C

Since n > 0, the polygon has 13 sides.



Substitute (1) into (2):
1800 110 = 1800
c+ 30 o

2. 1800c¢ + 10c¢(c + 30) = 1800(c + 30)
. 1800¢ + 10¢? + 300c¢ = 1800¢ + 54000
. 10¢? + 300c = 54000
¢ +30c - 5400 = 0
S(c—a)(c+b)=0
b —a = 30;
ab = 5400
b=90,a =60
(c=60)(c+90)=0
¢ = %60
Cheap seats are $60, expensive $90

14 Original cost per person = x

Original members = N where

Nx = 2100
2100

N
Later: (N — 7)(x + 10) = 2100

2100

s (N = T7)(2100 + 10N) = 2100N

. 2100N — 14700 + 10N? — 70N

= 2100N

. —14700 + 10N> — 70N = 0

S N?>=7IN-1470=0

L (N-a)N+b)=0
a—b="7;ab=1470

a=42;b =35

S (N—-42)(N+35)=0

Since N > 7, N =42

So 42 members originally agreed to go

SoX =

on the bus.
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Solutions to Exercise 3D
1 ay=x"-4
i turning point at (0, —4)
ii the axis of symmetry x = 0

iii the x-axis intercepts (-2, 0) and
(2,0)

—2\0 2
(Oa _4)

b y=x>+2
i turning point at (0,2)
ii the axis of symmetry x = 0

iii No x-axis intercepts: y(min) = 2

y

(0,2)

cy=-x>+3
i turning point at (0, 3)
ii the axis of symmetry x = 0

iii the x-axis intercepts (— V/3,0) and
(V3,0) y
A
(0,3)

3 V3

X

d y=-2x>+5
i turning point at (0, 5)
ii the axis of symmetry x = 0

iii the x-axis intercepts
5 5
- \g 0) and \g 0)
y
A

0, 5)
5 5

2 2
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e y=-x+4
i turning point at (0, 4)
ii the axis of symmetry x = 0

iii the x-axis intercepts (-2, 0) and

(2,0)

f y=3x>-9
i turning point at (0, -9)
ii the axis of symmetry x =0

iii the x-axis intercepts (— v/3,0) and

(V3,0)

2 ay=(x-2)7
i turning point at (2, 0)
ii the axis of symmetry x = 2

iii the x-axis intercept (2, 0) ( turning

pH)

y

y

b y=(x+3)>
i turning point at (-3,0)

ii the axis of symmetry x

=-3

iii the x-axis intercept (-3,0) ( =

turning pt)

cy=—(x+1)>
i turning point at (—1,0)

ii the axis of symmetry x

y
A

/

=-1

iii the x-axis intercept (—1,0) ( =

turning pt)

1
dy= —E(x —4)?
i turning point at (4, 0)

ii the axis of symmetry x

=4

iii the x-axis intercept (4, 0)

(= turning pt)
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ii the axis of symmetry x = 1

ili no x-axis intercepts

y

3ay=x-27%+1 |(1’2) > X
0

i turning point at (2, 1)
d y=(x+17°-1

ii the axis of symmetry x = 2 ' '
i turning point at (=1, -1)

iii no x-axis intercepts.

ii the axis of symmetry x = —1
y
iii the x-axis intercepts (0, 0) and
(0, 5) (=2,0) y

A

210 -
0] > -2 OZ .

b y=(x-272-1

(_la _1)

e y=—(x-37+1

i turning point at (2, —1)

ii the axis of symmetry x = 2
i turning point at (3, 1)
iii the x-axis intercepts (1,0) and

3,0 ii the axis of symmetry x = 3
y . _
A iii the x-axis intercepts:

y=—-(x-372+1=0

3\ L(x=3)72=1
\1 3 Sox=3 1

0 \./ 7 X +1

@. -1 (2.0) and (4.0)

Il
H+

Il
(O8]

i turning point at (1, 2)
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y

A
3,1

e N
0/6 4
/—8

fy=(x+2)7°-4

N

i turning point at (-2, —4)
ii the axis of symmetry x = -2
iii the x-axis intercepts (0, 0) and

(-4,0) y
A

4 0
(-2,-4)

g y=2(x+2)>-18
i turning point at (=2, —18)
ii the axis of symmetry x = -2

iii the x-axis intercepts:
y=y=2(x+2>-18=0

S 2(x+2)% =18

L(x+2)7%=9

SoX+2 =43
Lx=-2+3

(=5,0) and (1,0)

h y=-3(x—4)>%+3

i turning point at (4,3)
ii the axis of symmetry x = 4

iii the x-axis intercepts:
y=-3(x-47>+3=0

S 3(x—4)Y% =3
(x—4) =
x—4==+1
Lx=4+1

(5,0) and (3,0)

y

A 4, 3)
— X

0| /3 5

1
i y:—i(x+5)2—2

i turning point at (=5, -2)
ii the axis of symmetry x = -5

iii the x-axis intercepts:

1
y:—§u+5f—2:0

1
;—§u+5f:2

S (x+5) =4
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No x-axis intercepts because no i turning point at (2, 8)

real roots. y
A ii the axis of symmetry x = 2
> X
(=5,-2) 0 iii the x-axis intercepts:
y=-4x-2>+8=0
29 2
7 S 4x -2 =8
L (x=27=2
jy=3x+27-12 Lx=2=%\2
Lx=2+V2
i turning point at (=2, —12
g polnt at ) (2 - v2,0)and (2 + V2.0)
ii the axis of symmetry x = -2 Y
iii the x-axis in;ercepts: 2-\2| (2,8) 2+2
y=3(x+2)"-12=0 .
L3 +2)% =12 0
L(x+2)?%=4 -8
LXx+2=4+2
— 11\ _
nx=-2x2 Py=5a=17=3
(0,0) and (;4’ 0 i turning point at (1, -3)
A ii the axis of symmetry x = 1
L, X iii the x-axis intercepts (-2, 0) and
A 40
(-2,-12)

k y=-4(x-27>+8




Solutions to Exercise 3E
1a@x-1)2=x>-2x+1

b (x+22=x*+4x+4

c (x=-32=x>-6x+9

d (—x+3)?=x>-6x+9

e (—x—2)%=(-1)*(x+2)?

=x>+4x+4

f (x=5)7%=x>-10x+25

1\? 1
g (v-3) =¥ -xeg

3\? 9
h (x——) =x*-3x+ -~
2 4

2 axX’—4x+4=(x-2)7
b x> —12x+36 = (x — 6)

¢ X +dx—4=—-(x*-4x+4)

= —(x—2)
d 2x° —8x+8=2(x* —4x +4)
=2(x-2)

—2x* +12x—18
= -2(x* - 6x+9)
= —2(x - 3)?

(¢

1 1\2
f 2 _ —:( ——)
X X+4 X 5

9 3\2
2 _ —_ = _—
X 3x+4 (x 2)

oQ

2 2
h x2+5x+—5:(x+§)
4 2

3ax’-2x-1=0

Lt =2x+1-2=0

(x—1*-2=0
(x—1)%=2
x—1=+V2
x=1+V2
b x—-4x-2=0

X —4dx+4-6=0
(x=2-6=0
(x=2)=6

(x=3)*-7=0
(x=3)2=7
x-3=xV7
x:Si\ﬁ
d Z2-5x+2=0
25 25
2
L=k —+2-2120
X x+4+ 1
5\ 17
—Z) -2 =0
(x 2) 1
o374
2) 4
5 1
—Z =441
x=3 +2\/_7
X_Si\/ﬁ
2



e 2x2—4x+1=0

1
) _):
(x x+2 0

1
2
_2+1__—0
X X

(x—1)2:%

x—-1==

3 3
5x 2
xz—?—§=0
' 3 36 3 36
5\ 49
(-5) -5
52_49
(X_E)_%
5l
6 6
x=2x
c*
=2, -

g X>+2x+k=0

X +2x+1-(1-k)=0
(x+1)?-(1-k =0

x+1=xVl-k

h kx2+2x+k=0

2x
2
+—+1=0
T
2+2x 1 1
X _— _ =
k k2 kK+1

4 a x> -2x+3

= x> -2x+1+2

=(x—1)*+2
TP at (1,2)
y

-1+ VI -k?
X =

k
92
2K -1) =
(7°-1)=0
9
—k2—1)=0
&
9
—k2—1)
3
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b XX +4x+1

=xX>+4x+4-3

=(x+2y°-3
TP at (-2, -3)
y
A

\

b y=4x>+8x+38
= 4(x? +2x +2)
=4(+2x+1-1+2)
=4((+ 1)+ 1)

=4(x+ 1) +4
TP at (-1,4)

y

8

1,4)
ol

> X

c y=3x"-6x-4

4
=3[2-2x-2
X X 3)

4
=3 x2—2x+1—1—§)

=3 (x—1)2—(\/§)2)

=3(x-1°-7
TP at(l,—7) ’

(1,=7)

6 a x*—8x+12
=x*—8x+16-4
=(x-4)7> -4
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TP at (4, —4)
y

12

0‘\,/ -

“4,-4)

b x¥*-—x-2

oy

27 4

¢ 2x> +4x-2
=2(x*+2x-1)
=2(x* +2x+1-2)

=2(x+ 1Y% -4
TP at (-1, —-4)

d —xX*+4x+1
=—(x"—4x-1)
= —(x*—4x+4-5)

=—(x-2)%+5
TP at (2,5)
y
A
2,5)

! X
7‘o

e —2x2—-12x-12
= =2(x* + 6x + 6)

= 2(x* +6x+9-3)

=-2(x+3)+6
TP at (-3,6)

y

A

(_3 > 6)

0

-12 \

f 3x>—6x+12
=3(x*-2x+4)
=3(x*-2x+1+3)

=3(x-1)*+9
TP at (1,9)
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> <

(1,9

> X

a,b
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Solutions to Exercise 3F

1 a

x-axis intercepts 4 and 10;
x-coordinate of vertex

1
=-(@4+10)=7
2(+ )

x-axis intercepts 6 and 8;

1
x-coordinate of vertex = 5(6 +8) =7

x-axis intercepts —6 and 8;
x-coordinate of vertex

1
= —(-6+8) =1
2( +8)

x-axis intercepts a and 6;

1
x-coordinate of vertex = E(a +6)=2

ca+6=4,:. a=-2

x-axis intercepts a and —4;

x-coordinate of vertex = E(a -4)=2

ca—-4=4,". a=28

x-axis intercepts a and 0;

x-coordinate of vertex E(a +0)=2
a=4

y=x>-1

x-intercepts: y = x> — 1 =0
Tx-Dx+1)=0
ox=1,-1

x-int: (—1,0) and (1, 0)

TP: No x term so (0, —1)

b y=x*+6x

x-intercepts: y = x> + 6x = 0

SLx(x+6)=0

Lx=0,-6

x-int: (=6, 0) and (0, 0)

TP:y = x> + 6x
=X +6x+9-9
=(x+37-9

TP at (-3,-9)

\ /.,

(=3,-9)

cy=25-x
x-intercepts: y = 25 — x> = 0
L B5=x05+x)=0

SLox=5,-5
TP: No x term so (0,25)
y
A
25

AN

7\

d y=x>-4
x-intercepts: y = x> —4 = 0
L x=-2)(x+2)=0
Tx=2,-2

x-int: (=2,0) and (2, 0)
TP: No x term so (0, —4)
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-
-

\ | /..
) 0/2

3
e y=2x>+3x g y=-2x>-3x
x-intercepts: y = 2x* + 3x =0 x-intercepts: y = —2x> —3x =0
Lx2x+3)=0 So=x2x+3)=0
3 3
x-int: (—5, o) and (0, 0) x-int: (—5, o) and (0, 0)
TP: y = 2x* + 3x TP:y = —2x% — 3x
3 9 9 3 9 9
=2(x*+ = ___) :_(2 e ___)
(x+2x+16 16 A6 T 16
32 9
e
(x+4 + g
32 9
e
. 9(x+ ) + 2
SOEL)
AR
Y
A

f y=2x>—4x
x-intercepts: y = 2x> —4x =0
S 2x(x—=2)=0 h y=x>+1
x-int: (2,0) and (0, 0) No x-intercepts since y > 0 for all x
TP: y = 2x* — 4x TP: No x term so (0, 1)
=202 -2x+1-1) Y

A
=2(x-12-2

\
TP at (1, -2) /
1
0

> X
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4 ay=x*+3x-10
x-intercepts: y = x> +3x— 10 =0
L(x+5Kx=-2)=0
x-int: (=5,0) and (2, 0)
TP: y = x> + 3x — 10

9 9
2
=X +3x+-—--10
y x+x+4 1
_(+3)2 49
Ny e
TPat(-=,——
a(z’ 4)
y
A
X
-5 0| /2

-10

3 1
(5 123)
b y=x*-5x+4

x-intercepts: y = x> = 5x+4 =0
Lx-Dx-4)=0

x-int: (1,0) and (4, 0)
TP:y=x*—5x+4

25 25

y:x2—5x+Z—Z+4

cy=x>+2x-3
x-intercepts: y = x> + 2x — 3
Sx-Dx+3)=0

x-int: (1,0) and (-3, 0)
TP:y = x> +2x -3
y=x"+2x+1-4

y=(x+17%-4
TP at (-1, -4)
y
A

3 0| /1
-3

(-1,-4)

d y=x>+4x+3
x-intercepts: y = x> +4x+3 =0
S+ Dx+3)=0
x-int: (—1,0) and (-3, 0)
TP:y=x+4x+3

y=x>+4x+4-1

y=(x+27>-1
TP at (-2, -1)

e y=2x>-x-1
x-intercepts: y = 2x> —x—1 =0
S2x+DH(x-1)=0
1
x-int: (—5, o) and (1,0)



TP:y=2x>—x—1 TP: y = —(x* + 5x + 6)

1 25 25
Ao T
y (x 2+2 y x“+5x+ 1 +6 1
_of2_ i_i) _ 5V, 1
y—2(x 2776 " 16 y—‘(“§)+1

1y 9 TPat(—é—
y=2(x——)—— 24
4) 8
J(x)
B at(4’_§) ) 1 1) A
J(x) ( 27 4
_3 B 0—>X
-6\

h y=x>-5x-24
x-intercepts: y = x> — 5x —24 =0
Sx+3)(x-8)=0

x-intercepts: y = —(x*> + x —6) = 0 x-int: (=3, 0) and (8,0)
L—(x+3)(x-2)=0 TP:y = x> —5x—24
x-int: (=3,0) and (2,0
TP:y(=—(xg+x£6)) y:x2—5x+§—24—§
) 1 1 5\ 121
y=-(f+xrg-6-3) =3 -
12 25 TPat(é—g)
=)+ S
P (-1 2) 7
2’4
S () X
A -3\0 8
(+) _
27 74 ¢ 24
(25 -303)
X
3 -10 2

g y=—x>-5x—-6
x-intercepts: y = —(x*> + 5x +6) = 0
SL=(x+3)(x+2)=0
x-int: (=3,0) and (-2, 0)
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Solutions to Exercise 3G

1

a

X +2x-8=0
Sx+2D)(x-4)=0
Lx=-2,4

‘Positive coefficient of x2’:

<

N /

) 0 4

X

X-2x-8<0o -2<x<4

X2-2x-8>0ex>4o0rx< -2

Positive coefficient of x*
x<-2o0rx>3

Positive coefficient of x*
-4 <x<-3

Positive coefficient of x2
-4 <x< =
2

Positive coefficient of x2
x<2orx>6

Positive coefficient of x*
2<x<3

Negative coefficient of x?
3 7

S<x<s
2 2
Positive coefficient of x2

7
—§<x<2

Positive coefficient of x2
-2<x<—
2

Negative coefficient of x?

x<—50rx>§

j Negative coefficient of x?

_2< < —
_x_2

Negative coefficient of x*

<20r >7
xX<—-orx>=
5 2

Positsive coefﬁlcilent of x?

xX<—-orx> —
2

2

Negative coefficient of x*
x<-=5orx>5

Negative coefficient of y?

2< <
3=Y=3

Negative coefficient of y?
y>4ory<—4
Negative coefficient of x?
—g <x< g

Negative coefficient of y?

< - > —
Y=gy =y

Negative coefficient of y?

y<-—-—ory>—

6 6
X +2x-8=0
Lx+dhHx-2)=0
Lx=2,-4

‘Positive coefficient of x*’:

x>2orx <-4

¥ =5x-24=0
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S(x+3)(x=-8)=0

Sox=-3,8

"Positive coefficient of x*’:
{x: —-3<x <8}
x—4x-12=0
Sx+2)(x-6)=0
Lx=-2,6

"Positive coefficient of x%’:
{x: —=2<x <6}

2x2-3x-9=0

L 2x+3)(x-3)=0
o3

SoXx= >

"Positive coefficient of x2°:
{x:x <—§}U{x: x >3}

6x%> + 13x < —6

L6+ 13x+6<0

6x2+13x+6=0

L Bx+2)2x+3)=0
2 3

x=-=,-=
372
’Positi})/e coefﬁcieznt of x2’:

{x: ~3 <x<- 3
-x*=5x-6=0
SL=(x+2)(x+3)=0
SLox=-2,-3

’Negative coefficient of x*’:
{x: =3<x <=2}

12x2+x>6

L1232 +x-6>0

12x24+x-6=0

S (@Ax+3)3Bx-2)=0
33

X =——, =

42

"Positive coefficient of x%’:

x:x<—Z}U{x:x>§}

10x2-11x< -3

102 -11x+3<0

10x2-11x+3=0

LBx=-3)2x-1)=0
13

LXx==,=
2’5

’Posi{ive coefficient of x2’:

X 5 <x<£ =

i x(x—1)<20

LxP—-x-20<0
¥-x-20=0
Sx=5x+4)=0
x=-4,5

’Positive coefficient of x>’
{x: —4<x <5}

j 4+5p-p*=0

-5+ V41
LPE

’Negative coefficient of x*’:

{p:S—\/H 5+\/ﬂ}

<p<
2 P77
3+2y—-y*=0
(T +y)3-y=0
Ly=-13

’Negative coefficient of x*’:
{yry<-1}1U{y:y>3}

2 +3x>-2

X +3x+220

K +3x+2=0
Lx+2)(x+1)=0
SLox=-2;-1

’Positive coefficient of x>’
{x:x <-2}U{x:x >-1}



5a x+3x-5>0 e 22 +7x+1<0

3\ 29 , 7 49 49 1
el I 2 a2 _Z L
@(x+2) 420 & (x +2+16 612 <0
2
3\2 29 7 41
= — ©2lx+~-] ——<0
(:)(x+2)24 (x 4) 16<
2
3 V29 3 V29 7\ 41
SR -Z 4+ == Slx+-| <—
S x < > 5 orx > 2+ 3 (x 4) 16
b 2-5x+2<0 o T VAL T VA
, 4 4
5 17
®2x-3] —5 <0 f 2x*-8x+5>0
2 5
ol < @2(x2—4+4—4+—)20
2 4 2
3
5 W17 5 V17 &2(x-22-2>0
- <Xx< 4 — 2
2 2 2 2 3
e x-27>=>
¢ 2x*-3x-1<0 2
2 4- 6 4+ 6
3 17 S x < or x >
S2lx—-=<] —— <0 2 2
4 8
( 3)2 17 6 Th £ I number |
S2lx—--] < — € square oI any réal numboer 1S Z€ro or
4 8 positive.
3\* 17
C)X—Z Sl—
7 The negative of the square of any real
3 V17 3 V17 number is zero or negative.
- — < X< =+ —
4 4 4 4
d —x*>-3x+8>0 8 2 +2x+7
( 3)2 41 = +2x+1-1+7
©—|lx+=| +—>0
2) 4 =(x+1)7+6
3\> 41 Since (x + 1)% > 0 for all x
VT2 <t (x+1)2+6> 6 forall x
@( +3)2<41
x —_— —_—
2 4 9 — x> -2x-7
3 = —(x* —
o 3 YA 3 VAl (P +2x+1-1+7
2 2 2 2

= —((x+1)*-6
Since —(x + 1)?> < 0 for all x
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—(x+1)*-6<—-6forall x 10 ab,c
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Solutions to Exercise 3H

1 aa=2b=4andc=-3 3a x*+6x=4
i b% — dac = 42 — 4(=3)2 = 40 L 6x=4=0
Vi VTS = 27T ._'x:—6i\/622—4(—4)1
b a=1b=10andc=18 ,,x:‘6i2‘/§
i b? —4ac=10%-4(18)1 = 28 Lx=-3% VI3
i Vb2 —dac= V28 =27 b ®-7x-3=0
¢ a=1b=10andc =18 L T1ENT oA
i b —dac=10%-4(-18)1 = 172 7+ \/52
X = >

ii Vb2 —dac = V172 =243
¢ 2x*-5x+2=0

5= 457 -d0n

d a=-1,b=6andc =15

i b?—4ac=6>-4(15)(-1)=96 N 4
_ 5+ 9
ii Vb2 —4dac= V96 =46 XY=
—1,b=9and ¢ = —27 e=2E3 1
e a=1l,p=Yandac = — X = 4 —2,
i b?—4dac=9%*-4(-27)1 =189 d 22 +4x—7=0
iit Vb2 —4ac = V189 =321 Lo A= V42 - 4(=T7)2
Sx = I
—4 + V72
242 L TAENT2
2 a +2\/§:1+\/§ = 4
6
L 9=3V5 _3-45 Lr=slegV
N 3
6 2 .'.X:—lii\/i
. 5+45V5 1+ V5
0 2
d %M:sz/i
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e 2x2+8x=1

23 +8x—-1=0
. -8z V82— 4(-1)2
LoX = 4
V72
x= -2+ —=
4
3
x:—2i—\/§
2
f 5x>—10x=1

52 -10x-1=0

10+ 102 —4(-1)5

10
V120

SoX

H+

Lx=1

)
Il
[a——
H

W —
EE

g 2x°+4x-1=0

4+ 42 —4(=1)(-2)

JoXxXx = _4
1+\/§
X = T —
4
1+\/§
JoXx = += —
2
h 222 +x=3
2% +x-3=0
o -1= V12 = 4(=3)2
X = 4
—li\/ﬁ
X =
4
_ _—115. _ 1 3
X = 1 Sox=1, >

i 2522 +3x+03=0

_ =3+ 4/32-4(0.3)25

5

EEER
B 5

SoX
SoX

j —0.6x*-13x=0.1
L —6x>=13x—-1=0
62 +13x+1=0

—13 + /132 -4(1)6
X =
12
-13 £ V145
L=
12

k 2kx*—4x+k=0
4= P a0k
4k
V16 - 8k2
4k
2+ Va4 - 2k2
2k

Lx=1+
X

1 200 —k)x> —dkx+k=0

4k £ 16K — 8k(1 — k)

A= )
4k V24K — 8k
- 4(1 = k)

2k + V6K = 2k
2(1 —k)

SoX

4 ay=x"+5x-1

x-axis intercepts:

-5+ V29

T

— 5-

X——E,

N - B
2

2 =
TP at (-2.5,-7.25)
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0

y
A

7
les-\29)\

1 1
(-23,-77)

b y=2x*-3x-1
X-axis intercepts:

3+ V17

~

cy=—x>-3x+1

3+ V13

X =
-2

-3+ 13

B 2
_ 3
X = 2,
——2+2+1_£
- 4

TP at (-1.5,3.25)

> X

ls+429) 33-413)
X

d y+4=x*+2x
Ly=xt+2x—4
X-axis intercepts:

_ -2+ 20

2

Lx=-1+15

x=-1;
y=1-2-4=-5
TP at (—1,-5)

\ »x
/! o /X
“1-+5 /1+\/§

4

SoX

(_1’ _5)

e y=4x>+5x+1

x-axis intercepts:
=5+ V25-16
- 8

SoX

1
TP at (-0.625, -0.5625)
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h y=4x*-3x+2
A=9-4x4%x2<0

f y=-3x2+4x-2 Therefore no x-axis intercepts. Axis
X-axis intercepts: of symmetry: x = §
. —4x16-24 8 3 3
Sox = _ Coordinates of turning point (—, —)
This is not defined, so no 8 16
x-intercepts. Y
2
X ==
3
4 8 2
R T
TP t(z 2) 2 %3%%‘»x
at|{=,—— >
373 0
A
X iy=3x"-x-4
0 3, _— 1 Wheny =0,
3 3
14 1+ V1-4x3x(-4)
_ ‘=
1 67
+
Thatis x = —
- 6
/ lorx 4
X = - = —
3

g y=—x>+5x+6Wheny=0

2 _
—x"+5x+6=0 Coordinates of turning point
P -5x-6=0 (1 49)

x=-06)(x+1)=0 6" 12

Axis of symmetry: x =

AN =

x=6orx =-1
When x =0,y =6

Axis of symmetry: x = 3

5 49
Coordinates of turning point (— —)

24
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Solutions to Exercise 31

1

a

X% +2x — 4
A=2%-4(-4)=20

X2+ 2x+4;
A=22-44)=-12

X +3x— 4
A=3%-4(-4)=25

2x% +3x — 4;
A =32-8(-4) =41

—2x% +3x+4;
A=3>-4(-2)4) =41

X2 =5x+2;
A=5-412)=17
A > 0 so graph crosses the x-axis

—4x% +2x—1;
A=22—4(-4)(-1)=-12

A < 0 so graph does not cross the
X-axis

x> —6x+9;
A=6>-409) =10
A = 0 so graph touches the x-axis

—2x>-3x+8;
A=32-4(-2)8=73
A > 0 so graph crosses the x-axis

332 +2x+5;

A =22 —-4(5)(3) = =56

A < 0 so graph does not cross the
X-axis

—xr—x-1;

A=12-4(-1)(-1) =-3

A < 0 so graph does not cross the
X axis

x>+ 8x+7;
A=8—47) =36
A > 0 so the equation has 2 real roots

332+ 8x+7;
A =8>—4(7)3)=-20
A < 0 so no real roots

10x% —x - 3;
A =12 —4(=3)(10) = 121
A > 0 so the equation has 2 real roots

2x% +8x—17;
A =8 —4(-7)2 =120
A > 0 so the equation has 2 real roots

3x2 - 8x—17;
A =82 —4(-7)3 = 148
A > 0 so the equation has 2 real roots

10x% — x + 3;

A=1%2-4(10)(3) = -119

A < 0 so the equation has no real
roots

9x? — 24x + 16;

A =242 - 4(9)(16) = 0

A = 0 so the equation has 1 rational
root

—x2-5x-6;
A=52-4(-6)(-1)=1

A > 0 so the equation has 2 rational
roots.

x> —x—4
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A=12-4(-4)=17
A > 0 so the equation has 2 irrational
roots, and is not a perfect square

25x% — 20x + 4;

A =20%-4(25)4)=0

A = 0 so the equation has 1 rational
root and is a perfect square.

6x2 —3x —2;

A =32 - 4(6)(=2) = 57

A > 0 so the equation has 2 irrational
roots and is not a perfect square

X2 +3x+2;

A=32-42)=1

A > 0 so the equation has 2 rational
roots and is not a perfect square

2 —4dmx+20=0
A = 16m?* — 80 = 16(m?* - 5)

i If m?>—5) < 0, no real solutions:
{m: —+/5<m<+/5}

ii If im*>—5) =0, one real solution:
{m: m=++5}

iii If (m>—5)> 0,2 distinct
solutions:
{m:m< —=5}U{m: m>+/5}

mx*>—3mx+3=0
A =9m?* — 12m = 3mBm — 4)

i If A <0, no real solutions:
4
A=0atm= 0, g
Upright parabola, so

: 0 =
{m <m<3}

ii If A =0, one real solution;

iii

4 .
m = 0, — satisfies this, but there

is no solution to the equation if

m=0,so{m: m= =}

3

If (3m? —4) > 0, 2 distinct
solutions: 4
{m:m<0}U{m: m>§}

¢ 5x>=5mx-m=0
A =25m? + 20m = Sm(5m + 4)

i

ii

il

If 5m(5m + 4) < 0, no real
solutions

4
A=0atm= O, —g
Quadratic in m is upright:

{m: —§<m<0}

If 5m(5m + 4) = 0, one real
solution:

{m:m=0,—=}

5

If 5Sm(5m + 4) > 0, 2 distinct
solutions:

{m:m<—§}U{m:m>0}

d > +4mx-4m-2)=0
A=16m+ 16(m —2)

i

ii

iii

= 16(m> + m = 2)

If m*> + m — 2 < 0, no real
solutions:

m* +m-2=m+2)(m-1)
Quadratic in m is upright, so
{m: —2<m<1}

If m? + m — 2 = 0, one real
solution:
{m:m=-2,1}

If m? + m—2 > 0,2 distinct
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solutions:
{m-m<=-2}U{m:m>1}

6 mx*>+Q2m+n)x+2n=0
A = (2m + n)* — 8mn

= 4m® + 4mn + n* — 8mn
=4m? — 4mn + n®

= (2m — n)?

This is a perfect square for all rational m

and n, so the solution is rational also.

7 pxX*+2(p+2Dx+p+7=0
A=4(p+2)7°—dp(p+17)

=4p® + 16p + 16 —4p — 28p

=16-12p =4(4 -3p)
This equation has no real solution if

4
A<O,i.e.ifp>§

8 (1-2p)x* +8px—(2+8p)=0
A = 64p* +4(1 - 2p)(2 + 8p)

=64p> -82p - D@p+1)
=64p> —8(8p* —2p - 1)

=82p+1)
This equation has one real solution if
A =0;
1
2p+1:00rp:—§

9 a px?-6x+9=0

A =36-4p?
One solution © A =0
36 —4p> =0
36 = 4p°
9= p2
p =43

10

11

b 2x>—4x+3-p=0
A=16-4x%x23-p)
Two solution © A > 0
16-4%x23-p)>0

8p—-8>0

p>1
c 32 -2x—-p+1=0

A=4-4x3(1-p)
Two solution © A > 0

12p-8>0
>2
P=3

d X>-2x+2-p=0
A=4-4x2-p)
Two solution & A > 0
4p-4>0

p>1

y=px*+8x+p—-6
A=64—-4p(p—-06)
=4(—p+6p+16)
If the graph crosses the x-axis, A > 0:
-6+ V100
A=0whenp = ——F"—

-2
L p=3+5=-2,8

Inverted quadratic, so A > 0 when:
{p: 2<p<8}

(p2 + 1)x2 + 2pgx + q2 =0
A=4p°¢* =44 (p* + 1)
=4¢*(p*-p* - 1)

= —4q°
This is negative for all values of p, and
for all non-zero g, so there are no real
solutions.
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12 a For x2 + 4mx + 24m — 44 A = (m—4)* — 4(4)(-m)
A = (4m)? — 4(24m — 44)
= 16m* - 96m + 176

=m>—8m+ 16 + 16m

=m*+8m+16
b 4mx* +4(m — 1)x +m—2 = 0 has = (m + 4)?
a solution for all values of m if and .. A is a perfect square for all m
only if A > 0 for all m.

16m* — 96m + 176
15 > —(m+2n)x+2mn=0

= 16(m> — 6m + 11) A = (m+2n)* — 4% 2mn
= 16(m*> — 6m + 9 +2)

=16(m—-3)>+32>0 forallm

= m” + 4mn + 4n*> — 8mn
= m? — 4mn + 4n®
= (m - 2n)*
13 4mx*> +4(m - Dx+m -2 Therefore A is a perfect square. The
roots of the equation are rational.
a A= 16(m— 1)’ —4(4m)(m - 2)

_ 2 _ _ 2
= 16m" = 32m + 16 = 16m” +32m e A _ 12 _ 4(a)(=c) = b + dac > 0 - the

=16 graph of y = x> + bx — ¢ where a and ¢
) are positive always intersects with the
b A is a perfect square and thus the

. . X-axis.
solutions are rational for all m.

17 A =b> —4(a)(c) = b* — 4ac > 0 if .

2 —Ax—m =
14 4x*+(m-4)x-m=0 ~. the graph of y = x> + bx + ¢ where

a is negative and c is positive always
intersects with the x-axis.
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Solutions to Exercise 3J

:11\/5

Therefore points of intersection are
(1-+5,-1- v5)and
(1+ V5,-1+ V5)
b x+y=6...(1)
y=x...(2)
From (1),y =6 —x
Xt =6-x
¥+x-6=0
x+3)(x-2)=0
SLx=2o0rx=-3
Therefore points of intersection are
(2,4) and (-3,9)
c Sx+4y=21...(1)
y = 2. 2)
Substitute from (2) in (1),
Sx+4x* =21
4x* +5x-21=0
@x-7x+3)=0

7
SX = Zorx:—3
Therefore points of intersection are
7 49
-3,9) and |-, —
(=5, 9)an (4 16)

y=2x+1...(1)
y=x—x+3...(2)
Substitute from (1) in (2),
¥ -x+3=2x+1
¥ =3x+2=0
x-2)x-1)=0

SLx=2orx=1
Therefore points of intersection are
(2,5) and (1, 3)

2 ay=x>+2x-8andy =2 — x meet

where X2 +2x-8=2—x

L xX2+3x=10=0
L(x+5HHx-2)=0
SLox=-5,2

When x = -5,y =2—-(-5)=7
Whenx=2,y=2-2=0
Curves meet at (=5, 7) and (2,0).

b y=x>—x-3andy=4x— 7 meet
where x> —x -3 =4x -7
X =5x+4=0
Lx-4Hx-1)=0
Lx=4,1

Whenx=1,y=4-7=-3
Whenx=4,y=16-7=9
Curves meet at (1, —3) and (4,9).

¢c y=x>+x—-5andy = —x — 2 meet
where x> + x =5 =—-x-2
X +2x-3=0
Sx+3)x-1)=0
Sox=-3,1
When x = -3,y=3-2=1
Whenx=1,y=-1-2=-3
Curves meet at (-3, 1) and (1, —-3).
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d y=x>+6x+6andy=2x+ 3 meet

where x> + 6x + 6 = 2x + 3

L +4x+3=0
Sx+3)x+1)=0
x=-3,-1

When x = -3,y=-6+3=-3
Whenx =-1,y=-2+3=1

Curves meet at (—3,-3) and (-1, 1).

e y=-x>—x+6andy=—-2x-2
meet where —x> — x + 6 = —2x — 2
x> +x+8=0
Lxt-x-8=0

12 V1 -4(8)
D —
) 1+ V33
SX=
2
1=V
When x = 233,y:—3+\/33
1+ V33
When x = +2 y=-3-V33
1=+
Curves meet at( > 33, -3+ \/33)
1+ V33
and( +2 ,—3—x/33).

f y=x>+x+6andy=6x+ 8 meet
where x> + x + 6 = 6x + 8
X2 =5x-2=0
5+ V25 -4(-2)
X =

_Si

SoX =

2
Lo

o
5
W

When x =

(9]
[\

5

(O8]

+

When x = 5 ,y =23+ V33

Curves meet at

5 33
( 2‘/_,23—3\/5) and

(5 +2\/§,23 + 3\/5).

3 If the straight line meets the parabola

only once, then the y; = y, quadratic

,y=23-3433

will produce a perfect square.

a x—6x+8=-2x+4

Lt —4x+4=0
L (x=27%=0,-.x=2
Touches at (2,0).

2 -2x+6=4x-3
X2 —6x+9=0
L(x=32%=0,-.x=3
Touches at (3,9).

232+ 1lx+10=3x+2
S 2x2+8x+8=0
L2422 =0, x=-2
Touches at (-2, —4).

K+ Tx+4=-x-12
X +8x+16=0
L(x+4)?=0,..x=-4
Touches at (—4, —8).

y=x>-6x;y=8+x
X —6x=8+x
X*-7x-9=0
x=8)(x+1)=0
x=28,—-1
x=8y=8+8=16
x=—-1;y=8+1=7
y=3x2+9x;y =32 —-x
3x2 +9x=32—x
3x+10x-32=0
Bx+16)(x-2)=0

16 16 112

= ——" = 2 R —
X ;y =32+ 3 3
x=2;y=32-2=30
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c y=5x2+9x;y=12-2x

502 +9x =12 - 2x
522+11x=12=0
Gx—dH(x+3)=0

4
=23
Y75

x=-3;y=12-(-6) =18
d y=-3x>+32x;y=32-3x
—3x% +32x=32-3x
—3x% +35x-32=0
3x2-35x+32=0
(x-1DBx-32)=0

e y=2x>-12;y=3(x—-4)

232 —-12=3x-12
232 -3x=0
x2x-3)=0
x=0

x=0;y=3(-4)=-12

3 3 15
=Y 3(2 2

| W

fy=11x*y=21-6x
Sl +6x-21=0
| =6+ /62— 4(=21)(11)

3+ 12 4
_ BV 5 A yps
11 11
L. T3-4NI5
B T

y:21+1—61(3+4x/ﬁ):

5

a

249 + 2415

11
_ =3+44415
X——lé 5
y:21+ﬁ(3—4x/ﬁ):
249 — 2415
11

Using a calculator: x = 1.14,y = 14.19;
x=-1.68,y =31.09

If y = x + c is a tangent to the
parabola

y = x* —x— 12, then

x> — x—12 = x + ¢ must reduce to a
quadratic with zero discriminant.
¥-x-12=x+c

Lt =2x—(124¢)=0

LA=4+4(12+0)
=4c+52=0,..c=-13

iy=-2x2-6x+2

ii If y =mx + 61is a tangent to the
parabola,
22 —6x+2=mx+6
L2 = (6+mx—4=0
L2+ 6 +mx+4=0
For a tangent, A = 0:
SA=06+m?-4A)2)=0
S (6+m)? =32
L 6+m=xV32=+42
m=—-6+42
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6 y = xis atangent to the parabola
y=x>+ax+1
LxXtax+1=x

X+ @-Dx+1=0
A=(@-1?-4=0
La—1=4+2
La=1+2=-1,3

y = —x is a tangent to the parabola
y=x>+x+b

X+ x+b=—x

X +2x+b=0

A=4-4b=0

~b=1

A straight line passing through the point
(1,-2) has the form y — (-2) = m(x — 1)
Ly=mx—1)-2

If this line is a tangent to y = x? then
Z=mkx-1)-2

X -mx-1)+2=0
Z-mx+m+2=0

A = 0 for a tangent here:
A=m*—4(m+2)

SoX

m=2+VI2=2+23
Ly=Q+2V3)(x-1)-2
y=2(1+ V3)x-4-2+3and
y=2(1-V3)x-4+23

With these exercises a calclator can be
used.

10 a

4 —x* = kx

Z+kx—4=0
1
x= 5(—1@ Vi + 16)

k
fy= 5(—k Vet 16)
P?ints of intersecticl)cn are:
(5(-1{ + VETT6), 5 (K + M))
and

(%(—k — ViZ + 16), g(—k - ViZ+ 16))

X —x—-2=kx
X—x—kx=-2=0
¥-(1+kx-2=0

=51+ ke T+ R 8)
y= gt ks VTT R 8)

Points of intersection are:

1 k
(5(1 +k+ 1 +k?+8), 5(1 +k+ J(1+k)?+ 8))

and

1 k
(5(1 +k— \/(1+k)2+8),5(1 +k— \/(1+k)2+8))
4—x*=kx+5
CH+kx+1=0
W rkx+1=0

x=5(-k= Vi-3)

k
y= 5(—k N 4) ‘5
Pi)ints of intersect}{on are:
(5(-k + V), 5(k + M)) ‘5
and

(%(l+k—\/k2——4),§(l+k—\/m))+5

y = x> + 3x has as a tangent
y=2x+c
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A=0forx?+3x=2x+c b For two intersections, A > 0 so
) _ 1
SLx+x-c=0 c>——

1 4
SJA=144c=0,..c=—=
c c
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Solutions to Exercise 3K

1 y = ax? + ¢ passes through (0, 6) and Ly=a(x+2)7>+4
(=1,2). Passes through (3, —46)
a0’ +¢c=6,".c=6
a—12 +6=2, . a=-4 so—46 =a(25) +4

- =50 = a(25)
2y:ax2+bx+4 La=-=2
Ly=-2(x+2°+4
a A=0b>-16a g
¢ Passes through the points
b If the turning point lies on the x axis, (1,-2),(0,-3),(—1,-6)
A=20. Usey=ax’+bx+c
b =16a=0 2 Passes through (0, —3),
This implies, a = T3 SLc=-3
y=ax*+bx-3
¢ Turning point when x = y Whenx =1,y = -2
a
Therefore, ) L=2=a+b-3
—4=—0 (D ca+b=1...(1)
2
a:%_.‘(z) Whenx = -1,y = -6
. L—=6=a+b-3
Rearranging(1)
b La—-b=-3...(2)
=3 Add (1) and (2)
b 2a=-2
816 g1
nb=2 (If b =0thena =0)
b=2
1
~ 2 Ly=-—x>+2x-3
3 ay=k(x+2)(x-6) 4 y = ax? passes through (2,8).
When x = 1,y = =30 8=a)? . a=2
=30 = k(3)(-5)
k=2 5 y = ax* + bx passes through (6,0) and
Ly =2(x+2)(x—-6) (-1,4).
, a(6)* +6b =0
b y=alx-h"+k <.36a+6b=0,..b=—6a
Turning point (-2, 4) a(-1)? — 6a(-1) = 4
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Sa=4 a(-1)(-3)=3,..a=1

4 24
:—;b:—— Sy=x-Dx-3
a= 5 y=( X )
e y=a(x—-b)?+c
6 y=a(x-b’+c The vertex is at (=1, 5) so
The vertex is at (1,6) soy = a(x— 1) +6 y=ax+1)?+5
y = a(x — 1)> + 6 passes through (2,4) y = a(x + 1)? + 5 passes through (1, 0)
na-172+6=4 a2’ +5=0
5
La==-2b=1;c=6 a=-=
=7y
5 2
y=—x+1)7"+5
7 ay=alx-bY+c 4 5 5 15
. 2
The vertex is at (0,5) so ORYy = —Zx —5Xt 1
y=(x-072+5 Check with 3rd pt: y = O at x = =3
y=ax*+5 )
y = ax® + 5 passes through (0,4) fy=alx-b)y+c
L ad)?+5=0 The vertex is at (2, 2) so
.5 y=a(x+2)7>+2
BT y = a(x — 2)> + 2 passes through (0,6)
y= X 45 La(=2%+2=6
16 Soa=1
b y=alx-bY’+c y=(x-27>+2
The vertex is at (0,0) so y = ax? ORy=x>—4x+6
y = a_x2 passes through (_3’ 9) Check with 3rd pt:y = 6atx=4
sa(=37?=9
a=1 8 y=a(x-b’+c
y=x

The vertex is at (—1, 3) so
y=a(x+1)>+3

c y=ax’>+bx+c )
y = a(x + 1)~ + 3 passes through (3,8)

This is of the form y = ax(x + 7)

. 2 _
For (4.4) sa@) +3=8 5
4=ad@E+7) S 16a=5,.a= T6

= 5
4 = dda y=—(x+1)?+3
Therefore a = — 16

. ¥ Tx

Andtherulelsy:H+ﬁ 9 y=a(x+b)(x+c)

From x intercepts, a and b are 6 and —3:
y=a(x—6)(x+3)
Using (1, 10):
a(l-6)(1+3)=10
1
So=20a=10,..a=—-=
a a 3

d y=alx+b)x+c)
From x-intercepts, a and b are —1 and
-3:
y=alx—-1)(x-3)
From y-intercept,
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10

11

12

13

1
..y:—i(x—6)(x+3)

1
ORy = —E(x2 —3x-18)

y=a(x-b)Y +c

The vertex is at (-1, 3) so
y=a(x+1)>+3

y = a(x + 1)> + 3 passes through (0,4)
La+3=4 . .a=1

y=(x+12+3

ORy=x*>+2x+4

The suspension cable forms a parabola:
y=a(x—b) +c

The vertex is at (90, 30) so

y = a(x — 90)> + 30

When x = 0,y = 75, so:

y = a(-90)> + 30 = 75

1
- 81 =45, .a = —
8100a 5,..a 130

1 2
¥ = 1550~ 90 +30

Ly=—x2—x+75

y=2x=-b)Y +c

(1,-2) = TP (vertex) = (b,c)
Ly=2(x—-172-2

OR y = 2x? — 4x

y=a(x-b)Y +c

(1,-2) = TP (vertex) = (b,c)
Ly=akx—172-=2

Using the point (3,2),

aB3-1?%-2=2
Sda-2=2,.a=1
Ly=@-172-2

ORy=x*-2x-1

14

15

a

a

1 1
b Turning point: (——,a — —)
a

C

1
y= g(x +4)(8 — x)
Squared term is negative, so inverted
parabola; must be A or C.

The x-intercepts must be at 8 and —4,
so C.

y=x>—x+2

Positive squared term gives an
upright parabola; must be B or D.
The y-intercept is at (0,2) so only B is
possible

y=-10+2(x — 1)?

Positive squared term gives an
upright parabola; must be B or D.
Vertex is at (1, —10) so D.

1
y=50- %)
Squared term is negative so inverted
parabola; must be A or C.

Vertex at (O, ;) SO A..

ax’> +2x+a

2
:ax2+—x+1)
a
1 1
2
= +—x+—5-—=+1
alx ax ol )

a

Perfect square whena — — =0
a

That is, when @® = 1
Soa==1
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d Two solutions when 1 — a* > 0, That
15, -1l <a<1

16 y=a(x—b) +c
(2,2) = TP (vertex) = (b,c)
Ly=a(x—=272+2
Using the point (4, —6),
a4 =22 +2=-6
Lda+2=-6.,a=-2
Ly=-2x-2)*+2
ORy=-2x>+8x-6

17 a B A translation of y = x* by 4 in the
positive direction of the x axis and 3
in the negative direction of the y axis.

b D A translation of y = —x? by 4 in the
positive direction of the x axis and 3
in the positive direction of the y axis.

18 a y=ax’ +bx+c
(-2,-D:d4a-2b+c=-1...(1)
(1,2):a+b+c=2...(12)
(3,-16)9a+3b+c=-16...(3)

2)- (1) gives3b—3a =3 or

b=a+1
3) — (2) gives 8a +2b = —18 or
b=-9-4a

b=a+1=-9-4a

S S5a=-10,.a=-2;b=-1
Substitute into (1):
—-8+2+c=-1..¢=5
y=-2x>-x+5

b y=ax’>+bx+c
(-1,-2):a-b+c=-2...(1)
(1,4 :a+b+c=-4...(12)

19

20

a

(3,10):9a+3b+c=10...(3)

(2)—-(Q)gives2b=-2o0rb=-1

3)—(2) gives 8a +2b =14
L8a=16..a=2

Substitute into (2):

2—-14+c=-4,..c=-5

y=2x>-x-5

y=ax>+bx+c
(-3,5):9a-3b+c=5...(1)
(3,20):9a+3b+c=20...(2)
(5,57):25a+5b+c=57...(3)
(2)—()gives6b =150rb = %
3) — (2) gives 16a + 2b = 37

S16a+5=37,..a=2
Substitute into (2):

11
18+7+c:20,.'.c:——
5 11
=2x*+ —x— —
y x+2x >
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Solutions to Exercise 3L

1 a Width of paddock = x; b 4
length = 60 — 2x 289
2 A = x(60 — 2x) = 60x — 2x?
b 4 0 17 34 x
450

¢ Maximum area formed is at the
vertex where x = 17:
A=1734-17) =172 =289 cm?

: \ -
ol 15 30x
¢ Maximum area is at the vertex,

3 1
i.e. when x = 15 (halfway between 5ad=1+Zx——x%x>0

the two x-intercepts). d A > 30
When x = 15,
A = 15(60 — 30) = 450 m> 57
4
2 A = x(10 — x); Maximum area = 25 m? 31
2 -
3 E = 400(x — 22) 1
0 . >

0 5 1015 20 2530 x

. >
0! 05 1%

b Zero efficiency rating when x = 0
and 1

¢ Maximum efficiency rating is at the
vertex where x = 0.5

d E > 70 when 400x — 400x* — 70 > 0
ie {x: 023 <x <0.77}

a If x cm = length of the rectangle, then
2x+2w =68, .. w=34—x
A=Iw=x34—-x)=34x—-x?

b i Maximum height = 5.5 m

ii Wheny=2,x=15+5V7
(x=19mor 28.1 m)

iii y-intercept = 1, so it was struck
1 metre above the ground.

6 The x-intercepts are 0 and 1.5

Soy=ax(x—-1.5)

A is the point (0.75, 0.6) so:
0.6 = a(0.75)(0.75 - 1.5)

3 9

5= 1"
Soa=-16
16,8
TR
:——’b:—, :0
=715 5°¢
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7 a s=at* +bt+c b SA

900a +30b+c=72...(1) hundreds of
22500a + 1506 + ¢ = 12.5...(2) thousands

90 000a + 300b + ¢ = 6. (3) dollars =
(2) — (1) gives 21600a + 120b = 5.3

3) — (2) gives 67500a + 150b = —6.5
Using a CAS, the solution is:

7 41 53 . .
a= -b = ‘c = ¢ i t=180,s=12.36, so spending is

_ . C= —
21 600 400 12 estimated at $1 236 666.

>
354.71 t(days)

ii =350, s =0.59259, so spending
is estimated at $59259

126



Solutions to Technology-free questions

1 a

b

81 0)\?2
249 _:( _)
)C+)C+4 )C+2

x>+ 18x+ 81 = (x+9)
xz_‘_‘x+i-(x_%)2
5725 5

x> +2bx + b* = (x + b)?
9x> —6x+1=0Bx—-1)?

25x% +20x + 4 = (5x + 2)?

-3(x-2)=-3x+6

—a(x —a) = —ax + a*

(7a - b)(7a + b) = 494> — b*
(x+3)(x—4)=x"+3x—4x - 12
=x—x-12

Qx+3)(x—4)=2x>+3x—-8x—12
=2x*-5x—-12

(x+y)(x—y) = x* =y

(a - b)(a* + ab + b*)
=a —a’b+a’b —ab* + ab* - b*

:a3_b3

(2x + 2y)(3x +y) = 6x + 6xy + 2xy + 2y°

= 6x° + 8xy + 2)°

Ba+1)a-2)=3a*+a—6a-2
=3¢>-50-2

J

=

(x+y)* = (x—y)*
=((x+y) = (x =X +y) +(x =)
= (2y)(2x) = 4xy

ulv+2)+2v(l —u)
=uv+2u+2v-—2uyv

=2u+2v—uy
Bx+2)(x—4)+(@d-x)(6x-1)
=CBx+2)(x—4)+ (x—4)(1 -6x)
=(x-4DHBx+2+1-06x)
=(x—-4)3-3x)
=-3x*+15x - 12
4x-8=4(x-2)

3x% + 8x = x(3x + 8)

24ax —3x = 3x(8a — 1)
4-x*=2-x2+x)
au+2av+3aw = a(u + 2v + 3w)

4a*b* - 9a* = a*(4b* — 94d*)
= a*(2b - 3a)(2b + 3a)

1 —36x%a® = (1 — 6ax)(1 + 6ax)
CHx-12=x+4x-3)
P+x-2=x+2)x-1)

232 +3x-2=2x-D(x+2)
6 +7x+2=0CBx+2)2x+1)
382 -8x-3=0Cx+ D(x-3)
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3x2+x-2=0Bx-2)(x+1) g 2% -5x-3=0
2x* —6x+x-3=0
2x(x = 3)+(x=3)=0
(x-3)2x+1)=0

6a>—a-2=Ba-2)2a+1)

6x2 —Tx+2=0Bx-2)2x-1)

P2 —2x-15=0 x=3orx=-7
(x=35)(x+3)=0 h 1222 —8x—15=0
bl S 1222 — 18x + 10x— 15 =0
¥ —-9x=0 6x2x—-3)+52x-3)=0
x(x=9)=0 6x+52x-3)=0
_ _ 3
x=0o0rx=9 x=-zorx=>
2— =
22— 10x+12=0 i T 120

22 =5x+6)=0
x-3)(x-2)=0

522+ 12x—5x—-12=0

x(5x+12) = (5x+12) =0
Gx+12)(x=1)=0

2 _ _ 95 — 12

x"—24x-25=0 x=lorx=——

x=25)(x+1)=0

x=3o0rx=2

5

x=250orx=-1 Say:2x2+3

32 +15x+18=0 Y
3(x*+5x+6)=0

+3)(x+2)=0

(x+3)(x+2) 4.3
x=-3orx=-2 O| > X

X —12x+36=0
x=6)(x-6)=0
x=6

c y=2(x-2%+3
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y h y=2Q2-x?+3
(0, 11)

23 2,3)
0f g 0]

d y=2(x+2)>2+3

0 6
(3,9

cy=x>-8x+4

=x’—8x+16-12
Ly=(x—-4)72-12

g y=3x-2)
y

(0, 12)

0] (2,0 (4,-12)

d y=2x"+8x-4

=2(x* +4x-2)
Ly =2 +4x+4-6)
Ly=2(x+272-12
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ii

iii

y=-3x*-12x+9
= -3(x* +4x - 3)

= 3(x*+4x+4-7)
Ly =-3(x+2)*+21

y=-x>+4x+5
Ly=—(x*—4x-75)

Ly=—(x*—4x+4-9)

Ly=—-(x-2)%+9
y

2,9

y-intercepts are at (0, ¢) in each case;

x-intercepts are where the factors
equal zero.

The axis of the symmetry is at

X =

2a

The turning point is on the axis of
symmetry with the y-value for that

point.

y:x2—7x+6:(x—6)(x—1)

i (0,6),(6,0) and (1,0)
b 7

11 x:—Z:E
7 25)

i Turng - t(_,_
iii Turning point at| =, ——

7 25
27 4

2 _x+12

b y=—x
= —(x*+x-12)
= —(x+4)(x-3)
i (0,12),(~4,0) and (3, 0)
b 1

fiox=——=—=

2a 2

i Turni - t( 1 49)
ili Turning point at (——=, —
gp 7

cy=—x>+5x+14
= —(x* - 5x—14)
=—-(x=-7(x+2)

i (0,14),(-2,0) and (7, 0)
b 5

11 X:—ZZE

iii turning point at (é E)
&P 24
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d y=x>-10x+16=(x-8)(x—-2)

i (0,16), (2,0) and (8,0)

b
il = —— = 5
n x 2

iii turning point at (5, -9)

e y=2x>+x-15=2x-5)(x+3)

i (0,-15), (g o) and (=3, 0)

ii b !
XxX=-———=——
2a 4
T ) t( 1 121)
lll n1n 01n at|—, —
ur gp 4 8

f y=6x>-13x-5=Bx+1)2x-5)

i (0, 5)( )and(—%,O)

Lo b 13
YT T2

T ) t(13 289)
iii Turning point a YT

g y=9x2-16=0Bx-4)(3x+4)
, 4
i . 16)( )and(—5 o)
b
il =—— =0
) | B % 2a

ili Turning point at (0, —16)

h y=4x2—25=2x-5)2x+5)
5
i 0. 25)( )amd(—E o)
. b
i x= 2a_0

iii Turning point at (0, —25)

8 Gp—-Dx*—4x+2p—1
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A=16-42p-1)5p-1)
=16-4(10p* -Tp+1)
=16 —40p® + 28p — 4
=12 —40p” + 28p
= —4(10p* - 7p - 3)
=-4(10p-3)(p- 1)

3
A:O:p:—morpzl

9 a ¥*>x

ox-x>0
ox(x-1)>0

S x<0Qorx>1

b (x+2)* <34
o (x+2°7-34<0
& (x+2- V3)(x+2+ V34 <0
& -2-Vd<x<-2+ V34

¢ 3% +5x-2<0
&3 +6x-x-2<0
©3x(x+2)—-(x+2)<0
© (x+2)3x-1)<0

o -2<x<

W | =

d -2x°+13x>15
e 2 +13x-15>0
o -2x¥° - 13x+15)>0
e 2x* - 13x+15<0
S 2x-3)(x-5<0

3

© -—<x<5
3 X

10 x =

—b + Vb2 —4ac

2a
a x>+6x+3=0
. —6x V3612
SoXx= >
—-6+2V6
_6£2V6_ .. g

x = —0.55, —5.45 from calculator

X+9x+12=0

-9+ V81 —48
SoX=
2
-9+ 33
x = —1.63, —7.37 from calculator
Z—4x+2=0
4+ V16-8
X = —
2
=2+ V2
x = 3.414, 0.586 from calculator
2x2+7x+2=0
- V49 — 16
B 4
-7+ 33
4
x = —0.314, —3.186 from calculator
2x2+7x+4=0
Sox =T+ V49 - 32
=717
=—F
x =-0.719, -2.7816 from calculator
3x249x-1=0
-9+ V81 +12
SoX =
6
-9+ 93

6
x = —0.107, 3.107 from calculator

11 y=a(x-b)(x—c)

132



12

13

14

15

Assume the graph cuts the axis at (0,0)

and (5,0),b=0andc =5

Using (6, 10): y = ax(x —5) = 10
sax’ =5ax—10=0

36a —30a—-10=0

6a—-10=0
a—§
3

y=§x(x—5)

A parabola has the same shape as
y= 3x2, but its vertex is at (5,2).
y=3(x-57+2

Cm—-3)x>+Gm—-Dx+GBm—-2)=0
A=0Gm-17?-4x2m-3)3m-2)

=25m* — 10m + 1 — 4(6m* — 13m + 6)

=m* +42m — 23
= m? +42m + 441 — 441 - 23
= (m +21)* — 464

A>0e (m-21)>-464>0

& m+21-4V29)(m+21+4V29 >0
e x<-21-4V290orm> -21+4V29

Let a and b be the numbers.
a+b=30..b=30-a

P =ab=a(B30-a)

Maximum occurs when a = 15.
Maximum product is 225

The vertex is at (1,5).
Ly=alx—-172+5
Using (2, 10):
y=a-1?+5=10

La=>5

Ly=5(x-172+5
ORy=5x>-10x+ 10

16 a y=2x+3andy = x> meet where:

2=2x+3,..x2-2x-3=0
L(x=-3)x+1)=0

Where x = 3,y = 9; where
x=-1,y=1

Curves meet at (3,9) and (-1, 1).

b y=8x+ 11 andy = 2x*> meet where:
2x% = 8x + 11

Lx=2x>-8x—-11=0

L8 V64 + 88
B 4
V38
.'.)C:ZiT
38
Wherexzz—g,y:m—m/ﬁ
V38

Wherex:2+7,y:27+4\/§
From calculator: curves meet at
(—1.08,2.34) and (5.08,51.66).

¢ y=3x?>+7xand y = 2 meet where:
3x°+7x=2

32+ 7x-2=0

-7 + V49 - 24
JoX =

6

-7+ V73

SoX = —
-7+ V73

Curves meet at e 2).

From calculator: (0.26, 2) and
(-2.62,2)

d y=2x?andy = 2 — 3x meet where
2x% =2 -3x
S 2x2+3x-2=0
L2x-D(x+2)=0,..x= %,—2
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17

18

a

11
Curves meet at (5’ E) and (-2, 8).

Equation is of the form
y=k(x+4)(x-1)
When x = -1,y =—-12
Hence, —12 = k(3)(-2)
k=2
Ly=2x+4x-1)

Equation is of the form
y=a(x+1)>+3
Whenx =1,y =-5
Hence, -5 =a(4)+3
Soa=-=2
Ly=-2x+1)?%+3

Equation is of the form
y=ax>+bx-3
Whenx =1,y =-3
SL=3=a+b-3...(1)
When x = -1,y =1
Sl=a-b-3...(2)
Simplifying the equations
a+b=0...(1")
a-b=4...2")
Add(1”) and (2")
2a =4
a=2,b=-2

Ly=2x*-2x-3

19

20

S =9.42r7 + 6(6.28)r = 125.6
594217 +37.68r —125.6 =0

. ~37.68 + +/37.682 + 4(125.6)9.42
T 2(9.42)

V6152.4
18.84

Lr=-2+

Sincer > 0,

V6152.4
18.84

F=-2+ =2.16m

a 2x* +mx + 1 = 0 has exactly one
solution where A = 0:
A=m*-8=0,..m*=8
m=+22

b x*> — 4mx + 20 = 0 has real solutions
where A > 0:
A=16m>-80>0
m> =5
Solution set:
{m:m< —5}Nn{m: m> V31

y = x>+ bx

a Wheny=0,x(x+b)=0
x=0orx=-b

b Completing the square
b b
y=x>+bx+———

4 4

b\> b2
Ly=lx+=] - —
Y (x 2) A

b b
The vertex is at | ——, ——
everex1sa( > 4)

c X>+bx=x

ixX2+b-Dx=0
Sx(x+(Bb-1)=0
Sx=0o0orx=1-b

134



The coordinates of the points of when b = 1.

intersection are
(0,0) and (1 — b, 1 — b) iii There are two points of

intersection when b # 1.
ii There is one point of intersection
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Solutions to multiple-choice questions

1 A 128 +7x-12=(Bx+4)(4x-3)

2 C x*-5x-14=0
L (x=Tx+2)=0
Sox=-=2,7
3C y=8+2x—-x°
=9—-(x*-2x+1)
=9-(x—1y

Maximum value of y is 9 when x = 1

4 E y=2x>—kx+3

If the graph of touches the x-axis

then A = 0:

A=(-k?-24=0

L kr=24

S k=+V24=+26
5B ¥ —=56=x

L xr—x=-56=0
Sx=8)x+7)=0
Sox=-7,8

6 C x+3x-10
A=32+40=49

7 E y=3x+6x-1
=3x+6x+3-4
=3(x+1)> -4

8 E

TP is at (—1, —4).
552 —10x -2
=5 -2x+1)-7
=5(x-172-7

9 D If two real roots of mx2 + 6x—3 =0

10 A

11 B

12 E

13 D

exist, then A > O:

A=6%+12m=12(m+3)

m> -3

6x%> — 8xy — 8y?
= (Bx+2y)2x —4y)

2 2
) a a

y=x"—-ax+———

4 4

(-9)-4
=|lx-—=|-—
y 2) 7

a
Theref rtex [ =, ——
erefore ve ex(z, 1
2> b2
(x=b)(x+b)>0

But b < 0 and therefore —b > 0

)

x=-b)(x+b)>0 x>-borx<b

A =44 - 4b
One solution when A = 0
Lat=b

a==+Vb
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Solutions to extended-response questions

9
1 a The turning point (h, k) is (25, 5)

When x = 0,

Hence the equation for the parabola is y =

y:a(x—25)2+2

y=0

2

O=a(0—25)2+2

9
0 =625+~
a+2
—9
6250 = —
=3
9
4= 1250

2

-9
1250

9
(x =257+ E,forO < x <50.
This can also be written as y = —0.0072x(x — 50) [the intercept form].

X

0

5

10 15 20

25

30

35

40

45

50

Yy

0

1.62

2.88 | 3.78 | 4.32

4.5

4.32

3.78

2.88

1.62

0

You can find these values using a CAS calculator, or:

When x = 10, y = _—9(10 257 + =

When x =20, y =

1250
-9 9
= 1350 X 225 + 3
81, 225
50 50
144
50
72
25
=2.88

1250

9
2

_—9(20 ~25)% + 2

2

137



Whenx:30,y=ﬁ(30—25) +§ 5
-9
- Z 4 4
250 <23
- 4.32 37
When x = 40, y= TSO(LI-O — 25) E N
-9 9
= —— X225+ =
1250 % " 2 0 T T T T Te—» X
—2.88 0 10 20 30 40 50
-9 9
heny = —252% + 2 =
When y = 3, 125O(x 5) +2 3
-9
—25)% =
250" =)
-3 —-1250 625
—25)2 = = =
(x=125) > X 9 3
625
—25=44/—
X + 3
25
x=25+ 3\5

x~ 10.57 or x =~ 3943

Hence the height of the arch is 3 m above water level approximately 10.57 m and
39.43 m horizontally from A. This can also be solved using a CAS calculator.

-9 9
When x = 12,y = ——(12 - 25)* + 3

1250

-9 9
= % X 169 + E = 3.2832

The height of the arch is 3.2832 m at a horizontal distance of 12 m from A.

The greatest height of the deck above water level, 7 m, is Y/ (147, h)

when

x+03=15and x-0.3 =35

i.e. when x = 14.7 and x = 35.3
g 9 2,9
..h—ﬁ(14.7—25) +5 R

= 3.736152 0 15 35 50 x

Hence the greatest height of the deck above water level is approximately 3.736 m.
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2 a If x cmis the side length of the square then 4x cm has been used to form the square,
so the perimeter of the rectangle is P = 12 — 4x.
Let a cm be the width of the rectangle and 2a cm be the length of the rectangle,

SO P=a+a+2a+2a=6a
6a =12 —4x

2 4
a:2—§x and 2a:4—§x

2 4
Hence the dimensions of the rectangle are (2 — gx) cm X (4 - §X) cm.

b Let A; be the area of the square and A, be the area of the rectangle.

2 4
.'.A:A1+A2:x2+(2——x)(4——x)

3 3
=X +8—-—x- —x+§x2
3 3 9
17 16
= ?XZ - ?X +8
Hence the combined area of the square and the rectangle in cm? is defined by the
17 16
rule A = gxz — ?x + 8.
¢ TP occurs when x = ——
2a
16 34
379
24
17
. 24
Minimum occurs when x = e
24 96
Wh =—, 4x=—=x5.
en x 7 X 7 5.65
108
and 12-4x=— = 6.35
17

Hence, the wire needs to be cut into lengths of 5.65 cm and 6.35 cm (correct to 2
decimal places) for the sum of the areas to be a minimum.

V = rate X time
Whenx =5, V=02x60=12
When x =10, V=02x60x5 =60
Whenx=0, V=0
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.. ¢ = 0 (y-axis intercept is 0)

V =ax®+ bx

Whenx =5, V=12, 12=25a+5b (1)
When x = 10,V = 60, 60 = 100a + 10b )
2% (1) 24 = 50a + 10b (3)
2)-03) 36 = 50a
30 _18
50 25
Substitute a = % in(1) 12 =25x ;—i +5b
12 = 18 + 5b
5b=—6
6
b=-3

18 6
Hence, the rule for V in terms of xis V = gxz—gx, x>0,0rv=0.72x>-1.2x

b When x = 20 (i.e. a depth of 20 cm),
18 6

V =—(20)" - =(20

25( ) 5( )

18 x 400
=——-24
25

=18x16—-24 =264

Now V = rate X time

. \%
time = —
rate

264
= 02 = 1320 minutes

= 22 hours

Water can be pumped into the tank for 22 hours before overflowing.

4 a Using Pythagoras’ theorem A
PA? =52+ ¥° 3
_ 2
=x"+25 pb > p
. PA= Vx2+25
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b 1 PC=BC-BP

=16—-x
ii Using Pythagoras’ theorem D
D? = (16 — x)* + 32 3
= x> —32x +256 +9
o C
6 x

. PD = Va2 —32x+265

¢ If PA = PD, Va2 +25 = Va2 —32x + 265
X% +25 = x* —32x + 265
25 = —32x + 265
32x = 240
x=175

d If PA =2PD, Va2 +25 = 2 Va2 — 32x + 265
X%+ 25 = 4(x* — 32x + 265)
= 4x* — 128x + 1060

3x2 —128x+1035=0
Us1ng the general quadratic formula,
128 £ /(—128)% — 4(3)(1035)
- 2(3)
128 + V3964
6

128 £2 v991
6

64+ V991
B 3
=31.82671... or 10.83994 . ..

~ 10.840 (as 0 < x < 16)

e If PA = 3PD, Va2 +25 = 3Vx2 = 32x + 265
X% +25 = 9(x? — 32x + 265)
= 9x” — 288x + 2385
8x% — 288x + 2360 = 0
8(x* — 36x +295) =
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5

a

Using the general quadratic formula,

L 36= V(=36)2 — 4(1)(295)

2(1)
36+ V116
- 2
— w =18 + V29

=23.38516... or 12.61583. ..
~ 12.615(as0 < x <16)

Note: Parts ¢, d and e can be solved using the CAS calculator. Plot the graphs of
ST = (x"2+25), f2 = (x"2 = 32x + 265), 3 =2 % f2(x) and f4 = 3 X f2(x)
for

x € [0, 16]. The points of intersection of f1 with each of the other graphs provide the
solutions for x.

i Consider AB and CD to be a pair of Cartesian axes with O at the point (0, 0).
The first jogger is at the point (87, 0) at time 7. The second jogger is at the point
(0,107 — 5) at time t.

Using Pythagoras’ theorem
y* = (8t)% + (101 — 5)° 81 y

= 64¢> + 100£2 — 100t + 25

10t-5

.y = V1642 — 100t + 25

ii

iii On a CAS calculator, enter solve(\/(164x"2 —100x + 25) = 4, x).
9 1
The points of intersection are (ﬁ 4) and (5 4).
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Therefore joggers are 4 km apart after 0.11 hours (1.07 pm), correct to 2 decimal
places, and after 0.5 hours (1.30 pm).

Or consider V16412 — 100t +25 = 4
16472 = 1006 +9 =0

. _ 100+ (=100)% — 4(9)(164)
B 2(164)

100 + V4096
328
100 + 64
328
1 9

2501’5

iv With the graph from part ii on screen
TI: Press Menu—6:Analyze Graph—2:Minimum
CP: Tap Analysis— G-Solve—Min
to yield (0.30487837, 3.12 4752).
Therefore joggers are closest when they are 3.12 km apart after 0.30 hours,
correct to 2 decimal places.
Alternatively, the minimum of V16472 — 100¢ + 25 occurs when
164> — 100z + 25 is a minimum.

100
= 2% 164

This occurs when

25
= 8—2(1.18 pm)

20
.. minimum distance apart = ——
Va1
_20V41
41
~ 3.123 km
b i Wheny=35, 5= V1642 - 100t + 25

25 = 164> — 100t + 25
16472 — 100t = 0
41417 = 256) =0

r=0 = —
AR
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ii Wheny = 6, 6 = V1642 — 100t + 25
36 = 1647 — 100z + 25

: 164> — 100t - 11 =0
Using the general quadratic formula,

. 100+ V(=100)2 — 4(164)(-11)

2(164)
100+ V17216 25 +2V269
B 328 B 82

BC = x,CD =y, BD = diameter of circle = 2a
Using Pythagoras’ theorem,

BC? + CD* = BD?
2

X+ y2 = 4a-, as required.

Perimeter = b, but perimeter = 2(x + y)

20x+y)=b

2x+y)=>b L2x+2y=0b
2y =b—2x

1
y:Eb—x (D

Substituting (1) into x* +y? = 4a® gives

1 2
x° +(§b—x) = 4a?

1
2x% — bx + sz — 44> =0 (2)

8x% — 4bx +b* — 164> = 0

1
Now x +y > 2a .. using (1), x+(§b—x) > 2a

1
§b>2(l

b > 4a

Considering the discriminant, A, of (2)

A = (=b) - 4(2)(}#;2 - 4a2)

1
yr 8(1192 - 4a2)
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=b> - 2b% + 324°
=32a%> - b?

For the inscribed rectangle to exist, A > 0

L3242 -b2 >0

b* < 324°
b <4V2a

s 4a < b <42a, as required.

i Substituting a = 5 and b = 24 into (2) gives

ii

222 — 2dx + (%(24)2 - 4(5)2) ~0

2x* —24x+44=0
K —12x+22=0

Using the general quadratic formula,

e 12 + /(—=12)2 — 4(1)(22)

2(1)
12 + V56
= ===
=6+ V14
1

Now y:Eb—x

1
=54 ~x=12-x

Whenx =6+ V14, y=12—-(6+ V14)
When x = 6 + V14, y:6—\/ﬁ
Whenx=6- V14, y=6+ V14

If b = 4V2a, then (2) gives
2% — 4\2ax + (3(4 \/za)z —44d*) =0
2x% — 4 2ax + 8a% — 4a* = 0
2% —4\2ax +4a*> = 0

¥ —2V2ax +24* =0
(x - V2a)* = 0
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x:\/ia

1
y:Eb—x

=2V2a - V2a
= V2a

f If]2 =5, then b = 5a and, from (2):
a
1
222 — (5a)x + (Z(Sa)z - 4a2) )
25
2x% — 5ax + (Za2 — 4a2) =0

9
2x% — 5ax + Zaz =0

Using the general quadratic formula,

S5a + \/(—50)2—4><2X§a2

e 22)
_Sa+ V25a? = 18a?
B 4
_Sai\ﬁa
B 4
N lb
ow ==-b—x
=2
1
ZE(Sa)—x
5
=—-a-x
2
5a + Va 5 5a + Va
h = — = —qQ - —X X
When x 7 ,y 2a 1
5 7 Sa—- V7
When x= 4% V1a _5a- Via
4 4
- V7 7
When x = 2= VTa _ Sa+ Via

g The following program can be input into a CAS calculator to solve equation (2) in
part ¢ for x and y, given a and b(a, b € R), correct to 2 decimal places.
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a

b

TI: In the calculator
application press
menu—9:Functions &
Programs— 1:Program
Editor1:New. Name the
program progl. The following
information is shown
automatically. Complete the
screen as follows: Complete
the screen as follows:

1.1

prog’ 01
Define LibPub prog1(]= &
Prem
EndPram

™

!

Define LibPub progl () =
Prgm

setMode(5,2)

setMode(1,16)

Local a,b,w,x,y,z

Request "a =",a

Request "b=",b

(b ++/(32a"2 = b"2))/4 — x
b/2-x—>Yy

(b— \/(32aA2 -b"2)/4 - w
b/2—-w—>z

Disp "x=",x

Disp "and y=",y

Disp "OR"

Disp "x=",w

Disp "andy =", z

EndPrgm

Equation of curve A is
y=(x—-h)?+3
0,4):4=(0-h)*+3

=1

h =1 (since h > 0)
Soy=(x-12+3
=x>-2x+4
Givingb = -2,c=4andh =1

i The coordinates of P’ are (x, —6 + 4x — x?)
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ii Let (m, n) be the coordinates of M.

m=x
(x> = 2x+4) + (=6 + 4x — x?)
and n=
2
2x =2
= X =x-1

2
.". the coordinates of M are (x,x —1).

iii The coordinates of M for x =0, 1,2, 3,4 are (0,-1),(1,0),(2,1),(3,2) and (4, 3)
respectively.

iv y = x — 1 is the equation of the straight line on which the points (0, —1), (1, 0), (2,
1), (3, 2) and (4, 3) all lie.

c id=0>-2x+4)—-(-6+4x—-x») =2x>-6x+ 10

i A

(0, 10)

(1.5,5.5)

iii

9 9
Consider  2(x% —3x+5) = 2(x2 ~3r4 -4 5- Z)

312 ] 32 ]
((x 2)+4) (x 2)+2

.. minimum value of d is 5 and occurs for x =

| W

8 a Length of path = /(60 + 30)2 + (30 + 15)?
= V10125
=455
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b

iy=ax>+bx+c

At (=20,45), 45 = 400a — 20b + ¢ ()
At (40, 40), 40 = 1600a + 40b + ¢ 2)
At (30, 35), 35 =900a + 306 + ¢ 3)
(2) — (1) gives -5 =1200a + 60b 4
(2) — (3) gives 5 =700a + 10b %)
6 X (5) — (4) gives 35 = 3000a
_35 7
, = 3000 ~ 600
Substituting a = 500 into (5) gives:
7
=700 — 106
5 00(600) +10
49
=— +10b
Z +
-19
10b = —
6
-19
b=——
60
Substituting a = l and b = _—19 into (1) gives:
£4= 500 =760 gives:
7 -19
45 = 400 — | — 20( —=
> 00(600) O( 60 )+ ¢
14 19
=3 + 3 +C
c=34
7 , 19
= —xX*— —x+34
Y= 500" g0t T
ii
7 19 7 190 20400
4 B 4= ( 2
Consider 600x 6Ox+3 600x 7 7
B L((x_ %)2 | 133775
~ 600 7 49
_l( _%)2+5351
T 600\ 7 168
95

.. minimum value is

and this occurs when x = =
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c d A
A B
(20, 45) (40, 40)
D
| (60,30)
y:zx _
0] X

C (30, -15)

d i The expressiony = (ax® + bx + c) — %x determines the distance, perpendicular to
the x-axis, between y = ax*> + bx + cand y = %x at the point x. In this question, it
is the distance between the path and the pond.

ii

Consider %2)—%+34—%:%—469—;+34
:6(7)_O(x2_70x+20400)
- 6(7)—0(x2 ~70x+ 1225 + “825)
:6(7)—0(x—35)2+%

47
.. minimum value is 2—43 which occurs when x = 35.
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Chapter 4 — A gallery of graphs

Solutions to Exercise 4A

1
1 a y=—;asymptotesatx =0andy =0
X

y
A

> X
\i

2
b y=—;asymptotesat x =0andy =0
X

J

N
1
cy=—;

2x
y=0

asymptotes at x = 0 and

—~

3
d y=—;
X

y=0

_/

A

asymptotes at x = 0 and

1
e y=—+2;asymptotes at x = 0
x

and y = 2 x-intercept where

1 1
=—+4+2=0,".x=—=
Y X o 2

1
f y=— —3;asymptotes at x = 0 and
X

y = =3 x-intercept where
1 1

=—=-2=0,..x=—
Y X X 3
y
A
o\_'x

2
g y=— —4; asymptotes at x = 0 and
X

y = —4 x-intercept where
1
= — — 4 = 0, = =
y=s r=5
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1
h y= 5y +5;
X
asymptotes at x =0andy =5

x-intercept where

1
y=——=—+5=0...x=0.1
2x

r
) 1
iy= 7 ; asymptotes at x = 1 and
x_
y=0
1
y-intercept where y = 0-1°- -1
y
A
I
I
|
-
0] 1 -
1 :1
\.
I
N
1=
Asymptotes at x = =2 andy = 0
1 1
-intercept wh = = ——
y-intercept where y 012 5
y
A
Ji
I
|
| 0
_2I [—— > X
LN
T
|

1
k y=——+3;
Y x+1
asymptotes at x = —1 and y = 3
x-intercept where

1
+3=0
x+1

1
x4+ 1

y:

=-3

1
Lx+l= —=
o 3

4

LX= -

. 3
y-intercept where

1
=——+3=4
Y 0+1
y

A

2
I y=- - 4;
Y x—3

asymptotes at x =3 and y = —4

=) wrp

x-intercept where y = —— — 4
) x-3

X —

=4
1

2

R

DRl PWw

X =
y-intercept where

10
— = _4=__
YT T0-3 3

L
>

2 Answers given in question 1

=0
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3 a The graphofy = 3 can be
X
obtained by translating the graph of

1
y = — two units to the left.

X
The equations of the asymptotes are
x=-2andy=0.

1

When x =0,y = —

Y 6 1

A d The graph of y = can be

: 2x+1
B | obtained by translating the graph of

x=-2 (05 6) 1

—_— y = o half a unit to the left.

X
The equations of the asymptotes are

1
=——andy=0.
X 2any

Whenx =0,y =1
y

can be

3
b The graph of y =
) 2x +
obtained by translating the graph of

x=-

B —

|
y = — two units to the left. : g; X
The eéuations of the asymptotes are : 0
x=-2andy = 0. I
When x =0,y = 3 !
4

y

A 4 a 3 ! = ! I
x=-2 (0, 3) X 3(x+3) |

%x Translate the graph of y = i one

third of a unit to the left.
When x =0,y =1
Theequations of the asymptotes are

can be

1
c Thegraphofy:2 x:‘gandyzo

X
obtained by translating the graph of 4
-1
y = — two units to the left. Y= _%
X
The equations of the asymptotes are ) .
0

I

|

x=-2andy = 0. :
1

When x = 0,y = —~ I

4 |

b Translate the graph of y = one

. o 3xxl
unit in the negative direcion of the

y-axis.
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1
Wh =0,——-1=0
1eny 3x+1
-1=0
3x+1
1
=1
3x+1
3x+1=1
x=0

The equations of the asymptotes are

Reflect the graph of y = el in
X
the x axis and translate the image,
1

y=- one unit in the negative
o 3x+1 )
direcion of the y-axis.

When x =0,y = -2

Wh =0, - -1=0
ei‘y 3x+1
- -1=0
3x+1
1 —
3x+1
3x+1=-1
2
X=—=

The equation of the asymptotes are

d Reflect the graph of y =

in the
) 3x+1
x axis. When x =0,y = -2

The equation of the asymptotes are

Translate the graph of y = e 1
X
four units in the negative direcion of

the y-axis.
When x =0,y = -6

Wh =0, - -4=0
e;y 3x+ 1
- -4=0
3x+1
1
_ =2
3x+1
6x+2=-1
1
X:—E
The equation of the asymptotes are
1
=——andy=—4.
X 3 andy
Translate th hofy= —
ranslate the graph of y = =——

three units in the positive direcion of
the y-axis.
When x =0,y =1

2
When y = 0, —
ny 3x+ 1

+3=0
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3 3 1

3X+12 3X+4_3@+%)_3x+§
il Tr.anslate' th? graph of y' = ;.fou.r
thirds units in the negative direcion of
9x+3=2 . . .
the x-axis and one unit in the negative
X = _é direction of the y—a)lcis.
The equation of the asymptotes are When x =0,y = ~1
3
Wh =0, -1=0
;ny 3x+4
-1=0
3x+4
3
=1
3x+4
3x+4=3
1
xX=-=
2 2 The equation of the asymptotes are
= 4
3x+2 3(x+%) x=--andy=-1.

Translate the graph of y = 3% two
thirds units in the negative direcion of
the x-axis and one unit in the negative
direction of the y-axis.

When x =0,y =0

Wh =0, -1=0
;ny 3x+2
-1=0
3x+2
2
=1
3x+2
3x+2=2
x=0

The equation of the asymptotes are
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+2 8 a

6 RHS =
X+

1+ 2(x+ 1)
B x+1
_ 2x+3

x+1
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Solutions to Exercise 4B

1 =—
AN
Asymptotes at x = =3 andy =0
1
y-intercept where y = 0137 =3
y
A
I
I
I 1
I\ 9
| T—— » x
=31 0
I
I
I
1
b y= ; -4

Asymptotes aty = —4 and x = 0

1
x-intercept wherey = — =4 =0

1 1 x
R
A=, X >
y
0 > X
—41
e vo 1
R
Asymptotes at x =2 andy =0
1
y-intercept where y = —m =
1
4

1
dy:z;tTﬁ+3
Asymptotesat x = 1 andy = 3

No x-intercepts: ——— + 3 > 0 for
(x= 1)
all x
y-intercept where y = 017 +3=4
Y
A
I
I
I
I
4/
] R ———
3 1
: > X
0 11
I
I
1
=—7-4
€ YT 23y
Asymptotes at x = =3 and y = —4
1
x-intercepts: y = m -4=0
SLx+3= il V2
4
1
Lx=-3x-V2
4
intercept at 4 7
-1 [ = —
Y Prat50+3)2 18
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fy=-—" 41
YE oyt

Asymptotesat x =2 andy = 1
+1=0

x-intercepts: y = —

> <

(0-2)

(x=2)?

- ~6
Y= +32

Asymptotes at x = =3 and y = —6

x-intercepts: y =

m_

Lx+3=

u+3y_6

17
y-intercept at 0132 =-3

h y=-———=+2
(x—4)
Asymptotes at x =4 andy = 2
x-intercepts: y = —
. 1 —_—
C(x-4?

(x—4)

\9}

AN

SLox—4==

G ls

SoX =4+

. 1 31
y-intercept at —

y
A

Ryl R T

2 Answers given in Question 1.

1
3 a Whensz,y:%

Asymptotes at x = =2 andy = 0

0-22"° 16

+2=0
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3

b Whenx:O,y:E

Asymptotes at x = -2 andy =0

A

x==-2

1

c Whenx:O,y:—E

Asymptotesat x = =2 and y = 0

/

\
0

—» X

x=-2

1
(07 71_6)
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Solutions to Exercise 4C

1

a

v d v

2t (3,2 - >«

0| 3 " \‘\
The graph of y? = x is translated 3 The graph of y? = x is dilated by a

units to the right and 2 units up.
Wheny =0,x=7

factor of = from the y-axis and then
translated 5 units left. The vertex is at
(=5, 0). To find the y-axis intercepts,

y
V let x = 0:
>

‘ﬁ V' =2(5)=y==+10
- To find the x-axis intercept, let y = O:
0’ =2(x+5)=>x=-5

The graph of y? = x is translated

4 units left and 2 units down. The e Y
vertex is at (—4, —2). To find the 4+ 6
y-axis intercepts, let x = 0:
5 (=3.4)
= = — -6
+2)y=4=y 4or0 4 gl .
To find the x-axis intercept, let y = O: The graph of y* = x is dilated by a

) factor of 3 from the y-axis, translated
O+2y =x+4=x=0 3 units left and four units up. The
vertex is at (—3,4).

When x =0

(1.42)
-47=20)=>y=4xV6

X

To find the x-axis intercept, let y = 0:
(-4’ =2x+3)=>x=5

/i

The graph of y? = xis dilated by

a factor of = from the y-axis. The f

o)&

vertex is at (0, 0). To find the y-axis g >

intercepts, let x = 0:
0,-4)

Y =20)=y=0
. The graph of y? = x is dilated by a
To find the x-axis intercept, let 1
factor of — from the y-axis and 2

y=0: (O)2 =2x=>x=0 translated 4 units down. The vertex
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h

is at (0, —4). To find the y-axis
intercepts, let x = 0:

(V+4)P?=20)=>y=-4

To find the x-axis intercept, let y = 0:

(+4?=2x—->x=8

Factorise the righthand side first:
(y+3)* =2(x—2)
The graph of y? = x is dilated by a

factor of — from the y-axis, translated

2 units right and 3 units down. The
vertex is at (2, —3). To find the y-axis
intercepts, let x = O:

o +3)?=2(-2)

which means that there is no y-
intercept. To find the x-axis intercept,
lety = 0:

B3P =2x-2)=y=65

¥

4

LV

The graph of y? = x is dilated by

a factor of 2 from the y-axis. The
vertex is at (0, 0). To find the y-axis
intercepts, let x = 0:

y2 =0=y=0
To find the x-axis intercept, lety = O:

0=x=>x=0

Complete the square on the left hand
side and then factorise the right hand
side:  y?*+4y=2x+4 The

y2+4y+4:2x+8
(y+2) =2(x+4)
graph of y? = x is dilated by a factor

of — from the y-axis, translatedifij 4
units left and 2 units down.The vertex
is at (-4, —2). To find the y-axis
intercepts, let x = O:

(y+2P=24)>y=-2+1V2
To find the x-axis intercept, lety = 0:

Q)2 =2x+4) =>x=-2

¥

OT é/;_x
(-3,-3) 2
-3-V6

Move all the y terms to the left hand
side and all the x terms to the right
hand side.
Y +6y—2x+3=0
V2 +6y=2x-3

Complete the square on the left hand
side and then factorise the right hand
side:

V' +6y=2x-3

YV 4+6y+9=2x+6

(v+3)? =2(x+3)
The graph of y* = x is dilated by a
factor of 1 from the y-axis, translated
3 units left and 3 units down. The
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vertex is at (=3, —3).
To find the y-axis intercepts, let
x=0:

(+3?2=23)=y=-3+ V6

To find the x-axis intercept, let y = 0:

3P =2x+3)=>x=1.5

Move all the y terms to the left-hand
side and all the x terms to the
right-hand side.
y2 +y—x=0

V+y=x
Complete the square on the left hand
side.

Y Hy=x
1\? 1\?
2 o 2
y +y+(2) x+(2)
+12 +1
— =X —
) 1

1
The graph of y? = x is translated 7

1
units left and 3 units down. The

2
To find the y-axis intercepts, let

x=0:

1 1
ifijifijvertex is at (_4_1’ ——).

1) 1
(y+§) :Z:y:OOry:—l

To find the x-axis intercept, let y = 0:

1\ 1
(E) :x+Z:>x:0

0/))(

Move all the y terms to the left hand
side and all the x terms to the right
hand side.
V+Ty-5x+3=0

V' +T7y=5x-3
Complete the square on the left hand
side and then factorise the right hand

side:
V' +Ty=5x-3
2
7 37
2
+7y+|=| =5x+—

3] =5+

The graph of y? = x is dilated by a

factor of 3 from the y-axis, translated
37 7
0 units left and 3 down.
7
Th texisat|——.— = |.
everex1sa( 0 "3
To find the y-axis intercepts, let x = 0

+zz—53_7:> —_Z+ﬁ
YT3 220/ T YT T2 2

To find the x-axis intercept,let y = O:

AN A W
2) =2\ 20) T 75
y
N}x
/‘0
The graph of y? = x is reflected in the
y axis. The vertex is at (0, 0). To find
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the y-axis intercepts, let x = 0: 2 a
2 _ _
y=0=>y=0
To find the x-axis intercept, let y = 0:

0=x=>x=0

y
OR
> X

L-D

Move all the y terms to the left hand
side and all the x terms to the right
hand side. y* + 2y —x = 0
y2 +2y=x
Complete the square on the left hand
side. V +2y=x
V+2y+1=x+1
G+1)?=x+1
The graph of y? = x is translated 1 ¢
unit left and 1 unit down. The vertex
is at (—1, —1). To find they-axis
intercepts, let x = 0:

O+1)P¥=0+1=x=00rx=-2
To find the x-axis intercept, let y = 0:

(1P =x+1-x=0
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Solutions to Exercise 4D

1 ay=2+vx+3;{x:x >0}
No x-intercept; y-intercept at (0,3)
y is defined for {y: y > 3}

b y=Vx-2+3; {x: x >2}
No axis intercepts
y is defined for {y: y > 3}
Starting point at (2,3)

cy=Vx—-2-3; {x: x 22}
x intercept where Vx—2 -3 =0
SLoVx=2=3

x—=2=9
Lx=11

x-intercept at (11,0); no y-intercept.

y is defined for {y: y > -3}
Starting point at (2, —3)

11
/=x

d y=Vx+2+1;{x: x >-2}
x-intercept at (1 + V2, 0); no

y-interce

0

pt.

(2’ _3)

y is defined for {y: y > 1}
Starting point at (=2, 1)

(2.1 -

y
A

SEC

e y=—Vx+2+3; {x: x >-2}

> X

y-intercept at (3 — V2, 0)
x-intercept where — Vx+2+3 =0

L Vx+2=3
Lx+2=9

Sox=7

x-intercept at (7, 0)
Starting point at (-2, 3)
y defined for {y: y < 3}

y
A

(=2,3)

~

3-1\2

S~

0

7

> X
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f y=2vVx+2-3; {x:x >-2} x-intercept where V—(x—4)—-2=0

y-intercept at (3 — 2 V2, 0) LA—(x—4)=2
x-intercept wléere 2 Vx+2-3=0 L —(x—4)=4
Vxvi=3 ol
_ 9 x-intercept at (0, 0)
LX+2= 4 Starting point at (4, —2)
o1 y defined for {y: y > -2}
SX = 1 y
x-intercept at (4_1’ O) A
Starting point at (=2, —=3)
y defined for {y: y > -3}
> X
Y 0
A
(4,-2)
1
4
0// > x ¢ y=-2VCEIH-1; (xx <-4)
/ W2 -3 No axis intercepts.
273 Starting point at (-4, —1)
’ y defined for {y: y < -1}
y
ay=—Vx—24+3; {x: x >2} A
No y-intercept;
x-intercept where — Vx—-2+3 =0
SLVx—-2=3 0 > X
Lx=2=9 /(—4a—1)
Lx=11
x intercept at (11,0)
Starting point at (2,3) d y=2vV3-x
y defined for {y: y < 3} When x =0,y =2V3
y Wheny=0,x=3
A Starting point at (3, 0)
Defined for x < 3 and theny > 0
@ y
> X
0 IN 2V3
b y= V=4 -2 {x: x <4) 0] e

y-intercept at (0, 0)
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e y=-2V3-x
When x =0,y = -2V3
Wheny=0,x=3
Starting point at (3, 0) Defined for
x<3andtheny <0

\ 3

> X

A
0

/ ~2V3

f y=4Vv3-x-4
When x =0,y =43 -4
Wheny =0,x =2
Starting point at (3, —4)
Defined for x < 3 and then y > —4

3 ay= V3x; x>0
y-values y > 0
y

b y=+V3x-1); x>1
Graph of y = V3x translated 1 unit in
the positive direction of the x- axis.
x-axis intercept is (1, 0) y-values
y=>0

cy=—V2x x>0
y-values y <0

y
OT > X

dy=-v23-x x<3
The graph of y = — V=2 translated 3
units in the positive direction of the
X- axis
x-axis intercept (3, 0)
y -axis intercept (0, V6)
y-values y > 0
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e y=-2v42-x) x<2

y<0
y
VST
—-4V2
4 a
f y=4+423-x)-4 x<3 b
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Solutions to Exercise 4E

1 a

b

C0,0), r=3. x>+ =9
C0,0), r=4. x*+y*=16

C(1,3), r=5
L=+ (y-3)%=25

CQ2,-4), r=3
(=22 +(y+4)2=9

5
C(-3,4), r==
(=3.4), r=7

(x+3)2+(y—4)2:§

C(-5,-6), r=4.6
(X +5)+ (y+6) = 4.6

(x-1)2+(y-32=4
C(1,3), r=V4=2

(x-22+(Gy+4)32=5
C2,-4), r=15

x+32+(-2%=9
C(-3,2), r=V9=3

(x+52+(y-47>=8
C(=5,4), r= V8 =22

x> +y? =64
x-intercepts at (£8, 0)
y-intercepts at (0, +8)

8

dhus
_SQJS

-8

b x>+(y-4?%=9
No x-intercepts,
y-intercepts at (0,1) and (0,7)

1
0

> X

c (x+2)%+y*=25
x-intercepts at (3,0) and (-7, 0)

d x+1)?>+(-4>-169=0
Centre at (—1,4), radius 13
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y 4 a x>+ -6y-16=0

A X+ —6y+9-9-16=0
¥ +(y-3P¢-25=0
- ¥ +(y-3)%=25
| C(0,3), r=V25=5

b X2+y*-8x+12y+10=0

X —8x+ 16+ y? + 12y +36 =42
e (2x—3)*+(2y—5)* =36 (x—4)+( +6)2 =25

g -

35 .
Centre at (5’ 5)’ radius 3

C4,-6), r= V42

c X>+y’—6x+4y+9=0
X —6x+y" +4y+9=0
X —6x+9+y +4y+4-4=0

L =3P +(+2)72=0
C(3,-2), r=V4=2
d *+y’+4x-6y-12=0
X +Ax 444y’ —6y+9-12-4-9=0
(x+2%+(-372-25=0
(x+2)%+(y—-372=25

f x+5%+(H-57=36
Centre at (=5, 5), radius 6
x-intercepts at (=5 + V11, 0) and

(-5 - V11,0) C(=2,3), r= V25 =5
y-intercepts at (5 + V11, 0) and
(5 - V11,0) e X2+ —8x+4y+1=0
K X -8x+16+y +4y+4+1-20=0
x=4*+@Hy+27°=19
. C4,-2), r= V19
(—5,5)/> o2 =
~0 > X f >+y>’—x+4y+2=0

1 1
2 2
LXT x4+ +y 4y +4=24 -
X=Xt oty y 1

1
(x—§)2+(y+2>2:§

1 3

) =

C(z’ ), T >
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5ay=+V9-x2 ¢

y
Starting points at (+3, 0) “7
Y
/ -7

-

-3 0

Y
=

>

N

\‘
OJ’X
-3

5
2
3
b y
A3 OJ

6 a y= /36— (x—2)2

Starting points at (—4,0) and (8,0)

C y Centre at (2,0)
A
y
A
Qj;x
o > X
- ~4 0] 2
d y=-V25-x2
Starting points at (£5, 0)
y
A b y—2=+/4-(x+2)?
Starting points at (—4,2) and (0,2)
Centre at (-2,2)
-5 5 y

NP

(2.2)

> X
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Yy
A
2
X
2
-2
b X2 +y*>1
y
A
1.
N
r > X
N
— |
c X>+y*<5
Y
A
V5

s
\ﬁ
\

5
d x>’+y*>9
y
A
3L
e \\\
A \
| \
I ] > X
_3\\ 0 1’3
\ /
\\5.-”/
-3

a

Centre at (3,1), radius 1
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Centre at (5,2), radius 2

Centre at (2,0), radius V2

d *>+y>"-6y-16=0
X+ (=37 =25
Centre at (0,3), radius 5

> X

e XX+’ +4x—-6y-3=0
L +2)?2+ (=372 =16
Centre at (-2, 3), radius 4

y
A

(=

f x2+y>—8x+22y+27=0
(=42 +(y+11)2 =110
No axis intercepts
Centre (4,-11), radius V110

y
A
4
: > X
0
I
I
11 L —4¢
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Solutions to Exercise 4F

1 y:g+3
X
Passes through (1, 8)
L8=a+3
.'.a:g
Ly=—+3
X
a
2 h=3k=4.y= +4
x=3
Passes through (0, 6)
Therefore, 6 = il +4
Sa=-6
Ly =- +4
Y x-=3
3 y:g+k
X
Whenx=1,y=8
8=a+k...(1)
Whenx=-1,y=7
LT =—-a+k...(2)
Add (1) and (2)
15 =2k
15 1
kz;anda:—
4 h=2k=-4.y=—— 4
x—2

Passes through (0, 4)
Therefore, 4 = % -4

6 y=aVx—-h

Whenx=1,y=2

L2=aN1-h...(1)

When x =10,y =4

L4=aV10-h... (2)

Divide (2) by (1)
V10— h
Vi

2Vl-h=+V10-h

Square both sides.

