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Chapter 1 — Functions and relations

Solutions to Exercise 1A

1 a {811}
b (8,11}
¢ {1,3,8,11,18,22,23,24,25,30}
d (3,8,11,18,22,23,24,25,30,32}
e {3,8,11,18,22,23,24,25,30,32}

f {1,8,11,25,30}

2 a (3,18,22,23,24}
b {25,30,32}
¢ {3,18,22,23,24}

d {1,25,30}

A
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4 a XnY={7,9)

b XNnYNZ={7,9}
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XuUY=1{2,3,5,7,911,15,19,23}
X\Y =1{2,3,5,11}

Z\Y = {2}

XNZ={2,7,9}

[-2,8]NX =1{2,3,5,7}

(=3,81NY ={7}

i (2,00)NY ={7,9,15,19,23}

j 3,00)UY =(3,00)

XNY=A{a,e}
XUY=\{a,b,c,d,e,li,o,u}
X\Y =1{b,c,d}

Y\X ={i,o,u}

BN C = {6}
B\C =1{2,4,8,10}
A\B ={1,3,5,7,9}

A\B ={1,3,5,7,9}
A\C =1{2,4,5,7,8, 10}
(A\B) U (A\C) = {1, 2,
3,4,5,7,8,9,10}

BN C = {6}
A\(BNC)=1{1,2,3,4,5,7,8,9, 10}

A\B ={1,3,5,7,9}
A\C =1{2,4,5,7,8,10}
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(A\B) N (A\C) = {5,7) Ya Sy
g BUC ={1,2,3,4,6,8,9, 10} =202
A\(BUC) =1{5,7} b © O
h ANBNC = (6] —-4-3-2-1 0123
c < I I I :I)
7 a [-3.1) 01 23
b (-4,5] d ¥—F/——"F"7+——
-4 -3-2-1 1
¢ (-V2,0) ’ ’
1 ¢ ? T 1 |>
d (23 4-32-1 0
e (—00,-3) f ? T T T T 1 :I)
-2-1 01 2 3 4
f (0,00)
g (_OO’O) 10 a ® ®
h [-2, ) -3-2-1 01 23456
b
8 a (-2,3) 0 e
b [-4,1) -3-2-1 01 23456
¢ [-1,5] ¢ < <
d (-3,2] -2-1 0123456
d <o ———o0
o o)
8§ 6 -4 -2 0
2
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Solutions to Exercise 1B

1 a Domain =R

range = [-2, o0)
b Domain = (-0, 2]
range = R
¢ Domain = (-2,3)

range = [0,9)

d Domain = (-3,1)
range = (—6,2)

e Domain = [-4, 0]
range = [0, 4]

f Domain = R
range = (—o0,2)
2 a y
(1) X
Domain = R
range = [1, 00)
b y
A
3
3o 37
-3

Domain = [-3, 3]
range = [-3, 3]
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jgv

Domain = Rt U
range = (—oo, 2]

(4, 4)
(1,2)

Domaln = [0, o)
range = [0, o)

N

Domain = [0, 5]
range = [0, 5]

L t418)

Domaln =
range = [2, 18]
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range = {4}

4 a function Domain = R
range = {4}

(_1 - 5) b got a funiti()zn
Domain = [—1, 2] omain = {2}

range = [~5,4] range = Z

¢ function
Domain = R
range = R

d not a function
Domain = R
Domain = R range = R

range = (—o00,4]

e not a function
Domain = [—4, 4]

i
Y range = [—4,4]

1 5 f(x)=2x*+4x;

> X
0‘ i\ gx)=2x"+2x-6

Domain = R a f(-1)=2(-1)*+4(-1)=-2
Range = R

f(2) =22 +4(2) = 16
f(=3)=2(-3)*+4(-3)=6

3 a not a function
Domain = {-1,1,2,3} fa) = 2(2a)* + 4(2a) = 8a* + 8a
range = {1,2,3,4}

b
b function g=1)=2(-1)* +2(-1) -6 = -10
Domain = {-2,-1,0, 1,2} g2 =227 +22)-6=14
range = {—4,-1,0, 3,5} ¢(3) = 2(3)3 +2(3)— 6 = 54
¢ not a function ga-1)=2a-1)>+2a-1)-6
Domain = {-2, 1,2, 4} =2(a®-3a*+3a-1)+2a -8
range = {2, 1,2.4.0] = 24° - 6a% + 8a — 10
d function
Domain = {-1,0, 1, 2, 3} 6 g(x):3x2—2
4
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a g(-2)=3(-2%-2=10 ¢ 3x-2=0
g(4) =34)*-2=46

=
Il
W

b i g(-2)=3(-2%-2=12x*>-2

9 :R - Rwh =2x+3
i gx—2)2=3(x-272-2= a f:R — R where f(x) = 2x +

3x%2 - 12x+ 10 b 3y+4x: 12
iii g(x+2)?=3(x+27>-2= 3y =12 -4x
322+ 12x + 10 dx
y=4-=

3
iv g(x®) =3(x*)?-2=3x*-2

4
f:R - R where f(x) = Tx+4

7 f(x)=2x-3 ¢ f:[0,00) = R where f(x) =2x-3

a f3)=23)-3=3 d f:R — Rwhere f(x)=x>-9
b f(x)=11

e f:[0,2] - R where f(x) =5x-3
11=2x-3x=7

¢ f(x)=4x
dx=2x-3
2x =-3
-3
X =—
2
d f(x)>x range = [3, c0)
2x—-3>x
b y
x>3
8 g(x)=6x+7 h(x)=3x-2 X
0 (29 _1)
a 6x+7=3x-2
3x=-9 range = (—co, —1]
x=-3
b 6x+7>3x-2
3x > -9
x> -3
5
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C ¥y h
1
2 X
0
(=2,-11)
(_4’ _7) range = (—11,19)

range = [-7, )

11 f(x)=2x>-6x+1; gx)=3-2x

a f(2)=227-62)+1=-3
f(=3) =2(=3)* = 6(=3) + 1 = 37
f(=2) =2(-2)* -6(-2)+ 1 =21

b g(-2)=3-2(-2)=7
gHh=3-2()=1

¢ y g(-3)=3-2(=3)=9
(3,4) ¢ i f(a)=2a*>-6a+1
— 01 X i fla+2)=2a+2)>
—6(a+2)+1
range = (—o0, 4] =2a*> +2a -3
f y iii g(—a)=3+2a

iv g2a) =3 -4a

v f(5-a)=205-a)’

(-2 -6(5-a)+1
range = [=7, 17] = 2a° — 14a + 21
g y vi fQ2a)=8a>-12a+1
(_5 ’ 14)
vii g(a) + f(a) = Qa* - 6a + 1)
+ (3 -2a)

=2a* - 8a +4

range = [2, 14]
6
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viii g(a) — f(a) = 3 —2a)
— (2a* — 6a + 1)

= -2a* +4a+2

12 f(x)=3x>+x-2

a fx)=0

3x+x-2=0
using the quadratic formula

L= D)) -43)(-2)

2(3)
-1+ V25
X=——-
6
2
=—1,=
R
1n set 2notat10n
-1,=
3
b fx) =x
3x%+x-2=x
3x2 =2
2
2—_
Y73
X =++/2/3

in set notation

i

c fx)=-2
32 +x—-2=-2
3x2+x=0
xBx+1)=0
either x=00r3x+1=0
-1
=0, —
. R
1n set 1notatlon
0, —
b3 )
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d f(x)>0
32 +x—-2>x

from (a), the x-intercepts are —1, —

as the coefficient of x* > 0
the shape of the graph y = f(x) is

f(x) > 0 for
X € (—oo0,—1)U (%,00)

e f(x)>x
32 +x—-2>x

382 -2>0

f f(x)<-2
3 +x-2<-2 |
from (c), the x-intercepts are ——, 0

as as the coefficient of x*> > 0
the shape of the graph y = f(x) is

f(x) < -2forxe [%10]

13 f(x)=x>+x

a f(-2)=(-2*+(-2)=2
b f)=02>+(2)=6
¢ f(-a)=(-a)’+(-a)=d*—a

d f(a)+ f(=a) = (a* + a) + (a* - a)

=2d°

7
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e fla)-f(-a)= (" +a)- (" - a) P L 6

_ oy 8(x)
1 = 6g(x)
f @) =)+ @) =d" +d 1 =6(3x-2)
1=18x-12
14 g(x)=3x-2 18x = 13
a g =4 =B
18
3x-2=4
x=2 15 a fOr) =kx—1
b gx)>4 3=3k-1
_ 4
3x—-2>4 k= 3
x>2
in set notation b f(x)=x*-k
{x:x>2} 3-9_k
¢ gx)=a k=6
3x-2=a 5
¢ f(x)=x"+kx+1
a+?2
X = 3 3=9+3k+1
-7
d  g(-x)=6 k=3
-3x-2=6 k
5 d f()=-
xX=— *
3 k
3 = 5
e g(2x)=4
k=9
6x—-2=4
i=1 e f(x) =k’
3 =9k
1
k==
3
8
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C —2:9
X
3=1-9k 1
Ok = -2 r=%3
_2 1
k=— -~ —
9 d X—x—z

X -2x+1=0

(x-17%=0
6
xX=- x=1
5
1 e (x+D(x-2)=2
b —=3 eitherx+ 1 =0orx—2=0
1 x=-1 x=2
=3 x=-1,2
9
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Solutions to Exercise 1C

1 a The functions which are one - to - a Domain: R range: R
one are b and ¢
b Domain: R* U {0} range: R* U {0}
2 a The functions which are one - to - ¢ Domain: R  range: [-2, c0)
one are b,d and f
d Domain: [-4,4] range: [0, 4]
3 a The graphs of functions are i, iii, iv, e Domain: R\{0} range: R\{0}
vi, vii, and viii.
f Domain: R range: (—co,4]
b The graphs of one - to - one functions .
are iii, and vii. g Domain [3, o) range: [0, o)
4 Y=x+2,x>-2 a Domain: R range: R
y=+Vx+2 b Domain: R range: [—2, o)
two possible functions f and g are ¢ Domain [-3, 3] range: [0, 3]
fi[-2,0) >R f(x) = N d Domain: R\{1} range: R\{0}
range of f: [0, c0) = R* U {0} a R\(3)
-2, R =—-Vx-2
g:[-2,00) - R g(x) X b (—c0,— V3] U[V3,0)
fg:(— =R U
range of g: (—o0,0] {0} e R
d [4,11]
S a y
A e R\(-1)
f h(x) = V(x+ D(x-2)
2 Domain : (—co0, —1] U [2, 00)
—t—> X
0 g R\(-1,2}
b two possible functions are the right h Domain: (—o0, —2) U [1, o)

half

g1:[0,00) 5 R g1(x)=x*>+2
and the left half

2 :(=0,0) > R g(x)=x*+2

f(x) = Vx(1 —3x) Domain : [O, %]

[_Sa 5]

10
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k [3,12]

a Y

b [-2,)

Domain: (-3,0] U [1,3)

range: [-2,3)

Domain: [-5,4]

range: [-4,0) U [2,5]

b Domain = (-0, 2]
range = [5, 10] U {—4}

ISBN 978-1-107-56747-4
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_\-i/

b range = [5, oo}

1
14 f(x) = {}’

2x, x<3

x>3

a f(-4)=2(-4) = -8

b f(0)=20)=0

1 1

Cf(4):@21

1
d f(a+3)—{a+3’

2a+6, a<0

a>0

e fa)=124 g
4 <=
a, a_2
1
— a>6
f fla-3)=5a-3
2a—6, a<6
15 a f(0)=4

b f3)= V3 -1=12
¢ f8)= VB —1=1+7

Va, a>0

e fla-1)=

© Evans et al. 2016
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{Va—2, a-1>1=>a>2 b Odd

4, a-0<l=>a<?2
¢ Neither
16 a y d Even
A e Odd
f Neither
N -
“2\¢1 0 /i 19 a Even
-1
b Even
-2
range = [—1, ) ¢ Odd
ax+b, x<-=-2 d Odd
17 f(x)y=1cx+d, -2<x<3 e Neither
ex+f, x>3
using the points given f Even
Ix -4, x<-2 g Neither
—J=x—-1, -2<x<3
Jx) =43 | h Neither
—Ex +2, x>3
i Even
18 a Even
12
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Solutions to Exercise 1D

1a (f+9x)=3x+x+2

=4x+2
Domain: R

(f&)(x) = 3x(x +2)

= 3x% + 6x
Domain: R

b (f+g)(x)=1-x*+x*=1
Domain: (0, 2]
(from Domain (g) N Domain (f))
(fOx) = (1 = x)x?
= x> —x*
Domain: (0, 2]
(from Domain (g) N Domain(f))

1 x+1
c (f+9)= \/§+$— 7

Domain: [1,00) (from g)

_ W
0 =~

=1
Domain: [1,00) (from g)

d (f+2)x) =x>+ V4-x
Domain: [0,4] (from g)
(fe)(x) = x* V4 —x
Domain: [0,4] (from g)

2 a functionsf and h are even, g and k are
odd

b (f+h)(x):x2+1+é,xeR\{O}

it is even |

(f(x) =1+ 2 X€ R\{0}
1t 1s even

(g+hk)(x)=x+ i , x € R\{0}
it is odd

(gk)(x) = 1,x € R\{0}
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it is even
(f+9)x)=x>+x+1,xeR
it is neither odd nor even
(fe9)(x)=x+x,xeR

it is odd
3 y
N
/l’z*ll =x
27220 2\
4
A
12 1
8_
4_ -
e »x
0] 2 4 ¢

13
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11
y=x2+3x+2 7

2
y=(f+2x) y=x2
| 0 > X
y=3x+2N_2
b y
A (0,242) 12 a

i y=(f+o), 26

_ 2 \\ //
(=2,2) "2
// \\
—._
2 0] 2 x (2,3)
y=/x)
X
(0,0)
y=g(x)
14
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b b y
A y=x2+2x+Vx
y=x2+2x
y=\x
> X
P 0
y=(+2x)y=gx)
¢ y
13 a A
Y y=x2+3 (1,1) y=\x
(=3, 6) y=x2 (1, 0)
(3. 6) 0 ~
y=3 (1,-D\ \y=—x2 +Vx
(_\B, 3) (\Ba 3) > X 5
0 y==r
15
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Solutions to Exercise 1E

1 a f(g(x)=2Qx)—1=4x—-1
g(f(x)) = 2(2X— 1) =4x -2

b f(gx)=42x+1)+1=8x+5
g(f(x)=2@4x+1)+1=8x+3

¢ flg(x)=2Q2x-3)-1=4x-7
g(f(x) =22x-1)-3=4x-5

d f(gx)=2x")-1=2x"-1
g(f(x)) = (2x - 12 =4x>—4x+1

e flgx)=2(x-57>+1
=2x% - 20x + 51

g(f(x)) =2x* +1)-5
=2x* -4

f fg(x)=2x)+1=2x"+1
g(f(x)) = Q2x+1)

2 a foh(x)=23x+2)—1=6x+3
b A(f(x) =3Q2x—1)+2=6x~1
¢ foh2)=6()+3=15
d hof(2)=62)—1=11
e f(h(3))=6(3)+3 =21
f h(f(=1) =6(-1)—1=~7

g foh(0)=60)+3=3

foh(x)=@Bx+17?+2Bx+1)

=9x* +12x+3
b ho f(x) =3(x*+2x)+1 =3x>+6x+1

¢ foh(3)=93)>+12(3)+3 =120

ISBN 978-1-107-56747-4

a

ho f3)=33)Y2+6(3)+1=46
foh()=90)7+120)+3=3
ho £(0) =30 +60)+1=1

hog:R* >R A S —
8RR o) =7

goh:R\{0},goh(x) = i+2

x2

1 1
e =Gmray T3

3
goh(l)=@+2=5

range(/) = [~4, o)
range(g) = R* U {0}

fog:R*U{0} >R, fogx)=x—4
range(f o g) = [—4, )

g o f does not exist because the range
of f is not a subset of the Domain of g

1
f(g(0) =52x) = x

1
ng:R\{E} - R, fogkx)=x
Range: R\{%}

go f:R\{0} > R,go f(x)=x
Range: R\{0}

the range of is [—-2, o), which is not
a subset of the Domain of g, .. go f
does not exist.

16
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b fog:RFU{0} >R, fogx)=x-2
¥y

A

—1 4

2

the range of g is [—1, c0), which is not
a subset of the Domain of f((—o0, 3]),
f o g does not exist.

b the range of g* needs to be [—1, 3] at
most.
g 2,2l o R, g*(x) =x* -1
fog i[-2,21 = R, fog'(x) =4 -

The range of g is R, which is not a
subset of the Domain of f,
f o g does not exist.

b the range of g needs to be R* at most.
letg):{x:x <3} =R,

gi1(x)=3—-x
then fog;:{x:x <3} =R,
fogi(x) =

10 a the Domain of fis R, the range of g is

R* U {0}
f o g exists.

ISBN 978-1-107-56747-4

11

12

a

Range of fis R* U {0}
Domain of g is (—o0, 3]
The range of f is not a subset of the
Domain of g
g o f does not exist.

S is the maximal Domain of f,
S8 =1-2,2]

Range of f = [0, 2]
range of g = [1, 00)

f o g is not defined as the range of g
is not a subset of the Domain of f.
g o fis defined as the range of fis a
subset of the Domain of g.

For both f o g and g o f to exist, the
range of g must be a subset of the
Domain of fand the range must be a
subset of the Domain of g.

Domain of f : [2, oo]; Range of
f : (_009 a— 2]

Domain of g: (—oo, 1]; range of
g la, )

Soa>2from fog
&a-2<l1fromgof

2<ax<3

17
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Solutions to Exercise 1F

1 a Lety= f'(x)then

x=2y+3
x-=3
Y=
—1 _)C—3
Fle ===
b Lety= f!(x) then

x=4-3y
4-x
y= 3
4—-x

—1 _
f =25

¢ Lety=f!(x)then

x=4y+3
_x-3
YTy
—1 _.X—3
W=

2 a Lety=f"'(x)then
x=y—-4
ffl=y=x+4

d

a

Lety = f~'(x) then
x_3y—2
4
3y=4x+2
_ 4x +2
flw=y=—
Lety = f~(x) then
x=2y-4
_ x+4
ffw=y==
Domain (f~!') =range (f) = [-8, 8]
1 1 x+4
[T [-8,8] >R, fT(x)= >

range (f~') = Domain (f) = [-2, 6]

let g7!(x) = y then

1
xX=—
9-y
1
9-y=-
X
glW=y=9--

X
Domain (g~') =range (g) = R~

1
gR ->R g )=9--

x
range (g~!) = Domain (g) = (9, o)

b Lety = f!(x) then
¢ Leth'(x) =y. Then
x =2y
| ¥ X = y2 +2
fr0=r=s P =x-2
C Lety :f_l(x) then y=%xVx—-2
3 but range (h~!) = Domain (h)
X = Zy =R* U (0}
—1 4 h_l(x):y: x—2
T =y= 3x Domain (h~') = range (h) = [2, o)
hl2,00) > RoA(x) = Vx =2
range (W1 = [0, o)
18
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d Let f'(x) =y. Then

x=5y-2
Fw=y=222
Domain (f~!') =range (f) =
[-17,28]
17,281 > R f () = = ; &

range (f~') = Domain (f) = [-3, 6]

e Let g‘l(x) =y. Thenx = y2 -1

y2 =x+1
y=+Vx+1
but range (g~!) = Domain (g) =
(1, 00)
gl = Vx+1

Domain (g7!) = range (g) = (0, o)
g7'(0,00) = R,g™'(x) = Vax+ 1
range(g™!) = (1, 00)

f Let h'(x) =y. Thenx = +fy
lx)=y=x*
Domain (h~!) = range(h) = R*
WY RY > R W '(x) = x?
range (h~!) = Domain (h) = R*

4 a Interchange x and y

x=y>+2y
Completing the square:
+1)P?-x-1=0

y+1==xVIl+x
y=-1+ Vl+x
but range (g~!')=Domain (g) =

[—1’00)
') =y=Vli+x-1

Domain (g~!) =range (g) = [~1, )
g'-1,0) >R, g7 x) = VI+x-1

range (g7') = [~1, )

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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1
T T T —>» X
—/401 2 3

1
S5Letf:R->R,f(x)=--3
X

Lety = f~!(x). Then we can write

x=--3
y

Hence y =

1
x+3

Thatis f~'(x) = .
atis f(x) T3
The Domain of f~!is R\{-3}

1
1. 3 1y —
ST iR\{=3 >R, () T3

6 a tofind 7! (2), use f(x) =2
2=3-2x

Fo=x=3
Domain f~! = range(f) = [-3, 3]

7 a Let f'(x) =y

x =2y
X

f%w:y=5

Domain f‘l = range(f) = [-2, 6]

19
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range f~! = Domain(f) = [-1, 3]
f-2.61 - R f0 =3

but range (g~!) = Domain(g)
=(-1,3)
gl =y=vx-1

Letf'l(x) =y Domain g‘1 = range(g) = (0, 16)
x=2? -4 g':(0,16) >R, g7l (x) = Vx-1
range (¢7') = (~1,3)
= (x+4)
2 g Let g '(x) = y. Then
y==+ (x;’4) x=y-1
but range f~! = Domain(f) = g_l(x) =y= X+ 1
[-0, o) Domain g~! = range(g) = [0, o)
1 (x+4) gl [0,00) 5 R g () = X2+ 1
ffx)=y= -1 _
2 range g~ = [1, 00)

Domain f~!' = range(f) = [~4, o)