41 -h)=10-h

4-4h=10-h

3h=-6

h=-2

Substitute in (1)

2=a\3

_2v3

T3

2=

a

16 =a(9—h)...(1)

4=a6-h)...(2)
Divide (1) by (2)
R

6-h
24 —4h=9—-h
15=3h
h=5
Substitute in (2)
a=4

(4-k?=-44—-h)...(1)
8-k =—-4(-4—-h)...(2)
Expanding and simplifying

16 -8k + k> =-16+4h...(1")

64— 16k + k> =16 +4h...(2)
Subtract (1) from (2°)

48 — 8k =32
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8k = 16 i 3= (1
> i -3 3_2+b (1)
a
Substitute in (1) -10 = 03 +b...(2)
4 =16+ 4h
-
s () <>a
T=a-~-
73
9 ay=3Vvx-1-2 7:7_a
. 8
b y= 2 _
y x—2+ a=38
5 b=-11
cy=-— -
x—1 b y=2Vx-h+k
d y=vV2-x+1 .
1
e y= 1 3 3=2V2-h+k...(1)
T (x—0)2
(x=2) 6=2VI0—h+k...2)
f (x—22+(y+2)>*=49 @) — (1)
a 3=2(V1I0—h-V2-h)
10 a i y=——+b
x-2 B+2V2-h)=2V10-h
10=——+b...(1
0 3-2 th...() Square both sides
a
=To_z 0@ 9+ 12V2—h+ 42 —h) = 410 — h)
(1) - (2) 12V2—h=40-4h-8+4h -9
7:a—g 12V2—h =23
L _Ta 144(2 — h) = 232
8 —144h = 241
a=8 241
= T 144
b=2 Fromtt (1)
241
3=2,/2+" +k
23\/ T 1as "
3=""4k
65+
k=-=
6

ii
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3=2V2-h+k...()

0=2VI0O-h+k...(2)

Using CAS
241 41
h=—tm*="%

11 a A circle with centre (2,1) has

equation:
x=-2P%+(-172=d

If it passes through (4, —3), then:
@4 =272 +(=3-1?%=d?
L4+16=d> . a=+2V5
(x=22+(y-12=20

b Circle centre (-2, 3) has equation of
the form
(x+2?+(y-3)7=r
Circle passes through (-3, 3)
Therefore
(-3+2)2+B-3)?%=1r2
ar=1.(x+22+(6 =372 =1
Note: Centre (-2, 3) and passing
through (-3, 3) immediately gives
you r = 1. Think of the horizontal
diameter.

¢ Again using the simple approach.
The diameter through the circle
with entre (-2, 3) and passing
through (2, 3) tells us that the
radius is 4. Hence the equation is
(x+2)%+(y-372=16

d A circle with centre (2, —3) has

equation:

x=2P%+(u+3?=d

If it touches the x-axis, then it must
be at (2,0):

(0432 =d%. . a=4+3
(x=22+(+3?=9

e A circle with centre on the line y = 4
has
equation: (x — b)* + (y — 4)?> = a?
If it passes through (2,0) and (6,0)
then
Q2 -b>+0-4>=d>...(D)
6 -0’ +0-4>=d>...Q2)
(2) - (1) gives (6 —b)> = (2-b)> =0

5 (36— 12b + b?) = (4 — 4b + b?)
32— 12b = —4b
8b=32,".b=4
Substitute into (1):
Q2-42+0-4>=d°
4+16=a=20
(x—4>+(-472=20

12 It touches the x- axis and has radius 5.
Let(a, 5) be the centre. It is easy to show
it cannot be (a, —5) if it goes through
(0, 8).

We also know that a® + (5 — 8)* = 25.
sLa=4ora=-4

The circle has equation
(x—4)?+(y-5*=25o0r
(x+4)?+(y-5%=25

172



Solutions to Technology-free questions

1 a y:—i;asymptotes atx=0,y=0
" I
; \
-
(-1,3) —NHo =~
> (_3a0) : 0
0r x=-11
2

e y= —;; asymptotesat x =0, y =0

2
b y= —;asymptotesatx =0, y =0 y
X

e Y

> X

1
f y=- 1; asymptotes at
1 X =
¢ y=—sasymptotesatx = 1, y =0 x=1,y=0
y—int)ércept at (0,—1) y-intercept at (0, 1)
y y
} ' lx=1
I
ol INZ D 0, 1)J;
1
(Oa _1) : :
x=1 !
4
dy= +1; gy=7—,* 3; asymptotes at
x+1 _ 5 X 3
asymptotesat x = -1, y =1 A=Y=
x-intercept at (—3,0) x-intercept: o +3=0
y-intercept at (0,3) 4 3
T 2—x
S4==-32-x
10
SL4=3x-6..x=—
X x=-

) 10
x-intercept at (?, 0)
y-intercept at (0,5)
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k y=-2vVx+2+2
Starting point at (-2, 2)
x-intercept: -2 Vx+2+2=0
TVx+2=1
Lx+2=1,0.x =-1
x-intercept at (—1,0)
y-intercept at (0,2 — 2 \/i)

y
3
h y =-— +1; asymptotes at
X
x=0,y=1 (-2, 2)
. 3 \
-int tssy=—=5+1=0
xn;erceps y 2z + 1 0 oy
—2: 1 . x :i\/g —2\/§+2
X
x-intercepts at (— V3, 0) and ( V3, 0)
y 1 y?=4(x-2)
A When y = 0, x = 2 and when
x = 0,y? = —8. Therefore x-axis in-
y=1 tercept (2,0) and no y-axis intercept.
=== The vertex is at (2,0) since y> = 4x
(3, 0); ? (3,0) is translated to the right 2 units.
i y=2vVx+2
y-intercept at (0,2)
y
A/'
2
> X
0
m y=0,x = — and when
jy=2Vx-3+2 16

x=0,(y—- 1)? = —32. There-

fore x-axis intercept ( ¢ 0) and

Starting point at (3,2)

Y - 16
A no y-axis intercept. The vertex
/ is at (2, 1) since y* = 4x is trans-
lated to the right 2 units and up 1
(3,2
> X
0
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unit.

Therefore a = 81

4
6=aV2—-h...(1)10 =aVI0-~h...(2)
Divide (2) by (1).
5 V10-h
== 525(2—h) =9(10 — h)
32k
-40 :516h
n y=0,x=-3and when x = h:_i
0,(y—4?=4=x=6and x =2. Substitute in (1)
Therefore x-axis intercept (-3, 0) and 6=al2+ §
y-axis intercepts are (0, 2) and (0, 6). 3 2
The vertex is at (1,4) since y> = —4x 6= a$
is tra%nslated to the right 1 unit and up 4=22
4 units.

S9=a(l-h)...(1D25 =a2-h)...(2)

Divide (2) by (1).
25 2-h
—=——025(1-h) =92 -h
7:176h
hzl—
Substitute in (1)
7
9= - —
a(l 16)
5 %
2 h:2andk:5.a " 16
Therefore y = 3 +5 a=16
x_
When x =0,y =8
a 2
8:—§+5 6 a y+4y=x+2
V+4y+4=x+6
Therefore a = —6 (y+2)2 =x+6
b Y +6y+2x+4=0
3 h=-2and k = -5. ) -
a =
Thereforey:m_ Y +6y+9+2x+4=9
X
When x =1,y =4 (y+3)2:5—2x
a
4=—-——-5
9
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¢ 2> +8y—-5x+6=0 ( 3)2 ( 5)2 (5\/5)2
x=z] +ly+ ) =l—
5x 2 2 2
y2+4y——+3:0 32 52 25
2 .'.(.X——) +(y+—) = —
5 2 2 4
2pdyt+d=2 41
Y 2 c 22 +2> —x+y—-4=0
1 2.2 XY
y2+4y+4:§(5x+2) Tty 2+2_2
1 y
2_ 7 2 7 =2 4+ —
R TR I TR
: 2oty
7 x+)—C:4 S\ g Yty =%
2 —
X+ 4 =4x d X +y’+4x-6y=0
X —4x+4=0 X+ dx+4+yP—-6y+9=13
(x—2) =0 L+ 2P+ (- 3)2 = (VI3)?
Lx=2 e x> +y> =6(x+Yy)
1 C 2 2 _ —
Touches at (2, =) X —6x+9+y —6y+9=18
2 (k=3P + (=3P =
(VI8)*=(3V2)?
, 6-(-3) 3
8 Gradient of PQ = ) =5 f 2 +y%=4x—6y
Equation of line: Xt —4x+4+yP+6y+9=13
3
y=6=3(x=2) L =27+ (v +3) = (VI3)
a When x = 0,y = 3 and when 10
y=0,-12=3x-6=>x=-2 2 Ay 6y = 23
Therefore A(-2,0) and B(0, 3) rryrar—by=
X +4x+4+y"—6y+9=23+4+9
2 _ 92,22 _
b PB —22,+3 —2132 (.X+2)2+(y_3)2:36
and AQ? = (=2)? + 3% = 13
Therefore PB = AQ Centre: (-2, 3) Radius: 6
9 a X+’ —6x+dy—12=0 11 2% 4" = 20— 4y =20
AP —Gx+ 9+ +dy+d—12=13 X -2x+ 14y -4y+4=25
L(x=3)Y+(+2)? =5 =D+ (y-272 =5
Length cut off on the x-axis and y-axis =
b x*+y° —3x9+ Sy—4= 025 a4 distance between x- and y-intercepts:
.‘.x2—3x+1+y2+5y+Z:4+Z y=0: - (x=1)?+(0-2)7?=5
312 522 50 L= =21 x=1£ V21
(X_E) +(y+§) 4 x-axis length = 2 V21

x=0: ~(0-1Y+@y-272=5
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L(y=22%=24,-.y=2x26
y-axis length = 4 V6

12 a y= V9—x2
x-intercepts at (=3, 0) and (3,0)
y-intercept at (0,3)

y

> X
3 o‘ 3

b y=—+16-(x+1)2
Starting points at (=5, 0) and (3,0)
y-intercept at (0, — \/B), centre at
(-1,0)

-5 -1 3

c y—-2=-V1-x2

No x-intercepts, y-intercept at (0, 1)
Centre at (0,2)

y
A

| 0.2)
~N

1 1 > x
0

d y+3= - (x+2)7?

No x-intercepts, y-intercept at (0, —3)
Centre at (-2, 3)
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1 E y:i+3

2
a
Ifx==
=——+3=—+3
T anE T2
1
B y=5- 3 has asymptotes at
x_
y=5and3x-5=0
5
SLX ==
3

1
A y=5+ m has asymptotes
aty=5and x =2

D y=-2vx+3;x>0
2vVx<0..y<3

A -3x+1>20=>x<

W =

E Itis of the form y =
xX—c

Horizontal asymptote y = a and

+a

Solutions to multiple-choice questions

7 A

10 A

11 D

vertical asymptote x = 2

Vertex is at (2, —a)
When x =0,(y+a)? =6 =y =
—a+ V6

Endpoint is (a, b and range y < b

(x—a)’ +(y-b)?=36
Centre on the x-axis sob =0
Using (6,6): (6 —a)”> + 6> = 36
a=6

(x—a)> +(y-b)* =¢?

y-axis is an axis of symmetry so
a = 0 Using (0,0):

(-bY? =, b=c,c>0

Using (0,4):
@4 -bY?=b:b=2
X+ (=27 =4

(x=5°+(+2)°=9
C(5, =2), r=9=3
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Solutions to extended-response questions

1 a (x—2)*=3x-2
X —dx+4=3x-2
K -Tx+6=0
x-6)(x-1)=0
SLx=6orx=1
Intersection points (1, 1) and (6, 6)
b (x+a-2)"=3x-2
(x+a)’ —4(x+a)+4=3x-2
P 4+2ax+ad*>—4x—4a+4=3x-2

P+QRa-Nx+d*-4a+6=0

1
x=2(7-2a% VQ2a - 7)* — 4(a* — 4a + 6)

1
=5(7-2az Vda? — 28a + 49 — 4a2 + 16a — 24)

1
= 5(7~2a+ V=124 +25)

Therefore points of intersection are:

(%(7 —2a+ V124 + 25), %(7 + V-12a+ 25))
(%(7 —2a— V~12a+25), %(7 — V-12a+ 25))

2
¢ 1 Touch when —12a + 25 = 0. That is when a = é

ii Do not meet when —12a + 25 < 0. That is when a > %

2 a (x+1)* =4x
X+ 2x+ 1 =4dx
¥ =2x+1=0
(x—=1)%=0

x=landy=2
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b (x+1)* = —4x
X +2x+ 1 =—4x

X +6x+1=0
1
x:§e6i¢§)

=-3+2V2
Intersect at points (=3 + 2 V2,2 +242)and (-3 -2V2,-2-212)

¢ Distance® = 32 + 32 = 64. Therefore distance = 8.
d Midpoint = (-3, -2)

3 a If (a, a) lies on the line y = x and on the curve with equation y = Vx — b + ¢,
then a=Va-b+c
Subtract ¢ from both sides and square (a —c¢)* =a—b
Expand and rearrange a*—2ac+c*=a—-b

@ -Qc+Da+c*+b=0

b i The line meets the curve at one point if the discriminant of the quadratic in a is
Zero.

A = 2c+ 1) —4(c* + b)
=4 +4c+1 -4 - 4b
=4c—4b+ 1

e ) 4b -1
If the discriminant is zero, ¢ = —a
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1
ii Solving the equation x = /x — 1 will give the required coordinates.

1 1 1
Squaring both sides of x + 1 \x gives x* + 5% + 6~ X
1 1
) . 2
- —Xx 4+ — =
and rearranging gives X 2x 6 0
1 2
-~ =0
(x 4)
1
Therefore X = )
1
d —
an y 1
y S
0.5
0 0.2 0.4 0.6 0.8 1 x

i From the above, we know that the line with equation y = x is tangent to the

1
curve with equation y = /x — 7

1
Hence if 1 < k < 0, the line will cross the curve twice.

1
ii fk=0o0rk< T the line will cross the curve once.

iii It will not meet the curve if k > 0.
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4 a From the graphs of y = kx and y = 4/x — 1, it is clear that if k < 0, the line y = kx

can only cut the curve once.
For two solutions, consider the equation: kx = yx — 1

1
Thus for two solutions, —4k +1 > 0, 1i.e. k < 1 and k > 0.

A = 2k — 1)* — 4k*

= 4k* — 4k + 1 — 4k*
=—4k+1

1
Hence 0 < k < T

1
b There is one solution when k = 1 ork <0.

5 px+gy=1...()and y*> = 4a(a - x)...(2)

a Substitute for x from (1) into (2)

b

1
y2:4a(a——

p

py* = 4alap — (1 - qy)

A

py* —4daqy —4a’*p +4a=0...(3)
= 16a*q> — 4p(4a — 4a*p)
= 16a%¢* + 16a*p* — 16pa

A=0=ag’>+ap*-p=0

Soa

i

ii

__r

P+ g

1

p=qg=1=a= 3
The quadratic (3) becomes:
V¥ =2y-1+2=0
(y-1*=0
Therefore y = 1 and from (1), x =0
Coordinates are (0, 1)

3
=3,g=4=>a=—
p q a 75

The quadratic (3) becomes:
) @ _4 27 12

3 L2
Y 2 X825+425
> y
ARV A
YT 25 Tt %5 T 25

625y*> — (16 X 25)y =36+ 100 = 0
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625y? — (16 X25)y + 64 =0
625y% — (16 X 25)y + 64 =0
(25y - 8)2 =0

_8
T35
Substitute in (1)

7 8
Coordinat Lo
oordinates are( =3 25)
c px+gy=1...()andy* =4a(a—x)...(2Q)anda = 1
Touches when p = p*> + ¢*...(4)

i Whenx =0,y =2.

1 1
From (1), g = 5 From (4), p = P2 + 4

1
pt-p+-=0
PP-p+g

1\2
-~ =0
=3)
1
Therefore p = >
Equationis x +y =2

ii Whenx=-3,y=—-4.
From (1),-3p—-4g =1
1
Therefore,qg = 7 (-3p-1)
Substitute in (4)

1
p=p’+ 1z (3p-1)
16p = 16p> +9p> + 6p + 1
25p> —10p+1=0

(5p—1)2:0
1
p_§ 1 1
F 4) - = — 2
rom()5 25+q
2—_
7= 23
_2
1=53

1 2
E ti is—-x+—-y=1
quation 1s 5x Sy
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6 px+qy:1...(1)andy:%...(2)

a Substitute for y from (2) into (1)
a
px+—=1
X
pr +qga=x
px’—x+qga=0...3)
A=1-4paq

A=0=>a=——
4pq

1
b 1 Whenp:landq:l,a:zl
Substituting in (3)

2-x+-=0
X x24
1
-~ =0
and !
X = - = —
MY =5

1
ii WhenpzZandqu,a:E
Substituting in (3)
22— x+=-=0
X —xto 2
1 1 1
xz——x——(x——) =0

2 16 4

1 1
x:Zandy:Z

1
c i Whenx:2,y:§,a:l
SLAdpg=1...(4)
A1302p+g:1

1
From (4) g = —
4p
Substitute:

Therefore ¢ = 1. The equation is:

X
-+y=1
4 y
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1
ii Whenx:—Z,y:—E,azl

.‘.4pq:1..q.(4)
Also 2p—=-=1
so —2p 21
From (4) g = —

4p
Substitu{e:

2p-—-=1
8p
~16p*> —8p—-1=0

(4p+ 1> =0
1

P:—Z

Therefore g = —1. The equation is:
X

_Z_y=1
4 y

7 a The circle has centre (10, 0) and radius 5 and therefore has the equation
(x = 10)? +y> = 25.
b The line with equation y = mx meets the circle with equation (x — 10)? + y* = 25.
Therefore x satisfies the equation (x — 10)* + (mx)* =25

Expanding and rearranging gives x> — 20x + 100 + m?x* = 25

and therefore (1+mH)x>=20x+75=0
¢ The discriminant is A =400 —-4x75x (1 +m?)
= 400 — 300(1 + m?)
= 100 — 300 m*

As the line is a tangent to the circle, there is only one point of contact and hence
only one solution to the equation obtained in part b. Therefore the discriminant = 0,

V3
3

which implies

m=+—=4=

&l-

1
d When m? = 3 the equation (1 + m?)x* — 20x + 75 = 0 becomes

4

§x2—20x+75 =0
Multiplying both sides of the equation by 3 gives

4x* —60x +225 =0
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The left-hand side is a perfect square and hence

(2x-15%=0
15
The solution is X = >
o o V3
The y-coordinate is given by substituting into y = mx = iTx.
LB s
YEERY
53
= 4+ —
2
1
The coordinates of P are (75 + —5 ;/§)
15\ (532
e Distance of P from the origin = \/ (7) + (T\/_)
1
=5 V225 + 75
=5V3

8 a The circle has centre the origin and radius 4.
Hence the equation is x> + y> = 16.

b i The general form for a straight line is y = mx + c.
When x =8, y =0, hence 0 = 8m + c and ¢ = —8m.
So the tangents have equations of the form y = mx — 8m

ii Asin Question 1, consider when the line with equation y = mx — 8m meets the
circle x> +y? = 16.
Substitute for y: (mx — 8m)* + x> = 16
Expand and collect like terms to obtain

(m?* + Dx? — 16m*x + 64m*> — 16 = 0

There will be a tangent when the discriminant is equal to 0, i.e. when there is
only one solution.

A = 256m* — 4(m* + 1)(64m* — 16)
= 256m* — 4(64m™ + 48m — 16)
= —4(48m* — 16)
= 64(=3m* + 1)
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Thus there is a tangent if 3m? = 1

i.e m = +L — +£
.e. * 53
Since y = mx — 8m, is the equations of the tangents
V3 843
e
V3 843
and Y=o Xt
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Chapter 5 — Functions and relations
Solutions to Exercise SA

1 A={1,2,3,5,7,11,15} c —

B=1{7,11,25,30,32} 3 2 -1 0 1 2 3
Cc={1,7,11,25,30}
A N B means must be in both A and B

A U B means must be in either or any T T T
A\B means in A but not B

a ANB={7,11}

b AnNnBNC ={7,11}

f (-2,4]
¢ AUC={1,2,3,5,7,11,15,25,30} . .
@ AuB- ERE R AN
{1,2,3,5,7,11,15,25,30,32)
4 a (-2,1]
e AUBUC =
{1,2,3,5,7,11,15,25,30,32} b [-3,3]
f (ANB)UC ={1,7,11,25,30} ¢ [-3.,2)
d (-1,2)
2 a A\B={1,2,3,5,15}
b B\A = {25,30,32} 5af{x:-1<x<2}=[-12]
¢ A\C ={2,3,5,15) b {x: —4<x <2} =(-4,2]
d C\A = (25,30} ¢ {y: 0<y<v2}=(0,V2)
3 1 31
d {y —£<ys—}=(—£,—]
3 a[-34 2 V2 272
"33 01 3 5 4 ¢mrrol=cie
b (—c0,3] f {x:x <-2}=(-00,-2]
b I: T T T T T T T g R:(—O0,00)
-3 -2 -1 0 1 2 3 4
¢ [-2,-1] h R" U {0} = [0, )

i RTU({0} = (—00,0]
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¢ (—00,4)U (4, )

{7,11,25,30, 32}

6 B=

a (-2,101nB={7}

a

=B

b (3,00)NB=1{7,11,25,30,32}

(2, 0)

¢ (2,0)UB

{30, 32}

d 25,0)NB

7 a [-2,5],[3.4],[-2,5] N [3,4]

b [-2,5],R\[-2,5]

10 a (-6,-3)

b
>

d [-2,3],R\[-2,3]

e {1}

8 a (—00,-2)U(-2,00)

f (-10,-1]

b (—00,3)U (3,00)
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Solutions to Exercise 5B

1 a Domain = {-3,-1,-6,1};
Range = {-4,-1,7,5}

y
. A
54 e
O L.
% 3 g1
. 41
b Domain = {—4, —6}; Range =
{-1,1,7,8}
y
A
o 8
° 7
. 1 0
-6 =4 -1 X
2 a
¢ Domain = [-2,2]
Range = [-2,2] b
c
d
3 a

d Domain = [0, 00)

Range = (-0, 6]
y
6
4 -
ol N

e Domain = [-1,2]
Range = [-5, 2]

L
>

> X

0

-1 }A -2)

f Domain = [-4, 1]

Range = [-5, 5]
Y

/ |
(=4,-5)

Domain = [-2,2]; Range = [—1, 2]

(1,5)

> X

Domain = [-2, 2]; Range = [-2, 2]
Domain = R; Range = [-1, o0)

Domain = R; Range = (—o0, 4]

C+6x+10=x>+6x+9-9+10

=(x-37+1
y=(x+3)72+1
Range = [1, o0)
y
10
(3,1 .
5 >
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b y
x> —4x—6=—(x*+4x+6) A

=[x +4x+4-4+6]
= —(x+2°-2 - x
y=—(x+272-2 0
Range = (—o0, —2] (2,1)\
> X

c y=2x+1;x €[4, 00);
Range = [-7, o)

y
A/
¢ 2x% —4x+6=2(x" —2x+3) /1
=2[x* —2x+1—-1+3] > X
0
=2(x-1)>*+4
y=20x—1)7+4 (=4.-7)
Range = [4, o) y
d y=3x+2;x €(—00,3);
Range = (-0, 11)
6 y
(1.4 A L6
1, /
2
__3/2
4 a y=x+1;x€[2,0); Range = [3, o) / 0 > X
y
A
2,3) e y=x+1;x € (—0,3];
0 > X Range = (—o0, 4]

b y=—-x+1;x€[2,0);
Range = (-0, —1]

182



3.4

/—1/0 =

f y=-3x-1;xe[-2,6];
Range = [-19, 5]

y
A

(=2,5)

AN T

1\] O

3 -1
\(6, -19)

g y=-3x-Lxe[-5-1]
Range = [2, 14]

y
5.14) )

\(_1’2)

h y=5x-1;x€(-2,4);
Range = (-11,19)

Y
L (4.19)

_1%% > X

(-2, -1 }/

5ay=x*+3, xe[-1,1]

Range = [3,4]

y
A

(—1,4)\—3—/(1’4)

b y=x>+4, xe[-2,1]
Range = [4, 8]

y
A

(—ZN
— 1. 5)

7

c y=x>-4, xe[-1,2]
Range = [—4, 0]

A

0 > X
(_ls _3)\_4

d y=2x>+1, xe[-2,3]
Range = [1, 19]

(3, 19)

(=2,9)

1
0! o

6 a {(x,y): y:x2+ 1};

Range = [1, )
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\/

(0, 1)

> X

0

{(x,y):y= 2+ 2x+ 1};
Range = [0, o0)

y

(0, 1)

(-1,0) 0

{(,y):y=4-x}x€[-2,2]h

Range = [0, 4]

y
A

/N

-2 0 2

{(x,y):y= X2+ 2x+3);
Range = [2, o)

y
A

\

(_19 2)
0

{(x,y):y= -2 +2x+ 3}
Range = (—00,4]

(1,4)

10 3

f {(xy):y=x"-2x €[-1,2]}
Range = [-2,2]

y

} (2,2)

/

0 > X
(—1,—1)\/

(09 _2)

g {(x,y):y=2x*—3x+6};

Range = [g, o0)

\

0

h {(x,y): y=6-3x+x%});
Range = [Z’ 00)

\

Max

7 a {(x,y): x2 +y2 =9}
. Domain = [-3, 3]
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Range = [-3, 3] 2 +3=0
y 2X—5
2
A 3
3 2x—5
2=-32x-5)
=\ 0 30 " 2=—6x+15
13
-3 -
=%
b Domain = [0, o) ‘y\ ,
Range = R :
y |
|
|
T/ y =3 |
s=moo LT
- 13 I 5
0 > 5 \:xzi
0 >
13}, >
Q!
¢ Domain = [1, o) . 5
Range = R b Domain = [5 oo)
y Range = R* U {0}
A »
> X
0 \
5
2 -
O ’x
d Domain = [—1, )

c y=V5-2x=+vV-2x-5)

y 5
Domain = (—00, 5]
Range = R* U {0}

y
0 > X

V5
5
. 5 2 > X
8 a Domain =R\ {5}, Range = R \ {3} 0|
2 13

= = —— [ f— 5
When x =0,y 5 +3 5 d Domain =R\ {—}; Range= (0, o0)
Wheny =0 2
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e Domain = (—o0, 2]; Range= [0, c0)

~

O| 2

f Domain = [1, o)

Range = R
y
A
0 o

9 a {(x,y): (x=2+ (@ -3)?=16}
Max. Domain = [-2, 6]
Range = [-1,7]
y
A

( 2,3)
0)

7

b {(x,y): Qx=12+QRy—-4)Y =1}
Max. Domain = [0, 1]

R =[=, =
ange [2 2]

0l

¢ {(x,y):y= V25— x%}
Max. Domain = [-5, 5],
Range = [0, 5]

d {(x,y):y= -V25-x%)
Max. Domain = [-5, 5],
Range = [-5, 0]

e y= 14— (x-5)?
Squaring gives:
V=4 (x-5)
(x — 5)? + y* = 4 This last equation is
that of a circle of radius 2 and centre
(5,0).
It is the ’top half” of the circle.
Domain = [3, 7]; Range = [0, 2]

Y
L\

0l 305 7

f(xy):y=-v25-(x-2)%

186



Max. Domain = [-3, 7]
Range = [-5, 0]
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Solutions to Exercise 5C

1 a {(0,1),(0,2),(1,2),(2,3),(3,4)} is not y
a function because it is 1— many; A
(0,1) and (0,2) Domain = {0, 1, 2, 3}; 2
Range = {1,2,3,4} '\
> X
b 0 J 2
{(=2,-1),(-1,-2),(0,2),(1,4), (2, -5)} 5
is a function because itis 1 — 1;

Domain = {-2,-1,0, 1,2};
Range = {-5,-2,-1,2,4}

not a function
Domain = [0, 2]

¢ Not a function; Range = [-2, 2]
Domain = {-1,0, 3, 5}; ¢ {(x,y): 2x+ 8y =16;x € [0,0)};
Range = {1,2,4,6} Range = (-0, 2]; function because
1 — 1 relation
d {(1,3),(2,3),(4,3),(5,3),(6,3)}is a
function because it is many —1; )A;

Domain = {1, 2,4, 5,6};

Range = {3} 2 "\

> X
0
2 a y=x%x¢€[0,4]; Range = [0, 16]; é\

function because 1 — 1 relation

y A function
A Domain = [0, o)
Range = (-0, 2]
16 +

d y = +/x; x € R*, function because
1—-1

relation; Range = R* or (0, o)
— X

0 4

a function
Domain = [0, 4]
Range = [0, 16]

b {(x,y): x2 +y2 =4};x€]0,2];

Range = [-2, 2]; not a function 1
e {(x,y):y= 2% € R\{0}};

function because many — 1 relation;
Range = R* or (0, o0)

because
1— many relation
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a function
Domain = R\{0}
Range= R+

f {(x,y):y= 1;x e R*}; function
because 1 —ic 1 relation; Range = R*
or (0, c0)

Domain = R*

g y=x*x € [-1,4]; Range = [0, 16];
function because many — 1 relation

y
A (4, 16)

(71’ 1)

h {(x,y): x=)*x eR"};
Range = R\{0}; not a function
because 1 — many relation

3 a {(x,y): y=3x+ 2} can be expressed

as frR->R, f(x) =3x+2

b {(x,y): 2y +3x =12}

2y +3x =12
2y =12 -3x
3x
—6- =
f:R—)R,f(x):6—7x

¢ {(x,y):y=2x+3,x>0}
can be expressed as
fRYU{0} > R, f(x) =2x+3

d y=5x+6,-1<x<2canbe
expressed as
fi[-L2] >R, f(x) =5x+6

e y+x>=25-5<x<5
.y = 25— x* can be expressed as
fi1[-5,5] = R, f(x) =25-x*

f y=5x-7,0<x<1canbe
expressed as
f:10,1] > R, f(x)=5x =7

4 a {(x,—2): x € R}is afunction
because it is many —1; Domain = R,
Range = {-2}

b {(3,y): y € Z} is not a function be-
cause it is 1 — many; Domain = {3},
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= 4
Range =7 b g(x) = ;
y = —x + 3 is a function because it is 4
1 — 1; Domain = R, Range = R i 8(1)=I=4
— 2 . . 4
?1 ' x“+5is afunct101'1 because i g(-1) = — = 4
itis many — 1; Domain = R, -1
Range = [5, o0) 4
iii g(3) = 3
{(x,y): x*> +y* = 9} is not a function
. . . . 4
because it is many — many; Domain iv g(2) = 3 _»5

= [-3,3], Range = [-3, 3]
c g(x)=(x-2)

flx)=2x -3 i g4)=(4-2)7 =4

i f(0)=20)-3=-3 i g(—4) = (—4-2)2 =36

i f(4)=24)-3=5 iii g(8)=(8-2)2=36

iii f(-D=2(-1)-3=-5 iv g(a) = (a—2)

iv f(6)=26)-3=9 !
d f)=1--
v fx-1)=2(x-1)-3=2x-5 *
1
i f()=1--=0
vifG):%—3 tI=1-1
a a 1
1i f(1+a):1—1+a
_1+a—1_ a
 l4a  a+1
i f1-a)=1- !
l1-a
_l—a—l
" 1-a
_ a _ a
T 1l-a a-1
P NI SR
lVf(;)—l l/a_l a
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6 f(x)=2x+1 d fW)=(x+DHx-4)=0

Lx=-1,4
a fQ)=2x2+1=5and f(r) =2t+1

e f(x)=x>-2x=3

b f(x)=6 L2 =2x-3=0
2x+1=6 L (x=3)x+1)=0
2x=5 Lx=-1,3
o2 f f()=x>-x-6=0
2 L (x=3)(x+2)=0
¢ f)=0 Lx=-2,3
2x+1=0
e 1 8 g(x) = x> +2xand
x__1 h(x) =23 — 2+ 6
) a g(—1)= (-1 +2(-1) = -1
_ g2) =27 +22) =8
¢ Jo=t 8-2) = (<27 +2(-2) =0
2t+1 =t
e b h(-=1)=2(-1* = (=12 +6=3
h(2) =22 - (2)?*+6 =18
e  f(x)>x h(=2)=2(-2) = (-2)* +6=-14
2x+12x ¢ i g(=3x) =(-3x)%+2(-3x) =
x>-1 9x% — 6x
f  f(x)<3x i gx—5)=(x-57+2(x-5)
2x+1<3x =x>—8x+ 15
—r=-l i A(=2x) = 2(=2x)3 — (=20)% + 6
x=1 =168 — 42 + 6
7 a f(x)=5x-2=3 iv gx+2)=(x+2?+2(x +2)
SoS5x=5 0 x=1 =x>+6x+8
b f(x):§:6 v h(x?) =2(x*)° - (x> +6
1:6x,x=1 =2x°—x*+6
6
¢ f)=x*=9 9 f(x)=2x*-3
“x=+v9=4+3
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a f(2)=212)%*-3=5
f(—4) =2(-4)* -3 =29

b The Range of f is [-3, o)

10 f(x)=3x+1
a Theimageof2=312)+1=7

b The pre-image of 7: 3x+1 =7
so3x=6and x =2

¢ {x: f(x) =2x}:

3x+1=2x, .. x=-1

11 f(x)=3x>+2
a The image of 0 = 300 +2=2

b The pre-image(s) of 5:
3x°+2=5
32 =3, x==1

¢ {x: f(x)=11}
3 +2=11
L 3x2 =9
xr =3, x=+13

12 f(x)=7x+6and g(x) =2x+ 1

a {x: f(x) = g}
SLTx+6=2x+1
SoS5x=-5 x=-1

b {x: f(x) > g(x)}
SLTx+6>2x+1
SoS5x > =5, x> -1

¢ {x: f(x)=0}
L TIx+6=0
S Ix=-6, x=—=

7

13 a f:[-1,2] = R, f(x) = x*
Range = [0, 4]

Y
A (29

(_17 1)

b f:[-2,2] = R, f(x) = x% +2x

Range = [-1, 8]
y
A (2.8
-2
> X
0
(_la _1)

1
¢ f:(0,3] - R, f(x) = o

1
Range = [5, 00)

A

d f:R->R, f(x) =x>-2x+3
Range = [2, o)
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A A (6, 18)

0 (1,3)

0 > X

f f:[-3,6] >R, f(x)=x>-2x+1
Range = [0, 25])

e f:(1,6) >R, f(x)=x>—4x+6
Range = [2, 18)
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Solutions to Exercise 5D

1

a

Not1—1:(2,4), (4, 4) both have
image = 4

{(1,3),(2,4),(3,6),(7,9)}is 1 — 1
Not 1 —1: (—x)? =

{((,y): y=3x+1}is1—1
f)=x+1is1-1
Not1—1:1-x*=1-(-x)?

y=x?,x>0is 1 —1because x >0

Is a function but isn’t

1 — 1(many — 1)

Isn’t a function: 1— many

Isal -1 function

Is a function but isn’t 1 — I(many — 1)
Isn’t a function: 1— many

Is a function but isn’t
1 — 1(many — 1)

Isal—1 function

Isn’t a function: many — many
y=T-x,

Max. Domain R, Range R
y=2+x

Max. Domain [0, o), Range [0, co)

i y=

y= 2+1,
Max. Domain R, Range [1, co)
y=-V9-ux2

Max. Domain [-3, 3] because
9—x22>0,

Range [-3,0]
1
y=-—
\/_

X
Max. Domain R*, Range R*
(Different from b because you can’t

1
have —.
ave 0)

y=3-2x
Max. Domain R, Range (—oo, 3]

y=Vx-—2,

Max. Domain [2, oo0) because
x—2>0,

Range [0, 00)
y=V2x—-1,

1
Max. Domain [5, 00) because
2x—1>0,

Range [0, 00)
i y= V3o ox,

Max. Domain (—oo, %] because
3-2x>0,
Range [0, o0)
1

2x— 1
Max. Domain R\{%} because
2x—1#0,
Range R\{0} because

0
2x—1 *
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y= 1 _3 6 {(x,y): y? = —x+2,x<2}isaone —
2x -1y | many relation. Split in two:
Max. Domain R\{E} because {f: (—00,2], f(x) = V2 — x}, Range
2x—1 * 0, [0’ OO)
Range (-3, o) because ————— >0 {f: (=00,2], f(x) = — V2 — x}, Range
s (-e0,0]
1
y = + 2,
2x=1 7 a {f:R—>R;f(x)=x2-2)
Max. Domain R\{i} because y
2x—-1+#0, A
1
Range 1/{2} because #0
2x—1

RV ns
&)

Domain = [4, oo]; Range = [0, c0)

Domain = (-0, 4]; Range = [0, c0) b {f: [0, 00) — R: f(x) = 22 — 2} and

Domain = [2, o0); Range = [3, o) {f: (=00,0] > R; f(x) = x* -2}

Domain = R \ {4}; Range = R \ {0} 8 fi:[l,0) >R, ilx) =x2-2x+4

Domain = R\ {4}; Range = R\ {3} Sz 1] S R, o) =2~ 2+ 4
D in =R\ {-2}; R =R\ {-3
omain \ {-2}; Range \ {-3} 9f1:(2,00)—>R,f1(x):;2
(x=2)
f(x) =3x+4; f2:1 (=0,2) = R, fo(x) = Go2)y
Max. Domain R, Range R
g(x) = X2+ 2, 10 a Domain = [-2,2]
Yy

Max. Domain R, Range [2, o)
y=-V16 — x2, )

Max. Domain [—4, 4] because /‘ -\
16— 2% > 0, IR SR S
Range [—4, 0] \ﬁ/

-2
1
T
Max. Domain R\{—2} because
x+2#0, X b fi:[0,2] 5 R, fitx) = V42
Range R\{0} because 3 +0 £:10,2] > R, fo(x) = — V4 — x2
by

¢ fi:[-2,0] = R, fi(x) = V4 — x2
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£1[-2.0] 5 R, f(x) = - V4 -2
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Solutions to Exercise SE

1 a h(x)=x,x>0and h(x) =-x,x<0;
Range = [0, 00)
y
A

> X

b hix)=x—-1,x>1and h(x) =1 —x,
x < 1; Range = [0, o)

A

\1

¢ hix)=—-x,x>0and h(x) = x,x <0;
Range = (—00,0]

A

d ilix)=1+x,x>0and h(x) =1 —x,
x < 0; Range = [1, 00)

y
\“/
0 > X
e h(x)=x,x>1and
h(x) =2 —x,x < 1;
Range = [1, o)
y
\A\/
2
(1, 1)
0 > X

2 agx)y=—x-3,x<1
gx)y=x-5,1<x<5
gx)=3x—-15x>5
Axis intercepts at (-3, 0), (0, —-3)
and (5,0)
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b glx)=x+3,x<-1
gx)=x-2,1<x<5
gx)=2x—-1,x>5

x-axis intercepts at (2, 0) and (-3, 0).

No y-axis intercept

3 a f(x)= §x+3,x<0
f(x)=x+3,0<x<1
f(x)=-2x+6,x>1
Axis intercepts at (—g, 0), (0,3) and
(3,0)

L >x
0 123\

b Range = (—o0,4]

4 a h(x)=x>+1,x>0
h(ix)=1-x,x<0

0, 1)
0| -

X

b Range = [1, o)

Safx)=—-x+3,x<-3
f(x)=x*-9,-3<x<3
fx)=x-3,x>3

Ny
> X
A/
-9
Range = R

b fx)=x+2,x<-3
f(x)=x>-2,-2<x<3
f)=x-2,x>4

Range = R

6 a Range = (—00,0) U (2, o)
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A 7 a f)=sx>1
(2’2/ f(X)=))cC,xsl

-3,0
(-3.0) . ;

(1, 1)

b Range =R\ {0}

y A=
S

x b Range = (—oo, 1]

8 Line connecting (-3, 0) and (-1, 2) has
-0

¢ Range = (-0, 5] gradient = T 1
L L5 Using (=3,0): y— 0= 1(x — =3)
3.3) s y=x+3for[-3,-1]
X 4) . Line connectirllg (51, 2) and (2, —1) has
‘ gradient = D - _
(4’_4)\ Using (-1,2): y -2 =-1(x—-1)
Soy=1-xfor[-1,2]
d Range =R\ [0, 1] Line connectizng (2i -1) alnd (4,-2) has
y _ N
ix:_3/T/(O’ " gradient = 5 = _51
(-1, 1) . Using (2, ~1): y + 1 = —5(x~2)

X
. y=—=for[2,4
y > or [2, 4]

x+3;-3<x<-1
fx)=4ql-x-1<x<2

—g;ZSxS4
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Solutions to Exercise 5F

1 a L(C)=0.002C +25;-273 < C < a i f(0)=b=—2
1000 2

Most metals will melt at over 1000

i f(1)= =-3

| W
o

degrees and C = —273 is absolute

Zero. 1
b f(x)==zBx-9)=0
b i L30)=(0.002)30+ 25 = 3y % 0, x=3
25.06 cm
ii L(16) = (0.002)16 + 25 = 5 f(x) =alx—Db)(x—c)
25.032 cm fQQ)=f4)=0sob=2,c=4

If 7 is maximum then a < 0; Max.
iii £(100) = (0.002)100 + 25 =

25.20 cm

occurs halfway between 2 and 4, i.e. at
x =3

f(x)=a(3-2)3-4)="7-

Soa=-=7

S fx)=-Tx-2)(x—-4)

OR f(x) = =7x* + 42x - 56

iv L(500) = (0.002)500 + 25 =
26.00 cm

2 a f(x)=a+bx

f@=-1 . a+4b=-1 6 f(x)=x>-6x+16

8 =1 8b =1
S(®) at =x*—6x+9+7
4b =2 )
Ch=tia-3 = (x=3)7%+7
2 Range of f = [7, o)

b f(x):O,.'.g—?):O
7 [ R-oR, f(x) =mx—p)x—q)

*=0 f@) =f(5)=0,50p=4,g=5
f(0)=2,sompg=2and m = 0.1
3 If (fx) is parallel to g(x) = 2 — 5x S(x0) =0.1(x = 4)(x = 5)
then the gradient of f(x) = -5 and = 0.1(x> — 9x + 20)
;Eg;;;sx:; = 0.1:% - 0.9x +2
’ a=0.1,b=-09,c=2
f) = =5x+7 OR Use f(0) = 2 50 ¢ = 2:
f(4)=0,s016a+4b+2=0
4 f(x)=ax+Db f(5)=0,%025%a+9%+2=0
f(=5=-12 .. -Sa+b=-12 and use simultaneous equations or
(=6 L Ta+b= 6 matrices.

5o 12a =18
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8 f(x)=ax’>+bx+c

f(0)=10s0c=10

Max. value = 18 at x = —2—:

S=0
~a+b+10=0
~b=-10—-a

b*=(10+a)...(2)
Equate (1) and (2):
. (10 + a) = -32a

©a* +20a+ 100 = -32a
a?+52a+100=0
“(a+50)a+2) =

a=-2,-50
Ifa_—2 b =-8;ifa =-50,b =40
Lofx) = —2x> - 8x+ 10

g(x) = =50x% + 40x + 10
OR f(x) = —2(x — )(x + 5)

gx)=—-105x+ DH(x—-1)

9 a f(x)=3x>-5x—k
f(x) > 1 for all real x
So f(x) — 1 > for all real x

13x%> = 5x — (k+ 1) > 0 for all real x.

Then there are two real solutions to
the equation 3x*> = 5x — (k+1) =0

so A <O0.
12k < =37

37
<0ifk<—-——
! 12

a > 0 so the curve is an upright
parabola, so the vertex is the
minimlll)m value which occurs at

2 5
Fora:3andb:—5,x:6

) oo

25 25

2 e k=Y
25
Lk=-=
12



Solutions to Exercise 5G

{(3,1),(6,-2),(5,4), (1,7}
Domain = {3, 6, 5, 1}; Range
=1{1,-2,4,7}

{(39 2)’ (69 _1)’ (_5’ 4)9 (7’ 1)9 (_4’ 6)}
Domain = {3,6,-5,7, -4}
Range = {-1,1,2,4, 6}

{3,3),(-4,-2),(-1,-1),(1,-8)}
Domain = {3,1, -1, -4}
Range = {3,-2, -1, -8}

(3, 1), (=7, -10), (=6, 7). (8,2), (4, 11)} > 2

Domain = {3, -7, -6, 8, 4}
Range = {1,-10,-7,2,11}

f[TR->R, f(x)=6— 2)?c has inverse:

x=6-2y, . y=3—-—

X 2
f_l(X) =3 - 5
Domain = R, Range = R

f:[1,5] = R, f(x) =3 — xhas
inverse:

x=3-y,..y=3-x
M) =3-x

Domain = [-2, 2] (Range of f),
Range = [1, 5] (Domain of f)

f:R* - R, f(x) = x + 4 has inverse:

x=y+4, .. y=x—-4
Ll ) =x-4

Domain = (4, o) (Range of f),
Range = R* (Domain of f)

fi(-=00,4] - R, f(x) = x + 4 has
inverse:

) =x-4

Domain = (—o0, 8] (Range of f),

Range = (—o0,4) (Domain of f)

fi[-1,7] =R, f(x) =16 — 2x
x=16-2y
S 2y=16-x

X

S y=8-_2
Y 2

n ) =8 - g
Domain = [2, 18] (Range of f),
Range = [—1, 7] (Domain of f)

f110,00) 5 R, f(x) =
x=y% o y=x

SN =

Domain = [0, o) (Range of f),
Range = [0, co) (Domain of f)

fi[2,00) > R, f(x) = (x=2)>+3
x=(y-27+3

L -2P%=x-3

SLy—2=+Vx-3

Ly=Vx-3+2

LM = Vxe=3+2

Domain = [3, c0) (Range of f),
Range = [2, c0) (Domain of f)

f(=00,4] 5 R, f(x) = (x—4)>+6
x=@G-4>+6
L x—6=(y—4)?
SLy=-4=-Vx-6
This time we need the negative
square root because of the Domain

of f, which is restricted to the
left-hand side of the graph.

Ly=4-Vx-6
Sl =4-Vx—-6
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Domain = [6, c0) (Range of f),
Range = (—o0, 4] (Domain of f)

f:10,1] > R, f(x) = VI —x
= \ll—y
Cy=1-x?

S =1-42
Domain = [0, 1] (Range of f),
Range = [0, 1] (Domain of f)

f:10,4] -» R, f(x) = V16 — x?
= /16 —y?
L xr=16-y°
Ly =16- ¥
y= V16—

Ll = V16— 22
Domam = [0, 4] (Range of f),
Range = [0, 4] (Domain of f)

f:10,00) > R, f(x) = (x +4)> +6

x=(G+4)>+6
=(y+4y
Ly+4= V-6
y=Vx-6-4
L= Ve-6-4

Domam = [22, ) (Range of f),

Range = [0, c0) (Domain of f)

5 a

b f(x) = f~'(x) when 2x — 6 = g +3

3
o 9.x=6

o
Whenx:6,y:6so(6,6)

6 a f:[0,00) >R, f(x) = x?
Ll = VR
Positive roots because Domain of f is
positive.
y = f(x) (red curve);
y = f~1(x) (blue curve)
y
A y=£x)

(I, D

-

(0, 0)

b f(x)= f'(x) where x> = \x

axt=x = x=0
L x(x=1)=0
©x=0,1

i.e. at (0,0)and (1, 1)

7 f:R->R,f(x)=ax+b,a,b+#0
f(H)y=2,..a+b=2

=2
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f—l(l):ﬂ:3 Xl =a-y, . y=a-x?
a f1(x) = a - x* x> 0 (to match
b =b=3a Range of f)
" 3a+b=1 £
a+b=2 b Atx=1: Va—x=a—-x?
- 2a = -1 " Va-1l=a-1
1 5 )
a=—§,b:§ ca—-1=(@@-1)
cad*=2a+1-a+1=0
8 fi(-00,a]l =R, f(x)= Va—x La*-3a+2=0
a x=+a-y " (a—2)(a—1):0

Ta=1,2
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Solutions to Exercise SH

1 C = 0.30n + 80 where n is the number of

d Maximum area = 625 cm? when

menus ordered. x=25
1.2 0<m<?20 5 a ¢
2aC={2 20<m<50 20 —
3 50 <m <150 129
6.5{ «—o
35
b 0725 3 10 w(kg)
ce®)
3 o » Domain=(0,150] P 1 $6.50
2l 4 E Range = {1.20, 2.00, 3.00}
1 i $12
0 20 30 T00 TS0 7 (0)
iii $20
3 aC =025x+64 ¢ Package them together
C, =89
6 c ot
b 0.25x + 64 = 89 35 y=G(d)
. . / " y=P)
implies 0.25x =25 251
x =100 10
ce) 0 10 20 30 d(km)
90T
“© (100, 89) G=% d i $27.50
70 C;=025x+64 ii $25
60
0 20 40 60 80 100 120 140 160  x (km) ¢ Purple Taxi
¢ Method 2 is cheaper than Method 1 f Greater than 6 km
if more than 100 km per day is
travelled. 401 for0<r<?2
7 a F(r) =
306+20 for2<t<6
4 a Length=(50-x)cm
b F
b A(x) = x(50 — x) 200
80

c 0<x<50
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C

d

8 a

i $60
ii $95
iii $125

$35 per hour

i A=8+xy-x

ii P=y+@8+x)+(y—x)+x+x+
8=2x+2y+16

If P = 64, 64 =2x+2y+ 16

48 =2(x +y)

24 =x+y
y=24-x
When y =24 — x,
A=@8+x)(24-x) - x?
=192 + 16x — 2x?

ii Weknowy=24-x
,oox <24
Alsoy—x>0,i.e. 24 -2x>0

Lx< 12
The allowable values for x are
{x: 0<x<12}.
. . -b
ili Turning point is at X=—
2a
anda=-2,b=16.. x= _—16
-4
=4
Whenx =4, A =192+ 16(4) — 2(4)?
=192+ 64 —-32 =224
When x = 0, A =192
When x =12, A =192+16(12) - 2(12)2
=192 + 192 — 288 = 96
4 (4,224)

100 1 (12, 96)

A6 s1012 x
iv The maximum area occurs at the
Turning point and is 224 cm?.
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Solutions to Technology-free questions

1 a[-2.4) N
b [-2,4] 2
c [1,8] B N
d (-1,6] : \
e (—4,-2]U(1,5] b {(x,y):y=3x —2;x €[-1,2]}

Range = [-5, 4]
f (-4,-2]U(2,) ;

g (_005 _3] U(I,OO) - /

2 a f3)=2-6(3)=-16 /

b f(-4)=2-6(-4) =26

¢ f(x)=2—-6x=6
. —b6x=4

2
X=-z
3

3 f:[-1,6] >R, f(x)=6-x
a y

-1,7) 0.6)

0 (6, 0)

b Range of f =[0,7]

4 a {(x,y): 3x+y=06}; Range =R
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¢ {(x,y):y=x%x €[-2,2]}

g [1R-R f(x)=x-2)7°
Range = [0, 4]

Range = [0, o)
\ ¢

\
\

\
\

d {(x,y):y=9-x); h f;R\{O}—>R,f(x):1+2
Range = (_VOO’ 9 Range = R\{2} *

v

0]
|

s \@

e {(x,y):y= X2 +4x + 6};
Range = [2, o)

N

i v-372=2x+1
Range = R

f

f {(1,2)(3,4)(2,-6)};
Range = {-6,2,4}

j L3 -R, f(x)=x
Range = [-1, 3]

5a fn=24b

X

208



f==2,. fh)=a+b=

S
Il
[\SN OS] SN
I

f@2

N
Il
k‘\
—~
[\9]
N
Il
|
+
S
Il
Ne}

+
— O
0| W

I

Q
N —

Il

\O

I
\O

S la

Il

I

— |
W
S
S o
Il

QW w IR

[\S)

b Implied Domain of f is R\{0}.

£:10,2] = R, f(x) = 2x — x?

a y

(1, 1)

> X
ol (2, 0)
b Range = [0, 1]

f(x)=ax+b

f(5)=10, ..5a+b=10

f(Hy=-2 .. a+b=-2
coda =12

a=3,b=-5

f(x) =ax’> +bx+c
f(0)=0,.. ¢c=0

f4) =0, s 16a +4b =0

4a+ b=0

f(=2)=-6 4a — 2b = -6

. 3b=6
“b=24a=-2

1
a:—i,b:2,c:()

1

9 ay=—:

10

x —
implied Domain = R\{2}

f(x) = Vx-2;

implied Domain = [2, o0)

y= V25— x%;
implied Domain = [-5, 5] since
25-x220

1
fx) = m, 1
implied Domain = R\{E}

g(x) = V100 — x2;
implied Domain = [-10, 10]

h(x) = V4 - x;

implied Domain = (—o0, 4]

y = x* + 2x + 3 is many — 1 (full
parabola)

fi12,00) > R, f(x) = (x—2)%is
1 — 1 since we only have the right
side of the parabola.

f(x) =3x+2is 1 — 1 (oblique line)

f(x) = Vx—2is 1 — 1 (half-
parabola only)

1
> is 1 — 1 (rectangular

() = —
hyperbola)

fil-1,00) 5 R, f(x) = (x +2)*is

1 — 1 since we only have part of the
right side of the parabola (vertex at
x==-2).

fi[-3,5] 2 R, f(x) =3x—21is
1 — 1 (oblique line)
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h f(x) =7 —x?is many — 1 (full b
parabola) (3.4

is many — 1 (full

—_

1
i f(x)= G_27

truncus) o T

1
J h(x):—2+4isl—>1
x —
(rectangular hyperbola)

3x—1;x € [0, 0)
11 a f(x)={x%xe[-3,0)

9;x € (—00,-3)
y
(-3,9)
(5.2
81
0¢ (0,-1) 5 _
d Range = [-6, 3]
y
1-2x;x €[0,00) A

b h(x) = {x2x €[-3.0) N

7 0 > X
—x%;x € (—00,-3) (=2, -1) \
Y (3.-6)

(-3,9)
13 a Domain = [1, o0); Range = [0, o)
0, 1)
0 * b Domain = (—o0, 1]; Range = [0, o)
/’ ¢ Domain = [0, 0); Range = (-0, 1]
12 a Range = [0, 4] 14 a Domain = R\ {1}; Range = R \ {0}

b Domain = R\ {-1}; Range = R \ {0}

¢ Domain = R\ {1}; Range = R \ {3}
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15 a

16 a

b f:[-2,00) >R, f(x) = Vx+2+2

C

Domain = [-1, 1]; Range = [0, 1]
Domain = [-3, 3]; Range = [0, 3]

Domain = [-1, 1]; Range = [3, 4]

f: [_1’5] —>R,f(.X) =3x-2
Range of f = [-5, 13]
= Domain of inverse
x=3y-2
SL3y=x+2
x+2
3

Ll =
Domain = [-5, 13]

Ly =

x+2

Range of f = [2, )

= Domain of inverse

X=1y+2+2
LXx—=2=4/y+2
Ly+2=(x-2)

L ) =-2)72-2
or (or x> —4x +2)
Domain = [2, o0)

fil=1,00) = R, f(x) = 3(x + 1)
Range of f = [0, o)

= Domain of inverse

x =30+ 1)
(y+1)2:§
SLy+1l= \/g
LN = \/g—l

Domain = [0, c0)

d f:(=c0,1) = R, f(x) = (x~ 1)

Range of f = (0, o0)
= Domain of inverse
x=(y—1)>
o= Vx=y-1
L =1
Domain = (0, o)
We need the negative root here

because f(x) is the left side of the
parabola.

17 f(x)=2x+5
a f(p)=2p+5
b f(p+h)=2p+2h+5

¢ f(p+h)—f(p)

=Q2p+2h+5) —Q2p+5)=2h

d f(p+1)—f(p)

= (Q2p+2+5)-(Q2p+5)=2

18 f(x)=3-2x
fp+1) = f(p)
=3-2(p+1)-0B-2p)
=3-2p-2-3+2p
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15
Range of f = (—oo, _§]
b f(x)=2x"-x+4

:2x2——+2)

¢ f(x)=—x*+6x+11
= —(x* —6x—11)
= —(x* — 6x + 9 - 20)

= —(x—3)>+20
Range of f = (—o0,20]

d glx) = —2x*+8x-5

5
=2 —4x+ =
()C X+2)

3
=2x*—4x+4-=
(x x4 2)

=-2(x-2)"+3
Range of g = (—o0, 3]

20 f:[-1,6] > R, f(x) =5-3x

(6,-13)

b Range of f =[-13,8]

21 a f:[-1,8] = R, f(x) = (x —2)?

(8, 36)

¢ Range of = [0, 36]

22 Domain of the function fis {1, 2, 3, 4}
a f(x) =2xsoRange ={2,4,6,8}
b f(x) =5 - xsoRange ={1,2,3,4}

¢ f(x) = x> — 4 soRange =
{-3,0,5, 12}

d f(x) = vxsoRange = {1, V2, V3,2}
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Solutions to multiple-choice questions

1 B f(x)=10x"+2 C f(x)=1-9xisalineand 1 — 1
- f2a) = 10Q2a)* +2
D = is1—1
= 40a* +2 ()= yx
9. . .
2 E Maximal Domain of f(x) = V3x+5 E f(x)= S is 1 — 1 if Domain is
is [-5, ) R/{0}
: 2
9 D y=-— +3isreflected in the x-axis:
3 D Maximal Domain of f(x) = V6 — 2x y = t21sreliected In the x-axis
is [—o0, 3] y:—%—S
d then in the y-axis:
4 B Range of x*> + y? > 9 is all numbers and t 62n 1n the yéaXIS-
outside the circle x*> + y* =9 y= —3_3 = ;_3

Hence Range is R.
10 C Forf:[-1,5) = R, f(x) = x*

S E Rangeis[1,5] Min. value at (0, 0);
- =D =1;f(5) =25:
6 C For f(x)=T7x-06,f (% the Range is [0, 25).
x=T7y—6
x+6="Ty 11 D D is correct.
. _x+6
YTy A y=x*—xisamany — I function

7 E For f: (a,b] > R, f(x)=3—-x

B = 4 p— 2 3 1
Max. value of Range > 3 —a y = V4 —x71s amany —

) function
Min. value of Range =3 - b

C =3,x>0i 1
8 B Bis correct. y=3,x>01isamany -
function

— O _ 23
A f(x)=9-x"isl > loverx>0 D x=3isal — many relation

B f(x) = V9 — x%is many — 1 for

X . . E y=3xisal — 1 function
implied Domain [-3, 3].
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Solutions to extended-response questions
1 a 40 mg/L
b 45 mg/L
¢ 36 mg/L.
d Att =9 hours; C =9 mg/L
e 54 mg/L (quite a lot)

2

w ENENVY < N o0

a3m
b i8m
ii 4.8 m
iii 4m
¢ In the first section —0.2(x = 5)> +8 =6

(x-5?%=10
x=VY1I0+50x=-V10+5

The second solution is required.
-0.8x+12.8=6

-0.8x =-6.8

x=28.5
The distances are
x=5-V10~ 184 mand x=85m
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3 a For the first coach, d=80tfor0<r<4

d:320f0r4<ts4;1

3 3 1
d =320 80(t—4—)f 42 <1 <7-
+ ;) fords < 1

=320 + 807 — 380 = 807 — 60

801 0<r<4
3
i.e. for the first coach, d = {320 4<t< 44—1 Range: [0, 520]
3 1
80t —60 4- <t <7-
4 4
d
For the second coach, v = "
_ 520 1040
-1 T 11
57 11

1040 1
Sod=520- TI,O <t< 55, Range: [0, 520]

b The point of intersection of the two graphs yields the time at which the two coaches
pass and where this happens.
d (km)

\
5001 (0, 520)

T first coach from X (7% , 520)
400 |

8 (4, 320)
3004 (43.320)
200 |

| second coach from Z
1004

(:£9)
1040
520 — ——1t = 80¢
11
1920«
520 =

11
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520 11 143

1920 48
143 143
When ¢ = K, d= K
80 x 11440 1
= - 38—
48 3

1
i.e. the two coaches pass each other 23 8- km from X.
4 a i Cn)=5+1000,n>0

il o) (9) .

(1000, 6000)
6000

4000

2000 L
1000

0 " 200 400 600 800 1000 n

b i P(n)=15n-C(n)
= 15n — (5n + 1000)
= 10n - 1000,n > 0

i Pn) ) A

(1000, 9000)
9000 |

60001

3000 {

O 1 1 1 1 1 N
_1000L~" 200 ~ 400 ~ 600 800 = 1000 n

5 a R = price of ticket X number of tickets sold
= (15 + x)(50 000 — 2500x)
=2500(x + 15)(20 - x),0 < x <20
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b

R ($)

\ (2.5, 765 625)

75000

500001

2500041

0 5 fo fs 3026
x-intercepts occur when R = 0 Sox=—=150r20(but x > 0,so x = 20)
R-intercept occurs when x = 0 . R =750000
-15+20
Turning point occurs when X=——7-——=25

2
When x = 2.5, R =2500(2.5 + 15)(20 — 2.5) = 765625

The price which will maximise the revenue is $ 17.50 (i.e. when x = 2.5).
This assumes that price can be increased by other than dollar amounts.

BE = CD = x, as BCDE is a rectangle. c
AB = AE = BE = x, ; ¢ D
as ABE is an equilateral triangle.
DE = BC, as BCDE is a rectangle.
Perimeter of pentagon

=3x+2BC =a

1 L
BC = E(a - 3x) E
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7

A(x) = area of rectangle + area of triangle

1
= length X width + > base X height

2
1 1 1
:xxi(a—3x)+§x>< xz—(—x)

2 2 2
_2ax—6x2+x2\/§
B 4

X
= Z(Za—(6— V3)x)

_ax 32 x xz( 1) ax 3x* x*\3

b From geometry: x > 0
Also BC >0
Soa-3x>0
Giving x < g

Therefore allowable values for x are {x: 0 < x < g}.

3
0+ -2
¢ Maximum area occurs when x = 6-v3 _ 4
2 6 — \/§
Whenx= —"—.  A(x)= L(za_ 6= V3a
6- V3 46- VI 63
)
46-V3)
. , . a2 ,
i.e. the maximum area is ————— cm"”.
46 - V3)

a idx)y=AP+PD

= VAB? + BP2 + VPC2 + CD?

= V52 + 2 + (16 — x)2 + 32

= Va2 +25 + Va2 — 32x + 265

ii 0<BO<BC L 0<x<16
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*Unsaved —

f1(x]l=Jx2+25 +Jx2—32'x+265

ii On a CAS calculator, sketch the graphs of
f1 = y(x"2 +25) + /(x"2 — 32x + 265) and f2 = 20. The point of
intersection is (1.5395797, 20). Therefore d(x) = 20 when x ~ 1.54.
Alternatively, enter solve (y/(x*2 + 25) + V&2 = 32x + 265) = 20, x) to find

X= SOigﬂ ~ 1.54,16.24

However, 0 < x < 16, just one answer of 1.54.

iii Repeat b ii using f2 = 19. The points of intersection are (3.3968503, 19) and
(15.041245, 19). Therefore d(x) = 19 when x = 3.40 or x = 15.04.
Alternatively, enter solve (y/(x*2 + 25) + V&2 = 32x + 265) = 19, x) to find

1936 + 19 V4141
. 210

¢ i Use CAS calculator to yield
to yield (9.9999998, 17.88544). Therefore the minimum value of d(x) is 17.89
when x ~ 10.00.

~ 15.04, 3.40

ii Range = [17.89, 21.28 ]. Exact answer is [8 V5,5 + V265].

8 a On a CAS calculator, sketch the graphs of f1 = (x + 1)(6 — x) and f2 = 2x.
Points of intersection are (—1.372 281, —2.744 563) and (4.372 281 3, 8.744 562 6).
The coordinates of A and B are (4.37,8.74) and (—1.37, —2.74) respectively, correct
to 2 decimal places.
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Or consider (x+1)(6-x)=2x

x> +5x+6=2x

X -3x-6=0
9 33
2
x4 o-22 =0
X x+4 1
- o
2 2 )
3 33
(-2 W2
2" 2 2 2
x:3i2\/§ and y=3+ 33
3+ /33 3433
yielding A( +2\/_,3 ; «/ﬁ) B( 2‘/_,3 _ \/ﬁ)

b idx)=0&x+1)(6-x)-2x

=6x+6—x>—x—2x

=—x*+3x+6
ii YA y=(+1)6-x)
(4.37,8.74)
6
2
=—x"+3x+
Lo dx)=-x"+3x+6
(-1.37,0)
0 @37.0) >
(-1.37,92.74)

¢ i with f1 = —-x"2+3x +6,
Use CAS calculator
to yield (1.5000015, 8.25).
Therefore the maximum value of d(x) is 8.25.

ii Range = [0, 8.25]
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d dx)=(x+1)(6-x) —5x YA (2.45,12.25)

=6x+6—x>—x—5x 6 y=5x
_ .2
=—x +6 . d(x)=—x>+6
The maximum value of d(x) is 6 and >
245 1 0 2.45 X

the Range is [0, 6].

(-2.45,-12.25)
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Chapter 6 — Polynomials

Solutions to Exercise 6A
1 P(x)=x>-3x*-2x+1
a P)=1-3-2+1=-3

b P(-1)=(-=1° =31 =-2-D)+1
=-1-3+2+1
=-1

¢ PQ2)=(2)>-32?%-22)+1
=8-12-4+1
=7
d P(-2) =(-2)°-3(-2*-2(-2)+ 1
=-8-12+4+1
=-15

2 P(x)=8x>—4x> - 2x+1
1 1 1 1
P(=)=8(=) -4(=)-2(=)+ 1
a (2) 8(2) (2) (2)+

1 1 1
_8x§—4xz—2x§+1

=0

b

1 1 1 1
P(=3) =8(=3)" —4(=3)" = 2A—3) + 1

2

1 1 1
:8><(—§)—4><—+2><—+1

4 2
=0
3 Px)=x"+4x>-2x+6

a P(0) = (0)° +4(0)> = 2(0) + 6
=6

P(1) =) +4(1)>=2(1)+6
=9

PQ2) =2’ +422)*-22)+6
=26

P(=1) = (=1 +4(-=1)>=2(-1)+6
=-14+4+2+6
=11

P(a) = (a)’ +4(a)*> = 2(a) + 6

=a’+4a> -2a+6

PQ2a) = 2a)’ + 4(2a)* = 2(2a) + 6

=8a® + 164> —4a +6

P(x) = x> + 5x*> —ax — 20 and

P(2) =0
222 45%x (2% -2a-20=0
S 8=2a=0
a=4

P(x) = 2x> + ax*> — 5x — 7 and
P3) =68
2x3 +ax(3)?-5%x3-7=68

.. 9a = 36
La=4
P(x)=x*+x>=2x+cand P(1) =6
S1+1-2+¢c=6
S.c=06

P(x) = 3x° = 5x3 + ax> + bx + 10 and
P(-1)=P2)=0
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P(-1) =0implesa—-b =-18...(1)
P(2) = 0 implies 4a + 2b = —162 and
thus 2a + b = —-81...(2)

Add equations (1) and (2)

3a = -99

Hence a = -33

Substitute in (1) to find b = —15

e Let P(x) = x> = 3x* + ax® + bx* +

24x — 36
P3)=P(1)=0
P(3)

=3 -3x3*+3%+3%h+24%x3-36
=243 —243 +27a +9b + 72 — 36

=93a+b+4)
P(1)

=P -3x1*+1%a+1*h+24x1-36
=1-3+a+b+24-36

=a+b-14
We have the simultaneous equations
3a+b=-4...(1)

a+b=14...Q2)
Subtract equation (1) from equation
(2)
2a = —18

S.a=-9and b = 23.

5 f(x) = x> —2x* + x,g(x) =2 - 3x and
h(x) = x> +x
a f(x)+g(x)=x3—2x2+x+2—3x
=" —2x* - 2x+2

b f(x)+h(x)=x3—2x2+x+x2+x

= - +2x

¢ f-—gx)=x-2x*+x-(2-3x)

=x —2x% +4x-2

d 3f(x) =3(x* —2x* + x)
=3x> — 6x% + 3x
(¢
f(x)g(x) = (x> = 2% + x)(2 - 3x
= 2(x3 —2x* + x) — ?))c(x3 —2x% + X)

= 3x" +8x — 7x% + 2x

f g(x0)h(x) = (2 - 3x)(x* + x)
=2(x" + x) — 3x(x> + x)

= 3% — x> +2x

g
J(x) +g(x) + h(x)

=2 +x+2-3x+x>+x

=X - —x+2

h
FOh(x) = (x° = 2x% + x)(x* + x)
= x3(x2 +Xx)— 2X2(x2 +Xx)+ x(x2 + x)
:xs—x4—x3+x2
a (x—2)(x* —2x+3)
= x(x* = 2x +3) = 2(x* = 2x + 3)
=X -2 +3x-2X>+4x-6

=x 4> +7x -6

b (x—4)(x?-2x+3)
= x(x* = 2x+3) —4(x* = 2x + 3)
=X =2 +3x—4x* +8x—12

=X -6+ 11x-12

¢ (x=DQ2x*=3x-4)
= x(2x* = 3x—4) - 12x* = 3x - 4)
=20 = 3x2 —4x—2x> +3x+ 4

=20 -5 —x+4
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d (x=2)(xX* +bx+¢) b Equating coeflicients

_ : 2
_ x(x2 +bx+c)— 2(x2 +bx + ) b+ 1 = =7 (coefficients of x7)

b=-8
-3 2 2 oy
=X bxT 4 ex - 220 - 2bx = 2c Note that ¢ = 12. Also as a check
=x’ +(b-2)x +(c-2b)x -2 note that: ¢ + b = 4 (coeflicients of x)
Se=12
e 2x+ D(x*—4x-3)
3 2
:2x(x2_4x_3)+(x2_4x_3) Cx—7x +4x+12
23— 8x? — x4 a2 — dx— 3 =(x+ D(*-8x+12)
=22 -7 - 10x-3 =+ Dx-6)(x-2)

2 e N2
7 a (x+ )2 +bx+0) 8 ¥ +6x-2=(x-b)+c

=x*-2bx+ b +c
Equating coeflicients
=X +bx* +cx+ x> +bx+c 2b=6and b? + ¢ = 2.

=X+ b+ D+ (c+bx+c Sb=-3andc=-11.

=x(x* +bx+¢)+ (> +bx+c)
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Solutions to Exercise 6B

X2 4+2x+

x_
1 a x—l)x3+x2—2x+3
B2
2x% - 2x
2x% - 2x

0

6
x+1
b ox+1)2x0 +x% —4x+3

223 +2x2
x> — 4x
—x>—x
-3x+3
-3x-3
6

2x2 - x -3+

3x? — 10x +22 —

43
x+2

c x+2)3x3 —4x* +2x+ 1
3x% + 6x2
—10x? + 2x
—10x% — 20x
22x+1
22x +44
—43

28
2x2+3x+10+—3

d x-3)2x° =357 +x-2
2x3 — 6x2
3x% +x
3x% - 9x
10x -2
10x — 30
28

X —x+4- 8
x+1

2 a x+1)x3+0x2+3x—4

X+ x?
—x% +3x
—x>—x
4x — 4
4x + 4

-8

181
x+4
b x+4)2x +0x2 + 17x + 15

2x3 + 8x?
—8x% + 17x
—8x% — 32x
49x + 15
49x + 196

—-181

2x2 — 8x+49 —
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11 X2 -2x-6

X+x-3+ 3
X
3 5 c x—3)x3—5x2+0x+18
cx+3)x +4x" +0x +2 3 )
3 ) x’ =3x
x>+ 3x e S
240 -2x% + Ox
x2 ! —2x? + 6x
X+ 3x ——
732 —6x + 18
el —6x + 18
-3x-9
0
11
3x2-x-6
¥ -x+4+
x-2 d x-2)3x° =72 —4x + 12
d x—2)x3—3x2+6x+0 —x> — 6x2
X —2x7 —x? —4x
—x2 + 6x —x% +2x
—x? + 2x —6x + 12
4x+0 —6x + 12
4x -8 0
8
X +0x-3
X =2x+5 4 a x+2)x3+2x2—3x+1
3 a x+1)x3—x2+3x+5 X422
X422 0x% — 3x
—2x2 +3x 0x + Ox
—24% - 2x -3x+ 1
5x+5 -3x-6
5x+5 7
0 Quotient = x? — 3, Remainder = 7
2%2—2x—6 x> +2x+15
b x+4)2x% +6x7 — 14x - 24 b x—5)x-3x2+5x—4
2x3 + 8x? X0 =52
—2x2 — 14x 2x% + 5x
—2x% — 8x 2x% — 10x
—6x — 24 I5x -4
—6x — 24 15x =75
0 71

Quotient = x% + 2x + 15,
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2

. 2
Remainder = 71 X +2x-3- 5

722 — 340 b 2x+1)2x° +5x2 —4x =5
) 2x° + &2
CX+1)2X —x"=3x-17 ﬁ
22 +2x2 xz -
— X, 4x° +2x
—3x° —3x
—3x% - 3x —6x -5
— —-6x -3
Ox_ 7 72
0x +0 B
-7
Quotient = 2x? — 3x, x> +2x-15
Remainder = —7 6 a 2x—1)20 +3:2-32x+ 15
5x2 +20x + 77 2% -
2
d x—4)50 +0x2 - 3x+7 - 32
523 — 202 a-2x
2042 — 80x —30x+ 15
TTx+7 0
T7x — 308 1 8 8 19
315 3 =X =5 + 27Gx=1)
3 2
Quotient = 5x2 + 20x + 77, b 3x-1 )x3 T 0l
Remainder = 315 r o3
—%xz + Ox
8.2 .8
1.2 7 3 103 —3X" +gX
2T IX T8 T s — —§9x+1
5 a2x+5)x3+6x2+8x+11 —§x+§
2203 4 322 — "
Ix?+8x 27
30+ X | | .
e+ 11 7 a Using equating coeflicients.
17 s X +28% +5x+ 1= (x— (x> +3x+8) +9.
Y%
103 42 +5x+1
3 =x“"+3x+8+
x—1 x—1
Soa=9.
b Using equating coeflicients.
9. 21
20 -2 +5x+3=2x- D -2+ )+ 2.
X X X 2x - D(x > 4) 7
233 -2x*+5x+3 , x 9 21
: =X —-—=—+-+—
2x—1 2 4 42x-1)
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21 x?—4dx+2

1
d x2+2x—1)x4—2x3—7x2+7x+5
xt+2x3 - ¥?
2x-6 —4x3 — 6x% + 7x
8 a x2+0x—2)2x° —6x> —4x + 12 —4x3 - 822 + 4x
2x3 + 0x2 — 4x 222 43x45
—6x2+0x+ 12 2x2 +4x -2
—6x> + 0x + 12 —x+7
0
2
-6 x> =3x+7

9 a x2+2x—1)x4—x3+0x2+7x+2

b x2+0x+1)x3—6x2+x—8
20— a2

X+ 0x% + x
62 +0x—8 =33 + X2+ Tx
—6x2+0x—6 -3x3 — 6x% + 3x
- Tx> +4x+2
Tx* + 14x =7
2x -6 -10x+9
c x2+0x—2)2x3—6x2—4x+54 5 ;
2x3 + 0x? — 4x A3
—6x2 + Ox + 54 b 2x2—x+4)2x4+x3+0x2+13x+10
—6x2 +0x + 12 22t — 2 + 4o’
1 2x3 —4x% + 13x

2x3 — x2 4+ 4x
—3x2+9x + 10
-3x% + %x -6
15

7)6'{'16
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Solutions to Exercise 6C

Use the Remainder Theorem.

1

a

P(x)=x>—x2-3x+1
Divide by x — 1: remainder = P(1)
=1P-12-31)+1=-2

P(x)=x3-3x>+4x-1
Divide by x + 2: remainder = P(-2)
= (=2 =3(-2)*+4(-2)-1=-29

P(x) =2x3 = 2x>+3x+1
Divide by x — 2: remainder = P(2)
=227 -2 +32)+1=15

P(x)=x>=2x+3
Divide by x + 1: remainder = P(-1)
=(-1P-2(-1)+3=4

P(x)=x>+2x-5
Divide by x — 2: remainder = P(2)
=2’ +22)-5=7

P(x) =2x3 +3x> +3x -2
Divide by x + 2: remainder = P(-2)
=2(=2° +3(-2)*+3(-2)-2=-12

P(x) = 6 — 5x + 9x% + 10x°
Divide by 2x + 3: remainder = P —%)

ERRNE)
+10(—%) -0

P(x) = 10x° = 3x* + 4x - 1
Divide by 2x + 1: remainder

-

P(x) = 108 x> —27x* - 1

a

1
Divide by 3x + 1: remainder = P(—g)

13 12
:108(——) —27(——) 1=-8
3 3

P(x)=x+ax*+3x-5

Remainder —3 when divided by x — 2
S PQR)=84+4a+6-5=-3
wda=-12

T a=-3
P(x) = x> + x* = 2ax + &*

Remainder 8 when divided by x — 2
L PR)=8+4—-4a+a=28

a—4a=-4
(@-27%=0
a=?2

P(x)=x>=3x*>+ax+5
Remainder 17 when divided by x — 3
S P3)=27-27T+3a+5=17

o 3a=12
Ta=4
Px)=x>+x>+ax+8

Remainder O when divided by x — 1
S P)=1+1+a+8=0

~a=-10

Use the Factor Theorem.

b

3aPx)=x"-x>+x-1

L P)=1-1+1-1=0
Therefore P(x) is exactly divisible by
x—1

Px)=x>+3x>-x-3
L P1)=1+3-1-3=0
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Therefore P(x) is exactly divisible by
x—1

P(x) =2x>-3x>-11x+6
SoP(=2)=-16-124+22+6=0
Therefore P(x) is exactly divisible by
x+2

P(x) = 2x° — 13x* + 27x — 18

) P(3)_27 117+81 1820
\2) 4 4 2 T
Therefore P(x) is exactly divisible by

2x-13

P(x)=x"—4x> +x+m
P(3B)=27-36+3+m=0

“m=06

P(x) =2x3 =3x> = (m + x - 30
P(5)=250-75-5(m+1)-30=0
S 5(m+1) =145

m+1=29,:. m=28

P(x)=x>—(m+ Dx*>—x+30
P(-3)=-27-9m+1)+3+30=0
L9m+1)=6
: +1 2. !
.m ==, .m=—-=

3’ 3
20 + 2 —2x—1
=xX2x+1D-Q2x+1)
=Qx+DE*-1)
=Qx+ Dx+Dx=1)

X437 +3x+1

=(x+1)>°

P(x) =6x> —13x> + 13x -6
P(1)=6-13+13-6=0
(x — 1) is a factor.

Long division or calculator:

P(x) = (x — 1)(6x*> — Tx + 6)
No more factors since A < 0 for the
quadratic term.

P(x)=x>=21x+20
P1)=1-21+20=0

(x — 1) is a factor.

Long division or calculator:
P(x) = (x — D(x* + x — 20)

L P =(x=-Dx-Hx+5)

P(x) =2x> +3x* -1
P-1)=-2+3-1=0

(x + 1) is a factor.

Long division or calculator:
Px)=(x+DRx2+x-1)

L Py =+ Dx+1DHR2x-1)

=Qx—1D(x+1)?

P(x):x3—x2—x+l
=Xx-D-(x-1)
= (x =D = 1)
=(x+ Dx-1)7

P(x) = 4x> +3x-38
P2)=32+6-38=0

(x — 2) is a factor.

Long division or calculator:

P(x) = (x = 2)(4x*> + 8x + 19)

No more factors since A < 0 for the
quadratic term.

P(x) =4x +4x> - 11x -6
P(-2)=-32+16+22-6=0
(x + 2) is a factor.

Long division or calculator:

P(x) = (x + 2)(4x> — 4x = 3)
= (x+2)2x + DH(2x - 3)

6 Let P(x) = (1 + x)*. Then
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P(-2) = (-2)* = 1
The remainder is 1.

7 a P(x)=2x"-7x>+16x-15

Note that P(x) = 0 has no integer
solutions. Check this by using the
factor theorems.

The factor of 2 to be considered is2
The factors of 15 to be considered are
+3,+5,£15,+1.

The values to check using the factor
5 15 1

theorem are +—, ii’ 17, ii

Then using the factor theorem.

P(%) = 0. No need to try another. We
can factorise since we know 2x — 3 is
a factor.

Using the equating coefficients
method we find:

P(x) = 2x =3)(x* —=2x+5)

P(x)=2x> —7x*> +8x+5

Note that P(x) = 0 has no integer
solutions. Check this by using the
factor theorems.

The factor of 2 to be considered is2
The factors of 5 to be considered are
+5,+1.

The values to check using the factor
5 1

theorem are +—, +—

Then using the factor theorem.
5 1
P(E) # 0 but P(_E) = 0. No need to

try another. We can factorise since we
know 2x + 1 is a factor.

Using the equating coefficients
method we find:

P(x) = 2x+ 1)(x* =2x+5)

P(x)=2x>-3x> - 12x-5
Note that P(x) = 0 has no integer

solutions. Check this by using the
factor theorems.

The factor of 2 to be considered is2
The factors of —5 to be considered
are £5, +1.

The values to check using the factor

5 1
theorem are +—, +—

Then using the factor theorem.
5 1
P(E) # 0 but P(_E) = 0. No need to

try another. We can factorise since we
know 2x + 1 is a factor.

Using the equating coefficients
method we find:

P(x) = 2x + 1)(x* = 2x = 5)

d P(x) =2x—x>—8x-3
Note that P(x) = 0 has no integer
solutions. Check this by using the
factor theorems.
The factor of 2 to be considered is2
The factors of —3 to be considered
are 3, =1.

The values to check using the factor
3 1

theorem are +—, +—

Then using the factor theorem.
1 3
P(E) # 0 but P(_E) = 0. No need to

try another. We can factorise since we
know 2x + 3 is a factor.

Using the equating coefficients
method we find:
P(x)=C2x+3)x?*-2x-1)

8 Sumy/difference of two cubes:
O +y = (x+y)F - xy+y7)
=y = (x =)+ xy + )

axX-1l=x-D2+x+1)

b x*+64=(x+4)(x*-4x+16)
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10

c 2783 - 1=0CBx-1DOx*>+3x+ 1)

d 64x>—125 = (4x—5)(16x> +20x+25)

e 1—-125x° = (1 = 5x)(1 +5x +25x%)
f 8+27x = (2 +3x)(4 — 6x +9x?)

g 64m® —27n* = (4m - 3n)(16m?* +
12mn + 9n?)

h 270% + 84 = (3b + 2a)(9b* — 6ab +
4a2)

a Px)=x+x>—x+2
P(-2)=-8+4+2+2=0
P =+ —-x+1)

No more factors since A < 0, for the
quadratic term.

b P(x)=3x"-7x>+4
P)=3-7+4=0
5OP(x) = (x—1)3x2—4x—4)

= (x = DBx + 2)(x = 2)

c PX)=x>-4x>+x+6
P-1)=-1-4-1+6=0
SPX) =+ 1D(x=5x+6)

=@+ Dx-2)(x-3)

d P(x) =63 +17x> —4x-3
P(=3)=-162+153+12-3=0
P = (x+3)6x°—x—1)

=(x+3)Bx+1D2x-1)

Px)=x+ax*—x+b

P(x) is divisible by x — 1 and x + 3:
Pl)=1+a-1+b=0
La+b=0
P(-3)=-274+9a+3+b=0

9a+b =24

a=3,b=-3
SoP(x)=x>+3x*>—x-3
=x*(x+3)—(x+3)
=(x+3)(x%*-1)

11 a

12 a

b

(x+3)x-Dx+1)

P(x)=x"-a"

Pla)=d"—a" =0

By the Factor Theorem, (x — a) is a
factor of P(x)

Ox)=x"+a"

i If (x + a) is a factor of Q(x), then
O(-a) = (—a)" + a",
which is zero if n 1s an odd
number.

ii If (x + a) is a factor of P(x), then
P(-a) = (-a)" - d",
which is zero if n is an even
number.

Px)y=(x-1)(x-2)0x)+ax+b
Pl)y=a+b=2
P2)=2a+b=3

a=b=1

i If P(x)is a cubic with x>
coefficient = 1:
PxX)=(x-1D(x-2)(x+c)+x+1
Since —1 is a solution to P(1) = 0:
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P(-1) = (=2)(-3)(-1+¢c)—1+1=0
nce=1
PX)=x-Dx-2)x+D+x+1
=(x+D(x=Dx-2)+1)
=(x+D*=3x+2+1)
= (x+ D(x* =3x+3)

= -2x*+3

ii P(x)=(x+1DE*>-3x+3)

includes a quadratic where A < 0,

so x = —1 is the only real solution

to P(x) =0
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Solutions to Exercise 6D

1 a

x-Dx+2)(x—-4)=0
x=1,-2,4

x—-4dHx-4H(x-6)=0
x=4,6

Cx-1Dx-3)3Bx+2)=0
1 2

x=-,3-2

2’773
x(x+3)(2x-5)=0

:O :—3 = —
X or x or x 5

¥ -2x>-8x=0
x(x?-2x-8)=0
Cx(x+2)(x=-4) =0
x=-2,0,4

X +2x2-11x=0
Lx(xXP+2x—11)=0

Lx(x+1-2V3)(x+1+2V3)=0
x=0,-1+2V3

2 =3x2-40x=0
Sx(x?=3x—-40)=0
Sx(x=8)x+5) =0
x=-50,8

X 4+2x2-16x=0
~x(x% +2x - 16) =0

Sx(x+ 1= VIT)x+1+V17) =0
x=0,-1+ V17

X=xXt+x-1=0

Px-D+x=-1D=0
x-D*+1)=0

x = 1; no other real solutions since
A < O for the quadratic term.

C+xr+x+1=0
Px+D+x+1D)=0

(x+D*+1)=0
x = —1; no other real solutions since
A < 0 for the quadratic term.

X =5x>=10x+50=0
' P(x=5)-10(x=5)=0
(x=35)x*-10)=0
(x = 5)(x = V10)(x + V10) = 0
x=5+v10
x> —ax* —16x+16a =0
P(x—a)—16(x—a) =0
Px—a)x—16)=0
x—a)x—-4dHx+4)=0

x=a,zx4

X =19x+30=0

P2)=8-38+30=0

L P == +2x—15=0
=(x=2)(x=3)(x+5=0

x=-52.3

P(x)=3x"-4x>-13x-6=0
P(-1)=-3-4+13-6=0
PO =G+ DB =-Tx=6)=0

=(x+DBx+2)(x=3)=0
x=-1,-33
¥ —-x2-2x+2=0
P¥x-1)-2x-1)=0
(x-D(x*-2)=0
(x—Dx-V2)(x+ V2) =0
xX= 1,i\/§
P(x)=5x"+12x> =36x-16=0
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a

PQ2)=40+48-72-16=0

P =(x=2)5x +22x+8)=0
=(x=-2)Bx+2)(x+4) =0
2

=—4,-=2

'x b 5’

P(x)=6x>-5x>-2x+1=0

P(1)=6-5-2+1=0

L PO =(x=D6X*+x=-1)=0
=(x—=DBx=DR2x+1)=0

1 11

X— 27 3’

P(x) =2x>-3x>-29x-30=0

P(=2)=-16-12+58-30=0

L PX)=(x+2)2x%=Tx—=15)=0
=(x+2)2x+3)(x-5=0

3

=-2,-25
X . 5

P(x)=x+x*-24x+36=0
P2)=8+4-48+36=0
L P)=(x-2)(x+3x-18)=0

=(x-2)(x-3)(x+6)=0
x=-6,2,3

P(x) =6x+13x>-4=0
P(-2)=-48+52-4=0
L P)=(x+2)6x+x-2)=0
=(x+2)2x-1D)Bx+2)=0
2 1

= _27 — 5 A
* 372
Px)=x—x>-2x-12=0
P3)=27-9-6-12=0
P =(x=3)AP+2x+4)=0
x = 3; no other real solutions since
A < 0 for the quadratic term.

P(x) =23 +3x>+7x+6=0
P-1)=-2+3-7+6=0

P = (x+ DR2x*+x+6)=0
x = —1; no other real solutions since
A < 0 for the quadratic term.

Px)=x-x>-5x-3=0
P(3)=27-9-15-3=0
L PO == +2x+1)=0

=(x-3)x+1)*=0
x=-1,3

Px)=x+x>*-11x-3=0
P(3)=27+9-33-3=0
L PO == +4x+1)=0

=(x=3)x+2-V3)x+2+V3)

=0
x=3,-2+ V3

2x° = 16x
203 —16x=0

2x(x*>=8)=0

5 2x(x=2V2)(x+2v2) =0
x=0,+#2V2

20x-1) =32
L (x=1¥=16
x—1=2V2
x=1+2V2

¥ +8=0

(2 -2x+4)

x = —2; no other real solutions since
A < 0 for the quadratic term

2x3 +250 =0
: 2 +125)=0

2x+5)(x* —=5x+25)=0
x = =5; no other real solutions since
A < 0 for the quadratic term.
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a

1

1000 = —
X
1000x° = 1
(10x)° = 1
1
10x=1,. x=—
X X 10

X=x*+x-1=0
Px-D+x=-1D=0

x=DE*+1)=0

x = 1; no other real solutions since

A < 0 for the quadratic term.

X4+xl+x+1=0
Px+D+x+1D=0

x+DE*+1)=0

x = —1; no other real solutions since

A < 0 for the quadratic term.

X =5x2-10x+50=0

P(x=5)-10(x=5)=0
(x=5)(*-10)=0
(x—5)(x— V1I0)(x + V10) =0

=n

=7

x:S,i\/ﬁ

X —ax*—16x+16a=0

P(x—a)—16(x—a) =0
Px—a)x—16)=0
x—a)x-4Hx+4)=0

x=a,+4

a 2x° —22x% — 250x+ 2574

= 2(x — 9)(x% — 2x — 143)
=2(x = 9)(x — 13)(x + 11)

223 +27x% +52x - 33

= (x+3)2x2 + 15x - 11)
= (x+3)2x*+21x-11)
=(x+3)2x—-1(x+11)

¢ 2x° — 9x? — 242x+ 1089

=(x—-1D2x>+ 13 x-99)
=(x—-1DRx=9)(x+11)

2x% +51x% + 304x — 165
= (x+ 11)(2x? + 29x — 15)
=(x+1D)2x—- D(x+15)
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Solutions to Exercise 6E

1 ay=x+27>-1
Stationary point of inflection at
(=2,-1

Y

g

T > X

) 1 0
-1
(_25 _1)

by=(x-17%-1
Stationary point of inflection at

(1,-1
Y
A
T / > X
0 1
—1 1
(1,-1)

cy=x+37>+2
Stationary point of inflection at
(=3,2)

29

(-3, 2) 5]
14

/ -3-2-1 10

d y=(x-27>+5

Stationary point of inflection at (2, 5)

4- 2,5)

e y=(x+27°-5

Stationary point of inflection at
(=2,-5)
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2 ay=2x+3
Stationary point of inflection at (0, 3)

b y=2(x-3)7>+2
Stationary point of inflection at (3,2)

y
A
3
2 .
1A (37 2)
T T > X
0 1 ,2 3
c3y=x-5
Stationary point of inflection at
0,-3)
y
A

d y=3-x°
Stationary point of inflection at (0, 3)

y
A
2_
14
T T > X
0 1 \2
e y=03-x)°
Stationary point of inflection at (3, 0)
y
A
27)
— X
0| 123

fy==2x+17>+1
Stationary point of inflection at

(-1 1)

> <

1
g y=5(x—3)3+2

Stationary point of inflection at (3,2)
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A
2_
(3,2)
I T T I T —>» X
2 O /2 5
11.5 4
3 a y
4 4 a Lety=f"'(x)
Then
x:2y3+3
3_x—3
)
b 3 )C—3
YT\
| _ 3 x-3
S W =5
:4 Maximal domain = R
c b Lety=f"(x)

y
1( Then 1
2 x:3y§
3,1
G

- 1
T 0 T 1 x
=5 5 3=2C
V=57
3
1 _X_
f (X)—27

Maximal domain = R

¢ Lety=f!(x
Then
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- Then
b+ 1= !
2 x=-2(y-1)3+4
sfx—1 1 x—4
+1= - 1)3 =
y > -1 =)
V= 3x—1_1 _1:_(?6—84)3
2
(x—4)3
- sfx—1 =1-
A R y 3
_4)3
Maximal domain = R f_l(x)zl—(x 84)
d Lety=f!(x Maximal domain =R
Then 1 £ Lot 1
_ 3 ety = X
x=2(y+3)3 -2 Then |
1 —_—
(y+3)§:"’2L2 x=-20y+2)3 -1
L x+1
3 3 =
+3:(X‘;2) y+2) -
(x+1)°
p 8) S v -
(x+1)°
_ x+2)° - _2_
3
Maximal domain = R f‘l(x):_z_(xgl)

Maximal domain = R
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Solutions to Exercise 6F

1 ay=x(x—1(x-3)
Axis intercepts: (0,0), (1,0) and (3, 0)

o

] 1

|

]
AN

by=(x-Dkx+1Dx+2)
Axis intercepts: (-2,0), (—1,0), (1,0)
and (0,6)

-
o

|
g

=2 -1 0 1l

TR .
RN

c y=02x—-1Dx-2)(x+3)
1
Axis intercepts: (-3, 0), (5, 0),(2,0)
and (0, 6)

-

d y=@x-Dx-2)(x-3)
Axis intercepts: (1,0),(2,0),(3,0)
and (0, 6)

=
—
]
i d

2 ay=x-9x=x(x-3)(x+3)
Axis intercepts: (0,0), (=3, 0) and
(3,0)

T T L
320l 12 I3

b y=x>—4x>-3x+18
Ly=(x=3)%(x+2)
Axis intercepts: (—2,0), (3,0) and
(0, 18)

-+

gt

T L

—
1 23

ol

cy=-x+x>+3x-3
oy =(1-x)x*-3)
= (1 - x)(x = V3)(x+ V3)

Axis intercepts:
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(1,0), (=V3,0), (V3,0) and £ y

0,-3)
— - 6
=3 V3
¥ bis &
2l 0 d lz- M *
\*-.-'} V3 3a
T 3 T "’"'f =

y=3x"—4x>-13x-6
Ly=0Bx+2)(x+ 1)(x—3)

2
Axis intercepts: (~1,0), (=3,0), (3,0) b ﬁ
and (0,1)
2 = ) x
rf'l T T z h'."u'
aflo 1 23

y=06x>=5x>=2x+1

y=(x—DGx-DR2x+1) dy=x+x=x(x+1)
11 is i : _
Axis intercepts: (_5’ 0. (5’ 0).(1,0) Axis intercepts: (0,0) and (-1, 0)
and (0, 1) O TR
| 1 xld W =
T -hl i K ] A |12
- 0 1 - :

" i “] T >
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\ (1.02, 6.01)
5 | NS

0(/0.5
f y=x>-5x2+7x-3 \// \

Ly=@E-1DAx-3) (=3.02,-126.01)
Axis intercepts: (1,0),(3,0) and

0,-3) b y=-4x'+19x-15
| | EN = Intercepts: (—g, 0),(1,0), (%, 0) and
D 1 2 3 (0,-15)
v Max. : (1.26,0.94)
Min. : (—1.26,-30.94)

‘ ;

/ \

: N

(1.26, 0.94)
25 | e 15

y
0

—> X
4 a \9//1 \
(-1.26,-30.94)
X
1) 1 ¢ y=—-4x>+0.8x> +19.8x — 18
Intercepts: (-2.5,0), (1.2,0), (1.5,0)
and (0, —18)
b y Max. : (1.35,0.35)
T / Min. : (-1.22,-33.70)
> X Yy
0 A
-8
(1.3i, 0.35)
25 [ 1.2 .
5ay=—-4x-12x>+37x-15 0 L3
1 2
Intercepts: (-5, 0), (5, 0), (5,0) and (0,-18)
0,-15) (-1.22,-33.70)
Max. : (1.02,6.01)
Min. : (-3.02,-126.01) d y=2x+11x>+ 15x

Intercepts: (-3, 0), (—g, 0), and (0, 0)
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Max : (-2.76,0.34) f y=2x"+6x>+6

Min : (-0.91, -6.05) Intercepts: (—3.28,0) and (0, 6)
y Max : (-2,14)
A Min : (0, 6)
y
_ A
( 2.77%34) (-2, 14)
> X
0 /
/ 6
(-0.91,]-6.05) 1328 0 = X
e y=2x+6x°

Intercepts: (-3, 0) and (0, 0)

Max : (-2, 8)
Min : (0,0) 6 f()=x—x—5x-3
i = (x=3) (P +2x+1)
(-2, 8) = (x=3)(x+ 1)

f(x) cuts the axis at x = 3 and touches
the axis at the repeated root x = —1.

/—3 0 I
/
|

Ty AR
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Solutions to Exercise 6G

1 a@x-Dx+2)(x-3)<0 1 t
Arrange in order from left to right: % / X
(x+2)(x—1D(x=-3)<0 -/ ‘N// ‘
Upright cubic, so f(x) < 0 for: /" :
{x:x<-2}U{x:1<x<3} '

/ e (x—1P+8<0
/ Translation of y = x> which is an
increasing function for all x.

/ SLo(x—1)7 < -8
Lx—-1<-2,0 x<-1

b (x+Dx+2)(x-4)>0
Arrange in order from left to right: /¥/

x+2)(x+1)(x-4)>0 : — : :
Upright cubic so f(x) < 0 for: /"{ i
(x:x>4}U{x: -2<x< -1} [
(R fx-120

/ Translation of y = x* which is an
/ increasing function for all x.
/ - L1z

[
v

c (x—-Dx-2%<0

Upright cubic, so f(x) < 0 for : . ; - .
{x:x<1} ﬁ

Repeated root at x = 2 means that the

graph is positive or zero for all other

g ¥*(x-4)>0
* ) Repeated root at (0,0) so f(x) >0
:} / only for {x : x > 4}
: f
]} ; //”
d x(x+2)(x-3)>0 / i

Arrange in order from left to right:
(x+2)x(x-3)>0

Upright cubic, so f(x) > 0 for:
{x:x>3}U{x: -2<x<0}
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h (x+3)(x2+2x+5)<0 c
The quadratic expression has no X+ 4x < 4x?
real roots so there is only one x-axis o P42 +4x<0

intercept at x = —3.