-1 _
F[—d.00) > R, £ (x) = (x ;— 4) h Leth (x) =y. Then
range f~! = [0, o) X = 4[4-)?
24 2
((4,2),(6,1),(8,3),(11,5)) yi=doa
Domain = {4,6, 8,11} y =+ V4 - x2

range = {1, 2, 3, 5}

Let i~ (x) = v.Then
=T

h'(x) = y=—x

Domain 4~ = range(h) = R*

2

but range (h~!) = Domain (k) = [0, 2]
ShTM ) =y = V4-x2

Domain (h7!) = range (h) = [0, 2]

S h[0,2] 5 R AT (x) = VA — 22
range (h™H =10,2]

B RY S R AT (x) = -2 A x=2y +44
range (h™') = R~ y= r =
Let /(%) Th implied Domain: R and range: R
e x) =y. Then
X = y3 +1 Y
1 y=2x+4
fMo=y=@-13 _ -9

Domain (f~!) = range(f) = R
TR-R M) =(x-1)°
range (f1) =R

f Let g '(x) = y. Then

2

y
2.0 /| 4)/

yo i
(Oa _2)

x=(+ 1) b x:i;giﬁ
y=xvx-1 ) =3 -2x

20
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implied Domain: R

and range: R

c x= (" -27?
+Vx+2=f"'(x)
but range (f~') =dom(f) = [2, o)
S = Vx 2
Domain: [0, o0)
range: [2, co)

d x= (1) - 1)?
)= Vx+1

Domain: [0, o)
range: [1, o)

Y
A

01,0

e similar to (¢)

but f~'(x) =

—Vx+2

Domain: [0, o0)

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

Mathematical Methods 3&4

range: (—oo,2]

y

1

f /(= S
Domain: R*

range : R*

1
()2
fwhr%
but range f~!(x) =Domain(f) = R*
N x) = —
Domain: R*
range: R*

h X = %(h_l(x) — 4)

W (x) =2x+4

© Evans et al. 2016
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implied Domain: R

and range: R

y

9 a x=,/f'x0)+2

(x=27=f"'(»

y=2x+4

y=5x-4)

flx)=x"-4x+4

[ =(x-2)7?

Therefore,
f1i[2,00) > R,

1) = (x—2)°

Y
X
0 2
1
b T Fw-s
Flw-3=1
X
1 1
f ()C) = )_C +3
Therefore,

LR\ {0} > R,

Fl =43

X

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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c x= /M x)-2+4

[l =-2= (-4
i x)=x*-8x+18

Fl=@x-47>+2
Therefore,
4,4+ V6) > R,

o =@x-4+2
Y

.2

0 X
3
d XZW'FI
Fl-2= =
x—=1

3
fl=——+2
x—1
Therefore,
LRI} >R,

© Evans et al. 2016
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5

=——1
[ -1
5
—1 _ 1 _
RS x+1
) = Tt

X

Therefore,

L R\(-1) >R,

+1

) =

x+1

x=42-fx)+1

(x-1*=2-f"(»
i =2-(x-1)7

) =-x?+2x+1

Therefore,

F 1, 00) S R,
oy =2-(x-1)7

(1,2)

ISBN 978-1-107-56747-4

10 a f(x):1+i
x—1
lr—
T -
2%
T -
o -1=—2
x—1
f—‘(x):1+i
x—1
f_l(x):x+1
x—1
b f(x)=Vx-2
x=+f'(x)-2
xzzf_l(x)—2
flx) =x+2
2x+3
¢ J0=3"

2 4
_ 5(3X—2)+§+3

3x—-2
13
2 3
§+3x—2
_2,.1
3 9x-6
2, 13
X = —
3 9f1(x)-6
2 13
X— ==
39/ 1(x)-6
13
9f—1(x)—6:—2
T3
13
3f ') -2=——
VANEY) T
13+6x—4
37 (x) =
ANEY) P
2x+3
—1 _
ffo=5-—
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11 a y

. 1)
0,0) "
(_13 _1)

Cambridge Senior Maths AC/VCE
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12

13

A

3—x>0
x<3
A:(—OO,3]

minimum b is at the turning point
ie.b=0

let g™'(x) =y

x=1-y?

y=+Vl—x

,but range (g~') =Domain (g) = [0, 2]
Ly=Vl-x

Domain (g~!) =range(g) = [-3, 1]

", g‘1 :[-3,1] = R, g_l(x) =V1l-—x

14 b=-2, glx)=-2+ Vx+4

15 a=3, f'(x)=3-+Vx+9

24
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3 17 a Inverse is a function

16 a x=——
g (%)

_ 3

gl ==

X

Domain = R\{0}

b = feme2-d
(x+4° =gl (0)+2
gl () =(x+4y -2
Domain = R

x=2-+h1(x)

c hlx)=2-x
h'(x) = (x - 2)°
Domain (h™') = range (h) = (—oo, 2]

X = L +1
EC))
T p—
x—1
Domain = R\{1}
2
¢ =T w6y
2 gt e
=00

> d Inverseis a
h'(x) = :/ +6 function

5
Domain = R\{5}

A
6 -
5
1
f N E— o
(g - 13 3 /
-1 3/4 1 21 !
g 0-D"=—7 14 &7
x—=2 .
~ 1 O T T T T T L
(x=2)3 e Inverse is not
Domain = (2, o) a function
25
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x+3

1
Domain = R\{E}

%Qx—l)+%
="
1 7
= -4 —
2 22x-1)

1
range = R\{E}
Since range(f) =Domain(f)
fof is defined.

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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7

1 2
R AT
2x—1)
1 7
=+
N e T
2x—1
1 7@x-1)
“27 T g
_1 1
—2TYT)
1
fof(x) =x, XER\{E}
Y
1
2
X
0 )
P

¢ Since fof(x)=xand f~'o f(x) = x

+3

AR Shpit
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Solutions to Exercise 1G

1 a Maximal Domain = R \ {0}; b ¥
Range = R* A
1
b i — g
' 16
|
i —
16 J
i 16 _J |\
T T > X
0
iv 16 2 4
¢ y 4 a f(x) = gx)
A x = 0 is one solution.
Now assumex # 0
1 1
x3 = x4
X 11
1
_x12 = 1
2 a Odd Sx=lorx=0
b E
ven b y
¢ Odd
1 g
d Odd
T T > X
0
e Even _% 2
L
f Odd

5 a x= (')
3 a f(x)=gk

1
_ _ -1 T
x2=x* f(x)=x7
=1 Domain of f~! =range of f =R
1
—1. -1 T
x=1lorx=-1 TR R, (%) =x7
1 6
b x=(/"w)
0 1
7 (x) = x6
27
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Domain of f~! = range of f = [0, o) d X = 16(f_1(x))4

1
F110,00) 5 R, f71(x) = —x6 X 0
o £ =("w)
¢ x=27(f"(x)) 1 N
- = |— = —x4
X (' @ (16) 2"
27 :
Domain of f~! = range of
1
3 1 = (16,
o= (1)3 - 3 Foees 11
27 3 f1(16,00) 5 R, f(x) = —x4
Domain of f~! =range of f =R 2
11
fR->R, fx)= §x3
28
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Solutions to Exercise 1H

1 For 0 < x < 2, the cost is $ 4. For
x > 2, the cost is $4 + $2 for each
extra km over 2 km, i.e $2(x — 2).
Hence:

4 if0<x<?2
f(x)_{4+2(x—2) ifx>2

4 ifOo0<x<?2
2x ifx>2

2 The box has length (36 — 2x) cm,
width (20 — 2x) cm and height x cm.
So the volume V cm? is given by
V = x(20 - 2x)(36 — 2x)
=4x(10 — x)(18 — x)
where x > 0 and x < 10 for a box to

exist.
The Domain is [0, 10] .

3 a Perimeter = 2x + 2y = 160, so
y = 80 — x. The area can be found by
subtracting a rectangle of dimensions
12 by (y — 20) from a rectangle of
dimensions x by y:

A =xy—12(y - 20)
= x(80 — x) — 12(60 — x)
= —x* + 80x + 12x — 720
= —x* + 92x — 720

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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b x > 12; also y > 20 implies
80 — x > 20 so that x < 60.
The Domain is [12, 60].

¢ The function is a quadratic with
(non-included) endpoints where
x =12,60. When x = 12, A = 240;
when x = 60, A = 1200.
Endpoints are (12, 240) and
(60, 1200).
There is a turning point where
b

" 2a

=-5 = 46
Then A = 1396.
The graph is shown here.

X =

1'1
L (46,1396)

(60, 1200)

(12, 240)

d The maximum area is 1396 m?
and it occurs for x = 46 and
y=80—-46 = 34.

4a iS=2’+2o2xoh+2o

xeh
=2x% + 6xh

vV
ii V =2x’hwhereh=—
ii x“h where 72

\%

S =222 +6x o —

2x2
3V
=227+ —
X

b x > 0, so maximal Domain is (0, o) .

29
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¢ V=1000s0S =2x> +M

A sketch using a CAS calculator
shows that there is an endpoint

maximum where x = 2. Then
S = 1508 m>.

5 Let x be the with of the rectangle and y
be the length of the rectangle.
The d1agonal has length 2a.
X+ =44
Sy =4a? - X
Sy = Vda? — x?
.. Area = xy = x( V4a? — x?)
The Domain is clearly [0,2a].

6 The coordinates of C are (a, 0 )
a+?2

6a
A = X =
a Area=da a+?2 a+?2

9
b Domain = [0, 6]; Range = [0, 5]

¢ Maximum value= [0, —]

2
d y
A
. 6-3)
2_
NSV
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7 a Distance is speed by time, so during
the first 45 minutes, the man runs a

2 1
f—t=—tk fter 4
distance o 60t 3Ot m; after 45

minutes, he has run — km and there-

4
after adds a distance of @t = Et
during the next 30 minutes. Hence:
i if0<r<45
_J30
S@) = 3 1
—+—(t-4 if 4 <
2+15(t 5) if45<t<75
1
—t fO<r<45
_ 310 if 0 <
— = <
15t > if45 <t <75
1 1
a 3—0, E, Cc = 45,
3
d= —E, e=175

b The graph comprises two line
segments as shown here.

S

s
3
.@.5’. )>t

0

¢ The range is [0, ;]

30
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Solutions to technology-free questions

1 a y e y

[} A
y=<x-—3
Sy =x2+1

(0, 1) T80
] E 0 - g
. _3;//
Domain = R, range = [1, o) 8
’-F'
&

b i Domain = R, range = R
fix)=2x¢ -6
2 a y
0/3 = (5.4
% 2 4=
Domain = R, range = R : 0 "X
c
i b range = [1.5,4]
5
%2 +)2 =25 ¢ Interchange x and y and solve for y:
/'\ y+3
xX=—
-5 0 5 il 2
y+3=2x
-5 y=2x-3
Domain = [-5, 5], range = [-5, 5] g_l L [1.5.4] > R, g_l(x) — 3
d " Domain = [1.5, 4], range = [0, 5]
A
/yblx-i-i d gx)=4
1 x+3
=4
/ 2
L0 i x+3=8
2
x=5
Domain = R, range = R {x:g(x) =4} = {5}

e If g7'(x) = 4, then x = g(4) = 3.5.
fxigl(x) =4} = (3.5)
(Alternatively, solve the equation
2x—3 =4 for x.)