2
The cubic is upright so f(x) < 0 only S x(x" —dx+4) <0

for {x : x < -3} o x(x-2%<0
& x € (—00,0] U {2}
/ ; 2 ‘ , Since coefficient of x°
/ i is positive and ’double root’ when x = 2
J d x*>9x
a x> >4x ex’-9%>0
X —4x>0 & x(x*-9)>0
o x(x*-4)>0 o x(x-3)(x+3)>0
© x(x-2)(x+2)>0 © x€(3,0)U(=3,0)
& x€(2,00)U(-2,0) Since coefficient of x° is positive

Since coefficient of x° is positive
p e X —6xX>+x>6

b SxX-62+x-6>0
x> < 5x%° 5
Sx(x—-6)+x-6>0

3 g2
e x -5x <0 & x-6)x*+1)>0

e P(x-5<0

S x€(—00,0)U(0,5)

Sx-6>0

S x € [6,00)
Since coefficient of x°
f 2 —6x2 —4x<-12

o2 -6 —4x+12<0

o 2x%(x-3)-4(x-3)<0

e (x-3)2x¥ -4)<0
©2(x-3)(x*-2)<0

o (x-3)(x—- V2)(x+ V2) <0
& x € (=00, —V2) U (V2,3)

is positive and "double root’ when x = 0

Since coefficient of x° is positive
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Solutions to Exercise 6H

1 ay=ax-37>+1 sy =2x(x = 2)?
When x =4,y =1212=a(4-3)>+1
ca=11 4 Repeated root at x = —4, cuts at (0, 0)
b y=a(x-2)x+3)x-1) oy =ax(x+ 4y
When x = 3,y = 24 Using (-3,6):  —3a(-3+4)° =6
24 =a(3-2)3+3)3-1) -3a=6
La=2 a=-2
¢ y=ad+bx Sy = =2x(x + 4)?
When x =1,y = 16
When x =2,y =40 5 y=alx-1Dx=-3)(x+1)
16 =a+b...(1) When x =0,y = -6
40 =8a+2b...(2) So=6=a(=1)(=3)(1)
Multiply (1) by 2 and subtract from (2) yj :2(3_ D —3) 4 1)
8 = 6a
: 4 2
na=3 6 f(x)=0x"+a)(x-3)
44 f(6) =216
b= EY 2216 = (36 + a)(3)
S72=36+a
o oa=36
2 a Equation is of the form
y = —a(x +2)%.
x=0,y=-1: 7 ay=alx-h?’+k
—1=-8a,50a = 1 Stationary point of inflection at (3, 2),
1 so h = 3.
Soy=-—g(x+ 2)° Using (3,2): k =2
Using (0, -25) :
b Equation is of the form a(=3)3 +2 = 25
y=—a(x-3)7>+2
1 27a = =27
x=5y=0:0=-8a+2,s0a=-
1 4 S a=1
-'-)’:2—1(95—3)3 Ly=((x-3P+2

b y=ax’+bx’

3 The graph has a repeated root at (2, 0) .y = x3(ax + b)

and cuts (0,0), .. y = ax(x — 2)?
Using (3,6): 3a(3-2)=6

a=2
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b

Using (1, 5): a+b=5
Using (=3,-1): 9(-3a+b)=-1
1
3a-b= -
“ 9
a+b=5
46
4 =—
a 9
* a—g' —6_7
TT1877 18

1
y = 1—8(23x3 +67x%)
y =ax’
Using(1,5) :a(1)* =5,..a=5
y = 5x°

Graph has axis intercepts at (0,0) and
(£2,0):
y=ax(x—-2)(x+2)
Using (1, 1):
al-2)(1+2)=1
-3a=1
1
a=—=
| 3
y= —gx(x -2)(x+2)
1 4
OR y = —§x3 + 37
y =ax’ + bx* +cx
Using (2, 3):
Using (-2, -3):

8a+4b+2c=3
—-8a+4b—-2c=-3

8b =0

~b=0
y:ax3+cx
and8a+2c=3..4a+c=1.5

Using (1,0.75):  a+c¢=0.75
3a =0.75

Soa=0.25

" 629.5

oy i3t 2

.y—4x +2x 4)c(x +2)

9 y=ax’ +bx* +cx+d

Use CAS calculator Solve function.

a (0,270)(1,312)(2,230)(3,0)
y = —4x> = 50x% + 96x + 270

b (-2,-406)(0,26)(1,50)(2,—22)
y = 4x3 — 60x> + 80x + 26

¢ (=2,-32)(2,8)(3,23)(8,428)
y=x>-2x*+6x-4

d (1,-1)(2,10)(3,45)(4,116)
y=2x3-3x

e (=3,-74)(-2,-23)(-1,-2)(1,-2)
y=2x3-3x>-2x+1

f (_3’ _47)(_27 _15)(1$ _3)(2’ _7)
y=x>=3x>=2x+1

y=-—x-3x>-2x+1
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Solutions to Exercise 61

1 a y=(x+2)*-1; vertex at (=2, -1) y
y \A\/
2@’
> X
15 .~ 0
_3\/{ k
(-2,-1)
e y=(x+2)*—5; vertex at (-2, -5)
b y=(x—1)*-1;vertex at (1,-1) y
y
A IR AV
2-5% [l2+5%
> X
/|
2
> X
0 (-2,-5)
(19_1)
2 a y=2x*+3; vertex at (0, 3)
¢ y=(x+3)*+2; vertex at (-3,2) y
y A
A 3
83 > X
0
(_35 2) > X
0

b y=2(x—3)*+2; vertex at (3,2)

d y=(x-2)*+5; vertex at (2,5)
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(0, -16)

d y =16 - x*; vertex at (0, 16)

y
A

16

/1N

-2 0 2

e y=(3—x)* vertex at (3,0
y

81

> X

> X

> X

f y=-2(x+1)*+1;vertex at (=1, 1)

a

x*—=27x=0
x(x*=27)=0
x(x=3)(x%+3x+9) =0
x = 0, 3; quadratic has no real
solutions

(P=—x-2)x*-2x-15=0

S =2)x+Dx-5x+3)=0

x=-3,-1,2,5
X +8x=0
(x*+8)=0

x(x +2)(x* = 2x+4) =0
x = 0, —2; quadratic has no real
solutions

x-6x=0

L xX(x—-6)=0
x=0,6
¥ -9x?=0
¥(x?-9)=0
Px=3)(x+3)=0
x=0,%3
81 —x*=0
' X -81=0

X =9NX*+9) =0

(x=3)x+3)A*+9)=0
x = +3; quadratic has no real
solutions
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X -16x2=0
(x> - 16)=0
Cx-4x+4)=0
x=0,+4
=T+ 1232 =0
PP -Tx+12)=0
P (x-3)(x-4)=0
x=0,3,4
¥ —9x3 +20x% = 0
K(x* = 9x+20) =0
Px-4(x-5)=0
x=0,4,5
(X -H(*-9) =0
S x=-2)x+2)(x=-3)(x+3)=0
x==%2,43
(x=—DHE*+2x+8)=0
x = 4; quadratic has no real solutions
(x+4)(x*+2x-8)=0
x+dHx-2)(x+4) =0
. (x+4’(x-2)=0
x=-42
y =x* - 125x
Ly = x(x® = 125)

x-intercepts: (0,0) and (5, 0)
TP: (3.15,-295.24)

y
A

/ > X
5

(3.15,-295.24)

b y=@*-x-
= (x—5)(x
= (x—5)(x

20)(x% — 2x — 24)
+H(x+4)(x—6)
+4)%(x - 6)

x-intercepts: (—=4,0), (5,0) and (6, 0)

TPs: (—4,0),

(0.72,503.5) and

(5.53,-22.62)

480

c y=x*+27x
x intercepts:

> <

(0.72, 503.46)

(0,0) and (-3, 0)

TP: (-1.89, -38.27)

y
A

(~1.89,

d y=x*-4x
x-intercepts:
TP: (3,-27)

38.27)

(0,0) and (4, 0)

y

A

(3,-27)
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e y=x"-25x*
= x*(x* - 25)
= x*(x = 5)(x + 5)
x-intercepts: (0,0)(=5,0) and (5, 0)
TPs: (0,0), (—3.54,-156.25) and
(3.54,-156.25)

> <

> X

(-3.54,-156.25) | (3.54, —156.25)

fy=16-x*
=@ -4+ xP)

=2-0Q2+x4+x)
x-intercepts: (=2,0) and (2, 0)
TP: (0, 16)

z/ \
g y=x'-81x

= x*(x* - 81)

=xX(x-9(x+9)
x-intercepts: (0,0), (=9, 0) and (9,0)
TPs: (0,0), (-6.36, —1640.25) and
(6.36, —1640.25)

[

(~6.36, —1640.25) | (6.36, —1640.25)

h y=x*-7+ 1247
= xX*(x* = Tx+ 12)

= xX*(x = 3)(x - 4)
x-intercepts: (0,0), (3,0) and (4, 0)
TPs: (0,0), (1.68, 8.64) and

(3.57,-3.12)
(1.68, 8.64)/

y
4 .
0 3\ =

A
(3.57,-3.12)

iy=x*-9x+20x°
= xX*(x* = 9x + 20)

= X*(x - 4)(x - 5)
x-intercepts: (0,0), (4,0) and (5, 0)
TPs: (0,0),(2.20,24.39) and
(4.55,-5.12)

y

A
(2.20, 24.39/

5
0 4\/=x

(4.55,-5.12)
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j y=0x"—-16)(x* -25)

Y
= (x—)(x+4)(x - 5)(x +5) A
x-intercepts: (=5,0), (-4,0), (4,0)
and (5,0) (-5.61, 23.74)
TPs: (0,400), (-4.53, —20.25) and ~7/°\\—4

(4.53,-20.25) / \0\/5 > X
y
A (1.61,-163.71)
\ /\ / 5a f(x) = 5x% = 3x?
— \/4 > X

0 4\./5 S A
(-4.53,-20.25)|  (4.53,-20.25) s (=0 = 5(=0)7 = 3(=x)

=5x% - 3x%
= f(x)
k y = (x—2)(x* + 2x + 10) x-intercept: -, f(x) is even.
(2,0)
Quadratic has no real solutions. b f(x) = Tal — % 4 2x
No Turning points, as shown by o f=x) = T(=0M = (=) + 2(=x)
reference to a CAS graph.
= 7x' 4+ 3 - 2x
y
A =-f®

/ - f(x) is odd.
> ¢ f=x"-3x+2

> X
yz S f=x) = (=0t =3(=x)7 +2
/_20 =x'-3x%+2

= f(x)
1 y=(x+40*+2x-35) - f(x) is even.
=(x+4dHx+T)(x-5)
x-intercepts: (=7, 0), (=4, 0) and (5, 0) d f(x)=x —4x°
TPs: (=5.61,23.74) and 5 f(=x) = (=x)° = 4(=x)?
(1.61,-163.71)

= —x° +4x°

= —f)
- f(x) 1s odd.
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1 2
b f(x) = gx)
=257
¥ =2x*=0
Px-2)=0
x=0orx=2
¢ f(x)<gk)
e X <2
e xX(x-2)<0
S x € (—00,2]
7 a y
100 A
(-3, 81) 80 3, 81)
60
40
20 1 F(x) = x4
T T 0 T X
T 20 2 4
b S(x) = gx)
Xt =9x2
*=-9x2=0
¥x*-9)=0

P(x=3)(x+3)=0

x=-3orx=30rx=0

¢ f(x) < gx)
& xt < 9x?
e x*(x*-9<0
o X(x-3)(x+3)<0

o x €[-3,3]

15 A
10

5 (2.8)

3 22710 1 2 3

(-2,-8) =7
_10-
b
f(x) = glx)
x> =4x
X —4x=0
x(x*-4)=0

x(x=2)(x+2)=0

x=-2orx=2o0rx=0

c f(x) <gx)
& X <4dx
e x(x*-4)<0

S x € (-0, -2]U [0, 2]

9 a x*+2>2forall x € R. Therefore 0

x-axis intercepts.
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P -Hx*-1)=0

2 2 _
x-Hx"+1)=0 =>x=2orx=-2orx=4orx=—-4

= x> —4=0since x>+ 1> 1forall x€R.

= (x-2)(x+2)=0

.. four x — axis intercepts

2v0.2
—4) =
=S>x=2o0rx=-2 e (x7)(x )=0

.. =>x=20orx=-2o0rx=0
.. two x — axis 1ntercepts

.. three x — axis intercepts
(x=-2(F*+1)=0 f
+xr=0

=S P+1)=0

= (x—2)> = 0since x> + 1 > 1 for all x € R.
> x=2
2 0 e 2
. one x — axis intercept = x" =0since x“+ 1> 1forall x e R.
=x=0

.. one x — axis intercept
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Solutions to Exercise 6J

1

a 20-2x
b V = x(20 — 2x)?

¢ When x =5,

V =5(20 - 2 x 5)* = 500 cm?

d x(20 — 2x)* = 500
4x(100 — 20x + x*) = 500
100x — 20x> + x> = 125

X =20x* +100x - 125=0
‘We know that x — 5 is a factor
Hence

(x=5)(x* = 15x+25)=0

2 2
(x=5)(x* - 15x + (E) - (E) +25)=0

2

15 125
()C 5) ()C - 7) - T =0

15 545 15
(x=5)(x - 5 —)(x— 7

2

The required other Value is
15-5+5

X = 5

2 al=12-2x w=10-2x

b V=
= (12 -2x)(10 = 2x)x
=4x(6 — x)(5 — x)

length X width X height

L35,

V (cm?®)

1001
80 1
60 1
401
20+

5x (cm)

d Whenx=1,
V=12 = 2(1))(10 = 2(1))(1)

=10x8
=80

e On the CAS calculator, sketch the
graphs of Y{ = 4X(6 — X)(5 — X) and
Y, = 50.

The points of intersection are
(0.50634849, 50) and (3.5608171,
50).

Therefore V = 50 when x = 0.51 or
x = 3.56, correct to 2 decimal places.

f With f1=4x x (6 —x)(5 —x)
to yield (1.810745, 96.770576).
Therefore the maximum volume is
96.77 cm® and occurs when x = 1.81,
correct to 2 decimal places.
Alternatively, use the CAS calculator
to give the maximum when

x= “_T‘B_l ~ 1.81: then

maximum volume is 96.77 cm?.

3 a Surface area x* + 4xh

b x%+4xh =75
_h_75—x2

4x
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x(75 = x%)

V = x2h =
c X )
71
d iWhenx:Z,V:?
12
ii Whenx:S,V:T5

ili Whenx =28,V =22

e Itis given that x = 4 is a solution of
the equation:
75 - x*
(75 - _ 59

Rearranging we have:

x(75 — x*) = 236
5 a

X —75x+236=0
(x—4)(* +4x-59) =0
(x—4H(*+4x+4-63)=0
(x=H((x+2)*-63)=0

(x=Hx+2-3VD(x+2+3V7) =0
The required solution is x = 37 -2

4 The base is a right-angled triangle
(5x,12x,13x)

a The sum of all the lengths of the
prisms edges is180 cm
S208x+ 12x + 13x) + 3h = 180

©. 60x + 3h = 180
18060

3 = 60 - 20x

b The area of the base is 30x2.
V= 30x2(60 —20x) = 600)62(3 - X)

¢ Whenx=3,V=0

d

(¢-]

600x*(3 — x) = 1200
¥GB-x)=2
32— =2
¥ -3x*+2=0
(x-Dx*-2x-2)=0
(x-DE*-2x+1-3)=0
(x—D((x=1*=-3)=0
(x—D((x-1-V3)x-1+V3)=0

Required solutions x = 1 + V3 and
x=1

Using Pythagoras’ theorem,

X+ k=8
x= V64 — h?
1

V= gﬂxzh

1
= g7r(64 — »h

V (m?)
200 1

1507
1001
50T

A A Y

Domain={h:0 < h < 8}

1
Whenh =4, V= §7r(64 — 4%)(4)

= 64rn

On the CAS calculator, sketch the
graphs of f1 = 1/31(64 — x?) x x
and f2 = 150. The points of inter-
section are (2.4750081, 150) and
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g

C

(6.4700086, 0.150).
Therefore V = 150 when & = 2.48 or
h = 6.47, correct to 2 decimal places.

With f1 = 1/37(64 — x"2) X x,

to yield (4.6187997, 206.37006).
Therefore the maximum volume is
206.37 m? and occurs when 1 = 4.62,
correct to 2 decimal places.
Alternatively, use

fMax(1/37(64 — x"2) x x,x,0,8)
to give the maximum when

83

h = — ~ 4.62; then maximum

volume is 206.37m.

x+x+h=160
2x +h =160
h=160-2x

V=xXxXxh
= x*(160 — 2x)
WhenV =0, x*>=0

x=0 or

S.Domain V = {x: 0 < x < 80}

V(em®)
150 000+

1000001

50000 T

10 20 30 40 50 60

e On the CAS calculator, sketch the

graphs of f1 = x*2(160 — 2x)

and f2 = 50 000. The points of
intersection are (20.497586, 50000)
and (75.629199, 50 000).

Therefore V = 50 000 when

x = 20.50 or x = 75.63, correct to 2
decimal places.

With f1 = x*2(160 — 2x),

to yield (53.333336, 151703.7).
Therefore the maximum volume is
151704 cm? (to the nearest cm?).

Alternatively, use
fMax(x"2(160 — 2x), x, 0, 80)

or 160 - 2% %ie the maximum when
0 1
16f) = ig— ~ 535 ; then maximum

worufitk is 151703.7 cm?.
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Solutions to Exercise 6K

See The TI Calculator Appendix for how to complete with a spreadsheet application on the
calculator.

1 a The formula for the spreadsheet for solving x> —x—1=0in the interval [1,2] is

shown.

The first 10 steps are shown here.

Answer: 1.32
We go through the first few steps for this question We now return to the function
f(x) = x> — x — 1 and finding the solution of the equation x> —x -1 = 0.

Step 1 We start with the interval [1, 2], since we know the solution lies in this interval.

f()=-1<0and f(2)=5>0.

1+2
— =1.5.
2

Since f(1.5) = 0.875 > 0, we now know the solution is between 1 and 1.5.

Step 2 Choose 1.5 as the new left endpoint. Therefore the second interval is [1, 1.5].
1+15
= 1.25 and f(1.25) = —0.296875 > 0.

Step 3 Choose 1.25 as the new left endpoint. Thus the third interval is [1.25, 1.5].

125+ 1.5
Now +) = 1.375 and £(1.375) = 0.224069 < 0.

Step 4 Choose 1.375 as the new left endpoint. Thus the fourth interval is [1.25, 1.375].
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At this point we know that the solution is in the interval [1.25, 1.375].

Answer: 1.164

¢ There are two solutions in the interval [1, 2]. Care must be taken. First apply the
bisection method in [1, 1.3] and then in [1.3, 2]

Answers: 1.124 and 1.451
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Answer: 2.151

Answer —1.75

2 define f(x):
return —x°> + 3x + 6
a2
a3
while b —a > 2 x 0.001
if f(a) X f(m) < O then
b—m
else
a«—m

end if

a+b
m <«

2
print (a, m, b, f(a), f(m), f(b))
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end while
print m

a f(1)=2and f(2) = -8

b Use a spreadsheet or program to find x = 1.29
Here is a Python program with output.
def f(x):

return -x**3-3*x4+6
a=1
b=2
m=1.5
while b-a>2%0.0001:
if f(a)*f(m)<O0:
b=m
else:
a=m
m= (a+b)/2
print ("m=",m)

Output m=1.25

m= 1.375

m= 1.3125

m= 1.28125

m= 1.296875

m= 1.2890625

m= 1.28515625

m= 1.287109375

m= 1.2880859375

m= 1.28759765625

m= 1.287841796875

m= 1.2879638671875

m= 1.28790283203125

a a m b f(a) J(m) f(®)
Initial | —4 -3.5 -3 —29 -9.25 3
Pass 1 | =35 | -3.25 -3 925 | -228... 3
Pass2 | -3.25 | -3.125 | -3 | -281... | 055... 3
Pass3 | —=3.25 | —3.1875 | —3.125 | -2.28... | —0.81... [ 0.55...
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m b J(m) f(®)

Initial -2.5 -2 3.75 7
Pass 1 -275 | =25 0.53... | 3.75
Pass 2 -2.875 | -2.75 -155... [053...
Pass 3 -2.8125 | -2.75 —047... [053...

m b Jm) f(®)
Initial —0.5 0 0.25 1
Pass 1 -0.75 | -0.5 —0.40... | 025
Pass 2 -0.625 | -0.5 0.003... | 0.25
Pass 3 —0.6875 | —0.624 —0.17... | 0.003...
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Solutions to Technology-free questions

1ay=x-17>-2
Stationary point of inflection at
1, -2)
x-intercept at (1 + V2, 0)
y-intercept at (0, —3)

y
Ao

o 4
(0, 3)/"({ —2)> )

by=Q2x-1P+1

1
Stationary point of inflection at (=, 1)

Axis intercept at (0, 0)
Y

0

cy=3x-17>-1
Stationary point of inflection at
(1,-1)
: 51
x-intercept at (1 + \/; ,0)
y-intercept at (0, —4)

y
31
3+1
0 / > X
(0 _4) (1:_1)
d y=-3x°

Stationary point of inflection at (0, 0)
Axis intercept at (0, 0)

y
A
> X
01%(1,-3)
y=-32+1

Stationary point of inflection at (0, 1)

51
x-intercept at (’\/; ,0)
y-intercept at (0, 1)

y
1,44 A
0,1
( )O\ﬂ .
3/l
3

y=-3x-27>+1

Stationary point of inflection at (2,1)
1

x-intercept at (2 + {/; ,0)

y-intercept at (0, 25)
Y
A

2, 1)

> X
0 \3/%12\

g y:4(x+2)3—3

Stationary point of inflection at
(_2, _3)
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3
x-intercept at (-2 + i/; ,0)

A
y-intercept at (0, 29) \ 2\/
" )

(0, 29) ﬁ ~

2
> X
(-2,-3) 0 cy=(x-1*-1
Turning point at (1, —1)

y-intercept at (0, 0),

h y=1-3(x+2) x-intercept at (0,0) and (2, 0)
Stationary point of inflection at )
(=2, A

51
x-intercept at (-2 + \/; ,0) /
y-intercept at (0, —23) AN

y

_ d y=-2x*
(2,1k0 o y=-2x

Turning point and axis intercept at

0,-23)% L > ©.0)
b 3 y
A
2ay=x-D*
Turning point at (1, 0) o > X
y-intercept at (0,1), x-intercept at
(1,0)
y
A
\ e y=-3x*+1
1 Turning point at (0, 1)
> 1
0 1 > x-intercepts at (4 3 0)
y-intercept at (0, 1)

b y=Qx-D*+1
1
Turning point at (E’ 1)
y-intercept at (0,2), no x-intercept
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(723 1) 1

JaNENC)

2\ (%) %\f\:% 1

fy=—-(x-2)*"+1

3 2
=11

Turning point at (2, 1) 3 a 2x" +3x x+6
y-intercept at (0, —15) 20 +3x* —11x-6=0
x-intercept (1,0) and (3, 0) Qx+ D2 +x-6)=0

Y Qx+ D(x+3)(x-2)=0

1
2,1 x=——orx=-3orx=2

2

VAN
0 b 2(5-2x) = 4
P 522 -2 -4=0

253 -5x2+4=0
(x=2)2x*-x-2)=0

g y=2(x+1)*-3
Turning point at (-1, =3)

R X=20r2x2—x—2:0

x-intercepts at (—1 + > 0) /o

y-intercept at (0, 1) Y=Dorx= 1i4 17
Y

A ¢ C-T7C+4x+12=0

2 —

N \ %3}‘ | (x—6)(x"-x=-2)=0

,(5> _1 0/ 5) - > X (X—6)(x—2)(x+1):0

\\./_1 x=6orx=2orx=-1

-1,-3)

. 4 a P(x) =6x>+5x>-17x-6
hy=1-2(x+2) P(=2) = 6(~8) +5(4)— 17(~2) =6 = 0
Turning point at (-2, 1) ; So x + 2 is a factor of P(x).
. 3 27 9 3
x-1ntercepts at (-2 + {/j,O (_) = (_) 5(_) - 17(_) -6=0
| pts at ( > ) P 3 6 AR 5
y-intercept at (0, —31) So 2x — 3 is a factor of P(x).
S P(x) = (x+2)2x —3)(ax + b)
= (ax + b)2x* + x — 6)
Matching coefficients with P(x):
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2a=6,". a=3
-6b=-6,". b=1
So the other factor is 3x + 1.

b P(x) =2x"-3x>-11x+6=0
P(-2) =0, so (x +2)is a factor.
P(3) =0, so(x —3)is a factor.
P(x) = (ax + b)(x + 2)(x — 3)

= (ax + b)(x* = x — 6)
Matching coefficients with P(x):
a=72
—-6b=6,.. b=-1
SoPx)=Q2x—D(x+2)(x—=3)

1
=-2,-,3
* 2

c X+x>-11x-3=8
L PR =X+ -11x-11=0
P(—1) =0, so(x + 1) is a factor.

L PO =X+ D =-11(x+1)=0

=(x+DEF*-11)=0

x= -1yl

d i Px)=3x+2x*-19x+6
I 3 2 19
Pl=)==2+2-Z46=0
(3) 277973 "

so (3x — 1) is a factor.

ii P2)=24+8-38+6=0
so (x — 2) is a factor.
P(x)=(ax+b)(x—-2)3x-1)

= (ax + b)(3x* = Tx +2)
Matching coeflicients:
a=1,b=3

SPx)=(x+3)(x-2)3x-1)

5a f(x)=x>—kx®+2kx-k-1
L f()=1-k+2k-k-1=0
By the Factor Theorem, f(x) is
divisible by x — 1.

X+l -kx+k+1)
b ox— 1) —ka? +2kx—k—1
x3—x2
(1 — k)x* + 2kx
(1 -kx*> =1 -k)x
k+Dx—(k+1)
k+Dx—(k+1)
0
f)=x-DE*>+A-kx+k+1)

6 Px)=x"+ax>—10x+b
P(x) is divisible by Q(x) = x> + x — 12
0x)=(x-3)(x+4),s0
PB3)=P(-4)=0
P3)=27+9a-30+b=0
5.9 a+b=3
P(—4)=-64+16a+40+b =0
. 16a +b =24
o Ta =21
~a=3;b=-24

7 Arrange in left-to-right order first.

ay=(x+4x+2)3-x)
Inverted cubic.
Axis intercepts: (—4,0), (=2, 0),(3,0)

and (0,24)

Sign: + - + -

90 5 B TR R

(-4, [J:P‘--';"r_n,m 0] N

b y=x+3)x-2)(x-4)

Upright cubic.

Axis intercepts: (—3,0),(2,0),(4,0)

and (0, 24)

Sign: + - + -
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T T
T B M S | 5 6

[l

0

1/
i

(2, 0014, )

T
4 2

(0, 24§

.
¥
{3, 0y u|

c y=6x>+13x> -4
Upright cubic.
y(=2)=-48+52-4=0
So (x +2)is a factor.

y=(x+2)(6x* +x—-2)

=(x+2)3x+2)2x-1)
Axis intercepts

(=2,0), (—= O) ( ,0) and (0, -4)
Sign: + - + -
3 :.'5 Iiﬁl :'iutﬁllw’

"‘*ﬁ1

d y=x>+x>-24x+36

Upright cubic.
v2)=8+4-48+36=0
So (x —2)is a factor.

y = (x—2)(x*+3x—18)

= (x +6)(x—-2)(x—-3)

Axis intercepts: (—6,0),(2,0),(3,0)
and (0, 36)
Sign: + - + -

5 3 -3 b | 4
" |
[ 1 |
H
L
H

o
i ]

=iy, ) ]

P(x) = x> +4x> = 5x + L.
Remainder after division by

10

11

(x+6) = P(=6) = —

b P(x) =2x>—3x> +2x + 4.
Remainder after division by
x—-2)=P2)=12

¢ P(x)=3x+2x+4.
Remainder after division by

Gx-1 = P()—43

y =a(x+ 2)(x — 1)(x — 5) accounts for
the x intercepts.
Atx =0,y =a@2)(-1)(-5) = -

2

La=-——

5
y = —%(x +2)(x—1(x-=15)

Cubic passes through the origin and
touches the x-axis at (-4, 0)

.y = ax(x + 4)?

Using (5, 10):

2

4)? =10, a= —

5a(5+2) 0,.. a 21
'.y:8—1x()c+4)2

a f(x)=2x+ax>—bx+3
fH)=2+a-b+3=0
“b-a=5...(1)
f2)=16+4a-2b+3 =15
“da-2b=-4
“b-2a=2...(2)
1)—-(@2)givesa=3,b=8

b f(x)=2x>+3x>-8x+3
= (x—-1)2x*+5x-3)
=(x—=DC2x-1D(x+3)
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12 a (x=3)(x+4)<0 y =2x°

o x+4<0orx=3 Tr%lns}atlon‘l'unlt in positive x and 3
units 1n positive y:

ox<-4dorx=3 y=2(x—-17+3

b —(x+3)(x+4H(x-2)20 b Reflection in x-axis:
S x+3)x+4d)x-2)<0 y=—x
& x € (—o0, —4]) U [=3.2] Translation 1 unit in negative x and 2

units in positive y:
c X -4 +x+6<0 y:—(x+1)3+2
& x+DO*-5x+6)<0

1
¢ Dilation by a factor of 3 from y-axis:
e x+Dx-3)(x-2)<0

y=(2x)
S x € (—o0,—-1)U(2,3) Translation % unit in negative x and 2
units in negative y:
1
13 f(0 =2 ¥ =+ ) -2
=Q2x+1y° -2

a Dilation by a factor of 2 from x-axis:
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Solutions to multiple-choice questions

1 B Px)=x>+3x>+x-3

o P(=2)= (=2 +3(=2)*+(-2)-3
=-1

2 D Px)=(x—a)*(x—-Db)(x-c),

3

4

5

a>b>c

Graph of y = P(x) is an upright
quartic with a repeated root at x = a,
so P(x) < 0 only between ¢ and b.

3

y=x
3
Dilation X 2 from y-axis: y = (5)
\3
reflection in the y-axis: y = ( - E)

translation of 4 units in negative
direction of y-axis:
3 3
X X
=(=2) —4=-2—14
Y ( 2) 8

y=x+5x-10

y=0 liéms between 1 and 2

P(x) = x* +ax’ — 4
)

P()=0ifx=—a+ |5 +4

If P(x) = 0 when x = + V2, then
a=0

6 C PX)=x>+ax>+bx-9

9

10

P(x) = 0 has zeros at x = 1 and
x=-3.

L P)=14a+b-9=0
~a+b=8...(1)
P(-3)=-27+9a-3b-9=0
.. 9a—-3b =36

S 3a-b=12...(2)

(1) + (2) gives:
4a =20
La=5b=3

P(x) = ax’ + 2x> + 5 is divisible by
x+1
S P(-1)=-a+2+5=0

soa="1
P(x)=x>+2x>-5x+d
P has a remainder of 10
TP =10
P2)=8+8-10+d =10
SLod=4

The diagram shows an inverted
cubic with a repeated root at x = b
and a single root at x = a.

Ly =—(x—a)x—-b)>

The graphof y = —f(x) is a
reflection in the x-axis. The graph
of y =1 — f(x) is then a translation
up by I unit. Only the graph in B
satisfies these two features.
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Solutions to extended-response questions

1 aV=nrh
r+h=06
SV =ar2(6-7r)

b 0<r<6
¢ V(33)=27n

d nr’(6 —r) = 27n
6r' =1 =27=0
P —6r"+27=0
(r=3)*=3r-9=0
3+345
2

Sr=3orr=

In the context of the question

3+3V5
2

r=3orr=
e Maximum ~ 100.53

2 a Att =900, all the energy is used up.
The point with coordinates (900, 0) is the vertex of the parabola.
Equation of the parabola is v = a(f — 900)*> + 0

= a(r — 900)?
Whent =0, v=25
25 = a(0 — 900)?
Y 25
~ 810000
1
"~ 32400
_ _ 2
V= 332000 ~ 00
_ _ _ 2
b s=vtand v-32400(t 900)
_ 1 B 2
= 322000 ~ 00

(Remember, 1 is the time in which all energy is used up; v is constant for a given ¢.)
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C

5 (m) (300, 3333.3)

3000

2000 A

1000 A

0 IOb 260 360 460 560 660 760 860 960 lé;
. . . a1
The maximum distance the ¢ axis can travel is 35 km, so a proposal to place power

sources at 3.5 km intervals is not feasible.

If the power sources are at 2 km intervals, viy,x and v min are given for values of ¢ at
which s = 2000. From the graph, when s = 2000, 1 = 105 and 2 = 560.

2000
henrl =1 ax X ——
When ¢ 05, via 105

~ 19

2000
When 12 = 560, vy = ——
en y 560
~ 3.6
Hence, the maximum and minimum speeds recommended for drivers are

approximately 19 m/s and 3.6 m/s respectively.

TI: Press Menu — 1: Actions — 1: Define then type f(x) =ax x* +bxx* +cxx+d

followed by ENTER.

Now type the following then press ENTER

solve (f(0) = 15.8 and f(10) = 14.5 and f(15) = 15.6 and f(20) = 15,{a, b, c, d})
solve({f(0) = 15.8, f(10) = 14.5, f(15) = 15.6, (20) = 15}, {a, b, ¢, d})The

screen gives a = —0.00287,b = 0.095, ¢ = —0.793 and d = 15.80.
i With f1 - 0.00287x"3 + 0.095x"2 — 0.793x + 15.8
TI: Press Menu — 6:Analyze Graph — 2:Minimum
to get (5.59, 13.83) as the coordinates of the point closest to the ground.

ii TI: In a Calculator page type f1(0) followed by ENTER
to get (0, 15.8) as the point furthest from the ground.

The ‘flat spot’ is the point of inflexion .. (4, k) = (5,10)
Hence R — 10 = a(x — 5)°
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b At(0,0), 0-10=a(0-5)>

—10 = -125a
102
4= 125 7 25

2
R-10=—(x-5)°
0 25(x 5)

¢ If (hk)=(7,12), then R-12=a(x-7)>

At (0,0), 0-12=a(0-7)>
12
—12 = -343 Sa=—
@ a7 33
12
R-12=—x-7)°
337D
5 a Areaof net = length X width
w w
= I (— h —)
(I+w+l+w)Xx 2+ +2
=2(l+w)(w+ h)
= 2(35 +20)(20 + 23)
=2x55%x43
= 4730
The area of the net is 4730 cm?.
b Let V = volume of thebox .. V=hXIxw (D)
Now 2(I+ w)(w + h) =4730 and h = [ 2)

2(1 + w)(l + w) = 4730
(I + w)? = 2365
[+w= V2365 (asl > 0,w > 0)

w= V2365 -1 (3)
Substitute (2) and (3) in (1)
V=1Ix1Ix(V2365-1)

V = (V2365 - 1)
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C Vem?)
16 0001

14 0007
120001
100001
8000 T
6000 T
4000 1

20007

0 10 20 30 40 50 [ (cm)

d i On the CAS calculator, sketch f1 = x"2( 1/(2365) — x) and f2 = 14 000. Points
of intersection are (23.694127, 14 000) and (39.787591, 14 000). Therefore the
volume is 14 000 cm?® when [ = 23.69 or [ = 39.79.

ii Repeatdiusing f2 = 10000. The points of intersection are (18.096981, 10 000)
and (43.296841, 10 000). Therefore the volume is 1 litre when [ = 43.3 or
[ = 18.1, correct to 1 decimal place..

e With f1 = x"2( 1/(2365) — x),
TI: Press Menu — 6:Analyze Graph — 3:Maximum
to yield (32.420846, 17038.955). The maximum volume is 17039 cm? (to the
nearest cm’) and occurs when [ ~ 32.42.

6 a The length of the box (in cm) = 96 — 4x = 4(24 — x).
The width of the box (in cm) = 48 — 2x = 2(24 — x).
The height of the box (in cm) = x.
Therefore V = 4(24 — x) X 2(24 — x) X x = 8x(24 — x)?

273



i Thedomainof Vis{x: 0 <x < 24}.

ii With f1 = 8x x (24 — x)"2,
TI: Press Menu — 6:Analyze Graph — 3:Maximum
CP: Tap Analysis —» G-Solve — Max to yield (8.000002, 16 384).
The maximum volume is 16384 cm? (to the nearest cm?) and occurs when
x =~ 8.00.

¢ The volume of the box, when x = 10, is V = 8 x 10(24 — 10)> = 15680 cm?
d The volume is a maximum when x = 5. When x = 5,V = 14 440.

e The volume is a minimum when x = 15. When x = 15, V = 9720.
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Chapter 7 — Transformations
Solutions to Exercise 7A

1 a (-3,4)->(-3+2,4-3)=(-1,1)
b (-3,4) - (-3-2,4+4)=(-5,8)
¢ (-3,4) > (-3-3,4-2)=(-6,2)
d (-3,4) - (-3-4,4+5)=(-7,9)
e (-3,4)—>(-3-2,4-1)=(-5,3)
2 a A translation of 5 units in the
negative direction of the x-axis and
3 units in the positive direction of the
y-axis
b A translation of 6 units in the positive
direction of the x-axis and 15 units in
the negative direction of the y-axis
¢ A translation of 12 units in the
negative direction of the x-axis and
17 units in the positive direction of
the y-axis
3 agx= ! 1
s = x=2
b g(x) ! +3
X)=——=
ST —ay
c g(x)=(x+22-3
d g(x)=(x—-4)y-2
e glx)=Vx-2-1
1
4 y=f)=-
X

1
ay=flx-1-= -1
Asymptotesat x =l andy =0
y-intercept: y = 0-1°- -1

No x-intercept because y = 0 is an
asymptote.

A

\

1
y=f(x)+1=—-+1

X
Asymptotesat x =0andy = 1

x intercept: y=—+1=0
X

1
L-==l,x=-1

X
No y intercept because y = 0 is an
asymptote

1
y=f(x+3)= T+3
Asymptotes at x = =3 and y =0

1 1

, 0+3 3
No x-intercept because y = 0 is an

y-intercept: y =

asymptote.
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o{C

Il
|
W

1
d y=f(x-3=--3
X
Asymptotes at x = 0 and y = -3
x-intercept: y=— -3 =0
X

l :3,.'.x:l
Noxy—intercept because x = 0 is an
asymptote.

y

A
\1
3
> X
0\
---ﬁ -------- y=-3

1
e y:f(x‘i‘l):m

Asymptotesat x = —l andy =0

y-intercept: y = 01" 1
No x-intercept because y = 0 is an
asymptote.

y

Il
|
—

1
fy=fn-1=--1
x
Asymptotes at x =0 and y = —1

x-intercept: y=——-1=0
X

No y-intercept because x = 0 is an
asymptote.

5 y=f(x)=x

ay=flx-1=x-17?
x-intercept: (x — 1¥=0,-.x=1
y-intercept: f(0—1) =1
y=(x-12=0,x=1

A

VAN

01 -

Ju—

by=fx)+1=x>+1
No x-intercept because f(x+ 1) >0
for all real x.
y-intercept: f(0)+1 =1

\/

cy=f(x+3)=(x+3)?
x-intercept: (x +3)>=0,.. x = -3
y-intercept: f(0+3)=3?>=9
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>

\ }

-3 0

d y=f(x)-3=x>-3
x-intercepts:
y=f(x)-3=0,.x>-3=0
Lxr =3, x= +13
y-intercept: f(0) —3 = -3

A

\ |/
_@\2@

e y:f(x+1):()c+1)2

x-intercept: (x + 12=0,. x=-1

y-intercept: f(O+1)=12=1

\\/A
1

-1 {0

fy=f(x)-1=x>-1
x-intercepts:
y=f(x)-3=0,.x>-3=0
axr =1, x= =1
y-intercept: f(0)—1 = -1

s

A
> X
AN
-1

6 y=f(x)=x

ay=fx-D+2=x-12+2

No x-intercepts because

f(x—1)+2 >0 for all real x.

y-intercept:

fO-D+1=(-=1)2+2=3
y

A
3
(1,2)

0

X

y=f(x=-3)+1=(x-372+1
No x-intercepts because
f(x—=3)+1>0 for all real x.
y-intercept:
fO=3)+1=(=3>+1=10

A
\W
(€Y

> X

0

y=f(x+3)-5=(x+3)*-5

x-intercepts: y = f(x+3)-5=0

L (x+3)7-5=0

So(x+3)P =5

L x+3=2V5 o x=-3+

y-intercept: f(0+3)-5=9-5=
y

S

\—3—\6 473+\E‘x

\/0

(3,-5)

y=f(x+1)-3=(x+1)?>-3
x-intercepts: y = f(x+1) -3 =0

274



T (x+1)?=3=0
L~ (x+1)?=3

x+1:i\/§, Lx=—-1+1V3
y-intercept: f(0+1)-3=1-3=-2

y
A

\—1—\6

\//5

(_15 _3)

/—1+\E;

e y+2=f(x+1),.. y=f(x+1)-2

y=Jflx+

-2=(x+1)72-

x-intercepts: y = f(x+1)-2=0
L (x+1)P-2=0

C(x+1)r=2

x+1:i\/§,x=—li V2
y-intercept: f(0+1)-2=1-2=-1

\—1—\5

N

-1,-2)

fy=f(x-5-1=x-5?%-1
xmtercepts y=f(x=5)-1=0

L (x=5?%-1=0
L (x=57%=1
T x=5==1

L x=5+1=4;6
y1ntercept

FO0-5-1=(=52-1=24

|
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Solutions to Exercise 7B
1 a (-2,-3) - (-2,3)

b (-2,-3) = (2,-3)

¢ (=2,-3) = (=2,-12)

d (-2,-3) — (-8,-3)

2 ay=x

1
i A dilation of factor 5 from the

y-axis

X 2
ay=2) =4
y(aJ *

ii A dilation of factor 5 from the
y-axis

2
iii A dilation of factor 3 from the

X-axis )
_ 2 ) 2x
Sy = 3()c) =3
iv A dilation of factor 4 from the
X-axis
Sy = 4(x)? = 4x?

A reflection in the x-axis
2

<

Sy = —(x)2 = —Xx

vi A reflection in the y-axis
Ly =(=x)?=x*

i A dilation of factor l from the

y-axis

iii

iv

<

vi

L (03)_ L
SYE\Y ] T e

A dilation of factor 5 from the
y-axis

o3
R T X2

A dilation of factor % from the

X-axis

L 2(1 3 2

Y= 3\x2) 3x2

A dilation of factor 4 from the
X-axis

y:F

A reﬂectilon in the x-axis

..y:—;

A reflection in the y-axis

1y
Y= x| X2

1
cy=-—

ii

iii

iv

X

A dilation of factor % from the

y-axis
05 1

..y:7:£

A dilation of factor 5 from the
y-axis

5
Ly=-—
X

A dilation of factor g from the

X-axis
) _2(1)_ 2
”y_3 x)  3x

A dilation of factor 4 from the
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X-axis y

Ly =-
X

v A reﬂectlion in the x-axis > x

Ly=-——
X

vi A reflection in the y-axis

1 1 1
fy= =t b y=--
Asymptotes at x =0andy =0

d y=+x ¥

A
1
i A dilation of factor 3 from the J
y-axis 0 > X
x
LY=L= V2
y= /o5 = V2x /

ii A dilation of factor 5 from the e y= 3
y-axis Y= X
. X Asymptotesat x =0andy =0
Sy = g y

A
iii A dilation of factor % from the &)
Xx-axis 0
I )
LY = —A/x
Y73

iv A dilation of factor 4 from the 1
x-axis dy= 2y
Sy = 4% Asymptotesat x =0andy =0
y
v A reflection in the x-axis 0 (1 | )
Ly=-vx :
0 > X
vi A reflection in the y-axis
SLy=V-xx<0
e y= V3x
3 ay=3vx Starting point at (0, 0)
Starting point at (0,0)
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3
fy=—
Y=

X
Asymptotes at x =0 and y = 0

/

=
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Solutions to Exercise 7C

1

a

b

2,-1)—>6,-1)—> 6,-2)
2,-1)—>2,1) > (6,1)

2,-1)—>2,-3)—> @3,-5)

Translation of 2 units in the positive
direction of the x-axis:

y = y/xbecomes y = Vx -2
followed by a dilation of factor 3
from the x-axis: y =3 Vx—2

Translation of 3 units in the negative
direction of the x-axis:
y = yxbecomesy = Vx+3

followed by a reflection in the x-axis:

y=-Vx+3

Reflection in the x-axis:

y = 4/x becomes y = —/x
followed by a dilation of factor 3
from the x-axis: y = =3 /x

Reflection in the x-axis: y = —/x
followed by a dilation of factor 2

from the y-axis:

X

y=- 5

Dilation of factor 2 from the x-axis:
y=2+x

followed by a translation of 2 units in
the positive direction of the x-axis:
y=2Vx-2

and 3 units in the negative direction
of the y-axis: y=2Vx—-2 -3

Dilation of factor 2 from the y-axis:
_ X
YT 2

followed by a translation of 2 units in

the negative direction of the x-axis:
o [x+2

y B -2 . . . .

and 3 units in the negative direction

of the y-axis:
x+2

-3
2

y:

Translation of 2 units in the positive

direction of the x—axis:1

X Toox=2
followed by a dilation of factor 3
3

x—2

y = — becomes y =

from the x-axis: y =

Translation of 3 units in the negative

direction of the x-axis: y =

T x+3
followed by a reflection in the x-axis:

1
x+3

y=-

. . 1
Reflection in the x-axis: y = ——

X
followed by a dilation of factor 3

3
from the x-axis: y = ——
X

. . 1
Reflection in the x-axis: y = ——

X
followed by a dilation of factor 2

2
from the y-axis: y = ——
X

Dilatzion of factor 2 from the x-axis:

y==

X
followed by a translation of 2 units in
the positive direction of the x-axis:

y:

x—2
and 3 units in the negative direction
2
of the y-axis: y= —— -3
x—2
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f Dilation of factor 2 from the y-axis:

a

2
y==

X
followed by a translation of 2 units in

the negative direction of the x-axis:

2
T .
and 3 units in the negative direction
2
of the y-axis: y = —— —
Y Y x+2

(x,y) = (x+2,3y)
Let (x,y) = (X', ).
Then x’ = x + 2 and y’ = 3y.

Hencex:x’—Zandy:)L.

3
1
The curve y = x3 maps to the curve
y !
2 —(x¥ =2)3
7= -2)

1
That is, y = 3(x — 2)3

(x,y) = (x=3,-y)

Let (x,y) — (x',)").

Then x’ = x—-3and y’ = —y.
Hence x = x"+3and y = —y'.

The curve y = x% maps to the curve
Y = (¢ +3)

That is, y = —(x + 3)%

(x,y) = (=x,3y)

Let (x,y) — (x',y").

Then x’ = —x and y’ = 3y.

Hence x = —x" and y = %
1

The curve y = x3 maps to the curve

y ne
2 = (=x)3
3 (=x") 1
That is, y = —3x3

(X’y) - (2X, _y)
Let (x,y) = (X',Y).
Then x’ = 2x and y’ = —y.

a

/

Hence x = % andy = —y’.

1
The curve y = x3 maps to the curve

/

x" 1
—v =(=)3
y (2) 1
X\3
That is, :—(—)
atis,y >

(x,y) > (x+2,2y-3)
Let (x,y) = (x',)").
Then x’ = x+2and y’ =2y —3.

"+3
Hencex:x’—Zandy:y >
1
The curve y = x3 maps to the curve
y+3 1
=(x'-2)3
7 (x"=2)

1
Thatis,y =2(x—2)3 -3

(x,y) - (2x - 2,_)/ - 3)
Let (x,y) = (x',)").

Then x’ =2x—-2andy =y - 3.
"+2

Hence x = andy =y + 3.

1
The curve y = x3 maps to the curve

y’+3:(

1
x’+2)§
2

1
+2\3
That is, y = (XT)3 -3

(x,y) = (3x+6,y)
Let (x,y) — (X', y").
Then x’ =3x+ 6 andy’ = y.

Hence x =

andy =y'.

The curve y = x*> maps to the curve
_ (' -6)

9

Thatis, y =

4

(x-6)°
9

(x,y) = (3x+6,y)
Let (x,y) — (X', )").
Then x’ =3x+2andy’ =y.
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/

X
Hence x = andy =Y.

The curve y = x> maps to the curve
_ (x/ _ 2)2

9
Thatis, y =

/

(x-2)
9

(x,y) = (=(x +2),y)

Let (x,y) = (X', ).

Then x’ = —x—2and y’ = y.
Hence x = —x"—2and y = y'.

The curve y = — maps to the curve
X

, 1
Y= x+2
That is, y = —

x+2

(x,y) = (=x+2,y)
Let (x,y) = (X', ).
Then x’ = —x+2and y’ = y.
Hence x = —x"+2and y = y'.
The curve y = — maps to the curve
X

, 1
Y= 2—x
That is, y =

is, y 5

- X

(6, y) = (x=2,y-3)

Let (x,y) — (X', y").

Then x’ =x—-2andy =y - 3.
Hence x =x"+2andy =y + 3.
The curve y = 2(x’ — 2)? + 3 maps to
thecurve y +3 =2(x+2-2)>+3
That is, y = 2x2

(x,y) = (x, =y +3)

Let (x,y) — (X, ).

Then x’ = xand y’ = —y + 3.
Hence x =x"+2andy = —y" + 3.
The curve y = 2(x’ — 2)? + 3 maps to
the curve -y +3 =2(x —2)> +3

That is, y = —2(x — 2)?

(x,y) = (=3x,)
Let (x,y) = (X', )").
Then x’ = —=3x and y’ = —y.

1
Hence x = —gx’ andy =y
The curve y = 2(x’ — 2)> + 3 maps to
the curve y’ = 2(—§x’ -2 +3

2
That is, y = §(x +6)Y+3

(x,y) = B(x = 2),y)
Let (x,y) = (X, y").
Then x" =3(x—2)and y’ = y.

1
Hence x = gx’ +2andy =Y.
2
The curve y = P + 5 maps to the
-

curve y' = +5

§X’+2—4

6
Thatis,y:—6+5
x_

(X,)’) - (S-X - 2,)’)
Let (x,y) — (X, ).
Then x’ =3x—-2andy’ =y.

1
Hence x = g(x’ +2)andy =Y.
2
The curve y = | + 5 maps to the
x —

curve y' = +5
g(x’ +2)-4

That is, y = +5

x—10
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9 a y=x?>mapsontoy = k(x — a)? b Image passes through (1, 1) and (2,2)

Image passes through (1, 1) and (2,4) k(1 — a)2 =1...(1)

k(1-ay =1...(1) K2—aP =2...(2)
k(2—a)2:4...(2) Therefore a = — V2 and k =3 —= 22
Thereforea:Oandk:lora:%l ora= V2andk=3+2V2.

and k = 9.
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Solutions to Exercise 7D

1

a

i

ii

iii

Write y/ = 2(¢' - 1)2 + 3

'-3
=W -1y

Choosex:x’—landy:y _

X =x+landy =2y+3

In summary,

A dilation of factor 2 from the
x-axis, then a translation of 1 unit
in the positive direction of the
x-axis and 3 units in the positive
direction of the y-axis

Write y/ = —(x’ + 1) +2

=Y +2=( +1)?

Choose x=x"+landy=—y +2
X =x—landy =—-y+2

In summary,

A reflection in the x-axis, then a
translation of 1 unit in the nega-
tive direction of the x-axis and

2 units in the positive direction of
the y-axis

Write y = 2x" + 1) =2

LY +2=02x +1)?

Choose x =2x"+landy=y"+2
_x—-1 x 1

X = = ———and
’x > > 2an
y=y-2

In summary,

A dilation of factor % from the
y-axis, then a translation of % unit
in the negative direction of the
x-axis and 2 units in the negative
direction of the y-axis

Write y' =

X +3
Yy o1
"2 X +3 ,
Choosex:x’+3andy:l

2

ii

ii

X =x-3andy =2y

In summary,

A dilation of factor 2 from the
x-axis, then a translation of

3 units in the negative direction of

the x-axis

Write y' = +2
Y X +3

Yy =21

e
Choose x =x"+3andy=y -2
X =x-3andy =y+2

In summary,

A translation of 3 units in the
negative direction of the x-axis
and 2 units in the positive
direction of the y-axis

Choose x =x"-3andy=y" +2
X =x+3andy =y-2

In summary,

A translation of 3 units in the
positive direction of the x-axis
and 2 units in the negative
direction of the y-axis

Write y) = Vx’' +3+2

Ly =2=Vx+3

Choose x =x"+3andy=y" -2
X =x+3andy =y-2

In summary,

A translation of 3 units in the
negative direction of the x-axis
and 2 units in the positive
direction of the y-axis

Write y’ = 2 V3x’/
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o= = V3x

2

Choose x =3x" and y = %

sx = %x and y’ =2y

In summary,

A dilation of factor % from the
y-axis, then a dilation of factor 2
from the x-axis

iii Write y’ = —vVx' +2
=y 2= X
Choose x = x"andy = -y +2
X =xandy =-y+2y
In summary,
A reflection in the x-axis, then
a translation of 2 units in the
positive direction of the y-axis

| y+17 1
ertey:ﬁand 5 :(x—3)2
+7
Choosey’:y and X’ = x -3

+7
So(xy) — (x— 3, yT)

Write y’ = (x')> and y — 5 = (3x + 2)?
Choose y =y—-5S5and x’ =3x+2
SL(y) > Bx+2,y-95)

Write y’ = (x') and
—y+7=303x+1)?

and x’ =3x+1

Choose y" =

-7
S y) — (3x+ 1,—yT)

Write y/ = Vx” and )é =V-(x—-4)
Choose y' = %; and X' = V—-(x—4)
L (xny) - (—(x _4), %)

Write y' = — VX + 6 and

y—3

)
Choose —y’+6:y;3and
vNTE

. -y
S y) — (—(x —-4), T)

y=2x+T7mapstoy=3x+2
Rewrite as:
y—T7=2xandy —2 =3x
Therefore we can write:

y —2=y—7and 3x" = 2x
Yy =y-5and x’ = %x

The rule is:

2 5
o[-

3 (x-5)7
Therefore we can write:

4

y -4

=y+landx -5=x-2
v =3y+7andx’ =x+3

The rule is:

(x,y) = (x+3,3y+7)

y —4 = (x +2)> maps to
y+5=03x-2)
Therefore we can write:

V+5=y—-4and3x' -2=x+2
y’:y—9andx’:%(x+4)

The rule is:
(x,y)—>(%x+4,y—9)

%: \/3—xmapsto§: x—06
Rewri;eas:
%z%andx’—6:3—x
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Therefore we can write:
y = Eyandx’ =9-x
The rule is:

(-x’y) - (9 - X S?y)

- 6
y—:VZ—xmapstoy = x

2 -5
R/ewr61te as:
J =7 andx’ =2 —x
Therefore we can write:
,  —Sy+27 ,
y = T and x’ =2 —x
The rule is:

-5y + 27
(x,y) = (2 - X, L)

2

4 a2x-ay+b
=2(x* +3ax* +3d®°x —a®) + b
= 2x° + 6ax* + 6a°x —2a° + b
=2x7 — 12x* + 24x - 13
Therefore a =2 and b = 3

b The rule is:
(x,y) > (x+2,y+3)
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Solutions to Exercise 7E

1 X =3xandy = -2y

We can write:

X 1
= — d = ——
X 3 and y 2y
Therefore:

y = x> + x + 2 maps to
2
1 / /
__y,:(x_) + 14

2 3 3
whch simplifies to:

3 2x%  2x 4
YS9 T3

x'=4xandy = -2y
We can write:
=2 and y = !
x = —_— = —_——
1 y y

2
Therefore:
/ 3 /
= x° 4+ 2x maps to —ly’ oy i 2
Y 2 4) T4
whch simplifies to:
P
y= 35 X
x'=2yandy = -3x
We can write:
__7 _ 1
x=-=andy= Ex
Therefore: | ot
y:2x+3mapst0—§x’ = - ;; +3
whch simplifies to:
_3x 9
4 2
X' =4yandy’ = -2x
We can write:
X’ dx 1,
=—andx=—=
Therefore: | ot
y=-2x+4 mapsto—x = Ty +4
whch simplifies to:
-2y
YT

Sax=-2vy-Dandy =x+2

We can write:
y:—%+1andx:y’—2
Therefore:

y = —2x + 6 maps to —%x’ -9=2y

whch simplifies to:
_x, 9
I

b xX=-2y-landy =x+2
We can write:

y:—%—iandx:y’—Z

Therefore:
y = —2x+ 6 maps to %x’ — 2—21 = -2y
whch simplifies to:
yoty 2
4 4

¢c ¥ =-2x-2andy =3y+2
1 1
X = —E(x’ +2)andy = 5(}/ -2)
Therefore:
1 8
y = —2x+ 5 maps to §y’ :x’+§
whch simplifies to:

y=3x+38

6 fi(x)=x*+4x+12and

fr(x)=3x>+6x+5

We complete the square for each.
y=(x+22+8=>y-8=(x+2)7
y=3x+ 12 +2 = y_TZ = (x+ 12
We now can write:
xX+2=x+1=2x=x+1

and
y-8=1

The sequence of transformations is:

/

=y =3y-22

m A dilation of factor 3 from the x-axis.

m A translation of 1 unit in the positive
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direction of the x-axis

m A translation of 22 units in the
negative direction of the y-axis.

7 fi(x) = —x> + 6x + 8 and
fr(x) =2x> +8x+5
We complete the square for each.

y=—(x=32+17= —y+17 = (x-3)~

+3
y=2w+2f—3:>15—:u+2ﬁ
We now can write:

X +2=x-3=>x'=x-5

s 17
+ -y +
Y D Ly = 2y+31

The sequence of transformations is:

m A reflection in the x-axis

m A dilation of factor 3 from the x-axis.

m A translation of 5 units in the
negative direction of the x-axis

m A translation of 31 units in the
positive direction of the y-axis.

2

x—3
=3x—-landy =y+2

8 ay=
x/

1
x:§(x’+1)andy:y’—2

Therefore image is:
, 2 6
y - 2= I = 3

Fr+ D=3 *

6
Therefore: y = - +2
x —

b y= 1s mapped to
x—3
4
YT 3kx-3)
y 1 d3(y—6) 1
2 x-3 4 x-3

We can write:
X =-3=x-3=>x'=x

3y)-6) y , 2y

—3 a7 YERTe
. 2

m A dilation of factor 3 from the

X-axis.
m A translation of 6 units in the
positive direction of the y-axis,
—-5f2x+3)=-5Q2x+ 3)? =
—20x% — 60x — 45
b m A reflection in the x-axis

m A dilation of factor 5 from the
X-axis.

1
m A dilation of factor > from the
y-axis.

) 3 .
m A translation of — units in the

negative direction of the x-axis

10 a —2g(x-3)+4=- +4

(x=3)

b m A reflection in the x-axis

m A dilation of factor 2 from the
X-axis.

m A translation of 3 units in the
negative direction of the x-axis

m A translation of 4 units in the
negative direction of the x-axis

11 a x> ax+handy — by +k
Also (2,5) — (-3,6) and

(3,6) > (-4,7)
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12 a

13 a

2a+h=-3...(1)
3a+h=-4...(2)
Sh+k=6...3)

6b+k=17...(4)
From (1) and 2Q)a =-1,h = -1
From (3)and (4)b=1and k=1

(x’)’) - (_-x_ 1’y+ 1)
Therefore x’ = —x—landy =y +1
_x:—x,—l,y:yl—l

y = x?ismappedtoy = (x+ 1) + 1

x—ax+handy — by+k

Also (1,3) — (-2,-3) and

(2,4) —» (-3,11)
a+h=-2...(1)

2a+h=-3...(2)
3Bb+k=-3...03)

4b+k=11...(4)
From (1) and 2)a = -1,h = -1
From (3) and (4) b = 14 and k = —45

(x,y) = (—x— 1,14y — 45)
Therefore x’ = —x— 1 and
y =14y —45

, y +45
x=—x"-1,y=

14
y = x* is mapped to y = 14x> — 59

x—ax+handy — by+k

Also (1,-2) — (-4,5) and

(3,4) — (18,5)
a+h=-4...(1)

3a+h=18...(2)
-2b+k=5...3)

4b+k=5...(4)
From (1) and 2)a =11,h = -15
From(3)and (4)b=0and k =5

b (x,y) —» (11x—15,5)

y = x* is mapped to y = 5

X 1
(X,)’) - (_ay_ _)
fl a
x’:f——andy’:y
a a

x =a(x’ + —) and y = y'+ Therefore,
a
1
y = x? is mapped to y’ = a*(x’ + —)?
a
1
a(-1+-)Y=1
a
2 1
al-=+—)=1
a a
a?-2a+1=1
a*-2a=0a(a-2) =0
Therefore a 1: 2
x* = 4((x + 5)2

1
x2=4(x2+x+10 =3x2 +4x+ 1

0=0Cx+Dx+1)
The other point is

%)

(x,y) = (x+a,y+ad?)
Equation:
y=(x—a)+ad
(x— a)2 +a*=x

x> = 2ax+2a* = x
¥ =Qa+Dx+2d*=0
Consider discriminant:
A=Q2a+1)* -84
A=0=4a’>+4a+1-84>=0

Therefore —4a*> +4a+1 =0
V2 +1

a= (ais positive)

Solve

x> —Qa+1Dx+2a> =0 witha =

V2 +1




16

17

18

19

20

V2+2 V2 + 2) Here is a suggestion for a direction of
T2

Intersect at
( proof. Let
ax, + by, = ax; + by, =

a(x; — x2) +b(y1 —y2) =0

Vokx=-x+1 and J 4
cxXp+dyy =cxp +dy, =
—kx = (=x+ 1)’ c(x1 —x)+d(y1 —y2) =0
—kx=x>-2x+ 122+ k-2)x+1 =0 and assume x; # xp and y; # y»
A=0=(-22-4=0 Then:
k=4 a(x; —x2) = =b(y; —y2)...(1)
Therefore x = —1 c(x1—x) =—=d(y1 —y2)...(2)
Point of contact is (—1,2) Divide (2) by (1)
c _d
a b .
a (x,y) > (x+4,3y) (This is a case with a # 0 and b # 0)

Therefore: This implies ad — cb = 0

(—4,0) — (0,0) and (2,0) — (6,0)

21 a We require that 7(T~'(x,y)) = (x,)
Let T7'(x,y) = (&, ).
Then we have

b (x.y) - <§,2y>)
(=3,0) - (-1,0) and (6,0) — (2,0)

¢ (x,y) - (g +4,3y) T(T™'(x,y) = (x,)
(-2,0) — (3,0) and )8,0) — (8,0) = T, y) = (x)
= 2x +3,-4Y) = (x,y)
Touches at (1, 1) =2x+3=xand -4y =y
Hence for the image graphs:
’ x=3 ’ y
(1,1) > (5,3) =¥ = ——andy’ = -7
They touch at (5, 3) ) = () < v_3 oy
’y - ’y - 2 B 4
b2
fTW=5+3 b We require that T(T~'(x, y)) = (x, y)
¥ =S5x-2o> X =x- 2 Let 7 (x.y) = (..
) S Then we have
Y=y+3

Transformation rule:

i) o [ 2oy s 2
LY\ T YT

T is 1-1 if:
(ax; + by, cxy +dyy) = (ax; + byy, cxy +
dy;) © x; =xyandy; =y
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T(T™'(x,y)) = (x,) Then we have

= T(x',y/) = (x,y) T(T_l(X,}’)) = (x’y)

=GB -x,-4) =y = T(xY) =y
1
=>3-x'=xand -4y’ =y :>(§x’+3,—2y’+5):(x,y)
y

’ — _ / - 1
= x =3-xandy 4 =>§x’+3:xand—2y’+5:y
T (xy) = (,y) = [3-x-2 : ,_ 55—y

Y Y "2 =>x' =2(x-3)andy =——5"

. _ 5-
¢ We require that (T~ !(x,y)) = (x,) T ' x,y) = (X,y) = (Z(x -3), _Ty)

Let T7'(x,y) = (X, ).
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Solutions to Technology-free questions

1 a Dilation of factor 4 from the x-axis:

b

(-1,3) » (-1,3x4)=(-1,12)

Dilation of factor 3 from the y-axis:
(_1’ 3) - (_1 X 3’ 3) = (_3’ 2)

Reflection in the x-axis:
(_1’ 3) - (_1’ _3)

Reflection in the y-axis:
(-1,3) > (1,3)

Reflection in the line y = x:
(_1’ 3) - (3’ _1)

1
y=—-+3

X
Asymptotes at x = 0 and y = 3
x-intercept: y=—-+3 =0
X
1 1

L —=-3,x=—2

X
No y-intercept because x = 0 is an
asymptote.

y= % -3
Asymptotes at x = 0and y = -3
x-intercept: y = — -3 =0

1 1

No y-intercept because x = 0 is an

=3, x==%

asymptote.

y
A
-3 3
3 > 3 N
_______________ y=-3
Coo ]
Y=+ 2y

Asymptotes at x = =2 and y = 0

y-intercept: y = 7~ 3=___

11
4

No x-intercept because y = 0 is an

asymptote.

y

Wi

x=-2
d y=+Vx-2

No asymptot
(2,0).

es, starting point at

1
e y=——
x—1
Asymptotesat x =l andy =0
-int tty=——=-1
y-intercept: y = =

No x-intercept because y = 0 is an

asymptote.

291



1
f y=--4

X
Asymptotes at x =0 and y = —4
x-intercept: y = — -4 =0
X
1 1

SLoo=—=4,0 x=-
X 4 :
No y-intercept because x = 0 is an
asymptote.
Y

________________ y=—4
1
y= xX+2
Asymptotes at x = -2 andy =0
. 1 1
-intercept: y = —— = —
y1nefcep Y=032"3 |
No x-intercept because y = 0 is an
asymptote.
y
0 A
I
I
\ ;
i > X
10
I
I
I
I
1
x=-2
1
h y=——
’ 3

P
Asymptotes at x =3 and y = 0

i flx)=

1 1
y-intercept: y = 0-3°-73
No x-intercept because y = 0 is an

asymptote.

y
A

I
I
I
I
I
! > X
0
I
I
I

-1
3
x=3

1

(x=3)?
Asymptotes at x = 3 and y = f(x)
1

y-intercept: f(0) = =

0-32 9
No x-intercept because y = 0 is an
asymptote.
y
A
I
I
1 I
9 |
] 1 > X
0
I
I
I
x=3
i o = —
X)=——=
! (x + 472

Asymptotes at x = —4 and
y=f(x)=0 | X
y-intercept: f(0) = m =16
No x-intercept because y = 0 is an
asymptote.

=0
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y
A

L
16

> X
0

1
k f(X):ﬁ-i-l

Asymptot?es atx=1landy= f(x)=1

x-intercept: y= ——+1=0
1 x—1
=—1,..x=0
x—1
y-intercept is also at (0,0).
Y
I
A
I
I
: =1
———————— ======)=
i > X
I
I
I
I
I
x=1
I v
I
A |\
I
_____ _——dee =2
\ i|
N2
i > X
0O\1
I
I
I
I
x=2

1
Jay=—5+1
X
Asymptotes at x =0andy = 1

No x-intercept since y > 1 for all

real x.
No y-intercept since x = 0 is an
asymptote.

Range is (1, o).

b y= %
Asymptotesat x =0 and y = 0
No x-intercept since y > 0 for all
real x.

No y-intercept since x = 0 is an
asymptote.

Range is (0, o0).

A

N

1
ERNCR
Asymptotesatx =l andy =0
No x-intercept since y > 0 for all
real x.

1
-int taty=—=1
y-intercept at y 017
Range is (0, o).



y i (x,y) > (x—-2,-2y+3)

L iii (x,y) — (XT_I,y — 1)

> X b i (x,y) > (x-2,4y)

i (x,y) > (x-6,y-12)

iii (x,y) > (x+3,4y-5)

1
d y=—- ¢c i (xy)—>kx+4,y+2)
X
Asymptotes at x =0 and y = —4 .
i (v - (5.29)

x-intercept where y = — -4 =0 2
X

LS = iii (x,y) = (x,-2y+3)

2
4 6 (X,Y)H(x,_y)_)(:sx,—y)_)
fx= e (Bx-2,-y+3)
No y-intercept since x = 0 is an X =3x-2andy =-y+3
asymptote. Therijfcjl_rez,
Range is (—4, o). X = 3 ,y=y -3
Y
A 1
7 = —
f(x) T3
1 1
2 2 1
> X 2x-1)=z ———
/ 0\ aJex=D=G T3
_______________ y:—4 — 1
2x—-4)
b f2x)+3= +3
4 (x,y) = (x,2y) = (x+2,2y + 3) / (2x - 3)
Therefore, X’ = x+2=>x=x"-2 1
’ y,_3 2x—-4)+5 = +5
Y=2y+3=y="— ¢ fax-a) ((2(x—4))—-3)
1
T
5a i@y -—>@-1,3+2) (xI )N —3)
=45
Qx—11)
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Solutions to multiple-choice questions

1

2

C

D

1,7) - (1,10) —» (1,-10)
“4,-3) -4, 1) - (41

3a—1=8and b+2 =8
a=3andb =6

3a—11:aand2b+2:b
La=—and b = -2
a 2an

1st transformation is reflection in
y-axis: (1,0) becomes (—1,0), (0, 1)
stays put and (1, 1) becomes (-1, 1).
2nd transformation maps (x, y) to
(=y, —2x +y).

Therefore,

(—1,0) onto (0, 2), (0, 1) onto (-1, 1)
and (-1, 1) onto (-1, 3).

(xay) - ()C, _y)
y=x*toy = (x' —5)> -2 Therefore
take,

y=y +2,x=x"-5
=y =y-2,x=x+5

y=(x+2)>+8ismappedtoy = x’
We can write,
y=y—-8andx' =x+2

(x,)’) - (—x,}’) - (_x+ 2,)’ + 3)
We can write,

X ==x+2,y =y+3

Therefore, x = —x" +2,y =)' -3
y = +/x is mapped to

2

10 A

11

12

B

B

y-3=VI-¥
y=V2-x+3

(x,y) = (x,—y) = (x,-2y)
We can write,
x'=xandy = -2y

Therefore, y = —%

1 2
y = — ismapped toy’ = ——
X X

1
(X»y) - (X, 2)’) - (gx’ 2)’)

W =

\2
y? = x is mapped to y = (%) =3y
That is,

v =12x
a+h=3...(1)
ma+h=5...(2)
2b+k=m...(3)
3b+k=6...(4)

From (1) and (2), a = %
aeN:>m:2orm:m3
First consider m = 2
a=2,h=1,b=4,k=-6
a+b+h+k=1

Next consider m = 3
a=1,h=2,b=3k=-3
a+b+h+k=3
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Solutions to extended-response questions

1 afx)+k=x>+k
Consider the equations:

y=x
y=x"+k
Solving simultaneously

x=x>+k

X=x+k=0...(1)

For y = x to be a tangent to y = x> + k the discriminant of the quadratic in equation

(1) is zero. Thatis A =0
S 1=4k=0
1
Sk=—
4
b f(x—h) = (x—h)?
Consider the equations:

y=x
y=(x=hy
Solving simultaneously

x=(x-h)?
x=x>=2xh+ I?
X —2xh—x—-h*=0
¥ —(1+2h)x+h=0...(1)

For y = x to be a tangent to y = (x — h)? the discriminant of the quadratic in equation

(1) is zero. Thatis A =0
(1+2h)? -4hn* =0

1+4h+4n* —4h* =0
1+4h=0

h=—-
4

2 a7(1+h?=8
l+h=+V8
h=-1+2V2
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b Let g(x) = f(ax)

= (ax)*

Now g(1) =8, .~ a =8

(x2+ D s L ) v
=a - - |- —
a 4a?) 4a
b\? b?
R
-b -b?
The vertex has coordinates (1,8),.. — =1 and — = 8.
) 2a da
b _
Substituting — = 1 into — = 8 gives
2a da
b
Z -3
2
. b=16
o . -b .
Substituting b = 16 into 7 1 gives
a
-16
-1
2a
a=-8
3agx)y=x>+4x-6
gx)+k=0
P +4x-6+k=0
One solution when A = 0 A=0
16 —4k-6)=0
16 —4k+24=0
40—-4k=0
k=10
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b ¥ +4x-6=0
¥ +4x+4-4-6=0
(x+22-10=0
(x+2)?=10

x=-2+ V10

i For two positive solutions > 2 + V10
ii for two negative solutions 2 < 2 — V10

iii One positive and one negative 2 — V10 < & < 2 + V10

1
4 a x2:4y:>y:Zx2

b Gradient of line AB = j_ - =

()

4
. . 3
Equation of line:

4
=361
Intersection of line with parabola:

1 1
36()6 —1)> =4x  Points A(4,4) and C(é_l’ -1)
16(x - 1)2 = 36x
16(x*> = 2x+ 1) = 36x
16x> —68x+ 16 =0
452 - 17x+4=0
(4x—1D(x-4)=0
X = 1 orx=4

2
¢ It is the chord of the parabolay = XZ passing through (0, 1) and wth endpoints

1
(-1, 4_1) and (4,4)
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5 a y=kx’
9 =k x2025
P
2025 225

Dilation factor is ——
tation factor is —-

b X =xandy == -y
) 1
¢ Reflected parabola has equation y = ~555"
Parabola with vertex (45, 9) and which passes through (90, 0) and (0, 0) has equation
of the form (y — 9) = —k(x — 45)? and when x = 0,y = 0. Therefore:
-9= —llc x 2025

2

- 225 1
and image has equationy — 9 = —E(x — 45)?
Hence x’ = x+45andy =y+9

—y +225
25
6 a fx-2)=(x-5x+2)(x-17)
fx=2)=0
x=5x+2)x-7)=0

d X¥=x+45andy =

x=5o0orx=-2o0rx=7

b f(x+2)=x-1Dx+6)(x-3)
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f(x+2)=0
x=-Dx+6)(x-3)=0

x=lorx=-6o0orx=3

¢ Since x = 0 is a solution of f(x)+k =0

fx)+k=0
60+k=0
k = -60

f(x) =60 =0

(x=3)(x+4)(x -5 -60=0

X —4x* - 17x=0

x(x* —4x-17)=0

x(x* —4x+4-21)=0

x((x=2)*-21)=0

x(x -2+ V21)(x-2-V21)=0
x=0orx=2- V2lorx=2+ V21

d f(x—h) =0 has a solution when x = 0
S (=h=-3)(-h+4)(-h-5)=0..h=-30orh=4orh=-5

e The solutions of f(x —h) =0are h+3,h+5and h—4

L-5<h<-3
a (4,6)
b (Xa)’) - (6 _X’y)

(g}

(x,y) = (6= x,y)
d i = Translation of m units in the negative direction of the x-axis
m Reflection in the y-axis
m Translation of m units in the positive direction of the x-axis
ii (x,y) > 2m-x,y)
e i m Translation of n units in the negative direction of the y-axis

m Reflection in the x-axis
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m Translation of » units in the positive direction of the y-axis
ii (x,y) > (x,2n-y)
f i y=-x+3

i y=—x+6

iii y=(6-x)
iv y=03-x)?
8 a A'(-1,3)
Y2 = Vi . .
b i Mmos = where mp, = gradient of line OA
X2 — X1
(x1, y1) = (0,0)
(x2, 2) =3, 1)
1-0 1
m= ——= —
3-0 3
i moa = Y270 where mp, = gradient of line OA’
X2 — X
(x1,51) = (0,0)
(x2,y2) = (=1,3)
3-0
= = —3
=10
Y2 =M1

¢ i moa= where (x1,y1) = (0,0)

X2 — X1

(x2,¥2) = (p, q)
o470 _ 4
p-0 p

ii A'(-q,p)
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d (Xa )/) - (xl7y/) (x/’ y’) = (_q9p) = (_y’ X)

(X, )’) - (_y’ X)
e X' =-y y=-x
y =x Lx=y
i y=x
=X =y

The image is given by y = —x.
ii y = x*
_x/ — (y/)z
The image is given by x = —y°.
iii 4y =1
L+ (=x) =1
L)) =1

The image is given by x?> + y> = 1 (the same relation).

. 1
iv y=-—
X

, 1
y

, =1

X

-1
The image is given by y = —.
X

9 a (2,6) - (4,6)
b (,y—=>x=-3,y)->-x=-3),»=0-x)—>0C-x+3,9)=06-x,Y)

¢ (x,9) = (=x+6, y)

d i A translation determined by the vector [_(’)n] followed by reflection in the y-axis,

ol

ii (x, y) > & -my) - (—(x-m),y) = (—(x—m)+m,y) =(—x+2m, y) Hence
(x, y) = (=x+2m, y).

followed by a translation determined by the vector
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e 1 A translation determined by the vector l 0 l followed by reflection in the x-axis,
-n

0
followed by a translation determined by the vector [
n

i (x,y) >, y—-n - (-y—n) -, —(y—n)+n)=(x, —y+2n)

Hence (x, y) — (x, —y + 2n).

f ()C, )’) - (_x+6a y)

X =—x+6andy =y
Lx =—=x+6andy =)y
i y=x-3

Ly=(=x'"+6)-3

=-x'+3

The image of y = x — 3 reflected in the line x = 3 is given by y = —x + 3.

ii y=x

Y ==X +6

The image of y = x reflected in the line x = 3 is given by y = —x + 6.

i y=x?

Ly = (=X +6)?

The image of y = x? reflected in the line x = 3 is given by y = (6 — x)°.

iv  y=(x -3)?
Ly =(-x' +6-3)

= (-« +3)°

The image of y = (x — 3)? reflected in the line x = 3 is given by y = (3 — x).

CAS calculator techniques for Question 1
Reflection in the line x = 3 can be demonstrated with the use
of a CAS calculator. Sketch the graphs of f1(x) = x"2 and
f2(x) = f1(6 — x) as shown opposite.

The graphs are as shown.

CO8_fig08-§
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Chapter 8 — Revision of chapters 1-7

Solutions to Technology-free questions

1 The rema;nder tzheorem gives y= y +4 and ¥ — 2 = x
6a” + 50"~ 12a = —4 Hence y) = 3y —4 and X’ = x + 2. The
6a> +5a> - 12a+4 =0 sequence could be:
2)2a -1 -2)=
(@+2)2a-1)3a=2)=0 m a dilation of factor 3 from the x-axis.
2

a=0ora=—-ora== . . .
2 3 m A translation of 4 in the negative

direction of the y-axis.

X+ 8x+9=(x"+8x+16)-16+9 m A translation of 2 units in the

= (x+4)7 -7 negative direction of the x-axis.
Minimum value of —7 when x = —4

4x -7 11
6 = —4—

3 f(=3)=6-(-3)=9 fo =7 e
f5)=6-5=1 .
The function is decreasing. a With the x - axis (4_1’ 0
Range=[1,9] With the y axis (0, —7)

4 (x,y) = (x,2y) = (x,2y — 3) b x=-landy=4

Let (x',y) be the image of (x,y). Then

x'=xandy =2y-3. 7 a Vertices A(-2,1),B(3,-4),C(5,7)
Hence y = and the equation of Coordinates of M = _22"' 3 ’ 1+ 5—4))
'3 2
the image is: (y ) = x’. That is the — (l _é)
ion i 27 2
t :
equation is - . YT
y+3 2:x oordinates o = > ’T
2 3
=|=.4
24
5 Rewrite the equation of the image as 4 — (_%)
y = 3(x — 2)3 _4 b Gradient of MN = 3]
Reorganising we have 112 2
"+ 4 = —

This suggests to choose
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Gradient of BC = Ll ) 10 f(x) =4 —5xand g(x) =7+ 2x

5-3
11

.. BC || MN

8 P(x)=8x"+4x-3

1 1\ 1
Pl-=|=8x|-2] +4[-2]-
2 p(3)=8x(5) +4(5) 3
—_1-2-3

-6

b P(2Q)=8x(2)>+4(2) -3
=64+8-3
= 69

¢ Ox)=Px+1)
=8x(x+ 1P +4(x+1D -3

=64+8-3
=69
0(=2)=8x(2+1)*+4(-2+1)-3
=-8-4-3
=-15
11
9 g(x)=3x>-4

a g2a) =3Qa)* -4 =12a* -4

b gla—1)=3a-1)>-4
=3(*—2a+1)-4
=3¢ —6a-1

c gla+1)—gla-1)
=3a+1-4-0Ca-17>-4
=3((a®>+2a+1) - (a*-2a+1))
= 12a

a fQ)+f3)=-6+(-11)=-17
f(2+3)=f(5)=-21
L@+ fB)# f2+3)
b f(x)=gx)
4-5x=T7+2x
-3 ="7Tx
3

X=-z

7

¢ f(x) = g(x)
4-5x>=T7+2x

-3>7x

X < —é
d  f(2k) = gBk)

4 -5Q2k) =T+ 23k)
4—-10k =7+ 6k
-3 =16k

3

k:—ﬁ

x+y=5...(1)
x+ D>+ +1)>=25...(2)

From equation (1) y =5 —x
Substitute in equation (2)
(x+ 1) +6-x?%=25

X +2x+1+36-12x+x* =25
2x* —10x + 37 =25

232 —10x+12=0

¥ —5x+6=0
x=-3)(x-2)=0

x=3orx=2
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12

13

From equation (1)
When x = 3,y = 2 and when
x=2,y=3

A(0,-5),B(-1,2),C4,7),D(5,0)
AB = (7T-2)2+ (@4 - (-1))?

= V25+25
=5V2

BC = V(2 - (=5)2 + (=1 = 0)2
= V49 + 1

V2

CD = (0 -T7)2+(5 -4y
= V49 + 1

DA = /(5 - 0)> + (0 - (=5))?
= V25+25
=5V2

This is sufficient to prove ABCD is a

o)1

5

rhombus.

ay=x"+4x-9
=x*+4x+4-4-9
=(x+2)?%-13

b y=x*-3x-11

9 9

2

=x"-3x+----11
X X 177

c y=2x"-3x+11

311
=2 2_Z 4+ —
YUY

39 9 11
_ 2_ - 4=
R AT 16+2]

([ 3\ 79
=2 - — __
»(x 4) - 16]

14 a y=4x+1...(1)

y=x>+3x-9...(2)

Substitute in equation (2) from
equation 1
4x+1=x*+3x-9

L0=x—x-10
LxXr—-x-10=0

11
2
X —x+——=—10=0
xXT—x 177
41

Con Lo
So(x 2)—4

+

55

X =

—_ N =

+

X =
2
From equation (1)

1+ v41
When x = Va1

y=2+2V4l +1=3+2+41
1 - V41
When x = 2\/_

y=2-2V4l+1=3-2+41

y=2x+2...(1)
y=x>-2x+6...(2)

Substitute in equation (2) from
equation 1
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15 a

2x+2 = x> —2x + 6 From

L0=x"—4x+4
Xt —4x+4=0
L(x=27%=0

x=2

equation (1)
Whenx=2,y=6

y==-3x+2...(1)
y=x2+5x+18...(2)
—3x+2 = x>+ 5x + 18 From
L 0=x>+8x+16
L X +8x+16=0
L (x+4)r=0

SLx=-4
equation (1)
When x = -4,y =14

2 +3x=5>0
Consider
X +3x-5=0

9 9

2
3x+-—=-5=0
X+3x4 =

2 T2
=3+ V29
B 2

The coefficient of x? is positive.
Therefore x*> + 3x — 5 > 0 if and only
if
( —3-v29 )
x€|—-c0,—————|U
2
(—3 + V29 ]
2 7

b 2x2-5x-5>0

Consider

5 5
2 _y_-Z =
2| x 2x 2) 0
5 5
2—— _—_ =
X 2x > 0
5 25 25 5
Yo x+—=—-=_-Z=0

5 V65
X——=x——7o
4 4
X_Six/ﬁ
4

The coefficient of x? is positive.
Therefore 2x> — 5x — 5 > 0 if and
only if

5- V65
X € (—oo, 1 ] U

5+ V65 )
5 %

(x=32(x+4) =0

(x = 3)? > 0 for all x.

L =3 x+4) >0 x+4>0

S x>—4

That is (x — 3)?(x + 4) > 0 if and only
if x € [—4, 00)

(x=3)(x+4)2x-1)<0
The coefficient of x? is positive.
Therefore (x —3)(x+4)2x—-1) <0

1
if and only if x € [5, 3] U (=00, —4]

(x—2°-8<0
s (x-27<38
S x—-2<L2

o x<4

R\ {3}

(—OO, 5]
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¢c R Substitute x = -2
R=5(-2)>-3(-2)*-5(-2)+7 =-35

d R\ {2}
e R 19 a f:[1,2] >R, f(x)=x?
, Domain of f =[1,2]
f R\ {3} Range of f =[1,4]
Lety = x?
Let P(x) = 323 + 22 + px + 24 Interchange x and y.
P(—4) = 0 by the factor theorem. x=y
Hence Choose y = +/x, (range of f)
3(-4) + (42 + (~4)p +24 =0 ST ILA S R0 = Y
—192+16-4p+24=0 b h:[-1,2] >R, h(x)=2-x
—4p =152 Domain of & = [-1, 2]
Cp=-38 Range of h = [0, 3]
Lety=2-x

SLP(x) =333+ x> -38x+24
30 +x2-38x+24 = (x+4)(3x* +bx +6)
since x + 4 is a factor.

Interchange x and y.
xX=2-y
y=2-x

By equating coefficients of x2
y equating * L [0.3] > RN () =2 — x

1=12+b,..b=-11

P(x):(x+4)(3x2_llx+6) Cg:R_lﬁR,g(X):XZ—AL
=(x+4HBx-2)(x-3) Domain of g = (=0, 0)
Range of g = (-4, o0]
Lety=x>—4

58 =32 +ax+7 = (x+2)0(x) + R...(1) Imerczhanfe xandy.
xX=y -
3 2 _
1‘\1/){6 l;ltc;x —1|-7bx—24 —d(xl—)i-Z)Qz(x)+2R...(2) y= —\/m(rangeofg)
ultiply (1)by 2 and sub- g 0,3 5 Rg ) = —Va+ 4
tract (1) from the result.

6x° — (6 +a)x* + (2a—T)x + 18 = d f:(-00,2] >R, f(x) = V2—x+3
(x+2)201 - 02) Domain of f = (-0, 2]
When x = -2 Range of f = [3, o0]
6(=2)° — (6 + a)(=2)* + (2a — T)(-2) + Lety= V2 —-x+3
18=0 Interchange x and y.
f—48 24 —4a—da+ 14+ 18 =0 x= Ioy+3
" —8a = 40 y=—(x=3y+2
SN [3,00) = R,
Sa=-5

Substitute in (1) [l =-(x-3)7+2

560 =3x* =5x+7=(x+2)01(x) +R e f: SR f(x)=x—-27>+8
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20

21

22

Domainof f =R
Range of f =R
Lety=(x-2)+8
Interchange x and y.

x=(-2>+8
1

y=(x-8)3+2

SR SR,

£ = (= 8)7 +2

Let b be the cost of a Bob’s burger.
Let f be the cost of a regular fries.

a - 3b+2f=1820

b Ifb=42
3x420+2f=18.20
S 2f =18.20 - 12.60
- f=2.80
The cost of regular fries is $2.80

4x +ky =7 and y = 3 — 4x The gradient

4
of the line 4x + ky = 7 is -
The gradient of the liney = 3 —4xis —4

4
a If the lines are parallel, ok -4
Hence k =1

b If the lines are perpendicular

4

—Cx—4=-1
kX

k=-16

Line ¢ has x-axis intercept (5, 0) and
y-axis intercept (0, —2).
-2-0 2

0-5 5

a Gradient of ¢; =

b Line ¢, is perpendicular to line line ¢,

Hence gradient of ¢ is -5

23

24

a

a

The line ¢, has equation of the form

St
=—=x+c
Y=73

5
Whenx=1,y=6..,6 = =3 + ¢ and
hence

and > + 17
Cc = — = ——X —
p MEy=TrT
Rearranging as required
Sx+2y—-17=0

ax’ +2x+a
2
=a(x*+=x+1)
a

2 1 1
2
X +EX+;—;+1)

( 1)2 a2—1]
x+—| +
a a?

1)2 a -1
x+—| +

Perfect squuare when
That is when a = +1

There are two solutions
at -1
when <0
a
That is, when a € (-1, 1).

1
2+ x 3
When x =0,y = EWhen

y=1+

=0,1+ =0
Y 12 +Xx
That is, = —1 which implies
3 2+x
x=-

The horizontal asymptote has
equationy = 1
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The vertical asymptote has equation
x=-2

> <

C y:§X+§

d The midpoint
3

0+(=3) 219 (33
2 2 |\ 24
3
PR
e Gradient of line AB = 03 = 3
Gradient of a line perpendicular to

ABis -2.
Therefore using the general form
y—y; = m(x — x;) we have

y—%:—Z(x+%)

That is,

= 2x- 2
y x= o

25 Let f(x) = ax’> + bx + c. Then
f(1) =6, f(0) =2 and f(-3) = 8. We
immediately have ¢ = 2.

a+b+2=6...(1)
9a-3b+2=8...(2)
a+b=4...(1)
3a-b=2...(2)

Add (1’) and (2°)

da =6

_3

"2

5

b=3
f(x):%x2+§x+2

26 a We use the remainder theorem.
g(x) = 2x° =9 +ax+b

g(-1)=3and g(2) =3
Hence
-2-9-a+b=3 (1)
16-36+2a+b=3 ... (2)
—-a+b=14 (1)
2a+b =123 .. (2)
2H -1
3a=9
a=73
b=17
b 2x*—9x* +3x+ 14 =0.

We know that x + 1 and x — 2 are
factors of the polynomial.

gx)=3
X =9x>+3x+14=0

x+Dx-2)2x-=7)=0

:—1’ :2 =—
X X or x 3
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27

28

29

For the quadratic —x? + kx + k + 1 the
discriminant is

A=Kk +4k+1) =k +4k+4 = (k+2)°
a For one solution A =0 =k =-2
b For 2 solutions A # 0 = k # -2
¢ The solutions of the equation
X +kx+k+1=0

The left hand side factorises to give:
x+D(x—-(k+1)=0

The solutions are x = -l or x =k + 1
The solution x = —1 is always
negative.

The solution x = k + 1 is negative for
k< —1.

c+bx—x2:—(x2—bx—c)
»> b

2
=—(x"—bx+———-—
( + c)

b b?
=—(x= 3+ (7 +0)

Therefore b=4and4 +c=5
Therefore b =4 and ¢ = 1
Let x cm be the width of the box.
a i length=x+5cm

ii 7x,7x,7(x+5),7(x+5)

iii x(x+)5)

iv Let S cm? be the surface area.

S = 14x + 14(x + 5) + x* + 5x
=28x+70 + x> + 5x
= x> +33x+70
b Given that S = 500
x> +33x + 70 = 500
X +33x-430=0
(x+43)(x-10)=0

x=-430rx =10
Therefore x = 10

30 y=aVx—h+k

(4,6),(7,8) and (12, 10) are on the
curve. Therefore we have the equations

6=aV4-h+k...(1)
8=aVT-h+k...(2)

10=aVI2-h+k...(3)
Subtract (1) from (2) and (2) from (3).
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2=a(NT—h—N4-h)...(4)
2=a(V12—h-VT1-h)...(5)
Divide (4) by (5)
Vi—-h-Va-h=V12-h-NT-h
2V7—h=VI12—h+ V4-h

Square both sides

4T -h)=12—h+2+J(02—h)4—h)+4—h
28 —4h = 16 — 2h + 2+/(12 — h)(4 — h)
12 - 2h =2+/(12 = h)(4 — h)
(6 —h)? =(12-h)(4—h)
36 — 121 + h* = 48 — 16h + h*
36 — 12h = 48 — 16k
4h =12
h=3

Substitute in (4)

2=a(V1-3-+V4-3)

2=a

Substitute in (1)
6=2V4-3+k
k=4
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1 B y=x*-ax

a*=b

a = \/EOI'CI:—\/Z;

But a and b are positive constants.
Therefore a = Vb

Gradients are the same when
2-m =2

3 m+2

m-2 2

3 m+2
m*—4=6

m =+ V10

Only (1, 2) is on the line y = 3x — 1

©-8=x-2°

= (x=2)(x* +2x + 4)

2x* - 5x—12=Qx+a)(x—-b)
a—2b=-5ab=12

a=3,b=4:f(x) =2x +3)(x-4)

P(x) =4x> —=5x+5

3
P(—z)=-1
(2)
2x+4y-6=0
4y =-2x+6
1 +3
= ——X —
S

1
Gradient = —=
radien >

Solutions to multiple-choice questions

9 E 2x+4y=3

10

11

12

13

B

4y = -2x+3
1 3
Y= 3ty
Line has gradient = ~5 SO

perpendicular has gradient m = 2.
Using (1,2): y—-2=2(x-1)
Loy =2x
Px)=x+ax>—x—-6

If x — 3 is a factor of

P(x) then P(3) = 0:
P3)=27+9%a-3-6=0
9 +18=0, .a=-2

P(x) = x> +8x* +9x — 18
P(1)=1+8+9-18=0
L P(x) = (x— 1)(x® +9x+ 18)
= (x— D(x +6)(x + 3)

x—intercei)ts at (—=2,0) and (2, 0), so
y=alx—-2)(x+2)
Ly =ax’ —4)
3
Using y-intercept at (0, 3), a= — 1
3

y= (=2 +2)
OR 4y=-3(x-2)(x+2)
Perpendicular lines have gradients
which multiply to —1

So=3m=-1, ..m=

3
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14 D

1S D

16 E

17 B

18 D

19 D

20 B

f) =2 -1
L fa=D = =D =1
=’ -2x+1-1
= x> -2x
y = x* + kx + k + 8 touches the
x-axis. Therefore it is a perfect

square and A = 0:
A=Kk —4(k+8)

= k> — 4k -32

=(k-8)k+4)
A=0whenk=—-4o0r8
P(x)=3x-4x -k

If P(x) is divisible by x — k, then
Pk)=0: P(k)=3k>-4k -k =0

=3k> - 5k=0
Remainder when P(x) is divided by
X+ k:
P(—k) = =3k + 4k — k

= -3k + 3k
33 -5k=0, .. -3k +5k=0
o P(=k)=0-2k

TP of y = a(x — b)*> + cis at (b, ¢)

y=3+4x—x*
meets y = k only once.

 —x>+4x+B3-k)=0has A = 0:

A=16+43-k) =0
S 3—k=-4, 5 k=7

Xisat(a,b): (7,-3) =
(5+a 4+b

27 2 )
S+a=14, ..a=9

44b=-6, . b=-10

y:x2+1

21

22

23

24

25

26

D

dom [-2, 1] — range [1, 5]

X +2x-8=0
Use calculator:

-

Solution 1s between 1 and 2.

J(x) = x(x - 2)
S f(=3)=(=3)(=5) =15
Distance between (—4, —3) and
(=5,-10)
= V(4= (=5 + (-3~ (-10)?
=V1+49=5V2

y = x% + 4x — 3 cuts the line
y=4-2xat

K +dx—3=4-2x
¥ +6x-7=0
L+ Dx-1)=0

x=-7,y=18andx =1,y =2
Distance between (-7, 18) and (1,2)
= (=7 - 1)2 + (18 = 2)?

= V82 + 162 = V320

{(x, y): y<2x +3}

A (1,4):4<5 v

B (-1,1):1=1 v
I 1 1

D (-z,2-):2->2 X
2720 2

E (2,5:5<7 v

y=k+2x— x?

If the graph touches the x-axis then
A=0:
A=4+4k=0, .. k=-1
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27 C Perpendicular lines have gradients

which multiply to —1:

kx+y—-4=0,".y=4—kx

x+3

x—2y+3=0,..y= >

1
..(—k)(i):—l,..k

28 A y=x>+kandy=x

Xrk=x

X —-x+k=0

For 1 solution A = 0:

1
A=1-4k=0, .. k=-
4

29 A 2x-y+ 3 =0 has gradient = 2.
If ax + 3y — 1 = 0 is parallel, its

gradient = 2
3y=1-ax

1 —ax

30 B f(x) = V4 — x? has max. dom.

[_27 2]
31 C f(x)=2x*>+3x+4

3
=2 x2+§x+2)

=2 Ty — 42
x+2x+16+16

3)2 23

3 9 23)

=2x+=| +—
T2 TR

2
Range = [g, 00)

2

32 D P(x)= x> —kx* — 10kx + 25
PQ2)=8—-4k-20k+25=9
24k =24, k=1

33 E f(x)=x*-Tx+k
fk)=k* =Tk +k=-9
kP —6k+9=0

k-3)Y%=0, . k=3
L f)=x2-Tx+3
Lf-H)=1+7 +3=11

34 E 2xy—x*—y*
= —(x* = 2xy + )
= —(x-y)

35 C ¥*-x-12<0
L (x—D(x+3)<0

Upright parabolaso -3 < x <4

36 C f(x)= %x(x— 1)

S f)=fx+1)

1 1
= 5x(x— 1) - 5x(x+ 1)

X
=5 =D -x+1)

X
= 5(-2) = —x

37 C 2x*-2<0

LX<, -1<x<1
12
38 A f(x):—Z[(x—E) —3)
12
=6-2|x-=
[+

Inverted parabola so max. value = 6
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Solutions to extended-response questions
1 a For f(x) = va — x, the maximal domain is x < a.

b At the point of intersection, Va —x = x

.'.a—x=x2

X +x—a=0

-1+ V1 +4a

Using the general quadratic formula, x = 5
Since the range off (x) is [0, o), the point of intersection of the graphs of y = f(x)

—1+ VI+da -1+ Vi+4a
andy:xls( , )
2 2
1+ Vl+4a -1+ V1+4
c When( A > Al a, il > il a)=(1,1),
—1+\/1+4a_1
5 =
-1+ Vi+4a=2
V1+4a=3
1+4a=9
da = 8
a=?2
—1+Vl+4a -1+ V1+4
d When( A 3 Al a’ il 5 al a):(2,2),
—1+\/1+4a_2
5 -
-1+ Vi+4a=4
Vi+4a=5
1+4a =25
da =24
a=6
-1+ Vl+4a -1+ V1 +4a
e When( 3 , 7 ) = (c,0),
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-1+ Vl+4a
5 =

-1+ V1 +4a=2c

V1+4a=2c+1
1+4a=2c+ 1)

C

1 +4a=4c*+4c+1
4a = 4¢? + 4¢

a:C2+C
a C =3500+10.5x

b I=115x

_

¢ Jand/

C 1=11.5x

3500+ C =3500 + 10.5x

X

0 3500

d I=C
11.5x = 3500 + 10.5x
x = 3500

e P=1-C PA

=11.5x - (3500 + 10.5x)
= x— 3500 /)
P = profit /3500 x
—3500 -

f P =2000

. x —3500 = 2000 - x=5500
5500 plates must be sold for a profit of $2000 to be made.

3 a Whenr =10, V=20 x 10 = 200 litres.
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b For uniform rate, the gradient of the graph is given by the rate.

Hence, a=20
When t = 10, V=200and b = 15
Thus V = bt + ¢ gives
200=15%x10+¢, .. ¢ =50
20¢ 0<r<10
and _{15t+50 10<ts%

1
Note: d = % as 15+ 50 = 1000

= 15t = 950
= t = @
3
¢ VA
(litres) (63.3, 1000)
200 +
IIO t (minutes')

4 a For rectangle, length = 3x cm, width = 2x cm, area = 6x>cm?

1
b Side length of square = 1(42 — 10x)
1(21 5x) cm
= —(21 -5x
2
1 2
Area of square = (5(21 — 5x))
= (10.5 - 2.5x)* cm?

c 0<10x<42
0<x<42
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d Ay =6x*+(10.5-2.5x)?

= 6x% +

25 , 105 441
_x — —

4 2 YT

49 , 105 441
= —X'——x+—

4 2 4
_49(, 4 105 4 441)

i T R B TR
_49(, 30 (15) 225 441
4 7

7] " 49 T a9

a8 15), 49 216
I A BRI
49 15\ 5 ) )
AT = T x—7 +54|cm”, or: A = (12.25x" — 52.5x + 110.25) cm
e Ay
110.25 (4.2, 105.84)
15
59

X

f Maximum total area = 110.25 cm? (area of rectangle equals zero)

4

49 , 105 441

I)C —TX‘F 1 63
105 441 252 _
2 YT T Tr T
49 , 105 189
R T R

49x> —210x+ 189 = 0
7(7x*> =30x+27) =0
T(Tx=9(x=3)=0

= — :3
X 7OI'X

9 27 18
When x = 7 the rectangle has dimensions 3x = - ~ 3.9 and 2x = - ~ 2.6,

1 9 51
i.e. 3.9 cm X 2.6 cm, and the square has dimensions 3 (21 -5x —) = — ~ 7.3,

7

i.e. 7.3 cm X7.3 cm.
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When x = 3, the rectangle has dimensions 3x = 9 and 2x = 6,

1
i.e. 9 cm X 6 cm, and the square has dimensions 5(21 -5%x3)=3,
1.e. 3cm X 3 cm.

1
Sy= —1—0(x+ 10)(x = 20), x>0

1
a When x =0, y= —1—0(10)(—20)
= 20m, the height at the point of projection.

b When y = 0, x = 20 m, the horizontal distance travelled, (x # —10 as x > 0).
¢ ! (x* — 10x — 200)
=——(x"—=10x -
TV
1
= —E(x2 — 10x + 25 — 225)

1
=15~ 5)% +22.5
When x = 5,y = 22.5 m, the maximum height reached by the stone.
6 a If height = x cm, width = (x + 2) cm, length = 2(x + 2) cm
A=2x(x+2)+2xX2(x+2) +2(x +2) X 2(x + 2)
=207 +4x +4x> + 8x +4x* + 16x + 16

= 10x*> +28x + 16

b i Whenx=1, A = 10(1)* +28(1) + 16
=10+28+ 16

= 54cm?

ii. When x =2, A =10(2)* +28(2) + 16
=40+ 56+ 16

=112 cm?
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c 10x% + 28x + 16 = 190
10x* +28x— 174 =0
2(5x° + 14x - 87) = 0
(5x+29)(x-3)=0

But x > 0, . x =3cm

d A=10x*>+28x+16
A

16
0 X

e V=2(x+2)x(x+2)
= 2x(x +2)°
=2x(x* +4x+4)

=2x° + 8x% + 8x

f 25 + 8x% + 8x = 150
20 + 82 +8x—150=0

P(0) = —150 £0
P(1) = 2(1)° + 8(1)* + 8(1) — 150

=-132 £0
P(2) = 2(2)° + 8(2)* + 8(2) - 150

=16+32+16- 150

= -86 0
P(3) = 2(3)° + 8(3)* + 8(3) — 150
=54 +72+24—150 ~0

. (x = 3) is a factor of 2x> + 8x% + 8x — 150

When V =150, x =3
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2x% + 14x + 50
x—3)2x3 +8x% +8x— 150

2x3 — 6x2
14x% + 8x — 150
14x% — 42x
50x — 150
50x — 150
0
2x% + 8x% + 8x — 150 = (x — 3)(2x* + 14x + 50)
But 2x* + 14x+50 £ 0
as A =196 — 400
=-204<0
x=3

g The answer can be found using a CAS calculator.
Input Yy = 2X"3 + 8X”2 + 8X and Y, = 1000.
The point of intersection is (6.6627798, 1000). Therefore the volume of the block is
1000 cm? when x = 6.66, correct to 2 decimal places.
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7

a

b

i A=10y+(y—x)x

= 10y + yx — x°

ii P=2y+20+2x
= 2(y + 10 + x)

i If P=100
100 =2(y + 10 + x)
50=y+10+x
y=40-x
A = (10 + x)(40 — x) — x?
= 400 + 30x — x* — x*
= 400 + 30x — 2x*

ii A = =2(x* = 15x — 200)

225 225
= 2(x* - 15x+ == -200 - ==
(x X+ 1 ] )
15> 1025
A=2lx—-—| ———
(=-5) -]
15 1025
= D(x—- )4 =2
(x > )"+ 5
) . 1025 ,
. maximum possible area = - m
=512.5m?

ili A>0andy>0andx>0andy—-x>0

Considering the last inequality, y=x
40-x>x
x<20
As x > 0, the largest possible domain is 0<x<20.
iv AA 1 1
75,512=
(sz) ( 2 2)
(0, 400) /\
(20, 200)
0 x (m)
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8 a Let: Ay(m?) be the total area of the window.
Ar = 2x+y)3x+2y)
= 617 + Txy + 2y°

b Let Aw(m?) be the total area of the dividing wood.
Aw = Xy + Xy + Xy + Xy + Xy + Xy + xy + y> +y°

= Txy + 2y*

¢ i Areaofglass, Ag=1.5

6x* = 1.5
3.1 1

2—— _= -

x—2><6 1

1
x:§0r0.5 (as x > 0)

ii Area of wood, A, =1

Txy+2y* =1

1 1
Asx==,7X=Xy+2y>=1=0
sx =3 7 XY +2y

7
2y’ +-y—1=0
Y5y
4y* +7y-2=0

(4y-DOy+2)=0

1
= — :—2
y 40ry

1
Buty > 0, Ly = Z=0.25

9 a h(3)=-493)*+3003)+5
=-4909)+90+5

=-44.1+95=50.9
The drop will be at a height of 50.9 m after 3 seconds.
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b 497 +30t+5=5
—4.9 +30t = 0
130 -4.91) =0
t=0 or 30-49r=0
4.9t = 30

s tx6.12
The drop will be back at the spout height after approximately 6.12 seconds.

¢ Turning point at x== h(t) A (3.06, 50.92)
-30 300

2(-4.9) ~ 98

_ 150 5-

49

~ 3.06 0 6.285 1

150 150\ 150

2495
= —— ~50.92
19 50.9

=30+ \/(30)2 —4(-4.9)(5)
2(-4.9)

=30+ V900 + 98
-9.8
-30 +31.59
-9.8
-61.59 159

98 Yo%

Butast >0 t=6.285
It will take a drop of water 6.285 seconds to hit the ground.

d When Ai(r) =0, t=

Q

Q

~ 6.285 0or —0.162

30t 0<t<2

10 a F(r) =
25(t—2)+60 2<t<8
This simplifies to
{30r 0<r<?2
F() =

25t+10 2<t<8
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11

ii $60

iii $122.50

d The quadratic will pass through (0, 0), (2, 60) and(8, 210).
The rule will be of the form y = ax® + bx. We have the equations:

4a+2b=060...(1)

64a + 8b =210...(2)
Multiply (1) by 4 and subtract from (2):

484 = —30
5
=a=-=
125
——
= 4
a A(x + 2x + ) = 400
3x+h =100
h =100 - 3x

b V=xXx2xXh
= 2x*(100 — 3x)

¢ WhenV =0, 2x*(100-3x)=0

100
= O = —
X or x 3
1
Now V > 0, .‘.O<x<%
d v
(cm?)
0 100 x (cm)

|
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e i Ona CAS calculator, set f1=2x"2(100-3x) and f2=30 000. The points of
intersection are (18.142, 30000) and (25.852, 30 000), correct to 3 decimal
places. Thus volume is 30 000 cm?® when x = 18.142 or x = 25.852, correct to 3
decimal places.

ii Repeat e i, using £2 = 20000. Volume is 20 000 cm® when x = 12.715 or
x = 29.504, correct to 3 decimal places.

f Viax = 32921.811 cm? when x = 22.222

g i85 =2xX2x+xXh+2xxh)
= 2(2x* + x(100 — 3x) + 2x(100 — 3x))
= 2(2x* + 100x — 3x* + 200x — 6x%)
= 2(300x — 7x%)

= 600x — 14x°
ii On a CAS calculator, sketch f1 = 600x — 14x"2.
45000 150
S max = 7 cm® when x = -

h Sketch f1=600x — 14x"2 and f2=2x"2(100 — 3x) on a CAS calculator. The points
of intersection are (3.068, 1708.802) and (32.599, 4681.642). Therefore S = V when
x ~ 3.068 or x ~ 32.599.
12 a i 2y + 6x +4x =500
y+5x =250
y =15(50 - x)

ii V=xxxXy

= x> X 5(50 — x)
=5x*(50 — x)
b v
(cm?)
0 50 x (cm)

¢ Domain = (0, 50)
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d Sketch f1=5x"2(50 — x) and £2=25 000 on a CAS calculator. The points of
intersection are (11.378 052, 25000) and (47.812 838, 25 000).
Therefore V = 25000 for x = 11.38 and x = 47.81, correct to 2 decimal places.

e Use a CAS calculator to yield the coordinates (33.333 331, 92 592.593). Therefore
the maximum volume is 92 592.59 cm? when x = 33.33, correct to 2 decimal places.
When x = 33.333...,y =5(50 - 33.333...) ~ 83.33.
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Solutions for investigations

1 a
m In cell Al is the numeral 1. m Incell Blis f(1).
m Incell A2is f(f(1)). m Incell B2is f(f(f(1))).
and so on.
The values of the sequence f(1), f®, f®,... can be seen in the spreadsheet.

1,2,1.5,1.66...,1.6,1.625,1.615...,...... 1.618...
The iteration gives the solution to the equation 1 + 1/x = x . By rearranging we see
that it gives one of the solutions of the quadratic equation x> — x — 1 = 0 The exact

1
solutions are x = -+ — VSand x = = — > V5. Corresponding approximate solutions
are x ~ 1.618 and x ~ —0.618.

The second solution of x> — x — 1 = 0 can
be found by choosing f(x) = — VI + x
and starting by considering f(—0.5). The
spreadsheet for this is shown opposite.
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1
b . We will choose f(x) = 5+ —. The iteration is shown here.
X

¢ We can rearrange x> + 3x — 5 = 0 in a number of ways. Four of the ways are shown
here.

m 2 +3x-5=0 m Or
2 _
o x(x+3)=5 x*+3x-5=0
5 =x’=-3x+5
= x=
x+3 =x=V-3x+50orx=—-V-3x+5

morxX’+3x-5=0
=1’ =-3x+5
5

=>x=-3+-
x

5 .
Wecanuse x = -3+ —and x = 3 to get the two solutions as shown below.
X

5
a Gradient of the line = 3= 1. Equation of the line
y=-9=x-3=>y=x+6
The y-axis intercept is (0, 6).
The general case

Consider points P(a,a?) and Q(b,b*) on y = x°.
22

a

Gradient of line PQ = =b+a
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Equation of the line
y—a2 =b+a)(x—a)

x=0=y=-ab-a’+a*>=—ab
The result: For points P(a, a’) and Q(b, b*) on y = x°, the y-intercept of the line
through points P and Q has gradient a + b and y-intercept —ab

b Consider the points A(3,9) and B(-2,4). The gradient of OA = 3.
The line through B parallel to OA is of the form y = 3x + c. When x = =2,y = 4.
Therefore the equation is y = 3x + 10. This crosses the parabola again where
x> =3x+10

X =-3x-10=0
(x=5)(x+2)=0

x=5o0rx=-2
The line crosses the parabola again at the point (5, 25)
The general case Let A(a, a®) be a point on the parabola with a > 0.
Let B(=b, b?) be a point n the parabola with b > 0 Gradient of OA = a
Line through B with gradient a has equation y = ax + b* + ab.

Crosses the parabola again where

x> =ax+b>+ab

x> —ax—(*+ab)=0
X —ax—bb+a)=0
x+b)(x=((b+a)=0

x=-borx=(a+Db)
The line crosses the parabola again at the point ((a + b), (a + b)?)

¢ The ends of a segment can be considered to have coordinates
B(=b,b*),X(a + b, (a + b))

The midpoints are the points
1
(g S(@+b) +0?

The midpoints lie on the line x = g. It is a straight line parallel to the y- axis.

13
d The equation of the line is y = 7 + 3. It crosses the parabola again where
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13
X¥=——x+3

4
4 +13x-12=0

@x-=3)(x+4)=0

3
x=—-4orx=-

39
The line crosses the parabola again at the point (4_1’ E)
The general case
Let C(—=b,b*) be a point and D(0, ¢) a point on the y-axis.

b —c

The equationisy = — x+c

It crosses the parabola again where

X =—- X+cC
b

bx*+(b* = c)x—bc=0
(bx—-c)x+b)=0
c
:—b = —
X or x 5
cc

2
It crosses the parabola again at the point ( 5 [7)

1
- = +1
x x-1

x—1l=x+x(x-1)
¥-x+1=0
We show that the quadratic has no solutions.
A=(-1Y-4x1x1=-3<0
Therefore no solutions.

The curves y = —and y = 1 + 1 do not intersect.
X
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1 1

- = +k

x x-1
x—1=x+kx(x-1)

kx> —kx+1=0
A = (—k)? — 4k

i No intersection if A <0
K-4<0

e kk-4)<0
©0<k<4
ii One pointif A =0
K —-4=0
e kk-4)=0
Sk=0ork=4
iii Two points if A > 0
K —-4>0
e k(k-4)>0

S k<Qork>4

1 1
x - x—k Tk
x—k=x+kx(x—-k)
kx* —k*x+ k=0
Consider the discriminant.
A=K - 4k?
=Kk - 4)

= k2(k = 2)(k +2)

i No intersectionif A < 0
Kk=2)(k+2)<0

S k-2)k+2)<0 k#0
S0<k<2or -2<k<0

il One pointif A =0
Kk -2)k+2)=0

Sk=0ork=2o0ork=-2
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ili Two points if A > 0
Kk =2)k+2)=0

S k>200rk < -2

4 We consider the special case. Let d km be the distance flown from Bendigo in a
northerly direction. The total time taken T = #; + #, where #; is the time out and 7, is the
time to return.

Hh=—-——andt = i
350 250
Therefore
d d
=350 " 250
It has fuel for 4 hours. 4 = i + i
350 250
_ 6d
"~ 875
d=1750/3
d ~ 583.3 km

m You can try other numerical values for the speed of the plane and the wind speed.

m [If the wind speed is v km/h and the airspeed in still air is 300 km/h find the relation-
(300 = v)(300 + v)

150

ship between d km the distance for a return and v. Answer d =

Maximum distance when v = 0, Maximum distance = 600 km

m Assume the wind speed 1s 50 km/h and the plane speed in still air is Vkm/h. Find d
in terms of V.

Saiﬂﬁﬂifwmztaﬁwhxﬂwﬁf%”'

2
- X

1010 =3 x 336 + 2

-1
Therefore f1010 = f@(x) = Al

1-—x 1-—x
H — 7 £ — (3) —
ii f(x) 1+x’f (x) = x, fPx) A
1010 = 2 x 505
Therefore (1010 = f@(x) = x
2x—1 -1 -2 1
i () = T, O = T, /) = Z—=, fD() = ——, fO(x) =
1 +x X 2x—1 1—x
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x+1
2 —x’

O =x...

1010=6x 168 + 1

Therefore f1010 = fM(y) =

2x —
1+x

1

We can form a table for with the set { f(x), f@(x), fP(x), FP(x), FO(x), FO(x)}
2x—1

with f(x) =

f

1+x

f(2)

f(3)

f(4)

f(S)

f(6)

f

f(2)
f(3)
f(4)
f(S)
f(6)

Interpreting this table will reveal some properties of the set

(), f200), fP), fDx), ), FO)

with the operation of applying a function to another function.

f(2)
f(3)
f(4)

f(3)
f(4)
f(S)
f(6)
f

f(2)

f(4)
f(S)
f(6)
f

f(2)
f(3)

f(S)
f(6)

f(6)
f

f(l)
f(3)
f(4)
f(S)

f

f(2)
f(3)
f(4)
f(5)
f(6)
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Chapter 9 — Probability

Solutions to Exercise 9A

1 Toss of a coin: sample space = {H, T}

2 Die rolled: sample space
=1{1,2,3,4,5,6}
3 a {0,1,2,3,4,5...}
b {0,1,2,3,4,5...41}
c {1,2,3,4,5..}
4 a ‘Aneven number’ in die roll
={2,4,6}

b ‘More than two female students’
={FFF}

¢ ‘More than four aces’ = {} or @

5 £=1{1,2,3,...,20}, n(e) =

a Let A be the event the number is

divisible by 2.
A=1{2,4,...,20}, n(A) = 10,
A 1 1
Pr4) = A ) _ 101
( )y 20 2
b Let B be the event the number is
divisible by 3.
=1{3,6,...,18}, n(A) =6
Pr(B) = n(B) 6 i
( ) T20 10

¢ Let C be the event the number is
divisible by both 2 and 3.
C =1{6,12,18}, n(C) =

n(C) 3
Pr(C) = n(s) 2_0

= {1,2,3,...,15}, n(g) = 15

a Let A be the event the number is less
than 5.
A=1{1,2,3,4},n(A) =
n(A) 4
P —
(A) = e - 13

b Let B be the event the number is
greater than or equal to 6.

=1{6,7,...,15}, n(B) = 10,
_n(B) 102
Pr(B) = ne) 15 3

¢ Let C be the event the number is a
number from 5 to 8 inclusive.
=1{5,6,7,8},n(C)=4
n(C) 4
Pr(C
€)= e - 15

1
Pr(29 N ber) = —
a Pr(29 November) 363

30 6
b Pr(N ber) =
r(November) = 365 7 7

¢ 30 days between 15 January and 15
February, not including either day:

s Pr= E
73
d 90 (non-leap) days in the first three
90 18
ths of th o Pr=—=—
months of the year =5 = 7

8 = {AI’U9S7T’R,A2’L7I9A3}’ n(g) = 9
a Pr({T}) = 1
9

328



10

11

12

b Pr(an A is drawn) = 2 _

3
Pr{A[,Ay,A3}) = = = =
r({A1,A2,A3}) 5=3 5
7
¢ Let V be the event a vowel is drawn

V= (Ao As UL (V) =5 13 &= (1,2,3,4)

Pr(V) = ) Pr(1) = Pr(2) = Pr(3) = x and
‘ Pr(4) = 2x.
d Let C be the event a consonant is x4 x+2r=1
drawn ' 1
C ={S,TR,.L}, n(C) =4 75
4 1
Pr(C) = ) - Pr(1) = Pr(2) = Pr(3) = 3 and
2
Pr(4) = S
Pr(1) + Pr(2) + Pr(3) + Pr(5) + Pr(6) +
Pr(4) = 1
I R T T B | i) 1 14 £={1,2,3,4,5,6}
..E+8+§+8+§+ r(4) =
2+4+3+4+3 B a Pr(2) = Pr(3) = Pr(4) =;’r(5) =X,
7 +Pr(4) =1 Pr(6) = 2x and Pr(1) = .
16 2 1 X
P =1-—=1-=-== X+ x+x+x+2x+ - =1
24 373 2
13x 2
—=1lsx= —
Pr(1) = 0.2, Pr(3) = 0.1,Pr(4) = 0.3 2 13
Pr(1) + Pr(3) + Pr(4) = 0.6 - Pr(2) = Pr(3) = Pr(4) = Pr(5) =

. —1_06= 4 1
. PI‘(2) =1-06=04 PI‘(6) — 1_3 and PI‘(l) — E

1 9
a Prl) =3 13
b Pr(l) = &
V=R 15 a Prd) =1 - (x+ x> +02)
1 =—x*-x+038
¢ Pr(1) = -
4 = (2 +x-028)
=—(%+x+0.25 +1.05
& = (M.T,W.Th,E.Sa.Su} n(c) = 7

. = —(x+0.5)> +1.05
a Pr(Born on Wednesday) = 7

b Pr(Born on a weekend) =
2
Pr({Sa,Su}) = =

Pr(Not born on a weekend)=1— = =

13
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Pr(4) ¢ Graph is decreasing on [0.1,0.5].
A When x = 0.1, Pr(4) = 0.69

0.69¢

0.05} .
of 0.1 0.5
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Solutions to Exercise 9B

34 17 340 17
1 a Pr(head) = 100 = 3 =0.34 a Proportion of red = 200 = 0 = 0.85
20 1 b Proportion of red in sample =
b Pr(ten) = — = — =0.10
rten) = 250 = 10 _B8 40
60 5
40 4
¢ Pr(two heads) = ——= = — ¢ Proportion of red in sample =
150 15 s1 9

1 = — = — =
d Pr(three sixes) = 200 or 0.005 6010
d Expected number of red

balls= 0.85 x 60 = 51
2 a 20 trials is far too few to obtain

reliable data.
1 S Estimate of probability
b Pr(two heads) = —, Pr(one head) = _ 890 ﬁ — 0.445
4 = = = 0.
1 1 2000 200
o Pr(no heads) = 1

6 a Area of blue section
¢ Results may resemble b, but could be r1)? =

anything with such a small sample. 4 17 0.7855
Area of square=1x 1 = 1.
d 100 trials is certainly better. For

] o Proportion of square that is
example, with 95% confidence limits,

blue= = ~ 0.7855
the number of (H, H) results over 4

20 trials would be between I and b Probability of hitting the blue

9. Over 100 trials we would expect ) bis
region= 1 ~ 0.7855

between 16 and 34.

e To find the probabilities exactly

7 A f board= 7(14)? = 196
would require an infinite number of rea of board= n(14) n

Area of shaded region = n(14)? = n(7)*

trials.
= 196m — 491
. 78 = 147n
3 Die I shows Pr(6) = =» = 0.156 Probabilty that the dart will hit the
147 3
102 - _=
Die 2 shows Pr(6) = = = 0.146 shaded area= 750 = 3
Die 1 has a higher observed probability
of throwing a 6. 120 1
8 a Pr(Red section) = — = -
a Pr(Red section) 360~ 3
= . 60 1
4 Total number of balls = 400; 340 red b Pr(Yellow section) = —— = =
and 60 black. 360 6
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1
¢ Pr(Not Yellow section) = 1 — — =

9 Area of square = 1 m?,
Area of circle = 7 X 0.4> = 0.167

a Probability of hitting the shaded part

b Probability of hitting the unshaded

10 a

=0.167

part =1 —-0.16mr ~ 0.4973

i Area of square= x?

ii Area of larger circle

6

>
6

il

ii

il

1
= 7r(%)2 = Zﬂxz
Area of smaller circle
X L2
=7 = 16

Probability of landing inside the

llﬂ'xz b

6 _
x2 16

smaller circle=

Probability of landing inside the
1 1 2
I_yrx? 3

smaller circle= & _on

x? " 16
Probability of land-
ing in the outer shaded
L
o X = g7 7
region= ——— =1-7
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Solutions to Exercise 9C

1 &= {HH, HT,TH,TT)

-\
Bl —

Pr(No heads) = Pr({TT}) =

—p

Pr(More than one tail) = Pr({T'T}) =
1

1

Y]

1
Pr(First toss is a head) = 5

=

Pr(Second toss is a head) =

(o]

Pr(Both tosses are heads) =

A= N =

Sample space =
{2,3,4,5,6,7,8,9,10,11, 12}

There is only 1 way of getting 2 or 12,
2 ways of getting 3 or 11, 3 ways of
getting 4 or 10 etc.

a Pr(even) = Pr(2) + Pr(4) + Pr(6)
+ Pr(8) + Pr(10) + Pr(12)

_1+3+5+5+3+1
a 36

1
2
1

2
b Pr(3)2%2§

¢ Pr(< 6) =Pr(2) + Pr(3)

+ Pr(4) + Pr(5)

1+2+3+4

36
10 5

3 18

4 Sample space =

{2,3,4,5,6,7,8,9,10,11, 12}

3 1
a Pr(lO): % = E

b Pr(odd) = Pr(3) + Pr(5) + Pr(7)
+ Pr(9) + Pr(11)

_2+4+6+4+2
- 36

1+2+3+4+5+6

36
217

T 36 12

¢ Pr(<7) =

E =
{HHH,HHT,HTH,THH,TTH, THT,HTT,TTT}

a Pr(exactly one tail) =

Pr({HHT, HTH,THH)) = g

b Pr(exactly two tails) =

3
P({HTT.TTH.THT}) = 3

r(exactly three tails) = Pr({TTT}) =

.

C

oo =—

1
d Pr(no tails) = Pr{HHH}) = 3
£ =
{HHH,HHT,HTH,THH,TTH,THT,HTT,TTT}

a Pr(the third toss is a head) =
1
Pr{HHH,HTH, THH,TTH}) = 3

b
Pr(second and third tosses are heads) =

333



Pr({HHH,THH)}) = 1 iii Pr(2 tails and an odd number)

4
=Pr(((7, T, 1),(T,T,3),(T,T,5)}
¢ Pr(at least one head and one tail) =

3
Pr{HHT,HTH,THH,TTH,THT,HTT,}) = =
3
2 -1
8
7 12 equally likely outcomes: iv Pr(an odd number on the die)
Pr(even, H) = Pr(2, H) + Pr(4, H) 1
+ Pr(6, H) "2
3 1
- E - Z 9 a ic
L
8 a 1 Z enZ= I
y. <
It
Hé g \?e
6 1C
/ 1 =l
2 sa, i
H—___ Téi icng l(t:
¥5 Sti(if
6 \lt
1 ce
A3
T/H§§ b 1
\ 6 Pr(soup, fish and lemon tart) = Pr({(so, fi, it)}
1
T=> 1
N— -
\3 18
0 i Pr(fish)
b i 1
Pr(2 heads and a 6) = Pr({(H, H, 6)} -3
_ 1 i
24 Pr(salad and chicken)
ii = Pr({(sa, ¢, ), (sa, ¢, i0)), (sa, ¢, ce)))
Pr(1 head, 1 tail and an even number) 3
= Pr({(H, T, 6),(H,T,4),(H,T,2) T8
(T, H,6),(T, H,4), (T, H,2)} _!
6
_ 6
24
1
4
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10 a

iv Pr(no lemon tart)

1
—1-=
3

SIS

This increases the number of choices
for the entree to 3 and the dessert 4.
There are 3 X 3 X 4 = 36 choices.

i Pr(soup, fish and lemon tart)

= Pr({(so, fi,it)}
1
" 36

ii Pr(all courses)

iv Pr(only the main courses)

3
T 36
1
12

(1, D2, D@3, )4, 1)5,1)
(1,2)(2,2)(3,2)(4,2)(5,2)
(1,3)(2,3)(3,3)(4,3)(5,3)
(1,4)(2,4)(3,4)(4,4)(5,4)
(1,5)(2,5)(3,5)(4,5)(5,5)

b

4
i Pr(5) = 75

ii Pr(different) = 1 — Pr(same) =
1 4
l-—-=—
5 5

iii Pr(second number two more

than first ber) = —
an first number) >3
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Solutions to Exercise 9D

1

€ ={1,2,3,4,5,6,7,8,9,10},
A={1,2,3,4}, B={2,4,6}.

A B

57809

a AUB={1,2,3,4,6}

b ANB=1{2,4}

¢ A'=1{5,6,7,8,9, 10}

d AnB ={1,3}

e (AnB) ={1,3,5,6,7,8,9,10}
f (AUB) =1{5,7,8,9,10}

€ ={1,2,3,4,5,6,7,8,9,10, 11, 12}

A = {multiples of four}
B = {even numbers}

1357911

a A'={1,2,3,5,6,7,9,10, 11}

b B ={1,3,5,7,9,11}

¢ AUB=1{2,4,6,8,10,12}

d AUB) =B ={1,3,5,7,9,11}
e ANB =B ={1,3,5,7,9,11}

€ = {MATHEICS}, A = {ATIC}, B =
{TASE}

a®

M H

a A'={(E, H M, S,}

b B ={C, H, I, M}

c AUB={A,C E, LS, T}
d (AUB) ={H, M}

e AUB ={C, E H I M, S}

f A’'NB ={H M)

Smart phone Car

20
£ =100 students

a 20 students own neither a car nor a
smart phone .

b 45 students own either but not both.
e=1{1,2,3,4,5,6};
A =1{2,4,6}, B={3}

a (AUB)=1{2,3,4,6}

;mmung
b (AnB)={}

~Pr(ANB) =0
¢ A =1{1,3,5)
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1
S Pr(A’) = =
r()2
5
d B ={1,2,4,5,6} - Pr(B) = —

6 £=1{1,2,3,4,5,6,7,8,9,10, 11, 12};
A=1{2,4,6,8,10,12}, B={3,6,9,12}

6 1
Pr(A) = — = -
a Prid)=15=7
4 1
PrB) = — = -
b Pr(B) =15 =3

CMﬂBbﬂauL;Hmmm:é

Pr(A U B) = Pr(A) + Pr(B) - Pr(AN B) 19

7
a Pr(Swims freestyle) = —

18
b Pr(Swims backstroke) 4 _2
r(Swims backstroke) = — = —
18 9
¢ Pr(Swims freestyle and backstroke) =
2
189

9
d Pr(is on the swimming team) = 13 =
1

2

8 A={1,2,3,4,6,12}and B = {2,3,5,7}

11

12

13

6 3
Pr(A) = — = —

a P =31
4 1

b Pr(B) = — = —
(B) =553

2 1
(¢ Pr(AﬂB):E:E

8
d Pr(AUB):%:

| o

Pr(A) = 0.5,Pr(B) = 0.4, and
Pr(An B) =0.2.
Pr(AUB)=05+04-0.2=0.7

Pr(A) = 0.35, Pr(B) = 0.24, and

Pr(A n B) = 0.12.

Pr(AU B) =0.35+0.24-0.12 =047
Pr(A) = 0.28,Pr(B) = 0.45,and A C B
a Pr(ANB) =Pr(B) =0.28

b
Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)

=0.28 +0.45-0.28
=0.45

Pr(A) = 0.58,Pr(B) = 0.45, and B C A
a Pr(AN B) =Pr(B) =045

b
Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)

=0.45+0.58 -0.45
=0.58

Pr(A) =0.3,Pr(B) =04,andANB =2

a Pr(AnB)=0
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b Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)

Pr(AU B) = Pr(4) + Pr(B) - Pr(A N B) 0.63 = 0.24 + 0.44 — Pr(A N B)
=03+04-0 . Pr(A N B) = 0.05
- 0.7
17 Pr(A) = 0.3, Pr(B) = 0.4, and
14 Pr(A) = 0.08, Pr(B) = 0.15, and ANB =02
ANB=0 Pr(A U B') = Pr(A) + Pr(B’) — Pr(A N B)
2 PrANE) =0 ~03+0.6-02
- 0.7
b
Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B
(AU B) = PriA) + Pr(B) = PrA N B) 40 b Soccer) = 0.18, Pr(Tennis) = 0.25
=0.08+0.15-0 and Pr(Soccer and Tennis) = 0.11
=0.23 Pr(Soccer or Tennis) = 0.18 + 0.25 — 0.11
- 0.32

15 Pr(A) =0.3,Pr(B) = 0.4, and

AUB=05 19 Pr(Chinese) = 0.22, Pr(French) = 0.35
Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B) and Pr(Chinese and French) = 0.14

0.5=03+04-Pr(ANB)
a

- PrdnB) =02 Pr(Chinese or French) =022 + 0.35 — 0.14
=043
16 Pr(A) = 0.24,Pr(B) = 0.44, and
AUB =0.63 b Probability of exactly oneof these
languages

=Pr(CUF)-Pr(CNF)=0.29
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Solutions to Exercise 9E

1 Pr(A) =0.6, Pr(AN B) =04,

Pr(A’ N B) = 0.1
B B
, |Pr@AnB) | Pr(AnB) | Pr4)
=04 =0.2 =0.6
| @ NB) | Pr(A’nB) | Pr4)
Pr(B)=0.5| Pr(B)=0.5 1
a P(ANB)=0.2
b Pr(B) =0.5
¢ Pr(A’nB)=0.3
d Pr(AUB)=1-03=0.7
2 Pr(A’) =0.25, Pr(A’ N B) =
0.12,Pr(B) = 0.52:
B B
, |Pr@nB) Pr(ANB) | Pr(A)
=04 =0.35 =0.75
| @B | P nB) | Pra)
=0.12 =0.13 =0.25

Pr(B) =0.52 | Pr(B’) = 0.48 1

a Pr(A) =0.75

b Pr(AnB)=04

¢ Pr(AuB)=1-0.13 =0.87

d Pr(B’) =0.48

3 Pr(CuUD)=0.85

S Pr(C’n D) =0.15, Pr(C) = 0.45
and Pr(D") = 0.37:
D D’
c Pr(C n D) Pr(CnNnD) Pr(C)
=0.23 =0.22 =0.45
o Pr(C’ N D) Pr(C'n D) Pr(C)
=04 =0.15 =0.55
Pr(D) =0.63 | Pr(D’) = 0.37 1
a Pr(D) =0.63
b Pr(CnD)=0.23
¢ Pr(CnD")=0.22
d Pr(CC UD')=1-0.23=0.77
4 Pr(EUF)=0.7
S Pr(EPNF')=03
Pr(ENF) = 0.15,Pr(E") = 0.55:
F F’
£ Pr(ENF) Pr(ENF’) | Pr(E)
B Pr(E‘'NF) | Pr(E'NF") | Pr(E")
=0.25 =0.3 =0.55
Pr(F)=04 | Pr(F')=0.6 1
a Pr(E) =045
b Pr(F)=04

¢ Pr(E'NF)=0.25

d P(EPUF)=1-03=0.7
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5 Pr(A) = 0.8, Pr(B) = 0.7,
Pr(A’ N B’) =0.1:

B B’
A Pr(A N B) Pr(ANnB’) | Pr(A)
=0.6 =0.2 =0.8
A Pr(A’NnB) | Pr(A’NnB) | Pr(A)
=0.1 =0.1 =02
Pr(B)=0.7 | Pr(B’) =0.3 1

a Pr(AnB)=0.6
b Pr(A’nB)=0.1

¢ Pr(AuB)=09

d PrtAuB’)=1-0.1=0.9

6 Pr(G) =0.85, Pr(L) = 0.6,

Pr(LU G) =0.5:
L L
G Pr(GNnL) Pr(GnL) Pr(G)
=05 =0.35 =0.85
o Pr(G'nL) | Pr(G'NnL") | Pr(G")
=0.1 =0.05 =0.15
Pr(L)=0.6|Pr(L’)=04 1

a Pr(GUL)=1-0.05=0.95,
S0 95% favoured at least one

proposition.

b Pr(G'n L") =0.05,

so 5% tfavoured neither proposition

1 10

7 Pt(MNF)=—-or —
R

Pr(M) = — = —

R

Pr(F) = — = —
=15 =50

F F’
Pr(MNF)| Pe(MNF) | Pr(M)
M 10 8 18
© 60 ~ 60 ~ 60
Pc(MNF)| Pr(MNF") | Pr(M)
o _n _0 | &
T 60 "~ 60 "~ 60
32 28
Pr(F) = — n==22 1
) =g | FrE =g,
32
Pr(F) = —= = —
a PrtF) =6 = 13
42 7
b Pr(M’) = — = —
M) =20 1o
8 2
Pr(MNF')= — or —
¢ Pr( ) 60or G
20 1
Pr(M’' N F’) = — or -
d Pr( ) 600r3
8 Pr(F) = 0.65
Pr(W) = 0.72
Pi(W NF)=0.2
F F’
W Pr(WNF) | Pe(WNF) | Pr(W)
=0.57 =0.15 =0.72
W Pc(W NF) | Pr(WNF) | Pr(W)
=0.08 =02 =0.28
Pr(F) = 0.65 | Pr(F’) = 0.35 1

a Pr(WUF)=1-02=0.8

b Pr(Wn F)=0.57

¢ Pr(W’) =0.28

d Pr(W' N F) =0.08

40
9 Pr(B) = —
1(B) %
Pr(S) = =
1(S) <0

;|°°wlN
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Pr(BNS’)=0
B B
Pr(SNB) | Pr(SNB) | Pr(S)
S 12 20 32
60 © 60 -~ 60
Pr(S’ﬂB) Pr(S’ﬂB’) PI'(S/)
st _o | -2
~ 60 ~ 60
40 20
Pr(B)= — | Pr(B) == |1
r (B) 0 r(B) 0

a Pr(BBNnS’)=0

b Pr(BUS) =1

12 1
C PI'(BﬂS):@—g

20 1
d Pr(BNS)= = = -
r )= 5073

35
10 Pr(H) = 50" 0.7

38
Pr(S)=—=10.76

50 6
Pr(H' NS’')=— =0.12
1( ) 50
H H
g Pr(SNH) | Pr(SNH) | Pr(S)
=0.58 =0.18 =0.76
g Pr(S"NH)| Pr(SNnH)| Pr(S’)
=0.12 =0.12 =0.24
Pr(H) Pr(H) |
= 07 = 03

a Pr(HUS)=1-0.12=0.88
b Pr(HNS)=0.58

¢ Pe(H' NS)+Pr(HNS)
=0.12+0.18
=0.30

d Pr(HNS’) =0.12
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Solutions to Exercise 9F

1 A=1{6}, B=1{3,4,5,6}

. ANB={6)
Pr(A|B) = M
Pr(B)
141
66 4
2
Iwmm—l
3
3

7
Pr(Violin|Piano) = o)

1
4 Pr(Double six| A double) = 3

5 a Pr(iPad| iPhone) =

Sl e

b Pr(iPhone| iPad) =

2| &

. 35 7
6 Pr(Think yes| Male) = @w-1

N S A R | O | T

F |42 |61 |22 |12 | 137

NF | 88 | 185 |98 | 60 | 431

Tot | 130 | 246 | 120 | 72 | 568

130 65
568 284
137

b PI'(F) = ﬁ

a Pr(S) =

Pr(FNS)
Pr(S)
42 130

"~ 568 568
42 21
130 65

Pr(F N A
dlwﬂm:—%i%l)

61 246 61

568 568 246

¢ Pr(F|S) =

Pr(A) = 0.6, Pr(B) = 0.3, Pr(B|A) = 0.1

a Pr(AN B) =Pr(BJA) X Pr(A) = 0.06

Pr(A N B)
Pr(B)

0.06
=—=02
0.3

b Pr(A|B) =

Pr(A N B)
Pr(A)
04 4

T 07 7

a Pr(BlA) =

b Pr(A N B) = Pr(A|B) x Pr(B)
= 0.6(0.5) = 0.3
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Pr(A N B)
Pr(B)
Pr(A N B)
Pr(A|B)
03 15
T 044 22

¢ Pr(A|B) =

.. Pr(B) =

10 Pr(A)=0.5, Pr(B)=0.4, Pr(AU B)=0.7
Pr(A N B) + Pr(A U B) = Pr(A) + Pr(B)
N B B’

Al 02 0.3 | 0.5 Pr(A)
A" 02 03 |05 ]| PrA)
0.4 0.6 1

Pr(B) | Pr(B)

a Pr(AnNB)=05+04-0.7=0.2

0.2
b Pr(A|B) = = = 0.5
0.2

¢ Pr(B|A) = ﬁ =04

11 Pr(A) = 0.6, Pr(B) = 0.54,

Pr(ANB) =04
N B B
A 0.2 0.4 0.6 | = Pr(A)
A 034 0.06 |04 | =PrA)
0.54 0.46 1
= Pr(B) | = Pr(B)
a P(ANB) =02
Pr(A N B)
Pr(A|B) = ——
b Pr(A|B) Pr(B)
02 10
054 27
Pr(A N B)
Pr(B|A) = ————
c Pr(B|A) Prid)
_02_1
06 3

12 Pr(A) = 0.4, Pr(B) = 0.5, Pr(A|B) = 0.6

a Pr(AN B) =Pr(A|B) X Pr(B) = 0.3

b Pr(B|A) = %

=0.75

W O

13 Pr(H) = 0.6, Pr(W|H) = 0.8
. Pr(H N W) = Pre(W|H) x Pr(H)

=0.8(0.6) = 0.48
Pr(W|H’) = 0.4
o Pr(H' N'W) = Pe(W|H") X Pr(H")
=04°=0.16
Nl w w’
H | 048 | 0.12 | 0.6 | Pr(H)
H | 016 | 024 |04 | Pr(H)
064 | 036 | 1
Pr(W) | Pr(W’)

Pr(H' NW) =0.16 = 16%
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14

15

16

17

Pr(C) = 0.15, Pr(F) = 0.08,
Pr(CN F)=0.03

Pr(CNF
Pr(F|C) = %
003 1

015 5

Pr(W) = 0.652, Pr(A|W) = 0.354
Pr(A N W) = Pr(A|W) x Pr(W)

=0.231

=28, G=15 B=14 =(6G + 8G’)
S B =G + 5G")

15
P =
a Pr(G) o8
14 1
b Pr(B)= — = —
1B)=3%73
1 1
Pr(B)=1--=—
¢ Pr(B) 7=7
Pr(G N B)
d Pr(BIG) = —————
r(B|G) PrG)
_6 .15 2
28 28 5
Pr(G N B)
Pr(G|B) = ————
e PrGIB) = =5 5
_6 . 14_3
28 28 7
Pr(G’ N B)
f Pr(BIG') = —————
MBIG) = =56
_ 8. 13_8
28 728 13

5
Pr(BNG) = —
g Pr( ) o3

6 3
h Pr(BﬂG):%:ﬁ

U = ‘students who prefer not to wear a

18

uniform’
E = ‘studentsin Yr 11’
E’ =’students in Yr 12’

Pr(UIE) = 0.25 =

Pr(UIE") = 0.40 =

TN Sl e

Pr(E) = 320/600 = %

Pr(UNE) = Pr(U|E) X Pr(E)

B ( 8 )1 2

~\15/4 15
Pr(UNE") = Pr(U|E") Pr(E")

3 ( 7 )2 3 14

~\15)5 75
S Pr(U)=Pr(UNE")+Pr(UNE)

2 14 24

= — _— = — = 2

15t 75 =75 = 3%%
However, these are students who prefer
not to wear uniform.

Students in favour are therefore 68%.

4
Pr(BNG) = 0.4(5) ~0.178
Pr(BNG') = 0.35(3) = 0.194

4
Pr(B N G) = 0.6(5) — 0.267

Pr(B' N G') = 0.65(%) = 0361

N B B’
G | 0.178 | 0.267 | 0.444
G’ | 0.194 | 0.361 | 0.556
0.372 | 0.628 1

400
i PI'(G) = % =0.444

ii Pr(B|G) =0.40 (40%)
iii Pr(B|G") = 0.35 (35%)

iv Pr(B N G) = Pr(B|G) x Pr(G)
= 0.4(0.444) = 0.178
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v Pr(BNG’) = Pr(B|G’) X Pr(G’)
500

=0.35|—)=0.194
(900) ?

335

Pr(BN G)
Pr(B)
_0.178
T 0372

Pr(B’ N G)
Pr(B)
_0.267

— 2042
0.628 = 4%

¢ 1 Pr(G|B) =

= (0.478

ii Pr(G|B) =

19 Bl =3M, 3M’; B2 =3M, 2M’;
B3 =2M, IM’

a Pr(M N Bl) = 1(1)—1
32/ 76

b Pr(M) = Pr(M N B1) + Pr(M N B2)
+ Pr(M N B3)

)+ 3(6)+3(6)
===z |+=(z)+ ==
3\2/  3\5 3\3
1 1 2 353

6 5 9 90

Pr(M N B1)
Pr(M)
1 53 15

“ 6790 53

¢ Pr(B1IM) =

20 A, B+ o

a Pr(A|B) =1
.. Pr(A N B) = Pr(B)
.. Bisasubsetof A,i.e. BC A

b Pr(A|B) =0
.. A and B are mutually exclusive or
ANB=0
Pr(A)
¢ Pr(AB) =
Pr(B)
- Pr(A N B) = Pr(A)
S.Alisasubsetof B,i.e. ACB

21 a Pr(A) = 0.3 and Pr(A|B’) = 0.55.
Let y = Pr(B) and x = Pr(A|B).
Then, Pr(B’)=1-y
Pr(AN B’) = Pr(B") Pr(A|B’)

=(1-y)x0.55
S Pr(ANB)=03—-(1-y)x0.55
=0.55y -0.25
Now,
Pr(A N B)
Pr(A|B) = ———
Pr(B)
_0.55y-0.25
y
That is,
0.55y — 0.25
xX= ———
y
0.25
=>y=
0.55—-x
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X2 +4x+8 3 37

A 2x+22 T2
1t x=-14orx=10
Sox=10
1
) 7I'.X2
23 a Pr(50) =
a Pro0 = 5560
nx? nx?
' ' > b Pr(60) =252 (1 - 2o
of o1 03 100 =2{2500\' ~ 2500
5 2 —
b Minimum = §,Maximum:1 ¢ :;let xP 6?) 2( na )(1 na )
en Pre0) = 2 {5556 ! ~ 2500
which is a quadratic in a. Turning
22 a ) ,  point occurs when a = 1250/7
X x+4
Pr(2 red or 2 blue) = ( ) + Hence when
r(2 red or 2 blue) Trrd (2x+4) 1250 i 253
24 (x4 4 X —T:X— - ~ 19.947
Bz 1
(2x +4)? Max Pr(60) = >
3 x> +4x+8
C2(x+2)?
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Solutions to Exercise 9G

1 Do you think private individuals should

be allowed to carry guns?

Male Female
Yes 35 30 65
No 25 10 35
Total | 60 40 100

Pr(male and support guns) = 0.35;

Pr(male) X Pr(support guns) = 0.39 #

0.35;

therefore not independent

Male

Female

Total

Sport
Music

225
75

150
50

375
125

Total

300

200

500

Pr(male and prefer sport) = 0.45;
Pr(male) x Pr(prefer sport) = 0.45;
therefore independent

Type of
accident

Speeding
Yes

No

Total

3 | Serious
Minor

42
88

61
185

103
273

Total

130

246

376

Pr(speeding and serious) =~ 0.112;
Pr(speeding) X Pr(serious) = 0.095 #
0.074;

therefore not independent

e=1{1,2,3,4,5,6,7,8,9,10,11, 12}
A={1,2,3,4,5,6},
B =1{1,3,5,7,9,11},
C =1{4,6,38,9}
1 1 1
~ Pr(A) = =, Pr(B) = =, Pr(C) = =
1(A) > 1(B) > 1(C) 3

a ANnB={1,3,5}

1
“PrANB) =7

1
Pr(A) Pr(B) = 1 so A and B are
independent.

b ANnC =1{4,6}
1
~Pr(ANC) = 3
1
Pr(A) Pr(C) = 3 so A and C are
independent.
¢c BNnC=1{9}
1
~Pr(BNC) = —
1( ) B

1
Pr(B) Pr(C) = 3 so B and C are not

independent.

S Pr(ANB)

= Pr( even number and square number)
1
=Pr({4}) = -
r({4}) c

Pr(A) =

N W
NS

and Pr(B) = Pr({1,4}) =
.. Pr(A N B) = Pr(A) x Pr(B)

ANl
|

Pr(A) = 0.3, Pr(B) = 0.1,

Pr(ANn B) =0.1

Pr(A) Pr(B) = 0.03 # 0.1, so A and B are
not independent.

Pr(A) = 0.6, Pr(B) = 0.7, and A and B
are independent
a Pr(A|B) = Pr(A) = 0.6

b Pr(A N B) = Pr(A) Pr(B)
= 0.6(0.7) = 0.42
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¢ Pr(A N B) = Pr(A) + Pr(B) e Pr(L|F) = Pr(F N L)

Pr(AN B Pr(F)
~Prang 12 45 4
Pr(AUB) = 0.6 + 0.7 — 0.42 = 0.88 =165 165 _ 15
F and L are not independent. If they
were, then
8 Pr(A N B) = Pr(A) Pr(B) Pr(L|F) = Pr(L) Pr(L)
=0.5(0.2) = 0.1 45 34
Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B) 165 117 15
=05+02-0.1=06
11 Pr(A) = 20_>
¥ 1
9 Blood group | 0 A B | AB Pr(B) = <=3
Pr 0.5]0350.1]0.05 s
Pr(A N B) = 32 = Pr(A) Pr(B)
a Pr(4) =0.35 . A and B are independent.
b Pr(4, B) = 0.35(0.1) = 0.035
12 Pr(W) = 0.4, Pr(M) = 0.5
¢ Pr(A, A) = 0.35% = 0.1225 Pr(W N M)
Pr(WIM) =07 = ————
Pr(M)
d Pr(0, AB) = 0.05(0.5) = 0.025
a Pr(W N M) = Pr(W|M) x Pr(M)
10 N = 165 =0.7(0.5) = 0.35
H|N]|L
M| 8822 10 b Pr(M|W) = %‘;M)
F 112212 03;( )7
=— =—0r0.875
2 Pr) - 44 4 04 8
165 15
P = — = —
b Pr(FNH) = = = - T |[F S
L 13]4 |1
¢ Pr(F U H) = Pr(F) + Pr(H) M|8 [10]3
_45+99-11 133 18
T 165 165 a Pr(l) = —
Pr(FN L) 12
d Pr(FIL) = ——— _
Pr(L) b Pr(S) %
_12 .22 _ 6 23
165 ~ 165 11 ¢ Pr(T) = =
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21 48
d Pr(M)=— ii PriGNF)=— =032

65 150
4 88 44
Pr(LNF)=— iii Pr(GUF)=— =— =0.587
e Pr( ) 15 iii Pr(G ) 50 - 75 0.58
8 48 + 24\ (48 + 16
f P(TNM)=— b Pr(G)Pr(F) =
(TnM) =7 (G PriF) (150 )( 150)
4 2 72\ ( 64
= — = — =|—|—1]=0.204
g PP =35 =13 150 150) 0-2048
Pr(G) Pr(F) # Pr(G' N F)
h Pr(IIM) = % .. G and F are not independent.

Income is not independent of age, .
¢ G and F not mutually exclusive:

& 4 PHG N F) # 0
Pr(LNF) = i 0.0615, but
18Y/30
Pr(L)Pr(F) = (5)(5) =0.128 15 Pr(A) +Pr(B) = 0.3
You would not expect middle Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)
managers’ income to be independent — 03-Pr(ANB)
of age.
= 0.3 - Pr(A) Pr(B)
14 N = 150 Let Pr(B) =x=Pr(A) =03 - x
G |G S~ Pr(AUB)=0.3-x(0.3-x)
F |48 16 = -03x+03
F' |24 ] 62 Minimum occurs when x = 0.15.
48 3 Therefore minimum value of
a i Pr(GIF) = a-1- 0.75 Pr(A U B) = 0.2775
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Solutions to Exercise 9H

1 Generate sets of 3 random integers, each

of which could take the value O or 1

(use randInt(0,1,3) on the TI-nspire).

If a boy child is an outcome of 1, then
1,1,1, indicates 3 boys. Repeat until
there are 50 or more trials, and count the
number times 1,1,1 occurs to estimate
probability. Ans approx. 0.125

Generate sets of 5 random integers, each
of which could take the value O or 1

(use randInt(0,1,3) on the TI-nspire).

If a correct answer is an outcome of

1, then 1,1,0, O, 1, indicates 3 correct
answers. Repeat until there are 50 or
more trials and count the number times
there are three or more correct answers
to estimate probability. Ans approx. 0.5

Generate sets of 10 random inte-

gers, taking values from 1 to 5. (use
randInt(1,5,10) on the TI-nspire). If a
correct answer is an outcome of 1, then
the number of 1’s gives the number of
correct answers eg 1,3,5,2,5,1,4,1,2,4
indicates 3 correct answers. Repeat until
there are 50 or more trials and count
the number times there are three or
more correct answers occurs to estimate
probability. Ans approx. 0.033

Generate a sequence of random integers
from 1 to 10. (use randInt(1,10) on the
TI-nspire). Repeat until each of the
numbers 1 to 10 has been observed and
then count the number of simulations.
This is one trial, repeat until there

are fifty trials and then average. Ans

approx. 29.29
(The average number of purchases

needed is exactly given by:

10 10 1 10 1
1+—0+—0+—0+...+70+T0z29.3)

This is known as the *Collector’s Prob-

b

lem

Generate sets of 6 random integers, each
of which could take the values from 1 to
4. (use randInt(1,4,6) on the TI-nspire).
If a missed shot is an outcome of 1, then
a2, 3, or 4 indicates the shot is made. eg
2,3,2,4, 1, 2 indicates 5 of the six shots
made. Repeat until there are 50 or more
trials and count the number times there
are five or six shots made to estimate
probability. Ans approx. 0.53

Generate random integers from 1 to 5.
(use randInt(1,5) on the TI-nspire). An
outcome of 1 or 2 means the target was
hit. Repeat until a 1 or 2 is observed
then count the number of simulations.
This is one trial, repeat until there

are fifty trials and then average. Ans
approx. 2.5

. Generate random integers from 1 to 5.
(use randInt(1,5) on the TI-nspire). An
outcome of 1, 2 or 3 means Sean wins.
Repeat until Sean either wins six times
(and wins the match) or loses six times
(and loses the match), then count the
number of simulations. This is one trial,
repeat until there are fifty trials, count
the number of times Sean wins estimate
the probability. Ans approx. 0.75
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Solutions to Exercise 91

1 Change if statement to:

if outcome = 5 or outcome = 6 then

count < count + 1
end if

Change while statement to:

while outcome # 5 and outcome # 6
outcome «— randint(1,6)
count < count + 1

end while

a 100 000 families

b 1lor0

(o]

Childl1 is a girl.

d How many families out of 100 000 have 3 girls.

e i1

ii 1

iii 2

f i if childl + child2 + child3 = 0 then

count = count + 1
end if

ii if childl + child2 + child3 = 2 then

count = count + 1
end if

iii if childl + child2 + child3 > 1 then

count = count + 1
end if

4 a = for loop simulates 1000 shoppers.

m while loopsimulates one shopper making purchases until they get all three toys.
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m count running tally of the number of purchases for the current shopper
m sumrunning total of the number of purchases required by all shoppers

toy the toy from the current purchase(value 1, 2 or 3).

m if then used to update the value.

b 10 variables toyl, toy, ..., toy10 are to be used and while continues until all have
non-zero values.

4 X count
San~r ———
N

b input N
count «— 0

fori from 1 to N

x « random() — 3

y « random() — <

if 0.25% < x> + y> < 0.5 then
count < count + 1

end if

end for
count

print

6 a total — 0
for i from 1 to 10
x <« 20 X random() — 10
y « 20 X random() — 10
if-1<x<land-1<y<1
score <+ 10
elseif -6 <x<6and-6<y<6
score <« 5
else
score «— 1
end if
total = total + score
end for
print fotal
Answers will vary of course - see solns and b. A possible answer would be 23. The
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minimum possible total score is 10 and the maximum 100.

score =0
sum =0
for j from 1 to 1000
total < 0
for i from 1 to 10
x « 20 X random() — 10
y « 20 X random() — 10
if-l<x<land-1<y<1
score «— 10
elseif -6<x<6and-6<y<6
score < 5
else
score «— 1
end if
total = total + score
end for
sum = sum-total

end for
average = sum/1000
print(average)

A typical answer is 22.258 but answers certainly vary.

successes < 0
for j from 1 to 100 000
hit < 0
for i from 1 to 50
x « 20 X random() — 10
y « 20 X random() — 10
if-1<x<land-1<y<1
hit « hit + 1
end if
end for
if hit = 1 then
successes = successes + 1
end if

end for
successes

int
Pt =160 000
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7 sum «— 0
for i from 1 to 1000
bar < 0
count «— 0
while bar # 5
bar « randint(1,5)
count « count + 1
end while
total = total + count
end for
sum

Print 3500
6 is the number you would expect to have to buy.

8 a total < 0
count < 0
for i from 1 to 6
for jfrom 1 to 6
for k from 1 to 6
total « total + 1
ifi + j+ k=15 then
count « count + 1
end if
end for
end for

end for
count

total

print

b total — 0
count < 0
for i from 1 to 6
for jfrom 1 to 6
for k from 1 to 6
total « total + 1
if i + j+k > 10 then
count < count + 1

end if
end for
end for
end for
. count
print total
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C

total < 0
count <« 0
for i from 1 to 6
for jfrom 1to 6
for k from 1 to 6
total < total + 1
if i X j X k = 24 then
count < count + 1
end if
end for
end for

end for
. count
print

total

total « 0
count <« 0
for i from 1 to 6
for jfrom 1to 6
for k from 1 to 6
total « total + 1
if i + j + k is divisible by 3 then
count < count + 1
end if
end for

total « 0

count «— 0

for i from 0 to 9

for jfrom 0 to 9
total « total + 1
if 3 <i+ j<6then
count « count + 1

end if
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b total — 0
count <« 0
for i from 0 to 9
for jfrom 0 to 9
total « total + 1
if -3 <i— j<3then
count « count + 1

end if

¢ total « 0
count < 0
for i from 0 to 9
for j from 0 to 9
total « total + 1
if i +2j > 24 then
count « count + 1
end if
end for
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Solutions to Technology-free questions

1 a Six ways of getting 7 ¢ Pr(even) = % _ 1
6

6 1 3
A PHT) = = =
=35
1 5 6 STATISTICIAN has 5 vowels and
b Pr(7) =1- 6 6 7 consonants.
a Pr(vowel) = >
100 1 12
2 a Pr(divisible by 3) = — = =
300 3 3 1
75 1 bPD=3=7
Pr(divisibl 4)= — = —
b Pr(divisible by 4) 300~ 4

¢ Pr(divisible by 3 or by 4) 7 Pr(l) = 0.6, Pr(J) = 0.1, Pr(D) = 0.3

I 1 =
=3+t7" Pr(divisible by 12) a Pr(1,J,1) =0.6(0.1)0.6

3 _
7 s =0.036
12300 2 b Px(D,D,D) = 0.3° = 0.027
3 30R,20B ¢ Pr(l, D, D) +Pr(J, D, D) +
- Pr(R)=0.6 Pr(D, I, D) + Pr(D, J, D) +
Pr(D, D, I) + Px(D, D, J)
a Pr(R, R) = 0.6 =0.36 =3(0.6 +0.1)(0.3)
=0.189
b No replacement:
Pr(R. R) = (E)(@) _ 87 d Pr(J) = 0.9
S)\49] 245 S Pr(J, 0, J) = 0.93 = 0.729
4 A=1{1,3,5,7,9}, B={1,4,9} 1 2
IfA+B= C, 8 Pr(R) = 5, Pr(B) = g
C=1{2,5,10,4,7,12,6,9,14,8,11, X
1 1
16,10,13, 18} a Pr(R, R, R) = (5) = >
Of these, only {6, 9, 12, 18} are
divisible by 3. 2(1\/(2 4
4 b Pr(B, R, B)==(=]|[Z]= =
Pr(sum divisible by 3)= — T ) 3(3)(3) 27
¢ Pr(R, B, B) + Pr(B, R, B) +
5 a €={156,165,516,561,615,651} Pr(B, B, R)
4\ 4
4 2 =3 —) =3
b Pr(>400) = = =3 27) " 9
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d Pr(> 2B) = Pr(B, B, B) + Pr(2B) b Pr(H|O) = THNO)
3 Pr(O)
(2 4 20 01
3] T97 7 - 04
0.25
9 Pr(A) = 0.6, Pr(B) = 0.5 13 Pr(A) = 0.3,Pr(B) = 0.6,Pr(AN B) = 0.2
If A and B are mutually exclusive,
Pr(ANB) =0 a Pr(AUB) =Pr(A) + Pr(B)
By definition, —Pr(AnB)=0.7
N B B’

Al02]01]03
A 0410307
=11>0 0604 1

Pr(A N B) = Pr(A) + Pr(B) — Pr(A N B)

This is impossible, so they cannot be b Pr(A’nB’) =03

mutually exclusive.
y ¢ PrAlB) = Pr(A N B)
Pr(B)
N B B _02 1
0 LA 0.1 0.5 0.6 0.6 3
A’ 0.4 0 0.4 Pr(AN B
, d Pr(BA) = WANB)
Pr(B)=0.5 | P(B)=0.5| 1 Pr(A)
02 2
a PrAnB)=0.5 =03°3
b Pr(A’NnB)=0
Pr(A N B)
14 Pr(A|B) = ——
¢ Pr(AUB) = Pr(A) + Pr(B) - Pr(AN B 4 r(AlB) Pr(B)
=0.6+05-0.1 Pr(A N B
If Pr(AlB) = 1, then 2" B) _
=1 Pr(B)
~.Pr(A N B) = Pr(B)
7 .. B1is a subset of A.
11 a E
Pr(A N B)
b Pr(A|B) = —————
p L Pr(B)
2 Pr(A N B)
If Pr(A|B) = 0, then ————= =0
1(A|B) en Pr(B)
27~ o N U |Tot ~Pr(ANB)=0
H | 0.1 10081002102 .. A and B are mutually exclusive or
H |0.15]045] 0.2 | 0.8 disjoint.
Tot | 0.25 | 0.53 | 022 | 1

a Pr(H)=0.2
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PrAn B) .. A and B are independent.
Pr(B)

If Pr(A|B) = Pr(A), then

Pr(A N B)
Pr(B)

.. Pr(A N B) = Pr(A) Pr(B)

c Pr(A|B) =

= Pr(A)
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1 B Pr(<50)=1-Pr(=50)

=1-07=03

Pr(G) = 1 - Pr(G")
=1-0.7=03

4Tsin102
= Pr(T) = =
r(T) 5

Pr(C) =1 - Pr(C")

187

25 25
Area outside circle = 16 — 7 (1.5)? m?
@ Pre1- 227 L0442

1 y 11
276 12
Pr(A) = 0.35, Pr(A N B) = 0.18,
Pr(B) = 0.38

Pr(AU B) = 0.35 + 0.38 — 0.18

=0.55

Pr(Head and a six) =

Pr(AU B) = Pr(A) + Pr(B)— Pr(AN B)
=0.47 +0.28 — 0.28 = 0.47

Solutions to multiple-choice questions

9 B

10 E

11 C

12 A

13 B

14 D

Pr(BNT)
Pr(T)

7 15 7

T2 72 15

Pr(A N B)
Pr(B)

8 4 2

~2177°3
Pr(G. G) = 0.6(0.7) = 0.42

Pr(B|T) =

Pr(A|B) =

Pr(G, G) + Pr(G,G")
= 0.42 + (0.4)*
=0.58

Pr(A N B) = Pr(A) Pr(B)
= 0.35(0.46) = 0.161
Pr(A U B) = Pr(A) + Pr(B)

- Pr(ANB)
=0.35+0.46 - 0.161
=0.649

The reliability

=0.85+0.95-0.85x%x0.95
= 0.9925
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Solutions to extended-response questions

1 a

b 56
¢ 1028
ii 0.68

PrCNJ) 22 158 22
P " = = - =
i Pr(C) = =575 T 200 T 200 ~ 158

=0.14
iv No

2 Let A = number of days it takes to build scenery.
Let B = number of days it takes to paint scenery.
Let C = number of days it takes to print programs.

a 6+6+6=18days
b 0.3x0.6x0.4=0.072

¢ Pr(building and painting scenery together taking exactly 15 days)
=Pr(A=7)XPr(B=28)+Pr(A=8)xPr(B=7)
3 1 4 3
=—X—+—=X—
10 10 10 10
_3+12
~ 100
=0.15
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d Pr(all 3 tasks taking exactly 22 days)
=Pr(A =6)xXPr(B=8)XPr(C=8)+Pr(A=7)xPr(B=7)xPr(C =8)+
Pr(A =7) X Pr(B = 8) X Pr(C =7) + Pr(A = 8) X Pr(B = 6) X Pr(C = 8) +
Pr(A = 8) X Pr(B="7) X Pr(C =7) + Pr(A = 8) X Pr(B = 8) X Pr(C = 6)
C3XIX243X3X24+3XIX4+4X6X2+4Xx3Xx4+4x1x4

1000
_6+183+12+48+48+16
B 1000
_ 148
~ 1000
=0.148

e Pr(22 days |B = 8) = Pr(A = 6) Pr(C = 8) + Pr(A = 8) Pr(C = 6) + Pr(A = 7)Pr(C =7)
=03x02+04%x04+03x04
=0.34

f i 12days

ii Pr(12 days |B = 8) = Pr(A = 6) Pr(B = 6)

=0.3x%x0.6
=0.18
3 a Forbowl A, Pr(2 apples) = % X % = %3_8
For bowl B, Pr(2 apples) = 3 X 7 = 1
b For bowl A, Pr(2 apples with replacement) = % X g = 69_4
For bowl B, Pr(2 apples with replacement) = % X % = 2—2

¢ Let A be the event that bowl A is chos%n.A A2 aonl out ren] t
Then Pr(A[2 apples) = 1( apples without replacement)

Pr(2 apples without replacement)

1 3 3

j— X —_ —_

_ 2 28 _ 28
B 1(3 +21)_ 3+21
2\28 28 28

3 1
=—=-=0.125
24 8
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Pr(A N 2 apples with replacement)
Pr(2 apples with replacement)
T2
2 64

1 ( 9 49)

d Pr(A|2 apples) =

2
9
~ 58
=~ 0.125

64 64

4 a

|

b Pr(running the day after) = - X X — =10.69

IS
IS
| —
B -

Pr(runnin tly twice in the n tthreedas)_4>< ><1+4><1><1+1><1><
c ) unning exactly twice in the ne y X5XgtsXgXgt3Xy

= =0.208
5

d Pr(two consec days|running exactly twice in the next those days)

B Pr(two consec days)
~ Pr((running exactly twice in the next those days

_ Pr(Tueday and Wednesday but not Thursday or Wednesday and Thursday and not Tuesday)

0.208
4x4x1+1x1x4
57575 57475
0.208

_0.168
~0.208
21
© 26
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ii

iii

ii

ii

ii

iii

2 2
T T 01963

Pr(Green) = 15000 = 16

Draw a smaller square of side length with the intersection of its diagonals at the
centre of the green circle. The area of this square is 2500 cm?. The vertices of
the square are at the centres of the four white circles.

Therefore to calculate the blue area:
There is the smaller square and four white ‘Z—circles’ which have a total area of

2500 - 4 x % X 7 x 25% = 18757 + 2500 cm?

Therefore area of the blue region = 10 000 — (2500 + 1875x) = 7500 — 187571
7500 — 1875%r 12 -3n

Therefore P = ~ 0.1610
erefore Pr(blue) 10000 T
Area of the white= 10 000 — (7500 — 18757 + 25%7) = 12507 + 2500
12507 + 2500
fore Pr(white) = ——  ~ 0.6427
Therefore Pr(white) 10000 0.6

(0.16095 ...)% ~ 0.0259
2x(0.16095...) x (0.196349 ...) ~ 0.0632

Pr(score = 60) = Pr((20 and 40) or (40 and 20) or (30 and 30))
=2x%0.6427 x 0.1963 + 0.1610?
=0.2782

Pr(green and white)

Pr(green on the first|score of 60) = Pr(score of 60) = 0.4535
1

2

1.2_3

2711 22

1 5 1 6 17

2711271 T 22
6 5 30

- X —

n n-1 nn-1)
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ii 01
nn-1) 7
210=n*-n
n*—n-210=0
n—=15n+14)=0

n=15
Therefore 15 — 6 = 9 green lollies in second box.

0.5%x0.4+0.75x0.6 =0.65
Overall 0.65% of macines are faulty.

0.75 % 0.6
Pr(produced by machine Bifaulty) = % ~ 0.69

600
27600 07X 600

0.51n + 450 < 0.6n + 360
90 < 0.1n

n > 900
Machine A should produce more than 900.

0.5 x <0.6

1 4
Pr(Rain on Wednesday)= a X 3 + B X 3
1
= g(a +4p)

Pr(Rry) = Pr(RralRw.) Pr(Rw.) + Pr(Ry,|Ry,,) Pr(Ry,,)
=aX é(& +4B) + B(1 - (%(OZ + 4ﬁ))

1 3 432
=g s

Slolve: 3
g(a/+4ﬁ):§...(21)
a2+%ig+ﬁ—4£:2...(2)

13
a=—andfB = —
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Chapter 10 — Counting Methods

Solutions to Exercise 10A
1 a8+3=11

b 3+2+7=12

¢ 22+ 14+1=37

d 10+3+12+4=29

2 a 3x4x5=060meals
b 10X 10 x5 = 500 meals
¢ 5x7x10 =350 meals
d 8% =512 meals
3 Four choices of entrée, eight of main
course and four of dessert.
a 4x8x4 =128 meals
b 128 + noentrée:128 + 8 x 4 =
160 meals

4 3+ 7+ 10 = 20 choices

5 S1:2XxM,3xL,4xS =9 choices

10

11

S2:2XH,3xG,2xA =7 choices
Total choices = 9 x 7 = 63 choices

M to B: 3 airlines or 3 buses
M to S: 4 airlines X 5 buses.
Total choices=3+3+4 x5 =26

S5(CYx3(T) x4(I) x 2(E) X 2(A) = 240
choices

Possible codes = (26)(10%) = 260000
No. of plates = (26%)(10%) = 17 576 000

2 (dot or dash) +4 (2 digits) +
8 (3 digits) + 16 (4 digits) = 30

mx%x(m+1)>1000

m> +m?> —2000 > 0
m>1227...

Since there are 3 choices for the main

course, then m must be an even number.
Therefore m > 14
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Solutions to Exercise 10B

1 a3!'=3x2x1=6

b 5!=5%x4x3x2x1=120

c 71=7x6xXx5%x4x3x2x1=5040

d 2!=2x1=2
e 0!=1

f11=1

5! _5><4><3><2><1
3! 3x2x1

9!
7!
316

Zi=2=¢
CoO T

=(9)8) =72

d — =@)7) =56

f % = (10)(9)(8) = 720

3 5! =120 ways
4 7! =5040 ways
S 4! =24 ways

6 6! =720 ways

10!
7 ET 720 ways

= (5)(4) = 20

8!
i 336 ways

9 TROUBLE:

10

11

12

13

a All letters used = 7! = 5040 ways

7!
b Three letters only = - 210 ways

PANIC:

a All letters used = 5! = 120 ways

5!
b Four letters only = = 120 ways

COMPLEX:
7!
a No re-use: 3" 840 ways

b Re-use: 74 = 2401 ways

NUMBER:

! !
a No re-use: %(3—letter) + %(4—letter)
= 120 + 360 = 480 codes

b Re-use: 6° + 6% = 1512 codes

€=1{3,4,5,6,7}, no re-use:

a ; = 60 3-digit numbers

b Even 3-digit numbers: must end in 4
or 6, so 2 possibilities only for last
digit. 4 possibilities then for Ist digit
and 3 for 2nd digit.
o 4 x3x2 =24 possible even
numbers.
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¢ Numbers > 700:
3-digit numbers must begin with 7
So4x3=12 |
4-digit numbers: % =120
S5-digit numbers: 5! = 120
Total = 252 numbers

14 €=1{3,4,5,6,7,8}, no re-use:
.. .. 6! 6!
a 2-digit + 3-digit: 2 + 3= 150

b 6-digit even: 3 X 5! =360

¢ >7000: 4-digit numbers must begin
!
with 7 or 8: 2 X %! =120

6!
5-digit numbers: = 720
6-digit numbers: 6! = 720
Total = 1560 numbers

15 4 boys, 2 girls:
a No restrictions: 6! = 720 ways

b 2 ways for girls at end X 4! for boys

= 48 ways
16 a T =nn—1n-2)
n(n—1)(n-2)> 1000
n>11.03...
Son>12
b

n!

. n:
=3 (-2

=nn—-1n-2)+nn-1)

=nn-—1n-1)
n(n—1)(n - 1) > 2000
n>13.27...
n>14
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Solutions to Exercise 10C

1 a (V,0),(V,5).(C,S)=3 o (B)_ BX7x6x5x4x3x2x1
2] 2x1x6x5%x4x3x2x1
b (J,G),(J,W),(G,W) =3 — 28
¢ (T, W), (T, D), (T, P),(W,]), (W, P), d (50) _50x49 s
(J,P)=6 48

d (B,G,R),(B,G,W),(B,R,W),

(G,R,W) =4 5 13 :13><12><11><10><9><8:
7 6X5x4x3x2x1
1716
Sx4x3x2x%x1
2 3C;y = =10
a 3 Ix2x1x2x1 55 55 % 24 X 73
X 24 X
bose, L 3XAx3x2x1 6 (3)=—3X2X1 = 2300
2T 0% Ix3x2x1
¢ 7 4:7><6><5><4><3>><2><1:35 57
4x3x2x1x3x2x1 7 7=
d7C _7><6><5><4><3><2><1_35 52 %51 x50x49 x 48 x 47 X 46
3T 32X Ix4x3x2x1 TX6X5x4x3x2x 1
a=b,c=d = 133784560
20x 19
39 7Cs= X ~ 190 3 45 :45><44><43><42><41><40
2 6 6X5x4x3x2x%x1
= 8145060
b 1%Cyy = 100
¢ e, = 100X9_ os, o (3)(4) _ (3x2x1)(4x3x2x1
2 42 T \ITx2x1/\2x1x2x1
250 x 249 =18
d 2500248:+:31125
30
10a( ):
4 a 6_6><5><4><3><2><1_20 8
3] T 3% 2xIx3x2x1 3029 x 28 x 27 x 26 x 25 x 24 x 23
8XTX6X5%x4x3x2x%x1
b 7 _7><6><5><4><3><2><1_7 = 5852925
1] 1x6x5x4x3x2x1
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b Choose 2 men first:

10 10x9
= =45

)=

20
6 women: ( 6 )

_20><19><18><17><16><15
B 720

= 38760
Total = 45 x 38760 = 1744200

13x12
==

Sa- 13 13x12x11x10x9
“\5 120

= 1287
7-card hands of 54,2% = 1287 X 78

= 100386

78

13
11 2v:
%)

12 a Without restriction:
(12)_ 12x11x10x9x%x8

5 120

b 3W +2M: (2) (3) = (56)(6) = 336

13 6F,5M, 5 positions:

a 2F +3M: (g) (g) = (15)(10) = 150

b 4F + 1M: (Z) (?) = (15)(5) =75

=792

14

15

16

6
F: =
c 5 (5) 6

11
d S5 : =
any(s)
11X10X9%x8XT7TX6
6X5%x4x3x2x%x1

=462

e > 4F = n(4F + IM) + n(5F)
=75+6=281

157, 12F, 10 selections:

a Unrestricted: (?(7)) = 8436285

b 107 only: (1(5) = 3003

10) = 06

|
o

¢ 10F only: (

d 5T+5F: (152) (155) =2378376

6F,4M, 5 positions:

6) (421) = (20)(6) = 120

3F +2M
v §

4F + 1M (2) (T) = (15)(4) =60

SF only: (g) =6
Total = 186

Each of the five times she can choose or
refuse
. Total choices = 2° = 32
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17 Total choices

IR HRHEEEN

=28 =256

18 Total colours (cannot choose no colours)

:®+®+m43

=2°-1=31

19 6 fruits, must choose > 2:

ehoices = ) + (5] -+ ¢)

=20-7=57
20 6 people, 2 groups:

a n (two equal groups) = (6) +2=10

3

b n (2 unequal groups) :(?) + (g) =21

2
nn—1)
2
n* —n> 50

n>7.58...

on>8

21 (”) > 25

> 25

22a(
2)

b () -2

2n -2
¢ %<7ZO

e n’(n-1) <720 = n <9 (since n
is an integer).

n+m)

1
3 :8(n+m)(n+m—1)(n+m—
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Solutions to Exercise 10D

1 €={1,2,3,4,5,6}
4 digits, no repetitions; number being
even or odd depends only on the last
digit.
There are 3 odd and 3 even numbers, so:

a Pr(even) = 0.5

b Pr(odd) =0.5

2 COMPUTER: 3
Pr (Ist letter vowel) = 3= 0.375

3 HEART; 3letters chosen:
1
a Pr(Hlst) = 3= 0.2

b Pr(H) =1-Pr(H")

(-6

2
=1-2=06
5

2\ (1
¢ Pr(both vowels) = 3 (5) (4_1) =0.3

(Multiply by 3 because the consonant
could be in any of the 3 positions.)

4 There are 6! = 720 ways of filling the 6
seats, but only 2 (;) 4! = 144 have end

places with women.

S Pr= ﬂ =0.2
720

5 7W,6M, team of 7:

1
( 73) = 1716 possible teams

3W +4M : ; Z = (35)(15) =525
7\ (6
2W + 5M : >)\s = (21)(6) = 126
7\ (6
1 M: =
W+6 MNe 7

658 arrangements with more men than

women
658 329

= —— = —
1716 858

6 8 possible combinations, so there
are a total of 28 — 1 = 255 possible
sandwiches.

a 27 = 128 including H
Pr(H) 128 0.502
S Pr(H)=— =0.
255

b (2) = 56 have 3 ingredients

S Pr= ﬁ
255

c 8 + 8 + 8 +..+ 8
3 4) \5 8
= 219 contain > 3 ingredients

29T
255 85

7 5W,6R,7B, no replacement:

aPr(RRR)—6><5><4—5
18 T 17 716 204

b There are exactly (12) =816

selections.

(i) (?) (Z) = 210 have all 3 colours.

.. Pr (all different colours)
210 35

T 816 136
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8 5R,2B,3G,4 picks, 6 numbers. Then there are 6 choices

(140) = 210 selections:

for the second digit and 5 choices for
the first.

Total choices = 6 X 6 X 5 X 4 = 720.
a Pr(G',G',G',G') = 720 24

O HER PO P
10/A9A8 A7 6 Then Pr(even) = 1 — 29 = 0
5
b Pr(>1G)=1-Pr(No G) = 3 ¢ Pr(< 4000): must begin with 1, 2 or
3.
¢ Pr(= 1G N> 1R): Since there are no other restrictions,
3\ (5)(2 3
NG+R+B+B)= =15 Pr(< 4000) = =
1/\1)\2 7
NG+R+R+B = [>)2)[?) = 60 d Pr(< 4000| > 3000) =
1/\2/\1 Pr(3000 < N < 4000)
3\ (5)(2 Pr(N > 3000)
N(G+G+R+B)= NN 30 For N > 3000 it cannot begin with 1
3\ (5 or 2: .. 6 possibilities
NG+G+R+R) = (2) (2) =30 3 other numbers are unrestricted
3\ (5 .. total (N > 3000) = 1050
NG+G+G+R) = 3) 1) =5 For 3000 < N < 4000 it must begin
7!
3\ (5 with 3, so ) = 210 satisfy this
Pr(3000 < N <4000) 210
Total = 170 =
17 Pr(N > 3000) 1050
S~ Pr(1GN>1R) = —
21 1
Pr> IRI21G) 17 5 34 >
Pr(>1G) 21 "6 35
10 Number of ways that committee may be
hosen = (3
9 ¢=1{0,1,2,3,4,5.6,7) chosen = (3)
4 four-digit number (with no repetitions) (5) % (4)
8 , 1 )% 5
= 4_1! = 1680 possible numbers, but any a Pr(all women) = (n) =1
beginning with zero must be taken out, !
and there are —! = 210 of these. b Pr(at least one women)
9\ _ (5\ .« (4
.. 1470 numbers _ (3) B (0) X (3) _ 20
(9) 21
a,b It is easier to find the probability of 3
an odd number first. Begin with the ¢
last digit: 4 odd numbers. Then look Pr(exactly two men|at least one man)
at the first digit: cannot have zero, so Pr(exactly two men)

"~ Pr(at least one man)
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11 a Pr(exactly one)
_Ox(%) _se-we-7

(g) 112
g(g—8)(g-7) 15

b 112 T 28

g=2o0rg=3

12 a Pr(1year11) =

G)()
3

_90(n - 6)
T an-2)(n-1)

90(n - 6)

nn—-2)(n-1)
746---<n<10

.n=8orn=9
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Solutions to Technology-free questions

1 a 1000C,,, = w = 499 500 b (Z) _ 55
b 1000000Cg,000 = 1000000 ”(”2_ D_ss
¢ 100000C, = 1000000 == 110=0
SL(n—=11)(1n+10)=0
sn=11
2 "Cy =36
o n(n—1) _ 136 .
o , 2 8 7 people to be arranged, always with
nt=n-72=0 A and B with exactly one of the others
S m=9n+8)=0 between them:
n=9 Arrange (A, X, B) in a block of 3. This

can be either (A, X, B) or (B, X,A), and X
could be any one of 5 other people.

.. 10 possibilities for this block.

There are 4 other people, plus this block,
who can be arranged in 5! ways.

4 n brands, 4 sizes, 2 scents = 8n types - Total N =10 x 5!

= 1200 arrangements

3 1,2,3,4,5,6, 3 digits, no replacement
|

6!
252120

1
5 a “Cy=—(a+b)a+b—-1D(a+b-2)
6 9 OLYMPICS: 3letters chosen:

1
b “Cyx"C = Eab(a -1 a All letters equally likely
1
- Pr(0, X, X) = 3
6 5 vowels, 21 consonants
7(6\5 5
a Choose 2 letters b Pr(Y') = §(7)6 T8
26 x 25
¢, = =325 _ 3
> L Pr(Y) = 3
b One vowel = °C; x *'C; = 105 ¢ N(ONTI) has 3! arrangements of
Two vowels = °C, x 21Cy = 10 I.X
Pr(at least one vowel) 15 _ 26 o 1(116 1
T s vowel)= — = —
325 35 Pr(0, 1, X) = g(;)g =36
". Pr (both ch 6.3
7 a 2 toppings from 5, no replacement -~ Pr (both chosen) = 56 28

-
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Solutions to multiple-choice questions

8\ (3)[4 :
1 E ( ( ) 96 7 C 1122 books, 3 chosen, no replays:
1/\1)\1 c3 =220
3 5 3 8 A 10G, 14B,2 of each:
2D M L =24 ’ ’
(o< i) [i)o
3 A 10 people, so possible arrangements 9 E METHODS:
2
= 10! Pr(vowel 1st) = =
4 D 2 letters, 4 digits, no replacement: 10 E 4M.4F. choose 4
26! 10! T ’
= () = 8
(24!)( 6! ) = 3276000 (4) =70 teams
21! 4\ (4
5 C 21 = S0 = =
C3 31131 NQ@W,1M) (3)(1) 16
6 B 52 cards, 6 chosen, no replacement: - Pr3W,1M) = 16 = 8
52¢, 70 35
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Solutions to extended-response questions

1 a

b

C

d

4 X 6 x4 =96 ways.
4 x 6+ 96 =120 ways
4x6+6x4+4x4+96 =160 ways

mx%x(ZS—m)>1000

& m*(25 - m) > 2000
Number of choices of each type must be a non-negative even integer. Therefore
m = 14,16, 18

Three people can be seated in 10 X 9 x 8 = 720 ways in 10 chairs.

Two end chairs can be occupied in 3 X 2 = 6 ways. This leaves 8 chairs for the
remaining person to choose from, i.e. 6 X 8 = 48 ways of choosing a seat.

If two end seats are empty it leaves 8 chairs to occupy: 8 X 7 X 6 = 336 ways

336 7
Pr(two end chairs are empty= 720 = 5

1000 < n(n—1)(n—2) <1500 = 11.033--- <n < 12476...
Therefore n = 12

There are 'C, = 1365 ways of selecting the batteries.
There are '°C, = 210 ways of selecting 10 charged batteries.

Having at least one flat battery = total number—none flat
1365 - 210
= 1155

1155 11

Pr(at least one battery flat) = 65 - 13

Pr(exactly one flat batter|at least one battery flat) =
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4 a i There are (lf) = 210 ways of choosing a committee of 4 from 10 people.

ii There are (;) X (;) = 100 ways of choosing a committee with two men and two

women.

100 10

iili Pr(committee consists of two men and two women) = 210 = 21

iv Pr(committee consists of only men or only women) =

. (nem m+n)(m+n-=-3Ym+n-2)(m+n-1)
()= 24

- DHn-1
e

iii n=2m
m*(m—1)2m - 1)

< 720 Solving for m

4
—4.821---<m<5.572...
Therefore, —9.642 - -- < n < 1.144 Therefore 4, 6, 8, 10

S Division 1
The number of ways of choosing 6 winning numbers from 45

— 45C6
= 8145060
1
Tty of winnine Division | =
probability of winning Division 145 060
=1.2277...x 1077

~ 1228 x 1077
Division 2
There are 6 winning numbers, 2 supplementary numbers, and 37 other numbers
.. number of ways of obtaining 5 winning numbers and a supplementary

= 6C5 X 2C1 X 37C0

=6x2
=12
bability of winnine Division 2 12
10 111 Ol winnin 1V1S10n =
POBAbILy g DIVISION = = 29757060
=1.4732...%x107°

~1.473 x 1076
Division 3
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Number of ways of obtaining 5 winning numbers and no supplementary

= 6C5 X 2C() X 37C1

=6x37
=222
bability of winnine Division 3 222
1ropanill O winnin 1V1S101n = —
P Y 8 8 145 060
=2.7255...x 107>

~2.726 X 107
Division 4
Number of ways of obtaining 4 winning numbers

=%y x 70,
=15x741
=11115
probability of winning Division 4 = %
=0.0013646...
~ 1.365 x 107
Division 5

Number of ways of obtaining 3 winning numbers and at least one supplementary

=003 x2C, X 37C, + °C3 x 2C, x 37C,

=20 X2 X666+ 20 x 37
= 27380
27380
babilitv of winnine Divisi _
probability of winning Division 5 3145060
=0.003 3615...

~3.362 x 1073

6 a Spot6
The number of ways of selecting 6 numbers from 80
— 8OC6
= 300500200

20 numbers are winning numbers
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The number of ways of selecting 6 numbers from 20

— 20C6
= 38760
38760
probability oI winning with Spo 300500200
~1.2898...x107*

~1.290 x 107

b Spot5
. . . 205Cs
The probability of winning with Spot = SC
5
_ 15504
24040016
=6.4492...x 107

~ 6.449 x 1074
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Chapter 11 — Discrete probability distributions

Solutions to Exercise 11A

1 a Not a prob. function, ), Pr # 1 e Pr(X <2):{0,1,2}
b Not a prob. function, ), Pr # 1 f Pr2<X<5):{2,3,4,5}
¢ Prob. function: > Pr =1 and g Pr2 <X <5):{3,4,5}

O<p<lforallp
h Pr2 <X <5):{2,3,4}

d Not a prob. function, ), Pr # 1
i Pr2<X<5):{3,4}

e Not a prob. function because p(3) < 0

4 a 0.2
2 a PriX=2)
b 0.5
b Pr(X > 2)
¢ 0.3
¢ Pr(X >2)
d 0.35
d Pr(X <2)
e 0.9
e Pr(X >2)
f Pr(X >2) 57 T2 13 T4 15
Pr(X =x) | k | 2k | 3k | 4k | 5k
g Pr(X<2)
h Pr(X > 2) aZPr:115k:1
Sk=—
i Pr(X<2) 15
9% 3
i b PrQ<X<4)=—==
j Pr(X >2) M2<X<4) ==

k PrQ <X <))

ri0 |1 |2 |3 |4 |5 |6 |7
p|.09].221.26].21|.13|.06|.02|.01

3 aPr(X=2):{2}

Pr(R > 4) = 0. 02+0.01 = 0.
b Pr(X >2):{3,4,5) a Pr(R>4)=0.06+0.02+0.01 =0.09

b Pr(R>2)=0.26+0.13+0.21 +0.09
=0.69

¢ Pr(X >2):{2,3,4,5}

d Pr(X <2):{0,1}

379



17

yi.2 |3 14156789 dPr(XSZ):l—gzg
p|.08].13(.09|.19(.2|.03|.1].18
e PrX <X <2) = iX=D
a Pr(Y <£0.50) Pr(X <2)
1 7 4
=0.08 +0.13+0.09 +0.19 :§+§:7
=0.49

10 Y =1{2,3,4,5,6,7,8,9,10,11,12
b Pr(Y >0.50) =1-0.49 =0.51 a { ? }

6 1
¢ Pr(0.30 < ¥ <0.80) b PrY=7)=x3c=¢
= 1-(0.08 +0.18) ST =y 5 [T =y
=0.74 2 % 8 %
3] & 9 5
c|4 5 10 5
x|1 |2 |3 |4 |5 |6 5 : 11 5
p 010 | 0.13]0.17 | 027 | 0.20 | 0.13 6| = |12] 1
(A

a Pr(X>3)=027+02+0.13=0.6

b Pr3<X <6)=0.27+0.20 =047 11 a X ={1,2,3,4,5,6}

7
¢ b Pr(X =4)= —
Pr(X > 4
Pr(X24|X22):r(——) 36
Pr(X > 2) .
027+020+013 ¢ (LDevesX =1L
= — 1'01 ' (1,2),(2,1),(2,2) give X = 2;
060 2 (1,3),3,1(2,3),3,2), (3,3) give
26—925 X = 3, etc.
x|[1 [2 [3 [4 |5
a ((H, H, H),(H,H,T),(HT,H), NERER RN
36 | 12 | 36 | 36 | 4 | 36
(H,T,T),(T,H, H),(T,H,T),
(T’ T’ H)’ (T’ T? T)}
3 y 327113
b PriX=2)=3 12al, T3 3]
:y —_ f— —_ -
8§ |8 |88
X 01213
C 1331
=0 |zl 31353 7
PriX=»12%13138138 b Pr(y<1)=1-Pr(Y =3)=¢
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Solutions to Exercise 11B

1 Pr2M,3W) = (2C,) x (*8C3) +30C;
66 %816

= 112506 ~ (0.378

2 Pr(P) = (*Co)("°C3) + °C;

28
= — ~0.491
57

3 7G, 8B, 3 caught:

1

Pr(G,G,G) = 3Cp)('C3) + PC; = el
1 12
SPrc 1B =1- — = —
Pr(= 1B) =1 3 3

4 107,157’,5 caught:
Pr(3T,2T") = (*°C3)(°Cy) = 2°C;

60
= — ~0.237
253 0.23

5 10N, 10N’, choose 6:
Pr(> 2N) = 1 — {Pr(ON) + Pr(1N)}:
Pr(0) = ("°Co)("’Cs) + *Cs
7

= —— ~ 0.0054
292 0.005

Pr(1) = (*°C)("°Cs) = *°Cs
21

=— =~0.
3 0650

. Pr(= 2N) = 0.930

6 10M,8F, 6 chosen:

Pr(1F) = ("C5)(°Cy) + "*Ce
24
=—=~0.1
221 0 . 99
No reason for suspicion here. You
would need a much smaller probability,
indicating an unlikely chance, to be

concerned.

Number of ways 3 batteries can be
selected = (134) =364

Let there be n flat batteries.

Number of ways 3 can be selected with
2 flat batteries

_(n\(14=n) n(14-n)(n-1)

B (2 1 ) B 2

.. Pr (two flat batteries)
_n(l4-n)(n-1)

28
n = 6 1is the only possible solution.

12 out of N wombats are tagged.
(5"
n s

Therefore,

n=27
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Solutions to Exercise 11C
1 Binomial,n =6,p = 0.3:
a Pr(X =3) =°C5(0.3)3(0.7)> = 0.185

b Pr(X =4) = °C4(0.3)*(0.7)> = 0.060

2 Binomial,n = 10, p = 0.1:
a Pr(X =2) ='°C,(0.1)%(0.9)® = 0.194

b Pr(X =2)=0.194
Pr(X = 1) = 19C;(0.1)(.0.9)° = 0.387
Pr(X = 0) = 0.9'0 = 0.349
- Pr(X < 2) = 0.349 + 0.387 + 0.194

= 0.930

1
3 Binomial,n =10, p = 2 CAS
calculator:

a Pr(X = 10) = 0.137
b Pr(X < 10) = 0.446

¢ Pr(X >10)=1-0.446 = 0.554

4 Binomial,n =7, p = 0.35:

a Pr(R,R,R,R',R,R,R)
= (0.35)%(0.65)* = 0.00765 ~ 0.008
b Pr(R = 3) = 'C3(0.35)°(0.65)*
=0.268

¢ Pr(R>3)=Pr(R=3)+Pr(R=4)
+ Pr(R =5)+ Pr(R = 6)
+Pr(R=17)
=0.468

1
S Binomial,n=7,p = 3

1\(5)°
a Pr(2onlyon 1 st) = (6) (6) =0.056

1\[(5

6
b Pr(2) ="C, (g)(g) =0.391

6 Binomial, n = 100, p = 0.5, CAS
calculator:
Pr(G > 60) = 0.018

7 Binomial,n =5, p =0.1:

a Pr(X =0) = (0.9)° = 0.590
Pr(X = 1) =3C;(0.1)(0.9)* = 0.328
Pr(X = 2) = 5C,(0.1)%(0.9)° = 0.0729
Pr(X = 3) = 3C3(0.1)*(0.9)? = 0.0081
Pr(X = 4) = 5C4(0.1)*(0.9) = 0.00045
Pr(X = 5) = (0.1)° = 0.00001

b Zero is the most probable number.

8 Binomial,n =3, p = 0.48:
Pr(F,F,F) = 0.48% = 0.1106
Pr(M, M, M) = 0.52% = 0.1406
- Pr(> 1 of each) = 1 — (0.1406 + 0.1106)

=0.749

9 Binomial, n = 100, p = 0.3, CAS
calculator: Pr(X > 40) = 0.021

10 Binomial, n = 100, p = 0.8, CAS
calculator: Pr(X < 80) = 0.540

11 Binomial, n =4, p = 0.25:
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12

13

14

15

3

4
Pr(X>1)=1- (—) 175

4] ~ 236

Binomial, n = 4, p = 0.003:
a Pr(X =0) = (0.997)* = 0.9880

b Pr(X = 1) = 4(0.997) x (0.003)
=0.0119
S Pr(X <1) =0.9999

¢ Pr(X =4)=0.003* =8.1 x 107"

Binomial, n = 15, p = 0.5, CAS
calculator:

a Pr(X > 10) = 0.151

b Pr(X>10UX <5)=0.302

Binomial, n = 10, p = 0.04:
Pr(X>2)=1-Pr(X=0o0r1)

=1 -(0.96" + 10(0.96)°(0.04))

=0.058
So the percentage is 5.8%.
Pr(X > 6) < 107>, so 6 defectives in
a batch of 10 would indicate that the
machines aren’t working properly.

1
Binomial, n = 10, p = 1

a i Pr(X>3)=0474
ii Pr(X>4)=0224
iii Pr(X >5)=0.078

b 6 or more would be enough.
Pr(X > 6) = 0.020 so there would
be a 98% probability that any such

student was not guessing. Even 5 or
more seems reasonable with a 92%

chance of not guessing.

1
16 Binomial, n =20, p = 7 CAS calcula-

tor: Pr(pass) = Pr(X > 10) = 0.014

17 Binomial, n = 20, p = 0.3

x| Pr(X=x)| x | Pr(X=Xx)
0 0.028 6 0.037

1 0.121 7 0.009
2 0.233 8 0.001

3 0.267 9 | <0.001
4 0.2 10 | <0.001
5 0.103

18 Binomial, n = 15, and p = 0.6

x| Pr(iX=x)| x | Pr(X =Xx)
0] <0.001 8 0.177

1] <0.001 9 0.207
2| <0.001 |10 0.186

3 0.002 11 0.127

4 0.007 12 0.064
5 0.024 13 0.022
6 0.061 14 0.003
7 0.118 15| <0.001

383



n 19 20 21 22 23
Pr(atmost 1) | 0.15 | 0.13 | 0.11 | 0.098 | 0.08
Pr(more than 1) | 0.85 | 0.87 | 0.89 | 0.902 | 0.92
1 .. 22 rolls needed
19 Binomial, n = unknown and p = 3
a Pr(H>1)=1-Pr(H =0) 21 Binomial, n = unknown and p = 0.1
If Pr(H = 0) < 0.05, then 0.5" < 0.05
27> 20,00 > 4.322 a Prid21)=1-Pr(4 =0):
- 5 tosses needed If Pr(A = 0) < 0.2, then 0.9" < 0.2
1 n
(—O) >5, .. n>153
b Pr(H > 1): we know 9
Pr(H = 0) = 0.5" .. 16 serves needed
?Y(H :11()) 2” 06505 b Pr(A > 1): we know Pr(A = 0) = 0.9
~ (n+ 105" <0, Pr(A = 1) = n(0.1)(0.9)""!
n .
n 5 Je [7 [8 g = 1509
Pr(at most 1) | 0.188 | 0.11 | 0.06 | 0.04 | 0.52 . o~ 4 i(().g)n—l <02
Pr(more than 1) | 0.813 | 0.89 | 0.94 | 0.96 | 0.98 10
.. 8 tosses needed n 26 27 28 29 30
Pr(atmost 1) | 0.251 | 0.23 | 0.22 | 0.199 | 0.18
Pr(more than 1) | 0.749 | 0.77 | 0.78 | 0.801 | 0.82

1
20 Binomial, n = unknown and p = 3

aPr(§>1)=1-Pr(S =0):
If Pr(S = 0) < 0.1, then (2)
S (12)P>10 .o n>12.6

.. 13 rolls needed

b Pr(S > 1): we know
Pr(S =0) = (ﬁ)

6

n

< 0.1

.. 29 serves needed

a Pi((W>1)=1-Pr(W=0)
If Pr(W =0) < 0.1, then 0.95" < 0.1

20\"

. (1—9) > 10,..n>449

.. 45 games needed

22 Binomial, n = unknown and p = 0.05
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b As fora: 0.95" <0.05, ... (§) > 20

19
..n>584
.. 59 games needed

23 Binomial,n =5 and p = 0.7

a Pr(X = 3) =°C3(0.7)°(0.3)%
= 0.3087
Pr(X =3)
Pr(X=3X>1)= — —~~
b PrX=3X=D=5%>1
Pr(X >1)=1-Pr(X = 0) = 0.99757
0.3087
SPr(X=31X>1)= ———
X =31X =1 = 55076

= 0.3095

24 Binomialn =5, p =?

Pr(X = 3) =C3(p)’(1 - p)’
=10p°(1 - p)?