31
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3 a Sx+1=2 ¢c x—-Dx+2)#0,so0x#1,-2
Domain = R\{1, -2}

S5x=1
1 2
=1 d 25— >0
1 G-x5+x)=>0
{Xig(x)zz}:{g} —5<x<5

Domain = [-5, 5]
b If g7'(x) =2, then x = g(2) = 11.

{x:g(x) =2} = {11} e x—5>0and 15— x>0
5<x<15
c ! =2 Domain = [5, 15]
S5x+1
5x+1:l f 3x-6#0,s0x#2
2 Domain = R\ {2}
1
S5x=—=
)
1 6 (f+9®)=x+2"+x-3
x___
10 =x>+4x+4+x-3

{x:ﬁzZ}:{—%} =x>+5x+1

(f2)(x) = (x = 3)(x +2)

4 y
A 7
(f + @)(x) = (x — 1)* + 2x
2.3 )
=x"+1
(f+8): [L5] >R (f+g)x) =2 +1

Az (fo)() = 2x(x = 1)?

0,-1

LB (f9): [1,5] = R, (f9)(x) = 2x(x — 1

8 f(3) = 8, sorange of f is [§, c0) (the
graph of y = f(x) is increasing for
x > 3).
Hence Domain of f~! is [8, c0) and the
range is [3, o).

5 a2x—-6#0,s0x#3
Domain = R\{3}

b X -5>0
(x— \/5)()(+ \/§)>0

x<—-V50rx> V5
Domain = R\[— \/5, \/5]

32
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Interchange x and y and solve for y:
x=y -1

y2:x+1
y=Vx+1(asy>0)
fi[8,00) > R, f(x) = Vx+1

a (f+g9kx) = x> +2x+3
b (f)(x) = -x*Q2x +3)

c (f+9x) =0
{x: (f +9x) =0}

={-1,3}
—X>+2x+3=0
—(x*-2x-3)=0
—(x+D(x=3)=0
x=-1,3

f(2) =2, sorange of f is (—oo, 2] (the

graph of y = f(x) is a straight line with

endpoint at (2, 2)).

Interchange x and y and solve for y:
x=3y—-4

Jy=x+4
_x+4
Y3

£ (~00,2] > R fN () = 28 A

The graphs are straight lines, reflections

of each other in the line y = x, each with
endpoint (2, 2).
The graph of y = f(x) has axes

4
intercepts (5’ 0), (0,—4). The graph of
y = f~1(x) has axes intercepts (-4, 0),

ISBN 978-1-107-56747-4

Domain of f~! =range of f =R

b x=32(f )
S =)
1

rw=(g) - 3+

Domain of f~! = range of

f = (_OO’O]
¢ x =64 (7))
X _ 6
c="w)
1
-1 _ i 6 _l 1
f= (64) =7
Domain of f~! = range of f = [0, o]
d x = 10000 (£~ (%))’
X _ 1 4
10000 (r7'0)
1
-1 _ X 4 _ i 1
S = (10000) BT
Domain of f~! = range of
£ = (10000, co)
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12 a fog(x)=f(-x) f fo(f—9x =f(f-gx)

=-2x>+3 = f2x+3+x)
_ 3
b go f(x)=g2x+3) —2(23X+3+x)+3
=—(2x+3)° =2x"+4x+9
. O . X) = . X
c gog(x):g(_x3)l g fo(f-90)=f(f 84( ) 3
= (—x3)3 = f(—2x - 3x )
_ P =2(-2x" - 3x) +3
= —4x* - 6x +3
d fof(x)=f(2x+3)
=22x+3)+3 13 x>—-lorx<-9
=4x+9
1
_ x — 64\5
e fo(f+g)x) =f(f+gx) 14 h '(x):( . )
= f(-x° +2x +3)
=2(-x" +2x+3)+3
=-2x+4x+9
34
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Solutions to multiple-choice questions

1 E 6-2x>0
6>2x
3>x

S (=00, 3]

2 B f:[-1,3) >R, f(x)=—-x
f(3) =-9; maximum O at x = 0

- (=9,0].

f(x) =3x% +2x
fQa) = 3(2a)* + 2(2a)
fQa) = 12a* + 4a

4 C f(x)=2x-3
letf(x) = 2(f'(x)) - 3

f)+3=2("(x))

f:(@b]l] >R, f(x)=10-x,a<b
The minimum is:

fb)y=10-»b

The maximum is:

fla)=10-a

- [10-5,10 — a)

6 C Asais anegative real number:

fla+3)=—-(a+3)+6
fla@a+3)=—-a+3

7 D f(x) = (x+3)> — 6 Graph must

be one to one to have an inverse
function.

ISBN 978-1-107-56747-4
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11

12

13

14

15
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Turning point of function is at
(=3,-6)

Domain must be a sub set of either:
(=00, =3] or [-3, 00)

o6, 00)

An inverse only exists if

the function is one to one.
g:[-4,4] > R, g(x) = V16 — x2
Is not one to one for the specified
Domain.

The asymptote is at x = —2 therefore
the asymptote of the inverse is at

y=-2.

2x + 1 3
f=""m =2

x—1 x—1
Therefore asymptotes x = 1 and
y=2.

f(x) =3x* and g(x) = 2x + 1

5 flg(x) = 3Qx + 1)?

flg(x) =12x* + 12x+3
5 f(g(@) = 124> + 12a + 3
fX)=x>+2x—-6=(x+17>-7
.. vertex has coordinates (-1, —7)
f(=2) = (-2 +2(-2)-6=
4-4-6=-6
f@=@)?+24)-6=18
- range = [-7,18)

1 1
If a > b then a5 > b5

Maximal Domain
= (=1,00) N (=00,4] = (-1,4]

Domain of f~! = Range of

f=(7,00)
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x= 21 x)+3

L= 502 3)

16 B 5—x=-2=>x=7
5—x=3= x=2..Domain of

f=@,7]
1
17 Ag:R{3}—>R,g(x):—3+2
x_
1
Letx = ———
et x g_l(x)—3+
1
—1 12—
g (x)-3 1—x_2
() —
g (W)=——5+3
xX+2

dom g~'(x) = R\(2}
18 B

19 B Asymptotes of y(x) occur at

x+1=0
Sox=-—1
Andaty = -2

. Asymptotes of y~!(x) occur at:

ISBN 978-1-107-56747-4
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20

21

22

y=-land x = -2

Asymptotes of — 5 occur

-2
(x + 3)*
when x+3 =0
Sox=-3

And wheny = -5

f:10,00) > R, f(x)=(x—2)* f(x)
does not have an inverse function as
it is not a one to one function.

1
Note that the graph of y = = will

be like that of y = iz, but ’steeper’.
Looking at the altefnatives, D

stands out: its Domain runs from
negative to positive numbers with

0 removed. for numbers close to

0, the value of y will be very large.
As x — 0, f(x) — oo. Its range is
actually [1, o0). (Checking each of
the remaining alternatives shows that
the range is correct in each case.)
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Solutions to extended-response questions

1 a Ci(x)=025x+64
Ca(x) = 89

b e

100 - C:

|

20 -
0

L] T T T T T *
20 40 60 80 100120 * (km)
¢ From the graph or using the inequality

0.25x + 64 > 89
0.25x > 25

x> 100
Method 2 is cheaper than Method 1 if the distance travelled is greater than 100 km.

From this it can be seen that Method 2 is cheaper than Method 1 if the distance
travelled is more than 100 km.

2 a Area of each face = x2
the total surface area, S = 6x2

b The volume, V = x>
1
X = V§
2
and S = 6V3

3 a The triangle is equilateral.

1 1
Area A = Esz sin 60° (Area of triangle = Ebc sinA)

_ Vo
=S (D
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S2

b By Pythagoras’ Theorem, h* = s* — T

V3s

I’ZZT and s =

V3(2r\ V3 _4r 3R
T(ﬁ)‘TXT‘ 3

4 a By Pythagoras’ Theorem d* = 9 — x°

d= V9 —x?

&l

by (1)A =

b maximal Domain = [0, 3]
The range of the function is [0, 3]

5 Let d km be the distance travelled.

The time taken for journey travelling at 80 km per hour
d

=2:80=—

2 160

The time taken for journey travelling at x km per hour
d

27 T o

160
distance travelled

2 2\ 80x

) d d dif1 1 d(x+ 80
Total time taken = — + — = = [— + —| = =
2x 80 x

Average speed = -
£¢5p total time taken

S(x):d+c_l(x+80)

2\ 80x

_dxzx 80x
B d’~ x+80

160x

) ] x+ 80
Domain of S is [0, co0)

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016
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6 Volume of cylinder = nr?h

a The diameter has length 12 cm.
By Pythagoras’ Theorem \
2 _ g2 2 .
12 =h"+4r" ... (1) %em

) 122 — )2 \ hicm
r =
4

Vi(h) = 2(144 - hz)h

= Z¥em "

h2
= (36— —|h
d 4
As V|, >0,h>0andr > 0Domain of V; = (0, 12)
b by (1)
h? = 144 — 457

h= V144 —4r2 =2V36 — 12
Vo(r) = nr* x 2 V36 — 12

= 27r* V36 — 12
Domain of V, = (0, 6)

Domain | range
7 a|f R R
g R R
ran f = dom g g of exists,
gof(X=gx+1)=2+(1+x)>

b g of is a one-to-one function
(g of)~! is defined,
Solve the equation g o f(x) = 10
2+(1+x)° =10

1+x°=8
1+x=2
x=1

(g of)"l' is defined, (g 0f)~!(10) = 1

¥ -4 ifxe(-,2)
8 f(x) = :
X if x € [2, 00)
39
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b i f(-1)=1-4=-3as — 1€ (-00,2)

ii £(3)=3as3¢€[2 )

¢ S = (—00,0] as f is one to one for this interval. and —1 € §'.

d A(x) = 2x, then f(h(x)) = f(2x)

(2x)* =4 if 2x € (—00,2)

2x) =

/(@) {Zx if 2x € [2, 00)
4x* -4 ifx<1

Therefi =

erefore f 0 h(x) {Zx >

¥ -4 ifxe(-,2)
Now h =h '
ow ko fx) ({x if x € [2, 00)

2x2 -8 ifx<?2
h =
0/t {2x if x> 2
9F0r0£t1§1
Area = — Xt X 3t
2
32
= —f
2
Forr>1

Area = area of triangleA + area of rectanglen

1
§><1><3+3(t—1)

3
=—-+3r-3
2
3
=3t— =
2
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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3

~7 for0<r<1
Ay =12 4
3t—— fort>1
Domain of A = [0, c0)
Range of A = [0, o0)

10 a Letx=2F0
cy+d

Sox(ey+d)y=ay+b
and xcy —ay = b — xd
y(xc—a)=b—xd

b—xd

xc—a
Hence f~' : R\ {C—l} - R, f(x) =

c xc—a

ax+b a cb—da

For the range of f note: f(x) = ——— = —+ clcx + d)

Ly=
b — xd

(by division)
-.range of f =R\ {f}
c
and Domain of f~! = range of f = R\ {ﬂ}
c

—d
range of f~! = Domain of f = R\ {—}
c

3x+2
b iF =
i For f(x) el

a:3,b=2,c2: 3,d=1
and f~'(x) = = . Domain of f~! = R\{1}

3x-3
3x+2
- _
ii For f(x) r—3
a=3b=2c=2,d=-3
3x 42 3
and £~ (x) = 222 Domain of ! = R\{ >
2x-3 2
-1
iii For f(x) = — —
by
=22 = - Domain of £~! = R\{—1}
-x-1 x+1
iv For f(x) = 1
v x _1 x+1
1 (x) = —2; Domain of f~! = R\{~1)
x+1

¢ If 7! = f then Domain of f~! = Domain of f

a - .
.. — = — (we will assume ¢ # 0)
C C
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sa=-—d

ax+b
A -
s f(x) Cx[jdd
and f~'(x) = 2

xc—a b
ax +

Ifa=-d -1 = =
a ST 1 d J(x)

SForc#0f'=feoa=-d
11 a i YB =rcm(sides of square)

il ZB = r cm (sides of square)

iii AZ=(x-r)cm

iv CY=GB-r)cm

b CY = CX =3 — r (tangents from a point)
AX = AZ = x — r (tangents from a point)
Therefore AC = AX+XC=x-r+3—-r=x+3-2r
Using Pythagoras’ Theorem for triangle ABC
¥ +9=(x+3-2r)7

ie. ¥ +9=(x+3)% —4r(x+3)+4r°
X +9=x>+6x+9—drx—12r +4r
0 =6x—4rx—12r + 412
0=2r"—2r(x+3) +3x
L_2+3= VA(x +3)? — 24x

4
_ 2x+ 6+ VAL +6x+9)—24x
B 4
_ 2x+ 6+ V4x? +36
B 4
_Xx+3+ Vx2+9
_3 >
X+
But r <
2
x+3-Vx2+9
L=
2
When x = 4,
¢! 7—- V25
y = ——8
2
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re.r=1

ii Whenr:%
1 (x+3)- Va2+9
2 2
—2—x:—\/)m
SA+dx+xP=x2+9
dx =5

5
x = — (Note this must be tested because of squaring)

12 £ = 2259 ¢ e R\{=r, 1} for x € R\{-r; 1}
X+r
a f(x)=f(-x
implies
px+q —px+gq
X+r =X+
(=x+nr)(px+q) =(-px+q)x+r)
—px2 —qgx+ pxr+qr = —px2 — pxr+qgx + qr
2pxr = 2gx
pr=q
X + pr
foy =220
X+r
Jf)=p
b f(=x)=-f(x)
implies
—pxXt+q _—px—4q

—x+r x+r
S —pxX* +qx — prx +qr = px* + gx — pxr — qr
2px* —2gr =0

ie. px* =qr

i
p= q_2 since x # 0.
. Px +
Substitute for p in f(x) = q.
X+r
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X

X+r
qr + gx
x(x+7r)

qx+r
x(x+7r)

=4 (make that x + —r)
X

¢c ilfp=3,g=8andr=-3

3x+8
fx) =
SN
Consider x = Y
y—3

Soyx—3y=3x+8

Sy(x—=3)=3x+8
_3x+38
r= x—3 3 g
£(x) Hence f~(x) = 225 :
x_
Domain of f~! = R\(3}
i x_3x+8
- x-3
3x+8=x*-3x
0=x*—6x-8
x_6i V36 +32
B 2
_6+x2V9+8
B 2
=3+ V17
x+1

13 a f:R\{l} >R, f(x) = ]
x f—
Note: For this function f = f~! from Question 10.

2+1
i f@=5—==3
@) = f3) = 30 =2
FFFR) = f2) =3
44
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ii f(f(x)) = x for all x

b f:R\{-1} > R,

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

J ()

J(f(x)

X —
x+1

x-3
f(x%—l)
x—-3
x+1
x-3
x+1 !
x—-3-3x-3
x—=3+x+1
-x-3

x—1

FUG) = f(_x - 3)

x—1

—-x-3

x—1
—x—3-3x+3

—x—-3+x-1
—4x
-4

=X

ISBN 978-1-107-56747-4
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Chapter 2 — Coordinate geometry
and matrices

Solutions to Exercise 2A

1 a 3x—4=2x+6 G ) e
3 2 6
x=10
4x-4-3x-12=5
b 8x—-4=3x+1 x =21
5x=5 - 3y+4+1_5(4—)’)
x=1 Y 2 3 3
24y — 9y — 12+ 2 =40 — 10y
¢ 32-x)-4(3-2x) =14
25y =50
6-3x—12+8x=14
y=2
5x=20=0
I i x+1 :i
2x—-1 4
3x
d Z_4—17 4x+4=6x-3
227 2x=17
7
x =28 XZE
€ 6-3y=>5y-62 a x—4=y...(I)
8y = 68 4y—2x=8...(2)
17 (2)+2x(1)=4y—8=8+2y
Y 2y =16
P2 3 =8
3x—-1 7 =a=12
14=9x-3 b 9x+4y=13...(1)
x—g 2x+y=2...(2)
) (H)-4x2)=>x=5
26-1 x+1 = 10+y=2
8 73 Ty y=-8
8x—4=3x+3 ¢ Tx=3y=18...(1)
S5x=17 22x+5y=11...(2)
7 5% (1) +3%x(2)=41x =123
ng x=3
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=6+5y=11
y=1

Sx+3y=13...(1)
Tx+2y=16...(2)
3IX2)-2x(1)=>11x=22
x=2

=10+ 3y =13

y=1

19x+ 17y =0...(1)

2x—-y=53...(2)
From (1) —_—19
Y= 7
:>2X+ﬁ)(f:53
53x =17 %53

x=17

(2)+2><(1):>75—x:14
x=10

=10-y=4

y=6

[l=w+4...(1)
20-5)+2w—-2)=18...(2)
Substitute from (1) into (2)
w—1+w-2=9

w==6cm
=[=10cm

Let g represent the number of goals
scored, and fthe number of throws.

fo=t;...(1)

g0 =12¢g...(2)
ti+2g;=11...(3)
ti+280=19...(4)

a

8 i+_—_
240 320 60

Subtract Equation(3) from Equa-
tion(4)

= 2g0—2¢;=38

Substitute from Equation (2)

4g j— 2g j = 8

gj =4

g =38

John scored 4 goals and David scored
8.

w = 800 + 20n

w = 800 + 20(30)
$w = $1400

1620 = 800 + 20n
20n = 820
n = 41 units

V =250+ 15¢

V =250+ 15(60)
V =1150L

5000 = 250 + 15¢
4750 _ 950

15 3
t = 5h 16 min 40s

V = 10000 - 10¢

V = 10000 — 10(60)
= 9400 L

0 = 10000 — 10¢
t = 1000 min
t = 16 h 40 min

X 35
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Tx _ 7 b i C=100+252
1 = 80x 35

x = 80 km $C = $150

© i C=100+2525)
S h = =04-2

48 4.8 $C = $162.50

11x =22 x 48

x =96 km ¢ 1 375=100+ 25¢

t=11h

10 a C =100 + 25¢

ii 400 = 100 + 25¢
t=12h
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Solutions to Exercise 2B

1 a ax+n=m

m-—n
X =
a
b ax+b=bx
b
X =
b-a
c %+c:0
—bc
xX=—
a
d px=¢gx+5
5
x=—
P—q

(9 mx+n=nx—m

(m—-—n)x=—-(n+m)

n+m
X =
n—m
1 b
f = -
xX+a x
x=b(x+a)
(1=>b)x =ba
ba
X =
1-b
b 2b
g =

xX—a x+a
bx +ab = 2bx — 2ab

bx = 3ab
x=3a, b+0
h £+n:f+m
m n

nx + nzm =mx + mzn

(n — m)x = nm(m — n)

X =—mn

—b(ax + b) = a(bx — a)
—bax — b* = abx — a*

Dabx = a* — b*

i p*(1-x)—2pgx = g*(1 + x)

PP = (PP +2pg)x = ¢ + ¢°x
PP—q* = (p+q9’x

_P—q
X =
pPtq
bx—ab =ax+2b
(b—a)x =3ab
3ab
X =
b-a
X 2x 1

a—b+a+b:a2—b2
x(a+b)+2x(a-b)=1
x(a+b+2a-2b)=1
1
X =
3a—-b

— —1
Pogr, 9
t P

P’ —gpx+ pit=qtx -1

qix + gpx = p2 +p2t+ t2
PPt pit+r
q(t + p)

1 1 2

+ =
xX+a x+2a x+3a
(x+2a)(x+3a) + (x+ a)x + 3a)

=2(x+a)(x + 2a)




a

d

2x% + 9ax + 9a° = 2x% + 6ax + 4a°

3ax = -54°
x—__sa
3

ax+y=c...(1)

x+by=d...(2)

(1) —ax(2)

= y(l —ab) =c—ad
_c—ad

Y= 1 —ab

Equation (2)—-bx Equation (1)

= x(1 —ab)=d - bc
_d-bc

t= 1—ab

ax—by=a*...(1)
bx—ay=0%...(2)
bx Equation(1)—ax Equation (2)
= (=b* + a®)y = a’*b - b’a
ab(a — b)

a2 — b2

ax Equation(1) —bx Equation (2)
=@ -)x=a-b

a -b

a2 — b2

_a*+ab+ b

B a+b

X =

ax+by=t...(1)
ax—by=s...(2)
(H+QR)=2ax=t+s
_t+S

e 2a

Equation (1) - Equation (2)

ax+by=a’+2ab-b*...(1)

bx+ay=a*+b*...(Q2)
ax(l)=bx(2)
= (a*> - b*)x

=a’ +2a’b - ab* — a’b - b*

a + a*b — ab® - b*
X =

a2 — b2
_(a+ b)(a* - b?)
X = 2 — b2
x=a+b

Substitute into (2)

= bla+b)+ay=a>+b*
ay = a* + b* — ba — b*
y=a->b

(a+b)x+cy=bc...(1)

b+c)y+ax=—-ab...(2)

ax(l)=(a+b)x((2)
= (ac — ab — b> — ac — bc)y

b(c+a+Db)

—abc+ath+ b2 y=2ETA4TD

R R Yy
y=-a

Substitute into (2)
= (—ab — ac) + ax = —ab
x=-b+b+c
xX=c
3x—a)-2(y+a)=5—-4a...(1)
=3x-2y=5+a
2x+a)+3(y—a)=4a-1...2)
= 2x+3y=5a-1
3x(1)+2%x(2)
= 13x=15+3a+ 10a - 2

13x =13+ 13a

x=1+a

Substitute into (1)
=3+3a-2yt=5+a
y=—=1l+a

y=a-1
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3 as=aRa+1)

s=2d>+a
b h=a2+h)
h=2a+ah
(1 —a)h =2a
3 2a
T 1l-a
(=)
s=a
1-a
24>
s =
1-a
1
h =
1+a
1
cC as=a-+
1+a
1
=1+
g a+ a2
1
=1+
g a+ a2
a+a+1
S:
at+a
d ah=a+h
(a-=Dh=a
a
h =
a—1
N a
as =s
a—1
(a—1)s = a
a—1
a

(a—1)
e s=3a*?+aB3d?
s =94* +34°

s=3a’Ba+1)

f as=a+2a-ys)

as=a+2a-2s

(a+2)s =3a
3a
s =
a+?2
1 1\2
g s:2+a(a——)+(a——)
a a

1
s:2+a2—l+az—2+—2
a

1
s:2az—1+—2
a

h 3s—ah=d>...(1)
as+2h=3a...Q2)
2x Eq(1)+ax Eq(2)= (6 +a®)s = 5a°
B 5a?
ST+

4 ax+by=p...(1)
bx—ay=q...(2)
ax (1) + bx(2) = (@>+b>)x = pa+bg
_ap+bg
a2+ b2
bx()—ax2)= b*+a*>)y=bp—aq
_bp-aq
A+ b?