We know that 0 < Pr(X =3) <1
Using CAS calculator to find maximum
value of this function within the interval
[0,1] gives a maximum value of 0.346
when p = 0.6.
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Solutions to Technology-free questions

X 0 | 2 3 4 a
Pr(X=x)| .12 | 25| 43| .12 | .08

a Pr(X<3)=1-0.08=0.92

b Pr(X >2)=043+0.12+0.08

=0.63
¢ Pr(1 <X <3)=025+043+0.12 b X =
=0.80 {2,3,4,5,6,7,8,9,10,11, 12,13, 14,15, 16, 18}
5 ¢ Each pair is equally likely with
1
x 1 2 3 4 Total | Pr= 36
Pr(X=x)| 025028 |0.30(0.17 | 1 |
2 can only be (1, 1) Pr(2) = T
1
3 Four marbles are 1 and two are 2, two 3canbe (1,2)or (2, 1) Pr(3) = ?
chosen, no replacement, X = {2, 3,4} 4canbe (1,3),(3, )or(2,2) Prd) = -
X = 2 only if both = 1; 2
. 4\ (3 2 5canbe (2,3)o0r (3, 2) Pr(5) = 8
r=1|— —- | = —
6/\5) 5 1
X = 4 only if both = 2; 6 can only be (3. 3) Pr(e) = 3
pe (212 L 7 can be (1, 6) or (6, 1) Pr(7) = —
6)\5) " 15 %8
X:3:Pr:1_(i+g):§ 8 can be (2, 6), (6, 2), Pr(8) = 5
155/ 15 (1,7) or (7, 1)
X 213 |4 9 can be (3, 6), (6, 3), Pr(9) = -
2181 (2,7 or(7,2)
PriX=x)| - | — | —
5015115 10 can be (3, 7), (7, 3), Pr(10) = —
(1,9 0r 9, 1)
1
4 {1,2,3,6,7,9} 2 chosen, replacement, 11 canbe (2,9) or (9, 2) Pr(11) = 8
X = sum. 1
12 can be (3,9), (9, 3) or (6, 6) Pr(12) = T
1
13 can be (6, 7) or (7, 6) Pr(13) = 3
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1
14 can only be (7, 7) Pr(14) = o

1
15 can be (6,9) or (9,6) Pr(15) = 3

9 Binomial,n = 15,p = p%

15
p

Pr(X =15 =|—
g i ) (100)
16 canbe (7,9)or (9,7) Pr(16) = —

18 b Since Pr(fail) = 100 — p and

1
18 can only be (9, 9) Pr(18) = v BC, =15
14
p\.p
Pr(X = 14) = 15[1 - — || -2
T ) 5( 100)(100)
5 Pr(X = x) = °C, (0.3)%(0.7)°~ .
2 13
a p=03 Pr(X = 13) = 15C2(1 _%) (1%)
b n=6 2 13
—105(1- L) [
100 \ 100

Pr(13 <X <15)

1
6 Binomial,n =3 and p = -
4 PR D PR
(2} s (- ) (2
(100) - 5( 100)(100)

2
1\(3 9
a PriX=2)= 3(—) (—) = — 2 13
4)\4] " 64 N 105(1 _ L) (L)
100/ \100
3
3 37
> = — | - = —
b PriX>1)=1 (4) <

3
10 Binomial,n =3,p = 3 :

1 —1_ _
7 Binomial,n =4 and p = 5: a Pr(X>1)=1-Pr(X=0)

2\ 117
2\' 16 :l_g =125
b For m games, Pr(X = 1) =
m—1
: 3\(2
2\'(1) _ 32 "
wor-offl)-E bl
b -6 () (5)-5 5
322m—2
1 2 11 andPr(Xzz):mcz(_) z
¢ Prx>1)=1-0F32_ 1 _ 5)\5
81 27 Since Pr(X =2) =3 xPr(X = 1),

<R el

Cancel out all denominators as both

= 5m
—3y="7 3 4
a Pr(X =3) ="'C5(0.25)°(0.75) %m(m — )22 = O 2!

1
8 Binomial,n =7 and p = Z:

b Pr(X < 3) =0.75" + 7(0.75)°(0.25)
+21(0.75)°(0.25)?
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Solutions to multiple-choice questions

1

B

X o[1 [2 ]3[4
Pr(X=x) | k| 2k |3k | 2k | k
S Pr=9=1

1
k==

9

Pr(X >5)=0.14+0.10
=0.24

Only 2 apples, so {0, 1,2}
Only the coin toss = yes/no

Binomial, n = 6 and p = 0.48:
Pr(X = 3) = 6C3(0.48)3(0.52)*

Pr(L > 1)=1-Pr(L = 0)
=1-(0.77)°

Binomial, n = 10 and p = 0.2
Expect a skewed graph with mean

8

10

and mode X = 2.

Only A fits; B has p = 0.5, C has

p = 0.8, D is not a probability
function and E does not tail to zero.

Binomial, n = 60 and p = 0.5:
Pr(X > 30) = 0.857

Binomial, » = 10 and p = 0.1:

Pr(X =3)+Pr(X = 4)

= 10C;3(0.9)7(0.1)% + 19C4(0.9)°(0.1)*
=0.0574 + 0.0112

= 0.0686

Pr(X>1)=1-Pr(X =0)
509" <0.1

10\"
—] >10
(5)
n>219
22 games will be needed
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Solutions to extended-response questions
1 a Pr(A|B) = 0.6,Pr(A|B’) = 0.1,Pr(B) = 0.4

i Pr(A N B) = Pr(A|B) x Pr(B)
= 0.6 x 0.4 = 0.24

ii Pr(An B’) = Pr(A|B’) x Pr(B)
=0.1x0.6 =0.06

iii Use the information from parts i and ii to complete the following table:
A A
B |Pr(AnB)=024 | Pr(A’NnB)=0.16 | Pr(B) =04
B | Pr(AnB)=0.06 | Pr(A’Nn B") =0.54 | Pr(B’) = 0.6
Pr(A) =0.3 Pr(A”) = 0.7

S Pr(A’Nn B)=0.16

iv From the table Pr(A’ N B’) = 0.54

X =4 if A and B both occur
X = 3 if A occurs but not B
X = 2 if B occurs but not A

X = 1 if neither A nor B occurs

i Therefore the probability distribution is given by

X 1 2 3 4
Pr(X =x) | 0.54 | 0.16 | 0.06 | 0.24

il Pr(X>2)=Pr(X =2)+Pr(X =3)+Pr(X =4)

=1-Pr(X=1)
=0.46
2 a i Since X is the random variable of a discrete probability distribution, the sum of
the probabilities is 1, therefore k+09=1
which implies k=0.1
ii Pr(X>3)=Pr(X=4)+Pr(X =5)+Pr(X =6) + Pr(X =7)

Thus Pr(X>3)=02+03+0.14+0=0.6

390



Pr(X > 4
i Pr(X > 4lX > 3) = TX >4

Pr(X > 3)
_04_2
06 3

b i The probability of hitting exactly 4 particular houses
= (0.3)*(0.7)° = 0.0001
(correct to four decimal places)
ii Pr(X =4)="C,40.3)*0.7)°
= 0.2001 (correct to 4 decimal places)
3 a The bag contains 3 blue cards and 2 white cards.

B

1
2

The result is to be BW or WB.

Probability of different colours = — X

LDl | W
N —
+
(1
X
Slw

b If the cards are different colours, then the two coins are tossed once. If the cards are
the same colour, the two coins are tossed twice.
Let X be the number of heads achieved. Then X can take values 0, 1,2, 3 or 4.

2 4
PP =0y = ox () +2x(1] =2+ Lo
57\2) "5%\2) T207a0 " 20

2 4
ii Pr(X:2):§><(%) +§><4C2(%)
_3.3
20 2

_3
10
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¢ A is the event ‘two cards of the same colour are drawn’, and B is the event ‘X = 2°.

i Pr(AU B) =Pr(A) + Pr(B) — Pr(AN B)

2 3
—§+1—O—Pr(AﬂB)

Pr(A N B) = Pr(A) Pr(BJ|A)
2 3 3

— X - = —
5 8 20
Therefore Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)

_2+3 311
5 10 20 20

Pr(A N B)

ii Pr(BlA) = Pr(A)

4 Let X be the number of correct answers.
X is the random variable of binomial distribution with n = 20 and p = 0.2.

a Pr(X = x) = (?)0.2* x 0.8~ for x = 0,1,2...20
b 4

¢ TI: Press Menu — 5:Probability — 5:Distributions — E:Binomial Cdf
Input n = 20, p = 0.2, lower bound = 10, upper bound = 20

*Unsaved —

Binomial Cdf

Murm Trials, n: |20

Frob Success, p |D.2

Lower Bound: | 10 |

Upper BEound: | 20

*Unsaved —

bianCdf(ED,ﬂ.Z, IU,ZEI) 0002594827379 r|
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CP: Tap Interactive — Distribution — binomial CDf
Input Lower = 10, Upper = 20, Numtrial = 20, pos = 0.2
- Pr(X > 10) = 0.002594 827 379...

= 0.003 (to 3 decimal places)

Pr(X > 16)
£20 =16, Pr(X > 16|X > 10) = ——————
d 80% of 20 = 16, Pr(X > 16|X > 10) Pr(X > 10)

From the CAS calculator, Pr(X > 16) = 0.000 000013 803464 . ..

0.000000013 803464 . ..
Theref Pr(X > 16|X > 10) =
eretore X = 161X = 10) = =00 504827379 ..

~5.320x%x 107°

5a iPr(X>21)=1-Pr(X=0)=1-0.4 ~0.9898

1-Pr(X=0)—Pr(X = 1)
1-0.45

ii Pr(X>2|X>1)= ~ 0.9224
b Let p be the probability of winning in any one game.
Then the probability of winning at least once in 5 games
= 1 — the probability of losing every one of the 5 games

=1-(-py
Therefore 1-(1-p)°=0.99968
1
Solve for p 1 - p =(0.00032)5
Therefore 1-p=02
which implies p=0.28

¢ Pr(X=1)= G)p x (1= p)*

G)p x(1=p)*>03
Values give correct t4 decimal places:
0.0860 < p < 0.3619

6 The probability of a telephone salesperson making a successful call is 0.05.

a Let X be the number of successful calls out of 10.
Pr(X>1)=1-Pr(X =0)
=1-(0.95)"
=0.401

b Let Y be the number of successful calls out of .
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a

Pr(Y > 1) = 1 — Pr(Y = 0)

=1-(0.95)"
If Pr(Y >1)>0.9
then 1-(0.95">0.9
Therefore 0.1 > (0.95)"
By trial and error, (0.95) > 0.1
0.95)' > 0.1

(0.95)* > 0.1
(0.95)* > 0.1
(0.95)* =0.10467...> 0.1
(0.95)* =0.099...
n>45
For a two-engine plane

Let X be the number of engines which will fail.
The plane will successfully complete its journey if O or 1 engine fails.

PriX=0)+Pr(X =1) = (1 — ¢)* + 2¢(1 — q)
=1-29+q" +2q-24
=1- q2

For a four-engine plane

Let Y be the number of engines which will fail.
The plane will successfully complete its journey if O, 1 or 2 engines fail.

Pr(Y =0) +Pr(Y = 1) + Pr(Y = 2) = (1 — ¢)* + 49(1 — ¢)* + 64%(1 — q)*
= (1-¢’’[(1 - 9)* +4q(1 - q) + 6¢°]
=(1-9P(1 -29+q" +49 - 44" +64%)
= (1 - @)*(1 +2q + 3¢°)
=1-44° + 34"

394



¢ To find when a two-engine plane is preferable to a four-engine plane consider
1-¢*>1-4¢ + 34"
0>q*-44> + 34"
0>q*°(3¢> —4g+ 1)
0>@Bg-Dg-1

1
—<g<1
3 q

1
A two-engine plane is preferred to a four-engine plane when 3 <g<l1.
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Chapter 12 - Revision of chapters 9-11

Solutions to Technology-free questions

1 a Sum of numbers showing is 5 4 a Let,
means that one of the follow- Pr(1) = Pr(2) = Pr(3) = Pr(5) = x.
ing four outcomes is observed: Then Pr(4) = 4x, and Pr(6) = —.
{(1,4),(2,3),(3,2),(4, D} Since the sum of probabilities is 1,
Since there are 36 possible outcomes b XXt x4de+r =1
n(e) = 36, and 2
4 1 Sox=—.
Pr(sumis 5) = — = — 17
( ) 36 9 Thus 5
b Pr(sum is not 5) = 1 — Pr(sum is 5) Pr(l) = Pr(2) = Pr(3) = Pr(5) = 17
8 1
1 Pr(4) = —,Pr(6) = —
:1_5 1(4) 7 1(6) 7

§ b Pr( the two numbers are the same)
9 2
=4x* + 16x% + T

2 a Sample space:

81x2
{348,384, 438,483, 843, 834}, = 4
ne)=6 21 22
= — X —2
b Number is less than 41 17
500 = {348, 384,438,483}, - 8_2
n(less than 500) = 4, 1871
4 2 _ ol
Pr(less than 500) = c=3 = 389

¢ Even = {348,384, 438, 83
n(Even) = 4, Pr(Even) =

b 5 Pr(hitting the blue circle) =

1
7(10)? + 7(20)? = 1007 + 4007 = 7

[SSHN (SN

3 a Areacircle = nr2,

nr?

Area A = —,
4

6 Let S be the event that the day is sunny.

2
nr 1
Pr(A) = —- + (nr?) = 1

Pr(the pointer never stops in region A) =
4
3} 8l
4] 256
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a Pr(sunny all weekend) = Pr(SS)
=0.6x0.8
=048

b
Pr(Sunny on Sunday) = Pr(SS or S§'S)

© p>0.05
Hence 0.05 < p <0.2

9 a 10x9x8 =720 ways

b Number of ways with year

—0.6%08+04%02 11 students filling the first

=0.48 + 0.08
=0.56

7 A and B are independent events, and

Pr(A) = 0.4, Pr(B) = 0.5.

a Pr(A|B) = Pr(A) = 0.4 (since A and B
are independent)
b Pr(A N B) = Pr(A) Pr(B)
(since A and B are independent)
=04x%0.5
=02

Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)
=04+05-0.2
=0.7

a i Pr(AN B) = Pr(A) x Pr(B|A)

=0.5x0.1 =0.05
. Pr(A N B)
ii Pr(A|B) = —~
Pr(B)
- 20p

b Pr(AU B) = Pr(A) + Pr(B) — Pr(A N B)
=05+p-005=045+p
Pr(AU B) <0.65 = 0.45 + p < 0.65
= p<02

1
Also — <1 ©20p > 1
SO2Op_ p >

three places= 4 X 3 X 2 = 24 ways.

Pr(year 11 students filling the first three places) =

24 1

720 ~ 30

10 There are (132) = 220 different

committees (without restrictions)

a If there is one girl then there are two
boys. We can choose one girl from
7 girls and two boys from 5 boys in

7 5
(l)x(2) =7 x 10 = 70 ways.

Thus, Pr(one girl) = 530 = 35

b Let X = the number of boys on the
committee.
Pr(X >1)=1-Pr(X =0).
We can choose three girls from 7
girls and zero boys from 5 boys in

7 5
= 1 = .
(3) X (O) 35 % 35 ways
37

35
> =] - — = —
ThusPr( X >1)=1 20~ 14

Pr(X =3
c Pr(X:3|X21):ﬁ

R

220 22

PriX =3) = 20 2
APHX =3X>1) =

1/22 2

37/44 ~ 37

11 a 08+k=1=k=0.2
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12

a

14

i

Pr(X <2)
=Pr(X=0)+Pr(X=1)+Pr(X =2)
=0.1+402+04
=0.7

i 13
Pr(X > 2)
=Pr(X=2)+Pr(X =3)+Pr(X =4)
=04+0.1+0.2
=0.7

Pr(1 <X <?2)

iii PriX<2X>1)= ——=

Pr(X>1)

_0s
0.9
_2
-3

0.12+0.224+042+0.12+0.22 = 0.26

400

Pr((faulty) = 0.05 x m +0.03 x

600

1000 5 3

=0.05x%x = ) -

5 +0.03 x 5
=0.038

1.2
5

X
b Pr(Machine A| Faulty) = 20 9
50
10
19

Records show that x % of people will
pass their driver’s license on the first
attempt.

X 10
4 (@)
x \° X
10(—— 1——)
b O(Mm)( 100
X 10 X 9 X
¢ (1—00) ”O(m) (1‘1—00)
x \8 x \2
45(156) (1~ 750)
1100 100

a (Y)p*a-p®=(Y)p’a-py
45p%(1 - p)* = 120p*(1 - p)’
45(1 - p) = 120p

45— 45p = 120p
45 3
P=T65 = 11

b PriX>1)=1-Pr(X=0)

10
:1_(§J
1
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Solutions to multiple-choice questions

1 k \k—1
1 E Pr(success) = T for each 9 B Pr(R,R) = (m)(T)
both 1\? 1 k—1
Pr(both) = | —| = — =—
r (both) (12) 144 +1
2\2 (32 10 D Replace: Pr(A,A) = Ay_ L
2 C Pr(WB)+Pr(BW)=(§) +(§) = place: "V 7\52) T 169
43
13 No replace: Pr(A,A) = —(—
— 52\51
25
R
3 E Two dice, Pr(X > 12) = 0, - 221
{ Ratio=221:169 = 17:13
Pr(X = 12) = — 1
36 11 D Billin=2p=
374\ 4(3 1
4 B PiG,B PB,G:—(—) —(—) n=dp=r
r( ) + Pr( ) 7\g +7 c Charles: n =4, p 7]
4 Pr(> 1) = 1 — Pr(none)
=z Bill 1 (1)2_3_192
W T\2) T17 236
B 3\ 175
5 E Pr(XUY) = Pr(X) + Pr(Y) Charles: 1 - (3) = 52
—Pr(XNY) Bill:Charles = 192:175

= Pr(Y’) + Pr(Y) - 0

| 12 D N(RAPIDS, vowels together)

= 2!(vowels) X 5!(cons

1
6 E Binomial, n = 500,p = =: + vowel group)
1125011250 =240
Pr(X = 250) = 5°°C250(‘) (_)
2/ \2 (m + n)!
500 13 E nfrom (m+n): ""C, =
_ 500 (1) nlm!
= 250\ 5
14 A Choose 7 from 12 = '2C; = 792
o 1
7 € Binomial, n =6, p = 6 15 E 4 letters, 4 choices, replacement
Pr(X > 1) =1-Pr(X = 0) = 4% = 256
5\6 3(2\1 1
:1_(—) 16 E Pr(0,0,0 :_(_)_:_
6 r '=6\5)a7 20

8 C Pr(vUJ) = Pr(¥) + Pr(J) - Pr(J¥)

_1+1 1
413 32
16 4

52 13
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17 B Person 1 has 6 x 10 possibilities. 22 E Binomial,n =6,p = 1
Person 2 enters by the same gate and 114 87 )
can choose 9 exits. Pr(X =4) = 6C4(§) (g)
1 1 1\4/7\2
ANB)=—-,Pr(B) = =, =15(=) (<
18 C PrAnB)=3.Pu(B) = 15(3) ()
1
Pr(B|A) = 3 23 C Binomial,n=3,p=p
brcapy < PAND 112 Pr(X < 1) = (1 - p)’ +* Cyp(1 - p)°
M=o T57275 = (1-p>?(=p+3p)
Pr(A N B) _ 2
Pr(B|A) = ———— = -p-(d+2p)
1(B|A) Pr(A)
Pr(A) = TANB) 24 D Binomial, n = 10,p = 0.8
Pr(B|A) Pr(X > 1) = 1 —= Pr(X = 0)
—sir=d =1-(0.2"
5 3 5
3 25 D Binomial,n =n, p =0.15
19 C PI'(4, 6) + PI‘(6, 4) + PI‘(S,S) = % PI'(X > 1) =1-= PI'(X — 0)
1 1 .. 0.85" < 0.1
20 A Pr(A,D,E.H,S)=— = —
| n
>t 120 (%) > 10,0 n > 142
_4(3y_ 1 15 shots needed
21 E Pr(G, G)= 16(15)_ 20
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Solutions to extended-response questions

1 | Interval | No. of plants | Proportion | No. of plants > 30 cm | Proportion
1
(0, 10] 1 73
2
(10, 20] 2 36
4
(20, 30] 4 3
6 6
(30, 40] 6 36 6 9
13 13
(40, 50] 13 3 13 YT
22 22
(50, 60] 22 36 22 9
(60, 70] 8 5% 8 %
Total 56 1 49 1

Let X be the height of the plants (in cm).

22 8
i Pr(X == 4 =
a i Pr(X>50) 56+56
30 15
—%—%~0.5357
.. 30 1 2 4
< =4
ii Pr(X > 50) + Pr(X < 30) 56+56+56+56
37
= — =~ 0.6607
56

iii Pr(X > 40|X > 30) = 1 — Pr(X < 40/X > 30)

6 43
“10-19"° 0.8776

1
b Pr(F) = g and Pr(D) = 1

i Pr(FND")=Pr(F)xPr(D)

1
7 4774
9
= — ~0.642
T 0.6429
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2 a

b

C

ii Pr(FND' N(X>50)) = Pr(F) x Pr(D’) x Pr(X > 50)

_ 2 13
14 28 392
~ (0.3444
1 2 1 1
Pr(all even) = 3 X 3 X 79
Bag A | BagB | Bag C Probe;bility
0 5 7 %
3 2 7 %
3 5 2 %
3 5 4 %
3 5 7 24?
6 2 2 %
6 2 4 24{—6
6 2 7 24%
6 5 1 ?
6 5 2 24T6
6 5 4 %
6 5 7 716
13
Probability = 36
Possible choices C B
1 any ball
2 5
4 5

7 no possible choice
.". probability that B draws a higher number than C
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=—+—+-
18 9

+1+2_1
18 2

1
3
11 1
3
6

d Possible choices

I 1 1 1
+-X-+=-X
6 3 3

B
2
2
2
2
5
5
5

5

3

C
1
2
4
7
1
2
4

7

A

3or6

3or6

6

no possible choice
6

6

6

no possible choice

.". probability that A draws a higher number than B or C

—2><1><5+2><><+><><+><><+><><+><E|><
B 66 37376 37376

37376 3
1010 2

1

1

5 2 1 1 1 1 1

1 1

527708 75252108 :a
_20+10+4+2+1+2_ 39 13

108

108 ~ 36

1
3

1 1
6 6

1
3

1
3

1
6

404



3 Let X be the number of correct predictions, n = 10, p = 0.6

a i Pr(first 8 correct, last 2 wrong) = (0.6)%(0.4)* = 0.0027

ii Pr(X =8)

(180)(0.6)8(0.4)2

10 X 9 x 8!

=45 x 0.002 687 385
=0.120932352 ~ 0.12

iii Pr(X >8)=Pr(X =8)+Pr(X=9)+Pr(X = 10)
=0.120932352 + (190)(0.6)9(0.4)‘ + (18)(0.6)'0(0.4)0

=0.120932352 + 0.040310784 + 0.006 046 617
=0.167289753 ~ 0.17

Pr(X = 8)

Pr(X > 8)
0120932352

~ 0.167289753

~ 0.722891 568 ~ 0.72

iv Pr(X = 8|X > 8) =

b Pr(X =8) = (\{)p*(1 - p)* = 45p%(1 - p)?
Maximum occurs when p = 0.8 and then Pr(X = 8) ~ 0.3020 (Calulation with CAS)

4 a Let L be the event ‘ an employee is late’, B the event ‘travels by bus’, T the event
‘travels by train’, and C the event ‘travels by car’.

1

A

N | — <] (98]
A ~
Bl= BIW UIE Li= WD W=
&
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Pr(L) =Pr(LNB)+Pr(LNT)+Pr(LNC)
= Pr(L|B) X Pr(B) + Pr(L|T) X Pr(T') + Pr(L|C) x Pr(C)
I 1 3 1 1 3

8 378%572%s
_1.3.3

24 40 8
_5+9+45
120

59
:Tﬁzawn
Pr(CNL) _ Pr(LIC) x Pr(C)
Pr(L) Pr(L)
3
8 _3xI120
59 T 8x59

120

= » ~ 0.7627
59

b Pr(C|L) =

¢ i Let X = number of times employee is late for work travelling by car

. X isbinomialn =5, p = —
S Pr(X > 2) =0.9844

ii Let X = number of times employee is late for work travelling by train

- Xis binomialn =5, p = 5
s Pr(X > 2) =0.2627

5 Let A be the event ‘Group A is chosen’, B be the event ‘Group B is chosen’ and C be
the event * Group C is chosen’

Group  Boy (G") or Girl (G)

T 26 PrANG)=1
G Pr(A N G) =

1 ’ '_l

é B < 1 G Pl‘(BﬂG)—24
16 Pr(B N G) =14

' ’ 2

. <i: 26 Pr(CNG)=2
. ;G Pr(CNG) =3
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a Pr(G’) = P(G’' N A) + Pr(G’' N B) + Pr(G’ N C)
11 2

577t
_216+45 +240
B 1080

501 167
= 1080 ~ 360 = 6%
Pr(A N G)

Pr(G)

b i Pr(AIG) =

B Pr(A N G)
" Pr(ANG) +Pr(BNG) + Pr(C N G)
3
10

-3 1 1

10 8 9
3

___ 10

108 + 45 + 40
360

_ 3,360

10 7193

1
= 108 ~ 0.596

Note: Pr(G) can also be found by calculating 1 — Pr(G”) or directly from the tree

diagram.

Pr(BNG)
Pr(G)
1

-8
193

360
1360

8 <193

45
= — X U. 2
193 0.33

ii Pr(BIG) =
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b

Pr(A chosen and 1 drawn) =

%/ 1
1A 4; 2 Pr(A chosen and 2 drawn) =
%/ 3 Pr(B chosen and 3 drawn) =
% B <%— 4 Pr(B chosen and 4 drawn) =
%\ 5 Pr(B chosen and 5 drawn) =
% C i%— 3 Pr(C chosen and 3 drawn) =

Pr(C chosen and 5 drawn) =

i Pr(4 drawn) = Pr(B chosen and 4 drawn)
1

9
~0.1111

ii Pr(3 drawn) = Pr(B chosen and 3 drawn) + Pr(C chosen and 3 drawn)

I 1

=—+
9 6
5

18
~ 0.2778

i Pr(balls drawn by David and Sally are both 4)

= Pr(B chosen and 4 drawn) X Pr(B chosen and 4 drawn)

_1 1
979 81
~ 0.0123

ii Pr(David and Sally both draw balls numbered 3 from the same bag)

= Pr(B chosen and 3 drawn) X Pr(B chosen and 3 drawn)

+ Pr(C chosen and 3 drawn) X Pr(C chosen and 3 drawn)

117 13

T 2916 324
~ 0.0401

1
6
1
6
1

9
1
9
1
9
1
6
1
6
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a i m+ 10 =40
m = 30

q+10=45

q =35
m+q+s+10=100

s=100-10-m—g¢q
=100-10-30-35
s =25

ii m+q=30+35
=65

b Let H be the event ‘History is taken’
Let G be the event ‘Geography is taken’.
m
Pr(HNG') = —
" T
30

100
=0.3

Pr(G N H')
Pr(H’)
1
_ 100
100 — m — 10
100
. q
90 —m
357

0 -1 ~ 0.5833

¢ Pr(G|H') =

A B C i

a There are 3 x 4 X 5 = 60 different routes from A to D.

b There are 2 X 2 x 2 = 8 routes without roadworks.

1 2 3
¢ Pr(roadworks at each stage) = 3 X 7 X 3

1

=—=0.1
10
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9 Let A be the event ‘A hits the target’, B be the event ‘B hits the target’, and C be the
event ‘C hits the target’.

. Pr(A) = %,Pr(B) = ;L,Pr(C) - %

a P(ANBNC)=Pr(A) X Pr(B) X Pr(C) as A, B, C are independent

L
57473
= — ~0.0167

4
b Pr(A) = 2. Pr(B) = %

Pr(A’ N B' N C) = Pr(A") X Pr(B") x Pr(C)
1

X

o Blw
X
W

Nl = | &~

¢ Pr(at least one shot hits the target) = 1 — Pr(no shot hits the target)

4 3 2
=l--X-=-X=
S 4 3
-2
5
3
=-=0.6
5

d Pr(C|only one shot hits the target)
3 Pr(CNA'"NB)
CPr(ANB NC)+Pr(A’NBNC)+Pr(A’nB' NC)

1 4 3

3 37574

1 3 2 4 1 2 4 3 1

— X=X+ =-X=-X-4+-X-X=

57473 57473 57473
12

B 60

_6+8+12

60 60 60

12

© 26

6

= — ~0.4615

13
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10 a

100 cm 3 5 7

ii

il

ii

iii

ii

100 cm

20 cm

A0cm| 4 9 2

Area of large outer square = 100 x 100 = 10000 cm?.
Area of one inner square = 20 x 20 = 400 cm?.

Area of shaded region = 10000 — 9 x 400 = 6400 cm?.
400

i Pr(one dart will score 7) = ———

10000

=0.04
(i.e. area of small square marked 7 divided by area of large square)

Pr(at least 7) = Pr(7) + Pr(8) + Pr(9)

=3x%x04=0.12
. area of shaded region
P 11 =
t(score will be 0) total area of board
6400
=—— =0.64
10000

i To get 18 from two darts, 9 and 9 need to be thrown.

Pr(18) = 0.04 x 0.04
=0.0016

Throws to score 24 are 6,9, 9 or 7, 8, 9 or 8, 8, 8 in any order, i.e. possible

throws
6 9 9 7 8 9
7 9 8 8 7 9
8 8 8 8 9 7
9 6 9 9 7 8
9 8 7 9 9 6
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11

12

a

a

There are 10 winning combinations.
Pr(a winning combination) = (0.04)3
. Pr(scoring 24) = 10 x (0.04)°
=10 x 0.000064
= 0.00064

1 1
Pr(snow day 2)= 7 X a+ % X B = Z(oz + 3pB)

1 1
Pr(snow day 3)= ZXCL’2+ZX(1—Q’)ﬂ+%XQﬂ+%Xﬁ(1 -5

= %(a/z + 48 + 2ap — 35°)

1 3
Z(a+3ﬁ):§:>a:1.5—3,8

Substitute in expression for snow on day 3:
19
(1.5-3B8)> +48+2B(1.5-3pB) — 38> = o

1
Solve using CAS calculator = 8 = 3

. . . 1
Sunsitute in the first equation = «a = 3

It can be considered as a binomial distribution, withn = 5 and p = 0.2.
Let X be the number of trout caught in 5 days.

i Pr(X =0)=(0.8) =0.32768 ~ 0.328

ii Pr(X =2) =3C5(0.2)%(0.8)° = 0.2048 ~ 0.205

iii Probability of at least 1 = Pr(X > 1)
=1-Pr(X=0)=1-(0.8) = 0.67232 ~ 0.672
i For n days, the probability of catching no trout = (0.8)".
Therefore the probability of catching at least one = 1 — (0.8)".
Consider 1-(0.8">09
which is equivalent to (0.8)" < 0.1

Using a calculator gives n =11

ii For n days, the probability of catching no trout = (0.8)".
For n days, the probability of catching one trout = 0.27(0.8)"~! (binomial
distribution).
Probability of catching more than one = 1 — 0.2n(0.8)! — (0.8)".
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Use a calculator to find the value of n. It is 18 days.
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Solutions to investigations
1 = Forn = 1 he cannot walk over the cliff

m For n = 2 there is one case +1 + 1 =+2 (means over the cliff) The probability of this

"1><1 1
isis = X = = —
3 3 9

m Forn=3

1
e +1+ 1 =42 (He only needs 2) Probability = )

e —1+1+ 1= +1 He does not go over.

e +1 -1+ 1 =+1 He does not go over.

1
With n = 3 the probability that he goes over is 5
m Forn=4
1
e +1+ 1 =42 (He only needs 2 to the right to go over) Probability = 5
l+1+1+1=+2H Probabilit 2><1><1><1 2
° — = e goes over. Probability = = X = X = X = = —
80e8 OV YT37373%3 T
e 2
e +1 -1+ 141 =2 He goes over. Probability = 31
o . 13
Probability that he goes over if he takes 4 steps = 31
m Forn=5
1
e +1+ 1 =+2 (He only needs 2 to the right to go over) Probability = 5
1 1 2

2 1
. —1+1+1+1:+2Hegoesover.Probability:§><§><§><§:—1

2
e +1 -1+ 1+ 1 =2 He goes over. Probability = 31
e -1 -1+1+1+1 = 1(He does not go over)

e 1-1-1+1+1= I1(He does not go over)

13
Probability that he goes over if he takes 5 steps = 31

m Forn=6
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e +1+1 =42 (He only needs 2 to the right to go over) Probability =

1

1
9
. 2 1 1 2
. —1+1+1+1:+2Hegoesover.Probablhty:§x§x§x§:—

8

f—

2
e +1 -1+ 1+ 1 =2 He goes over. Probability = 31
e —1-1+1+1+1+1=2(He goes over)

e 1 -1-1+1+1+1=2(He goes over)

13
Probability that he goes over if he takes 5 steps = 31

2 Points in the plane

a i The probability of a point in the unit square being less than 0.5 from the origin
T

16
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1
b i The exact answer is 1
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3 Suppose the people are A, B, C, D, E, F, and that A is the one hermit first infected. He
visits another hermit who is not immune, say B, who is then infected.
A is now immune and B has probability 1/5 of visiting an immune hermit, and 4/5 of
visiting a person who is not immune. This means there is probability 1/5 that only 2 get

the disease.
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Six people, one immune, 2nd person visits another at random.

Number who will catch the disease = N:

Probability that 2 get the disease: Pr(N = 2) = é =0.2

Probability that 3 get the disease:Pr(N = 3) = 0.8(0.4) = 0.32

Probability that 4 get the disease:Pr(N = 4) = 0.8(0.6)(0.6) = 0.288

Probability that 5 get the disease:Pr(N = 5) = 0.8(0.6)(0.4)(0.8) = 0.1536
Probability that 6 get the disease:Pr(N = 6) = 0.8(0.6)(0.2)(0.1) = 0.0384

Expected value =2 x 0.2 + 3 X 0.32 +4 x 0.288 + 5%).1536 + 6 x 0.0384 = 3.5104

Simulation A dice or a calculator can be used with random integer values between
2 and 6. Start with an arbitrary number and repeat random operation until a number is
repeated.

4 Buffon’s needle

Python3 program simulating Buffon’s needle
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Printout of results for 100000 throws
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Chapter 13

logarithms

Solutions to Exercise 13A

1 a

b

2.3 2+3 5

x°x’ =x" =x
203 xH4 = 8x34 =
PP . S R
4x0 = 2x3 =2x573 =

(a3)2 — a2><3 — a6
(23)2 23)(2 26

(xy)* = 2%y

(x2y3)2 — (x2)2(y3 2

— x2><2y3><2

B2 (32

( ) :(yz)z
X2 6

4

y

2Xx2

<

35 % 312 — 35+12 —

x3y2 % x4y3 — x3+4y2+3

8x’

=2x

4y6

317

= x7y’

3x+1 X 33x+2 — 3x+1+3x+2 — 34x+3

5a3b* x 6a*b* =

5.0
Xy — 5321
=

X7y

be % b2x+1
b3x

30 a3+2 b2+4

30a°h®

yl=x2y

— b5x+2x+1—3x — b4x+1

— Exponential functions and

8a%b x 3a’b*

6 2b2 — 4a2+5—2b1+2—2 — 4615b
a
1 1

-2 _ -
TR Tk

1 -3
() ==
HINER

2) \5 125
(b5)2 blO

12y /1y

— =(=] =3°=729
5] -6)

(bS)Z % (bZ) 3 _ blO x b -6 _ b4

(Ba*b?)? x (4a’b*)~?

= 2742 x 472~ p8
_ 27,8

= Ea b

5a°b*\3 C 270103
(abzcz) @b
= (5612bc_2
= 125a°p3¢ 0 x

= 12565¢7°
_125°

9

X a~®p3c3

a 33

(-2) = 64
(-3a)’ = -274°

(=2a)’ x 3a7% = =32a° X 3a2

= —96a’
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10 a

36" x 12727 = 272n

270 x 8 x 327 ”
4-4x 22

52n % lon ~ 52n

81 x 51 2
Bty = B2 = 9
244382 = 242626

— 24+6+6 — 216
3492273 = 343439
— 34+4+9 — 317
@) ap’)* = ¢’ p°
— q6+2p3+6 — C[8P9

aZb—3(a3b2)3 — aZb—3a9b6

= 2Pp63 = 4113

(2)63)2(4)64)3 — 22x3x243x3x4
— 2226X6X12 — 28x18

m3p2(m2n3)4(p—2)2 — m3p2m8n12p—4

11,12

=m n p_2

B 2a ) = 223?222

=2a°bh?
By
© = 1y 2 2y
XYy
16a°b4a*D’ _ @a5+4—1b1+3—1
8ab 8

= 8a°1’

11

a

b

(=2xp)"2(x%y)° _ 4x%y?2x%°
8(xy)’ 8x’y?

_ 8 2+6-3
= 8x

= )2

2+3-3
y

(_3x2y3)2 4x4y3 _ 9X4y6 4x4y3

Qxy) (xy)*  8x%y x¥y?
_ g xHHA-3-3,643-3-3
_ 9x2y3
2
m3n2p_2(mn2p)_3 _ m3n2p—2 3
— 3320 p—2—3
1
-4 -5
=n = —
po=3 'S
x3yz_22(x3y_2z)2 ~ 2X3yZ_2X6y_422
xyz~! xyz~!
_ 2X3+6_1y1_4_12
B 2x87
= 2x8y 4Z = y—4
a’b(ab™?)73 B a’ba=3b°
(a—zb—l)—z T 442
_ 3Aple2
bS
-515
=a’b = —
aS

213 4
a“b’c 5 oAl
— 23234

a1b2c3
a’b
c
a2n—lb3cl -n

an—3 b2—nC2—2n

— a2n—1—n+3 b3—2+nc1—n—2+2n

_ an+2bn+lcn—1

418
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12

a

34n92n273n — 34n34n39n
— 317}1

2n8n+1 2n23n+3

3n 25n
— 2n+3n+3—5n — 23—n

3n—192n—3 3n—134n—6

62 3n+2 62 3n+2
34n—9 3411— 11

36 22
22ng2n-1 92n34n-2
-1 G-l

22n34n—2

© on-13n-1

— 22n—n+1 34n—2—n+1

— 2n+133n—1

252n5n—1 B 54n5n—1
52n+1 - 52n+1

— 54n+n—l—2n—1 — 53n—2

6x—34x 3x—3 2x—3 22x
3x+l = 3x+1

— 3x—3—x—1 2x—3+2x

— 23x—33—4

62n93 3211221136
271811 Gn = 33n23n24n

— 32n+6—3n22n—3n—4n

— 36—n2—5n

13

3n—29n+1 3n—232n+2

27n-1 "~ 33n-3
— 3n—2+2n+2—3n+3

=33=27

82737 232937
02781 322734

— 23+5—737—2—4
=(2)3)=6
(83)4 ~ 236
a (2122 ~ 224
— 036-24
=22 = 4096
b (125° 5°
(252 54
_ 59—4
=5 =3125
@D+ (27°) 310+3°
¢ 92 Y
316 - 39
=2
— 316-9-4
=3=27

419



Solutions to Exercise 13B

2 3
1 a 1253 5 25 p (_) 2 :73 =343
\ 49
b 2435 =3%=27
IS ] 2 1
= — = — = B b3
¢ 8l2="=3 2 a (@) = Vab = L2
a2b?
2
d 643 =4=16 a3 3b3S
1 1 7
. (1)5 _1 — a6b76
8 2
3
21 b =a b2
£325=— 303 9
325 = a_6b3+§b§ = a_6b§
11
S22 4 “ oy s 21\ (333
1 (453) = (o3152) = (3357) + (323752)
2
g 1253 =— 23313
1253 =3372725372
1 1.1
= ? = g =37356
4 3 13 3 1
h 325 =24 =16 d 224731674 =22272273
4 1 BTSN |
i 10003 = — =2227=2"=7
1003 .
_ L _ 1 (x3y‘2 )-2 ' (3—3x—2y)2 ~ (x—6y4)( xsy—4 )
10* 10000 3-3y3) Uy ) T 36y6 36442
j 100007 = 10° = 1000 = 300y eriye
. = xOy®
k 814 =33=27
3 1
1\5 1\3 23 51
: (27 )% (3)% 3 f (@3) (@) =a52a3s
125/ \s5) 5 31
. =a5a3
m (-8)3 = -2 3,1 1
=a5 3 =ql5
A R
12573 = (_) -
n (125 5] T 625
4
0 (=32)5 = (=2)* =16
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3a@x-1DV2x—-1=Q2x—- 1)1+% d x-1°Jx-1)=(x- 1)3+%

3 1
=(2x-1)2 =(x-1)2

b (x o 1PV = (1 1 —_l+x-1
(x=1)"Vx (x )5 e Nst + Vx N

=@-D2 = x(x—1)72

1
) 5 — (42 1+5 1 1
c (X+DVxr+l=x"+1)"2 f G2+ DG2+1)3=0GB2+1D)"3

— (2 3 4
—(.x +1)2 3

=522+ 1)
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Solutions to Exercise 13C

1

3

y
y=0.5" y=24"
y=0.9" | y=1.8"
5 x

If the bases > 1 the function is
increasing; if < 1 they are decreasing.

y
A y=5x3"
y=2x3"
5
‘_§ 0
y= *2X3x
y= —5x%x3*

All graphs have an asymptote at y = 0.
The y-intercepts are wherever the
constant is in front of the exponential,
however, at 2, -2, 5 and —5.

The negative values are also below the
axis instead of above.

y =2"for x € [-4,4]:

y
y=2"
14
(3.807, 14)
0| > X
a 231 =8.574

b 2* = 14 : solution of the equation is
where the graph cuts the line y = 14,

ie. x = 3.807

4 y=10%x€[-0.4,0.8]

y
y=10*

(0.778, 6)

> X
0]
10" = 6 : solution of the equation is
where the graph cuts the line y = 6,

re. x =0.778

5a f:R- R f(x)=302%+2

Asymptote at y = 2,
y-axis intercept at (0, 5),
range = (2, o)

b f:R— R f(x)=302% -3

A

Asymptote at y = =3,
y-axis intercept at (0, 0),
range = (=3, )

¢ fi1R>R f(x)=-3"-2
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Asymptote at y = -2,
y-axis intercept at (0, —3),
range = (—oo, —2)

f:R— R f(x)=-2(3% +2

Asymptote at y = 2,
y-axis intercept at (0, 0),
range = (—o0,2)

y:33x

‘
>
\\

Asymptote at y = 0,
y-axis intercept at (0, 1),
range = (0, o)

Asymptote at y = 0,
y-axis intercept at (0, 1),
range = (0, co0)

¢ f:RﬁR;f(x):(%)x+2

Asymptote at y = 2,
y-axis intercept at (0, 3),
range = (2, o)

d f:R>R;f(x)=-23+2

Asymptote aty = 2
y-axis intercept at (0, 1),
range = (—o0,2)
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Solutions to Exercise 13D

X — _ 23 . _ n-2
1a3=27=3, - x=3 .
91—n
b 4x:64:43, SLox=3 311—2:91—11
1 n=2 _ 22(1-n
c49X:7:49§,_-_x:% 3n2 = 320
n-2=2-2n
d 16)5:8"24)6_23 4
3 - _ 7
4)(:3, x:Z 3” 4,I’l 3
e 125 =5+ 53 =5 e 33n9—2n+1:27
S 3x=1, x:l 33n32—4n:33

33n+2—4n — 33

x _ _ g4 . —
f 55=625=5% - x=4 2-n=3,..n=-1

f 2—3n42n—2 =16

h 47~ = 6_4’ s 45 =64 2—3n24n—4 — 24
4% — 43’ x=3 24n—3n—4 — 24
1 n—-4=4, .. n=8
5= —, . 5 =125
l 125 2n—6 _ 82—n _ 26—3}1
Sx:53’_'_ _x:3 g = =
~n—6=6-3n
2 a 551 =125 4n=12, . n=3
5n54n—2 = 53 h 93n+3 — 27n—2
5172 = 53 . 36n46 _ 336
Sn-2=3,-.n=1 6146 =3n—6
b 3= 3n=-12, . n=—4
32n—4 — 30 i 4n+1 _ 8"_2
2n—-4=0, ... n=2 22n+2 — 23n—6
1 2n+2=3n-6,n=38
32}1—1 - ,
¢ 81
3271—1 — 3—4
3
2n—-1=-4,". n=——
n s n >
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J

322n+1 — 8411—]

. 210n+5 _ 1203

10n+5=12n-3
2n=38, .. n=4

25" = 5% 390 625

. n+l _ 1 4 _ 2
025" =(25)2(25)" =252

1

+1=
" 2

7
on=L=3
=3

S} e}

1 254—n — 56—2n

. 512—3n — 56—211

12-3n=6-2n, ... n=6

2x—142x+1 =132

3 2x—124x+2 — 25

2x—1+4x+2 — 25

Sx+1=5,.. x=

| &~

3219 = 243

- 32x—132x — 35

32x—1+2x — 35
dx-1=5

dx=6, .. x =

| W

C

4 a

b

d

1
(27 3%)? = 27%32

1
(33 =373

1

36+2x:33x+§
1 11 1
2x+6=3x+=,.. x=— =5=
X + X+2 X 5 5

4027 =8(2%) -4, A=2"
s 4A=8A-4
A’-2A+1=0
A-172=0
A=2"=1,.. x=0
8(2°%) — 102" +2 =0, A =
8A2-10A+2=0
4A> -5A+1=0
4A-1DA-1)=0

A=2"=

=

x=-2,0

2)C

, 1

327 - 18(2%) +24 =0, A = 2"

342 - 184 +24 =0
A?—6A+8=0
(A-=2)A-4)=0

A=2"=24

x=1,2

9" -43+3=0,A=3"

A-1)A-3)=0
A=3"=13
x=0,1
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5a2°=5 - x=232 c 255 <5, 5% <5!

1
b 4=6,. x=129 ZXSL.'.XSE
c 10°=18, ... x=1.26 d 3X+1 < 81, .. 3X+1 < 34
d 108=56, .. x=1.75 x+1<4,0 x<3

e 92 <243 - 342 30

dx+2<5
x> 2 3
dx <3, . x< -

6 a 7°>49, - 7*>7?

b 8 >2, . 232!

1 f 471> 64, - 4771 > 4
3x>1, 5. x> —
3 2x+1>3, . x>1

g 32 <81, . 3 2<3t

2x—2<4, .. x<3
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Solutions to Exercise 13E

1 a

b

C

d

1
c logz(

log, 128 =7
logs 125 =3

log, 10 + log, a = log, 10a

log, 9 —log, 4 = logz(Z)

10
log, 10 —log, 5 = logz(?)
=log,2 =1

log, @® = 3log, a

log, 8% =310g,8 =9
1
10g5(6) = —log5 6

1
logS(g) = _logs25 = -2

log; 27 = log, 33

logs 625 = logs 5*
=4logs5=4

— ) =1log, 27’
128) 08

= -T7log,2 =-7

=

1 -
10g4(6—4) =log, 47°
= -3log,4=-3
log, x*=4logxx =4

log, 0.125 = —log, 8
= -3log,2=-3

log,, 10000 = log,, 10*

log,,0.000001 = log,, 107°

—3logs 125 = =3 log, 5°

2log; 9 =4log;3 =4

—4logc4 = —2log;s 16 = =2

1
51021 16 +2log g 5 = logy V16 (5%)
log, 16 + log, 8 = log, 2* + log, 2°

=4+3=7

log, 128 + log; 45 —log; 5
=log, 2" + log; 5(3%) — log; 5
=7+ 2logy3 +log; 5 —logy 5
=7+2=9
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log, 32 — logy 27 = log, 2° - log, 3° e
= log, 47 - log, 92

5 3
:———:1
2 2

1
log, b* — log, Vb = log, b* — logb(bf)

2 2 f
2log,a+log,a’ =2log a+3log,a
=5log, a

=log, a’

xlog, 8 + log,(8' ™) = log, 8" + log,(8'™)

— 10g2(8x+1—X) g

=log, 8=3
3 3 1
~log,a—log, Va= = - loga(az)
2 2 h
3 1
= — — — = 1
2 2
log; 9 = x i
x =log; 3% =2
logz; x =3
X = 33, x =27
logs x = -3
1
=573, -
! T s
J
log,, x = log,,4 + log,; 2
logjox = log, 8

x=28

10x
togyo ) =2

1
log,ox = 3 log,,36 —2log,, 3
log,o x = log, V36 - log,, 3
6
logo x = logyg 9

X==

3
log, 64 =2
64 = x?
2=64, . x=8
(no negative solutions for log base)
logs(2x—3) =3
2x-3=5
2x=3=125, .. x=64

logs(x +2) —logz2 =1

+2
log3x2 =1

x+2_

31
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6 a 10gx( 1 ) ) 7 log,,x=a;log,yy=c:
25 1
- 100x3y™2 5
log, 25 =2 1og10(—x2y ) _ 10g10(100x3y_2)
25 = x2 y 5
2=25 - x=5 = 10g,,(100x%) + log,,(y"2)

N tive solutions for log b 5
(No negative solutions for log base) =log,,(100) + 3log,, x — Elogloy

b log,2x-1)=3 Sc
=3a—-——+2
2x—1=43 2
65
2x—1=64, .. x= 7 =325 Clb2 C2
8 long +logyg P log,o(bc)
¢ log,(3x+2)—log,6 =1 ab®\/ 2
x+2 = toeu| - )~ ot
log, c =1
x+2 4l be
6 1og10(b ) logo1 =0
x+2_4
=
- C o= 9
x+2=24, ;. x=22 11 7
loga( ) + loga( ) 210ga(—) log, (k)
3 297 9
d log,(3x+4)+log, 16 =5 11\/490 7
logy(Bx +4)+2 =5 o2, 3 ) 357) ~ 2108.(5) = 0wt
- 4 2
10g4(3x + 4) =3 loga( 8910) loga( ) loga(k)

3x+4=43

log 10 +log 1 =log (k
3x+4 =64, 5. x=20 g4 g4 g,(k)

log, 10 = log (k)

e log;(x* =3x-1)=0 k=10
¥ -3x-1=1
X =3x-2=0 10 a logo(x* — 2x +8) = 2log, x
L V17 log (x> — 2x + 8) = log,, x>
2 P =2x+8=x
f logy(x* =3x+1)=0 2x+8=0,.. x=4
P-3x+1=1
¥ -3x=0

x(x-3)=0,x=0,3
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Sx
1°g1°(3 - 2x) =1

S5x
=10
(3 - Zx)

S5x =10(3

x=203-

S5x=6
6

X==

5
¢ 3log,o(x—1) =1log;,8
3log;o(x — 1) = 3log;, 2
x—-1=2,.. x=3

log,((20x) — logy(x — 8) =2

20x
lOglO( 8) =2

e LHS =2log,,5 +1log;o(x + 1)
= log,y 5% + log,o(x + 1)
= log,, 25(x + 1)
RHS =1 +log,,(2x + 7)
= log,, 10 + log,,(2x + 7)

—20 — log,, 102x +7)
2025+ 1) = 10Q2x+7)
Sx+5=4x+14
x=9

f LHS = 1 +2log,o(x + 1)
= log;o 10 + log;(x + 1)?
=log;o 10(x + 1)*
RHS = log,((2x + 1) + log;o(5x + 8)
= log;y(2x + 1)(5x + 8)
10(x + 1)* = 2x + 1)(5x +8)

(xzax ) . 1022 +20x + 10 = 1047 + 21x + 8
x—8 20x+ 10 =21x+ 8
20x = 100(x - 8) =
x=5x-40
4x =40
x=10
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Solutions to Exercise 13F

1a 2°=7
1
_loe7 54
log2
b 2°=04
log 0.
_log04 )5,
log2
c 3'=14
1
_loeld 540
log3
d 4=
1
v 1083 69
log4
e 27°=6
1
__loeb_ ;53
log?2
f 0.3"=2
log?2
= = —0.58
Y7 10203
2 a 521 =90

S (2x-1) =1logs 90
2x =logs(90) + 1
1
X = E(log5(90) +1)
x=1.90
b 31 =10
S (x—=1)log3 =1log10

log 10
log3

(x=1) =

x—1=2.10
x=3.10

or
3*1 =10

So(x=1) = log;(10)
x =log;(10) + 1
x=3.10

¢ 0.2**1 = 0.6
S (x+1)1log0.2 =10g0.6

log 0.6
log0.2

x+1=0.32
x=-0.68

(x+1)=

3a2">8 . 2523

x>3

b 3*<5, .. xlog3<log5
log5

1.46
log3 =

X <

0.3*>4, .. xlog0.3<log4
log4
log0.3
1
- og4
log0.3

X <

< -1.15
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3x—1 S 7,

e 04<0.3,

4 a fx)=2"-4

(x—=1)log3 <log7
log7
-1)<
(x )_log3

log7

(x—1)< —== =177

~ log3
x <277

x <277
> log 0.3 S
log 0.4

Asymptote at y = —4,
axis intercepts at (0, —3) and (2, 0)

A

b f(x)=23%)-6

Asymptote at y = —6,
axis intercepts at (0, —4) and (1, 0)

A

¢ f(x)=3(10-5
Asymptote at y = -5,
axis intercepts at (0, —2) and

(ogio(2).0

1.31

=
o
g
(=]
VR
W] W
N
U
e
[\
\S)
ek
[ors)

d f(x)=-2(10"+4
Asymptote at y = 4,
axis intercepts at (0, 2) and
(logp2,0)

10g102 =0.3010

e f(x)=-32%+6
Asymptote at y = 6,

axis intercepts at (0, 3) and (1, 0)

v
A =
3\
1 -
o N

f f(x)=52%-6
Asymptote at y = —6,
axis intercepts at (0, —1) and
(log,1.2,0)

6
A tog, (E) ~0.2603
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Solutions to Exercise 13G

1 a f(x) =log,(x—4) y
Domain (4, o), asymptote x = 4, : A
x-intercept at (5,0) :
y | /1/
A 1 > X
| x==2![1]0
1 1
1 1
1 1
1 1
! > X :
0 : 5
X
| e )= logy(3)
: Domain (0, o), asymptote x = 0,
x=4

x-intercept at (3, 0)

b f(x) =log,(x + 3) y
Domain (-3, o), asymptote x = —3, A
x-intercept at (-2, 0), y-intercept

at (0,1og, 3) /
> X

v

y 0 /3

1A

1

1

1

1

|

5 A oog23 -z £ f(x) = logy(~2x)
x=-31 —2 Domain (—oo, O),lasymptote x=0,

| x-intercept at (——, O)

| 2

y
¢ f(x) =log,(2x) A
Domain (0, o), asymptote x = 0,
1
x-intercept at (—, O)
2 > X
y -1 0
A 2
5 1/; ¥ g Domain = (0, o)
2

d f(x) =log,(x+2)
Domain (-2, o), asymptote x = —2,
x-intercept at (=1, 0), y-intercept

at (0, 1) h Domain = (—o0, 0)
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iy= 10g10(§); domain (0, c0) range R, 3 a f(x)=3"+2

x-intercept (2, 0) Flx): x=3+2
Y ¥ =x-2
A Domain = R* v
Range = R log; 3" = logs(x - 2)
0301 - ——————— 7N = logy(x - 2)
|
/{ i b f(x) =log,(x —3)
0 1 /2 3 4 f_l(x): x =log,(y — 3)
2'=y-3
2 a f(x)=100% LN ) =243

T x =100
¢ f(x)=4x3"+2

1 =0.5
o0t ’ flxi(x)=4x3"+2

o N (x) = 2logyo x

x=2=4x3
b y=3log;,x -2
f_l(x):x:310g10y 1 -3
=2 - x—=2
logpy = 3 o f (x) = 10g3(T)
.ol 103
ST () =103 4 -5 2
¢ fx)=10* F =5 -2
) x=10% S
log,,x = 3y ol = logs(x +2)
1
P
L= g logy x e F(x) = log,(3%)
d y=2log,,3x f71(0: x = logy(3y)
= 10 )
FHx): x = 2log;o 3y 2% =3y
X PSRN
logyo 3y = 5 LT =529
3y =102 £ F00 = log, :
1. x
-1 = —1 2 5
y
EA— R
3
L0 =329

g f(x) =logy(x+3)
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@) x =log,(y +3) 5 y=log,,(x?);
2x:y+3 xe[—lO,lO],xiO

L =2v-3
A y=logio(x2)

h f(x) = 53%) -2 \ /‘x

o x=53)-2 1\ o /1 g
53)=x+2
2
3y:x;_L y = 2logo x;
P x€[-10,10], x#0
f_l(x) = log; 5 y

x+2 A y=2logox

7 = logy — /

>

0/1
4 a2%=x,.. x=0.64
b log,y(x) +x=0, .. x=0.40
6 y= lOg]oﬁ;
x€(0,10], x#0
y = 5logy x;
x€(0,10], x#0

y
A

y=log,Vx = %10g10x forx € (0, 10]

v
/

7 y =log,,(2x) +log,,(3x)

Ay =log(2x) +logjo (3%)

435



y = log (6x2)

ﬁ_/
\\
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Solutions to Exercise 13H

1 Let N be the number of bacteria at time ¢ minutes.

L

a N =1000x215

L

b 10000 = 1000 x 215
t
10 =215
t
5 log, 10
t =49.8289...
t = 50.
It will take approximately 50 minutes

2 Choose A(f) = Ap x 107 as the model where Ay = 10 is the original amount and ¢ is the
time in years.
First find k:
5 =10 x 10724 000

1
log, 3= —24 000k

1 1
k=— log,,—k = 1.254296...x 107>
24000 C£1073 54296...x10

IfA®) =1

1=10x 107"
0.1=107"

Skt=1

1
[ =
1.254296 x 107>

t =79 726.
It will take 79 726 years for there to be 10% of the original.

3 Choose A(t) = Ag x 107 as the model where Ay is the original amount and  is the time
in years.
First find k:
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1
540 = Ag % 1073730

|

L]
—_—— O —_
5730 B1075

k=52535....x 107
When A(r) = 0.4A
0.4A¢ = Ag X 107¥

0.4 =107~
Skt =log;, 0.4

k=

= % 1 04
52535 x 105 . D810

t ~ 7575
It is approximately 7575 years old.

P(h) = 1000 x 100:0542A

a P(5) = 1000 x 1070-0542%5
=535.303...
P(h) ~ 535millibars
b If P(h) = 400
Then 400 = 1000 x 1070-05428%

2
Z_ 10—0.05428h
5

2
log 10(5) — _0.05428%

h ~ 7331 metres correct to the nearest metre

N(1) = 500 000(1.1)" where N(¢) is the number of bacteria at time ¢
4 000 000 = 500 000(1.1)"

§=1.1'

r=21.817...
The number will exceed 4 million bacteria after 22 hours.

T =Tol0™
When t = 0, T = 100. Therefore T = 100
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We have T = 100 x 10~
Whent=5,T =40
- 40 =100x 107K

= 107"

5
1 2
k=—-1log10=
5 9873

k=0.07958...
Whent =15

T=100x 107" =64
The temperature is 6.4°C after 15 minutes.

7 A(t) = 09174
When A(¢) = 0.2
0.2=009174

t=18.668...
t>18.668...

8 a

*Unsaved —

f2(x)=17 20.0¢ x

5ig
b i P=q
17
20,04t -
< 12
S 1=1256  (mid 1962)
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ii Solve the equation p = 2¢q

i_e. 12 X 20.08t — 2(17 X 20.041‘)
17
17
20.04t _ '
6

t =37.56 (mid 1987)

9 §=5x10X

a S =32whent=2
3.2=5x%x10"%
0.64 = 107

1

=0.0969...

b WhenS =1
1 — 5 % 10—0.9969...[
10(—0.0969...)l =02
(=0.0969....)r = log, 0.2
t="7212...

There will be 1 kg of sugar remaining after approximatel 7.21 hours

10 a Ast— oo, T — 25

b —40x (0.98) +25=0
0.98" = 0.625
t=232643...
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d The icecream will melt and the liquid will take the room temperature which is 25°C

11 a Ast— o0,V — 80 m/s

b 40 = 80(1 — 3704
1-3%% =05
3—0.4t — 05
t=1.1577...
C

12 a Ast — oo, p(t) = 100 m/s
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b 75 = 100(1 — 37005

1 -3799% =075
3700 = .25
t=25237...

13 a We can write
axb' =15 (1)
axb*=1875  (2)
Dividing equation (2) by equation (1) gives »*> = 125. Thus b = 5, and substituting
into equation (1) gives a = 3.
SLy=3x5"

b We can write
axb’=1 (1)
1

axb5:§ (2)

o . . ) 1 1 o
Dividing equation (2) by equation (1) gives b> = 3 Thus b = 5 and substituting
into equation (1) gives a = 4.

Ly =4x(3)"
¢ We can write
a><bl—E (1)
2
1 546
abe:T\/_ @)
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ol

1 3
Dividing equation (2) by equation (1) gives b 2 = . Thus b = 5 and substituting
into equation (1) gives a = 5.

y=5x3)

14 a Whent=0,N = 1000

N = ab'
1000 = ab®
a = 1000
Whent =35,N = 10 000
L 10=0
1
- b=105
!
. N =1000 x 105
b When N = 5000
t
5=105
1t
5 = 108105
t=35log;,5

~ 3.4948 hours

= 210 minutes

¢ When N =1 000 000
t
1000 = 105
t
5
tr=5x%x3

= 15 hours

12
d N(12) =1000x 105 ~ 251188.64

15 We can write
ax10%* =6 (1)
ax10%=20 (2
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16

17

18

10

1 10

Dividing equation (2) by equation (1) gives 10* = ER Thus k = = log,, ER and

W

substituting into equation (1) gives a = 6 X (13—0)_
Use two points, say (0, 1.5) and (10, 0.006) to find y = ab*.
at (0, 1.5) 15=ax?b’
1.5=a
y = 1.5b"
at (10, 0.006) 0.006 = 1.55"

0.006
blO —
1.5

= 0.004

1
b = (0.004)T0 ~ 0.5757
y=1.5x058

3

If CAS is used with exponential regression, a = 1.5 and b = 0.575, so y = 1.5(0.575)*

Use two points, say (0, 2.5) and (8,27.56) to find p = ab'.
at (0,2.5) 25=axb’
25=a
p =2.5b
at (8,27.56) 27.56 = 2.5b°

27.56
8 _
b= 2.5

= 11.024
1
b =(11.024)8
~ 1.3499
p=25x135

If CAS is used with exponential regression, a = 1.5 and b = 0.575, so y = 1.5(0.575)*

a
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Cuts, n | Sheets | Total thickness, 7" (mm)
0 1 0.2
1 2 0.4
2 4 0.8
3 8 1.6
4 16 3.2
5 32 6.4
6 64 12.8
7 128 25.6
8 256 51.2
9 512 102.4
10 1024 204.8
b T=02x2"
c T (mm) A
200 T
180
160 1
140 1
120 1
100 1
80 1
60 +
40 1
20 T
0,02 — 1 S
0 1 ~" n (cuts)
d When n = 30, T =0.2x2%

= 214748 364.8
Total thickness is 214 748364.8 mm = 214 748.4m

19 d = dy(10™)
d(1) =52;d(3) = 80

5 do(10™) = 52;dy(10°™) = 80
Take log;, both equations:
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S log,,do + 3m =log,, 80
(2)-(1) gives

80
)
m Oglo 52

1 20

Substitute into (1):

= log( 52 — log,,(10°*%)

) ~ 0.0935

52
- 1oglo(m) = log,, 41.88
codyp=41.88 cm
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Solutions to Technology-free questions

_ 62 _ 4
1 a poi a’“=a
b 8-10
b m = b
1
_ -2
—p2 = =
m’n’ 3-5 4-6
c 56 =m"n
1
— 2,2 _
=m ‘n ‘= -
d a’b*4 B a’b?
ab? a*b®
B4p28 = L
ab®
e 6_@8 = (§)a8—2 = 3a6
40> \4 2
¢ 10a7 (E)a7—9 -
6a° 6 3a?
8(a’)? 3 8a°
g 2a3 8a3
— 53 = B
h m~'n? _ m~n?

a

8 4

4
a’ +a a

—(1 +a*
az

a2

= a2(1 +a4) =a*+a°

2*=7, .. x=log,7
22" =7,2x =log, 7
1
SX = 3 log, 7
10 = 3.6, .. x =log;,3.6

10" =110, .. x =log;, 110
(or 1 +log;,11)

10* = 1010, . x = log,, 1010
(or 1 +log,, 101)

25* =100, .. 5x = log, 100
1
SLox= 3 log, 100

2*=0.1, .. x=1o0g,0.1
= —log, 10

a log, 4 = 2 since 2% = 4
n®
=m Pt = —

mt b log;27 = 3 since 3% = 27
i (plg(=2))? = p gt = 21 - ¢ log, 64 = 3 since 4° = 64
pq
1
. (2a—4)3 ~ 8a—12 d 10g2 (5) = 10g2 2_1 =-1
V75T T 5
8al~12 8
=—5 =u 4 a log,x+log,y =log,(xy)
64" 6\ 111 b log, x +1og,(x + 3) = log,(x(x + 3))
k = (5) -
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2x 3x-8 =
log,(2x) - log, (3y) = log, (3—) e o=l
y 338 _ 30
3log, 4 —log, 8 = log, 4 —log, 8 3x—8=0
oo (&2 8
- ga 8 X = —
= log, 8 3
1 f 52x+1 — l
log;, 5= -2 5
52x+1 — 5—1
log;(x*) + 4 log;(x) 2x+1=-1
= log3(x2 x x*) |
xX=-
= log;(x%)
= 6log; x
6 a 16" =064
22)6—1 =16 42)6 — 43
22l =4 2x=3
2x—1=4 o3
5 2
X ==
2 b 8" =32
35x—2 =27 23x — 25
352 =33 3x=5
5x-2=3 ]
3
x=1
1 ¢ 27" =81
21_x = 352 33x _ 34
217 =2
3x=4
x=-4 = 3
x42 _ 1 d 25" =5
4 52x 5]
2x+2 — 2—2
2x =1
x+2=-2 L
x=-4 )
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log, x=3 e x=2%=38
log(16)=4 o x*=16 o x=2
logs(x-1)=2ex-1=256 x=

26

log, 64 = log, 2°
=6log,2=06

log,, 107 = 71og;, 10 = 7
log,a®> = 2log,a =2
log, 1 = 0 by definition
log; 27 = log; 3°
1 -2
log, 1 log, 2
=-2log,2 =-2

log,,0.001 = log,, 107
= -3log;, 10 = -3

log, 16 = log, 2*
=4log,2 =4

log,;2 +1logy3 =log,((2 X 3) =
log(6
log,o4 + 2log,,3 —log,, 6
= log,o 4 + log;((3%) — log,( 6
4(3%)
= logy, 6 logo6

2

a
= oz, )

10

11

a

2log,pa—3 —log;y25
= log,,a* - log,, 25 — log,, 10

&2
- 1Og“)(zsooo)
logyyx +logyy — log;g x = log;gy

2log,ga + 3log,, b —log,,c
= log,ya* + log,y b* — log,, ¢
a*h’
= tozn( )
0810 -
3*3*-27)=0
37=27, 5. x=3
(3* # 0 for any real x)
2" -8)2"'-1H=0
2*=18, .. x=0,3

22x _ 2x+1 =0
2H2* -2 =0
2°=2, . x=1

(2* # 0 for any real x)

22— 1225 +32=0
2*-8)(2"-4)=0
2"=4,8, .. x=23

y=2x2"
Asymptote at y = 0, y-intercept
at(0,1)

y
A y=227

/(1, 4)
(0, 2)

A
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b y=-3x2°" y
Asymptote at y = 0, y-intercept A
at (0,1)

> X

\\\\& fy=2"42
0,-3)

Asymptote at y = 2, y-intercept
\y — 308 at (0,3)
Y

¢ y=5x2% 0
Asymptote at y = 0, y-intercept
at (0, 1) _/ 0, 3) y=2
3 A > x
A 0
0, 5) {5.2%
S _ 12 a
d y=2"+1
Asymptote at y = 1, y-intercept
at (0,2)

e y=2"-1
Asymptote at y = —1, y-intercept
at (0,0)
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logyg(x) = 1 —logyg(x — 0.4)
logyg x(x —0.4) =1
x*—04x-29=0
5x*-2x—-145=0

2+ V4 +4x5x%x145
- 10

2+ V4 +4x5x%x145
- 10
1116

5
1+11V6
Only x = T\/_ is acceptable

X

14 a Leta=2"

13 a log,(x—2) +log,(x—4)=3
log,(x* —6x+8) =3

X -6x+8=8

¥ -6x=0

x=6o0rx=0
But log,(x —4) and log,(x —2) are not 15
defined for x = 0. Therefore x = 6

b log,(x+1)+log,(x—1)=4
log,(x* = 1) = 4

X-1=16
=17
x= V17

a-6a+8=0
(a-4)@-2)=0
a=4ora=2
Hence 2* =4 o0r2* =2

x=lorx=2

b Leta = 3" 6a’+a—-1=0
Ba-1Q2a+1)=0

1

a=-—

3
Hence 3* = 37!
x=-1
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logox +1logg2x —logp(x+ 1) =0 18 a log,7 +log, k=0, .. log,7k =0

1
log. 2X _ LTk=1 k=g
B10 x+1
2x2 b 4log,3 +2log,2 —log, 144 =2
vl log, B
28 =x+1 7144
9
2% —x-1=0 logq(z):2
Cx+1)(x-1)=0 9 , . 3
L) kAR
cx=-3,1 (all log bases > 0)
Since log x is not defined for
x<0, x=1
19 a 2049ty = 16%
1 a+1 4a
16 3" =4V =12°¢ So42047) =4
. z(log12) = xlog 3 4a+% _ 4a
_ zlogl12 3
~ log3 a+—==4a
_ zlog12 2 3 |
log4 3a==,.. a==
xy  (zlog12)? _(zlong z10g12) 2 2
x+y (log3)log4) "\ log3 log4 / b log,y? = 4 +log,(y + 5)
__ zlogl2 ;_( LI ) . log, y* —log,(y +5) = 4
(log3)(log4) ~\log3 log4 32
zlog12  log4 +log3 logz(y+5)=4

- (log 3)(log4) ' (log 3)(log 4)
= (zlog12) + (log12) =z

_ X

x4y

17 2log, 12 + 3log, 5 — log, 15 — log, 150
o (12%)(5%)
= %82 (15)(150)
18000
- 1og2( 2250 )

=log,8=3

)’2 _ o4
y+5
y* =16y + 80
Y —16y—-80=0
y-200y+4)=0
Sy =-4,20
(Both solutions must be included
here, because the only domain
restriction is that y > —5)
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Solutions to multiple-choice questions

8x> 8 343 6 6 B
1 C F = Zx = 2x
’ a*h ab _ d*b 16
(2ab®)3 "~ 16a°  8a3b° ab 7 A
16
_ §a2—3—1b1—6—1
=2a"b8
2
= 6 8 A
3 C Therange of y =3 x 2" is (0, 00) but
f(x) =3(2%) — 1 is translated 1 unit
down
. range = (—1,00)
4 C f(x)=log,3x 9 A
i) x= log,(3y)
2% =3y
. —1 1 X
S A log,,(x—2) 5 3log;p2x =1-1log,gy
x —
logy, 2x7 +logpy =1
yx-2)
1 — =1
Oglo 8x3
yx-2)
=10
8x3
o 80
)

5(2°%) =10, .. 2>* =2!
1

Sx=1, -
o 5

X

The vertical asymptote of y = log x is
atx =0. Here Sx =0sox = 0.
(y-direction translations don’t affect
the vertical asymptote.)

f(x)=2+b; a,b>0

Function must be increasing, with

a horizontal asymptote aty = b
which the graph approaches at large
negative values of x, and there will
be no x-intercept because b > 0

Vertical asymptote, hence log or
hyperbola. But B and C both have a
vertical asymptote x = —b.

2mh  81m?
27m3h® mh
142-3-1p1-6-1

2mh mh B

Gmi2y ~ 31m>
=6m
=6m 'h°

6

~ mhb
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Solutions to extended-response questions

1a
b

= ()=
) ) =)

;

i
-

2

6n—5 1 1 13
Now  (5) =g ()
6n-5=13
n=18 .. n=3
Times used 1 2 3 n
Caffeine remaining 729(1)l 729(1)2 729(1)3 729(1),1
4 4 4 4
Times used 1 2 3 n
Tannin remaining 128(1)1 128(1)2 128(1)3 128(1)’1
2 2 2 2

¢ Can be re-used if amount of tannin < 3x amount of caffeine.

1y 1y
1) < 3% 729(~
2)—X 9(4)

ie. 128(

2

128

128
< 1Oglo(2187) =

i = 2]
2187 ~\2

< 10g10(

1

2

)n

1 n 1 2n
128(—) < 2187(—)
2 2

128 < 2

2187 (1
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- o325 ) < o)
0810 2187 = nlogy >
log ( 128 )
nesre 1
& # > n as 10g10(§) <0
loglo(i
n<4.09

Hence, the tea leaves can be re-used 4 times.

3 a Brightness Batch 1 after n years = 15(0.95)"
Brightness of Batch 2 after n years = 20(0.94)"

b Let n be the number of years until brightness is the same.
15(0.95)"*! = 20(0.94)"

0.95! 20

0.94y 15
o ((0.95)”“) 1 (4_1)
4
lg,(0.95)"*! — log,(0.94)" = 1og10(§)
4
(n + 1)10g,(0.95) — nlog,,(0.94) = 1og10(§)
4
110g,0(0.95) + 102,,(0.95) — nlog,(0.94) = 1og10(§)
4
n(10210(0.95) — log,,(0.94)) = 1og10(§) ~ log,,(0.95)
22 vl
"0810\p.94) T 810(3% 0,05
o (@)
B glO 285
) lo (%)
glO 94
— 32,033

Hence, the brightness is the same early in the 33rd year (i.e. after about 32 years).

4 x=08+0.17t, y = 10°%% 7 = 1.71og,o(5(x + 1))
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a For X: ¢ = 61implies

*Unzaved —
x=1.82 :
i.e. the value is $ 1.82 : L3
! f1(x)=0 8+0.17 x
For Y: t = 6 implies gf3[::]=1.?- log (5 [et+1))
y=1.51 g 10

i.e. the value is $ 1.51

For Z: t= 6 implies
z7=12.62
i.e. the value is $ 2.62
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b For X: t =21 implies x = 4.37 i.e. the value is $ 4.37
For Y: t =21 implies y = 4.27 i.e. the value is $ 4.27
For Z: t =21 implies z = 3.47 i.e. the value is $ 3.47

¢ The graphs of x(¢) and y(¢) intersect where ¢ = 2.09 and ¢t = 21.78.
From the graph, the shares of X have greater value than the shares of Y for
2.09 < t < 21.78, i.e. from February 2014 to September 2015.

d The graphs of x(¢) and z(7) intersect at t = 14.06.
From the graphs, it can be seen that shares in X are most valuable for 14.06 < t <
21.78.
Therefore X were the most valuable shares for 7.72 months, or about 8 months, i.e.
from February 2015 to September 2015.

5 Let W be the number of wildebeest and n the number of years.

Then W =700(1.03)"
Let Z be the number of zebras.
Then Z =(0.96)" x 1850
= 1850(0.96)"
a (0.96)" x 1850 = 700(1.03)"
1850  (1.03y"
70 = (656)
37 103y
(%)
n=13.8l1

After 13.81 years, the number of wildebeest exceeds the number of zebras.

b Let A be the number of antelopes.
A =1000 + 50n
The number of antelopes is greater than the number of zebras when
1000 + 501 > 1850(0.96)"
From a CAS calculator,
1000 + 50n > 1850(0.96)" for n > 7.38
After 7.38 years, the number of antelopes exceeds the number of zebras.

6 a TI: Type the given data into a new Lists & Spreadsheet application. Call column A
time, and column B temp
Press Menu — 4:Statistics — 1:Stat Calculations — A:Exponential
Regression
Set X List to time and Y List to temp then ENTER
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:Epreg("I
= 71.5 Title Exponen..

6 S8 RegEgn  Ja*h®x
9 48 7 H7.0645,, |
12 455 b 0.94003.., |
15 34r 0.98952...
1o b+ A M QO ATA @
D2 [="a b"x" 4|»

CP: Open the Statistics application. Type the time data into list] and the temperature
data into list2
Tap Calc — abExponential Reg and set XList to listl and YList to list2
The values of a and b are given as a = 87.06 and b = 0.94, correct to 2 decimal
places,
T = 87.06 x 0.94

i Whent =0, T =87.06°C
ii Whent =25, T =18.56°C

(12,45.5) is the reading which appears to be incorrect.
Re-calculating gives a = 85.724...and b = 0.9400
: T =85.72 x 0.94

i Whent =0, T =85.72°C
ii Whent =12, T =40.82°C

When T = 15, t = 28.19 min
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7 a At(l,1) l=axb!
1 =ab
At (2,5) S=axb’
Divide (2) by (1) 5=b
Substitute b = 5 into (1) l=ax5
1
=-=02
“75
~a=02,b=5
b Let b* = 10°
i By the definition of logarithm:
z = logy b
= xlog,, b
ii y=ax 10
=axb* where b* = 10
From b i, b* = 10 can be rewritten
kx = xloglo b

Froma,a=02and b =35, .. k=1log,,5

8 a Use two points, say (0, 2) and (10, 200) to find y = ab*.

At (0,2)

At(10,200)

2=axb’

2=a

y =2b*
200 = 2b'"°

200
p'0 = - = 100

1
b = (100)10

= 1.5849 (correct to 4 decimal places)

y =2 x 1.5849"

Using CAS regression y = 2 x 1.585*
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b From Question 9, k =log,,b
1
and from part a, a =2and b = (100)10

1
k = log(100)T0

1

1 1
=—X2==

10 5

y=2%105 =2 x 100

2 % 105

=

10

< <

can be written

By definition of logarithms:

X y
57 1°g10(5)
y
-seeul)
X 0&19 >

460



Chapter 14 - Circular functions
Solutions to Exercise 14A

60r 3 F leul )
1 O — _____ — rom calculator:
a 60" =735 =3
a 0.6 =3438°
b 144° = % _ 45_"
b 1.89 = 108.29°
. 240m  4n
¢ 240° = oo = o ¢ 2.9 = 166.16°
330m _ Ilx d 431 =246.94°
d 3300 = 2oF _Ux . ,
130 _ 6
3.72 = 213.14°
42 e
e 4200 = 20r _Im
1803 £ 5.18 = 296.79°
. 480m 8m
B 480" = 7o =3 g 473 = 271.01°
- h 6.00 = 343.77°
JT JT
20 T e
1373,
St 57180° 4 From calculator:
b =20 yspe
6 63 =« a 38° = 0.66
T Tr 180° )
¢ &= =210 b 73° =127
180° o _
d 097 = 0971—— = 162° ¢ 107° = 1.87
T
d 161° = 2.81
L ST_smisoe
9 9« e 84.1° = 1.47
97 97 180°
Ps=5>% =% f 228° =3.98
1z 117 180° g 136.4° = 2.39
- = 200°
€75 "5 1
50° h 329° = 5.74
h 1.87=1.87 = 324°

T
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x ml80° 330n  1x

oz = —60° _330° = 22X - 2T
3773 1 ¢ 130 6
180° 2100 Tn
A= —4 = _720° f 210°0=--—"F__"
s 180 6
180°
_3r=-3 = 540°
T T n 7 a
180°
- =-7 = -180°
T
57 5m180°
22T 300
3 3
1zx  117180°
L = _330°
6 6
231 237 180°
- = 690°
6 6 =«
231 237 180°
2 = —690°
6 6 =«
3607
_360° = — X~ o
180 d
_sape = 20 _ 4 c y
180 “9=27n
9=-%“ 6 .
6=7
_oaqe = 2A0m _ 4 5
130 3 ) _lin
6
720n d >
_700° = 28 -y
180 d
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Solutions to Exercise 14B
1 ar=0;sint=0;cost=1

3
b = ;;sint: —1;cost=0

3 .
c t= —7;smt: 1;cost =0

5
d r= ;;sint: 1;cost =0

e t=-3m;sint =0;cost =-1

9
fr= ;;sint: 1;cost =0

7
g t= ;;sint: —1;cost=0

h t=4nm;sint =0;cost =1

2 From calculator:
a sinl1.9 =0.95
b sin2.3 =0.75

¢ sin4.1 = -0.82

cos 0.3 = 0.96
cos2.1 =-0.5
cos(—1.6) = -0.03
sin(=2.1) = -0.86

sin (—3.8) = 0.61

0 =27m;sinf = 0;cosd = —1

5
0= —;;sinH: —1;cos0=0

27
0= Tﬂ;sin@: —1;co0s6=0
6= —9—ﬂ;sin9: —1;cos0=0

11
6= Tﬂ;sinH: —1;cos0=0

6 =57n;sinf = 0;cosd = —1
6=211m;sind =0;cosf = -1

6 =-53m;sin0 =0;cosf = —1
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Solutions to Exercise 14C

1 a tanr=tan0=0 d tan(-54°) = —-1.38
b tan(—n) =tan0 =0 e tan3.9 = 0.95
7
¢ tan (jn) = tan7—2r = undefined f tan(-2.5) = 0.75
d tan(-27) =tan0 =0 g tan239° = 1.66
Sm T
e tan (7) = tan 5= undefined 3 a tan180° = tan0° = 0

f tan—= = tang = undefined b tan360° = tan0° = 0

2
¢ tan0° =0

2 From calculator:
d tan(—-180°) =tan0° =0

a tan1.6 = -34.23
e tan(—-540°) =tan0° =0

b tan(-1.2) = -2.57
f tan720° =tan0° =0

¢ tan 136° = —-0.97
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Solutions to Exercise 14D

1 sinf0=0.42,cosx=0.7,tana = 0.38
a sin(m+60) =—-sinf = -0.42
b cos(mr—x) =—-cosx =-0.7
¢ sin(2r—0) = —sinf = -0.42
d tan(m— @) = —tana = —0.38
e sin(mr—6) =sinf =0.42
f tan(2n — @) = —tana = —0.38
g cos(m+x) =—cosx =-0.7
h cos(2mr —x) =cosx=0.7

2 sinx® =0.7,cos0 = 0.6° and
tana® = 0.4
a sin (180 + x)° = —sinx®° = —-0.7
b cos(180 + 0)° = —cos8° = -0.6
¢ tan(360 — @)° = —tana® = -04
d cos(180—-6)° = —cos#’ =-0.6
e sin (360 — x)° = —sinx° = —0.7
f sin(—x)° = —sinx®° = -0.7
g tan(360 + @)° =tana®° = 0.4

h cos(-6)° =cos6° =0.6

Vi
3 a cosx:—cosg;§<x<ﬂ,
n S
X=m——==—
6 6

n 3n
b cosx=-cos —;m<x<—
6 2

r In
SoX=m4+ - = —

6 6

T 3
¢ cosx:cos€;7<x<2n

|
a azcos(:r—@):—cosez_E

ol

b b =sin(r—60)=sinf =

1
¢ c=cos(—0) =cosf = >

3
d d=sin(-0) = —sinf = _g

e tan(n—é’):—tang:_\@

f tan(—60) = —tan6 = -3

3
sinf) = g,COSQ = —— from diagram
sinf V3 1
an cos 8 2 2
3
ad=sin(mr+0)=—sinf = _g

1
b c=cos(mr+6)=-cosb = 5

¢ tan(n +6) = tanf = — V3
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3 . — . (o] (e} o
d sin(2ﬂ—9):—sin9:—£ 7 a sinx =sin60° and 90° < x < 180
2 x = 180° — 60° = 120°

e cos(2r —6) = cosf = -3 b sinx = —sin60° and 180° < x < 270°
- x = 180° + 60° = 240°
6 a (a,b) = (cos40°, sin40°)
= (07660, 0.6428)

¢ sinx =-sin60° and —90° < x < 0°
Sox=0°=60° = -60°
b (c¢,d) = (- cos40°,sin40°)

d
= (-0.7660, 0.6428) cos x° = —cos 60° and 90° < x < 180°
¢ i cos140° = -0.7660, w. %= 180" - 60° = 120°
sin 140° = 0.6428 €
cos x° = —cos 60° and 180° < x < 270°

ii cos 140° = —cos 40°
cox = 180° + 60° = 240°

f cosx® =cos60° and 270° < x < 360°
cox = 360° — 60° = 300°
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Solutions to Exercise 14E

1
X sinx | cosx | tanx
V3 1
1200 | — | —= | =3
2 2
By | Y22
2 2
e | L V33
2 2 3
V3 1
240° | —— | —= 3
2 2 V3
3150 | V2 g 1
1
000 | L | V33
2 2 3
V3 1
4200 | — - 3
2 2 V3
\2 V2
h|-135° | —— | —— | 1
2 2
V3 1
-300 | — - 3
2 2 V3
V3| o1
60 |—— | = | -3
2 2 V3
2 a 2 \/3
SiIn— =S8In - = ——
3 2
b cos3ﬂ— cosn \/E
4 4 2
C tanSﬂ— tanﬂ— \/§
6 6 3
7 1
d smg:—sm%:—i
[ COS57T— COSﬂ.— \/5
4 4 2
4
f tan?ﬂ:tang: \/§

sin = siﬂ— \/5
3 3 2
T T \/z
COS — =COS — = ——
4 4 2
tanllﬂ— anﬂ— \/§
6 6 3
(-5)=-sn (%)
SiINN{—— )= -—S1m|—
3
in” V3
=—-—S1NnN-=-——
3 2
COSIIT[_COSSH
4 4
= COSJT— \/i
B 4 2
tan 13ﬂ—tanﬂ— \/§
6 6 3
tanlSH—t S5
6 2

T
= tan — = undefined

co 14 COS77r
s — = —
4 2
3
= —:O
cos >
o ( 37r) o 3
s|—— ] =cos —
4 4
n V2
= —C0S— = ——
4 2
sinllﬂ s'n3ﬂ
—— = S1Nn —
4 4
—sinﬂ— \5
T4 2
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h cos (—219 = cos (~77) b If 6 = 0.2 then sin 6 = 0.19866933 . ..

=cosmt=-1 c Ifo=-0.1
then sin8 = —0.0998334 ...

4 a If6 = 0.1 then sing = 0.0998334 ... d If0=—02
then sin 6 = —0.19866933 . ..
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Solutions to Exercise 14F

1 a

b

2sin@: per = 2, ampl = 2

2
3sin 26: per = ; =n, ampl =3

L o536 n 1
— COS . per = —, am = —
> per =37 ampl =3

0
3sin —: per = il 4r, ampl = 3
2 1
2
2
4 cos 36: per = ?ﬂ, ampl = 4
1s'n49 er 2n X ampl !
——S1 . = — ==, = —
2 PE= gy = =)
0 2
—ZCOSEZ per:Tﬂ:47r, ampl = 2
2

2
2 cosnt. per = il 2, ampl =2
Vs
t 2
—3sin (%) per = Tﬂ =4, ampl =3
2

g(x) = 3 sin x: dilation of 3 from
x-axis, amplitude = 3, period = 2

1
g(x) = sin (5x): dilation of 3 from
2
y-axis, amplitude = 1, period = ?ﬂ
. (X -
g(x) = sin (5) dilation of 3 from
y-axis, amplitude = 1, period = 6

g(x) = 2sin 5x: dilation of 2 from

C e 1 .
x-axis, dilation of 3 from y-axis,

2
amplitude = 2, period = ?ﬂ

a

a

. . 1
g(x) = —sin Sx: dilation of 3
from y-axis, reflection in x-axis,

2
amplitude = 1, period = ?ﬂ

g(x) = sin(—x): reflection in y-axis,
amplitude = 1, period = 27

¢(x) = 2sin (g): dilation of 3 from
y-axis, dilation of 2 from x-axis,
amplitude = 2, period = 61

g(x) = —4sin (g) dilation of 2 from
y-axis, dilation of 4 from x-axis,
reflection in x-axis, amplitude = 4,
period = 4r

g(x) = 2sin (—g): dilation of 3 from
y-axis, dilation of 2 from x-axis,
reflection in y-axis, amplitude = 2,
period = 6r

y = 3sin2x: .
per = mr, ampl = 3, x-intercepts 0, > bs

Amplitude = 3, Period =7t

y =2cos 36:

per = ?ﬂ , ampl = 2,

6 intercepts 0 Tz
1 s 9 o~
)
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N AN
2_\/2"V‘“‘\/”‘

Amplitude = 2, Period = —

0
y =4cos 5:
per = 4, ampl = 4,
6 intercepts 0, 7, 37

y
A
4
0 T T > 9
T 2r 3n 41
4
Amplitude = 4, Period = 4w
= —cos 3x:
=3
2
per = ?,amplz =

X interce ts
PB6 2

Y
A

NNAN L
VEE-

Amplitude = Perlod

8| —

e y=4sin3x:

2
per = ?ﬂ , ampl = 4,

x intercepts 0, —

VAN

Amplitude = 4, Period =

f y=5cos2x:

per = m, ampl = 5,
n 3m

4’4
A

VAR

x intercepts 0, —

y

A

3 Sm
4 4 4 4
_5 _

Amplitude = 5, Period =7

0

g y=-3cos 5:
per = 4x, ampl = 3,
6 intercepts 0, 7, 37

y
A
3_
O T T =
b8 2t 3 47
-3 . .
Amplitude = 3, Period = 47w
h y=2cos46:
4
per = > ampl = 2,
0 intercepts 0, =, 2
intercepts 0, —, —
PETR 8



a

>
>

98]

T~

T

A1

2 i
Tc —_—
2 4
0 1 1
T 3t 5w T
g\/@ §\/§
-2 4

Amplitude = 2, Period = I

0
y = —2sin 5:
per = 67, ampl = 2,
6 intercepts 0, 37, 6

Yy
A
2_
0 T T >
3t 3n 9 6m
2 2
-2 1

Amplitude = 2, Period = 67

f:10,2] = R, f(t) = 2cosnt
per = il 2, ampl = 2,
n

range = [-2,2],
endpoints (0, 2) and

1
2,2); x-Int ts —, —
2,2) xmerceps2 >
A

2'\ -

f:10,2] = R, f(t) = 3 sin (2n¢)
2n

per = — =1, ampl = 3,
2n

range = [-3, 3],
endpoints (0, 0) and (2, 0);

x-intercepts 0,

b

| =
SIS
NSRS
”l\)

6 a f(x)=sin2x for x € [-2m,2n]:

endpoints: (—2x,0), (27, 0)

) n T
x-intercepts: 5 -, ~5 0,
ampl = 1, range [-1, 1]

efefhefe

3

2"

VWYV

fx)=2 sing for x € [-6m, 677]:

endpoints: (=6, 0), (67, 0)
x-intercepts: —3m, 0, 37

ampl = 2, range [-2, 2]

A

TRV

f(x) = 2cos3x for x € [0, 2n]:
endpoints: (0, 1) 2nr, 1)

7w Sn T 3n 1ln

tercepts: —, =, —, —, —
x-in ercepts: , 2 6 2

ampl = 2, range [-2, 2]

6
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8 a f:[0,2n] = R, f(x) = sinx;
per = 2x, ampl = 1, range = [-1, 1],

2_
\ /‘\ A 5 / endpoints (0,0) and (27, 0),
2 .
0 L. other x-intercept at &
\/ \/m 3n lln .
-2 ' -

d f(x) = —2sin3x for x € [0, 2r]:
endpoints: (0, 0), (27, 0)

wla

x-intercepts: g 2_7r T, 4% S?F g [0,27] — R, g(x) = cos x:
ampl = 2, range [-2,2] per = 2z, ampl = 1, range = [-1, 1],
endpoints at (0, 1) and (2, 1),
i} x-intercepts at z 3—7T
272

2_
5
A /\ /\ smx—cosxwhenx—%andf
0 2nv 4n\/
_2_
5 2
7 £:10,26] = R, f(x) = 5 cos (?x)

endpoints: f(0) = ; and f(2n) = —=

2n .
per=—- = 37 so we only have 3 period
3

aml—5 rane—[ > 5]
pi=g,ranee=175-3

y

51

2

0 > X

-]

2
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Solutions to Exercise 14G

1 a
1
COSX = —
2
b8 b8 T T
==21-=,2 —4r——=,..
X 3,7r 3,7r+3 T 3
o S5 In 1lr
3737373
b
. 1
sinx = —
2
bg bs b8 Vi
X—Z,T(—Z,27T+Z,37T 1
T 37 97 1ln
47474 4
c
sin 3
X=—
2
bg bs b8 Vi
= g1-=2 s -
X 3,7T 3 7r+3,37r 3
_7127177r 8
3737373

2 Solve over [0, 27]:

a sinx=0.8,.. x=093,7-0.93
=0.93,2.21

b cosx=-04,". x=n+1.16
=1.98,4.30

¢ sinx = —0.35,
~x=m+036,2r—-0.36
=3.50,5.93

d sinx=04,.. x=041,7-0.41
=0.41,2.73

e cosx=-07,.. x=m=+0.80

=2.35,3.94

f cosx=-02,.. x=m=+1.39
=1.77,4.51

3 Solve over [0, 360°]:

a cosé = —g 9 = 180 + 30

= 150,210
b sinf° = %, 6 = 30,180 - 30
=30, 150

¢ cosf’ = —%,.'. 6 =180+ 60

= 120,240
o R 1
d 2cos8”+1=0,..cos0 = -3
-0 =120,240
3
e 2sind = V3, singe = V2
.. 6 =060,180 - 60
= 60,120
f V2sin6°—1=0,.. sin6° =
6 = 45,180 — 45
=45,135

4 a 2cosx= V3

COS \/§
xX=—
2
T T
— " or—Z
X 6,7T 6
_7T117T
66

&l -
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b V2sinx+1=0

. 1
sinx = ———
V2
T T
- Zor-—"_
X 7r+4,7r 1
_5 T
474
c V2cosx—1=0
1
COsSx = —
2
T T
= 2n——
T Ty
_rIx
474
5 Solve over [—n, 7]:
a 1 bd +7T
COSX=———,.. X=0——,—T+ —
V2 4 4
B 37 3rm
474
b8 bis
b 1 = —, = -, —_ —
sin x X 37r 3
o 2
3’3
Cc cos T T
X=——=,  X=0——,—T+ —
3 3
B 2r 2w
373

6 a f:[-2n,2n] — R, f(x) =cosx

\/ /

1
b Line marked at y = 5 x-values are at:

+7r +(2 71) +71 +57r
X=X, XL — - | =x—,x
3 3 3

1
¢ Line marked at y = ~5 x-values

are at:
+( +7T) +2 +47T
x=%lrt-|=x—,+—
3 3 3
7 Solve over [0, 27]:
a
sin(29)——l
2
29:7T+%,27T—7é,3ﬂ'+%,471'—
B T 117 197 237
127127127 12
’ V3
cos(20):—3
2
T T T T
20=—=2r——=,2 — 41— =
e e e 6
T 11r 137 237
127127127 12
c
in (26) 1
sin = —
2
T T b8 T
20=—,1—-,2 - 31— -
6" 7 e 6
o 57 137 17n
127127 127 12
d
in (36) 1
sin = ——
V2
b8 b1 T T
c.36 = - 21— = —Adr——...
36 7r+4,7r 4,37r+4,77 1

3 St 7r 137 157 21nm 237
T127127 120 127 120 12

473
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V3 b

e cos (26) = — >

sin (20) = —0.6
T T
20=r+ 3k 20 = 71+ 0.644, 27 — 0.644,
3 S Tn 177 197 371+ 0.644, 47 — 0.644
12712712 12 0 = 1.892,2.820,5.034,5.961
f
. 1 c
Sin(26) = -5 cos (260) = 0.4
et E o T ana E T 20 = 1.159, 27 + 1.159, 47 — 1.159

4 4 4 4
3 S 77 137 157

878 88

6 = 0.580,2.562,3.721,5.704

d cos (36) = 0.6
360 =0.927,2r + 0.927;
4n +0.927,6m — 0.927
6 = 0.309,1.785,2.403,
3.880,4.498,5.974

8 Solve over [0, 27]:
a
sin (26) = —-0.8
20 = m+0.927,27 - 0.927,
37 +0.927,47 — 0.927
0 =2.034,2.678,5.176,5.820
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Solutions to Exercise 14H

1 a y:3sin(9—72—r):

y
per = 2z, ampl = 3, range = [-3, 3] A
y 2 1
A
13w
3 —
0 f 12 > 0
5_7[
12
O 1 T T >
n m 3m\ 2n [5;m —2 1
2 2 2
. T\
-3 d y:\/3sm2(9—§).
per = 7, ampl = /3,
b y=sin2 (@ + n): range = [—+/3, /3]
per = &, ampl = 1, range = [-1, 1] y
y A
A
\/§-
" 3n
2
0 . ' > 0
E T
0 > 0 2
T 27
31
—14 e y = 3sin (2x):

c y:2sin3(9+%):

2
per = ?ﬂ ampl = 2, range = [-2, 2]

per = m, ampl = 3, range = [-3, 3]

475



A A
3- 3
0 > X 0 ; > 0
T T T 5T 4n
2 3 6 3
—3- —\2
f y=20053(6+z): h y=-3sin(2x):
o 4 per = m, ampl = 3, range = [-3, 3]
per = 3 ampl = 2, range = [-2,2] y
y A
A
3
2_
. >
T T T > 0 0 T e X
o\ Sn 5
4 12 12
D =31
iy= —30032(0+ g)
g y=1/2sin2 (9 - g) per = &, ampl = 3, range = [-3, 3]
per = 7, ampl = /2, y
range = [—+/2, 2] A

>0

SIEE
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2 £ [0,271] — R, f(x) = cos (x - ’31) 4 f [-m.7] — R, f(x) = sin 3(x ; %):

n 1
a f(0) = cos (—g) ) a f(-m) =sin (—%Tﬂ) = —g
St 1
fom = cos(5) = 5 ) = sin( ) = —g
b per = 2n, ampl = 1, range [-1, 1] o
x-intercepts at St 1z b per = —, ampl = 1, range [-1, 1],
6" 6 x-interc3epts at
y _Mr Jx oz 5% o3n
(E, ) 2 12 #1212 4
1{ -3 1
1 2T, E)
(O’ E) / 1
0 T T T > X |
57 lin f =
6 6 .
-1 7 —Tl: _1 T, ——
(3 ( 2
S y=sinx

3 f:10,2n] - R, f(x) = sin2(x - g)
a Dilation of 2 from y-axis: y = sin (g),

2 V3 dilation of 3 from x-axis:
a f(0)=sin ——) = —— . (X
3 2 y = 3sin (—
2
107 V3
fem = Sm( 3 ) el

1
b Dilation of — from y-axis: y = sin 2x;

b per =, ampl = 1, range [-1, 1] dilation of 3 from x-axis: y = 3sin2x

) s at ~ n 57r dr llx
x-intercepts a
367376 ¢ Dilation of 3 from y-axis: y = sin (%C),
Y dilation of 2 from x-axis:
2sin(5)
y = 2sin (3
1
/\ /\ d Dilation of — > from y-axis: y = sin 2x;
T 57t zlm 1 1,\ translation of +— 3 (x-axis):
N 6 3 = sin 2 (x - E)
—1 (2 . \3 3

e Dilation of 2 from the y-axis:
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—sin(f)- . 1( +7T)
y= 5 ) y—sm2x 3

. T .
translation of 3 (x-axis):
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Solutions to Exercise 141

1 Sketch over [0, 27]: y
A
a y=2sinx+1; (0, 1+12)
per = 2x, ampl = 2, range = [—1, 3],
endpoints at (0, 1) and (27, 0) 0
1 — X
y = 0 when sinx:—i, 1-v2 1 3_7T\/5_7T 2n
) T 11nx 4 4
i.e. when x = —, —
6 6 d y=2sin2x-2;
Y per = mr, ampl = 2, range = [-4, 0],
3 endpoints at (0, -2) and (27, -2)
y =0 when sin2x =1,
1 . m S5m
N i.e. when x = T
1 n Iln
- — — y
° 0 TE s
b y=2sin2x— V3; 0 4 : > X
per = m, ampl = 2, L
range = [-2 — +/3,2 — /3],
endpoints at (0, —+/3) and (27, —+/3) -4
3
y when sin 2x ey:\/§s1n(x—7—r)+l
) _nown 4n 4
i.e. when x = 36 3 per = 27, ampl = /2,
range = [1 — /2,1 + /2],
endpoints at (0, 0) and (27, 0)
0 wh . ( 71') 1
=0whensin|x — - |=-—
1.e. when X AR P
.. X——==——, 1+ -=,21— -
3 4 4’ 4’ 4
ire. x=0, —H, 2
¢ y= V2cosx+I; y
per = 27, ampl = V2, L3
range = [—\/§+ 1, V2 + 1],
endpoints at (0, V2 + 1) and 0 @, 0)
Qr, V2 +1) X 2] i
y =0 whencosx = —— 2
V2
) h _ 3m 5m
1.e. when X = 474 2 Sketch over [-2r, 27]:

479



a y=2sin3x-2;

2
per = ?ﬂ, ampl = 2, range = [—4, 0],
endpoints at (=2n, —2) and (27, -2)
y =0 when sin3x =1

i.e. when 7 omin
.€. X=—-,——
6’6 2°
n Tn 1lx
27 67 6

T
=2 3( — —);
y=2cos3|x -

per = 23—7T, ampl = 2, range = [-2, 2],
endpoints at (—2x, —4/2) and
(2m,—+2)

y= Owhencos3(x - E) =0

4
3( JT)_+7T +371 +11
TTY) Ty R
b4 T w 5 11

X— = =4t d— ok —
4 6 2 6 6

237 197 Sr 11z Tn
12 127 47 127 12°
7 n Sn 37 137 17n Tn
4121274712712 4
11
The ?ﬂ solution will drop out, since

adding g to it will take the resulting
number over 2.

It must be replaced by the solution
n 137

¢ y=2sin2x - 3;

per = &, ampl = 2, range = [-5, —1],

endpoints at (=27, —3) and (27, —3)
No x-intercepts since y < 0 for all

real x
v
L .7.10T ..... T L
(-1, -3) 5 (2m, -3)
/\M
y=2cos2x+1;

per = m, ampl = 2, range = [—1, 3],
endpoints at (-2, 3) and (27, 3)
1

y =0 when cos2x = —<

2
i.e. when 2x = i(ﬂ + 73_r +3r + 73_r)
n 2m 4m  Srm
X=+—, +—, +— +—
373 3 3

0
g sz,zn;ﬂ IV A v s
3 3

33 3 3

/;
>
~

y= ZCOSZ(x— 73_r) -1;
per = m, ampl = 2, range = [-3, 1],
endpoints at (-2, —2) and (27, —2)

y =0 when cos 2(x — g) =—

2(x - g) = ig, i(27'r + g) i(47'r +
7T_ T T T
x—g—ig,i(ﬂ'ig),i(Zﬂig
_ lr 37 5z ¢
A S R S,
n o In 3n
6262
y

en=2) f y= 25in2(x+ %)+1;

per = m, ampl = 2, range = [—1, 3],
endpoints at (-2, 1 + 4/3) and
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Q2,1 ++/3) b yz—25in2(x+g)+1;

y = 0 when sin2(x + %) = —% per = &, ampl = 2, range = [—1, 3],
Positive solutions: endpoints at (-, 1 — +/3) and
T T Vg Vs V4
2(x+—):Jr+—,271——,37r+—,47r—— (71— v3)
6 6 6 6 6 ‘ 1
x+ﬁ_7_ﬂll_ﬂ19_ﬂ23_ﬂ y:OWhens1n2(x+§):§
6 12212’ 12 12 ‘,_2(x+7_r):_7_nf_rS_nl3_n
_ 57 3n 17n In 6 666" 6
,x_l_Z_’Z’W’Z n _ In m 5t 13w
Negatly\rze solugons: . . . X+ s 20112
2(X+6):—6,—7T+6,—27T—6,—37T+6 x:_3_7'[,_l’7_r’m
n _nr S5tz 13x 1Tn ) thlzr 2412
X+ s 12 12 12 12 As with Q.2b, ——— drops out,

6
13
replaced by Tﬂ

x Tn st 19r

(T, 3 +1)

3 Sketch over |-, 7]: .
cy= 20052(x+ Z) + \/5;

a y:2sin2(x+g)+ 1; per = mr, ampl = 2, range = [—1, 3],
per = &, ampl = 2, range = [-1, 3], endpoints at (=7, v/3) and (7, /3)
endpoints at (-, 1 ++/3) and y = 0 when cos 2(x 4 f) _ _ﬁ
(m, 1 ++/3) 4 2
y:Owhensm2(x+§):—5 MY T T 6 6 606

- st 7 7rx 11r x+ﬂ Tn S5n Sn In

2(x+ -) -2 I =T PSR T AT IR TR
3 6 6 6 6 St 2n monw
X=—"—"—""F%FH»755
x+7—T: St & Im 1ln 6 3°6°3

37 127 127120 12
37 St nmIn
47 127412

(m, 1+3)
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Solutions to Exercise 14]J

1 sinx=0.3,cosa=0.6and tang = 0.7

a cos(—a) =cosa =0.6

b sin(3 + @) = cosa = 0.6
¢ tan(—¢) = —tan6d = —-0.7
d cos(5 —x) =sinx=0.3
e sin(—x) = —sinx = —0.3
f tan(5 - 0) = %: 17—0
g cos(3 +x) = -sinx =-0.3

h sin( —a) =cosa = 0.6

i sin(%” +a) = —cosa =-0.6

3
J cos(g —x)=-sinx =-0.3

0<f< =

a cos@zsinz

6
Tow T
=G93

b sinH:cosg
T T T
=G93

c 0 in —
cos 6 = sin —
12

3 3m
cosx:—,7<x<27r:

5
. L[ (3)2 +4
sinx = + —(Z) =42
5 A 5
4th quadrant: sin x = -3
( 4 3 4
TTT5T5T 3
sinx = > 7 <x<
X 13° 2 xX<m
.1 (5)2_+12
COSX =+ 3) =*5
12
2nd quadrant: cos x = 13
¢ 5 12 5
an = —-— = ——
TR T2

1 3«
cosng,—<x<27r:

2
sinx =+ 1—(1)2 +@
T 5/ 5

2
4th quadrant: sin x = -3 V6

2 1
tanx = —=V6+ - =-2V6
an x 5\/_ 3 \/_

2
= +—
5

V6
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Solutions to Exercise 14K

1 a y=tan(4x), per:;—r |
[
[
2x T 3r |
b y—tan(?),per—§—7 :
3 T\ L
n 7
¢ y = —3tan(2x), per = 5 |
|
2 a y=tan(2x): 3 Solve over [-nx, 7]:
x-intercepts at 0, ii’ +7r
T 3r a 2tan2x =2,.. tan2x =
Vertical asymptotes at x = +—, +— Tn 3m n Sm
4" 4 2x= ——, —, —, —
) 4 44 4
1 A 1 Tr 37 ™ Sm
1 1 1 1 X=——, -, =, —
i i i i 8’ 8’8 8
)
L/ 1 1 _ 3
- i % i Oi g i b 3tan3x = V3, tan3x:£
i i i i 177 11lx S5m0 n 7n 13n
: : : : "' 3x:__’__’__’_’_’_
3 _-m __m __3m 6 6 6 6 6 6
T YTy YTy YTy 177 1lx 57 m Tn 13m
X === s T s T TSy Toy o 1o
b y = 2tan(3x): 18 18 18 18 18 18
x-intercepts at O,iz,iz—ﬂ,iﬂ' ¢ 2tan2x = 2V3tan2x = V3
) 373 St 2n «m 4nm
Vertical asymptotes at L2X === T =
T 1 51 3 333
X=+—,+—, +—
67276 fxo R momm
y 6 36 3

3
d 3tan3x = -3, tan3x = —T\/_

- x 3y 137 77 nm 5 1lx 17n
/ T T T T 6 660 6 6

137 77 n S5 11m 17rx
. T8 18 187187 18 0 18

6 2776 6
¢ y=—2tan(3x): 5 4 Sketch over [, 7]:
m 2n
x-intercepts at 0, +—, +—, +7
373 =
Vertical asymptotes at ay=3tanx+ V3 1
n nm Sm x-intercepts where tanx = ———
X=t—, +— +— 3
6 2 6
n Sm
LX= =, —
6 6
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. V4
Vertical asymptotes at x = iE y
1 A 1
v i i
A i i
1 1 1 1 2
/: /: IR O B
] 1 T T > X
1, \3 1 I 3 1 /T 0 1 3n
I I CE I I N
Hyan e i i
1 [ — [ — ! !
1 6 1 6 1 1
] ] 1 1
! ! —T T
1 1 x=— x==
! ! 2 2
T T
T Y ¢ y=3tanx-3
x-intercepts where tan x = 1
b y=2tanx +2 T 3
x-intercepts where tan x = —1 AT T
m 3m Vert; .
Lx=--,= ertical asymptotes at x = +—
4" 4 2

Vertical asymptotes at x = +

X

=37

4
(_TC’ _3) /

n
4
o

T

2/(75, -3)

1

1

1

1

1

1

1

I -
T > X
1

1

1

1

1

1

1

1
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Solutions to Exercise 14L

1 From calculator: 2 y =asin(bd + c) + d From calculator:
a cosx=ux..x=0.74 a y=1.9935sin(2.998 6+ 0.003) + 0.993
b sinx=1-x,..x=0.51 b y=3.136sin(3.051 6 +0.044) — 0.140
¢ cosx=x?.. x==+0.82 ¢ y=4971sin(3.010 8+ 3.136) +4.971

d sinx=x%x=0,0.88
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Solutions to Exercise 14M

1 a sinx=05, .. x= g (primary

solution)
T S

2nd solution is x = 7 — = = —
nda soluton 1S x T 6 6

x=(12n+ 1)%, (12n + 5)’61; nez

b 2cos3x = \/§, co3x

n

i_

6
r

Il
H+

MY

s x:(12nil)%; nez

tan x = —\/5
2
3

¢ V3tanx = =3, ..
X =

.'.x:(3n+2)7§T; nez

b8 b8
2 inx=05,". x=—, 71— —
a sinx X 67r G
o Sr
66
b 2cos3x = \/5, cos3x:7
n 1ln
3x = —, —
T8 6
T 117
71818
c \/§tanx=—3, s tanx=—V3
2 Sr
X = —,—
3°3

2c0s(2x+g): V2
T 1
cos(2x+—):—
Y72
b8 b8
2 - =@n+x1)-
x+4 (8n + )4
8nm Vs
2x = — -2)—
X 4,(811 )4
T
2x = 2nm, (4n — 1)5

x:mr,(4n—1)%; nez

Over (-2, 2m) the solutions are:

XxX=—-—

M Eon X Ix
477.(, 47 ’ﬂ’4’4

\/gtan(g —3x)— 1=0

tan(ﬂ 3 ) !
— — 3 x| = —
6 V3

%—3x:(6n+1)%

-3x = 6n?7r =nn
S X = %; nez
Over [—m, 0] the solutions are:
X =-n, —z—ﬂ, —E,O
373

3n+2 6n+5
X = :

2sin (4nx) + V3 =0
ey = Y3
sin (4mx) >

Arx = (6n + 4)%, (6n + 5)%

e/

6 ' 12 "

Over [—1, 1] the solutions are:

2 7 1 115 511

371276 12371276712
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Solutions to Exercise 14N

1 a

y

S—=DNWh W

-1
—2
-3

=5

Maximum values occur when sin (Et) =1
That is whent =3 and r = 15

h(3) = h(15) = 5. The maximum height is 5 m above mean sea level

h(2) = 5sin (g) = ¥ m above mean sea level

5
h(14) = 5sin (?ﬂ) = T\/_ m above mean sea level
5 sin( t) 25

ANx N

~
S~—
Il

sin (

BRI
)]
oY
[am—
O\‘w
)
f—
SE
)

t=1,5,13,17
Tide is higher than 2.5 m for z € [1,5] U [13,17]

x =3+ 2sin3¢
When sin 37 = 1, x = 3 + 2 = 5, the greatest distance from O.

When sin 37 = —1,x = 3 — 2 = 1, the least distance from O.

When x =5,3+2sin3tr=5

sin3r=1
: 3t—ﬂor5ﬂor9ﬂor
’ 2 2 2
b4 St 9r
. t=—0r—or—or...

6 6 6
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. t=0.524 or 2.618 or 4.712 seconds for ¢ € [0, 5]

d Whenx=3,3+2sin3r=3
. sin3r=0
. 3t=0ormor2mor...
T Vs
S.t=0or—or—or...
. t=0o0r 1.047 or 2.094 seconds for ¢ € [0, 3]

e Particle oscillates about x = 3, from x = 1 to x = 5.

3 x =15+ 2sin(2nt). Note that the particle oscillates between x = 3 and x = 7

a Greatest distance from O when sin(2rt) = 1. Therefore greatest distance from O is
Tm

b Least distance from O when sin(27t) = —1. Therefore least distance from O is 3 m

¢ 5+ 2sin2nr) =7
2sin(2mt) = 2

sin(2zt) = 1
T Sr
2t:_7_’
=3
t_l 59 13 17
444404

d 5+2sin(27t) =6
2sin(2nt) = 1

sin(27t) =

2t =

127127127127 12° 12

e Particle oscillates between x = 3 and x =7
t
4 h(t) =10 sin(%) +10

a i h0)= 10sin(o) +10=10
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ii h(1) = 10sin —)+1o: 10+53

iii A(2) = 10sin )+10: 10+53

(
(
iv h(4) = 1OSin(4?ﬂ) +10=10-5v3
v h(5) = 1OSin(

)+1o=10—5\/§

b Period = 21 + d = 6seconds

¢ Greatest height = 20 m

d IOsin(%t)+ 10 = 15

e lOsin(%t)+ 10=5

0sin(2) = -

nt Tn 11z 197 23rn

3 66 6 6

711192
2727272

it
57=17-8 (—)
COS 12

a T(0) = 17—8cos(0) —9

The temperature was 9° C at midnight

b Maximum temperature 25°
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Minimum temperature 9°

it
17-8 (—) =20
C COS 12

Tt
-8 cos (E) =3

cos(”_’)—_i
12/ 8

7T—t—7r—cos_lg 7r+cos_lg
12 8’ g

t=7468...,16.53...
That is between 7 : 28 and 16 : 32

d T

s A

24
22
20 H
18
16 H
14 5
12 5
10 4

N B OO

1 11 18

o T T T 1T 11 !
3 6 9 12151821 24

6 a D)= 10+3sin(%t),03t$24

2
period = Tﬂ = 12; amplitude = 3;

)|

translation in the positive direction of the D(¢)-axis = 10

D A

13 -
" /\/\/

7_

0 :i 6 12 18 24 t
. tt
b When D() = 8.5.10 + 3 sm(g) =85
3sin(”—’) — 15

6

: sin(ﬂ)——1
' 6/ 2
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a

nt  In 11 197 23n
S.—=—or or or or...

6 6 6
st=Torllorl19or23or...
From the graph, D(f) > 8.5 implies
0<t<7,or11<r<19,0r23<tr<24,for0<r<24
At D) =85 ={t: 0<r<T7hU{r: 11 <t <19} u{r:23 <r<24}

The maximum depth is 13 m. D
From the graph, the required period of time is
[2.5,3.5].
The largest value of w occurs for = 2.5.

2.
w=10+3 sin(—65”) ~ 129

The largest value of w is 12.9, correct to 1

decimal place.

360
period = 2 X 6, and also period = —
-
360
L— =12 sor=30
r
. ) +3
translation parallel to D-axis = — = 5
p=5
amplitude = % =2 SLog=2
Whent=0,D =7 A

Whent=6,D =3

U)M\lb

D =5+ 2cos (30r)°

When D =4,5 +2cos(30r)° =4

s 2c0s(30n)° = -1 ..o cos (30r)° = —%

2 (301)° = 120° or 240°

. t =4 or 8§ (from graph, only two values required)

Low tide is at = 6, hence it will be 2 hours before the ship can enter the harbour.
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Solutions to Technology-free questions

1 a

b

330° = 330(%) - %T
810° = 810(%) - 97”
1080° = 1080(i) - 6x
180
1035° = 1035(&) _ 2
135° = 135(%) Zﬂ
e ()
390° = 390(%) _ r
420° = 420(%)

8
7T
B 80(180) 9

()
1411n _ 1in(1i0°) _ 105

157 157 (180°
= :1 °©
A e

37r 3m(180°
- = —— = —-135°
4 4( n )
_ZZ_E(ISO ):_450
4 4\ r

h -

a

11z 117 /180°
=- = —495°
4 4 ( T )
231 2371 (180°
- = - = -1035°
4 4 ( T )
1lx 3n V2
SIMN—=S1In— = —
4 4 2
( 77r) T \/§
COS 4 = COS 4 = 2
Sin = Sll’lﬂ. =
6 6 2
cos(~ ) = cos 22 = - V3
6/ 6 2
(1371) T \/§
cos|— | =cos—- = —
6 6 2
Sin 23” Sll’lﬂ. = 1
6 6 2
o ( 237r) o x 1
S|———)=cosz ==
3 2

4 2
0
2sin(3)
sin| 5 )
Ampl = 2, per = Tﬂ =4
2
—3sin46 5
Ton
Ampl = 3, =—=_
mp per=—- =7
1
Esin39 l ,
Ampl = 3 per = ?ﬂ
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d —3cos2x T %
o0 atO,S, 3
Amp1:3,per:7:7r
Yy
(X A
e —4s1n(§) ) o
Ampl = 4, per—Tﬂ—67r /\
3 ! > X
0 T 21
f %sin(—x) 3 ?
3 3 -2

2
Ampl = 3 , per = =3

] §

X
d - 2 ‘ (_)
y sin 3

) Per = 6z, ampl = 2, x-intercepts
a y=2sin2x

t 0, 37,6
Per = 7, ampl = 2, x-intercepts 4 0o
at 0, g, T Yy
A
Y 2 1
A
27 y=2sin2x

> X
0 37\/6n
0 \/n X 2
I

e sin( ﬂ)
= X - —
Y 4

Per = 2z, ampl = 1, x-intercepts
b y:—3cos(§) t7—T 5_7r
Per = 6m, ampl = 3, x-intercepts T
3m 9n
at —, — Y
22
A , T
Y 14 y = sin (x - —)
3] y=-3cos—
3 0 T > X
LIEAYE
- — X N I\
/ \\ passes through 57
_3 L/ point (6T, -3) -

4

is the final point

) 2
C y:—zsin?,x fy:SID(X'F?)
Per = ?ﬂ, ampl = 2, x-intercepts Pe;: 427;1 » ampl = 1, x-intercepts
t=, —
33
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/*Y:sin(ﬁ%n)

> X
2on O n\/ém
3 14 3 3

S
gy cos | x G

Per = 27, ampl = 2, x-intercepts
m An

t =, —
133

y
A
N/
0| sgan 11xf4n 170
5] 6 3\6/6 6

5Tt
=2C0S [x — =
y ( ;

h v=-3 ( _31)
y cos(x + 3

Per = 2z, ampl = 3, x-intercepts
n 4r

atg,?
Y
A

3_

V3

2

T
6 inf=-—.. = ——, ——
a sin ‘ 373
(No solutions over [0, 7])
b sin(29):—§
g = 2r 7w 4m Sr
373373
9= T 2w Sm
36376
c '(9 ﬂ) !
sin(0— =|=—=
3 2
p T n In
3 676
9_7r 3
62
T
d i (9+—):—1
sin 3
n 3
0+ = =—
3 2
o= 1"

(

6
(Only 1 solution for —1 and 1)

sin (

JTH)_
3 2

1
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Solutions to multiple-choice questions

1

2

C

D

3
- -1 o
— |~ 37
Sin (5)

3 — 10 cos 2x has range
[3-10,3 + 10].
So the minimum value is 3 — 10

4 sin (Zx - g) has range [—4, 4].
2
3sin(% —n)+4hasper: Tﬂ =4n
2

y = sin x:

Dilation of % from y-axis:

y = sin2x

Translated +7 units in x-axis:

Vs
- . 2( - _)
y=sin2{x -

2

D f(x) =asin(bx) + c: per = -

7 E

8 E

9 C

10 B

y = tan ax has vertical asymptotes at
Vs

y==+

Vs 2a7r
If % = G then a could be 3
3sinx+1=»b
If b > 0 the only value of b possible
is 4, since the only positive value of
y for sin x with one solution over a
period is 1.
3sinx+1=4,.. sinx=1
b=asinx,x € [-2m,2n],a>b >0
2 periods, each with 2 solutions = 4

D) = 8+25in(%t),0§ <24

Find primary solution for D = 9:
nt
8+2sin— =9
sin

.ot 1
Slng—i
7Tt_7T
6 6
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Solutions to extended-response questions

1 a i Whenr=57, d =12+ 12 cos én(5.7 + %)

=0.001 83 = 1.83 x 1072 hours
ii Whent =27,

1 1
d=12+12cos - (2.7 —)
+ COS 67T + 3

= 11.79 hours

1
b Whend =5, 12+1200$87T(t+§)=5

1 1
12 cos gﬂ(l + —) = -7

3
I(HI)_ 7
S\ T3) T

én(t + %) — 2.193 622 912, 4.089 562 395

(first two positive values required)
. 2.193622912x6 1 4.089562395x6 1

s 3’ Pis 3
t = 3.856,7.477

When ¢ = 3.856, the date is 26 April. When ¢ = 7.477, the date is 14 August.

2 a Whenr =4, A:21—3cos(% =195

The temperature inside the house is 19.5°C at 8 am.

Tt t
D=A-B=2]- T (22 - il
3008(12) ( 5008(12))

it it
=21 —3005(5)—22+5cos(§)
it
D=2 (—)—1,03t§24
cos B
¢ amplitude = 2,

translation in positive direction of D-axis = —1,
) 2n
period = — =24
12
D A
1 .
0 ] ] | —>
-1 6 12 1 24 1
-3 1
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d When A < B, D <0

When D = 0, ZCos(ﬂ—Z)—le
12
mt _1
os(33)=
nt w Sm
E—gorgor

When D < 0,4 <t <20
St A< By ={t: 4 <t <20}

3ad=3+ 1.8cos(%’)

amplitude = 1.8; period = 27 + 12

6
d (m) A
48
3_\/\/
12 1
I U
0 6 12 18 24 t(hours)

t =4or20fort € [0,24]

b High tides occur when t = 0,7 = 12 and ¢ = 24, i.e. at 3 am, 3 pm and 3 am.

¢ Low tides occur when r = 6 and t = 18, i.e. at 9 am and 9 pm.

d The ferry operates from# =5to ¢ = 17.

Consider 3+ 1.8cos (%t) =2
COS(ﬂT) B -1
6/ 18
=5
9
LT 7 —cos! (é) T+ cos_l(é) 31 —cos”
6 9/ 9/)
6 YR 6 _1(5)
= — — — — — 1 _
t=6 ﬂcos (9),6+ﬂcos 5) 8
~4.125 or 7.875 or 16.125 or 19.875
50

.. earliest time, 7.875 — %0 =7.04
.. ferry can leave Main Beach at 10.03 am.

)

6
— COos
Vs

"(5)
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e

i Ferry must be in and out harbour by ¢ = 16.125. It must leave 55 minutes earlier,

re. att = 15.208...It can leave Main Beach no later than 6.12 pm.

ii Starts at 10.03 am and last trip leaves at 6.12 pm. Five trips are possible.

4 D=p-2cos(rt)

a

€

f

Low tide depth is 2 m. High tide is 8 hours later, and the depth is 6 m.
2
period is 16 ~ T 6
r
s
r=-

The centre is 4, as the upper value is 6 and the lower value is 2, .. p = 4.
The amplitude is 2.

D(m) A
6 +4
v\
2 u
0 8| lé 'z (hours)
The first low tide is at 4 am. The second low tide will be at 8 pm.

The depth is equal to 4 metres when r = 4 and t = 12, i.e. at 8 am and 4 pm.

i 7.5—-6=1.5metres

ii At2pm, = 10, and the depth is 5.414. .. metres.
7.5-5414... =2.085...
The length of pole exposed = 2.086 m.
When d = 3.5,t = 3.356. .. .. by symmetry,
total time = 6.713... = 6 hours 42 minutes 47 seconds
time covered = 16 — 6.713 = 9.287

= 9 hours 17 minutes
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Chapter 15 - Revision of chapters 13-14

Solutions to Technology-free questions

1 a (-24%)° x3a* = -84° x 3a*

= —244"
b 5a* x 2ab*? 3 10a°b>
20a2b*  20a2b*
- 2b?
. (xy—Z)—l 3x‘1y2 _ x—1y2 3x‘1y2
y 4(xy)? y 4x3y3
_ 3
© 4x5y3
3
T 45
d 2.3 6
4q _ 64a _
(E) = Qab™y = (—a3b3)+(8a3b 3
64a° 1
= — X ——
a’b?®  8ach3
B 644°
~ 8a°
=8
-1 1 11
e Jx1yZx (X) - X 2yxy 3x3
X
12
= _x_6y3
2
y3
Y
x6

f

V2x—1xQx=1"=Qx- 1)%(2x -

1

) 2x - 1)%

2a(3) -3 -3
5/ \3/ 9
(42)—2 4—4 2—8

— 24 _
%) TamTym ol

b

272 x93 36x36
c = =34=381
812 38

9% x 8" x 16" 3% x 2% x 2%
6" - 3n2n
— 26}133}1

b 3log,(16) =3 x4 =12

= log,, 36

I
d 10g3(ﬁ) — log;(373) = -3

4 a f: R—->R, f(x) =2*—-3 Range
(_3900)

y
A

0

b f:R-R, f(x)=-3x2"+1
Range (=0, 1)
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5a 4"=g"!
22x — 23x—3
2x=3x-3

x=3

b 45 =5%x2—4
22 _5%x254+4=0
2 —4H2*-1)=0

x=2o0orx=0

c 515125
51553
Sx—-1>3

S x>4

d log,(x+1)=3
x+1=2°

x=7

e log,(2x) —logy(x+1)=0
2x

x+1 -
2x 40

0

log,

x+1

2x=x+1

x=1

6 a 2°=5© x=1o0g,(5)

b 53x+1 =10
5% =2
3x =logs(2)

1
x = 3 logs(2)

c 0.6"<0.2

& xlog,,(0.6) < log,;0.2

log;, 0.2
log;,(0.6)

S X >

7 f(F(0) = x

370 4=
370 = x -2

(%) = logs(x - 2)

Al

a 60° =60 x % radians = g radians

b 270° = 37” radians

7
¢ 14Q° = 140 x %wradians - ?ﬂ
radians
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Ir
b (—) ~0
COS 2

¢ tan(37) =0

d tan(— g) undefined

10 a sin(2r —60) = —sinf = —-0.3
b cos(-0) = cosd =-0.5
¢ tan(m+0) =tanf = 1.6
d sin(r+6)=—sinfd = —-0.6

e sin(g - 9) =cosfd =0.1

32 4
f cosf = ﬂl—(g) :g(since
O<6<§)
2 \/§
1 '(— - ¥
a sin 3 >
b cos(s—ﬂ)——ﬁ
6/ 2
—JT
tan| — | = -1
¢ an(4)
(=T 1
a sin( %) =5
AN
f tan(s?ﬂ)::—\@

a Period = 47; Amplitude = 2

¢ Dilation of factor 2 from the x-axis

and dilation of factor 2 from the

y-axis
3
2
1
—>x
L 2
-2
-3
3
14ac059:—§
g 5% T 51 In
6 676767
b V2sing =1
sin@—L
V2
g X 3% & 3%
47 474 4
C

—X



1
sin(26) = 5

16

s T8 131 St _x Tn lix 19 2n
B 6 6° 6 666 66
_ 1n 137 57r_7r Tr 11n 197 237
TR TR 1 L
| |
d tang=-V3
0__47r 7 2n 5n If |
T 30333 iy 2 1
15 ¥
3_
2_
1_
O ? > X
14 2 17 a | .
sinx = —
-2 2
3] T S
3 x= X i dknrorx= X 4 dkn kel
6 6
b
2cosx = V3
V3
COSX = —
2

x:%+2k7rorx:—%+2k7r,kez

¢ tan(2x) = —1

2x:—z+kﬂ

4
T T
=——+k-,keZ
YT
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Solutions to multiple-choice questions

1 B log,8=3, ..

2 B 5n—15n+1 :Sn—1+n+l

:52n

3B 27= - 2722
64T

T x=-6

4 E 125%5" = 5350
— 53a+b

5D 4% = 10 — 4!
LA+t =10
451 +4) =10
54 =10
4% = 9 = 405
SLx=0.5

7n+2 _ 35(7n+l) _ 7n+2 _ 5(7n)

44(77+7)

’7]1

= 7n+2 -

7D f(x)=2+3*

LR - f() =2 +37) - 2+39

— 32x — 3
=3'3 - 1)
8 C (7™@9* =1
72x74x—2 =1
7 =1=7°
SL6x=2=0, x=<

44(7m+2)
_7"(49-5)
O 44(7m2)

1)6
9 B y:2xand;y:(§)

10

11

12

14

16

A

A

D

D

D

D

y-intercept at (0, 1)

0 = @00+ x73
2

=1+x3
2
L f®)=1+873
:1+1:§
4 4

log a* + log b* —2log ab
1 (@*b?)
=1lo
® (aby
=logl =0

2x = ZX(@)O

Vi
360x\°
(=)
~ 360x°

T

y=sin2x+ 1
Q is at the 1st maximum:
b3

T
= — :' —+1:2
X 4,y Sln2

1-3coséb
range = [1 — 3,1+ 3] = [-2,4],
so min value = -2

X
=16+ 15sin —
y sm60

107
Soy(10) = 16 + 15 sin —
¥(10) sin —5

15
=1 it
6+2

=235m

sin(r + 6) + cos(m + 0)

= —sinf — cos @
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17

18

19

20

21

22

23

sinx=0,..x=0, 7
Over [0, x], B, C, E have 1 solution
and D has none.

0
y= sinE has per = 47

2 —3siné
range = [2-3,2+ 3] = [-1,5]

y = cos x° with translation of 30° in
negative x direction

.oy = cos(x + 30)°

f(x) = =2cos3x:

2
per ?ﬂ, ampl 2

ci=3
LCM_5=3"_5
=176

log, 56 —log, 7 + log, 2
56 x 2)

= 10g2(
=log, 16
=4

24 B log,a=c;log,b=c

Ta=b" b=x°
- log, b =clog, x
1 1 .
. log, x = —log, b= —log,b
c c

1
s log,x = < log,a=—
c c

1
25 D cosf—sinf = 1

1
6 —sin6)> = —
(cos sin 6) 6
1
sin29+c0529—25in¢900s0:E
1—-2siné 0 !
—2sinfcosfd = —
16
2siné =1 !
sinfcosf=1—-—
16
sinfcos @ 15
" sl = —
32

1 1
26 B y= Esin2xandy: Emeetat

sin2x:15
T 5m
S2x ==, — ...
YT
T Sm
X=—-,—...
4’4
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Solutions to extended-response questions

1 a h(r) =10+4sin(151)°, 0 <r <24
period = % = 24, amplitude = 4
translation of 10 units in the positive direction of the A-axis
h(m) o
14 1

10

6 +

0 12 24 1(h)

b When /=13, 10 + 45sin(157) = 13

3
4sin(15¢) =3 o.osin(15¢7) = 7
3 3
15¢ = sin_l(Z) or 15¢ = 180 — sin_l(z)

1 3 1 3
and t= 5 sin_l(z) or t= 3(180 - sin‘l(z))
From the graph it can be seen that only two solutions are required.

1 1
= 3(48.5904) or = E(I8O —48.5904)
~ 3.2394 ~ 8.7606

Hence, h = 13 after approximately 3.2394 hours and 8.7606 hours.

¢ Wheni =11, 10 + 4sin(157) = 11

1
4sin(157) = 1 sin(157) = 1
15¢ = sin"1(0.25) or 15¢ = 180 — sin~1(0.25)
_ 1 . _1 _ 1 . _1
and t= 15 sin” (0.25) or t= 15(180 sin” (0.25))

From the graph only two solutions are required for the domain 0 < ¢ < 24.
1 1
t ~ —(14.4775 t ~ —(180 — 14.4775
15¢ ) or 15¢ )

~ 0.9652 ~ 11.0348
For h > 11,0.9652 <t < 11.0348 (approximately).

Hence a boat can leave the harbour between 0.9652 hours and 11.0348 hours.
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2 a At the start of the experiment, t = 0.
. N(0) = 40 x 210
=40 x 2°
=40x 1 =40

Hence there are 40 bacteria present at the start of the experiment.

b i Whent=2, N(Q2) = 40 x 2!°@
=40 x 2°
=40x 8
=320
After 2 hours, there are 320 bacteria present.
ii. Whent =4, N4) = 40 x 2@
=40 x 2°
=40 x 64
= 2560
After 4 hours, there are 2560 bacteria present.
ili Whent =12, N(12) = 40 x 2!°12)
=40x2'®
=40x 262144

= 10485760
After 12 hours, there are 10485 760 bacteria present.

C N
(4,2560)
(0, 40) (2, 320) ~
0 >

t(h)

d When N = 80, 80 = 40 x 2!5®

21.5(t) — 21
1.5t =1
t_z
3

2
The number of bacteria doubles after 3 of an hour (40 minutes).
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3 a The Ferris wheel makes one revolution after one period.

2w b4
Period = —, wh = —
erio " where n 30

:27r+£

30
3 271 % 30

n
=60

1.e. the Ferris wheel takes 60 seconds for one revolution.

b Period = 60, amplitude = 9
The graph is translated 10 units in the positive direction of the 7-axis and 11 units in
the positive direction of the A-axis.

h (m)A

20T
(0,15.5) (60, 15.5)

L R N A Pt

21 »

0 10 25 40 55 ((s)

¢ Range = [2,20]

d Ath=2, 11+9cos(%(t—10)):2
T
9 (— z—10):—9
cos 30( )
JT
— r—10):—1
cos(30( )

%(I—IO):ﬂor&rorSﬂor

t—10=300r90or150or ...

S t=40o0r 100 or 160 or ...
i.e. the height of the person above the ground is 2 m after 40 seconds and then again

after each further 60 seconds.
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15.5

e Ath=155, 11+ 9COS(%(I - 10))

4.5

b
9 (— T )
cos 3 O( )
( ae 10)) !
cos| —(t — ==
30 2
- 5 7
%(I—IO): ?or;—ror?ﬂor?ﬂor
t—10=-100r200or500r70or ...
S t=0o0or20o0r60or80or ...
i.e. the height of the person above the ground is 15.5 m at the start and each
60 seconds thereafter, and also at 20 seconds and each 60 seconds after that.

2 1
4 a V = 120cos(60xt), period = i —, amplitude = 120
60r 30

1z

A
120 \\ /
0 : —>
L L 7@
60 30
-120 4

b AtV =60, 120 cos(60rt) = 60
1
60rt) = <
cos(607t) >
60mt = g (Only smallest positive solution is required.)
n
=
3 x60r
1
180

i.e. the first time the voltage is 60 is at 180 second.

¢ The voltage is maximised when V=120
120 cos(60xt) = 120
cos(607r) = 1
60nt =0 or2mrordror ...

0 2 Ar

0o 1 1
=0or——or—or...
30 15
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. . . 1
1.e. the voltage is maximised when ¢ = 0 seconds, and every 30 second thereafer

k
t=—,k=0,1,2,...).
(=35 )

S5 d=a+bsinc(t—h)

. . 60 seconds
a 1 period=——"—7"—
4 revolutions

= 15 seconds

ii amplitude = radius of waterwheel

= 3 metres
2
ii  period = =~ =15
c
2w
c=—
15
L (2r
b At (0,0), O=a+b sm(E(O - h))
Now amplitude = 3, b=3
and the translation in the positive direction of the y-axis is 2,
a=2
0=2+3sin 22"
—2rh
3 si =-2
sin G
. 2nd -2
sin = —
15 3
-2
1’5”‘ ~ —0.729727 656
. -0.729727 656 x 15
- =2
~ 1.74210
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2
cd=2+3 sin(l—;T(t 1742 10))

dA

6 a i Whent=0, h = 30(1.65)°
=30x1
=30

ii. Whenrs=1, h = 30(1.65)!
=30 x 1.65
=495

iii Whent=2, h = 30(1.65)*
=30 % 2.7225
= 81.675

b h(N) = 30(1.65)"
h(N + 1) = 30(1.65)M*!
= 30(1.65)" x 1.65
= 1.65A(N)
h(N + 1) = kh(N)
implies k =1.65

¢ When 4 = 900, 30(1.65)" = 900
1.65" = 30
log,, 1.65" = log,, 30

tlog;, 1.65 =log;, 30

_ log;30
~ log,, 1.65

~ 6.792
1.e. it takes approximately 6.792 hours for 900 hectares to be burnt.
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a

h

(hectares) h(f) = 30(1.65)
(0, 30) (1, 49.5)
ol ¢ (hours)

When ¢ = 0, 6 =80(27") + 20
=80+ 20
=100

When 1 = 1, 6 =80127") + 20
=40 + 20
=60

When ¢ = 2, 6 = 80(27%) + 20
=20+ 20
= 40

When 1 = 3, 6 = 80(27°) + 20
=10+ 20
=30

When 7 = 4, 6 =802~ + 20
=5+20
=25

When 1 = 5, 6 = 80(27°) + 20
=2.5+20

=225
t| 0 112 ]13] 4 5
6 | 100 | 60 | 40 | 30 | 25 | 22.5

6 (°C)
100
0 t(nfin)
When 0 = 60°, =1

i.e. the temperature is 60°C after 1 minute.
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8

9

10

d Whent = 3.5, 0 = 80(273) + 20
80
N — +
11.313708 5
~27.071

20

a P, =70000000 + 3000 000t
P =70000000 + 5000 000z

t
Pc =70000000(1.3)10

b P (millions)
A

70

0 é 5 7(') t (}E:ars)

¢ From the graph, the population of C overtakes the population of
i A after approximately 35 years
ii B after approximately 67 years.

A = 00251

a Whenr=5
A =212 ~ 2378 km?

b 20.252‘ =20
0.25¢ = log, 20
t = 4log, 20 = 17.288 hours

¢ 13.288 <1 <19.628
-t
Vi(t) = 1000e10, t>0
Va(t) = 1000 — 40z, 0<r<25

a V(0) = 1000, V,(0) = 1000
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b VY a
1000

(25, 82.08)

»
»

0 25 t

¢ Tank B is empty when 7 = 25, i.e. when 1000 — 407 = 0.

-25
V1(25) = 10003 10
=64.15...

Tank A has 64.15 litres in it when B is first empty.
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d On a CAS calculator, with f1 = 10003 (=x/10) and f2 = 1000 — 40x

11

12 a

t=0, and V;(0)=V,(0)= 1000

t =23.
. (7t
hi(f) = 18 + 10 sm(g)
hy(t) = 8 + 61
period of y = h(?) y A (6,44)
Ve
=2+ = _
6 5 y=nh,@)
- 12 N /\
q V= hy(1) (6, 1)
0 3 6I:t
On a CAS calculator, with f1 = 18 + 10 sin(srx/6) and 2 = 8 + 6x

The coordinates of the intersection point are (3.311, 27.867). (3.19 am)
i When 7 =9 (9.00 am), /;(¢) reaches its minimum value of 8.

ii The original function satisfies this with 7 redefined, i.e. A(f) = 8 + 6¢.

Number of discs, n 011|123 4
Minimum no. of moves, M |0 |1 |3 |7 | 15

For two discs, the following procedure may be used.

location 4 location B location C
start

move 1
move 2

move 3

For three discs, the procedure is as follows.

location 4 location B location C
start
move 1 ==
move 2 =
move 3
move 4
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Now the problem reduces to taking the two discs from B to C, i.e. three more moves
(using the technique for two discs).

total number of moves = 3 + 4

=7

This procedure can be generalised for n discs.

m The top n — 1 discs can be moved from A to B in 2"~! — 1 moves.
m The remaining bottom disc can be moved from A to C.

m The n — 1 discs on B can be moved to C in 2"~ — 1 moves.
total number of moves = 2" ' — 1 +1+2"1 -1

M=2"-1

=2x21 1
=2"_1

Number of discs, n

Minimum no. of moves, M

63

127

M
140 T

120 7
100 T
80 T
60 T
40 7

20 7

Let the top disc be called D, the next D,, then D3 and so on to nth disc, D,,.
For 3 discs, D moves 4 times, D, 2 times and D3 once.
For 4 discs, D; moves 8 times, D, 4 times, D3 2 times and D4 once.

0 1 2 3 4 5 6 7

n

For n discs, D; moves 2"~! times, D, 22 times, ..., D, 2° times.
Three discs D 1 D2 D3
Times moved | 4 2 1
Four discs Dy | Dy | D3| Dy
Times moved | 8 4 2 1
n discs D1 D2 Dg Dn—l Dn
Times moved | 2! | 2772 | 273 2! 20
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Note: For n discs, total number of moves = 1+2+4 +... + 2"}
12"-1)
2-1

2" -1

e

(=0.77,0.59)

b i By inspection (2,4) and (4, 16).
ii Numerically (-0.77,0.59)

¢ Use the graph:
{x:2%> x%} = (-0.77,2) U [4, o)
d Forx>0 2% = 2
& log, 2" = log, X

© x=2log, x

log; x 1
x 2
e Forx>0 4% = x4

& log, 4° = log, x*
© 2x =4log, x
1 1

o logx _

X 2

f 2% = x* & log, 2" = log, x> & 4% = x*
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g y The turning point occurs

RIEe)Y

1 1
0g, X .

when x = e. On the graph consider when >
X

h Many things to investigate. For example.
m Other bases

- 2(nx) — (x2)n

m Odd powers
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Solutions to investigations

La i Weight versus length

25
H
weight = 0.00002(length)30021 rd
i R?= 0.9957 ¥
.'...
."
&
o
15 o
&
&
_..6'
1 ..
o
.-"‘
o
7
05 ke
e
0
0 5 10 15 20 25 30 35 40 45 50

weight = 0.000024(length)*0%?!
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il

25

0.5

weight = 0.048503(1.09011)%"s™

10

Weight versus length

weight = 0.0485e0-0863length

R2=0.9897
o
.
s
*’
*
o o
° .
0.
o‘,"""
..-’."‘
Y
PErY

20 25 30 35 0

iii There are many choices. Here is a possible function to consider.

weight = {

0.0521 x 1.0876nsth
0.2389 x 1.0526nsth

for 25 < length < 40
for length > 40

45

50
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b For example.
Lo =50. Whent=2,L =30and whent=5,L =40
30 = 50(1 — Ka?)...(1)

40 = 50(1 = Ka’)...(2)

On simplification the equations become

2
Kd>==...(1
@ = (1)
KaS—l 2"
=3
Divide (2°) by (1°)

1

3—_

“ =3

a=0.7937...and K = 0.6349 . ..
L =350(1-0.635x%0.794")
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¢ Let Skilograms denote the total weight of fish in the pond. § = NW, where n is
the number of fish alive at time ¢ years and W kilograms is the weight of fish after ¢
months. Given N = 1000 x 0.6
Therefore S = (1000 x 0.6"W
Assume that the length, L cm, of a fish after  months is given by L = 50(1 —
0.9 x 0.58") and W = 0.05 x 1.09" With these formula we can form a spreadsheet.

2 a i Start withinterval [1,2], 1.149
ii Start with interval [2, 3], 2.224
iii Start with interval [3, 4], 3.742

iv Start with interval [1, 2], 1.913
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1
b First with spreadsheet to determine 25. The startin value is x,;; = 1. Formulas are
given to the right.

With Python
def g(x):
return Xx**5-2
x=1
while g(x)>10**(-6) or g(x)< -10**(-6):
x = (1/5)*((4)*x + 2/(x**(4)))
print (x)
1.2000000000000002
1.1529012345679013
1.148728886527325
1.1486983566199587

The other values of part a can be found in a similar way. A python program could
also be used.

1
¢ First with a spreadsheet to determine 113

The other values of part a can be found in a similar way. A python program could
also be used.
With Python

def g(x):
return x**3-11

x=1

while g(x)>10**(-6)or g(x)< -10%*(-6):
X =X*(22 + x**3)/(11+2*(x**3))
print (x)

1.7692307692307692
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2.2069695628797503
2.223979419481013
2.2239800905693152

3 a Exploration

b

) x3 XS X7 9 il 2k+1
Sll’l(—X):—x+§—§+ﬂ—a+"'+(—1) mﬁ'

ii
] 8 )C3 32 xS 27 )C7 . 22k+1 X2k+1
SIHX:2X—?+?—T+"'+(—1) m-i-
ii

6 1 1 4k+2
. X x0 x4 X
51nx:x2——+———+~--+(—1)k

31 s T k+ 11
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x3 xS x7 9 x2k+1

1 T — — — — — — — ) — k+l— . s
TSxE kgt T b O ey
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Chapter 16 — Rates of change

Solutions to Exercise 16A

1 a

S

2 For the first 2 minutes, the particle
travels a distance of 4 m with its speed
increasing. For the next 4 minutes, it
travels 4 m at constant speed. Then it
turns back and returns to its starting
point O, travelling at a constant speed
and taking 8 minutes to reach O.

3 a Cand D are most likely, since putting
the price up is most likely to result in
fewer customers.

In C the present price of admission is
clearly too low, whereas in the case of
D the present price is about right.

height A
(cm)

B, E and F assume that people will
keep coming in the same numbers
however expensive the tickets are.
This seems very unlikely.

A is possible, but the shape seems
wrong.

b The axis intersection must refer to

current profits and current prices.
This can hardly be zero profit and
zero prices since it is scarcely
possible that net overheads are zero.

.
Age (years)

There are usually two main growth
spurts, one before and during puberty.
Height decreases during old age as
bones diminish in size and strength.

a The car accelerates up to 100 km/hr

and slows considerably just before
1 km and again at 1.8 km. From 1 to
14 it will speed up again.

speed A

(km/h)

. >
0 1 1.25 distance from A (km)
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6 a A begins very slowly and smoothly 7 a distance—time graph:
accelerates continually until
maximum speed at the end of the

distance A
(metres)

race. 100
B sets off fast, slows very slightly,

then maintains a constant speed until

the final sprint.

C is like B except that C’s start and

finish are a little slower than the

average speed.

D starts quickly, slows down a little 0

>
and maintains constant speed until 10 time (seconds)

the finish.

E begins fast and progressively slows
almost to a complete stop. speed A
F begins fast, slows down (m/s)
progressively until the middle 10
of the race, and then slows down at

b speed—time graph:

an increasing rate until the last lap,
when D (presumably) walks slower
and slower until the end.

b B is most likely to win because the 0

>
10 time (seconds)

final sprint generally decides the race,
and B is the only one apart from A

who is accelerating at this point. A ‘ ‘ ‘ ‘ ‘
will be, in all probability, several laps 8 Distance-time graph is a straight line,
behind B by then. therefore the car travels at constant

C is also a possibility to win. speed.

9 Only C shows the rate of cost of living
slowing down. B and D show the rate
actually decreasing andA shows an
acceleration.
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10

y
P
pus
pus
2
2

/

.

a (-4,0)

b y increases with x:

[-7,-4) U (0, 3]

11

e

\

PR ;
\\
i
\
AT

a (-3,0)

b y decreases as x increases:

[-5, =3) U (0,2]
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Solutions to Exercise 16B

1 Speed = % = gkm/min b 60 m in 20 seconds = %
= 4—1(60) =3m/s
_ E::O km/h c 800(8) m in 20 minutes
@) } ) mSZO? km/;o 2
200 OR 0%60-3 m/s = 65 m/s

d 200 km in 5 hours 40 minutes

200
= ==+~ 3529km/h
> 17/3 m/

0 .
150 t
m (min) e 6542 6r;51 iIZI 5 minutes 20 seconds
= —— =20.44m/s
2 distance (km) 320
A
5_
CarY 40
44 5 a 40 L in 5 minutes = 5 = 8 L/min
37 b 60(6)01()in 12 minutes
2_ _ _ .
1 Car X =1 - 50 L/min
.52
5 , —> time (h) ¢ 180 L in — minutes
1 1 135 :
3 A$1=US$0.75
6 a
A tlolos|1 [15 [2 ]3[4 |5
US $600
500 - A|0|75]151225130 |45 |60 |75
400
300 - b 4A
200 - (L)
100 75
0% 100200300400 500 600700800
A$
(1, 15)
0 T T :
12 1 5 t(min)
4 a 120 km in 2 hours = TO
_ 200
60 km/h 7 $200 for 13 hours = % = $15.38 per
hour
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VA 9 distance A
(cm?) (km)
1
(2, 16) Carl Car 2
£(s) 0 0203040506070 80  rime (s)
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Solutions to Exercise 16C

48 -32 16
1 A d= = 2
verage spee 33 5 m/s

2 a f(x)=2x+5
Aw. rate of change:
fO-fO _1-5_,
3-0 3

b f(x)=3x>+4x-2
Av. rate of change:
JQ)-f=D _18-(=3)
2-(-1) 3

:—:7
3

2
¢ f(x)=——=+4
x=3
Aw. rate of change:

f(H—-f4) 45-6 _ 1

7-4 3 2
d f(x)= V5—x

Aw. rate of change:

f@-f0) 1-+5

4-0 4
5-30 25
3 a Av rateofchange:2_(_5):_7
5-14 9 18
b Av.rate: — =~ = >
v S T s T T35 7

15-3 12

A. te: :—:4
(¢ V. rate 3_0 3

5b—b  4b

d Av.rate: ———— = —
v rate 2a — (—a) 3a

SO =2+-2t,t>0

S(2)-S50) 8
a Av. rate: 0 =5= 4m/s
S4)-52) 72-8
Av. : =
b Av. rate 15 5
= 32m/s

$2000 dollars, 7% per year over 3 years
-1 =2000(1.07")

a 1(3) = 2000(1.07°) = $2450.09

2450.09 — 2000
b Av. return = =

3
$150.03

300
d(t):—t—+50, t>0

+0 300
d(10) = (50 - F) =31.25cm

d(0) = (50— ?) —0cm

Av. rate: = 3.125 cm/min

7C d(3)=2m, d0) =0m

Av. speed = gm/s
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Solutions to Exercise 16D

1 y=x*+ x?; chord from x = 1.2 to 1.3:
N y(1.3) —y(1.2)  3.887 —3.168

13-12 0.1
=7.19

19-5
F 0 to 1200, av. rate = ——
rom O to av. rate = —— o

~ 0.012L/kgm

b C(600) = 15L/min, C(0) = 5L/min.
15-5 1
W =450, est. rate = 600 " 0
~ 0.0167L/kg m

3 y=10"
a Average rate of change over:

y()-y0) 10-1
1 1
=9

i [0,1]:

¥(0.5) ~y(0) _ VIO -1

ii [0,0.5]: G =03

=~ 4.3246

. ¥0.1) — y(0)

iii [0,0.1]: 01 = 2.5893

b Even smaller intervals suggest the
instantaneous rate of change at x = 0
is about 2.30

4 a T ~25°att=16hours, i.e. at 16:00.

b 7T(14) = 23°, T(10) = 9° (approx.)

O o
710 =3¢/

¢ T(20) =15.2°, T(16) = 25.2°

Est. rate =

152-252
20-16

Est. rate = = -2.5°C/hr

5 Using chord x = 1.2 to 1.4, av. rate of

change
—(1 1)-(14 12)
“\14 12) '
_0.714-0.833

= —-0.5952
02 0.595

6 y=VI6-—x% -4<x<4

» A

>

—4 0 4 x

a Gradient at x = 0 must be zero,
as a tangent drawn at that point is
horizontal.

b x = 2; chord connecting x = 1.9 and
2.1.
y2.1) = V16 - 2.12 = 3.40

y(1.9) = V16 - 1.92 = 3.52
3.40-3.52 06

21-19

Av. rate =

¢ x = 3; chord connecting x = 2.9 and
3.1.
y(3.1) = V16 - 3.12 = 2.53

y(2.9) = V16 —2.92 = 2.76

253276 _

Av. rate = =~ —1.1

7 y=x’andy = 4x - 4:
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P b Est. rate of change at t = 2, chord 1.9

to 2.1:
P2.1) - P(1.9) _ 12.86 — 11.20

21-19 0.2
= 8.30

= 8.30 million/min

Graphs meet at (2, 4), where the line is a
tangent.
Gradient = 4 (= gradientof y = 4x — 4)

10 V=5x10°-10*2),0<r<12
a Av. rate of change from 7 = 0 to
t=23:
V(5)-V(©0) -3200+ 100
5-0 5
a Av. rate of change from# =1 to = —620 m’/min
i.e. 620 m?/min flowing out

V=32 +4t+2

t=3:
V3)-v(d) 41-9

3-1 2 b Est. rate of change at ¢ = 6, chord 5.9
=16 to 6.1:
s V(1.1) - V(0.9)  -686 + 597
= 16 m”/min 61-59 02
b Est. rate of change at ¢ = 1, chord 0.9 = —4440 m’/ min
to1.1: i.e. 4440 m?/min flowing out
V(1.1)-Vv(0.9) 10.03-8.03
1.1-09 - 0.2 ¢ Est. rate of change at r = 12, chord
=10 11.9 to 12:
V(12) - V(11.9)  —409600 + 382200
= 10 m*/min 12-119 0.1
= —284000 m’/min
P =302 i.e. 284 000 m?/min flowing out

Aw. rate of ch f t=2t
@ AV mafe of change trom © 11 a y=x’+2x% chord from x = 1 to 1.1:

(LD =y(1) 37513
T 1L1-1 0.1
=17.51

t=4:
P4)-P2) 48-12
4-2 2
=18

= 18 million/min
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b y= 2x3 + 3x; b Est. rate of change at x = 1, chord 0.9

chord fromx=1to 1. 1: to 1.1:
(LD =y(1) 59625 y(1.1) = y(0.9)  1.42-0.62
T 11-1 01 1.1-09 0.2
=9.62 = 4.00
cy——x3+3x2+2x 5
chord from x=2to2.1: i 2~
. )—y(2) 8.169_8 14 a i - 0.637
21-2 0.1
242
= 1.69 i 2Y2 100003
T
d y=2¢ -3¢ -x+2; iii 0.959
chord gr)om 123—) 293.71: o6
y Y N
~ = 0.998
31-3 0.1 v
=37 b 1

(Using smaller chords give answers
which approach a7, b9, c2, d35)

12 V=yx
a Av. rate of change from x = 2 to

x=4:
V4)-V(2) 64-38
4-2 2
=28

b Est. rate of change at 7 = 2, chord 1.9

to 2.1:
V(2.1)-V(1.9) N 9.261 — 6.859
21-1.9 a 0.2
=12.01

13 y=2x2-1
a Av. rate of change from x = 1 to

x =4
yd -y _31-1
4-1 3
=10
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Solutions to Exercise 16E
1 s()=6t-28
a Av. velocity over [0, 1]

Cs()—s(0)  4-0
=T

4 m/s

b Av. velocity over [0.8, 1]
s(1) - s(0.8) 4-3.776

1-0.8 02

=1.12 m/s

2 a Train’s velocity over:

60
i[0,2]= 5= 30km/h

2
ii [2,5]= ?0 = 6.67km/h

120
iii [5,8] = —3 = —40km/h

b The train journey travelled steadily
for 2 hrs at 30 km/hr, and at
6.67 km/h for another 3 hours.
It then turned around and headed
back to Jimbara at 40 km/h, reaching
the station after 7 hours.
It went back past the station at the
same speed for another hour.

3 Over(0,2),v=-3;0ver (2,5, v =3;
over (5,7),v=4

From graph: v = 0 at t = 2.5 seconds
v > 0for0 <7< 2.5 seconds

6 m (maximum value of x)

5 seconds (2nd x-intercept)

v(1) = 3m/s

6

Ball returns to starting point at
t=06sec

Av. velocity t = 1 tot = 2:

40 -2

g_ > =15m/s
579005 1

51 = 17.5 m/s
v(1) =20 m/s
v(4) = —10 m/s
v(5) = =20 m/s
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v(0) = 11 m/s
hmax. = 15m
hmax. occurs at r = 1 sec

The stone hit the ground at r = 2.8
seconds

The stone hits the ground at 15 m/s

7 a Particle is at O at x-intercepts:
t=2,3,8 seconds

b Particle moves right when gradient is
positive: {t: 0 <t <25} U{t: t > 6}

¢ Particle is stationary at gradient zero:

t=25,6
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Solutions to Technology-free questions

1 a

200
2 a Constant speed = = km/h

200
= 180 km/min

10
9 m/min

b

3 5=06x2

Aw. rate of change from x =2 to x = 4:
s(4)—s(2)  6(16 —4)

4y

a

b

4-2 2
=36 cm?/cm

3

=X

13_03
1-0

Av. rate over [0, 1]: =1

33_13
3-1

Av. rate over [1, 3]: =13

5 s(f) =4t -6

a

b

-2-0
Av. 0,1]: ——=-2
v. vover [0, 1] -0
-2+0.774

av vover [0.9,1]: =09

-12.26

Smaller intervals suggest a good
estimate of the instantaneous velocity
fort=1=-14m/s
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Solutions to multiple-choice questions

12+0+8 20

1 A . = = —
C A= 15 4
= 5 km/h
12000 + 2500
2 B Av.rate = U E R
8+2
= 1450 letters/hour
3 B Av. rate of change of y = 3(2%) over
[0, 2]:
322 -2°
32°=2) 9 _ 45
2-0 2

4 E f(x)=2x>+3x
Auv. rate over [-2,2]:

J@) - f(=2) 22-(-22)
2-(-2) 4
44

= =11
4

OA oblique line .". constant speed
AB = horizontal line .. stationary
Horizontal lines at AB and DE

P =10(1.1%
Aw. rate of growth in 5th week:

PG3) - P#) _ 5_ 114
S_4 - 10(1.1° = 1.1%)

=15
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Solutions to extended-response questions

1

2 From 6 am to 2 pm business should gradually improve, hence a negative gradient

a

i

il

il

iii

When 7 = 0, y =4.9(0)>=0
When 7 = 2, y=4.912)*=19.6

t=0andt=21is
19.6 -0

Average speed between

0 =9.8 m/s
When 7 = 4, y=49(4)* =784
Average speed between t=2andt=41is
78.4 - 19.6
v =294 m/S
When ¢ = 4 — h, y =494 - h)*

=4.9(16 — 8h + I%)

=78.4 —39.2h + 491>
Distance rock has fallen betweent =4 —handr = 4

=78.4 — (78.4 — 39.2h + 4.9h°)

=39.2h — 4.9
=4.9h(8 — h)
distane
A =
verage speed PR
_49h@8 - h)
4-(4-h
_ 49h@8 - h)
B h
=498 —-h)
When h = 0.2, average speed = 4.9(8 — 0.2) = 38.22
When 7 = 0.1, average speed = 4.9(8 - 0.1) = 38.71
When & = 0.05, average speed = 4.9(8 — 0.05) = 38.955
When 4 = 0.01, average speed = 4.9(8 — 0.01) = 39.151
When 4 = 0.001, average speed = 4.9(8 — 0.001) = 39.1951

Hence, the speed of impact will be 39.2 m/s.

getting steeper. Fill up at 2 pm. From 2 pm to midnight business should gradually
decrease, hence a negative gradient getting less steep. At midnight the machine has
slightly more cans than at 6 am next morning.
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full 1

Tl

6 8 10 12 14 16 18 20 2 24 time (h)
b2 2
3 a Gradient of PQ = a
b-a
_b-ad+a)
B b—a

=b+a fora#b

b Whena=1,b=2,
gradient of PQ =2+ 1
=3

¢ Whena=2,b=2.01,
gradient of PQ =2.01 +2
=4.01

S

4 a Whenx=1.5,

<
Il
o)

| 00 —

Il
N W
[\

[+ o

When x = 2.5,

<
Il
o)

oo N

Il
p—
| W

8 8
Coordinates of A; = (1.5, §) and coordinates of A, = (2.5, §)
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8 _8
3

3
25-1.5
_8X3-8X5
B 15

gradient of A1A; =

16

15
1

S

15

~ —1.07

_ 4
1.9

40
=—=~2.1
T 053

b When x = 1.9, y

When x = 2.1 -
=t YT

40
= — =~ 1.9048
21
40 40
Coordinates of B; = (1.9, E) and coordinates of B, = (2.1, ﬁ)

40 40

dient of BBy = =12
gradient o 1D2 2.1_1'9

_ _400
399
I

= 1—

399
~ —1.003

4
~1.99
_ 400
T 199
4
~ 201
400

~ 201

. 400 ) 400
Coordinates of C; = (1.99, @) and coordinates of C, = (2.01, 2—01)

¢ When x =1.99, y

When x = 2.01, y
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400 _ 400

gradient of C{C; = %
_ 40000
39999
B 1
739999
~ —1.000 025
d When x = 1.999, y= i
1.999
4000
"~ 1999
When x = 2.001, y = i
2.001
4000
2001
Coordinates of D = (1.999, ngg) and coordinates of D, = (2.001, %)
| 2001~ 1999
gradient of DD, = 3001 —1.999
_ 4000000
~ 3999999
B 1
73999999

~ —1.000000 3
S a i 0.24 billion

ii 0.52 billion
0.52 -0.24

2000 — 1960
0.28
40
7
1000

= 0.007 billion/year

b Average annual population increase =

¢ i Draw atangent to the curve at 1960. Select 2 points on the tangent, e.g. (1950,
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0.2) and (1960, 0.24).

Rate of population increase =

0.24 -0.2

4
~ 1000

1960 — 1950

= 0.004 billion/year

ii Draw a tangent to the curve at 2000. Select 2 points on the tangent, e.g. (1990,

0.38) and (2000, 0.52).

Rate of population increase =

0.52 -0.38

14
~ 1000

2000 — 1990

= (0.014 billion/year

d If the curve is continued with ever-increasing gradient, an estimation of how long it
will take to double the 2020 population is 25 years, i.e. in 2045.

6 When x = 2.5, y =10%°
~ 316.23
When x = 2.6, y = 10*¢
~ 398.11
When x = 2.7, y =10*7
~ 501.19
When x = 2.75, y = 10*7
~ 562.34
When x = 2.8, y=10>%
~ 630.9573445
630.96 — 316.23
i ient of AE = ~ 1049.1
a i Gradiento 787235 049
630.96 — 398.11
i ient of BE = ~ 1164.
ii Gradient o XX 64.3
630.96 — 501.19
ili Gradient of CE = 2827 ~ 1297.7
630.96 — 562.34
iv Gradient of DE = ~ 1372.4
1v radient o 2.8 _ 2.75

Y A

E [(2.8, 630.96)
D [J(2.75,562.34)
C 4(2.7,501.19)
B #(2.6,398.11)
A #2.5,316.23)

b The gradients are approaching the gradient of the curve at x = 2.8 as the intervals are
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made smaller.
When x = 2.79, y = 107 ~ 616.595

630.957 — 616.595
dient = ~ 1436.2
Gradien 28 -279 36

When x = 2.799, y = 10>7° ~ 629.5062
630.9573 — 629.5062
ient = ~ 1451.2
Gradien 78 —2.799 5
When x = 2.7999,y = 10>7°* ~ 630.812 08
630.957 34 — 630.812 08
ient = ~ 1452.
Gradient 78 —2.7999 52.7
When x = 2.79999,y = 10>7°% ~ 630.942816 3
630.957 3.445 — 630.942 816 3
Gradient 78 — 279999 52.8
When x = 2.799999, y = 10>7%99% ~ 630.955891 6
630.957 3445 — 630.955891 6
Gradient = ~ 1452.8
radien 2.8 — 2799999
When x = 2.7999999, y = 10279999 ~ 630.957 199 2
630.957 3445 — 630.957 199 2
Gradient = ~ 1452.8
radien 2.8-2.7999999
When x = 2.799999 99, y = 1027999999 ~ 630.957 33
630.957 344 5 — 630.957 33

Gradient 2.8~ 279999999 528

Hence the gradient of the curve at x = 2.8 has been shown to be 1452.8.

a3_b3

a—>b

B (a—b)d* +ab + b
B a—>b
=a*+ab+b*> fora+b

7 a Gradient of QP =

b Whena=1,b=2
gradient = 12 + 1 x 2 + 22

=1+2+4
=7
¢ Whena =2, b=201
gradient = 22 + 2 x 2.01 + 2.01°
=4+ 4.02 + 4.0401
= 12.0601
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(o)

=7

(¢

gradient = a® + ab + b?
If a = b, then
gradient = b> + b x b + b*
= 3b?

At the point with coordinates (b, b®) the gradient is 35°.
B wins the race.
A 18 in front at the 50 metre mark.

From the graph, approximately 25 m separates 1st and 3rd placegetters when 1st
finishes the race.

From the graph, approximately 45 s separates 1st and 3rd finishing times.
From the graph, average speed of A = % ~ 0.980m/s
From the graph, average speed of B = % ~ 1.724m/s
From the graph, average speed of C = 18080—_ 00 ~ 1.136m/s

f A got a fine start, for an early lead, with B second and C trailing third. A started

strongly; perhaps too strongly because his pace is slowing, allowing B and C to

gain ground. B and C are swimming consistently, maintaining a constant speed,
although B is faster and increasing the gap. At the 70 metre mark now, and A is
tiring visibly as B powers past him. A has his head down and is swimming much
more consistently but his early sprint has cost him dearly. The crowd is cheering
wildly as B wins this race very comfortably, with A still 25 m to go and C a further
10 m behind him. The excitement is building further as C closes the gap on A and
with 15 m to go surges past him to finish in second place. A finishes third and would
be most disappointed with this result. I’d say he has a lot of promise and if he can
get his timing right, he’ll be a serious contender against B in the next competition.

The graph of y = f(x) + ¢ is obtained from the graph of y = f(x) by a translation of
¢ units in the positive direction of the y-axis. Hence the average rate of change of

y = f(x) + c is m for the interval [a, b].

The computation is:

fb) +c—(fla) + o)

average rate of change =

b—-a
_J) - f(a)
B b-a
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b The graph of y = cf(x) is obtained from the graph of y = f(x) by a dilation of ¢ units
from the x-axis. Hence the average rate of change of y = ¢ f(x) is cm for the interval
[a, b].

The computation is:
cf(b) - cf(a)
b-a
_ . J®-cf@
b—-a

average rate of change =

=Ccm

¢ The graph of y = —f(x) is obtained from the graph of y = f(x) by a reflection in the
x-axis. Hence the average rate of change of y = —f(x) is —m for the interval [a, b].
The computation is:

—f(b) - (=f(a2))

average rate of change =

b-a
L fB-f@
b—a

= —m
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Chapter 17 — Differentiation and antidifferentiation

of polynomials
Solutions to Exercise 17A
1 a . Q2+h*-16
Gradion = G M2 +4G +1) =3 4 Gradient = —————
1 =
3+h-3 16+ 32+ 24k + i — 16
_ —(9+6h+h?)+12+4h -3 = "
h | 32%+ 2412 + I
_ -9-6h—h*+12+4h-3 - h
" =30+ 24h + I
_ —2h—h lim(32 + 24k + h¥) = 32
- h h—0
=-2-h
) 5 y=4¢
b }11_r)r(1)(—2 —h)=-2 Chord betwg‘en t = 4 and t = 5 has
4(5* -4
gradient 16" -4) 52 ) = 2244 (around
2 a , 2000 m/s)
o (A+h?-3@4+h -4
Gradient =
radaien A+ h_4
16+8h+h2—12-3h—4 6P:1000+f2+l,l>0
= h PB+h) —-PB3)=B+h?>-9+(3+h) -3
_Sh+R? =6h+h+h
h =Th+ i’
= . Th + h?
Chord gradient = ——
b lim(5+4) =5 3+h-3
B =T7+h
3 Gradient Growth rate at ¢ = 3 is 7 insects/day
(x+h)? =2(x+ h) — (x* = 2x)
- 7 a lim(10x> — 5xh) = 10x°
x+h—x ho0
X2+ 2xh + h> = 2x —2h — x> + 2x
- h b lim 20 — 10k = 20
h—0
2xh + h? = 2h
- . 2R+ xh? + h
 Jim =
=2x+h-2 0 - )
lim(2x + h = 2) = 2x -2 = lim 2x°h" + xh + 1 =1
21 _ 2
d lim 3x°h—2xh~+h
h—0 h
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=1lim 3x2-2xh+1=3x2+1

h—0

30hx* + 21> + h
€ l1im
h—0 h

:}lir% 3002 +2h + 1 =30x% + 1
f im5=5
h—0

o (x+ R+ 2(x+ h) — (X% +2x)
im

8 a Ilz—>0 I’l
2
im 2hx + h + 2h D
h—0 h
. (5+h)?+3(5+h)—-40
b Iim
h—0 h
10k + h* + 3h
=llm ——
h—0 h
=lim 13+h =13
h—0

o (x+ )P +2(x+ h)? = (3 +2x%)
¢ lim

h—0 h
o 3x2h + 3xh? + B3 + 4xh + 2K?
= lim
h—0 h
:y%3ﬂ+3ﬂHJﬁ+4x+2h
= 3x% + 4x
9 y=3x>-x

a Gradient of chord PQ:

_3(1+h)2—(1+h)—2

l+h-1
31 +2h+ R —1-h-2
B h

2 _
:6h+Zz h:5+3h

b Gradient of PQ when h = 0.11s 5.3

¢ Gradient of the curve at P =5

10

11

12

2
y=-

X
a Gradient of chord AB:

52— 1

— 2+h
2+h-2

_2-(Q2+h)

T hQ2+h)

_ -h -1

ChQ2+h) 2+h

b Gradient of AB when
h=0.1=-048

1
¢ Gradient of the curve at A = -3

y=x>+2x-3

a Gradient of chord PQ:
_Q2+h*+22+h)-3-5
B 2+h-2
_A+4h+ P +4+2h-8
h

6h + h?
_ —6+h
- +

b Gradient of PQ when h = 0.1 is 6.1

¢ Qradient of the curve at P = 6

Derivatives from first principles

3(x + h)? — 37

a lim
h—0 h
3x2 + 6xh + 3h% — 3x2
= lim
h—0 h
6xh + 3h>
=lim ———
h—0 h

= lim 6x + 3h = 6x
h—0

4(x+ h) —4x
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3-3

lim — =0 =1
chl—I>I(1) h },I_I%

—x* —4x3h — 6x2h% — 4xh3 - bt + x*

h
= lim —4x>—6x2h—4xh®>—h3 = —4x3

d h—0
o 3(x+h)’+4(x+h)-3-3x>-4x+3
lim
h—0 h
6hx + 3h? + 4h 13 Gradient
= lim
h—0 h 4 _ 4
—lim 6x+3h+4 = 6x+4 _xHy X
h—0 xX+h-x
2x+hP —4-23+4 X+ 4x3h + 6x°h* + 4xh? + b — x*
e lim h
h—0 h
6x%h + 6xh?* + 2h° 4x3h + 6x2h* + 4xh® + h*
= lim 7
h—0
= lim 6x° + 6 + 24" = 62° = 4% + 6:%h + 4xh? + I
lim(4x® + 6x°h + 4xh?> + 1) = 4x°
. A(x+h)? =5(x+h)—4x% + 5x h=0
f lim
h—0 h
i 4x* + 8hx + 4h* — 5x — 5h —4x> + 5x 14 a Approximation A
h—0 h
. 8hx+4h*>—5h , fla+h) - f(a)
= hm f (a) ~
h—0 h h
:]111_r>1(1)8x+4h—5:8x—5 _a2+2ah+h2—a2
o - h
32+ h) + (R =3 +2x— _ 2ah+ 1
lim = A
h—0 h
i —2x—2h+ x>+ 2hx + h> + 2x — x* —2a+h
h—0 h /
~2h + 2hx + 2 f@~2a+h
o0 h () ~4+h
:}ll_rf(l) —2+2x+h=2x-2 where # is small
Approximation B
h lim 2+ h) —(x+ h)? — 2x - 1)
0 r Fay~ Tarh—fa=h
2h
x4 2h— (P 43R4 3R+ 1) — x—) _ G2+ — (@~ 2ah + I
1m - 2h
h—0 h
. 2h—3x*h—3xh* - K _ 4ah
= lim = ==
h—0 h 2h
=}li_r)r(1)2—3)62—3xh—hzz2—3x2 - 2a
Lot - (- flay~2a
b0 2 FQ)~4
I —(x + h)* + x* In this case the exact value is ob-
=lim ————
h—0 h
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tained f'(a)
_f@+h) - f@

b Approximation A h
f( +h)—f() :(a+h)3+2(a+h)—4—(a3+2a—4)
flay~ L2 a :
h @B +32h+ 3+ B +2a+2h—4—ad —2a+4

@ +3a%h+3ah*> + P - &3 - h

- h _ 3a?h+3al® + 1P +2h
3a%h + 3ah* + 3 h

- A F(a) = 3d> +3ah+ W +2

=3a’> +3ah+ W’ F(2) ~ 14+ 6h+h

where 5 1s small

’ ~ 2 2
fla)~3a”+ 3ah+h Approximation B

£/ (2) ~ 12 + 6h + h?

where £ is small f'(a)
Approximation B _fla+h) = fla=h
- 2h
f(a) ~ f(“h)z_hf(“_h) @+ hP +2a+h)—4—(a—hP+2a—-h)—4
@ +3a*h + 3ah* + B® — (a&® — 3d2h + 3ah® - I 2h
= 5 _ 6a’h + 213 + 4h
2h

_6ah + 21 , .

=" on f(@)=3a"+h"+2

=3a + W (2~ 14+n

F@) ~ 3 + I where £ is small
a) = sa” + . . .
It can be seen that Approximation B is

! ~ 2 . . .
F@x12+h the better approximation in each case.

¢ Approximation A
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Solutions to Exercise 17B

d
1 Derivatives using —x" = nx""!
dx
d
a —(x"+4x)=2x+4
dx

b i(2x+ =2
dx

d
c a(x3—x):3x2—1
1
d %(§x2—3x+4):x—3

d
e —(5x° +3x%) =15x% + 6x
dx

d
f —(—x>+2x%) = =3x% + 4x
dx

2 a f(x)=x"2 - f(x)=12x"
b f(x) =347, f/(x) = 21x°
¢ f(xX)=5x . f(x)=5
d f(x)=5x+3," f(x)=5
e f(x)=3," f(x)=0
f f(x)=5x2-3x . f/(x)=10x-3

g f(x)=10x + 3x*,
S f(x) = 50x* + 1243

1 1
h f(x)=2x*- §x3 - Zx2+2

S f(x) =8x — X% — %x

3afx)=x%.fx=6,.f1)=6

b f(x)=4x, . f(x) = 20x*
S (1) =20

¢ f(x)=5x,. f(x)=5,. f(1)=5

d f(x)=5x>+3, .. f'(x)=10x,
() =10

e f)=3,.f(x)=0,..f(1)=0

f f(x)=5x>-3x, .. f(x)=10x-3,
sy =17

g f(x)=10x* - 3x°,
s f(x) = 40x° —9x%, L (1) =31

h f(x)=2x*- %x3, o f(x) = 8x° — X2,
Sy =17

i f(x)=-10x = 2x? + 2,
s f(x) = =30x% —4x, . f/(1) = =34

4 a f(x)=5x, . f(x)=15x%
o f(=2) =60

b f(x)=4x% . f(x) = 8x,
L f(=2)=-16

¢ f(x)=5x=3x, .. f'(x) = 15x* = 3,
s f(=2) =57

d f(x)=-5x* -2x2,
o f(x) = =20x3 — 4x,
s f(=2) =168

5 a f(x)=x>+3x,.. f/(x) =2x+3,
L ffR)=17

b f(x)=3x>—4x, .. f'(x) =6x—4,
() =2

¢ f(x)=-2x*—4x,.. f'(x) = —4x -4,
- ff(3) =-16
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d f(x)=x>—x, .. f'(x) =3x> -1, g y=(2x-1)%

L@ =11 — 42 —4x+1
cdy
a y:t2—7 ..E—SX 4
dy 2
e A Sx—x
dt h y= x
b y=-5+1¢ =5-x
dy _ 2 'ﬂ:—l
E—Z—ISt +1 “x
I 4 > ] _10x5+3x4
C ZZEX —Xx i y—T
d 3
d—i:2x3—2x :de3+§x2,x¢O
Y 52 43
dx
ay=-—-x 'ﬂ:—l
Y T dx
J 8 ay=(x+4>=x>+8x+16
y dy
b y=10,...—=0 = =
y dx I 2x+ 8
c y=4x —3x+2, .-.?:12%—3 b z=@ -1y ¢+1)
X
=167 -8+ 1)t +1)
1
dyzg(x3—3x+6) =168 =8 + 1+ 168 — 81+ 1
1, =166 + 87 - Tt + 1
= 3% -x+2 dz
d co— =48 + 161 -7
A S| dt
dx
x3+3x_ )
e y=(x+ )(x+2) ¢ ——=x+3
2 dy
=x"+3x+2 .'.d—:2x
dy *
.'.a:2x+3
dy
_ .3 LY 40
fy:2x(3x2—4) 9 ay=x +1,..dx—3x
= 6x° — 8x i Gradientat (1,2) =3
.'.@:18x2—8
dx ii Gradient at (a,a’ + 1) = 3a?

b Derivative = 3x2
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10 a y=x3—3x>+3x

d
.‘.£:3x2—6x+3

=3(x+1)*20
The graph of y = x> — 3x + 3x will
have a positive gradient for all x,
except for a saddle point at x = —1
where the gradient = 0.

242
by=2"" 12 x20
X
dy
A2 o1 x 20
I X #

cy=0CBx+1)? =92 +6x+1
d

L 18x+6=6Bx+1)
dx

11 a y=x>-2x+1, .'.922 -2
) dx
Ly2)=1y(2)=2
dy

by=x*+x+1,..—==2x+1
) dx
~y0)=1,y(0)=1

d
c y:x2—2x, .'.—y:2x—2

X
Ly(=1) =3, y(1) = 4

d y=(x+2)(x—4)=x*-2x-8
dy
L= =2x-2
dx o )
~y3)=-5,y03) =4

d
e y= 3x2 = 2x°3, Y- 6x — 6x2
X
Soy(=2) =28, y(-2) =-36

f y=(4x—-5)> = 16x*> — 40x + 25
d
d—y = 32x — 40 = 8(4x — 5)

A 1
(=) =0.v(=) = —24
y(z) 9’y(2)

i f)=2x2—x, .. fl(x)=4x—-1
L ff()=3

12 a

13

a

Gradient = 1 when4x—-1=1

] i
fx= Eandf(i) -0

Gradient = 1 at (%, 0)

1 1
i f)=1+ §x+ §x2

2 1
’ = — =, .. ’ 1 =
f'(x) 353 2f()
Gradient = 1 when —x + — =

1/3 3 3 25
v=5l5) = i(3) =
3 25

Gradient = 1 at (4_1’ 1_6)

iii f)=xX+x . f(x)=3x"+1
L) =4
Gradient = | when3x*> +1 =1
Sx=0and f(0)=0
Gradient = 1 at (0, 0)

iv f(x) = x* - 31x,
oo f(x) = 4x° =31

Sy =-=27
Gradient = 1 when 4x°> — 31 =1
LA =32

Sox=2and f(2) = -46
Gradient = 1 at (2, —46)

Points where the gradients equal 1 are
where a tangent makes an angle of
45° to the axes.

d

—@B2 -4 =6t-4

dt( )

d 2, .3 2
—@4 -x"+x)=-2x+3x
dx

d
—(5-27 -7 = -47-47
dz

= 4z + 1)
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14

%(fﬁy2 -y’) =6y -3y’
=3y(2-y)
d 3 2 2
E(Zx —4x°) = 6x~ — 8x
=2x(3x—4)

d
—(9.82-21) =19.61 -2
dt( )

y:xz, .‘.—y:2x
X
Gradient = 8 at (4, 16)
d
y:x3, .‘.d—y:3x2: 12, - x =2
X
Gradient = 12 at (-2, —-8), (2,8)
d
y=x(2-x)= 2x—x%, . Y _ 2-2x
dx

Gradient = 2 where x = 0, i.e. at
0,0)

dy

y=x>=3x+1, .. =2x-3

Gradient = 0 where *

3. 3 5
X = 5, 1.e. at (5, _4_1)
y:x3—6x2+4, Z—y =3x2 - 12x
Gradient = —12 where
322 -12x+12=0
X —4x+4=0

(x=27%=0, .x=2
1e. at (2,-12)

3 . dy

fy=x>—x .'.d—:2x—3x2

X
Gradient = —1 where
3x2+2x+1=0

23X =2x—-1=0
Gx+Dx=1)=0
1
=——1
T3

. 1 4
i.e. at (_5’ E) and (1, 0)
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Solutions to Exercise 17C

1 a i —2x-h __3
1 1 -0 (x +h)2x2 A3
S+ - f) _x+h-3 x-3
x+h—x xX+h-x b 1 1
(o320t h=) paan-f0) G B
Xx+h-3)(x-23) _
= . xX+h—-x xX+h—x
_h 1 x> —(x+h)?
= X — 24,2
Gth-3)(x-3) & :%
-1
— 4 _ (.4 3 212 3, 4
G1h-3x-3) _ X (x +4x(h+:));}; +4xh’ + h
- 1 X+ h)*x
li =—
hl—r>r(%(x+h—3)(x—3) (x —3)? _—(4x3h+6x2h2+4xh3+h4)xl
b B (x + hy*x* h
R _ —(4x + 6xh + 4xl® + 1Y)
JOAM—f) _x+h+2 x+2 (x + h)* ot
X+h-x x+h-x I —(4x3+6xh+4xh2+h3)_ 4x3
(xX+2-(x+h+2) ey (x + hY'x 8
_ X+h+2)(x+2) 4
- — X —
x+h+2)x+2) h d
-1 3 a d—(3x‘2+5x_1 +6) = —6x3-5x2
= X
(x+h+2)(x+2)
) - 1 d(3 6
1 = a(> 2)___
7o (x+h+2)(x+2) (x +2)? b dx(x2+5x x3+10x
. i(i+i 1)__E_§
2 a 1 1 do\3 | 2 T A3
fx+h) - ) (x+h)? di,, 5 4 \_ 20
Tt h—x xth-x d E(Z&x +§x +2)—6x—?x
x> — (x + h)? J
x + h)2x2 e —(6x2+3x)=—-12x3+3
:T dx
:x2—x2—2xh—h2 1, i3x2+2:i(3x+%)
(x + h)2x2 h dx x dx X
2?1 —3-2
C(x+h)2x2 T h .
—2x—h
= m 4 z # 0 throughout
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a —_—
dz 2 dz 7 2
2 3
T2 3
X d3+z_d(3+1)
dz 73 dz\7? 72
9 2
AP
d 27> + 3z d(z 3) 1
c — =—(Z+Z)==
dz 4z dz\2 4 2

d
d d—(9z2 +474+6z73)=18z+4 - 187"
Z

d
09— -2 =2 -3
¢ dz( ) ¢

iSz—3z2_d(5 3z) 3
5

dz 5z  dz\" 5

5a f/(x)=12x+18x% - x7?

b f'(x) =20x> — 8x73 — x72

1
6 f(x)= ix#0

y
A
0 > X
a P=(1,f(1));Q=(1Th,f(1+h))
1+h2_1
PQ’s gradient = +
1-1-2h-i2
W1+ h)?
_2-h
(1 +h)?

=

(o)

(o)

8 f(x)=x2, .. fl(x)=-2x3x>0

a

b

1
f(x) = — has gradient of -2 at x = 1
X

1
Normal at (1, 1) has gradient = 5:

1 1
y—1= E(x—l), .'.y:E(x+1)

y=x2+x 0y = -2x73 + 347
2 47
LYRQ)=—=4+12=—
(2 g 1
x—2 2 , 2
y = :1——,.'.y:—2
X 5 lx X
Y4 =— ==
y'(4) -3
) 1 . ’ 2 1
y=x —;,..y———3+;

Ly ==2+1=-1

y=x(x '+ —x =1+ —x

sy =3x% 4+ 273
LY()=34+2=5

1
f)=-2x7=16, - x' = 2

. X:—E

fl(x) = =2x>=-16,.. x* =
1
LX= =

2

2

1
9 fl(x)=-x2= —— < 0 for all non-zero
X

X
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Solutions to Exercise 17D

1 fl_y = gradient 3 fx)=20x~1)
x

J a f(x)=0, . 2x-17%=0
a d—y<0f0rallx

X x=1
b ﬂ>0f0rallx b ff(x)=4x-4=0, ".x=1

X

d ¢ f/(x)=4x-4>0, . x> 1

c d—y varies in sign
. d f/(x)=4x-4<0, " x<1

dy
d E>Of0rallx e f/(x)=4x—-4=-2
1
d —9 ot
e @>Of0rallx>0and—y<0f0r 4x—2,..x—2
X dx
allx <0
Gradient is uniformly positive for 4 a ilx: ff(0)>0={x: —1<x<15)
b and d only.
ii {x: f'(x) <0}
dy ' ={x:x<-1}U{x: x> 1.5}
2 T gradient:
* iii {x: f/(x) =0} ={-1,1.5)
dy
a a<0f0rallx b i {X:f/(X)>O}
={x:x<-3JU{x: = <x<4}
b Z—y <0 forall x 2
* i (0 < 0)
d
c—yvariesinsign ={x: =3 <x<zjU{x:x>4)
dx 2
dy . . , 1
d — varies in sign iii {x: f'(x) =0} ={-3, 5,4}
dx
dy
e — < Oforall x d d
dx Sa—y<0f0rx<0,—y:0atx=0,
Zz’,x dx
Yy
f@:Oerallx E>Of0rx>0
X
Gradient is uniformly negative for a, . @ — line y = kx, k> 0 B
b and e only. dx ’
d
b td >0forx<O0and x>a >0,
dx
dy

d
E:Oatx:Oanda, d—i}<0f0r
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d d
O<x<a c —y<0forallxexcept—y:0at
d dx

d—z = is a curve like a parabola YL 0anda, D
=kx(x—a C
y ( ) " dy
d =—>0forx<a>0, —=0at
dx dx
xX=a,
d
—y>0f0rx>a, A
dx
d
e y:—k,k>0f0rallxso—y:O F
dx
d
fy=kx+ck c>0s0 2=k E
dx

6 a {x: f'(x)>0}={x: x<3}
{x: f/(x) <0} ={x: x> 3}
{x: f'(x) =0} = {3}
o () = —k(x=3), k>0

y
A

\ y=5"x)
0\3\”
b fx)=1-x

s () =1

y
A

> X

y=1(x)
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x: f(0)>0)={x: —1<x<3}) § yox—x—6 - P o1

(x: /() <0} = (x: x < =1} U {x: x > 3) *
d 1
(x: f/(0) =0} = {-1,3) a d—)yclzzx;;:o,.-. x=3
() = k(e =3)(x + 1), k>0 y(i) == % coordinates are
y (1 25)
A 2’4 )
= ! x
y=1e b Tangent parallel tox+y =6
_1/ 3 .. gradient = —1
d
IC \ > A2 sox—1=-1,5x=0
dx
y(0) = —6 so coordinates are (0, —6).
d f(x)=3 9 a f(x)=sinx
L () =0 J'(x)
y A
A NN
y :f’ (x) £1(x) =o%<(ﬂ (x))
> X
0 b f(x) = cos x
1(x)
dy /\ /l
— 42 _ DA -
7 y=x"-5x+6,.. dx—2x 5 \ / /
d
a Tangent makes an angle of 45° with £200) =45 (1100)
the positive direction of the x-axis
. - ¢ f(x)=2"
.. gradient = 1 00
d X
A ooy os=1,n k=3
X
y¥(3) = 0 so coordinates are (3, 0).
b Tangent parallel toy = 3x +4 y
.. gradient = 3 £2(x) = 5 (F1())
d — >
.~.d—y:2x—5:3,_-_x:4 !
X
y(4) = 2 so coordinates are (4,2).
10 a i 66.80°
ii 42.51°
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b (0.5352,0.2420)

¢ No

11 S() = (0.2) m

b —:4)6—5:0,.'.)(::_
d% 52 /5
“l=4[Z) =5(=
y(4) (4) 5(4)
_25 2 %
4 8 8
5 25

a Speed = 5'(f) = 0.61> m/s

b s'(1)=0.6(1)>=0.6 m/s
S’(3) = 0.6(3)> = 5.4 m/s
S’(5) = 0.6(5)* = 15 m/s

12 y=ax’ + bx

ay2=-2, . .4a+2b=-2
y(x)=2ax+b
V() =4a+b=3
b=-5 a=2

Coordinates are (4_1’ ——.

13 h(r) =20¢%,0 <t < 150

a h(150) = 20(150)> = 450 000 m
K (t) = 40¢, . h'(150) = 6000 m/s

b A'(t) = 40t = 1000

1000
t= T = 25 sec
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Solutions to Exercise 17E

1 1
1 a f§x3dx:§x4+c

=

f3x2—2dx:x3—2x+c

(g}

5
f5x3—2xdx:1x4—x2+c

(=}

4 1 2
f—x3 —2x%dx = §x4 - §x3 +c

5
e f(x—l)zdx:fx2—2x+ldx
3
:%—x2+x+c
1 2
f x(x+—)dx: x°+ 1dx
X
L S
= —X X C
3
g f 272(z - Ddz = f 273 — 27%d7
_14 22
=t T3t e
h f(Zt—3)2dt=f4t2—12t+9dt
_4t3

—?—6t2+9t+c

if(t—1)3dt:ft3—3t2+3t—1dt

:i—t3+3—t2—t+c
4 2
2 F(x) =4x> +6x% +2
f(x):x4+2x3+2x+c
We have, f(0) =0
=0

S f(x) = x4+ 2x° + 2x

3

f(x) = 6x
Lf) =28 +¢
We have, f(0) =12
Le=12
L f) =20 +12

d
a —y:2x—1, .'.y:xz—x+c
dx

y1)=c=0, . . y=x*—x

1,

d
—y:3—x, .'.y=3x—§x +c

dx
1
y0)=c=1, .'.y=—§x2+3x+1

dy

1
a _ 2 oy 32
cdx X +2x, .y 3x +x“+c
1
y(O):c:Z,.‘.y=§x3+x2+2
dd 1
%C:S—xz,.‘.y:Sx—§X3+c
1
y(3)=c:2,.'.y:—§x3+3x+2
d 2 1
e £:2x4+x, .'.y:§x5+§x2+c
2 1
y0)=c=0, ..y= §x5+§x2
av.
—=t—-tt>1
dt
a V(i) ==~ lt2+c
3 92
V(3)=9—§+c:
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1000 100 9
b V(10)= —= - ==+~
1727

6 f/(x)=3x>—-1,. . fx)=x—x+c
fD)=c=2, - f(x)=x—x+2

7 a Only B has the correct gradient
(negative) with the correct axis
intercept.

b d—W:ZOOO—ZOt, >0
dt

w = 2000t — 107 + ¢,t > 0
w(0) = ¢ = 100 000
“.w = —10F + 20007 + 100 000

d
g &

1
T 5—1x, .'.f(x):Sx—§x2+c

fO)y=c=4, . f(x) = —%XZ +5x+4

9  f(x)=x*(x—3)=x"—3x*
S f(x) = ;Lx“ —xX+c

fQ)=4-8+c=-6, .c=-2

10 f/(x) =4x+k, . f(x)=2x> +kx+c
a f'(-2)=-8+k =0
k=28

b f(-2)=8-16+c=-1, ..c=7

() =227 +8x+7
s fO)=7

Curve meets y-axis at (0, 7)

d
11 %C:ax2+l, .'.y:§x3+x+c
y()=a+1=3, ..a=2
2 4
y(l):§+1+c:3, .‘.c:§

w2y = 23 4
LY@ =37+ 2+

26
3

12 ﬂ:2x+k, LY(B)=6+k
dx

a Tangent: y— 6 = (6 + k)(x —3)
y=(06+kx—-12 -3k
Tangent passes through (0, 0),
Sk=-4
b y=|2x—-4dx=x>-4x+c¢
v3)=9-12+c=6,..¢c=9

Ly=x>—4x+9
13 f'(x)=16x+k

ay2=32+k=0
k=-32

b f(x)= f16x —32dx
=8x>—32x+c
f(2)=32-64 +c= 1, ..c =33
s f(T) = 8(7)% = 32(7) + 33
=201
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14.ﬂ@:fgfw:%f+c

8 5
f@=3+e=1rc=-3

sofx) = %(f -5)
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Solutions to Exercise 17F

1 a lirr% 15=15 b },iné h2x+3)=0
blin%(x—S):6—5:1 c}lin%(S—Zh):l
3 7 3x—-1
li -5 ==-5=— li =1
cxlfiex N=575773 L ——
2
2 _ _
Loot=2 =-3-2 5 elimm
d lim — = = —= h—6  h%? —6h
—-3t+5 =-3+5 2 - (h-6)h+3)
=lim ————=
2 2 h—6  h(h—06)
e limt+2t+1:(t+1) T
t——1 t+1 t+1 :},H%TZE
=lim r+1=0 -
t—-1 . t2_ .
x4+ 2P -4 X+ dx flim === =lim# > 1¢+1) =0
f lim =
x—0 X X
=lim x+4=4
x—0
o P=1 @-D@+1D
g lim =
—1 t—1 r—1
:1i1r11t+1:2
—

h hn%x/x+ =V12=23

2 _
I [T S S
x—0 X
i x-8 (x—2)(x2+2x+4)
im =
J -2 x—2 x-=2
:lin% X +2x+4=12

o 3x2-x-10 (x-2)Bx+5)
k lim =
=2 x2+5x—-14  (x-2)(x+7)

X2 =3x+2 (x-Dkx-2)
1 lim =
=1 2 —6x+5 (x—=1Dx-5)
x—=2 1

=1
xl—rgx—s 4

2 a }ll_r)r(l)(Sh—l):—l
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3 a Discontinuities at x = 3 and 4,

because at x = 3, f(x) is not defined,
and the right limit of f(x) at x = 4

is not equal to f(4). (x =1isnota
discontinuity, although the function is
not differentiable there.)

b There is a discontinuity at x = 7,
because the right limit of f(x) at
x =7 1is not equal to f(7).

a f(x)=3xifx>0,-2x+2ifx<0
Discontinuity at x = 0: f(0) = 0, but
lir(r)l+ f(x) =0, lir(r)lf f(x)=2

b f(x)=x*+2ifx>1,-2x+1if
x<1
Discontinuity at x = 1: f(1) = 3, but
Ji £6) = 3, Jim £ =1

¢ f(x)=—xifx< -1
fx)=x*if —l<x<0
f(x)=-3x+1ifx>0
Discontinuity at x = 0: f(0) = 1, but
lirgl+ fx) =1, li%l_f(x) =0
x = —1 is not a discontinuity, since
f=H=1

lim x)=1, lim x)=1

Jim f) =1, lim - f(x)

2; x<1

5 y=3x-4Y%-9; 1<x<7

x=17; x>7
Discontinuity at x = 1: y(1) = 0, but
Jig 69 =0. lm 509 =
x =7 is not a discontinuity, since
y(7)=0
lig 56 =0. liy 569 =0
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Solutions to Exercise 17G

1 a d Forallx, f'(x)=k, k>0
x |—-1]-0.5]02]0/02(05]1 y
ffx]+| 0 - 10+ 1|0 |- A
Y
A y=r'x)
ol ~ 7=r —
T T ) X O
-1 1
e f’(x) only exists for

{x: = 1<x<1}/{0}
For-1<x<0, f/(x) <0
ForO<x<1, f/(x)>0

ff)+ 0| —-1]0(+]0/—|0]+ ] )
At x =0, f’(x) is undefined since
Y f(x) is not differentiable at that point.
A y
A
0 / > X
-3 2\/4
> X
-1 0 1
¢ Forx<0, f'(x)=-k, k>0
Forx >0, f'(x) =k, k>0
At x =0, f’(x) is undefined since
f(x) is not differentiable at that point. f f’(x) is undefined at four points
y over [—1, 1] and is positive at both
A ends, alternating + to — between the
undefined points:
=)
[e
> X
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y
A
—° a0 o—
T T > X
-1 0 1
0—0 O==———==0
2 f(x)=-x*+3x+1 ifx>0
f(x)=3x+1 ifx<0
Soff(x)=-2x+3 ifx>0
f(x)=3 ifx<0
f(x) is differentiable at x = 0
because both f(x) and f’(x)
are continuous at that point.
Y
A
3
3
2 > X
0
y=r'()
3 foy=x*+2x+1 ifx>1
f(x)=-2x+3 ifx<1
() =2x+2 if x>1
f(x)=-2 ifx<l1

f(x) is not differentiable at x = 0

because both f(x) and f’(x) are

discontinuous at th

at point.