S bx+ay=ab...(1)
ax+by=ab...(2)
ax(1)=bx(2)
= (a* — b*)y = ab(a - b)

_ab
Ca+b
bx(l)—ax(?2)
= (b* —a*)x = ab(b — a)
_ab
a+b
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Solutions to Exercise 2C
1 a V205

|
b (1,——)
2
e B3
6
d 13x+6y=10

e 13x+6y=43

25
f 13y —6x = ——
3y —6x :

2 a (3,%)
> (3-2)
“ (53
3 a @47
b (5,-2)

c (2,19

d (-2,-9)

il NS JUSJEAN
L1 |/>\<

o]

> <

| Y
(O8]
N
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y=-3x-95
4
I
3
4
y—3:§(x—1)
4
y:§x+§0r3y—4x:5
m=72
y=5=2(x-2)
y=2x+1
x oy
372,
y_x -
2 3
x
Z 4+ =1
476
x Yy
2 =1
4" 3
Xy
(4 3‘1)
8 (600,35) (800,46)
XYy I
6 -2 200
637! C =35 = —(n - 600)
6 2 = 200"
11
=—n+2
A ©=30""
472 1
1000) = ——(1000) + 2
y C( ) 200( ) +
$C = $57
2
9 a (120,775) (160,975)
X
0 4
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10

11

a

m=>5

C -T775=5(n-120)

C=5n+175

yes

$175

d= V12 +22

= V5x~2236
d=V12+1?

= V2~ 1414
d= V52+22

= V29 ~ 5.385
d= V22 + 182

= V326

=282 ~ 18.111

d= V42 +22
= V20
=2V5~ 4472

d= V32+42
=5

i y-6=2(x+1)
y=2x+4

-1
i y-6=—(-1

-1

13
y=—x+—or2y+x=13

2

2

b i y-3=-2(x-2)
y=-2x+7

ii y—3==(x-2)

1
y:§x+2

or2y—x=4

-1
12 =——=2
(3.3, m= e

y=-3=2(x-3)
y=2x-3

13 5= 432+ +1)?

25=9+(y+1)>?

14 10= {/82+(y—6)
100 = 64 + (y — 6)°
y—-6=+6
y=6+6
y=0,12

15 26= /102 + (y — 8)?

676 = 100 + (y — 6)°

y—8=+x576
y=8+24
y=-16,32
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P y-3= 2+ 1)
i) —SX

16 a
-2 13
y:?4x+?or5y+2x: 13
i y—3=7;@+1)
-4 11
y:?x+?0r5y+4x: 11

5
b i y—3:§(x+1)

5 11
y:§x+?or2y—5x:11

ii y—3:§(x+l)

5 17
y:Zx+Zor4y—5x:17

17 a m

18 my =2
my = -3
0, = 63.43°
6, = 108.43°
a=0,—0; =45°

19 \(-2-a)2+ (=22 =2V52 + 12
square both sides
4 +4a+a® + 4 = 4(26)

@ +4a-96=0

(@a+2)7>-100=0
a+2==+10
a=-12,8

5-7 -1
20 — = —
7173
m=23
midpoint = (4, 6)
y—6=3(x-4)

y=3x-6

b B_é hasm =1
ly=x-2
2y =3x-6
x=2,y=0
point of intersection: (2,0)
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21 k=h+1...(1)
ViZ+2-k?=5...(2)
>+ (k-2)?%=25
Substitute in (1)
=>h+Hh-172=25
2h* —2h+1=25
2h* —2h-24=0
W—-h-12=0
(h+3)h-4)=0
h=-3,4
Substitute in (1)
=k=-2,5
(h, k) = (-3, —-2) or(4,5)

22 P=3,0,0=(0,2)
— 1
a QR:y—Z:Ex

1
=—x+2

if x =2a,
y=a+?2

R =Qa,a+?2)

a+?2

2a -3
butm = -2

_)
b PR: hasm =

_a+?2
T 2a-3
6-4a=a+?2

4 =5a

a=—

5

23 a AB has gradient —3m

AC = 2AB
QED
24 a BC has gradient ! 1
as gradientl = —————— = —
g orad(AB) _ 3
1
y—8=§(x—2)
1 22
BC:y:§x+?or3y—x:22
1 22
b ly==-x+—
Y=3tT 3y
2y=x-2
2x 28
2-10= "=+ =
3 3
x=14
=2y =12
C =(14,12)

¢ because it is a rectangle
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D=C-(B-A)

=(14,12) - ((2,8) — (4,2))

=(14,12) - (-2,6)
= (16,6)

d Area = AB X BC

= V22 4+ 62 x V122 + 42

= V40 x V160
=2V10x 4V10

= 80 square units

25 a (2,3)

b BD hasm = -5
y=3=-5(x-2)

C

y=-5x+13
1 3
i BCh =— ==
I BChas m grad(AC) 2
3
y-1=3(x-5)
3 13

ii

il

y= Ex—?0r2y:3x—13

! 3 13
)
2y =-5x+13
13x 39
1-20= — — —
2 2
x=3
=2y=-2
B=@3,-2)
D=A+(C-B)

D=(-1,5+G6,1)-@3, -2
D =(1,8)
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Solutions to Exercise 2D

1 a

b

b

Ca=04n+1;Cg =0.6n

The graphs are straight lines as

shown here.
Cost & .
(5) “s Cs
1
0] n
Cpr=0Cg
04n+1=0.6n
02n=1
n=>5

The charge is the same for 5 km.

D = Cp Cg =10.2n, so the graph
is a straight line with intercept (0, 1)
and gradient —0.2.

Iy )

D=1-02n

|
U\S.—n

D gives the difference in charges of

the two firms in terms of the distance
travelled.

Since the journey lasts 4 hours, 4 — T
hours are spent on country roads.

i 90 km/h for T hours gives a
distance of 907 km.

ii 70 km/h for 4 — T hours gives a
distance of 70(4 — T) km.

i 90T +70(4 - T) =300
20T =20
T=1

il 90 km on the freeway,
70 x 3 =210 km.

3 Let L = at + b, since a constant rate of
decrease means the relation is linear.

a t =20, L=3000:20a + b

= 3000 a1
t =35, L=1200:35a + b
= 1200 .2

2 —1: 15a = —1800, so a = —120
Sub in 1: b = 3000 — 20(—120)
= 5400

L = —120¢ + 5400

5400 litres (at r = 0 when it was
filled)

The tank will be empty when
-120t+ 5400 =0 = ¢t =45
v
(litres)
5400

0 45 1 (days)
From c, the domain is [0,45]
45 days

The coeflicient of ¢, i.e. —120, in the
linear relation represents the rate of
‘increase’. So the water is decreasing,
or leaving the tank, at 120 litres/day

Graphic calculator techniques for
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question

In a Calculator page insert the linear
equation template (b>Algebra>Solve
System of Equations>Solve System of
Equations) and complete the dialogue
box as shown.

Solve a System of Equations

Number of equations

Enter variable names separated by commas

[ox][cancel

Defining the rule(b>Actions>Define)
allows you to use the rule elsewhere by

just typing in [.

To find when the tank will be empty use
the solve command (b>Algebra>Solve)
with the equation equal to zero.

©letl=t a+b M

colve] {3000=20- a+b ¢}
1

1 [1200=35 a+b
a=-120 and b=5400

1=-120" t+5400}¢=0 1=5400
solvel 0=-120- #+5400,¢) =45
\
™
4/99

Insert a Graphs page (/ + I) and type in
the rule f1(x) = —120x + 5400

Use b>Window/Zoom>Window
Settings to set an appropriate window.

f1lx)=-120" x+5400

H
o
%)
ol

Note: the default digit display for
Graphs is float3. You can increase this
either in the settings or by placing the

cursor over the designated value and
pressing the + key. Hence 5.4E+3 now
displays as 5400.

’ {0, 5400)

f1lx)=-120" x+5400

200

[

\ 50

10 (45 0) 74

Alternative method as is current
example

In a Lists & Spreadsheet page enter the
list data as shown.
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Insert a Data & Statistics page(/ + 1)
and plot the data as shown.

A linear regression can be obtained
using b>Analyze>Regression>Show
Linear (mx+b)

litres

y=-120.x+5400.

20 22 24 26 28 30 32 34 36 38 40 42
days

225
= ——Xx
T

= =X

4

OA = V10? +22.5?
= 24.622 km(24622 m)

~9-225

- 23-10
27

—%x+

(x—=23)

855
26

y_
y:

The midpoint of AB has coordinates
33 61
(7 Z) and the perpendicular has
26
gradient >7° so its equation is:
61 26 ( 33 )
x —_— —

AR
As the port has x-coordinate 52,

substitute to find the y-coordinate:

61 26 33
=[5
YTy 27( 2)

5339

Y= 708

5 a

C

6 a

b

2-4

= —4
215

i grad AB =

64
~15

ii grad AD = grad BC =

O &~

4
i y-4-= §(x—1.5)

4,10
= —x+ —
Y=ot T3

ii y-6=d(x-6)
y=—4x+30

Notice that A is ‘0.5 across and

2 down’ from B, so D is ‘0.5
across and 2 down’ from C, so its
coordinates are (6.5, 4).

As B and D have the same
y-coordinate, the equation of BD is
y=4.

The equation of AC is given by:

6-2
y=6= 56
=X

y

The diagonals intersect at (4, 4).