.. f'(x) is defined over R/{1}

Y
A
(1,4)
o| 1
o(1,-2)
4 f(x)=-x>-3x+1 ifx>-1
f(x)=-2x+3 if x < -1
L f(x)=-2x-3 ifx>-1
f(x)=-2 if x < -1

> X

f(x) is not differentiable at x = —1
because both f(x) and f’(x) are

discontinuous at th

at point.

. f’(x) is defined over R/{—1}
y

A

(_15_1)

(_1 > 2;\

> X
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Solutions to Technology-free questions

1 a fx+h) - f(x)  (x+h)?+2x+h)+1-(+2x+1)
f(x+h)—f(x)_3(x+h)+1—(3x+1) x+h-x x+h—x
x+h—-x xX+h-x Xr+2xh+ R+ 2x+2h+ 1 - X —2x— 1
3h - h
T _ 2xh+h? +2h
=3 2 hh2
i = =2x+h+
1111—r>r(1)3_3 ]lin(1)2x+h+2=2x+2
b 2 » f
X —Jx) a—-W —a—-X fx+h)—-fx) 3x+h)—x+h)—-0Gx—x)
f(x+h) f()_4 (x+h) -4 ~ 2 2
x+h—-x x+h—-x x+h—-x x+h—x
4 -2 -2xh—h2—4+ 2 3+ 6xh+3h —x—h-3x"+x
o _6xh+ 3K —h
_ 2xh —h D e—
h =6x+3h-1
=-2x—-h lim6x+3h—-1=6x—-1
lim —2x — h = —2x =0
h—0
c 2 ay=3x-2x+6
fx+h) - f(x) 3 (x+h)?+5(x+h) — (x* +5%)
x+h-x xX+h-x 'Q—GX—Z
_x2+2xh+h2+5x+5h—x2—5x Tdx
- h
2xh + h* + 5h b y=35, .'.ﬂ=0
=5 dx
=2x+h+5 _ o "2
lim2x+h+5=2x+5 ¢ y=2xQ2-x)=4x-2x
So—=4-4x
d dx
f(x+h)—f(x)_(x+h)3+(x+h)—(x3+x)
x+h—x x+h—x d y=4Qx-1)(5x+2)
B+32h+3x +x+h-x—x 2
= n =40x" —4x -8
3x2h+3xh2 +h d
Sy rr D 80— 4 =420x- 1)
h dx
=3x" +3xh+ 1
lim 32 + 3+ 1 = 327 + 1 e y=(x+DBx-2)
=3x*+x-2
(3
dy
L= =6x+1
dx o
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_ d
fy=0+D2-3% Say:x2—3x+1,.'.d—y:2x—3
X
= -3x"—x+2 dy
—=0,..2x-3=0
dy dx
.'.d—:—6x—1 3
X x ==
2
3 9 9 5
d =Z_Z - _Z
ay=-—x . ==l y(z) R R
dx
. 3 5
Coordinates are (—, ——)
dy 20 4
b y=10,..—=0
dx dy
b y=x-6x2+4,.. == =3x*-12x
C(x+3)2x+ 1) dx
-4 d
4 O 42,032~ 122 = —12
1 2+7x+3 dx
= —X — —
27 47 4 X —dx+4=0
A (x-27%?=0, . x=2
dx 4 V(2)=8-24+4=—12
23 -x 2, 1 Coordinates are (2, —12)
d y= ==—x"—=x,x#0
31 3 3 dy
d 4 1 1 c y=x>-x .= =2x-3x7
.'.d—yzgx—§:§(4x—l),x¢0 yd dx
* d—y:—l, A3 4204120
xt + 32 I, . 5
e y= % ZEX +3, x#0 3x2—2x—=1=0
d -1 =
.'.d—y:x,x¢0 | BGx+DHx-1)=0
X SLx=-=,1
1 4
: BRI
ay:x2—2x+1,.‘.d—y:2x—2 N73)7 27 y()l ,
X
Atx =2, y =1 and gradient = 2 Coordinates are (_5’ ﬁ) and (1, 0)
b y=2x*-2x 'ﬂ—2x—2 dy
Y= T dx d y=x>-2x+7.. = =3x2-2
At x = -1, y = 3 and gradient = —4 dx
dy )
d—:l,.'.3x -2=1
cy=(x+2(x-4)=x>-2x-38 *
d 3x2=3, - x==+1
d—izzx—z y(=1) = 8;y(1) = 6
At x =3, y = =5 and gradient = 4 Coordinates are (-1, 8) and (1, 6)
d
dy:3x2—2x3 '@:6X—6X2 ey:x4—2x3+1,.'.d—y:4x3—6x
o

x
At x = =2, y = 28 and gradient
= -36
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j_yzo’ AP — 62 =0 f f(x)=3, ~24x—12=3
X
3 24x =15
2x*(2x-3)=0, .. x=0, 3 5
3y 81 27 11 X =g
O=Ly2)=— - r1=—" 8
y0) ’y(z) 6 4 +3 6
Coordinates are (0, 1) and (—, ——) d
216 7 a d—x'4:—4x'5
X
f
y=x(x-3)%*=x —6x*+9x b %2)6‘3:—6)6_4
X
d
2 32 12x49=302—4x+3) o 14
dx C———:———X_ZZ—
@:0’ 2 _4x+3=0 dx 3x? 3dx 33
d d 1 4
(x—Dx=-3)=0..x=1,3 d EC—F:—(—@)C-S:F
y(1) =4;%3)=0
Coordinates are (1,4) and (3, 0) e ii——le‘(’——E
dx x5 %6
6 f(x)=302x-1)7=12x>-12x+3 ¢ dx@+x d 5, a_ 2 1
= I R}
() =24x—12=122x - 1) dx  xt dx xrox
d3x+2x d 2y 2
a f(x)=0,..2x—1=0 g 2 _E(“})__E
1
xX== d , 2 2
2 h ZX(SX —)—C)ZIOX‘F;
b f(x)=0,2x—1=0
x:% 8 y=ax’+bx
d
.'.—y:2ax+b
¢ f(x)>0,.2x—1>0 dx
1 a Using(l,1):a+b=1
) Gradient = 3: 2a + b = 3
La=2,b=-1
d f/(x)<0, . 2x-1<0
d
1 b £ -0, 2ax+b=0
x<§ dx
Sdx—-1=0
e f/(x)>0, .32x—-1>>0 1
1 TG
{XIXGR\{E}} y=2x*—x

, (1)_1 11
Ng)T8 71778
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1 1) 11

Coordinat (—,——
oordinates are 4 8

d f(2x+3)2dx:f4x2+12x+9dx 12

3

4
:Tx+6x2+9x+c

1
e fatdt = Eat2 +c

1 1
f -3 :_4
f?)ldl 12l‘-i-C

g
f(t+1)(t—2)dt:ft2—t—2dt

13 12
= -~ -2+
30 72 ¢

h
f(2—r)(r+1)dr:f—t2—r2+2dr

:—%t3—%t2+2t+c
10 f(x)=2x+5
f(x):x2+5x+c
fB3)=9+15+c=-1
c=-25
f(x) = x* +5x—25

13 a {x: W'(x) >0} = {x:

f/(x) =3x*> —8x+3

s fx) = X —4x* +3x+c
a f0)=0,..¢c=0
Sofx) = X —4x? +3x

b
) =0, . x(x—-1)(x-3)=x=0

x=0,1,3

J'(x)

» < |t

_y\/z =

-1<x<4)

b {x: h(x) <0}

={x:x<-1}U{x: x> 4}

c {x: h(x)=0}={-1,4}
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Solutions to multiple-choice questions

d
1 D y=x®+4x .-.d—y:3x2+4

X
SYQ)=12+4=16

2 B y=2x
2(1 + h)? = 2(1)?
". chord gradient = ( )h @
_4h+2h2
- h
=4+2h

3 E y=2x"-5x+2

d

d—)yc = 823 — 152

4 B f(x)=x*(x+1)=x>+x?
Sf(x) = 3x% + 2x

S f(=)=3-2=1

5C f)=x-3°=x>-6x+9
S f(x)=2x-6

3 2x* + 92

6 C y i

2
= §x3+3x;x¢0

.-.@ =2x>+3:x%0
dx

7 A y=x>-6x+9

.‘.ﬂ:2x—620ifx23
dx

8 E y=2x"-36x"

9

d
L2 g3 — 7ok = 8x(x2 - 9)
dx

Tangent to curve parallel to x-axis
where
8x(x*—=9) =0

Sox=0, £3

d
y=x>+6x-35, .. d_y =2x+6
X
Tangent to curve parallel to y = 4x
where

dy
= =2x+6=4
dx o

S2x==-2<x=-1

y=1)= (=1 +6(-1)=5=-10
Coordinates are (—1,—10)

10 D y=-2x+3x—x+1

d
.'.d—§=—6x2+6x—l
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Solutions to extended-response questions

1 For x < —1, the gradient is negative, becoming less steep as x approaches —1.
For x = —1, the gradient is zero.
For —1 < x < 2, the gradient is positive, getting steeper as x approaches 0.5
(approximately) then becoming less steep as x approaches 2.
For x = 2, the gradient is zero.
For 2 < x < 5, the gradient is negative, getting steeper as x approaches 4
(approximately) then becoming less steep as x approaches 5.
For x = 5, the gradient is zero.
For x > 5, the gradient is positive and becoming steeper.

y
A

: /

T T T X
—1023\5/

1-1

2 P(x)=ax’ +bx* +cx+d

At (0,0), 0=0+0+0+d
d=0
At (=2,3), 3 = a(=2)* + b(=2)* + c(-2)
3=—8a+4b-2c (1)
At (1,-2), —2=a(1)® + b(1)* + c(1)
-2=a+b+c 2)

P'(x) = 3ax* + 2bx + ¢
Atx=-2, P’(x) =0, ..0=3a(-2)"+2b(-2)+c
0=12a-4b+c (3)
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3) -2

(1) +2x(2)

6xXM@A)+5x%x(5

Substitute (6) into (5) -6

12a-4b+c =0

-a+b+c=-2

1la-5b=2 4)
-8a+4b—-2c=3
+2a +2b+2c=-4

—6a + 6b = -1 5
66a — 30b =12
+  —=30a+30b=-5

36a =7

b=— (7

Substitute (6) and (7) into (2) 2=—+—+c

Hence

SO

564



b

dy

i When x =1, e 1*+2(1)°
=1+2
=3
tan @ = 3 where 6 is the angle required
6~ 71.57°
ii When x = 3, % =3*+203)°
=81+54
=135
tand = 135
0 ~ 89.58°
Consider % =32
which implies x2xd =32
ie. xP+2x-32=0

The factor theorem gives that x — 2 is a factor
(x=2)( +4x>+8x+16)=0
1.e. ﬂ = 32 when x = 2.

X
So, gradient path is 32 when x = 2 km.

y=2+0.12x - 0.01x°

dy _ 0.12 — 0.03x%
dx
At the beginning of the trail, x = 0
d
2012200302 = 0.12
dx

Hence, the gradient at the beginning of the trail is 0.12.
At the end of the trail, x = 3

d
D 0.12 - 0.03(3)?
dx
=0.12-0.27
=-0.15

Hence, the gradient at the end of the trail is —0.15.
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b The trail climbs at the beginning and goes downwards at the end, suggesting a peak

in between (i.e. for 0 < x < 3) where the gradient will be zero.
dy

Gradient is zero where T 0
0.03x* = 0.12
=4
x==2

x=2as0<x<3

At x =2, y:2+0.12(2)—0.01(2)3
=2+4+0.24-0.08
=2.16

dy

From the above, T >0forx <2
X

and dy <0Oforx>2
dx

Hence the gradient is zero when x = 2, i.e. 2 km from the beginning of the trail, and
the height of the pass is 2.16 km.

5 a Let y=25-0.17
At the surface of the pond y=0
25-0.1£7 =0
0.1£ =25
£ =250

t = V250 ~ 6.30

Hence it takes the tadpole approximately 6.30 seconds to reach the surface.

dy
Speed = 2
pee dt
= —0.3¢
d
At 1 = V250, d—f = —0.3(V250)>
~—-11.9

The tadpole’s speed as it reaches the surface is approximately 11.9 cm/s.
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b When ¢ =
When 1, = V250,

0’ Y1
2

Average speed

=25-0.1(0)° = 25
=0
y2=2
h—1
0-25

= — " 3~-397
V250 -0

Hence the average speed over this time is 3.97 cm/s.

At (0,0)

At (2,0)

y=x(x=2)
= x> - 2x
dy

- =2x-2
dx x

dy

— =20)-2
o 0)
=-2

dy

— =212)-2
o ()
=2

Geometrically, the angles of inclination between the positive direction of the x-axis
and the tangents to the curve at (0, 0) and (2, 0) are supplementary (i.e. add to 180°).

At (0,0)

At (2,0)

y=x(x—2)(x-Y5)
=x(x*=5x-2x+1
= x(x* = 7x + 10)

= x> —7x* + 10x

% =3x* - 14x+ 10

d

d—i =1
[ =3(0)*> — 14(0) + 10
=10

dy

E =m

m=3(2)* - 14(2) + 10
=12-28+10
=-6

0)
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dy _

At (5,0) =7

n=305)*-145) + 10
=75-70+ 10
=15

rr ottt 1

I m n 10 -6 15
_3—5+2
T30

= ( as required.
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Chapter 18 — Applications of differentiation of

polynomials

Solutions to Exercise 18A

1 a f(x)=x>. f(x)=2x

f@2)=4
Tangent at (2, 4) has equation:
y=4=4(x-2)
y=4x-4
Normal at (2, 4) has equation:

1
y—4=—Z(X—2)

1 9
y:—Zx+§
T d4x+y=18

b f(x)=Q2x—-1) =4x> —4x+1
S f(x)=8x—-4

F@=12
Tangent at (2, 9) has equation:
y—9=12(x-2)

SLy=12x-15
Normal at (2, 9) has equation:

12y + x =110

¢ f(x)=3x—x% " fl(x)=3-2x

f2)=-1
Tangent at (2, 2) has equation:
y=2=—-(x-2)
Ly=—-x+4
Normal at (2,2) has equation:
y—2=x-2
y=x

3 y=x",..

d f(x)=9x—x>, - f(x) =9 -3x7

f(1)=6
Tangent at (1, 8) has equation:
y—8=6(x—-1)
y=06x+2
Normal at (1, 8) has equation:

1
y=8=—=(x=1D)

_ 1
YT s
6y +x =49

2 y=3x"—4x>+2x-10

% =9x> - 8x+2

Intersection with the y-axis is at (0, —10)

.. gradient = 2

Tangent equation: y + 10 = 2(x — 0)
y=2x-10

2 . 4x _

dy
Tangent at (1,1) has grad = 2 and

equation:

2x

y—1=2(x-1)

y=2x—-1
a2
67 T dx 2

4
Tangent at (2, 5) has grad = 2 and
equation:

4
y-3=2x-2)

Sy=2x-2
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Tangents are parallel, since both have
gradient = 2.

To find the perpendicular distance
between them we need to measure the

normal between, which has a gradient of
1

2
From (1,1) the normal is:

1
yol=—5(=1D)

This cuts the 2nd tangent where:

x 3 8
—§+§—2X—§

5x_8+3
2 3 2

15x:16+9,.'.x:§

52
.. Normal cuts 2nd tangent at (g, §)

52
Distance between (1,1) and (5, 5) 18
\/5 22 2 A5
ERIRER R
3 3 3

y=x—6x>+ 12x+2

d
d—y =32 - 12x+ 12

X
Tangents parallel to y = 3x have
gradient = 3

L3P - 12x+12=3
3¢ - 12x+9=0
3x-D(x=-3)=0,..x=1,3
y() =9:y3) =11
Tangents are:
y=9=3x-1),..y=3x+6
y—11=3(x—-3),..y=3x+2

5 a y=x-2)(x-3)(x—-4)

= x> —9x% + 26x + 24

d
S 32 18x 426
dx

d
d_y =2atP,4atRand —1 at Q.

X
Gradients at P and R are equal, so
tangents are parallel.

b Normal at Q(3,0) has gradient = +1:
y = x — 3 which cuts the y-axis at
0,-3).

d
6 y=x>+3,.. Doy
dx
Gradient at x = a is 2a; y(a) = a’> + 3

Tangent has equation:

y—(a® +3) = 2a(x — a)
y=2ax—2a*+a*+3
=2ax—a*+3

Tangents pass through (2, 6)

6=2a2)—a*+3
a—4a+3=0
(a-—1)(a-3)=0,-.a=1,3

If a = 1, the point is (1, 4)
If a = 3, the point is (3, 12)

d
7 a y:x3—2x,.'.—y:3x2—2

X
At (2, 4), gradient = 10
Equation of tangent:

y—4=10(x-2)
SLy=10x-16
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b The tangent meets the curve again y—4=5x-1)
where

y=x"—2x=10x-16
¥ -12x+16=0

y=5x-1

b 4x+y—3 =0 has gradient = —4

— (2 +2x—-8)=0 J
(x=2)(x"+2x-18) A e S
(x=2%(x+4)=0 dx
2 _4 3¢ - 18x+24 =0
X =4,—
2 —_—
Tangent cuts the curve again at xX—6x+8=0
x=-4 (x=)(x—4) =0
YA = (4 - 2-4) = =56 S x=2.4

Coordinates are (—4, —56).
Ifx=2y=2"-92)%+202) -8

8 a y=x"—9x* +20x -8 =4
d Ifx=4,y=4-94) +204) -8
A 32 18x 420 Y (7 #2060
x - _
AL (1, 4), gradient = 5 =8
Equation of tangent: Coordinates are (2, 4) and (4, —8).
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Solutions to Exercise 18B

1 a y=35+12x"

Soy(2) =83,y(1) =47
Aw. rate of change
_y@2)-y(1) 83-47

2-1 1 36

b y(2 —h) =35+ 12(2 — h)?
=35+ 12(4 — 4h + h?)
= 83 — 48h + 121?

)~y —h
Av. rate of change = %
33 - (83— 48h + 1217)
- =48 — 12h

h
¢ Rate of change at x = 2 is y'(2):
V(x) =24x,..y'(2) = 48
(Alternatively, let h —
0 in part b answer)

2
2 a M =200000 + 600> — %ﬁ

dM
B - 1200t — 20022 = 2004(6 — 1)

dM
b Att=3, 7 $1800/month

c di/[:Oatt:Oandt:6
dt

3 a R=30P-2P .. d—R:3O—4P
dP

dR
— means the rate of change of profit
per dollar increase in list price.

b d—Ris l10atP=5and —10at P =10
dP

¢ Revenue is rising for

30
P<75=—
0<P< 5( 4)

4 P=100(5+1-0.257)

6

dP

- —— = 100(1 - 0.57)

dt

dP
At 1 year i 100(1 - 0.5) =
50 people/yr

dP
At 2 years = =100(1-1) =
0 people/yr

dpP
At 3 years o =100(1 = 1.5) = =50
i.e. decreasing by 50 people/yr

V) = §(10r2 - i) 0<1<20
8 377
i V(O)=0
ii V(t)—§(10(20)2—2—03)
8 3
5 8000
:—4000——)
8( 3
2500 ]
= 2 —833- mL
3 3 ™M
5 2
b V(1) = 2200 =)
IR D
A(r)_2+ 10t km
C A0 =L+ D n
‘ 25
A(l)—1+ ! = 0.6 km?
4 2710
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1
b A(1) ==+ s = 0.7km?/hr

| =
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Solutions to Exercise 18C

1a fx)=x>-6x+3
L) =2x-6
2x—-6=0,-.x=3
f(3)=-6

Coordinates of stationary pt are
(3,-6).
b y=x3—4x2—3x+20,x>0
Sy (x) =3x2—8x-3
=CBx+ 1(x-3)

1
y = 0for x = 3 since x = -3 <0
y3)=2
Coordinates of stationary pt are (3, 2).
c z=x"-32x+50
L7 =400 =32
45 -32=0,..x=2
72(2) =2
Coordinates of stationary pt are (2, 2).
d ¢g=8t+52-,1>0
5oq =8+ 1037
=@l-n3Bt+2)
2
q' =0fort=4since x = ~3 <0
q(4) = 48
Coordinates of stationary pt are
(4,48).
e y =2x*(x - 3)
=2x° — 627
Sy =6x2 —12x

=6x(x—2)
y =0forx=0,2
¥(0) =0;y(2) = -8
Stationary pts at (0,0) and (2, -8) .

f  y=3x"-16x>+24x* - 10
sy =12x7 —48x + 48x

= 12x(x — 2)?
y =0forx=0,2
y(0) =-10;y(2) =6

Stationary pts at (0, —10) and (2, 6).

2 y=ax’>+bx+c,.. Y =2ax+b
Using (0, -1): ¢ = -1
Using (2,-9): 4a +2b = -8
yv(2)=0,.. 4da+b=0
Ta=2,b=-8,¢c=-1

3y=ax’+bx+c,. .y =2ax+b

When x = 0, the slope of the curve

is 45°.
y(0) =1, b=1
y'(1) =0, L 2a+b=0
1
a=——
2
1
y(l) =2, .’.—§+1+c:2
3
c=—-
2
1 3
—_——— :1 [ p—
a > b ,C >

4 ay=ax>+bx,..y =2ax+b
Y(2)=3," da+b=3
v2)=-2,.. 4da+2b=-2

~a=2,b=-5
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b y(x)=4x-5=0,. x= d y=x-3x"-24x+20

Al

5 53 (5 25 Sy =3x2 —6x-24
(3)=23) -5)=-%
Coordinates of stationary pt are , =3(x +2)(x - 4)'
5 25 y =0 when x = -2,4:
(4_1’ _3)' y(=2) = =48, y(4) = -60
Stationary pts at (-2, 48) and
2 (4,-60).
5 y=x"+4+ax+3,.. y=2x+a
y' =0 when x = 4 e y=(x+11kx+4)
T a=-8 =X +6x°+9x+4

Ly =32+ 12x+9
6 y=x—ax+4,". Y =2x—a =3(x+ D(x+3)
y =0when x = -3, -1:
y(=3)=4,y-1)=0
La=6 Stationary pts at (—3,4) and (—1,0) .

y =0 when x =3

f =(x+ 1?+(x+2)?
7 ay:x2—5x—6,.‘. y =2x-5 Y

5 =2x> +6x+5
Y = 0 when x = 2.5: y(i) — 1225
) LY =4x+6=0,x=-15
Stat tat (2.5,-12.25). Y :
ationary pt at (2.5, ) W-1.5) = 0.5
b y=(3x—2)(8x +3) Stationary pt at (—1.5,0.5).
=24x* = Tx -6
7 8 y=ax’+bx+12,.. y =2ax+b
y =48x-7=0,.. x=— ,
48 y=0atx=1:2a+b=0
7 7 7 Using (1, 13):a+b =1
B-Ge-Kd
y(48) (16 6 a=-1b=2
625
) 7 625 9 y=ax’ +bx* +cx+d
Stationary pt at (— ——).
48" 96 Sy (x) = 3ax? + 2bx + ¢
c y:2x3_9x2+27 y':—3atx:O: c=-3
yl:6x2_18x y’:Oatx:3: 27a+6b—-3 =0
= 6x(x - 3) 9a+2b=1...(1)

y =0atx=0,3:y0)=27,y3)=0
Stationary pts at (0,27) and (3, 0).
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15 15

3 2
YO =7 d=3 Fr<>rn(21)and3(2):b:5,.-.0115:_§
15 - S
5
9a+3b=3...)
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Solutions to Exercise 18D

1 a X 1 3 (—1,5) is a local maximum.
F(x) “Tol+0ol= (3,-27) is a local minimum.
Shape of f | \ 4 B AN Y
local minimum when x = 1; A
local maximum when x = 3
(_19 5)
b X 1 5 /

’
) l+lo[=]o0]= /\0 ’\ *

Shape of f | ./ U RN
local maximum when x = 1; (-1.9,0) (4.83,0)
stationary point of inflection when (3, -27)
x=3

c y=x"—4x°

2 a =9x* - x°
Y Ly =4 - 1207 =43 (x - 3)

Sy =18x —3x% = 3x(6 — x) y =0atx=0,3:
Yy =0atx=0,6: y(0) = 0; y(3) = =27
y(0) = 0; y(6) = 108 x [-1|0]1]3|4
X -310]|3 619 y/ _ ol=101|+
Y - 0f+ ' 0 - (0,0) is a stationary pt of inflexion.
(0,0) is a local minimum. (3,-27) is a local minimum.
(6, 108) is a local maximum. y
y A
A
(6, 108) / -
AW
(4,0)
> X (3’ _27)
0 9\
b y:x3—3x2—9x 3 a y=xz(x—4):x3—4x2
Sy =3x —6x—9=3(x+ D)(x-3) .y =3x" - 8x=1x(3x-8)
) __1 1 8
y =0atx=-1,3: Y =0atx=0,2:
y(=1) =5;y3) = =27 3 3 256
x|[2]-1]o[3]4 y(o):o;y(_):__
p 3 27
Y|+ [0 | =10+
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8 1 67
ETINAE o(3)= 59 =7
Yy I+ [0]-]0]|+ 11 4
(0,0) is a local maximum. x 10 3 3
(i—ﬂ)isalocalmmimum. Y +]0]-]0]+
37 27 1 67
(g, ﬁ) 1s a local maximum.

b y:x2(3—x):3x2—x3
Sy =6x—3x=3x2—-x)

(3,-7) is a local minimum.

y=0atx=0,2 f y=x(x—8)(x—3)

R A = 2 = 1122 + 24x
yI1= [o[+[o]= sy =3x% - 22x+ 24

(0,0) 1s a local minimum = Bx—4)(x — 6)

(2, 4) is a local maximum 4
y =0atx= 3 6

¢ y=x' (4)_4( 20)( 5)_400
S N\3) 7303 N3/ T 27
MR y(6) = 36
Yy =0atx=0;y0)=0 0 il )

YD =4y (1) =4 il Il I
(0, 0) is a local minimum. YI+10]-10]+
4 400\ . .
d y= O —4) = 10— 455 (5,7)15 a local maximum.

5 4 4 (6,—-36) is a local minimum.
Sy = 6x7 —20x" = 2x7(3x — 10)

"=0at —010
Y =0atx=0,- 4 ay=2+3x-x=x+1D*2-x

5
¥(0) = O;y(ﬁ) — (E) (_%) Axis intercepts at (0,2), (—1,0) and
__200000 y’:3—3x2:0,.'.x:il
0 y(=1) = 0; (1) = 4

x—101?4 x| -2|-1]0|1]2

y |- Jo[=]o [+ yi- ]0 |+]0]-
(0, 0) is a stationary pt of inflexion. (=1, O? is a local TR,

10 200000\ . o (1, 4) is a local maximum.
(? T ) is a local minimum.

e y=x —5x*+3x+2
Ly =332 —10x+3
=GBx-1Dx-3)=0,
1

Lx=-=,3

3
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Y
A .4

(0,2)

(-1,0) 0

> X
2, 0)\

b y=2x*(x-3)=2x> - 6x?
Axis intercepts at (0,0) and (3, 0)
y = 6x% - 12x = 6x(x — 2)
Yy =0when x =0,2:
y(0) =0; y(2) = -8

x | -1

0

1123

’

y +

0

-0+

(0,0) is a local maximum.

(2,-8) is a local minimum.

y
A

(0, 0)

G, O)/>x

(27 _8)

y=x>-3x>-9x+11

=(x-DE*=2x-11)

=(x-Dx-1-2V3)x-1+2V3)

Axis intercepts at (0, 11), (1,0),
(1-243,0)and (1 +2,/3,0).
y =3x-6x-9

=3(x+ D(x-3)
y =0when x = —1,3:
y(=1)=16;y(33) = -16

X

-2

-1101]3]|4

/

Y

+

0 - 10|+

(=1, 16) is a local maximum.

(3,-16) is a local minimum.

y
A

-1, 16
(-1, )/(0,11)

N1, 0)

/'\ ’ \%;+2\/§,>0))C

(1-23,0)| (3. _1¢)

S Graphs with a stationary point at
(=2,10)

a

y=2x>+3x* - 12x- 10
Sy =6x2 +6x—12
=6(x+2)(x—1)

X

-3

210 1|1]2

’

Y

+

0O | =10+

(=2, 10) is a local maximum.

b y=3x*+16x"+24x* -6
sy =12x0 +48x% + 48

= 12(x + 2)*
Vv >0x -2
(=2, 10) is a stationary pt of inflexion.

6 y=x—6x>+9x+10

ay =3x-12x+9

=3(x—-1)(x-3)
x |0]|1[2|3]4
YI+[0[=-]10]+

dy

{x: =>0}={x:x<1}U{x: x> 3}

dx
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b y(1)=14,y3) =10
(1, 14) is a local maximum.
(3, 10) is a local minimum.

y
A

(1, 14) (4, 14)

(3, 10)

(0, 10)

7 fx)=1+12x-x°
f(x) =12 =347

=32 -x)2+x)
x | -3]-2|01]2]3
ffl-10 [+]o0
x ff(x)>0}={x —-2<x<2}

8 f(x)=3+6x-2x°

a f'(x)=6-6x"

=6(1 —x)(1 +x)
x | =2]-1]01(11]2
ff1- 10 +10
{x: ff(x)>0}={x - 1<x<1}

b (—oco,—1)U (1, 00)

9 a

Jf(x) =x(x+3)(x-5)
X —2x* - 15x
3x* —4x-15

=Bx+5x-3)

5
f'(x)=0forx = —5,3

S ()

b Axis intercepts at (0, —15), (-3, 0),
(0,0) and (5,0)

10

=2y = (< AHE) ) = -
f(=3) = ()G)=73) f3) = =36

400
B 275
—2|-=1|o0
* 3
ff1+ 10 -0+
5 400
(—=, —) is a local maximum.

(3,-36) is a local minimum.

y

A
(6,54)

(9
7o
(-5, -100)

Y
=

)

(37 736)

y=x>—6x>+9x—4
=(x-1(x-4)
Axis intercepts at (0, —4), (1,0) and (4,0)
y =3x"—12x+9
=3(x-Dx-3)

y(1) =0;y3) = -4
x |0 ]1]2]3|4

yIi+[0[-10

+

(1, 0) is a local maximum.
(3,—4) is a local minimum.

y

(1, 9) /

0 (4, 0)

> X

(0,-4) 3 -4)
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Coordinates are: (=3, 83) and (5, —173). b Yy

A
11 y=x—3x"—45x+2
oy =3xr—6x-45
=3(x+3)(x—5) 0 > X
If tangent is parallel to the x-axis then 3
=0
’ ox=-3,5 (2,=4)
y(=3) =83;y(5) = -173
y 13 y:x3—9x2+27x—19
(-3,83) A

=(x—D*-8x+19)

- < | Axis intercepts: (0, —19) and (1,0)
0,2 [ . Y =3¢ — 18x +27
/ =3(x - 3)
y =0when x =3;y3) =8

______ - _—— y' > 0forall x # 0

(5,-173) Stationary pt of inflexion at (3, 8)
y
12 f() =2 -32 T ﬁl_/
o f(x) =3x% — 6x = 3x(x - 2) ; > X
1

f'(x)=0forx=0,2

f(0)=0;f(2)=-4 19

x [-1]10]1]12]3
ff1+ [0]—-10]+
(0,0) 1s a local maximum. 14 y=x*-8x+7
(2,-4) is a local minimum.

= -D*=7)

a i{xf®<0={r0<x<2 = (x = Dx + Dx = VD(x + V7)
Axis intercepts: (0,7), (— \/7, 0), (-1,0),
ii {xx f/(x)>0}={x x<O}U (1,0) and(\ﬂ,O)
{x: x> 2} y’=4x3—16x
iii {x f'(x) =0} ={0,2} =4x(x - 2)(x+2)

y =0when x = -2,0,2
y(—2) = _9,)’(0) = 7,}’(2) =-9
x [ -3]-2|-1]0[1]2]3
yi- 10 + [(0|—-10
(-2,-9) is a local minimum.
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(0,7) is a local maximum. y

(2,-9) is a local minimum. A
0,7)
\(—W, 0) / A (7, 0)/ -
N7 g
(-1, 0)| (1, 0)
(-2,-9) 2,-9)
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Solutions to Exercise 18E

1 Let x cm be the width and y cm be the

the length.
Then 2x + 2y = 200 which implies that
y=100—-x
We note that 0 < x < 100
Area = xy
= x(100 — x)
= 100x — x*

Turning point of parabola with negative

coefﬁ%ient of x%. Therefore a maximum.

— =100-2
dx *
dA
— = 0O implies that
dx
100-2x=0
Sox =50

Maximum area of 50 x 50 = 2500 cm?
when x = 50

Let P = x(10 — x) = 10x — x?

Then d—P =10-2x
dx

— = 0 implies that

dx
10-2x=0
Lx=5

Turning point of parabola with negative

coefficient of x2. Therefore a maximum.

Maximum value of P = 25

Let M = x? + y?and it is given that
xX+y=2
ny=2-—xand M =x>+(2-x)?=
2x> —4x +4

Then dil =4x -4 Turn-
dx

dM
—— = 0 implies that
dx

4-4x=0
SLx=1
ing point of parabola with positive
coefficient of x. Therefore a minimum.

Therefore minimum value of
M=1+1=2

4 a Let x cm be the length of the sides of

the squares which are being removed.
The base of the box is a square with
side lengths 6 — 2x cm and the height
of the box is x cm.

Therefore the volume Vem? is given
by

V =(6-2x)x

= (36 — 24x + 4x%)x

= 36x —24x> +4x°
Notethat 0 < x < 3

dv
b — = 12x* - 48x + 36
dx
dv
— = 0 implies that
dx
12x* —48x+36 =0
X —4x+3=0

Sx=-Dx=-3)=0
Sx=lorx=3
The maximum value occurs when
x=1
We note that V(3) = 0
Maximum value = V(1) = 16.
The maximum value of the volume of
the box is 16 cm?
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2

5 y(x) = x—(20—x),0§x§20 a Area of top & base

400 = 2x?
52 Area of 4 sides g
a iy5)=-—20-5) =4xh X
400 5 )
15 oo 2x7 +4xh = 150 cm X
=—=09375m 5
16 2xh = 150 — 4x
10? 75 — x*
ii y(10)=—(20-10 h =
i y(10) = 775(20 - 10) -
5
=—=25m 2
75 -
2 b V(x) = x*h = xz( al )
152 2x
iii y(15) = -—(20-15 _ Y75 2
il y(15) = 755( ) =505-x)
= 2.812 1
8125 m = 3(75x =)
b Use a CAS calculator to find the
gradient function: ¢ V/(x) = l (75 - 3x2)
2
1y = X20— ) x* V(x)=0,.. x> =25
Y= 500 T 300
x(40 — 3x) X = 53 cm
- T 400 s V(5) =125 cm
40 V'@4)>0,V'(6)<0
Yy =0whenx=0,— .. stationary pt must be a maximum.
(0, 0) is the local minimum.
( 40) B 402 0 40) d Since 5 > 4 and V is still increasing
7377 3600 3 atx =4, A
4 20 80 Vmax.is V(4) = =(75 — 4%)
=(N5) =55 2
973 27 3
=118 cm
Local maximum at (40 80)
Ximu —, — .
3°27
) _
. C x(40-3x) 1 7 V=nrhandr+h=12
1 = = — — _
Y700 78 h=lz-r .
C 40x -3 —50 =0 S V=ar(12 —r) = n(12r° = 1)
x = 1.396, 11.397 Note 0 =7 <12
— = 1(24r - 3r)
i ,  x(40 - 3x) 1 dr
Y= 7400 8 av
400 8 — = 0 implies that
£ 40x—32+50=0 dr
x = 14.484 (since x > 0) 24r - 3r* =0
S 3r8-r)=0
6 TSA =150 cm? Sr=0o0orr=28
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10

11

Maximum occurs when » = 8
Maximum volume= 8%(12 — 8)r = 256nx

The lengths of the sides of the base of
the tray are 50 — 2x cm and 40 — 2x cm.
The height of the tray is x cm.
Therefore the volume Vem? of the tray

12

is given by
V = (50 — 2x)(40 — 2x)x = 4(x> —
45x + 500x) We note: 20 < x < 25

dv
— =4(3x* = 90x + 500)
dx

dv

— = 0 implies that

dx

3x% = 90x + 500 = 0

59 — V21) 509 + V21)
x:#mx:#
59 — V21)

Maximum occurs when x = 3

f(x)=2-8x*,-2<x<2 13

L ff(x)=-16x=0,..x=0

For x <0, f'(x) > 0; for x > 0, f(x) <0
Local and absolute maximum for

f(0) = 2 Absolute minimum at

f(£2) = -30.

f)=x+2x+3,-2<x<1
L () =3x2+2>0,x€R
Function is constantly increasing, so

absolute maximum is f(1) = 6.
Absolute minimum # f(-2) = -9.

fx)=2x-6x3,0<x<4
S (%) = 6x% — 12x = 6x(x — 2)
x |01 (23

ff10[-10]+
x = 0 1s a local maximum f(0) = 0, but

f(4) = 32, so the absolute maximum
18 32. x = 2 is an absolute minimum of

f2) =-8.

flx)=2x*-8x*,-2<x<5
s f(x) = 8x — 16x
= 8x(x — V2)(x + V2)
x | =2 =42 |10 1] 2]2
ff1-10 + [(0[-1]0 +

x = 01s a local maximum f(0) = 0, but
f(5) = 1050, so the absolute maximum
is 1050.

At the other boundary condition,

f(=2) = 0 < 1050,

f(£+/2) = =8 are local and absolute minima.

X
3x

Total edges: 4h + 4x + 12x = 20 cm.

h:20_416x:5—4x

a v=x(3x)h=3x*5 - 4x)

= 15x% — 12x°
dv
b — =30x - 36x* = 6x(5 — 6x)
dx
¢ Sign diagram for x € [0, 1.25]:
0 e 1
x — —
216
Vilio|+1(0 |-
5 125,
— cm

Local i =V(=)=
ocal maximum ( 6) 36

d If x €[0,0.8], then 0.8 < % and V is

still increasing
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) 3 432
oo Vmax = V(0.8) = 125 cm
5
e If xe€[0,1],Vmax = V(g) =
125,

— Cm

36

14 x+y=20,".y=20-x
a Ifxe[2,5],y€[l15,18]

b z=xy=x20 - x) = 20x — x*
d
d—Z:2O—2x:O

X
. x = 10 for a stationary point.

However, with x restricted to [2, 5],
dz ..
— > 0 So the minimum value of z

X
is z(2) = 36 and maximum value is

z2(5) =75.

15 2x+y=50,..y=50-2x

sz =xy = 2350 — 2x) = 50x% - 2x°

d
d_Z = 100x — 6x> = 2x(50 — 3x)

X
Inverted cubic, so z has a local minimum

at (0,0) and a local maximum at
(50 125 OOO)

37 27

125000
27

x € [0, 10], so max. z = z(10) = 3000

x € [0,25], So max. z =

125000

5,20], .Z=
xe| ], so max. z >7

Ist piece has length x metres, so 2nd
piece has length (10 — x) metres, each
folded into 4 to make a square:

X 10— x
Total A=(G)P+ 2
otal area (4) ( 7] )
B x? N 100 — 20x + x?
16 16
1
= g(x2 — 10x + 50) m?
dA 1
— =-2x-10
ax g2 10
_x-5
4
Upright parabola, so turning point is
a minimum,
A B x—5 _ 0
dx 4
T x=5
For x € [4, 7], check end points:
26 29 29
A4) = §,A(7) = 3 SO Amax = 3
= 3.625 m2.
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Solutions to Exercise 18F

1

a

X =

a

Whent=0,x=1-12t+11=11.
The initial position is 11 cm to the
right of O

Whent=3,x=12-12t+11 =
32 -12x3 + 11 = —16. The position
when ¢t = 3 is 16 cm to the left of O

x=£2=12t+11,t>0

Velocity =v = % =2t—12
Whent=0,v=-12

The particle is moving to the left at
12 cm/s

v = 0 implies 2¢ — 12 = 0. That is
t=6

Whent=6,x=36-72+11 = -25.
The particle is 25 cm to the left of O.

Average velocity for the first three
seconds =
x(3) — x(0) 27
————=——=-9 .

3-0 3 cms
The particle moves to the left for the
first three seconds and doesn’t change
direction. The speed is 9 cm/s

1
§t3—12t+6,t20

d
Therefore d—); =2 — 12 When
dx 3

[:3, = — =
"

dx

b — =0
dt

=7=12
>t=+213

But ¢ > 0. Therefore t = 2 V3

The velocity is zero at time t = 2V3

seconds

4 x=45 -6 +5

d
Velocity :v = d—): =122 — 12t
. dv
Acceleration : a = — =241 - 12
dt
a Whentr=0,x=5,v=0,a =-12

The particle is initially at rest at x
and starts moving to the left.

b It is instantaneously at rest when
12#(t — 1) = 0. That is, whent = 0
andr =1

=5

When ¢ > 1 it is moving to the right.

5 s:t;+t2
S
= — =48 +2t
1% (dlt
1%
— =12 +2
¢ dt

a When ¢ = 0, acceleration is 2m/s?

b When ¢ = 2, acceleration is 50m/s>

6 x()=1>-T7t+10,t>0

avi)=2t-7=0
St=35s

b a(r) = 2 m/s* at all times
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145m

vit)=2t—T7=-2
t=25s
x(2.5) = 2.5 = 7(2.5) + 10 cm
= 1.25 m to the left of O.

s=0r -3 +2t
=tt—1)(t-2)
Sos=0atr=0,1and?2
() =32 — 61+ 2;a(t) = 6t — 6
t=0:v=2m/sand a = —6 m/s?

t=1:v=-1m/sand a = 0 m/s?
t=2:v=2m/sand a = 6 m/s>

Av. v in 1st second
=s(1)—-s(0)=0m/s
x=02-Tt+12

.. x(0) = 12 cm to the right of O.

x(35)=5>-7(5)+ 12
= 2 cm to the right of O.

v(t) =2t-7

- 9(0) = —7

=7 cm/s moving to the left of O.

v=0whent=3.5s

x(3.5) =3.52-7(3.5) + 12
=-0.25
= (.25 cm to the left.

e Av.y

_ x(5) — x(0)
Bl 5
2-12

-5
=-2cm/s

f Total distance traveled

= x(0) = x(3.5) + x(5) — x(3.5)
=12.25+2.25 =145 cm.

Total time = 5 seconds .. av. speed

14.5
= = =29cm/s

9 x() = - 11 +24t-3,t>0

a v(t) =32 -22t+24,t>0

x(0) = =3 cm; v(0) = 24 cm/s
Particle is 3 cm to the left of O
moving to the right at 24 cm/s.

See a: v(t) = 3> =22t +24,t >0

v(t) =32 =22t +24 =0
= (3t—4)t-6) =0,
4

f:§,6S
4y 4¢ 42 4
o (2) —11(2) +24(2) -
x(3) (3) (3)+ (3) 3

64 176

—_ 2_

>7 5 +3 3

19

3
=57 cm right of O

x(6) = (6)° = 11(6)> + 24(6) = 3
=216-396 + 144 -3
= 39 cm left of O

4
e Velocity negative for ¢ € (5, 6),

4 2
1.e. for —s=4-s.
e OI'SS 35
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f a(r) = 6t —22 cm/s?

11
g alh)=6t-22=0, .. t:?s

(5)=(5) (5] (5

_ 1331 1331 264

27 9 3~
_ 313
27
313
= 7 cm to the left of O
11 11\2 11
1y _ _24—J 24
V(3 ) (3 ) 3)°F
121 242
=——-—+24
3 3
_®
3

9
=3 cm/s moving to the left.

10 s =1+ 37

ds
=— =4 + 6t
1% gt
1%
=—=12*+6
“ dt

a When r = 1, acceleration is 18m/s>
When ¢ = 2, acceleration is 54 m/s?
When ¢ = 3, acceleration is 114 m/s?

b Average acceleration

w3 (1) 116

_ 2
Aol - 2 = 58 m/s

x() = — 132 + 461 — 48,1 > 0
" w(t) = 3% =26t + 46,1 > 0
a() =6t —26,t>0

The particle passes through O where
x=0:

x()=@-2)(t-3)(t-8)=0
t=2,3,8s

Atr=2:v=6cm/s,a =—14 cm/s>
Att=3:v=-5cm/s,a = -8 cm/s’
Att=8:v=30cm/s,a =22 cm/s’

12 Pl: x(t) =t+2,..v(t) =1
P2 x()=1> =2t =2, v(t) =2t -2

a Particles at same position when

t+2=1>-2t-2

£ -3t-4=0
t-dHiE+1)=0
t=-1,4

(No restricted domain: both correct)

b Velocities equal when 27 —2 =1 so
t=15s
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Solutions to Exercise 18G

1 f(x)=(x-2%(x-b),b>2 x < 9. There is a stationary point
of inflexion at (0, 0) and a local

a Use CAS calculator to find gradient minimum at (9, —2187).

function.
ff(x)=(x-2)B3x—-2(b+1) b (a,b)and (9 + a,—2187 + b).

b For stationary points f’(x) =0

2 — 12
.'.x:2,cwherec:§(b+1) 3 f(x)=x—-ax",a>0

S f(x)=1-2ax
f(2)=0; f(c) = (c - 2)2(0 -b) a 1 fisanincreasing function
4 X if 1 —2ax>0
=——=(b-2
7b=2) .
) 4 S2ax < 1,00 x< —
(2,0) and (§(b + 1), _ﬁ(b -2)%) “
(since a > 0)
¢ f(x)1s an upright cubic and the Ist
stationary pt is always a maximum. i fisa decreasing function
2 if 1 —
Since Z(b+ 1) > 0 by definition, this i1 =2ax <0
. . . 1
is ‘th'e 2nd stationary pt and is thus a C2ax> 1o x> —
minimum. 2a
A sign diagram confirms this: (since a > 0)
x |0]2 c
/ 1
S l+]0[-]0]+ b Tangent at (—, 0) has gradient = —1
a

.. (2,0) is always a local maximum. 1
ymo=-ife- )

2 a
d §(b+ 1)=4 |
y=—=x
b+1=6 a
_ 1
b=35 ¢ Normal at (—, 0) has gradient = 1:
a
1
Ly=Xx——
2 ay=x"-12x Y a
d
D _ 433 23622 = 43(x - 9) . 1
dx d Local maximum occurs at x = —
a
@ =0 f( 1 )_ 1 a 1
dx 2a]  2a 4a®  4a
2
=4 (x=9=0 .. Range of f = (—o0, 4—]
=>x=00rx=9 4
dy dy
— >0 for x > 9 and — < O for 4 a Using a CAS:
dx dx
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f=x-ax-a+2(x-1)) Tangent equation:
=(x—a)@Bx—-a-2)

a+?2

’ . 1
f(x)=0,..x=a, 3 y_g(a_1)3

(a) =0; 1 a+1
! = —@=Dx =)

1 a+1
Sy = —Z(a - D*(x - > )
a+?2 2)? a-1 1
(e
f(3 ) Q)m "3 tgle-b
4 3 1 ) a+1l a-1
= — — = —— —_ 1 — —
27(61 1) 4(11 ) (x 5 > )
1
=-—z@a-1'x-a

Turning pts at (a, 0) and

a+2 4 1 5 y=x-2)7
( 3 ’ﬁ(a_ ) ) y = mx + c is a tangent to the curve at

. . point P.
b (a,0) is a local minimum.

+2 4
(?;gEM—Dﬂmabml a i y()=2x-2)
maximum. Sy(a)=2(a-2)

where ) <a <2
¢ i Tangent at x = 1 has gradient

(a-1)% ii m=2a-2)
y1)=0,:y=(a-1D*x-1)
b P=(a(a-2)>*
ii Tangent at x = a has gradient O:
y0)=0, .y=0 cy—(a-2?=2a-2)(x-a)

iii Tangent at x =
(a +1
2

has gradient:

3 Ly =2a-2)x-2aa-2)+(a-2)
~a)5@+-a-2)

=2(a—-2)x+(a—-2)a—-2-2a)
1‘“@‘1) = 2(a-x+(a-2)(-a-2)

2 2
1 =2(a-2x+4-a°
=—gla-1
a+1 a+1 ,a+1 d x-axis intercept of the tangent is
x 2 )= 2 — 2 o) where y = 0
_l-a,a-1 2@-2)x+4-a*=0
= (5 () AN
SoX = =
1 3 2(a—2) 2
= g(a -1 (since a # 2)
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6 a f()=x">y=f(x+h) b Turning point of image = (a, b)
fA+h) =27, A+h)® =27
l+h=3 8 a

— 12 (v N2
h=2 f)=(x-D"(x=-b)y",b>1

S f(x) = 2(x — D(x - b)?
b f(x)=x —y=flax)

+2(x=bY*(x— 1)
f(ax) passes through (1, 27)
sax=3 =2(x-Dx-b)2x-b-1))
4 =3since x = 1 Use a CAS calculator to determine
the gradient function.

¢ y=ar —bx’=x(ax-b) b+1
.y = 3ax® - 2bx = x(3ax — 2b) b ; ((1);) :J?(;;he‘gle’b’ 2
Using (1,8):a—-b=8...(1) ,bIl _b+1 L b1 )
y(1)=0,.. 3a-2b=0...(Q2) 1 5 )= ( 5 - 1) (T_b)
From (1): 3a —3b =24 h—1.1-b
. _ _ — N2 N2
a=-16,b=-24 (— )( )
1
=—b-1*
7 y=x*+4x? 16

) ) o ) Turning pts: (1,0), (b,0) and
Translation + a in x direction, and + b in

b+1 1 4
y direction: ( ) ’E(b -9

= (x — a)* + 4(x — a)?
y=x-a)+4x—-a)+b ¢ Turning pt at (2, 1) must mean

a y =4x> +8x = 4x(x* +2) =
Turning pt at(0, 0) only, since Lb+1=4,..b=3
X2+2>0.x€eR
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Solutions to Exercise 1SH

1 aLletf(x)=x>-x-1
fl(x)=3x2 -1
Using x,41 = X, — DACT

1 (xn)
We start with xo = 1.5, f(xg) = 0.875
Step 1

=1.325...
A section of spreadsheet is given here:

In the remainder of Question 1 only the spreadsheet is presented

b f(x) = x* + x — 3 We start with xy = 2, f(xo) = 15

¢ f(x) = x> — 5x + 4.2 We start with xo = 1.5, f(xo) = 0.075
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We note that a second solution also exists. We start with xo = 1.1, f(xp) = 0.031

d f(x)=x>-2x>+2x—5 We start with xy = 2.5, f(xo) = 3.125

e f(x)=2x*—3x? +2x — 6 We start with xo = —1.5, f(xy) = —=5.625

2 The equation x* = 3 can be rearrranged as follows;

r=3

30 =2 +3
2x3 +3

X =

3x2
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2x3 + 1
3x2 -2

3 The equation x* — 2x — 1 = 0 can be rearranged to x =

4 a i Define f(x)
return x> — x — 4
Define D f(x)
return 3x% — 1
x« 15
while f(x) > 107 or f(x) < —=107°
f(x)

- Df()
print (x, f(x))

end while

X & X
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b

d

il

i

ii

ii

i

X f(x)

Initial (xp) 1.5 5.75
Pass 1 (x;) | 1.869... 0.665 ...
Pass 2(xy) | 1.799... 0.027...

Pass 3(x3) | 1.796... | 0.0000523...

Pass 4(x4) | 1.796... | 0.0000000...

Define f(x)
return x* —x — 13
Define D f(x)
return 4x° — 1
X2
while f(x) > 107% or f(x) < —107°
PO (x)
. Df(x)
print (x, f(x))
end while
x Sf(x)
Initial (xg) 2 1
Pass 1 (x1) | 1.967... 0.024 ...

Pass 2(x;) | 1.966... | 0.0000631 ...

Pass 3(x3) | 1.966... | 0.0000000...

Define f(x)
return —x> —2x% + 1
Define D f(x)
return —3x% — 4x
x «— 0.5
while f(x) > 107 or f(x) < —1076
X — x— DS
Df(x)
print (x, f(x))
end while
x J(x)
Initial (xo) 0.5 0.625
Pass 1 (x1) | 0.636... -0.067...
Pass 2(x;) | 0.618. .. —0.00125...
Pass 3(x3) | 0.618... | —0.000000465 ...

Define f(x)
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ii

return —x> — 2x + 40

Define D f(x)
return —3x% =2
x <« 35

while f(x) > 107 or f(x) < —107¢

X & X — (X)
. Df(x)
print (x, f(X))
end while
x Jf(x)

Initial (xq) 3.5 -9.875
Pass 1 (x1) | 3.245... —0.665...
Pass 2(x,) | 3.2253... —0.00381...
Pass 3(x3) | 3.2252... | —0.000000127 ...
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Solutions to Technology-free questions

1 y=4dx-x
dy
—=4-2

a -~ X

b Gradientat Q(1,3) =4-2=2

¢ TangentatQ:y—-3=2(x-1)
SLy=2x+1

2 y=x3—4x?

d
a d—z=3x2—8x

b Gradient at (2, -8) = 3(2)* — 8(2)

=—4
¢ Tangentat (2,-8) =y +8

=—-4(x-2)

y=—4x
d Tangent meets curve when y = x° — 4x?
= —4x
Lx(x=272=0
x=0,2

Tangent cuts curve again at (0, 0).

3 y=x"—12x+2

dy 2
— =3x"-12
a dx X
=3(x-2)(x+2)
d
d—zzo,.'.x:iZ

¥(-2) = 18,3(2) = ~14

b Upright cubic.
(=2, 18) is a local maximum and (2, —14) is a local minimum.
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Upright cubic.
(=2, 18) is a local maximum and (2, —14) is a local minimum.

dy

= =32

dx . .

Stationary pt of inflexion at x = O:
X -1]10]1
dy
— [+ |0+
dx

dy

=L = 353

dx x.

Local maximum at x = O:
X -1]10]1
dy
_ + 0 —
dx

J')=(x=-2)(x=-3)

x |0 |225]|3]|4
ff1+10]- 0]+
Local maximum at x = 2, minimum at x = 3

S =(x=-2(x+2)

x | =-3]1-2]101]2|3
1+ 10 | -10]+
Local maximum at x = —2, minimum at x = 2

J')=Q2-x)(x+2)

x | -3]1-2]01]2]|3
ff1-10 + 0| -
Local minimum at x = —2, maximum at x = 2

() = =(x = D)(x=3)

x |0f[1[2]3]4

ff1—-10[+]10]f-
Local minimum at x = 1, maximum at x = 3
d
& R x+12=@-x)(x+3)
dx
X -4 -3101]415
d
oo |+]of-
. dx
Local minimum at x = —3, maximum at x = 4
d
O 15— 2x— 2 =(B-x)(x+5)
dx
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x |-6[-5]01]3]|4

dy

— |- 10 |+]0] -
. dx
Local minimum at x = —5, maximum at x = 3

"
y =0,. x:i§
( 2)_ 16 (2)_16
N73)7793) 9
Inverted cubic: 5 16
(_5’ _E) is a local minimum, (5, 3) is a local maximum.

b y=2x-3x*-12x-7

Ly =6x—6x—12
=6(x—-2)(x+1)

y=0,-.x=-1,2
y=1) =0,y(2) =-27
Upright cubic:
(—1,0) is a local maximum,
(2,-27) is a local minimum.

C y=x2x—-3)(x—-4)
=2x° — 11x% + 12x
Ly =6xr-22x+ 12
=2(3x —2)(x - 3)
y =0,..x= %,3
y(3) = -9,

5)=33)-5)
N3) 7305073
_ 100
27
Upright cubic:
(2 100). local )
—, — | is a local maximum,
327
(3,-9) is a local minimum.

6 ay=3x-x

=x*(3-x)
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Axis intercepts at (0, 0) and (3, 0).

y = 6x —3x*
=3x(2-x)
Stationary pts at (0, 0) and (2, 4).

Inverted cubic:
local min. at (0,0), max. at (2,4).

Y
(2,4)
> X
0 3\
b y=x>-6x7
= xX*(x - 6)
Axis intercepts at (0, 0) and (6, 0).
y =3x* - 12x
=3x(x-4)
Stationary pts at (0, 0) and (4, —32).
Upright cubic:
local max. at (0,0), min. at (4, —32).
Y
A
(6, 0>/
> X
0
(4,-32)

cy=0(x+17°2-x
=2+3x-x°
Axis intercepts at (0,2), (—1,0) and (2, 0).
y =3 —3x
=3(1-x)(1 +x)

Stationary pts at (—1,0) and (1, 4).
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Inverted cubic:
local min. at (—1,0), max. at (1,4).

Y
A (L4
</
T > X
10 2\
d y=4x—-3x

= x(2x — \/5)(2x + \/5)

Axis intercepts at (0, 0), (— \/3 /2,0) and ( \/3 /2,0).

y =12x* -3
=32x-D2x+1)

Stationary pts at (—%, 1) and (%, -1).
Upright cubic:
local max. (—%, 1) min. (%, -1).
Y
A
1
(=) | (59
2
/ 0 & > X
%9
G

e y=x —12x°

=x*(x - 12)
Axis intercepts at (0,0) and (12, 0).

y = 3x* - 24x
=3x(x—8)

Stationary pts at (0, 0) and (8, —256).
Inverted cubic:
local max . (0,0), min. (8, —256).

600



v
A
ol (12, 0)/ -

(8,-256)
7 a C
b A
c B
8 h =20t - 5¢
dh
== =20-10¢
VS
dh
— =0
a dr
=20-10r=0
=>tr=2

Stone reaches the maximum height when ¢ = 2
h(2) = 4020 =20
The maximum height is 20 m.
b 20t — 5 = —60
& 5% -20t-60=0
err-4-12=0
S(t-6)(t+2)=0
St=6ort=-2
t>0,.t=6
It takes 6 seconds to hit the beach.
¢ Whent = 6,v =20 - 60
The speed is 40 m/s
9 x+y=12=y=12-x
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Let M = x? + y?
ThenM:xZ+144—2d4x+x2 =2x% —24x + 144

Minimum value when I =0
X

amM

— =4x-24

dx x

.. minimum value when x = 6
Therefore minimum value is 72
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Solutions to multiple-choice questions

1D y=x+2x,.. y=3x>+2
Tangent at (1, 3) has gradient
y(d)=5

y—=3=5(x-1)
SLy=5x-2

1
2 E Normal at (1, 3) has gradient = -3

y—3:—l(x—1)

5
_ 116
LY =—=x+ —
Y= S

3 E y=2x-3x%. y =2-9x?
Tangent at (0,0) has gradient
y'(0)=2
Sy =2x

4 A f(x)=4dx-x?

Aw. rate of change over [0, 1]

_ SO -fO)
1

5C S =48 +3r-7
LS =127 +3
- 8(0)=3m/s

6

=)

10

11

12

D

A

A

C

y=x—12x
Ly =32 -12
=3(x-2)(x+2)
y =0 forx =+2

y =2x> - 6x
Y =6x-6=6
So 6x* = 12
Lx=+V2

fx)=2x> -5+ x
S f(x) = 6xF = 10x+ 1
L ff2)=5
1, 2
y= Ex +2x° -5
Aw. rate of change over [-2, 2]

_ =) —y(=2)
=5 -

y=x>—8x+1

Sy =2x-8
Minimum value is y(4) = —15

A

A
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Solutions to extended-response questions

1 a s=2+10f—47

d
y = d_j = 10 — 8¢, where v is velocity

Whenr=3, v=10-8(3)
=-14

After 3 seconds, the velocity of the stone is —14 m/s (i.e. the stone is falling).

The acceleration due to gravity is —8 m/s?.

*Unsaved —

E+'F ¥

f1{x)=1000- [30-x)>

b i 2000 000 = 1000(30 — 1)
2000 = (30 — 1)

1
(2000)3 =30 —¢

1
t =30 - (2000)3

~ 17.4 min

ii 20000 000 = 1000(30 — 1)
20000 = (30 — 1)*

1
(20000)3 =30 —¢

1
t =30 — (20000)3

~ 2.9 min
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¢V =100030 -ty
= 1000(30 — £)(900 — 60z + %)
= 1000(27 000 — 1800z + 30> — 900z + 60> — 1)
= 1000(27 000 — 2700¢ + 90¢* — )

= 27000 000 — 2700 0007 + 90 000> — 10007

62—‘; = —2700 000 + 180 000z — 30007

= —-3000(900 — 607 + %)

= -300030 -1 >0
At any time #, the dam is being emptied at the rate of 3000(30 — #)? litres/min.

d When V =0,100030 -7 =0

5 30-1t=0
t=30
It takes 30 minutes to empty the dam.
dv
e When e —-8000 —3000(30 — 1)*> = —8000
8
30-1)* = =
( ) 3
8
30-12+ 38
V3
2vV2
(=304 2V
V3
2V2

t=30-">, ast <30
V3

S t ~28.37
Water is flowing out of the dam at 8000 litres per minute when # is approximately

28.37 minutes.

f vy A
27 000 000
y=V(@)
0 30 t (m;utes)
y=Vi»
-2700 000 T
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*nzaved —

; (48DDD—26DG- X460 xg—x—)
2

4000

b Sketch the graph of f2 = 50 and
TI: Press Menu — 6:Analyze Graph — 4:Intersection
CP: Tap Analysis — G-Solve — Intersect
After 5.71 days; quantity drops below this after 54.29 days.

3

X
W = (48000 2600x + 6022 — —)
¢ 4000 O3
13 3 1
Dy 22y D B34
¥~ 20" T 200" " 8000
dw 26 9 4
1= 2t .3
dx 20" " 200" ~ 8000"
- B e Lo
10 200 2000™
When x = 20 aw =12 (20)+ (20) ——(20)°
x =20, =12-— — -
dx 200 2000
=12-26+18—4
=0
dw
When x = 40, _12——40 ——(40)* - 40)°
en x dx (40) + 200( y 2000( )
=12-52+72-32
=0
dw
Wh = 60, ——12——60 —(60)* - 60)°
en x dx (60) + 200( y 2000( )
=12-78+162—108
=12
The rate of increase of W, when x = 20,40 and 60 is 0,0 and —12 tonnes per day

respectively.
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8000
= 360 — 585 + 405 - 101.25 = 78.75

13 3 1
d Wh = 30, = 12(30) — —(30)> + —(30)> — ——(30)*
en x w (30) 20( )+200( ) (30)

1
4 a Whent =0, y=15+ %(0)2(30 -0)=15
When ¢ = 0, the temperature is 15°C.

1
b =15+ —*(30 — ¢
y 20 ( )
3 1
=15+ - —r
St3 %0
dy 3 3 3,
a4 780
_ dy 3 3 2
When ¢t = 0, 7 4(O) 80(0) =0
dy 3 3 .o
When t = — =—(5)-—
ent =35, 0 4(5) 80(5)
15 754
4 80 16
dy 3 3 )
Whent =1 — =—(10) - —=(1
en 0, = 4( 0) 80( 0)
_30_300 15
4 80 4
dy 3 3 )
Wh =1 — =—(15) - —=(
ent =15, = 4( 5) 80( 5)
_45 675 _ 45
4 80 16
dy 3 3 )
Wh =2 — =—-(20)-—=2
ent = 20, i 4( 0) 80( 0)
3 @ _ 1200
, 4 80 _
The rate of increase of y with respect to # when r = 0, 5, 10, 15 and 20 is 0,
45 15 45

67116 and 0°C per minute respectively.

t| 0 5 10 15 20
y | 15| 22.8125 | 40 | 57.1875 | 65

1
Whent=5, y=15+ %(5)2(30 -5)
=22.8125
1
Whent =20, y=15+ %(20)2(30 —20)

=65
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°C
v ( )}

10 + (0, 15)

(20, 65)

When ¢ =0,

>

S = 4000 + (t — 16)°
= 4000 + (1 — 16)(£> — 32t + 256)
= 4000 + > — 32¢* + 2561 — 16¢* + 512t — 4096
=1 — 48> + 768t — 96

as _ 312 — 961 + 768

dt

ds

= 3(0)> — 96(0) + 768

=768

Sweetness was increasing by 768 units/day when ¢ = 0.

b When:t =4,

When ¢ = 8,

Whent = 12,

When t = 16,

ds
— =3(4)* - 96(4) + 768
dt
= 48 — 384 + 768
=432
ds
— =3(8)> — 96(8) + 768
dt
=192 — 768 + 768
=192
d
d—f = 3(12)> — 96(12) + 768
=432 - 1152 + 768
=48
d
d—i = 3(16)* — 96(16) + 768

=768 — 1536 + 768
=0
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¢ The rate of increase of sweetness is zero after 16 days.

d Whent=0, S =4000+(0-16)°
=-96

Whent =4, S =4000+ (4 - 16)°
= 2272

Whent =8, S =4000+ (8- 16)°
= 3488

Whent =16, § =4000+ (16 — 16)°
= 4000

Note that 62—5; =312 — 961 + 768 = 3(t> — 32t + 256) = 3(¢ — 16)*> which implies

d—S>Of0rOSt<16.
dt

S
(units) A

4000 ¢ (16, 4000)

3000 +

2000 +

1000 T

(0,-96) & ' ' ' ' >
4 8 12 16 (days)

-1000 +

= —é(t—3)(t+ 1)
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. ) ds
b When the train stops at stations, o =

1
—§(t -3)(t+1)=0

s t=3ort=-1
When ¢t = —1, the time is 1 minute before noon, i.e. 11.59 am is the time of departure
from the first station.

When ¢ = 3, the time is 3 minutes past noon, i.e. 12.03 pm is the time of arrival at
the second station.

When 7 = -1 1( 1)+1( 1)? 1(1)3
C enft = —1, = —(— —(— _ (=
°T3 9 27
1 1 1 5

-+ —==—-=
3 9 27 27

5
The first station is > km before the signal box.

1 1 1
When ¢ = 3, s = §(3) + §(3)2 - ﬁ(3)3

=1+1-1=1
The second station is 1 km after the signal box.
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§2 — 81

d Average velocity =
h—h
here 1 > 1 =3t 1
\%Y% S2=1,81 = —, =D, = —
2 1= 500 1
-5
'y
locity =
average velocity = —— =
32
_271_8
4 27

1

% km/min = (% X 60) kWh = ?km/h
7

average velocity = 17§km/h

7
The average velocity between the stations is 17—km/h.

d 1
e v:d—j:—§(t—3)(t+1)
When the train passes the signal box, r = 0
1 1
=——0-3)0+1)==
Le v 9( O+ 1) 3

1 1
velocity = skm/min = (§ x 60)km/h — 20km/h
The train passes the signal box at 20 km/h.
a V(t) >0
1000+ (2-1)>>0
2 -1*>-1000

2-1t>-10
2>t-10
o <12
Now ¢ > 0 so the possible values of # are 0 < ¢ < 12.
. ) dv
b Rate of change in volume over time = n
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Now V =1000+ (2 - 1)°
= 1000 + (2 — £)(4 — 4t + %)
= 1000 + 8 — 81 + 2> — 4t + 41> — 1
= 1008 — 12t + 6> — 1

av _ —12 + 12t - 37
dt
=3 -4t +4)
= -3(t-2)°

dv
i Whenr=>5, e -3(5-2)*=-27
The rate of draining is 27 L./h when 7 = 5.

ii When ¢ = 10, ‘;—‘t/ =-3(10-2)*>=-192

The rate of draining is 192 L/h when ¢ = 10.

8 s(t) =kt -1
3) —s(0
a Average velocity= w
_ 3
-3
=—-1m/s
b 5(3)—s(0)  (3k-9)
3 3
Bk-9)
If =1
3
k=4
3.1)—s(3
¢ Average velocity= %
41 '
10
Estimate 4 m/s
1
9 a When x =0, y = g(4(0)3 - 8(0)? + 192(0) + 144)
LY
5
_ 14
5
=28.8

The start of the track is 28.8 m above sea level.
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1
b When x = 6, y = g(4(6)3 — 8(6)> + 192(6) + 144)

1
= 3(864 — 288 + 1152 + 144)

1870
5
=374.4

d The graph gets very steep for x > 7, which would not be practical.

4, 8, 192 144
e V==X —=X"+—x+—

5 5 5 5

d 12 ,16 192
Gradient = & = 222y + —=

dx 5 5 5
, ) dy 12, 16 192
i When x =0, i 5(0) 5(0)"‘ 5
=384

|
38.4 m/km = (38.4m) m/m

=0.0384 m/m
The gradient of the graph is 0.0384 for x = 0.
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dy 12, 16 _ 192

ii When x = 3, e (3) — ?(3) + —
108 48 192
5 5 5
=504
50.4 m/k (504>< ! ) m/
4 m/km = —— | m/m
1000
= 0.0504 m/m
The gradient of the graph is 0.0504 for x = 3.
1 192
iii When x =7, Ay _ ( 2104, 192
dx 5
_ 588 112 N 192
5 5 5
_ 668
5
=133.6
1
133.6m/km = (133 6 W) m/m
=0.1336 m/m
The gradient of the graph is 0.1336 for x = 7.
10 a y=x>
Point of inflexion at (0, 0)
When x = —1, y=-1 (-1,-1)
When x = 1, y=1 (1,1)
y=2+x-x
=-(x*-x-2)
=—(x=2)(x+1)
When x = 0, y=—0-2)O0+1)
=2

". y-axis intercept is 2.
When y = 0, -x-2)x+1)=0
x-2=0 or x+1=0

S x=2 or x=-1
.. x-axis intercepts are —1 and 2.

. L 2+-1 1
By symmetry, turning point is at x = > o
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1
Whenx=>, y= —(— —2)(— n 1)

b Forx<0,2+x—x2>x°.
The vertical distance between the two curves is given by y = 2 + x — x> — x*, x < 0.

-3 -2|-11]0

y| 1714 |1 |2
Y A
7 4

3 2 1 0o x

The vertical distance is a minimum when y is a minimum.

d
This occurs where Y 0.
dx

Now ﬂ:1—2)6—3)c2
dx

Consider 0=1-2x-3x>

O0=(3x+1Dx+1)

x+1=0 or -3x+1=0
1
x=-1 or X = 3
Butx<0,sox=-landy=2+(-1)—(-1)> = (=1)* = 1.
Hence the minimum distance between the two curves is 1 unit when x = —1.
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11

*Unsaved —

f1lc)=—2 - [50-32 x+14: x2
. 30
5 16 7 1
M ==-—-— — - —¥< <10
(x) 3 15x+15x 30x <x<
16 14 1,
M (x) = —— + —x— —
D ="175* 157" 10"
Stationary points occur where M((x)=0
16 14 1,
_E+1_5x_1_0x =0
1 2_|_14 16
0" T T Is

1
—%(:sx2 —28x+32)=0

1
——30(3x—4)(x—8) =0
3x—-4=0 or x—8=0

4
X = 3 or x=28
a
X 0 3 218 |10
Signof M'(x) | - |0 | +]0 |-
Shape \ | — |/ |— ]\

- : . : .4
Hence the minimum number of mosquitoes is produced when rainfall is 3 mm and the

maximum number is produced when rainfall is 8§ mm.

12 a xX+y=>5
y=5-x

b P=xy
P=x(5-x)
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c P=5x-x

dP
—=5-2
dx o
. ) dP
Stationary points occur where i 0
X
5-2x=0
S x=25
As coefficient of x? is negative, there is a local maximum at x = 2.5.
When x = 2.5, y=5-25
=25
and P =xy
=25x%x2.5
= 6.25, the maximum value of P.
13 a 2x+y =10
y=10-2x
b A=x%y
A = x*(10 - 2x)
c A =10x" - 2x°
dA
o= 20x — 6x°
Stationary points occur where i 0
X
20x — 6x* =0
2x(10-3x) =0
x=0 or 10-3x=0
10
xX=—
3
10
0O |1]|— 14
* 3
dA
Signof — [0 |+ [0 |-
dx
Shape — 1|/ | — I\

The maximum value of A occurs at x = 3
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10 10 10
When x = —, ~10-2 :10—2(—):—
en x 3 y X 3 3
A=x%y
B (10)2 o 10 1000
~\3 327 0
Maximum value of A of occurs where x =y = ER
1
14 xy =10 y= —0
X
T = 3x2y - x°
10
=3 x — - x°
X
=30x - x°
dT
— =30-3x
dx *
. . dT
Stationary points occur where i 0
X
30-3x*=0
30 = 3x
x* =10
x==+V10
x=VI0 as0<x< V30
X 0| V10| 4
dT
Signof — |+ | 0 |-
dx
Shape / — |\

Hence the maximum value of 7 occurs when x = V10.

When x = V10, T =30V10 — (V10)?
= V10(30 - 10)
=20V10
~ 63.25

15 a x+y=38 y=8-x

b s=)cz+y2

=x’+(8-x)?
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C s=x>+(8—x)?

= x> +64—16x+ x*

=2 — 16x + 64
ds
— =4x-16
dx *
. . ds
Stationary points occur where T 0
X
4x-16=0
4x =16
x=4
X 0| 415
d
Sienof &> | — | 0 | +
dx
Shape \ | — |/

or x = 4 is a local minimum because coefficient of x? is positive.
Hence the least value of the sum of the squares occurs at x = 4.
When x = 4, s=x>+(8-x)7

=4*+(8-4)

=16 + 4

=16+ 16

=32

16 Let x and y be the two numbers.
x+y=4 Ly=4-x
s:x3+y2 .‘.s:x3+(4—x)2
=x+16—-8x+x°
=x+x>-8x+16
d
) d—i:3x2+2x—8
When = =0, 3x+2x-8=0
X
Bx-dHx+2)=0
L 3x-4=0 orx+2=0
4
3

X = orx=-2
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X -31-210 2

O ol &

d

Signof—s + |0 |- +
dx

Shape |/ | — |\ |— |/

Note: Positive numbers are considered, so x = —2 need not be considered.

4
s will be as small as possible when X = 3
and y=4-x
4
3 3
Hence the two numbers are 3 and 3
17 Let x be the length, y the width and A the area of the rectangle.
2(x+y) =100
x+y=150
y=50-x
A=xy
= x(50 — x) = 50x — x*
dA
—=50-2
A dx o
Whend—:O, 50-2x=0 Sox=25
X
A local maximum at x = 25, as the coefficient of x2 is negative.
When x = 25, y=50-x=25

The area is a maximum (625 m?) when the rectangle is a square of side length 25 m.

18 Let y be the second number and P the product of the two numbers.

x+y=24
y=24-x
P=xy
= x(24 — x)
= 24x — X
dP
5:24—2x
Whenj—I;:O, 24 -2x=0
x=12
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19

20

21

There is a local maximum at x = 12, as the coefficient of x2 is negative.
Hence, the product of the two numbers is a maximum when x = 12.

Let C = overhead costs ($/h)
1
C =400 - 16n + an

dC 1
| Z
o 6+2n
dC 1
When — =0, -16+-n=0
endn +2n
n=32

There is a local minimum at n = 32, as the coefficient of n? is positive.

Hence, 32 items should be produced per hour to keep costs to a minimum.

x+y=100
y=100—-x
P =xy
= x(100 - x)
= 100x — x*
dpP
el 100 — 2x
Whenj—I;:O, 100 -2x =0
S x =150
There is a local maximum at x = 50, as the coefficient of x” is negative.
When x = 50, y=100—-x
=100 - 50
=50
Hence xX=y
When x = 50, P =xy
=50x%50
= 2500, the maximum value of P.
Let x be the length of river (in km) to be used as a side of the enclosure and let y be the

side length of the rectangle (in km) perpendicular to the river.
x+2y=4

1
)’=§(4—X)
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22

Let A = xy, the area of the land enclosed.

1
A:xx§(4—x)

There is a local maximum at x = 2, as the coefficient of x2 is negative.

1
:2x—§x2
dA
o0
dx o
A
Whend—:O, 2-x=0
dx
x=2
1
When x = 2, y= 5(4—@
1
=-4-2)=1
2( )

Hence the maximum area of land of 2 km? will be enclosed if the farmer uses a 2 km

stretch of river and a width of 1 km for his land.

p’g=9and p,g>0

2

P’

=9p~3

z=16p + 3¢q
=16p +309p~>)
= 16p +27p~3

q:

d
We know that d—(x”) = yx" ! whenn = 1,2,3
X
Now suppose this also true forn = —1,-2,-3, ...

d
So —(p3) = —3x7*
de(p) X

d
Hence &5 = 16 — 81p~*
dp

When — =0, 16-81p™ =0

16 =81p™*

L _16
81

P
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p :1_6
_ V81 3
V16
3
= +—
2
3
1= |2
P 2
Signof — |- |0 | +
Shape \ | — |/
. . 3
Hence Z 1S a minimum when p= E
9
and q:—3
p
9
3)°
_ 9x38
27
8
3 8 3
Sop==andg=-.
op 2anq 3
23 a 2(x+y) =120
x+y=060
y=60-x
b S =5x%
= 5x%(60 — x)
cS>0, . 5x2(60 — x) > 0
0<x<60
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*nzaved —

f1ix)=5 x* [60-x]

e S =5x60-x)

= 300x% — 5x°
ds
— = 600x — 157
dx

=0

ifx=0o0rx=40
From the graph, the maximum occurs at x = 40
: y=60-x
=60 -40
=20
Hence x = 40 and y = 20 give the strongest beam.

f For x < 19, the maximum strength of the beam occurs when x = 19.
S =5x19%60 - 19)

= 74005
The maximum strength of the beam, if the cross-sectional depth of the beam must be

less than 19 cm, 1s 74 005.
24 s'(x) = =3x% + 6x + 360
= -3(x* — 2x — 120)
= —3(x + 10)(x — 12)
When s'(x) = 0,-3(x+ 10)(x—12) =0
Lx+10=00rx—12=0

Sx=—-10orx=12
But6 < x <20,s0x =12.
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X 10| 12 | 14
Signof s’(x) | + |0 | -
Shape / — 1\

Hence the maximum number of salmon swimming upstream occurs when the water

temperature is 12°C.

25 a Let x (cm) be the breadth of the box, 2x (cm) be the length of the box, and / (cm) be

the height of the box.
4(x + 2x) + 4h = 360

4h = 360 — 4(3x)

h=90-3x
V=xx2xxh
= 2x*(90 — 3x)

= 180x% — 6x° as required

b V = 6x%(30 — x)

Domain V = {x: 0 < x < 30}

c
V = 180x> — 6x°
v _ 360x — 18x>
dx
= 18x(20 — x)
dv
When — =0 18x20—-x) =0
dx
18x =0 or
x=0 or
X -10 10 10 | 20 | 30
dv
Sign of — | — O |+ |0 |-
dx
Shape \ — |/ — |\

20—x=0
x =20

Hence V is a minimum when x = 0 and a maximum when x = 20.

V = 180(0)% — 6(0)°

=0
.. y-axis intercept is 0.

When x = 0,
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When V =0, 180x> —6x° =0
6x°(30 - x) =0
6x>=00r30-x=0

x=0or x =30
", x-axis intercepts are 0 and 30.

*nsaved —

f1lx)=180 x2 6 x>

d From part ¢, V is a maximum when x = 20.

h=90-3x
=90 - 60
=30

Hence the dimensions giving the greatest volume are 20 cm X 30 cm X 40 cm.

e On a CAS calculator, with f1 = 180x"2 — 6x"3 and f1 = 20 000,
The x-coordinates of the points of intersection are 14.817 02 and 24.402 119. Hence
the values of x for which V = 20000 are 14.82 and 24.40, correct to 2 decimal
places.

1
2 a A=8xxy+ 2(5 % 4x x \[(5x)? = (4x)2)
= 8xy + 4x X V25x2 — 16x2

= 8xy + 4x X VIx2

= 8xy + 4x X 3x (only positive square root appropriate)

= 8xy + 127

626



Also
8x+y+y+5x+5x=90

18x+2y =90
2y =90 — 18x
y=45-9x

A = 8x(45 = 9x) + 12x2
= 360x — 72x° + 12x°
A = 360x — 60x* as required

dA
b A = 360x — 60x2, S.o— =360 - 120x
dx
dA
When — =0, 360 — 120x =0
dx
x=3
Area is a maximum at x = 3, as the coefficient of x? is negative.
When x = 3, y=45-9x
=45 -27
=18
27 a Letr (cm) be the radius of the circle and x (cm) be the side length of the square.
2nr + 4x = 100
2nr = 100 — 4x
50 - 2x
r =
n
Asr >0, 50-2x>0
1.€. x <25

Let A be the sum of the areas of the circle and the square.
A=narr+x°

T + X
T

1
;(2500 —200x + 4x%) + x*

2500 200 4,
=———Xx+-—x"+x
T T T
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28

447 , 200 2500
= X - +

1.e. A= X ,x €]0,25]
Vs n Vs
dA 24+ ) 200
—_ = X —
dx b Vs
When dA _ 0. 2(4 +7r)x_ 200 ~ 0
dx Vs Vs
2(4 + m)x = 200
_ 100
C4+n
The area is a minimum when x = e as the coefficient of x? is positive.
Ve
1 4
When x = 00, 4x:ﬂz56
4+n 4+n
and 2nr = 27r(50 _ Zx)
/s
=100 — 4x
- 100 - 4(ﬂ)
4+n
400
=100 - ——
4+n
~ 44

Hence the wire should be cut into a 56 cm strip to form the square, and 44 cm to
form the circle.

44 200 2500
When x = 0, A= o2 Z0)+ 22
T T T

2500
oo
~ 796

When x = 25, A<@
T

Hence the maximum area occurs when x = 0 and all the wire is used to form the
circle.

2x+2x+x)+2x+4y =36
2(4x) +2x + 4y = 36

10x + 4y = 36
4y =36 — 10x
5
y=9-—-x

2

628



29

Let A (m?) be the area of the court.

A =4xy
= 4x(9 — 2x)
= 36x — 10x
dA
— =36-20
dx *
Whend—A:O, 36 -20x=0
dx
20x = 36
9
xX==
5 5
Area is a maximum when x = 5 as the coefficient of x? is negative.
9
When x = 3 length = 4x
9
=4x -
5
=72
and width =y
5
=9—-—x
59
=9—-—-X=
2 5
=45

The length is 7.2 m and the width is 4.5 m.

a A=xy

b x+2y=16
2y=16—-x
y=8—%
A=(5-3p

1
¢ When A =0, x(8—§x):0

x=0 or x=16

Domain = {x: 0 < x < 16}
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0+16_

d Turning point is at x = 8 2\ A
gp 1 5 A (m?) 8.32)
When x = 8,A = x(8 — Ex)

= 8(8 - 1(8))

a 2

=32
o O |
0 16 x (m)

e Calculus could be used, but as the graph is a parabola with turning point (8, 32), the
maximum is 32. Therefore, the largest area of ground which could be covered is

32 m?.
30 2a +h+ h+2a+ 2a = 8000
6a + 2h = 8000
2h = 8000 — 6a
o h = 4000 — 3a
Let A be the area of the shape and v be the vertical height of the triangle.
v=+2a)?*-a?
= V4a? - a?
_ V3
= V3a
1
A =2ah + 5(261)\/
= 2a(4000 — 3a) + a X V3a
= 8000a — 64 + V3d*
= (V3 = 6)a* + 8000a
dA
= 2(V3 = 6)a + 8000
A
Wheni’— =0, 2(V3 = 6)a + 8000 = 0
a
. 8000
2(6 - V3)
4000
6— V3
~ 937

The area is a maximum when a = 937, as the coefficient of a? is negative.
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31 A=xy
10-2
dx+dy=10my= V2
A x(10 = 2x)
dA 1
= _-(10-4
g3
—=0=>x==
X 2
Therefore maximum arzea
1 5 5 25
-_11 ~_oxl|zZ
3[0X2 X(z)) 6
d
a 2= ax—3) + 2ax(x - 3)?

32

4000
When a =

The maximum amount of light passes through when a = 931 and /& = 1188.

h =4000 - 3a

3 % 4000
6- 3
~ 4000 — 2812 = 1188

= 4000 —

2

= —m".

:xa(x -3)(x=-3+2(x=3)=3a(x-3)(x-1)

d
b Reaches its maximum height when d_y =0

X
That is when x = 1. (Should be checked to be a maximum.)

¢ a(l-=3)?=0.40
ax4=0.40
a=0.1

d y=0.1x(x-3)?
@
dx
x=-3)(x-1)=-1

K —dx+3=-1

(x=2=0

x=2
When x =2,y =0.2
The point is (2,0.2)

=03x-3)(x-1)
03x-3)(x-1) =

-0.3
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33 a nx+y=10

y=10—-nx
b When x =0, y =10 - m(0)
=10
When y =0, 100—-mx=0
10
xX=—
. 10
Hence all possible values of x are 0 < x < —.
Vs
c A=xy+ gxz

=x(10 — mx) + gxz

= 10x — x> + gxz

- g(zo %)
d AM 10 100
(m?) -(? on
-
0 E x(m)
m
e A =10x - gxz
dA
E = 10 — X
dA
When — =0, 10—-7x=0
dx
10
xX=—
T
The value of x which maximises A is —.
T
1 1
fWhenx:—O, y:10—7r><—O:O

s T
The capacity of the drain is a maximum when the cross-section is a semi-circle.
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34 a

2

Surface area = 2wxh + 2nx
1000 = 27txh + 27x°
500 = nxh + nx’
500 — x> 500
h = = - X
X X
V = 1x*h
2(500 - 7Tx2)
=ax|——
X
= x(500 — 7x?) = 500x — 7x°
dv
— =500 - 37x?
dx
dv
-0
dx
implies 500 - 37x> = 0
200 as x>0
X = X
\3r
1
X = 0 \/§ ~ 7.28
\3r
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e h>0and x>0
500 — x>
— >0 V 4

X r
500 > mx*

500
— > X
T

x < forx >0

T

3 10V5 0
\r

10\/5)

domain = (0,
\r

10V5

3

f When x =

(from part d)

[NSY[O8]

5 5
V:SOOOxi—nx(—) % 1000

’\/37{ 37'[
\5

- —(5000 -

T X 5000)
\/37r

3
V5 10000

T g3
10000V5 4

=—— cm
3V3n

The maximum volume is 2427.89 cm?, correct to 2 decimal places.

g On a CAS calculator, with f1 = x(500 — 7x"2) and f2 = 1000,
to find x = 2.05 and x = 11.46
Corresponding values of hare h = 75.41 and h = 2.42

<&E
N

v
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35 a Let x (cm) be the radius, 4 (cm) be the height, S (cm?) be the surface area of the can.
nx*h = 500
500
T
S =2nxh + 2nx*

h

= ZHX(Q) + 27x?
X

1000
X

= 1000x"" + 272

+ 27>

d
We know that d—(x”) = yx" ! whenn = 1,2,3
X

Now suppose this also true forn = —1,-2, -3, ...
So E(x‘l) = —x72 .
Hence — = —1000x2 + 47x
dx
—-1000
= — + 4rrx
X
When ﬁ =0, ~1000 +4nx=0
dx x2
1000
drx = 5
X
. 1000
 Arn
10
X = ;
(4m)3
~4.3
X 414315
Signof — | - | 0 +
Shape \ | — |/
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The surface area is a minimum when the radius is 4.3 cm,

500
and h = —
X

500

( - )2
a 1
(4m)3

500
100
& 2
(4m)3
2
500 X (47)3
1007
2
hzsmms

T

~ 8.6
The minimum surface area occurs when the radius is approximately 4.3 cm and the
height is approximately 8.6 cm.

b If the radius of the can must be no greater than 5 cm, the minimum surface area
occurs when the radius is approximately 4.3 cm and the height is approximately
8.6 cm.
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Chapter 19 - Revision of chapters 16-18

Solutions to Technology-free questions

1 » PRACKEOIPAC))

A x+h—x

T+ h? = (x+h) - (3x* - x)
h

xh+ h* —h
h
0 . =x+3h-1

Lffx)=x-1

2 a x(0)=0and x(1) =1
x(1) = x(0) 5 aletf(x)=2x"-x+1

Average velocity =
1-0 S () =66 -1

=1m/s

b x(1) =1 and x(4) = 124 b Let f(x)=(x—D(x—-2)=x*+x-2

) x(4) — x(1) L) =2x+1
Average velocity = —a-1
— - 2
=4l m/s ¢ Let f) = 2%y 45
L) =1
3 a 1 Average rate of change
0-8
- _1:_4 6 a Lety = 3x* + x
ii Average rate of change Then ? =12 + 1
5-8 X
= — = —3 d
2-1 When x = 1,22 = 13
. x .
b Average rate of change Gradient = 13 at the point(1, 4)
_O-0+m)-0-1 b Lety = 2x(1 — x) = 2x — A2
I1+h-1 J
9—(1+2h+h) -8 Thend—1:2—2x
- h
d
~ —2h — K2 Whenx=—2,d—z:10
B h Gradient = 10 at the point(-2, -12)
=-2-h
c -2 7 a f(x)=0
x=2x*=0

1
x(1—2x):0x:00rx:§

635



—p
=
~~
-
N
Il
(e

e f(x)=10
1—4x=10

11
dx=11x =—
X X 7

d
a —2x72 —x ) =—-6x*+x72
dx

d(3-zy_d
b ()= Gt -2 =
dz

@\ 2 2z-9
-9774 42773 = Z;
Z
Lety = x*> — 5x
dy
— =2x-5
dx *

When x = 1,9 =-3

dx
Whenx =1,y =-4
Therefore equation of tangent:
y+4=-3x-1)

y=-3x-1.
1
Normal has gradient —
. 1 13
Equation of Normal y = §x -3

10

11

1 5
y:§x3—§x2+6x—1
Q:x2—5x+6:(x—3)(x—2)
dx
Q:O:x:3orx:2C06fﬁcient
dx

When x =3,y =

NN

11
3
of x3 is positive. Therefore:

When x =2,y =

7
Local minimum at | 3, 5)

and local maximum at (2, %)

d
12 y:2(x3—4x)=2x3—8xd—y:6x2—8
X

d
d—z =0
=3x>-4=0
= Xx= i orx = —i
V3 V3
2 32
When x = $,y = ﬁ
2 32
When x = —%,y = ﬁ
Local minimum (i, —2)
V3 3V3
Local maximum (—i, 2)
V3 343

Leading coefficient of the cubic is
positive.
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1 1
13 a f§x4dx:1—0x5+c

b [Bx—4)? dx= [(9x* —24x+16) dx

=3 - 1222+ 16x + ¢

3
c f3x3—4xdx: Zx4—2x2+c

14 a f/(x)=2x= f(x) =x*>+c
fQ)=3= fQ)=4+c=3
Soe=-1

fx)=x*-1

1 3
f(x) = X -3x= f(x) = §x3 _ §x2+c

f(2)=3=>f(2)=§—6+c:3

e 19
Le=

1 3 1
f(x)=§x3—§x2+?9

C

) =@x-1)2=x"-2x+1> f(x) = %x3_x2+x+

f@=3=f@)=3-4+2+c=3

S.C=—=

3

1 7
f(x)=§x3—x2+x+§
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Solutions to multiple-choice questions

32
1B % decreases as bowl fills, 12 B J) =x" —x"=5
so gradient must be constantly S ff(x) = 3x% - 2x
increasing. = x(3x - 2)
_ ., 2
2 A Gradient~ =%~ _1g - f1=0,x=07
6-0
_ , 0-3 3
3B AV.speed:—g gzlm/s 13 A f(x):ﬁ:‘gfora”x
3 2 . 2
_f(2)—f(0) 14 C y=2x"-3x%,..y =6x"—6x
4 A Av.rate—W yr(l):6_6:0
13-1
=75 15 C y=7+2x-x*..y =2(1-x)
_6 Inverted parabola, so
- y max. = y(1) =8
23.5-10
5 B Av.rate = -7 16 D f'(x)>0forx <1, f'(x) <0 for
x>1
=2.7°C/h
/ f'(1) = 0; only D fits.
d
6 A y=5x+1" d—ﬁ = 10x 17 E f(=2)>0,f(-1)=0,f(0)<0

s o f(x) has a local max. at x = —1.
7D fG+h)—-f5)=@E+h"-5

2
— 10h+ 2 18 C y:%(x2+2x—4)
8 B Gradient = 0 at turning points _ x_4 4302
x=-1,15 2
d
) .'.—y:2x3+3x2—4x
9 C V=3r+4+2,-.V =6t+4 dx
— =X
= 16 m*/ min dx
The equation of the tangent at x = ¢
3+h) - f@3 .
S lim2k2 +2h =0 y=3¢ =clx=0
h—0 2
y=ctx— =73
11 C Curve increases for ) 9 3
P
X € (—o0,=2) U (1, c0) --§C =1
-8
3
c==
2
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20

21

22

23

24

25

26

27

E Negative slope for x < -1, x > 1

) (1+h)?-1
D R =
ise/run Y
=2+h
A y=x*2x—-3)=2x - 3x?

y =6x2-6x<..y(1)=0

2 a2

b2 —
A Rise/run = b =b+a

—da

C fx)=3xr+6x>—x+1
S0 =927 +12x -1

D y+3x=10,..y=10-3x

A =4x(10 - 3x)
LA =40-24x=0
5-3x=0

B y=x>+3,..y =2x
LY(3)=6

B y=x"+5x* - 8x

Sy =3x2+10x -8

=CBx—-2)(x+4)

2
5|-4l0|Z1

* 3
I+ 10| =10+

x = —4 is a local maximum.

2. ..
X = 3 is a local minimum.

28

29

30

31

32

33

34

35

36

1+h)-f(1
£y = g LD =S

y=x*+4x-3

Sy =2(x+2)
ymin = y(-2) = -7

y=x%,y =2x
y(@2) =4

1
.. gradient of normal = 1

y-intercept is (0, —9)

B -2x2-9=0

& x-3)(x*+x+3)=0

S (x-3)=0

Sx=3

x-axis intercept is (3, 0)

Gradient of L = 3

Gradient of tangent at point (x, f(x))
is 3x> — 4x

3x2—-4x-3=0
4+ 52 2+ V13
S x = = But
6 3 Vi3
2 1
x > 0. Therefore x = +3 3
y=x>-3x-4,-.y =2x-3
<0 <3
LX< =
Y 2
2 _
imE—t = x—1=-1
x—0 X

Graph is discontinuous at x = 0, 2
since in both cases the positive and
negative limits are different.

Graph is discontinuous at x = —1, 1
since in both cases the positive and
negative limits are different.

y=—x>+ax*>+bx

d
Y 332 4 2ax + b Also,
dx
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Whenx:landx:Z,@:() 37 D f/(x)=12x> -3 +2x72

dx Therefore /(1) =12 -3 +2 =11
—3+2a+b=0...(1)

—12+4a+b=0...(2) 38 f(x)=6x"+3 = f(x) =20 +3x+c
f()=7=7=2+3+c¢

subtract(1) from (2) 3
Hence c =2 and f(x) = 2x° +3x + 2
-9+2a=0
9 39 B The straight line has gradient = 1
a=3 and equation y = x — 1. Therefore
bh=_6 the function has rule of the form
Exz - Xx+c.
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Solutions to extended-response questions

1 a When the particle returns to ground level, y = 0

x-0.01x* =0
x(1-0.01x)=0
x=0 or 1-0.01x=0
001x =1
x =100
The particle travels 100 units horizontally before returning to ground level.
b y =x—0.01x>
dy
—=1-0.02
dx *
dy
-0
¢ dx
1-0.02x=0
0.02x =1
x =150
When x = 50, y =50 —0.01(50)2
=50-0.01 x 2500
=50-25
=25
d

*Unsaved —
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(¢

d 1 1
i When%C = 5. 1-002x=
1
0.02x = >
x=25
When x = 25, y =25-0.01(25)
=25-0.01 x 625
=25-6.25
= 18.75
1.e. the coordinates of the point with gradient % are (25, 18.75).
d 1 1
ii When ﬁ = 5. 1-002x=—
0.02x =1.5
x=175
When x = 75, y =75-0.01(75)
=75 -0.01 x 5625
=75 -56.25
= 18.75
1.e. the coordinates of the point with gradient —% are (75, 18.75).
y = —0.0001(x* — 100x?)

= —0.0001x> + 0.01x?

d
Highest point is reached where )
x
d
£ = 20,0003 + 0.02x
dx
dy 2
When T 0, —0.0003x" + 0.02x = 0
x
x(0.02 - 0.0003x) =0
x=0 or 0.02 - 0.0003x =0
0.0003x = 0.02
200
xX=—
3
2
= 66—
3
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When x = 0, y=0

2
When x = 665, y = —0.0001x*(x — 100)

2
- —0.0001(@) (2% - 100)

~ ~0.0001 x @( 100)

3
4 100

9 3
400
27

22

= 1422
27

22)

2
i.e. the coordinates of the highest point are (66—, 14— |.