M is the midpoint of AC
Coordinates of M (5%9, 0 —;10) =
M(7,5)
Coordinates of N 13+ 9, 0+10 =
2 2
M(11,5)
i Gradient of AC = 14—0 = >
.. Equation of lineAC is
5
y=0=35(x-5)
10 5
ii Gradientof BC = — = —=
ii Gradient o 2 5
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.. Equation of lineBC is
5
y—-0= —i(x— 13)

iii Gradient of MN =0
.. Equation of line MN is
y=3

¢ Line perpendicular to AC has

gradient—g

.. equation of line passing through M
perpendicular to AC has equation
y—5:—§@—7)

Line perpendicular to BC has

dient—
gradient

.. equation of line passing through N

perpendicular to BC has equation
2

y=5= g(x -11)

Intersect when

2 2
—g(x— 7) = g(x— 11)

7T-x=x-11

18 =2x

x=9
Whenx=9,y:%
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Solutions to Exercise 2E
2 -1] _[3 2
-2 3] - [o 2]

3Ll

1 a +

X = B-2A
X = B-2A
1 -4 2 6
X [—3 6]_[—4 8]
_[-1 -10
I S )
3312_10
2 5(|5] |24
43'21+—2—2_0—1
32 |3 2| |6 4
b 2 1][-2 2] _[-1 -2
3213 2f [0 =2

a2
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2A -3X =B 1
Therefore, X = §(2A -B)

3A +2Y =2 B |
Therefore, Y = E(ZB -3A)

]

Therefore, X = [ 2 2]

W[

Therefore Y = [

NN

IB =

AB =
BA =

A2

B - |




Solutions to Exercise 2F

1 a 3x+2y=6...(1) ¢ no solutions
x—y=7...(2)
Multiply (2) by 2 and add to (1) 3 The two corresponding lines are
5x =20 parallel but not equal, and have no
=4 intersection.
Ly=-3
4 x-y=6
b 2x+6y=0...(1) y=x-6
y—x:2...(2) Letx:/l,y:/l—6
Multiply (2) by 2 and add to (1) y=1-6
8y =4
1 . .
y= 5 S Lines are parallel. The gradients are
3 the same and the lines have a common
LX= ) point.

3x+my=5...(1)

¢ 4x-2y=T7...(1) m+2)x+5y=m...(2)

Sx+T7y=1...(2) ;
Multiply (2) by 4, (1)by 5 and subtract Gradient of (1) = -
=l +2
e Gradient of (2) = _n
__3 5
ST For the lines to coincide:
SoX = o1 3 _m+ 2
38 ~ 5

m>+2m—-15=0

(m-3)(m+5)=0

d 2x-y=6...(1)
4x-Ty=5...(2)
Multiply (1) by 2,and subtract m=3orm=-5

-5y =-7 a If m = 3 the equations are
7 3x+3y=5...(1)

y= g
37 S5x+5y=5...(2)
SLX = 0 The lines don’t coincide.

If m = -5 the equations are
3x-5y=5...(1)
-3x+5y=-5...(2)
b infinitely many solutions The lines coincide.

2 a one solution
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b A unique solution if m € R\{3, -5}
No solution if m = 3

Alternative method

PR INE W

3 m]|
=0
m+2 4|
3 m|_ )
a0 5_—15—m - 2m

m*+2m—15=0
m+5m-3)=0
m=-5,3
substitute m = =5
3x-5y=5
-3x+5y=-5

infinite solutions
Substitute m = 3
3x+3y=5
Sx+5y=3

No solutions
am=-5 bm=3

6 m=9

7 a mx+2y=8...(1)
4x -2 -my=2m...(2)
4x(1)-mx(Q2)
= (8 + m(m —2))y = 32 - 2m?
32 —2m?
m?—2m+ 8
_2(m+4)(m—4)
YT =& m+2)

2m+4)
Y=+ 2)
m+4,-2

Substitute in (1)

a

(m-dm+2) _

(m — 4)(m +2)
_ Bm—4)(m +2) — 4(m + 4)(m — 4)

m(m—4)(m+2)
-4+ 4 —m—4)
T am—4m+2)

=>mx+4

4(m — 4)m
X =
m(m —4)(m+ 2)
4
=——— m#-2,0,4,
m+2

Values to test: m = =2,0,4
m-—72

—2x+2y=8...(1)
dx—-4y=-4...(2)

No solutions

m=0

10+2y=38

y=4

2-4x-2y=0

4x-8=0

X = 2 unique solution

(Note: this value for m would not
have appeared if equation 2 had been
used to find x.)

m=4

4x+2y=8...(1)
4x+2y=8...(12)

infinite solutions

im=-2

iim=4

2x—-3y=4...(1)
x+ky=2...(2)
(1) -2x%x(?2)
=>(3—2k)y?=)0
y:(), k?&?
= 2x=4
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x+5y=4...(1)
2x+by=c...(2)

1

Gradient of (1) = -3
) 2
Gradient of (2) = 3

For the lines to be parallel
or coincide:

S =
1]
= SN

0

a A unique solution for b € R\{10}

b If b = 10 and ¢ = 8 the corresponding
lines coincide and there are infinitely

many solutions.

¢ If 5 =10 and ¢ # 8 the corresponding
lines are parallel and there are no
solutions
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Solutions to Exercise 2G

1 a 2x+3y—-z=12...(1)
2y+z=T7...(2)
2y-z=5...03)

Add (2) and (3)
4y =12
y=3
nz=1
Substitute in (1) to find x
x=2
b x+2y+3z=13...(1)
—-x—-y+2z=2...(2)
-x+3y+4z=26...(3)
Add (1) and (2)
y+5z=15...(4)
Subtract (2) from(3)
4y +27 =24
2y+z=12...(5)
Multiply (4) by 2 and
subtract from (4)
-9z =-18
z=2
SLy=5

SLox=-3

c x+y=5...(1)
y+z=T7...(2)
z+x=12...(3)

Subtract (2) from (3)
x—-y=5...4)
Add (1) and(4)
SLx=35
Sy=0
nz=T
d x=y—-z=0...(1)

S5x+20z=50...(2)
10y —20z =30...(3)
Simplify (2) and (3)
x+4z=10...(4)
y—=2z=3...(5)
Subtract (5) from (4)
(x=y)+6z=7...(6)
Subtract (1) from (6)

2 ay—4z=-2
y=4z-2

b z=4
y=44-2
Lx+81-4-31=4
x=8-51
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-y+5z=15
-y+5z=15

2)+ @D
3) -2

They are the same

z=4
—-y+51=15
y=54-15

x+101-30+34=13
x=43-134

(1) +(2)
=2z=10

z=5

Substitute into (1)
=>x—-y+5=4
lety =24
x=A1-1

Letz=A4

Substitute in (2)
=>x=3+41
Substitute into (1)
=26+21-y+4=6
y =341

(H+2x(2)
6x+3z=14
Letz=24
6x =14 -34
14 - 34

X =

6
Substitute into (2)
14 -3

6

+y+a4=4

14 + 32
6

_10-32

6

y=4-

y

S x+y+z+w=4...(1)

x+3y+3z=2...(2)
xX+y+2z-w=6...03)
(3)—()

=>z-2w=2

(2) — (3) gives
2y+z+w=-4

1
2y+t+-t—1=-4
YTiTg

3
2y =-3-=
3 3
y=———1f
Substitute into (1)
. 3t+t+1t 1=4
X———= —t—1=
2 4 2
1 3t—26_3t
TEN T T Ty
t—2
whenw:6,T:6sot:z:14
-3(14
G
26—‘&12
= :—4
YTy

6 a3x—y+z=4...(1)

x+2y-2z=2...(2)
-x+y—-z=-2...03)
2)-B)=2x+y=4
B+(1)=2x=2
x=1

y=2

Substitute into (3)
=>-1+2-z=-2
z=3
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b x-y-z=0...(1) ¢ 12x-y+z=0

3y+3z=-5...(2) 2y+2z=2

3Ix(1)+ Q) Letz=41

:>3x5:—5 y=2-24

x=— 2x—2+21+1=0

3y=-5-32 2x =2-32

Letz=4 po 2234
_=5-3a 2
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Solutions to technology-free questions

1 a 3x—2=4x+6
4x-3x=-2-6

x=-8

x+1 4

2x—1 3
3x+1)=42x-1)
3x+3=8x—-4
8x—-3x=3+4
S5x=17

3x =90
x =30
2x+ 1 3 x—1
5 2
22x+1)=5(x-1)

dx+2=5x-5
x=7

2 ay=x+4 |
Sy+2x=6 L2

Substitute 1 into 2:
5x+4)+2x=6

5x+20+2x=6

Tx=-14
x=-2
Substitute into 1:
y=-2+4=2

4 a intercepts (g, 0), (O, é)

y—x=35 o2
Multiply 1 by 12:
3x—-4y=24 ...3
Multiply 2 by 3:
3y-3x=15 ...4

3 +4 gives —y =39,s0y = -39

Substitute into 2:
-39-x=5,s0x=-44

n+m
a

b
b

3

A

(‘L%O\ .
39

b intercepts (6, 0), (0, —6)
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T
-

/.

= X
0, -/ 6.0

¢ intercepts (2,0), (0, 3)

¥
A

\
©,3) \20)

0 \’x

5ay-3=-20x-1

y=-2x+35

=——=2
"3
y—4=2(x-1)

y=2x+2

y = —2x + 6 has gradient m; = =2;
for the gradient m; of a perpendicular
line: mym, = —1

-1 1

m=5%5

y=1=3G-1
1 1
AR
y = 6 — 2x has gradient —2; a parallel
line has the same gradient:
y—1=-2(x-1)
y=-2x+3

6 distance = V(2 — (=1))2 + (4 — 6)?
= Vo+4
= Vi3

4+4(-2) 6+8
2 2

7 Midpoint = (

8 a Let (x,y) be the coordinates of Y.

2 72
x—0)

(x+(—6) y+2) _8.3)

2
:Sandy+ =

. 3
Lx=22andy=4

b Let (x, y) be the coordinates of Y.

x+(=1) y+(-4))\ _
( 2 0 2 )‘(2’_8)
PN SRR e S

SLx=5andy=-12

9a'21+40_61
32| |1 2] |4 4
b’21"40_92
3 2[|1 2| |14 4
2 1|[-2] [-1
C =
3 2|| 3] 0
4 0l[-2] [-8
41 3] | 4
2] [-6
3 =
35
e [4 Oz 8 4
1 2[|3 2] [85

)=(1,7)
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S N
*jk[i B

2l ol 3

16 2
9 10

BRI o P

10 \/(10—5)2+(y—12)2: 13
25+ (y—12)* = 169

(y — 12)* = 144
y—12 = %12
y=0ory=24
11 mx—4y=m+3...(1)
dx+(m+10)y=-2...(2)
Gradient of (1) = %
Gradient of (2) = —
radient of (2) 10

Infinitely many or no solutions

when the gradients are the same.
m 4

4 m+10
m?>+10m+16 =0

m+8(m+2)=0

m=-8orm=-2

o 3]

a Checking back in the equations there

are infinitely many solutions when
m=-2.