3727

d
i Atx =20, d—z = x(0.02 — 0.0003x)

= 20(0.02 - 0.0003 x 20)
= 20(0.02 - 0.006)
=20x0.014

=0.28
1.e. at x = 20, the gradient of the curve is 0.28.

d
il Atx =80, d_y = x(0.02 - 0.0003x)
X

= 80(0.02 - 0.0003 x 80)
= 80(0.02 - 0.024)
= 80 x —0.004

=-0.32
i.e. at x = 80, the gradient of the curve is —0.32.

d
i At x = 100, d—z = x(0.02 — 0.0003x)

= 100(0.02 - 0.0003 x 100)
= 100(0.02 - 0.03)
=100 x —0.01

=-1
1.e. at x = 100, the gradient of the curve is —1.
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¢ The rollercoaster begins with a gentle upwards slope until it reaches the turning
point (its highest point). On its downward trip the rollercoaster has a steeper slope
and by the end of the ride it has reached a very steep downward slope.

d It would be less dangerous if the steep slope at the end were smoothed out.

3 a Let & = height of the block.
Now 4Bx+x+h)=20

hcm

4(4x + h) =20 ,,,C;n—" o
X
dx+h=5
h=5-4x
i.e. the height of the block is (5 — 4x) cm.
b V=xx3xx(5-4x)
= 3x%(5 — 4x)
= 15x% — 12x° as required
¢c x>0andV >0
152> = 12x* > 0
= 3x%(5-4x) >0
— 5—4x>0as3x>>0forall x
— 5> 4x
= > >
- >x
45
Domainis{x:0<x<4—1}
dv
d — =30x—36x7
dx
dv
e When — =0, 30x —36x> =0
dx
6x(5-6x)=0
6x=0 or 5-6x=0
5
:0 = —
X or X G
5
x:gasx>0
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d
dv
If x > g,e.g.x: 1,E<0.

5 125)

ol maimum a (12
ocal maximum a 6’ 36

1 5
i.e. the maximum volume possible is 3% cm?, for x = 2

f V(cm3) P
T (523

0 1 1 z | 5 x (cm)
4 2 4

a h=30t-5

dh

— =30-10¢

dt
b Maximum height is reached where 7 0

30-10t=0

. 106=30 ..t=3
(a maximum, as it is a quadratic with negative coefficient of %)
When ¢ = 3, h =30(3) - 5(3)

=90-5x%x9

=90-45=45
1.e. maximum height reached is 45 m after 3 seconds.
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¢ h(m

(3, 45)
45 1
40 1
30:
20:
10:
o 1 2 3 4 5 6 16
S a Let A = surface area of the net X
A =4x(1 - 2x) + 22 x ¥ x X
= 4x — 8x% + 2x* 1-2x
= 4x — 6x°
x
V=xxXxx(-2x) *
= x*(1 - 2x)
=x*-2x

¢c x>0andV >0
’ Z=-2x>0

— 2(1-2x)>0

— 1-2x>0
(as x> > 0 for all x)

x<§ 1
Domain {x: O0<x< 5}
Whenx =0,V =0
1
Whenx:E,V:O
dv
v
When — =0, 2x—6x>=0
dx
2x(1 =3x)=0
1
:O = —
X or x 3
1 1\? IV 1 2 1
o 3 3 3 9 27 27
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1
Ifx<-,eg. x=

1
3’ 6 dx > 0.
ool lav_
X —, g X= =, —
3OS T
- a local maxi t( )
a 10Ccal maximum a 3 27

1 1 1
d A box with dimensions 3 cm X —cm X 3 cm will give a maximum volume of Ecm3.

3

6 a i Using Pythagoras’ theorem:

2+rr=12
P =1-x
r= V1 -x2
i A=1+x
bV ! 2h
= —nr
3
1 2
:gﬂ(l—x)(1+x)

= ;—T(l +x — x* — x°) as required
c x>0and\;>0
ForV>O,§(1—x2)(1+x)>0
e 1-x*>0asl+x>0forallx>0
— -l<xx<l

V>0for-1<x<1
To satisfy x > 0and V > 0, domainis {x: 0 < x < 1}.

A 5
d i - =2(1-20-30)
i When &Y — 0, T1-2x-32=0
dx 3
%’T@x2 +2x—1) =
%”(3x— Dx+1) =
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o { dv
ie. {x: — =
dx

1
iii When x = 3

1
3

1 32n
| (3.%1)

1
Ifx<-,eg. x==
X e.g. x >

.. local maximum at (—

" dx

37

[
81 /)

i.e. the maximum volume of the cone is 3T m

or

<0

32 3

1
3

7 a Whent =0,

2
3

1 x(m)

0
P(0) = 1000 x 220

= 1000
On 1 January 1993, there were 1000 insects in the colony.

or approximately 1.24 m?.
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9
b Whent =9, P(9) = 1000 x 220

= 1000 x 2°%
~ 1366
On 10 January, there were approximately 1366 insects in the colony.
t
¢ i When P(¢) = 4000, 1000 x 220 = 4000
2% =4
236 = 22
t —_—
20
t=40
t
ii When P(7) = 6000, 1000 x 220 = 6000
2% =

t  logy6
20 log,y2
201log,, 6
logyp2
~ 51.70

20
d P(20) = 1000 x 220
= 1000 x 2
= 2000

15
P(15) = 1000 x 220
~ 1000 x 1.681792 831

~ 1681.792 831

Average rate of change of P with respect to time, for the interval of time
_ PQ20) - P(15)

15,2
(15,201 20— 15
2000 — 1681.792 831
- 5
N 318.20571695 6364
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P(15 + h) — P(15
e i Average rate of change = ( i)

15+h-15
15+h 15
_ 1000 x 2720 — 1000 x 220
B h
3 N 3
1000 x 24 x 220 — 1000 x 24
- I
3/ h
1000 x 24(220 - 1)
- Jh#0
h
ii Consider & decreasing and approaching zero:
Let h = 0.0001
A te of ch 1681.792 831(20-000005 _ 1)
verage rate of change ~
; s 0.0001
~ 58.286 566 86
Let h = 0.00001
A te of ch 1681.792 831(20:0000005 _ 1)
verage rate of change ~
i s 0.00001
~ 58.285894 14
Let h = 0.000001
A te of ch 1681.792 831(20:00000005 _ 1
verage rate of change ~
¢ s 0.000001

~ 58.286 566 86
Hence as h — 0, the instantaneous rate of change is approaching 58.287 insects

per day.
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8 a Let A (m?) be the total surface area of the block.

Now

and

A =300

A =2(2xh + 2x* + xh)

= 2(2x* + 3xh)
2(2x* + 3xh) = 300

2x% + 3xh = 150
3xh = 150 — 2x°

150 - 222

h
3x

b V=hx2xXx

150 - 222

X 2x°
3x o

2
5x(150 —2x%)

4
c V:IOOx—§x3
dv
— =100 — 4x*
dx *
2 2
d WhenV =0, gx(150—2x):0
2 2
§xzo or 150 -2x* =0
x=0 or 2x2 =150
x> =75
x:i5\6
2
When x = 1, V= 3% 1(150 = 2(1)%)
2 296
=Z(148) = = >0
3( ) 3

V>0for0<x<5V3

Note also, for x > 0

_______
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2
gx(150 —2x5)>0

150 = 2x% >0
75 > x*

5vV3>x

111

av

e Maximum value of V occurs when i 0
X
100 — 4x*> = 0
4x* =100
x* =25
x==+V25
x=5asx>0
2
When x = 5, V= 3 X 5(150 — 2(5)%)
10
= ?(150 -50)
1000 1
= —— =333-
3 3
dv
When x < 5,e.g. x =4, — and when x > 5,e.g. x = 6,d— <0
X X
. 1000
.. a local maximum at (5, T)

1000
m? or 333§ md.

i.e. when x = 5 m, the block has its maximum volume of

£y my
300 T

>

.

5 (5\3, 0) x (m)
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9 a 12x+y+y+65x+65x =70 6.5 m hTm

25x+2y =170 T
If x =2, 25(2) +2y =170 i

50 + 2y = 70 l

y =10 <~ 12xm—>
b 25x+2y =170
2y =70 - 25x
70 — 25x .
=5 as required

¢ i Using Pythagoras’ theorem:
h* + (6x)* = (6.5x)*

W +36x" = 42.25x°

h? = 6.25x7
h= V6.25x2

=25xasx>0

ii Let A (m) be the area of the front face of the building.

A = area of rectangle + area of triangle

1
= 12x><y+§><12x><2.5x

= 12xy + 15x%

= 15x% + 12xy as required

d Let V (cm®) be the volume of the building.
V =Ax40
= 40(15x% + 12xy)
70 — 25x))
2
= 40(15x + 6x(70 — 25x)
= 40(15x% + 420x — 150x%)
= 600x(28 — 9x)

= 40(15x2 + 12x(

e 1 V = 600(28x — 9x?)
dv

Volume is a maximum when T =0
X
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dv
— = 600(28 - 18x)

dx
60028 — 18x) =0
28-18x=0
18x =28
28 14
T8
14
70—25(—)
Wh 14 9
en x = — ="
9" Y 2
350
70 — —
_ 9
2
~ 630 -350
B 18
~ 280 140
. v 18 9
Whenx<g,e.g.x: 1,%>0.
Whenx>3,e.g.x:2,—<0.

X
14 o)

- a local maxi t(—,
a 10Cal maximum al 9 9

14 140
i.e. the volume is a maximum when x = — and y = <5
14 14 142
i Whenx=—, V= 40(420(—) - 135(—) )
ii en x 5 5 5
2
= 13066 m’

2
i.e. the maximum volume of the building is 13 066=m?.
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10 a y=kx*(a—x)

At (200, 0) 0 = k x 200%(a — 200)
either k = 0 or a =200
At (170, 8.67) 8.67 = k x 170*(a — 170) (1)
k+0 a =200 (2)
Substitute (2) into (1) 8.67 = k x 170?(200 — 170)
8.67 = 28900k x 30
3 8.67
28900 x 30
=0.00001

y = 0.00001x*(200 — x)

b i y = 0.00001x%(200 — x)
= 0.002x% — 0.000 01>
At the local maximum, ﬂ =0
dx
d
and d—y — 0.004x — 0.000 032
X

0.004x — 0.000 03x> = 0
0.001x(4 = 0.03x) = 0
x=0 or 4-0.03x=0
0.03x =4
_ 400
3
4
If x < E,e.g. X = IOO,Q > 0.
3 dx

400 dy
If —,e.g. x = 150, —
x> 3,egx So’dx

X

< 0.

Therefore a local maximum when x = ?
i Whenx = 220 1~ 0,000 01(@)2(200 _ @)
3 3 3
_ 16 200
90 3
320
27

655



¢ i When x = 105,

ii When x = 105,

y = 0.00001(105)*(200 — 105)

= 1102
IOOOOOX 025 x 95

1047375

~ 100000

_ 8379

~ 800
379

=10— (=1047375
800 ( )

d
d—y — 0.001(105)(4 — 0.03 x 105)
X

105

= (4= 3.15)

105 85

~ 1000 ~ 100
8025 357

~ 100000 _ 4000

d i y =y =m(x—xp)

357 8379
= - 10 >
Y= 3000" "1 Fo0
357 37485 41895
y= X - +
4000 4000 4000
_ 357 N 441
Y= 000" " 200 »
i.e. th i f th =105isy = —x+ —.
i.e. the equation of the tangent at x = 105 is y 4000x + 100
.. . . 441
ii The y-axis intercept of the tangent is —.
400
S0 0
A te of ch =
e Average rate of change 1050
38379
800 x 105
=0.09975
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f y=0.00001x%(200 — x)

Y 357 44l
105, 8379 Y=3000" * 200
12 + ( > 800
10 + (@ @)
327 (170, 8.67)
8
6 4
Al y = 0.000 01x*(200 - x)
441 T
(0, 300) T
100 200 X
11 a In the centre of the city r=0
and P = 10 + 40(0) — 20(0)?
=10

1.e. the population density is 10 000 people per square kilometre.

b P>0
10 + 40r — 20> > 0
-102* —4r-1)>0

When P = 0, 217 —4r—-1=0
4+ 42— 42)(-1)
r =
2X%X?2
_4iV16+8
4
_4x2+6
T4
_21\/6
)
2+ V6
and,asr >0 r= +2\/_

When r = 1, P =10+ 40(1) - 20(1)?
=10+40-20
=30>0

P>Of0r0§r§2+2\/6
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€ P A©00s per km?)
30 +

20 1
10 ¢ 2446
(%9
0 X 2 Srﬁm
P
d i d— =40 - 40r
dr
dP
ii Whenr=0.5, o =40 - 40(0.5)
r
=40-20
=20
dP
Whenr =1, — =40 -40(1)
dr
=40-40
=0
dP
When r = 2, — =40-40(2)
dr
=40-80
=-40
iii @
dr
40
. (0.5, 20)
0 05 1 > ' 3 r (km)
20 L
(2, —40)
40 T
(2%@,—49) E_s00-»

e The population density is greatest at a 1 km radius from the city centre.

12 a y = x(a—x)
:ax—x2

b O0O<x<a
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d
¢ Maximum value of y is found where d_y =0.

X
dy
= —a=2
T a-—2x
a—-2x=0
2x=a
a
X==
2
a a a
Wh = — =—(a—- =
en x 7 y 2(a 2)
a a 1,
“2%37 3¢

2 when x = —.

N

1
So the maximum value of y is Za

1

d y= Zaz is a maximum because the coefficient of the x? term is negative.
e i Whena=9, y=x9-1x)
¥ (m)
20 T 2 &
15 - (24
10 1
5
0 } il } } } } }
1 2 3 4 5 6 7 8 9 x(m
81
i 0 <8l
i 0<y<
213
13 a V(1) = O.6(20t2 - ?)
. 2 2(0)°
i Whenr=0,  V(0)=0.6{2007 - =)
=0.6(0 - 0)
=0
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2(20)3
ii When ¢ = 20, V(20) = 0.6(2()(20)2 - %)
1
- 0.6(8000 - @)
3
~ 1600

b V'(¢) = 0.6(40f — 2¢%) = 1.2¢(20 — 1)

¢ Fiml) 4
1a) A
I_'II} o
H]] -
i
0 10 2 1(8)
When V(1) = 0. 12620 1) = 0
tr=0 or 20-t=0
£ =20
3
When ¢ = 10, V= 0.6(20 w107 2 X310 )
- 0.6(2000 - @)
3
~ 800
2 3
Whent = 5, V:0.6(20><52— XS)
- 0.6(500 - @)
3
— 250
2x 153
When 7 = 15, V= 0.6(20 « 157 — X3 )
- 0.6(4500 - @)
3
~ 1350
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d V() = 1.2¢(20 — 1), t € [0, 20]

=241 — 1.2¢°
When 1 = 0, V'(0)=0
When 1 = 20, V'(20) = 24 x 20 — 1.2(20)*
= 480 — 480
=0
When ¢ = 10, V'(10) = 24 x 10 — 1.2(10)?
=240 - 120
=120
o, (10,120)
120 1
0 10 20 1(s)
14 a y=ax’+bx?
At (1,-1), -1 =a(l)® + b(1)*
a+b+1=0 (1)
b % = 3ax® + 2bx
d
At(1,-1), d—)yc -0
3a(1)? +2b(1) = 0
o 3a+2b=0 )
2)-2x (1) 3a+2b=0
2a+2b+2=0
a—-2=0
a=2
Substitutea =2into (1) 2+b+1=0
bh=-3
y =2x° - 3x°
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¢ x-axis intercept when y=0

YA

(0, 0)

233 =322 =0
¥2x-3)=0
3
= 0 = —
X or x >
d
d—z = 6x° — 6x
=6x(x—1)
. ) dy
Stationary points where — =0
dx
6x(x—1)=0
6x=0 or x—1=0
x=0 or x=1
Atx=0,y=0
Atx=1,y=-1
x<0| 0 |0<x<1]1|x>1
d
Sign of il + 0 - 0 +
dx
Shape /| — \ — | /

there is a local minimum at (1, —1) and a local maximum at (0, 0).

15 a i AD+ AB+ CB =80
x+AB+ x =80
AB =80 - 2x

ii sin 60° =

(1,-1)

WL [T~

"y
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b Let area of trapezoid = A
A = area of rectangle + 2(area of triangle)

3 1 3
- gx(80 _2x) 4+ 2(5 x %x X xsin 3o°)

= 802\/§x— V3x2 + ﬁxx X

2
802\/_ V- \/‘ 2
80V3 33,
= X - X
2 4
3
- T\/_x(160 —3x)
(Formula for the area of a trapezium may also be used.)
c A= ?x(160 ~3x)
=40V3x - 34—\5)62

dA 3V3

ke B
dx 0v3 5

dA
When == = 0, 40\/5——‘/_x—0
3
—\/_x — 403
4o V3x2 80
33 3
V3

80
The area is a maximum for x = —, as A = Tx(16() — 3Xx) is a quadratic function

3
with negative coefficient of x?.

16 a Total amount of cardboard = x> + 4xy + x> + 8x
2x% + 4xy + 8x = 1400
_ 1400 — 2x% — 8x
Y= 4x
b V=x%
2( 1400 — 2x? — Sx)
=X
4x

.3
:%—2x2+350x
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c V:T—2x2+350x

a = 7X —4x + 350
av
d — = 0 implies
dx 3
7x2—4x+350:0
3x% +8x—700 =0
-8+ V64 + 8400 -8+92
X = =
6 6
x = 14, as x is positive.
e,f When x = 14, V =3136
Maximum volume is 3136 cm?>. 5
1400 — 2x- — 8
From part b, V= xz( ) al x)
5%

- 2(1400 —2x% - 8x)
definedif x>0andV >0
ie. —2x> — 8x + 1400 > 0

x> +4x—700> 0
—4 + V16 + 2800

Consider X = > =2+ V704 = 2+ 8V11
V is defined for 0 < x < =2 + 8 V11.
v (14, 3136)
0 —2+8\m ,x

g On a CAS calculator, with f1 = x/4(1400 — 2x"2 — 8x) and £2=1000.
From the CAS calculator, when V = 1000,
x=22827... or x=2943...
y=1919... or y=115452...
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Solutions to investigations
1 a f'(x)=3ax?>+2bx+c
f'(x)=0=3ax’>+2bx+c=0
_ —2b= V4b? — 12ac b= Vb? - 3ac

= 6a 3a

i no solutions whenb? < 3ac
ii exactly one when b? = 3ac

iii no solutions when b? > 3ac

b f'(x) =3ax*-3pand f/(x) =0 = x = i\/E

a

i If p = 0 there is a stationary point of inflexion at (0, d).
ii There are two stationary points if p >0anda >0or p <0Oanda <0

iii There are no stationary points if the signs of a and p are different.

Other cases can be illustrated.

c . Lety=(x—-a)x-Bx-7v)
Writing in polynomial form.

y =2 —(a+B+y)x*+(af +ay +By)x - afy
&y =3x> - 2(@+B+y)x+ (e + ay + By) When x = «

:a/z—a,B—ya/+ﬁy

When x =

dy 5

d—=ﬁ —of-yB+ay
X

Letm=a’>—aB—ya+pByandletn =5 —aB—yB+ay

Hence m = (¢ — B)(@ —y) and n = (a — B)(y — B)
ma + nf

dx
dy
dx

Solving fory, y =

m+n
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1 1
2 a Fromd = §(10t2 — 1%), differentiating gives v = g(ZOt - 37%)
1
For distance: kt = §(IOt2 -)...(1)

For speed: k = %(ZOt -31%)...(2)

From (2) substitute in (1)

20 =363 =102 - 1

0=272(t-5)

t=0ott=5

The car and the bike meet after 5 seconds at the same speed. The graphs below
illustrate this.

1
b The car can meet the bike for times that satisfy kt = 5(10t2 - 1)
1
kt = =(1077 — 1)
3
3kt = 1082 — ¢
1(t* =10t +3k) = 0

10+ V100 - 12k
2

Real solutions when 12k < 100. That is k < ?

There are other practical considerations. Notice that the model of the distance from

t=0ort=

20
the checkpoint only makes sense for t < —. At that time the models says that the car

has gone the maximum distance from the checkpoint.

¢ Suppose the bike is moving at a speed of 5 m/s. The graphs are shown below.
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The bike meets the car after approximately 1-84 seconds. The speed of the car at this
time is 8.87 m/s.
Decide on a reasonable range of speeds.

3 Let x m be the side length of the triangle and y m be the length of the tent.

1 3 3
Area of the triangle in tent= Exz X g = %xz
Area of rectangle in tent = xy

3
Volume (V) = %xzy

Since V = 2.2,

V3, 88 44

222y =22 = =
1Y VT332 T 3

a Let C be the cost.Let $k be the cost per square metre of the floor. Then the cost per
square metre of the remaining sides = $1.4k

3
C = kxy + 1.4k(§x2 T 2xy)

44
Buty = —
Y= 152 i
44 3, 44
Hence C = kx x 52 + 1.4k(7x +2x X 15x2)
836k

Simplifying C = —=— +0.7 V3kx?
X
To find the minimise the cost consider:

dC  105V3x® - 836

— = 0
dx 75x2

Solving x ~ 1.66 m and hence y = 1.76 m
Here is the graph of C against x.
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Consider restictions on the dimensions to make a good tent.

. 44 V3, 44 75V3x% + 1496
b For this C = 1.4kx><@+k(7x +2x X 152 :( 150x :

Minimum occurs when x = 1.79 Investigate as before.

h
4 22 = %(3(12 + h2)
- 1(6><2.2 —hZ): 13.2 — 7h?

= 3 wh 3rth

a Let C be the total cost of material and k the cost of material of floor of the tent.
C = kna* + 1.47k(a® + %)

= 2.4kna® + 1.47h*

13.2 — nh?
= 24k x —= T Ak
3rh

_ 3
_ k(10.56 — 0.87h°) 1 Akl

We find the minimum by finding the turning point.
dc 6k(Smth® — 44)

dh 2512

dcC

— =0 h~141
a7 m

= a~0.58m
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The minimum cost C ~ 11.24k

b Procedure is similar

a Consider points (x1,y;) and (x3, y2)
Gradient = 270
X2 — X1
Equation of straight line passing through (x;, y;) and (x2, y»)

Y2 =)
y—-y = (x —x1)
X2 — X1
y —y1 = gradient X (x — Xx1)
When x = 0,

yint —y; = gradient(—x;)
yint =y, — gradient X x;

Consider the points (0, yint) and (xint, 0)

int — 0 _
g v gradient
— xin
Therefore,
. yint
xint = —————
gradient

b We construct a Python program using the results of a.
def f(x):
return x**3-2%x**72 - x
x1=2
x2=3
grad= (f(x2)-f(x1))/(x2-x1)
yint = f(x1)-grad*x1
xint = -yint/grad
while f(xint)>10%**(-6)or f(xint)< -10%*(-6):
if f(x1)*f(xint)<O0:
x2=xint
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if f(x2)*f(xint)<0:
x1=xint

grad= (f(x2)-f(x1))/(x2-x1)

yint = f(x1)-grad*x1

xint = -yint/grad

print(xint)
2.3557046979865772
2.3942483469909326
2.4075053369184296
2.4119715122851484
2.413465545873577
2.4139641493913886
2.4141304164702286
2.4141858461561965
2.4142043235323527
2.4142104827482056
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Chapter 20 — Further differentiation

and antidifferentiation

Solutions to Exercise 20A

1 a i(x - 1) =30(x - 1)*
dx

b i(XS _ xlO)ZO
dx
= 100(x* — 2x%)(x> — x'H1?

c —(x—-xX-x)=

dx
401 = 3x% = 5xH)((x — x> = ¥°)°

d d
d a(x2 +2x+ D = a(x +1)8

=8(x+1)
L
e (x*+2x) "5 x#-2,0
dx

= —4(x + D(* +2x0)73

d 2\3
£ —(xz——) L x %0
dx X

= —6(x+ x (x> -2xH™*

2a f=23+1D?
s F(x) =425 + 1)3(6x%)
= 24x°(2x° + 1)°

b f'(1) = 24(3)° = 648

1
— /:_1 2
Jay T3 y (x+3)
1 1
oY) = e = ——
YO =-4737 7 16
1 3
by — oy =
YE a3y Y T T3y
3 3
Sy = — - _
YW= =437 T 236

1 , 2
4f(x):m, ~'-f(x):—m
2
af’(O):—§
) e -2 _ 2
b S =—Gram ™ o
Lx+3)P%=9
2x+3 =43
2x=-6, 0
x=-3,0

1

1
f(=3) = =25 fO) = 5

1 1
Coordinat (—3, ——), (o, —).
oordinates are 3 3
1 L1
y_x7‘ yl_ x2
") = ——
Y'(2) 1
1 ;1
Y=y ‘ly_x2
Y (Q2) = —
Y'(2) 7
y(Hh=-1L,y-1=-(x-1)
y=2-x

y(h=1,. . y+l=x-1
y=x-2

P:y—-1=x+1,.. y=x+2
Q:y+l=—-(x+1), .y=—x-2
They intersect at (-2, 0)
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Solutions to Exercise 20B

1 1 _2
1a—(x3):§x3
d 3 31
b E)CZ :EXZ;X>O
d( s 3 53 31 0
—[x2 —x2)=Zx2 —Zx2
cdx(x x) 2x 2x >
d 1 5 1 2
d —(2x2—3x3):x_2—5x3, x>0
dx
d _5 5 1
e —x 6 =——x 6:x>0
dx

1
2 a di\/1+x2:x(1+x2)_5
x

d 1] 2
b —(x+x3)3 = =(1 +2x)(x + x*)73
dx 3

d 1
¢ L1422 = 2x(——)(1 +x2)
dx
= —x(1+x%)72
d La+oi=tds0
- 3 = 3
dx( + X) 3( + X)
1 1 2
3 y=x3, y’:gx_3

12
iii /(1) = 5(1)73 =

2
3 =

1 _ 1
v y(=)=3(=D 3

Graph has rotational symmetry
around (0, 0).

2
. /
1 2 e

ST
[SSIE

<X
1,6 1,6
" (xi) <(x§) x>0

X< x?

X

2 -xr<0

Px-1)<0

>0 0 x=-1<0

x<1
{x:0<x<1}
d 1l 1 _1 d 1l 1 _2
TR R T
| i
N AN
Asina:
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{x: x> 76749} c %(2 4;2\/;) = %{(2{2 + x_%)
d 5 = - %x_%
-5V =2-3x7)2 - 5VR)
i d i(xz - 2) - i(x% +2x°7)
=-5x"2(2-5vx) dx\ [x dx
d 3 1 = §x% - x_%
L 3yi+2)? = 2(—x_2)(3\/)_c+2) 2
dx 2
_1 d ’ di(, 3 1
3 IGVI42) e SGVINE+2) = E(Mz +6x2)
= gx% + 3x_%
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Solutions to Exercise 20C

3 dy 1 3 1
1 _zd = - —:3 —’.'. :_2__
af3x x x+c c e x+x2 y 2x x+c
9
2 DND===1+4c=5,..¢c==
b fo_4+6xdx:—§x_3+3x2+c ) 2
_ 3, 1+9
L =—x"-—+=
1 3 Y 2 x 2
C f\/;(2+x)dx:f2x2 + x2dx
4 3 25 1 1
BRI 3 fW=3C-=, L f=xX+-+c
x? X
1 5 9 4 20 9 1 17
- =x3-= 2)=84+4=-+c=0, .c=——
df3x3 5x4dx—4x3 9x4+c f(2) 5 c c 5
1 17
) 3
34+2 ..f(X):X + - - —
efz 3 Zdz=f3z+2z_2dz x 2
Z
3, 2 ds 8 3, 8
=—z"—-—-+4c Dy 22 2
D) 7 4 dt—3t tz,..S—2t+t+c
301 121 143 e igice> o3
ff3x4—7x2dx:7x4—?x2+c S()—§+ te=5, 0=
3, 8
=—t"+--38
d 1 2
2a 234k
dx 2 3 1 d a a
y:§x§+§x2+c 5 £:;+1,.'.y:x—;+c
2 16 (1) = _
YA = ZS8) + —+c=6 y(l)=a+1=3, .a=2
3 2
yl)==14¢c=3, . .c=4
16 22
c=6-8—-—=—-—— )
3 3 SLoy=x——-+4
23 1, 2 x
Y=z Y Ty y2)=2-1+4=5
dy 1 1
b — ==, y=——+
dx o7 22 € 6dy . a ,
— =ax, . y==-x"+c
(D=c-t=l, c=2 dx 2
y(h=c—5=1 c=3 .
3 1
- _ Tangentat (1,2): y—-2=a(x—-1)
YT

. y=ax+ (2 -a)
Tangent passes through (0, 0),
La=2

667



y=x+c 7 b2l

y1)=2, rc=1

1
y=2 41 y(—l):—§+c:2,..c:—
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Solutions to Exercise 20D

1

a

a

fx)=x+2x+1
() =37 42

©f(x) = 6x

f(x)=3x+2
“ff(x)=3

() =0

f(x)=Cx+ 1D
L ff(x) = 12Bx+ 1)°

. f"(x) = 108(3x + 1)?

1
fx)=x2 +3x%x>0

IR
g f’(x)zix_Z +9x%;x>0

1 .3
L f(x) = —Zx_Z +18x;x >0

) =0 +1)
L f(x) = 18X (x° + 1)?

=18x"7 +36x!" + 18x°

. f(x) = 306x'° + 396x'° + 90x*

3
f(x) =557+ 6x71 +3x2

1
. f'(x) = 10x — 6x7% + 9x2

1
() =10+ 12x73 + Zx_i

y=3x +4x+1
dx

L —=9x%+4
dy o
dzy
EZISX

y=6
cdy &y
Cdx o odx2

y=6x>+3x+1

d
s d—i — 12x+3
d’y
— =12
dx?
y=(6x+1)*
LA 24(6x + 1)
dx
. dzy 2
5= 432(6x + 1)
y=(05x+ 2)4
d
Y 20(5x +2)°
dx
. dy 2
o5 = 300(5x + 2)

y=x +2x*+3x7!

d
", —y=3xz+4x—3x_2
dx
. dzy -3
. ﬁ=6x+4+6x

h=20t—497 m

~v=20-9.8rm/s

. a=-9.8 m/s

x(f) =4t -3 m

L v(t) =4 -9 m/s

. a(t) = —18t m/s?
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ii

il

iv

x2)=8-24=-16m
v(0) =4 m/s

9 7
v(0.5) =4 - 1°7 m/s
v(2) =4-36=-32m/s

b a(t)=0,..t=0

Av.
c Av.v 0

_-16-0
)

_ x(2) - x(0)

-8 m/s
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Solutions to Exercise 20E

1 y=dx+ l, Y =d— — b Vertical asymptote at x = 0
X Oblique asymptote at y = x — 5

4
c y’(x):l——Z:(),x:i2
x

1
X = ii y(=2)=-9;y(2) = -1
1 1 Turning pts at (-2,-9), (2, -1)
)=-sofd)-
2 21 . y
Turning pts at (——, —4) and (—, 4) A
2 2 /
/' y=x-5
b y@=d4-1=2 al
y = 27 5 \‘/<' > X
17 d
J’(2)=8+—=? (2,-1)
Tangent equation:
17 15
= (x=2
Y- 54(x ) 0
y=—x+10R4y-15x=1
4
5 y=x+—2;x>0
x> -1 1 X
2 y= =x- - 8
xl X .‘.y’zl—;;y>0
LY =1+5=5 (1) <0:;y'(2) =0;y'(3) >0
! * local and absolute minimum at x = 2:
= Y2)=2+1=3
4
+1
X =x— 4
2 6 y=x+—x>0
X
2
2% — 4 X +4'
30 y=T st 4 =250
X

X
2 4+4>0;x€R, .. no axis intercepts
Asymptotes at x =0 and y = x

4
y=1-=5=0x>0
X

2x=4; " x=
) 2 8 1 =4, x=2
y'(2) = Y + PR ¥(2) = 4; Local and absolute minimum

is 4.
4 (x-Dx-4)

4 y=x-5+-
X X

a Axis intercepts at (1,0), (4,0).
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N 1 (3\3
Local minimum —23,(4—1) )z
(-1.26,1.89)

1 x +1
7 ay=x+—x#0 = x#0
X c
x> +1>0;x€R, .. no axis intercepts

Asymptotes at x =0and y = x

ylzl—éZO;xiO cy:x+l+xi3;x¢—3
X =1,x= =%l _ D+l
y=1)==2;y(1) =2 x+3 ’
x| -2]-1]-0510(05|1]|2 (x +2)?
= ;X £ -3
y | + 10 - |IN| = [0 |+ x+3 4
Local maximum (-1, —2), Axis intercepts at (0, §) and (-2, 0).
local minimum (1, 2). Asymptotesat x = =3 andy = x + 1
y=1- (x+13)2 =0;x# -3
(x+3)y° =1

X+6x+8=0

x+d(x+2)=0, .. x=-4,2

x| =5]-4|-35|-3]-25|-2

v+ 10 - N - 0
Local minimum (-2, 0), maximum
(-4, -4).

1 —x
:—2;x¢0

X
Axis intercept at (1, 0).

Asymptotesat x =0 and y = —x
2
yV=-1-==0x%0
X
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2

1
y':l——Z:O;x;&O
X

Axis intercepts: (0.21,0),(4.79,0).
Asymptotesat x =0andy =x -5

x=1, .. x==1
x| -2-11-05101]05]|1
Y|+ 10 - [N -0

Local maximum (-1, —7), minimum
(1,-3).

243 _
d y= O+ =:x#0 5 V2l
X 2
4 4243
= x—; x#0
X —
No axis intercept: x* + 243 > 0;x € R y=x=3
Asymptotes at x = 0. 2
/
243 Y/,
y':3x2——2:0;x¢0 7
X
3x* =243, . x =43 2 _4
fy=2"""ixz-2
x| —4[-3|-1]0[1|3|4 x+2
y/ + 0 _ N|l=1|0]|+ :(X+2)(X—2);x¢_2
Local maximum (-3, —108), xX+2
minimum (3, 108). =x-2x# -2
Axis intercepts at (2,0) and (0, -2).
y . .
A y=x3 No asymptotes, no turning points.
x=0 7 The graph is a straight line with
equation y = x — 2 with a hole at
< (3, 108)
< > x y
0 A
~ (-3, -108)

1
e y=x—-5+—x%#0
X

_x2—5x+1.

-2
2ol /
X

1
y=0, 5 x=2(5% V21)
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Solutions to Technology-free questions

1

a

d 1
—@B-2x)"2=3-2x)
dx

d
—Qx+3)?=402x+3)=8x+ 12
dx

i2(3x +4)* = 24(3x + 4)
dx

3
2

2

d
—Q2x-1)
dx(x )

dx3+2x (3 +2x)

4 s
= -3 @x- 173

4

3
32x—-1)3

+c

d 1 3
f —3Q2+x)72 =-3x2+x%)2
dx

3
Q+x2)72
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by:2x+1’ y__(2x+1)2 6 y=—, .. ¥y =-— Gradientis —4, so
0 2 - 1
y()——?—— ——2——4,sox2:—
X
1
2 , 4 - 4
cy:_25- y___3 o i2
X X 1 1 )
. -2
14______ 2 2
YW ="5="7
, 2 1 _1
dy:3+—’ y:—; 7y:\/}’ y’:i_xZ
1
! = —_— = - ,X:2,.'._:2
Y =-53=-2 y(x) i
1
1 —
e y= Vx+1, .. y’:i(x+1)_2 \/}_4
1
1/ 1 1 -
/8:_(9_2):— r=
y'(8) > G . 16
y:Z
fy=x*-7x-28)°

1 1
Gradient is 2 at ( )

Y =302k =T = Tx - 8)? 16° 4

y'(8) =3(16 —9)(0)* = 0
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Solutions to multiple-choice questions

4x* —12x2
1 B fly)= >~ %
3x
4
= §x3 —4x
S ff(x) =4x7 -4
P
2 D f(x)=2x4

o f(x) = (%)xg_l

3 A

4
f(x):4+2 X E2

X

4 _ 4 .
- f(x)——(2_x)2 >0;x #2

x=—-+7 - 14t + 6 cm

sov==3+ 141 - 14 cm/s

4 A

. a=—6t+ 14 cm/s’

a(3) = 14 — 18 = —4 cm/s?

dy
5 A —:(
dx

4y

) f)f’(x) = 32 f/(x)

1 1
6 E f=x+—, . ff(0)=1-=
X X
f(x)=0, .. x*=1
x = =1
Local minimum where x = 1
a=1

1 1 _4
T A f@)=25 0 @)=

A Gradient undefined for x = 0

X

B Curve passes through the origin v/

C Curve passes through (1, 1),
(-=1,-1)

D f/(x)>0;xeR
D x> 0, gradient is decreasing
3 1 _1
8 B f(x)=x4<.. flx)= Zx_4
A Maximal domain = R* U {0}
B f(x) <xforallx>1
C Curve passes through (1, 1)
D f/(x)>0;xeR
E x> 0, gradient is decreasing
d
9 A —(5x* +2x)"
dx

= n(10x + 2)(5x% + 2x)""!

k
10 D =
Yo+
sy = —kx(xr 4+ 172
k
‘=1, ——=1
y =1, 2

k=-4

&

SN NN
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Solutions to extended-response questions

1 a The volume of the cylinder = 7r*h = 400

Therefore h = @
nr
b The surface area is A = 2nrh + 272

400
=2r X — + 2nr?

nr?
800
= — + 271r” as required
,

c d—A— _800+4 r=4 r__800
dr 2 = r2
A
d d— = 0 implies 4nr — @ =0
dr r2
2
Therefore P = E
T
200\3
and r= (—)3 ~ 3.99
bs

1
e Minimum surface area = 120(57)3

=301 cm?, correct to 3 significant figures

5 10

~ Y

16
2 a Areais 16 cm?. Therefore xy = 16 and y = —.
X

32
b The perimeter is given by P = 2(x + y) = 2x + — as required.
X
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P

¢ The minimum occurs when i 0,
X
dpP 32 dP ) . 32
- :Z—Eanda = 0 implies 2—;:0
therefore 2= 2
2
X =16
and x = +4
But x > 0 and so x=4
32
When x = 4, P:2X4+Z:16
The minimum value of P is 16.
PA
50 1
P=2x+ 32
X
4,16
104 (4, 16)
0 10 50«
3 0C=xcm,CZ=5cmandAX =7cm
120
a OA x OC = 120, therefore OA = —
X
b 0OX = OA + AX
120
=—+7
X
C 0Z=0C+CZ
=x+5
120 600
d A:(x+5)(—+7):155+7x+—
X X
e dA 7 600
dx x2
600
— =0 impli 2= —
T implies  x -
10 v42
and X = ;/_ ~ 9.26 cm(x > 0)
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4 a Fory = Vx+ 2, the axis intercepts have coordinates A(-2,0) and B(0, \5).

d 1
b By the chain rule, A —
dx  2+x+2
dy 1
i Wh =-1, — =~
c i en x il

ii When x = —1, y = 1, and the equation of the tangent at this point is

y_

This implies

3
iii The tangent meets the x-axis at (—3,0) and the y-axis at (0, 5) Let these

1
I:E(x+1)

1 3
y:§x+§0r2y—x:3

intercepts be the points C and D respectively.

Distance CD = w/§+9: ¥

d ———— < 1 implies
2Vx+2

Square both sides

and hence

5 The volume V = 2x%h

a Since the volume is 36 cm’, i = 22

< Vx+2

| =

1
+2> -
X >4

7
x> —=

4

36
X2
18

x2

b The surface area is given by A = 2x> + 6xh

dA

and — = 0 implies
dx

Hence

and

1
:2x2+6x><—§
X

108
= 2x” + — as required
X

dA A 108
_ = X - —
dx x2
4x° =108
=27

x=3
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The minimum surface area occurs for x = 3 and & = 2.

100 —
80 |—
60 +—
(3. 54)
40 +—

20 —

o 1 31 5 1 5 & 5 & 5
6 a The height of the prism is y cm and the volume 1500 cm?.
1
Area of triangle ABC = 3 X 3x X 4x

= 6x°

Therefore 6x%y = 1500

1500
62
250

x2

and y=

b AB = 5x by Pythagoras’ theorem.
Therefore the surface area is given by

S = 5xy + 3xy + 4xy + 12x°

= 12xy + 12x?
= 122 4 2000
X
ds 3000
= = 24x —
¢ dx o x2

das
d — =0 implies x* =125

dx

and hence x=35

When x = 5, S min = 12X 25+ 600
=900

The minimum surface area is 900 cm?.
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Chapter 21 - Integration

Solutions to Exercise 21A

1 f2)=6,1(3) =11, f(4) = 18, f(5) = f B dx
27 0
Therefore area =6 x 1+ 11 x 1 + 18 X 125+24225+2+125
1427%1 =62 == 5 '

35

2 f(H)=4,72)=12,f3)=24,f(4) = 8
40 b A trapezoidal approximation can be
Therefore area =4 x 1 + 12 X 1 + 24 X performed with a CAS calculator
1+40x1 =380 giving a value of 4.536.

3 f(0.5) =12.1875, f(1) = 20, f(1.5) = 7 y=f(x):

23.9375, f(2) = 24, f(2.5) =
21.6875, f(3) = 20

Therefore area = 12.1875 X 0.5 +
20x0.5+23.9375x0.5+24x0.5+ x| 6|78 9 10
21.6875 x 0.5 + 20 x 0.5 = 60.90625 y|414/37(33]29

x| 0|1 2 |3 4 |5
y | 313537383939

4 F0) =0, f(1) =5, f(2) = 14, £(3) = a Left-endpoint: add all except

27, fed) - 44 29 =368
T | 3429
Area = E(f(o) +f(D)+ E(f(l) +f(2)+ b Trapezoidal: > +
1 1 - _
U@+ f3) + 5(F3) + f(4) = 68 middle 8 = 36.75
|
5aA~5+35+25+22 8 j; T dx~ (strip width = 0.25)
- 132 (1+1) (§+ﬂ+§)
2) \16 757 25) _ s
b A~35+25+22+2 8 4 e
_ 102 s~ 4x0783 = 3.13
1
c A=2-(5+2)+(B35+25+2.2) 2
2 9 a f 2%dx ~ (strip width 0.5)
=11.7 0

1+4+ V2+2+22

=4.371
4 2

6 Trapezoidal estimate:
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10

0.9 1
b f dx =~
0 V1-x?

1.128

- X
(strip width 0.1)

21

24

27

30

D |18
S |6

4

4

2

15

D
S

3
Trapezium: 5(1 +2)+

3(middle 9) = 109.5 m?
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Solutions to Exercise 21B
2
2 _1 3_ 13 _z
laﬁxdx—3(2 1)—3

3 1 65
3 4 A4
d — — [ —
bfx x=-3"-2"=

2
2

9

3 _ 2

C l()c x)dx 2

2
1
d f (x + 1)?dx = §(33 -0)=9
-1
2
1 15
e fl Xdx = 1(24 -1H = T

f

f4 +2x°d 1(42 12)+2
X+2x7dx = (4" — =
i 2 3

:§+42=49.5

2
g f X+ 2x% 4+ x + 2dx
024

2 1
= 42234224202
IR SR

16
:4+?+4+2

46
3

@ -1

4
h f 2x+5dx=4>-1>)+54-1)
1

2 (x+1)dx:[?+x]0

3 (x%) dx = L

4 I:(l —xz) dx = [x— %3]]—1

2 x42
5 f(4x—x3)dx=[2x2——]
0 4 Ip

4-0
4
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Solutions to Exercise 21C

4 x3 4 5 5
(2 — 4x) dx:[——sz] a f 2h(x)dx =2 f h(x)dx = 8
0 3 0 1 1
__ 32, s 5
3 b fh(x)+3dx:4+f3dx
32 I I
-3 =4+35-1)=16
1 5
3 3 3 h(x)d :_f h(xX)dx = —
5 (x2—9)dx:[x——9x] cf; (x)dx 1 (x)dx
-3 3 -3
=-36-0 S
- 36 6 ff(x)dx:12
2

2 5
a ff(x)dx:—f f(x)dx = —
5 2
5 5
b f 3f(x)dx:3f f(x)dx = 36
2 2

L5 s+ 13 d d 4d
=—(5—1)(5+13)—36 f}‘()c))c+ff(x)x+f2 x

2x+3dx:(52—1)+3(5—1):36 ff(x)d“f A
1
=12+4(4-2)=20

4 y=x(x—1)3—-x)

3
= —x> +4x% - 3x 7 a f6xdx:3(32_12):24
1
A= d d !
fyx fyx f6xdx:3(42—32):21
3
4
]:——+—x—— ! 2_12
4 73 ) f6xdx:3(4—1):45
9 (5 5 :
a=l3-(5) -5
37
12

5
5 f h(x)dx =4
1
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3
11 a
b f6—2xdx:6(3—1)—(32—12) 29 4 )0 — 4
I f ( +X)(2 x)dx:f 2x I
=4 1 X X
2
4
' 2 =f(—2—1)dx
f6—2xdx:6(4—3)—(4 -39 1 \x
3 4 2
= =[5,
) - (2 2 4 1
f6—2xdx:6(4—1)—(42—12) ——(§+ )+(T+ )
1
=3 =-4+5=1
(1) + (2) = (3) in both cases b
4 1 374
f2x—3x§dx=[x2—2x§]
8 y=5x—x>-4 1 1 . 3
: :(42—12)—2(45_15)
=15-14=1
© a0 3
PV 4x+9 9
A:f 5x—x*—4dx =45 f; x2 dx—fl 4+;dx
1
3
fr-
9 y=x(10 - x) X o o
; =43-1)- ———):14
( ) (3 1
d
4 1 344
f6x—3x§dx=[3x2—2x§]
1 1
SUPS R R L
500 a2 12 33
A:f x(lo—x)dx:T =34 —1)—2(42—12)
0
=3(15)-2(8-1) =31
10 y = x(x - 2)(x+ 1) so s
Axisinterce?ts (—1,0),(0,0),(2,0) efl = dx:ﬁ I—de
1 114
:[x+—]
] X1
1 1
abefi
G=D+{377
‘ 3 9
0 ? 37 —3-2-2
A= ydx — ydx = — 4 4
. 0 12
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4ox— Sx% 4 1
f f — dx= f 2 —3x 2dx
1 X 1

= [2x—6x%]
=2(4-1)-6(V4- V1)
=6-6=0

2 4
IZaA:—fxz—Zxdx:—
0 3

4 1
bA:—f(4—x)(3—x)a’x:—
3 6

7
¢ A=f(x+2)(7—x)dx=121.5
-2
3 1
d A=fx2—5x+6dx=—
5 6

NG
eA:f 3 — x%dx = 4V3 ~ 6.93
-\3

6
f A=— | x—6x’dx=108

0
All areas are measured in square
units.
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Solutions to Technology-free questions

2 4
2 1 1 1
14272 _ "2 2
laﬁZxdx—[x]l—Z—l =3 dfﬁdx:[_ﬁ]lz_(ﬂ_?)

z L
bfzdx:[zx]§:10—4:6 16
: 1 13 |
¢ e f \/Z(x+2)dx:fx§+x§dx
2 3 275 0 0
f?)x +2xdx =[x+ x7]3 b s o o3l
: :[—x2+—x2]
=(5-3)+(5* -3 S5 3 o
114 _2+2_16
- 5 3 15
d
fs 2 x el 2 1 15
x+2xdx:[—+x 3 4 14
=-2"-1"=—
. 13 1 3f1xydx 4( ) 1
=367 -1+ -1
_ 1%
I
) =
ef 5dx=5(-2+3)=5
-3
1
. 5 3y 4 A:f(l—x)(2+x)dx
3 2
2 af \/}dx:[ng] 1
! ) 31 3 :fZ—x—xzdx
_“(45 13 2
_3(42 12) ) 23
_u -[-3-3,
3 1 1 8
- 2----]-[-3-2+-]
b [ 2 3 3
4 4
1
f1x3—2xdx:[1x4—x2]l :%+13_0:4.5

_l 4 14\ _ (12 _ 12
=@ -1hH-@ -1

(g]

- Q
><N|,_
o
=
I
|
==
e
= ()
|
P
| =
|
—_| =
N—
I
M| —
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5 y=x(x-3)(x+2)=x—x*>—6x 6 a B=(1,3),C =(3,3)

fde—fydx b ABCD area = 3(2) =
3
:————3)6 Ca=f4x—x2dx—6
3 1
A—(l(O 16) 1(0+8)—3(0—4)) e T g
(! ! oI -

! ! 2 2 1 3 3
_(1(81)—5(27)—3(9)) ooy o
_(4-8 12) (——9 27) e 26 4

( 3t 1 16-—=-6=1
_16 63 1253
T3 412
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Solutions to multiple-choice questions

2

4 3 o
1 C fx3+3xdx_ +%+c 7D F(xg_f(x)

f fx)dx =F(@O)-F(@3)
3

3

1
X2 + 2xz+c

UJI[\) _,;|><

2D f\/_+xdx— )
8§ B j‘sz—Zxdx:23—22

0
3 A 3j}#wx:_fs+c

=4
dy . 2 2
4 D a:2x+5,..y:x +5x+c 9 C f3f(x)+2dx
yO) =1, . . c=1 0 2 2
= 2
5 B f/(x)=5x"-9x° 3'£f(?€)dx+‘f0 dx
Lf)=x -3 +¢ )
f(H)=2,".1-3+c=2 =3f0f(x)dx+4
=4
’ 2
d 4 2 _ _
6 B D=2 . y=-Z1c 10 A ﬁﬂu 3)%dx =36
dx x3 x2 (_3)3 36
y1)=0,..¢-2=0 L ==
c=2 36
k=—=4
9
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Solutions to extended-response questions

dy 9 ,
1 2 =_2(*-4
dx - pE W
9 , 9
—3—2X—§X
dy
= | =4
ay fdxx
_3 3 2
32X X +c

The coordinates of the graph that represent the highest part of the slide are (0, 3).
Substituting these values into the equation of the curve determines c.

_ 3 3 9 2
3= 350 = (0 +c

3=0-0+c¢
c=3
3 9
y=§x3—ﬁx2+3 for x € [0,4]

b Domain = {x: 0 <x <4}

Range = {y: 0 <y <3}

y
d
At the stationary points, d_y =0 0.3)9
x
9 2
Z(x* =4y =
32()6 x)=0
Z x—4) = 7
75
x=0 or x=4
- 3 3 9 5
Atx =0, y =350 = £ (07 +3
=3
— 3 .3 9 o
Atx =4, y = 5@ @7 +3
_3x64_9x16
S 32 16
=6-9+3

=0
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¢ If the slope of the slide exceeds 45°, then the gradient of the curve will be less

than —1.
dy
- < -1
dx
9
§§u2—4m<—1
2
x> —d4x + 3— <0
9
32
Consider x> —4dx+ 5 =0

9x> —36x+32=0
GBx-4)Bx-8)=0

4 or 8
X== X==
3 3

4 8 32 4 8
Thegradientofyatngandx: —is—l,andx2—4x+3<0for§<x< 3

4 8
The slope of the slide exceeds 45° for 3 <x< 3

2 a Areapgapc = 9 X 3 = 27 square units

b y = k(x — 4)
When x = 9, y=3
3= k(9 - 4)
3 =25k
3
k=—
25
3 2
y—E(X—“)
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9 9 3 ,
c ydxzf —(x—4)dx
fovi= ), s
3 9

14

= 2](50 - 407 +160)) - (50 - 407 + 160

7 , x> — 8x + 16dx

1 9
3 [—x3 —4x° + 16x]

2503 0

9%x9
3

3
5(9)( -4x9+16)

27
= 5(27 -36+16)

27 %7
25

189

25
14

=7

The total area of the region enclosed between the curve and the x-axis for x € [0, 9]

is 7— square units.

25

9
d Area of shaded region = Areapapc — f ydx
0

14 486
=27 -7— = —
! 725 25

486 11
The area of the cross-section of the pool is — or 19— square units.

25 25

3 a i LetV (litres) be the volume of water in the container.

V=Rt, andR=2L/s,t=60s
V=2x60
=120

After 1 minute, 120 litres of water has flowed into the container.

ii R@Ws)

2

\

60 1(s)
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60
b iV:f Rdt
0
60
t
— [
0 2

t2 60
-1,
3600
=2=_0
4

=900
After 1 minute, 900 litres of water has flowed into the container.

ii RLs)

30

0 60  1(s)
60
iii V= j(; Edt
= ©09 g0
900a? litres have flowed into the container after ¢ minutes.
60 2
c i V= fo Edt

£3 160

|53,
V =17200

The area of the shaded region is 7200 square units.

ii The area of the shaded region represents the volume of water (in litres) that has
flowed into the container after 60 seconds.
A
iii V= 30 and V = 10000
£ =30V =30x 10000
t = V300000 ~ 66.94

10000 litres had flowed into the container after about 67 seconds.
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4

a

b

C

I s kmm) A

(2, 60)
60

0 2 ¢ (h),

ii See shaded area above which indicates the total distance travelled by the car after
2 hours.

i Let acceleration = a(km/minz) =03

s = fadt =at+c
s (km/min)
A

When ¢ = 0, s=0 s (5,1.5)

0= a(0) + ¢ 1

c=0

s = at 0 5I t(ngn)

s = 0.3¢
When ¢ = 5, s=1.5

ii Let d denote the distance travelled (km) at time ¢ (minutes).

5
d:f sdt
0

5
= f 0.3tdt = [0.15*];
0

= 0.15(5)%
=375
The car has travelled 3.75 km after 5 minutes.

. ) dv
i acceleration = —
dt

d
= —(20t - 3£
dt( )

= 20 — 6¢, the acceleration of the particle at time ¢ in m/s.
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ii V =0 implies 1(20-31) =0
20

1.€. t=0 ort=—
3

Whend—V:O, 20-6t=0
dt

6r = 20

t,(S)

10 10y (10\2
When 7 = —, V= 20(—) - 3(—)
nt=3 3 3

_20x10 3x10x10
-3 3x3
200100

6
iii distance travelled = f Vdt
0

6
= f 20t — 3£%dt
0

= [10£2 - £1§
= 10(6)* - (6)°
=360 -216

=144
The particle has travelled 144 m after 6 seconds (shaded area of graph).

_ 10?2
1000
_ 100 x40

~ 1000

=4

The height of the mound 10 m from the edge is 4 m.

S a i Whenx =10, y (50 - 10)
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40?
= 1000(50 - 40)
1600 x 10
1000
=16
The height of the mound 40 m from the edge is 16 m.

ii When x = 40, y

x2

b Y= 100000 ™Y
_ 1 2 1 3
~ 20" T 10007
S dy 2 3,
Gradient is given by T 2Ox 1000x
_x 3x2
10 1000
. dy 10 3(10)
When x = 1 CANS
I When x = 10, dx 10 1000
3
B 10
=0.7

The gradient of the boundary curve when 10 m from the edge is 0.7.
dy 40 3(40)?
dx 10 1000

=4-—=-08
The gradient of the boundary curve when 40 m from the edge is —0.8.

ii When x = 40,

d
¢ The height of the mound is a maximum when d—y =0.
X

dy x 3x?
dx 10 1000
X
=— (100 -
1000( 00 — 3x)
dy X
When — = 0, —(100-3x) =0
s 1000 %)
X
= 1 — =
000 0 or 100-3x=0
x=0 or 3x =100
100
X=—
3
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100
When x = T’

y:
_ 100 x 100(150 - 100)

(100)2
3 (s0- 29)
1000 >0 3

9 x 1000 3

~10%50

9x3

= 200 ~ 18.52

27
100

i The height of the mound is a maximum when x = =

50
ii The maximum height of the mound is 7 m,or approximately 18.52 m.

50 50
d dx =
j; yax j; 1000

(50 - x)dx

1

50 1 5 ;
Y B LY.
fo 207~ 1000"
[ 5 4]50
- [60x 4000™ 1o
50 (50)*
60 4000

_ 90 x50x50 50 x50x50x350

60

4000

1
= 6(12 500 - 9375)

3125

5

22 = 5202

6

6

5
The cross-sectional area of the mound is 5206 m2.

When y = 12,

1.€.

12

xZ

Y= 1000

xZ

~ 1000

(50 - x)

(50 - x)

12000 = 50> — x°

It is known that when x = 20,y = 12, and therefore by the factor theorem (x — 20)
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ii

ii

is a factor of x> — 50x2 + 1200.
x> —50x% + 1200 = 0
(x — 20)(x* — 30x — 600) = 0
L x=20 or x*-30x-600=0

30 £ V900 + 2400
2

30+ V3300
2

_30+10V33
- 2

~15+5433

The required value is x = 15+ 5 V33, as x > 0.
Hence B has coordinates (15 + 5 V33, 12).

x% = 30x — 600 = 0 implies X =

The top of the mound can be represented by the curve
2 2

y‘= 1000 (50 —-x)— 1.2, a transle%tion of the curve y = 1300 (50 — x) in the negative
direction of the y-axis by 12 units.
154533
Take p = 15+ 533, = 20 and R:f 12dx
20

= 12[x]}35 VP

= 12[15 + 5 V33 - 20]

= 12x(5V33-5) = 60 V33 - 60

f'(x)y=6x+3
At (1, 6) f[(H=6()+3
=9

The gradient of the curve at (1, 6) is 9.
The tangent to the curve is a straight line of the form (y — y;) = m(x — x;), where
m =9 and (xl’yl) = (196)

y—6=9x-1)

y—-6=9x-9

y = 9x — 3 is the equation of the tangent.
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iii y=J

f(x)=6x+3
s = [ £
=3x>+3x+c¢

The curve passes through the point with coordinates (1, 6).

f(l):3(1)2+3(1)+c:6
3+3+c¢c=6
c=0

f(x) = 3x* + 3x is the equation of the curve.
b i The gradient of the tangent is f'(2) = 6(2) + k = 12 + k.

ii Let (xl9yl) = (05 O) and (XZ’ y2) = (2’ 10)
The gradient of the tangent is given by

Y2 = )1
m =
X2 — X1
10-0
= — = 5
2-0
The gradient of the tangent is 5.
f(x)=6x+k
When x = 2, 2 =62)+k
=12+k
But from above, f'2)=5
124+ k=5
k=-17

iii f/(x)=6x-7

f(x) = 3x> = Tx+c¢
The curve passes through the point with coordinates (2, 10).

f2) =32 -72)+c=10
12-14+c¢=10
c=12

. f(x) = 3x> = 7x + 12 is the equation of the curve.
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1 1
7 a Area=§(2><2)+1><2+§(2><2)

—24+242 E
2m !

= 6 square metres v .
B

1,2)

=Y

1 1
i CD passes through (5’ ()) and (25 2).
Let y — y; = m(x — x;) be the equation of the line CD

- 1 1
VI ) = (5,0) and (x, y2) = (2—,2).

X2 — X1 2
2-0 1
o 25
2;-3% 2

where m =

ii YA

\ PN

=Y
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or by considering the trapezium

Area = %(1 +2x)

1
=—y+
Y+ Xy
Bu Area= 3= 5) e afx-3)
uty =x-— = rea= —(x—- = - =
y X 2 2X 2 XX 2
R BT
=—x——+x - =x
27 4 2
1
_ 2 _ - 2
‘(x 4)m
Y/
A P 51 S D
(2%’2),@2) (x,2) (2%,2)
Ny ) | b
L0 R

(LoB 0 cdo “x
The equation of the parabola can be expressed as y = ax.

The point R is on both the line CD and the parabola.

When x = 1,

=3
1
—=axl1
> a
1
a=—
2
1
and y= Exz
For the coordinates of P and S consider
1
E)CZ =2
x> =4
x =42

The coordinates of S are (2, 2) and the coordinates of P are (-2, 2).
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1 fix) = %xz

Y R

2
Area of shaded region = Areapyyg — f f(x)dx
-2

21
:4><2—f —x?dx
52

171 572
—8‘5[?]_2

_g_Lioa a3
=8- 2l - (=2)]

Area =8 - —=(8 +8)

wLIIL L'°|ch

1
Area of the shaded region is 5§ square metres.

8 a TI: Enter the coordinate points
into a new Lists & Spreadsheet
application as shown right. Press
Menu—4:Statistics—1:Stat
Calculations—7:Cubic Regression
and set X List tox and Y List toy
then ENTER.
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CP: Enter the coordinate points into
a new Statistics application. Tap
Calc—Cubic Reg and set XList to
listl and YList to list2 then EXE.

y=(7x107)x* = 0.001 16x* + 0.405x + 60

TI: Open a Data & Statistics
application. Add the variable

x to the horizontal and the

variable y to the vertical. Press
Menu—4:Analyze—6:Regression—
5:Show Cubic. Now Press
Menu—4:Analyze—A:Graph

Trace and move the cursor to the
maximum to find the maximum height
of 100 metres, to the nearest metre.
CP: After completing part a. the graph
will be shown on the screen. Tap
Analysis—Trace and move the cursor
to the maximum to find the maximum
height of 100 metres, to the nearest
metre.
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C

i TI: In a Calcula-

ii

tor application press
Menu—1:Actions—1:Define.
Type f(x) =7 x 10" 7x"3 —
.00116x"2 + .405x + 60 then
ENTER. Using the
mathematical template tool
select the derivative template
and complete as follows:

d
a(f(x )
In a Graphs application input

‘%(f (x)) into f1(x) = then
ENTER

CP: In the Main application tap
Action— Command— Define
and type f(x) = 7 x 10"~ 7x"3 —
.00116x"2 + .4 05x + 60 then
EXE. In the Graph & Table

d

application type d—(f (x)) into yl
x

then EXE.

The gradient is greatest when x = 0, and is 0.405, at the point with coordinates

(0, 60).
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d

Sketch the graph of f1 (x) = f(x).
TI: Press Menu— 6:Analyze
Graph—7:Integral. Enter O as the
lower limit and 800 as the upper
limit.

CP: Tap Analysis— G-Solve— f dx.

Enter O as the lower limit and 800 as
the upper limit.

The cross-sectional area is

51307 m2, to the closest square
metre.

TI: Type f x2’dt into f1(x) using
the mathemoatical template tool.
CP: Type f x2’dt into y1 using the
2D templateotool.
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b Sketch the graph of f2 = 10.
TI: Press Menu—6:Analyze
Graph—4:Intersection
CP: Tap Analysis—
G-Solve—Intersect
to find thatf f(dt =101s
satisfied by xO: 2.988, correct to 3
decimal places.

Altematively, in the Calculator
X

screen type solve ( f 2'dt = 10,x)
0
to give

In(10In(2) + 1)

= = 2.988,

In(2)

correct to 3 decimal places.

10 a Python program

def f(x):
return x % 3 + 2 % x %« %2 + 3
a=0
b=5
n=10
h=0b-a)n
left=a
right =a+h
sum =0
for i in range (1,n + 1):
strip = 0.5 = (f(left) + f(right)) « h
sum = sum + Strip
left =left+h
right = right + h
print (sum)
Result 256.5625
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b Python programs

def f(x):
return x * *3 + 2 % x * %2 + 3

a=0

b=5

n=10

h=0b-a)/n

left=a

right =a+h

sum =0

for i in range (1,n + 1):
strip = f(left) = h
sum = sum + Strip
left=1left+h
right = right + h

print (sum)

Result 212.8125

i def f(x):

return x * %3 + 2 % x % %2 + 3

a=0

b=5

n=10

h=b-a)/n

left=a

right =a+h

sum =0

for i in range (1,n + 1):
strip = f(left) = h
sum = sum + Strip
left =left+h
right = right + h

print (sum)

Result = 300.3125

¢ Python program

def f(x):
return 2 * %Xx
a=0
b=3
n =100
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h=0b-a)/n

left=a
right =a+h
sum =0

for i in range (1,n + 1):
strip = 0.5 = (f(left) + f(right)) = h
sum = sum + Strip
left=1left+h
right = right + h
print (sum)
Result 10.099...
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Chapter 22 — Revision of chapters 20-21

Solutions to Technology-free questions

1 a Left-endpoint estimate f(0) = @ _ _l x—g
1 1 1 dx 5
Lfh==f2)==,f3)=-
f) = 5./ = 2. fB) = 5 o
IIeft—;rsldpoint estimate=1 + S*t3t f I;g}t y= ; i%_ 2’36 2%
“__z —3x
= dx 3
4 12
b Right-eildpoint eftimate X 3 a Lety=(3x+5)2Letu=3x+5.
f) = E,f(Z) = g,f(3) = Z’f(4) = Then y = u?
1 dy dy du
3 dx  du dx
Right-endpoint estimate= —2ux3
1 N 1 N 1 N 177
23 4 5 60 = 6u
¢ Trapezoidal estimate =6(3x+5)
1 1
"ll“ralpezc;idal iStilmatTZE(i +1 5) ;— b Lety=—(2x+7)* 4
(= IV (V4 (2 )= Letu=2x+7.Theny = —u
2(2+3)+2(3+4)+2(4+5) dy _dy du
ﬂ dx du dx
60 = —duP x2
3 = —8u°
2 a Lety=3x2
dx 072 T2t 1
' ¢ Lety=(5-2x) 3 Letu=5-2x.
5 z 1
b Lety: \/%‘:)CS Theny:u_§
Dol dy _dy du
dx 5 dx du dx
2 I _
¢ Lety=——=-2x3 =gu X (=2)
X3
2 _4
dy 5.8 10 _8 2.3
L= 2% —-x3=_—"x73 =ZU
T I T ;
5 = 2(5-2973
d Lety = 6x3 3
Y 6><5 3 10 3 4
— = =x3 = 10x _
dx 3 d Lety:m:4(5+3x) !

1 Letu=5+3x. Theny = u~!

707



4

dy _ dy du

dx ~ du dx
= —4u~? % (3)
= —12u?
= —12(5+3x)7°
e Lety= 5
(x—1)3
1 2
Letu=x—-1.Theny=— =u 3
u3
dy dy du
dx  du dx
2 5
= —§M 3x1
2 5
=—-Zu3
3
2 _3
= —g(x -1)73
f Loty = —— = —2+3:2)72
y= = — X
V2 + 3x2 1
Letu = (2+3x%). Theny = 3u"2
dy dy du
dx  du dx
3 3
= —Eu_2 X 6x
3
=-9xu 2

3
= —9x(2 + 3x%) "2

i
5\

g Lety= (2x3 - —)3
X

dy 1 5\
_:_23__)
dx 3(x X

dx 3
—=t+4-=
dt 2
2
SLX=—+4r+ -+
X 5 - c
When x =6, =1

1
.’.6:§+4+3+c

[SS11\S]

(

5
2
6x +;)

3
LCe=—=
22
3 3
—+4t+-—-=
T2 12
1
y = x3
dy 1 _%
— = —X
x 3 .
.. gradient of tangent at x = 27 is 7
b =
YT 3xr1
dy 3
dx  (Bx+1)?
.. gradient of tangent at x = 0 is -3
2
C y= F
dy 6
dx X

. .3
.. gradient of tangent at x = 2is ——

_1
=
dy 2
dx_dx3 5
Yy
When &2 =4, -2 -4
endx x3

Therefore y = — has gradient 4 at the
X

i (1
()
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8 a [3x+1ldx=x’+x+c 10 a

f(t+l)(2—3t)dt:f—3t2—t+2dt

3 F
=—t'——+2t+c
2

1
c f\/}dx:fxidx

2 3
= —x2 +
3)(,' C

31 4 s
d f2x2+x3 dx:§x2+

I;z(l —x %) dx = [x + x_l]:z

1 1
=(2-3)-(3-73)

2 5 X3 3)C2 2
1 (=x"+3x-2)dx = —?+7—2x1
:(——+6—4)—(——+§—2)
3 2
1
"6
b Two regions - one positive and one
negative
1 4 1
f (x3 - 3%+ 2x) dx = [— X+ xz]
0 4 0
1
=(z-1+D-0©
1
T4

2
f(x3—3x2+2x)dx—[——x +x]
1

:(4—8+4)—(Z—1+1)

1
Total area = —
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Solutions to multiple-choice questions

1E  f)=Ox2+4)2 F) = x(x+2) = x> +2x
1 0
S (x :118x 9x2+4_% A= X%+ 2xdx — x* + 2xdx
EY 2( ) )
0 -2
2 - 1 -2
=9x(9x~ +4) 2 :f x2+2xdx+f x% + 2xdx
0 0
— (242 _ 4
2 C f(x)=Gx*-17) 0 E
.o _ 2 3
0 = H60)(3 = T) ‘fASf(ﬂ‘Fde::5LIAJTX)dX+‘142dX
= 24x(3x* - 7)° ! ! !
:Sff(x)dx+6
3 g 4.2 ___2 I
dx3+x (3 + x)? 1
1 [ 10 C fk(l—xz)dx:40
ap X1 45 0
dx +/x dx 1, 40
:—x_2+—x_2
2 2 40 2
:x+1 ng
2V k= 60

2 )3
S A f?)x +6dx =x"+6x+c 11 B y=5xr—2<.y()=yd) =4

Rectangle has area = 4(3) = 12

3 3
1,
6 A IX_de_[ix _ZXL A=f45x—x2dx—12
1

1
_ (2 _ 12\ _ _ _
=53 -1)-26-1=0 :[§x2_1x34
_ 0 2 3 I
:§(42_12)_1(43 %) - 12
7 E g = f(x) 2 3
_E_Q_lz
o= [ fwds PR
=45

3
f f(x)dx = g(3) - g(1)
1 12 C f 45*(2x + 1)dx = f 8x> + 4x’dx

4
:2x4+§x3+c

3 7
13 C A:f f(x)dx—f f(x)dx
0 3
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Chapter 23 — Mathematical Methods
Units 1 and 2

Revision of Chapters 1-22 Solutions

Solutions to Technology-free questions

1 2x+3(4-x)=38

2x+12-3x=8
-x=-4
x =4
at+b
2 =
ct+d

at+ b = 2ct + 2d
(a—2c)t=2d-b
_2d-b

a—-2c

3 4—x—4s2x—3
3
—4+3S2x—4—x

3
2x
-1 < —
3
-3<2x
3
x> —=.

4 a For x — y to be as small as possible choose the smallest possible value of x and the
largest possible value of y.
Thus take x = —4 and y = 8.
Hence the smallest value of x — y is —12.

b The largest possible value of a is achieved by making x as large as possible and y as

y
small as possible. Thus take x = 6 and y = 2.
Hence the largest value of a is 3.
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¢ The largest possible value of x> + y? is obtained by choosing values of the largest

magnitude for both x and y.
Thus take x = 6 and y = 8.
Hence the largest possible value of x> + y? is 100.

Let x be the number of the first type book and y be the number of the other type of

book.

There is a total of 20 books. So
x+y=20 ()

There is total cost of $720. So

72x + 24y = 720 2)

Multiply equation (1) by 24.

24x + 24y = 480 3)

Subtract equation (3) from equation (2).
48x = 240

x=35.
Hence x = 5and y = 15.

There were 5 of one type of book and 15 of the other.

1-5x

>—12
7 2
1-5x>-36
—5x > -37

<37

x< —.

-5
a_yz—xz
10
When x = -5, y=7and z = 6,
_T*+5%6
T 70
79
T 10°

8 + 14+b

a Midpoint M(xy): x = —2 and y = .
b If (5, 10) is the midpoint,
8+a:5and14+b:IO.Hencea:Zandb:6.
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9 a The line passes through A(-2,6) and B(10, 15).

Using the form y — y; = m(x — xy),
15-6

"T10- (<2
9
12
3

4
The equation is thus,
3
y—6= Z(x +2)
Simplifying,
4y -24 =3x+6
4y —3x = 30.
15
b When x =0,y = 5
Wheny =0, x=-10
By Pythagoras’s theorem,

152
the length of PQ = \/(—10 _0p+ (0 - 7)

225

— 1 =

N 00+( ; )
_ [625
B 4

25

=5
10 a A=(-7,6)and B =(11,-5).

The midpoint M(x,y) of AB has coordinates,
—_7+11and 6+ (-5)
-T2 YT

1
The midpoint is M(2, E).

X

b The distance between A and B = \/(11 -7+ (-5-06)
= V182 + 112
= V324 + 121
= V445
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¢ The equation of AB.

-5-6 11
11-(=7) 18
Using the form y — y; = m(x — xy).

Gradient, m =

y—6=—ﬁ(x+7)

Simplifying,
18y — 108 = =11x - 77.
18y + 11x = 31.

18
d The gradient of a line perpendicular to line AB is —.

11
1
The midpoint of AB is M(Z, E)
Using the form y — y; = m(x — x1).

y—izﬁ(x—Z)
22y~ 11 = 36x - 72

22y — 36x + 61 = 0.

11 '

(2.6

y=-+4x+2

oy

\J

12 A parabola has turning point (2, —6).
It has equation of the form y = k(x — 2)? — 6.
It passes through the point (6, 12).
Hence,
12 = k(4)* - 6

18 = 16k

k=-.
8

9
Hence the equation is y = g(x -2)?-6.
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13 Let P(x) = ax® + 4x? + 3. It has remainder 3 when divided by x — 2.

14

15

The remainder theorem gives us that:
P(2) = 3.

Thatis, 3 = 8a + 16 + 3.

Hence a = -2.

wcm

S5x cm

a The length of the wire is 6000 cm.
We have: 4 X 5x + 4 x 4x + 4w = 6000

Sx+4x+w= 1500
w = 1500 — 9x.

b Let V cm? be the volume of cuboid.
V=5xX4xXx

= 20x*(1500 — 9x)
500
¢ Wehave 0 < x < Tsincew: 1500 — 9x > 0.

d If x = 100, V = 20 x 100*(1500 — 9 x 100)
= 200000 x 600
= 120000 000 cm?

a Probability of bothred = — X — = —.

4

9
o 4
b Probability of both red = 5 X = —.
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16

17

18

19

20

Box 1
1 3 5
~ 2 3 5 7
= 4 5 7 9
< 6 7 9 11

Sample space = {3,5,7,9, 11}
The outcomes are not equally likely.

1
Pr(divisible by 3) = 3

There are six letters and three vowels.

1
a The probability that the letter withdrawn is a vowel = >

1
b The probability that the letter is a vowel is 3

This can be done simply by considering the cases.
SSF or SFF are the only two possibilities.
The probability of fruit on Wednesday = 0.4 X 0.6 + 0.6 x 0.3

=0.24+0.18
=0.42.
Solv (3)—1fr E[ﬂ ﬂ]
oecosx—zox )
3y = Tn 57 n nm St Trn
X=..., 37 37 3737373""
T
X=—-——, —.
9°9

The graph of y = ax® + bx + ¢ has intercepts (0,6) and (-2, 0) and has a stationary point

where x = 1.

Y 2
— = 3ax” + b.
dx ax

a The graph passes through (0,6). Therefore 6 = c.

b The graph passes through (-2, 0). Therefore
0=-8a-2b+6 (1)
There is a stationary point where x = 1. Therefore
0=3a+b (2)
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¢ Multiply (2) by 2.

0=6a+2b (3)
Add equations (1) and (3).
0=-2a+6

Therefore a = 3. Substitute in (2) to find b = -9.

21 y=x*andso Z—y = 4x°.
The gradient of)‘ghe liney = —32x + a is —32.
4x* = =32 implies x* = -8.
Hence x = -2
Fory = x*, when x = =2, y = 16.
Therefore for the tangent y = —32x + q,
16 = -32 % (-2) +a.
Hence a = —48.

22 f: [-m, 7] = R, f(x) = 4cos(2x).

2
a Period = ; =7
Amplitude = 4

b y

(m, 4)

y =4 cos(2x)

3
23 a The first ball can be any ball except 1. The probability of a 3, 5 or 7 is 7

1
There are 3 balls left and the probability of obtaining the white ball is 3

31 1
The probability of white on the second = — X = = —.

4 3 4
b The sum of 8 can be obtained from the following ordered pairs: (1,7),(7,1),(3,5), (5, 3).
1 1 1
The probability of each of these pairs = — X - = —.
4 3 12 |
Therefore the probability of obtaining a sum of 8§ = 4 X =3
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¢ We can see that for a sum of 8 we must only consider the pairs (1,7),(7, 1), (3, 5),

1
(5,3). The probability that the second is 1 is 7

24 Theline y = x + 1 cuts the circle x> + y? + 2x — 4y + 1 = 0 at the points A and B.
To find the points of intersection:

y=x+1 ()
y=2x>+8x-3 (2)
2% +8x-3=x+1

2x* +7x—-4=0

Rx-D(x+4)=0
1
xziorx:4

13
The points of intersection are A(—4, —3) and B(E’ E).

-7 —
a The midpoint of AB = (T ;)

b

25 a 4" -5x%x2"-24=0.

Leta = 2*.
The equation becomes.
a*=5a-24=0

(a—8)a+3)=0

a=8ora=-3.
Now 2* > 0 for all x and so there are no solutions of 2* = -3.
2* = 8 implies x = 3.
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2

b 27 =-4" =0
25—3x — 22x2
We note that if 2¢ = 2° then a = b.
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d
26
d

27

28

Hence,
5-3x=2x

222 +3x-5=0
Qx+5)(x—-1)=0.

5
So,x:—iorx: 1.

=0 whenx = 1.
0=-4+k

k=4
Thus,

d
d—y:—4x+4

4y

X
dy
dx

Integra)ﬁing with respect to x.
y=-2x*+4x+c.
Whenx =1, y=35.
Hence,
S5=-2+4+c¢

c=3.
The equation is y = —2x? + 4x + 3.

y = ax’ — 2x*> — x + 7 has a gradient of 4, when x = —1.
dy

— =3ax?>—4x-1.
Tl)lcerefore,
4=3a+4-1

1
a = §

ey 5=

Hence x’ = 3x and y’ = -2y.
x/ yl

Th =—andy=-—.

us x = — and y 7

Therefore y = x> maps to —% = %
2 2
Thatisy = —%.

= —4x + k, where k is a constant. Stationary point at (1, 5).
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29 Let P(x) = 3x% + x + 10.
P(=b) = 3b*> — b + 10 and P(2b) = 12b* + 2b + 10.
By the remainder theorem,
30> —b+ 10 = 126> + 2b + 10

9% +3b=0
3b(3b + 1) = 0.
1
H bh=——.
ence, 3

30 y=x’andy=x>+ x> +6x+9

The curves meet where

X=X+ +6x+09.

That is,
0=(x+3)
Thus x = =3 and y = -27.
Ijior the first curve,
& -3y
X
and the second,
dy

E:3x2+2x+6.

d
When x = -3, d—y = 27 for the first curve.
X

When x = -3, ﬂ
dx

There is a common tangent to the two curves.

= 27 for the second curve.

31 a y=x*-75x-10
dy 2 2
yp =3x° =75 =3(x" - 25).
X
Stationary points occur when x = 5 or x # —5
y
A

(=5,240) y=x3-75x-10

(5,-260)
Note that the graph crosses the y-axis at —10.

b x* - 75x - 10 = p has more than one real solution when the line with equation y = p
crosses the graph of y = x* — 75x — 10 more than once.
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32 a

This is true when —260 < p < 240.

Maximal domain R\{3}.
Maximal domain R\{2}.
Maximal domain (—oco, 2]
Maximal domain [4, co0)

Maximal domain (—co, 5)
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Solutions to multiple-choice questions

1

1 B Period=2nr+-=8r

2

3

4

5

Amplitude = 5

f(x) = x* +2x
3)-f(©
Average rate of change for the interval [0, 3] = —f ( ; Z)C ©
_15-0
-3
=5

f:[1,4) = R, f(x) = (x —2)> + 3.
End points: f(1) =4 and f(4) = 7.
The minimum value = f(2) = 3.
The range = [3,7).

A function g with domain R has the following properties:
m g'(x) =3x7—4x
m the graph of y = g(x) passes through the point (1, 0)

Taking the anti-derivative of g with respect to x:
g(x)=x=2x+c.

Also g(1) =0,
so0=-1+c¢
c=1.

Hence g(x) = x> = 2x + 1.

Simultaneous equations
m-2)x+y=0 (1)
2x+(m—-3)y=0 (2)
Gradient of line (1) =2 —m
Gradient of line (2) = %

2
Infinitely many solutions implies 2 — m = Ep—
—-m
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Hence 2 —-m)(3 —m) =2
6—5m+m* =2
m*—5m+4=0

(m—-1)(m-4)=0
m=4orm=1.

Both lines go through the origin and so there are infinitely many solutions for m = 4
orm=1.

6 C f(x)=2log,(3x). If f(5x) =log,(y)
First f(5x) = 2log,(15x).
Hence 21og,(15x) = log,(y)
Thus y = 15x% = 225x%.

7 C A bag contains 2 white balls and 4 black balls. Three balls are drawn from the bag
without replacement.

Probability of black on the first = %
There are now 2 white balls and 3 black balls.
Probability black on the second = §

There are now 2 white balls and 2 black balls.
Probability of black on the third =
2.3
35

E.

1 1

Probability of three black = X 33

8 E There are 3C, ways of selecting the 2 girls and '*C, ways of selecting the 2 boys.
Therefore 3C, x!'? C, of selecting the committee.

9 A f:R—)R,f(x):%x3—2x2+1
f'(x) = x> —4x = x(x — 4)
f'(x) < 0if and only if x(x —4) < 0.
This happens when the factors have different signs:
So either,
x<0and x>4orx>0andx <4.
Only the second of these is possible.
Hence 0 < x < 4.
This can also be seen by looking at the graph of y = f"(x).

10 B f(x) = V2x + 1 is defined for 2x + 1 > 0.

1
That is the maximal domain of f is x > ~5

) . 1
In interval notation [—5, 00),
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11 A In algebraic notation, 11 is four times 9 more than x is written as 11 = 4(x + 9)

120
12 B Time taken by the car = — hours.

13

14

15

16

a
120
Time taken by the train = —.

q—
Time taken by the train = time taken by the car +1.

Therefore,

120 120
—=—+41

a— a
Multiplying both sides of the equation by a(a — 4) we have,
120a = 120(a — 4) + a(a — 4)

120a = 120a — 480 + a*> — 4a
0 =a’® — 4a — 480
0 = (a—24)(a + 20)

Therefore a = 24 or a = -20.
But we assume positive speed.

The parabola that passes through the point (-3, 12) and has its vertex at (-2, 8) has
equation of the form:

y = k(x+2)* +8.

It passes through the point (-3, 12).

Hence,

12 = k(-=1)* +8

k = 4.

The equation is

y =4(x+2)* +8.

f:[-3,59) =R, f(x) =5-2x.

The graph of f is a straight line with negative gradient.
f(=3)=11and f(5) = -5.

The range is (=5, 11]

f:[-3,2) = R, f(x) =2x*>+17.

The graph is a parabola with a minimum at (0, 7).
f(=3)=25and f(2) = 15.

The range is [7, 25]

1
For (A), y = 11x(x — 1). It has a turning point at x = 5 It is increasing on the given

interval. Therefore, one-to-one.
For (B), y = V11 — x2. The function has the same value for 1 and —1 for example.
It is not one-to-one.
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17 C The function with rule f(x) = mx + 2, m > 0, has an inverse function with rule
f'x)=ax+b, a, beR.
We consider

x=mf(x) + 2.
_ x 2
flo==-=
m m

Here — >0 and —— < 0.

m m
Hencea > 0 and b < 0.

18 B x+ lisafactorof x>+ ax+ b, then—a+b+7 equals?
By the factor theorem,
l—a+b=0.
Thus —a+b = -1

-a+b+T7=-14+7=6

19 A The choices are all cubic functions of the form y = a(x + h)* + b where a < 0.
The graph shows a stationary point of inflexion at (-1, 2)
Hence it is of the form y = a(x + 1)* + 2.
It passes through the origin.

20 C
This implies, X’ = Sx+ 7 and y’ = 3y + 1.
il and Y-l
5 YT
Hence y = x? is mapped to

y/_l_(xl_7)2
3 25
3(x — 2
-7
25
25y =3(x' —=7)* +25

X =

4 —_—

1

21 A The transformation 7 : R*> — R? maps the curve with equation y = 5* to the curve
with equation y = 524 — 3
y =5+ _3

y/ +3 = 5(2x’+4)
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22

23

24

Hence take y + 3 = yand 2x" + 4 = x.
Thus,
x—4

X
"=y-3andx' = ——=--2
Y=y and x > >
f:R—R, f(x)=nx.

J) = f(=x) = x = (=x) = 2x.

The tangent at the point (1, 5) on the graph of the curve y = f(x) has equation
y=4+x.

The tangent at the point (3, 6) on the curve

The transformation is ‘2 to the right’ and ‘1 up’.

So the tangent at the point (3, 6) on the curve

y = f(x—2)+ 1isatranslation of y = 4 + x.

It transforms to:

y—1=4+x-2.

That is,

y=3+2x.

The graph of the of the derivative function f” of the cubic function with rule
y = f(x) crosses the x axis at (1,0) and (-3, 0). The maximum value of the
derivative function is 12.

f'(x) = k(x = 1)(x + 3).

The maximum value of the derivative function is 12. This occurs when x = 2.
This tells us that k < 0 as the quadratic has a maximum.

The turning points of the cubic occur at x = 1 and x = -3.

For a local maximum we look where the gradient changes from positive to negative
going from left to right.

f'(x) = k(x = 1)(x + 3).

For x < 1, f’(x) > 0 (Remember k < 0)

For x > 1, f'(x) <O.

Hence there is a local maximum where x = 1.
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25 D The random variable X has the following probability distribution

26

27

28

29

X 0121 4
Pr(X=x)|a|b| 0.1
The mean of X is 2.

We have,

a+b+0.1=1 (Probability distribution)
Thatis, a+b=0.9 (1)

and

2b+04 =2 (2)

From (2), b = 0.8.
From (1), a = 0.1.

Let f/(x) = 5g’(x) + 4 and f(1) = 5 and g(x) = x*>f(x).

We have f(x) = 5g(x) + 4x + cand f(1) =5and g(1) = f(1) =5
So5=25+4+c.

Hence ¢ = —24.

Finally, f(x) = 5g(x) + 4x — 24

25 =7 x5+12=0.
Leta =5*
a-Ta+12=0
(a-3)a-4)=0
Hence a =3 ora = 4.
That is 5* = 3 or 5* = 4.
Therefore,

x =logs 3 or x = logs 4

A particle moves 1in a straight line so that its position s m relative to O at a time ¢
seconds (t > 0), is given by s = 43 — 5¢ — 10.

d
The velocity d—f —y =127 -5,

d
The acceleration = d_‘; = 24.

When ¢ = 1, the acceleration is 24 m/s’.

The average rate of change of the function y = 2x* + x> — 1 between x = —1 and

= 1.

x = 11s equal to
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30 E A function f: R — R is such that

31

m f'(x) =0where x=3

m f’(x) <0 where x <3

f'(x) =0where x =35

f'(x) <0 where x > 5

f'(x) >0where3<x<5

Stationary points when x = 3 and x = 5.

Immediately to the left of 3, f’(x) < 0 and immediately to the right of 3, f’(x) > 0.
Therefore there is a local minimum at x = 3.

Immediately to the left of 5, f’(x) > 0 and immediately to the right of 5, f’(x) < 0.
Therefore there is a local maximum at x = 5.

The number of pets X a family has is a random variable with the following

probability distribution.

X

0

1

2

3

Pr(X = x)

0.3

0.2

0.4

0.1

The probability that two families have the same number of pets is equal to
03%x03+02x0.2+04x%x04+0.1x0.1=0.09+0.04+0.16+0.01 =0.30
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Solutions to extended-response questions

16 -b* - 16

1 a i Gradientof AB = 5

= b

ii f(x)=-2x
The tangent at point (x, f(x)) has gradient —2x

—2x=-b
b

X==

2

b
The tangent at the point where x = 3 has gradient —b.

h
b i Area of a trapezium = E(a + b)
b
S(b) = E(16—192 +16)

b
=-(32-b0
5 )

ii %’(32 - b*) =28

32b - b =56
b>-32b+56=0
(b-2)(b*+2b-28)=0

b=2or(b+1)7*=29
Thus S(2) = 28.
The other solutions of the equation are not in the interval (0, 4).
The area of the trapezium is 28 when b = 2.

2 f(0) = (Wx =2 x+1)

a To find the x-intercept
f(x) =0implies Vx—2=0o0r yx+1=0
Thus +/x — 2 = 0 which implies x = 4.
Therefore a = 4.

|
b From the graph there is a local maximum at x = 1 and a local minimum at A(4, 0).

1
The graph has negative gradient for the interval (4_1’ 4)
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OABC is a rectangle with

OA = BC =4.
Let OC = AB = x.
4 136
X =—
15
34
X=—
15
34
That is, oC = —
at 1s 15
dx
=—=4t-6
Y dt

When r = 3,v = 6 cm/s

3)—x(0
Average velocity= 20) = X0)
0 3-0
= 3 =0 cm/s

Changes direction when 47 — 6 =
3

That is when ¢ = 3

9

(0) = x(3) = 0 and x(%) -2

(4

81
iﬁj

605

0

Ala,

Therefore total distance travelled in the first 3 seconds = 9 cm

9
Average speed for first three seconds = 3= 3 cm/s

4 f(x)=-x +ax’.

f(x) = =3x% + 2ax

a

i f has negative gradient for f'(x) <0

—3x*+2ax <0

—x(B3x-2a) <0

a
X<OOI’X>?

ii f has positive gradient for f'(x) > 0

a
O<x<—
S
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b When x = a,
fl(a)=-3d*+24a> and  f(a)=0
= —a*
The equation of the tangent at the point (a, f(a))
y = fla) = f(a)(x—a)

Thus, y = —az(x -a)

1
¢ The gradient of the normal = —
f'(a)
2
The equation of the normal is
y= ;(X - a)
d Area= f (—x° + ax?)dx
0
L4 3
—614 a4
= — 4+ —
4 3
12
a 16x+2y+2y+ 10x+ 10x =52
36x +4y =52
4y = 52 — 36x
y=13-9x
b Using Pythagoras’ theorem. "
6x x

8x
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Heights = 6x cm

6
A(x) = Ex(Zy + 16x + 2y) (Using the formula for the area of a trapezium)
= 3x(4y + 16x)
= 3x(52 — 36x + 16x) (Substituting for y from part a)
= 156x — 60x>

Finding the derivative:
A’(x) =156 — 120x

13
A’(x) = 0 implies x = T A maximum occurs at this value as

A(x) = 156x — 60x? is a quadratic with negative coefficient of x.

13
Substituting for x iny = 13 — 9x gives y = T
Total area of the two squares = x° + y?, x<y

Total length of fencing = 2x + 3y
Given that the length of the fencing is 5200 m

x + 3y = 5200
3y = 5200 — 2x
3
200 — 2x\2
Therefore the total area, A=+ (5003—)5)
, 52007 20800x 4x?
A=x"+ _ L
9 9 9
_ 13 20800x 52007
9 9 9
26x 20800
A’ - _
(x) 5 5

A’(x) = 0 implies x = 800
The parabola has positive coefficient of x> and

therefore a minimum when x = 800,
5200 — 2x

When x = 800 substituting in y = 3

gives y = 1200.
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¢ x>0andx<y

5200 -2
Substitute y = Tx 27040000
5200 — 2x (1040 ..
—5 o= \_/
5200 — 2x > 3x '
5200 > 5x
x <1040
a
0,1) (0,3) (0,5 (©,7 (0,9 (@O11
2 @3 25 27 29 @1
41 &3 &5 &7 @9 @1
6,1) (6,3) (6,5 (6,7 (6,9 (6,11)
@D &3 @5 @7 B9 @11
(10, 1) (10,3) (10,5) (10,7) (10,9) (10,11)
36 outcomes
b Table showing sums
0 2 4 6 8 10
1 1 3 5 7 9 11
3 3 5 7 9 11 13
5 5 7 9 11 13 15
7 7 9 11 13 15 17
9 9 11 13 15 17 19
11 11 13 15 17 19 21

Let X be the sum of the results.

1
i Pr(X=1)= o

ii Pr(X=13)= S

36
i Pr(X = 9)= >
736
Pr(X = 15)
Pr(X = 15X > 7) = 2 = 12)
¢ Pr( X>7 = 5xs7)
_2
13
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8 a

b

[2¢ + 4,2d + 4]

x,y) > 2x+4,3-y)
X' =2x+4,y =3-y

' —4
.'.x:x andy=3-y
X =4
= romapos - = 1{252)
x -4
Ly =3-
y f( > )
x—4
-3
g(x) f( > )
-4 -4
Assume 7 > w. ThenZ WT

Consider g(w) — g(2).
-4 -4
§0n) — g(2) = 3 - f(WT) - (3 - f(ZT))

w—4 z—4
=r(*5) (5
>0
Therefore z > w = g(2) < g(w)

fiL2] =R, f(x)=2"
From above,
x—4
g: 6,8 >R, g(x)=3-22

For function to be defined x — 2a > 0. That is x > 2a.

xX—2a=x Squaring both sides

1 1
X —x+ i —2a + 1 Completing the square
( 1\2 -8a+1
X - - =
2 4
1 V1-8a I V1-8a
X:§+ > OI')C:E— 5

1
¢ The equation f(x) = x has one solution for a = 3
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10 a

11 a

12 a

y
A yex
1 1 . x_%
(72)
> X
0

Probability that Frederick goes to the library on each of the next three nights
=0.7%x0.7x0.7

=0.343
The possible sequences for 3 days for exactly two days going to the library:
LSLL LLSL LLLS

Probability of exactly two nights
=03x%x0.6x0.7+0.7x03x0.6+0.7x0.7x0.3

=0.126 + 0.126 + 0.147
=0.399

Probability that sticks are brought from Platypus for the next three years
=0.75x0.75 x 0.75

=0.4219 (correct to four decimal places.)

The possible sequences for three years for exactly two years buying from Platypus

PNPP PPNP PPPN

Probability of buying from Platypus for exactly two of the three years
=0.25%x0.2x0.75+0.75x0.25 x 0.2 + 0.75 x 0.75 x 0.25

=0.2156 (correct to four decimal places.)

Probability that they will buy from Platypus in the third year is 0.6125

The line has negative gradient.
The range = [-mb + 3, —ma + 3]
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b Interchanging x and y and solving for y.

x=-my+3
my=-x+3

1 3
y=——x+—

m m
) ) .. -1 3

The equation of the inverse function is f~'(x) = —x + —
m m

¢ The coordinates of the midpoint are found by using the midpoint of the line segment

+ +
joining (x1,y1) to (xa, y») are (X1 : xz’)’I 2)’2)
a+b —ma—mb+6)
2’ 2

The midpoint of AB = (

d Gradient line through AB = —m
1
Gradient of a line perpendicular to AB = —
m

- (1 50) =6 ()

2my + m*a + m*b — 6m = 2x — (a + b)
2my — 2x = —m*(a + b) + 6m — (a + b)

e The transformation is defined by (x,y) — (x — 3,y + 5).
If (x,y) = (x',)’) then
xX=x-3andy =y+5
Hence,x=x"+3andy=y" -5
Substituting in y = —mx + 3 gives
y-=5=-m(x"+3)+3

y =—-mx" —3m+8

The equation of the image is y = —mx —3m + 8

Considering the end points:

(a,—ma +3) - (a — 3, —ma + 8)

and

(b,—mb + 3) — (b—3,—mb + 8).

f The transformation is defined by (x,y) — (—x,y).
If (x,y) = (x,y") then
X' =—xandy =y
The line is transformed to y’ = mx’ + 3.

Thatis, y = mx + 3
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Considering the end points:
(a,—ma + 3) - (—a,—ma + 3)
and

(b,—mb + 3) — (=b, —mb + 3).

b —mb+6

g If a = 0 the midpoint of AB has coordinates (5, m2 )
-mb+6
> =

Hence b = 12 and m = %

—4

Thus g =6 and

13 a f(x):(p—l)x2+4x+(p—4)

i Whenp=0,f(x)=-x>+4x—4=—-(?-4x+4)=—(x-2)°

y
A

ii Whenp=2, f(x)=x>+4x-2
For the x axis intercepts:

X +4x-2=0
X +4x+4=6
(x+2)?%=6

x=-2+Voorx=-2- V6
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y=x’+4x-2

- % //4+% m
2

b f/(x)=2(p—Dx+4
f'(x) = 0 implies x = %

2 4 8
andf(m):(p—l)x + _p+(P_4)

1-p2 1
4
= + +(p-4)
p-1 1-p
—4
= +(p—4)
(p—1
_p-5p
p—1
2 5p-p?
The coordinates of the turning point are ( , P f )

¢ The turning point lies on the x axis when the y coordinate is zero.
That is, when 5p — p* = 0.
p=0orp=>5

d The discriminant of the quadratic (p — 1)x> + 4x + (p — 4) is
16 -4(p-1)(p—-4) = 16—4[p2—5p+4]
= —4p* +20p

There are two solutions when the discriminant is positive.
That is, when —4p? + 20p > 0

Equivalently when p?> — 5p < 0

ThusO0 < p<5andp # 1.

e The question should ask to sketch the graph of y = g(x) and the graph of the
reflection in the y-axis.
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A y=2x24+4x-1

y=2x2—4x-1

_2—\E®U2+«E *
2 2 /2 2

=1,-2) 1,2)

14 h(t) = 2.3 cos(kt)

a High tide occurs every 12 hours

2
— =12
k
T
k=—
6

N

b h(1.5):2.3cos(— 1.5)

SIle

=23 cos(—)

S

=23 X —
\2

This is measured in metres
Thus the height of the road above mean sea level is:

1
2.3 x — metres = 1.15V2 x 100 cm
\2

=115V2cm

¢ (1.5) =23 cos( %)
3
I

Thus the height of the raised footpath above mean sea level is:

2.3 % ? metres = 1.15V3 x 100 cm

=115V3cm

740



	Chapter 1
	Chapter 2
	Chapter 3
	Chapter 4
	Chapter 5
	Chapter 6
	Chapter 7
	Chapter 8
	Chapter 9
	Chapter 10
	Chapter 11
	Chapter 12
	Chapter 13
	Chapter 14
	Chapter 15
	Chapter 16
	Chapter 17
	Chapter 18
	Chapter 19
	Chapter 20
	Chapter 21
	Chapter 22
	Chapter 23