Equation (1) becomes —2x — 4y =1
Equation (2) becomes 4x + 8y = -2

There is a unique solution for
m € R\{-2, -8}

2x-3y+z=6...(1)
-2x+3y+2z=8...(2)
Add (1) and (2)
2z=14

=1
Substitute in (1)
2x -3y =-1
_ 2x+1
3

Sy

Letx=2A1
24+ 1

3

The solution is (4,
AeR

,7) where

xX—z+y=6...(1)
2x+z=4...(2)
Letz=41

4-2
Then x = ——

Substitute in (1)
4 —

2
4—-2 31+8
The solution is ( 7

where 1 € R
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Solutions to multiple-choice questions

1 E

3D

4 C

y=mx+c

1
The m (gradient) value is ——,

It passes through the point (1, 4)

1
4 = —51 +c
L0
2
1 N 9
= ——X —
Y=
y=-2x+4
Point (a, 3)
3= IZa +4
a = E
Line passes through the points

(=2,0) and (0,-1)
2=y
X2 — X1

T0-22

1
m (gradient) = )

1
Perpendicular line = ——
m

1

2

Midpoint at

(39
=(-1,8.5)

(X2+x1 y2 +)’1)
’ 2

2ax — 10by = 22
+ o+ o+
4ax + 10by = 2
6ax = 24

4

xX=-

a
Do not need to solve for y as there is

only one possible option.

6 A Line passes through the points

7

8

(3,-2) and (-1, 10)

Y2 = Y1,
X2 — X1
B 10— -2
- -1-3
B 12
4
=-3

Eqnl:y=2x+3
ax 4
Eqn2:y=— + =

To be parallel gradients must be the

same.

a

- =2

3

a==6
y=mx+c
_10--2
3--1
m=3

Passes through the point (3, 10)
10=9+c¢

c=1

y=3x+1

Distance between x points
= |xy — 1l
=5-1]
=4

Distance between y points
=Y2=n
=|-2-4
=6

Using Pythagoras
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10 C y=mx+c
Passes through points (4, 0) and

(09 _3)
Uy
m = E

4
Y intercept = —3
c=-3 3

=—-3

) =3

11 D bx+3y=0...(1)

4x+b+1)y=0...(2)

b

Gradient of (1) = 3
) 4
Gradient of (2) = e
Infinitely many solutions when the

gradients are the same.

b_ 4
3 b+1
P*+b-12=0
b+4)Bb-3)=0
b=—-4orb=73

12 A
(a-—Dx+5y=7...(1)
3x+(a-3)y=0...(2)
a—1

5

Gradient of (2) = —01373
Infinitely many or no solutions
when the gradients are the same.
a-1 3
5  a-3
a*>—4a-12=0

(a—6)a+2)=0

Gradient of (1) = —

a=-2o0ora=6

0+4 d-6 d—-6
a0 (3

14 C Gradient of line segment joining

6
(3,0) and (0, —6) is 3 = 2 Gradient

1
of line perpendivular to this is 5
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Solutions to extended-response questions

1 a

Graph is a straight line passing through (100, 50) and (50, 75).
P
$

100 \

(100, 50)

0 N
Note that extending it back to the P axis shows that the intercept is (0, 100); this is
confirmed in part b below.

Relationship is linear: P = aN + b
P=50,N=100: 50=100a+b ...1

P=75N=50. 75=50a+b ...3
1-2: 50a=-25
1
a=——

which implies b = 100
Hence P = —%N + 100.

i N=288: P:—%x88+100

=56
So the price would be $56.

ii P=60: 60= —%N+ 100

1
=N =40
2

N =280
So the number of jackets would be 80.

The rule is of the form p = ar + b

When ¢t = 3, p = 12000 and when ¢ = 8, p = 19240
Therefore the equations

12000 = 3a + b1

and 19240 = 8a + b2 are satisfied.

Subtract 1 from 2 to give Sa = 7240.

Hence a = 1448
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Substitute in 1 to find that b = 7656
Therefore p = 1448t + 7656

b FDP
(8, 19240)

7656

0 >

r
The p axis intercept gives the initial population.

¢ Whent =10,
p = 14480 + 7656
=22136

d The average rate of growth is the gradient. The growth rate is 1448 people per year.

-
P
’

N

2 2
a Midpoint of AB = (7 t2 5t ) = (9 7)
5

2 72 2’2
) -2 3
Gradient of AB = 37 = -3
Therefore equation of perpendicular bisector of AB is
7 5 9
v-3=303)

5
Therefore y = §x -4
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5
b Solving the equations y = 4x —26 and y = gx — 4 simultaneously for x and y will
give the coordinates of D

Consider 4x — 26 = gx -4

Tx
— =22
3
66
xX=—
/ 66 )
Substitute x = — in the equation y = 4x — 26 to give y = =
66 82
Coordinates of D are (7, 7)

5
¢ Line BC is perpendicular to line AB. Therefore gradient of BC is 3

d B(2,5)and C(8, ¢). The gradient of BC can also be written as
5-¢ 5

Therefore

Solving for c gives ¢ = 15

e The area will be found by calculating the area of triangle DXA and trapezium

9
BCDX. Let X be the midpoint of AB. From the above the coordinates of X are (

2’ 5)
2 2
Distance XD = \/(@ — 2) + (g _ Z)

7 2 7 2
/8993
BT
23v34
14
5\ (3\?
Distance XA = distance XB = (5) + (5)

|17
. - 2 .
Area = area of triangle DXA + area of trapezium BCDX.

1 1
= 5XA X XB + 5 BX(BC + XD)

1
= SAX(BX +2XD)

_ 6
14
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A (6,1)

V

9
a Midpoint of BC = (4, E)
8—-1 7
radient o P 1 4
Therefore gradient of perpendicular bisector = 7

The equation of the perpendicular bisector is

9
yoy=5(=4)
Theref +31

T T = = _—

erefore y 7x 2

b The perpendicular bisector passes through C as the triangle is isosceles.

4 31 59

When x =35,y = 7 X 3.57+51—61 =11
Th dinates of e
e coordinates of C are (2, 14)

¢ The length of AB = /(6 —2)2 + (1 — 8)2 = V65

1
d The area of the triangle = 3 x V65 x XC where X is the midpoint of AB

e G- -3
65

1 6
Theref = —x vV S = its.
erefore area = - X V65 X I 7g Square units

5 A(-4,6) and B(6,-7)

—4+6 6+-2 1
Midpoint = = (1,-=
a Midpoint ( 2 2 ) ( 2)

b/c The length AB = /(=7 — 6)2 + (6 — —4)2 = V269 = the distance between A and B
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6--7

d gradientof AB = ——

-4-6
13
10
The equation of ABisy — 6 = —i—g(x +4)

Rearranging gives
13
= ——X+ —
ST R

10
The perpendicular bisector has gradient el

. 1 10
The equation is y + 53—3 E(x -1
Therefore y = Ex ~ %

A(-4, 6)

B(6,-7)

e, -7)
Triangles AXP and PY B are similar with scale factor 3.

AX:PY=3:1
-b

3
Theref = —
erefore P 151
Therefore b = T
Also XP:YB=3
a+4_3

7 _E)
2 4

coordinates of P are (

P(a, b)

Triangles AXB and AY P are similar with scale factor 3.

Therefore
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a+4_3

10 1
a:26b 6
Also —— =3

—7-6
bh=-33

The coordinates of P are (26, —33)

25% of 500 = 125
125 litres of acid is required to produce 500 litres of a 25% acid solution.

Let x denote the amount of 30% solution.
Let y denote the amount of 18% solution.
x+y=500 1

0.3x+0.18y =125 3
From 1y = 500 — x. Substitute in 2

0.3x + 0.18(500 — x) = 125
(0.3 -0.18)x+90 = 125

0.12x = 35
L2
3

875 625

Substitute in 1 y = 500 — = =3

8 25

—— litres of the 30% solution and —— litres of the 18% solution are required.
Graphical Calculator techniques for Question 6.

In a Calculator page use Algebra>Solve System of Equations>Solve System of

Equations.
For exact answers enter decimal inputs as fractions such as 30/100 or 30 as shown.

([x+y=500 ! A
so]ve| . { Xy } |
110.2-x+0.18- =125 ]
x=291.667 and y=208.233
/ — i
so]ve’ {'_H) 200 {\1}’
1130% x+18% p=125 )
875 625
xX= and y=
3 3
™
2/99
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Chapter 3 - Transformations

Solutions to Exercise 3A

1 a (-2,5) > (2+1,5-2) = (-1,3) v
b (-2,5) — (-2 -3,5+5) = (=5, 10) Aylez—?,
¢ (=2,5) > (=2~ 1,5-6) = (~3,~1) (—\% 0) (—% 0)

d (-2,5) > (—-2-3,5+2) = (-5,7) =4_0___¥;x
[

e (2,5 - (-2-1,5+1)=(-3,6)
¢ Domain = R\ {-2}

2ays= -3 Range = R*
x=2 | )
y= >
b 1 3 (x+2)7 A
y_x+2+ : 1
N7
Cy=——+d= 4 N
y_x—% _2.x—1 : 0 > X
X=-2i
I
3 a Domain = R\ {0}
Range = R\ {3} d Domain = [2, c0)
Range = R U {0}
y
A
y=\x-2

-

e Domain =R\ {1}

n

b Domain = R\ {0} Range = R\ {0}
Range = (-3, o)
81
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y
A
ily=—L
|y x—1
I
0 | o X
(ETD\E
:x:I

f Domain = R\ {0}
Range = R\ {-4}

g Domain =R\ {-2}
Range = R\ {0}

y
A
x:—2:\
I 1
| 07_
\ep
10 -
_ 1\,
Y=x+2 :

h Domain = R\ {3}
Range = R\ {0}

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

i Domain = R\ {3}

Range = R"
y
I
1 oo 1
63\
0 | > X
I
I
I
Ix=3
1
j Domain = R\ {—4}
Range = R"
y
_ 1
Rk
I 0 1
| 16
: > X
;0
I
I
x =-4!

Domain = R \ {1}
Range = R\ {1}

> <

<
I
—_

Domain = R \ {2}
Range = R\ {2}

82
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> <

c Y
A
| x=-3
Iy—xTZ'FZ I l
i :\ @’ 3)
] :0 ——y X
X I
: (ll, 0) y=f(x+3) i
Ix=2 I
d Y
A
| y=fx)=3
y=fx-1) (39 \K
0 \>x

AN =
(Oa_l) : \
L x=1

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

5 a Translation of 5 to the left;
(x,y) = (x=35,y)

b Translation of 2 up; (x,y) — (x,y + 2)

¢ Translation of 4 up; (x,y) — (x,y+4)

83
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Translation (x,y) — (x,y + 3)

Translation (x,y) — (x = 3,y)

1 1

iy-1l=(x-D4;y=x-74+1
1 1

i y+6=x+2)4;y=x+2)4-6
1 1

ili y+3=x-2)4;y=(x-2)4-3

1 1
iv y—4=x+D4;y=(x+14+4

i

y=Vx-7+1
i y=+vVx+2)-6
i y=v(x-2-3
iv y=+vVx+1)+4

iy:ﬁ+l
ii y:ﬁ—6
iii y:ﬁ—3
iv y:ﬁ+4
i y:ﬁ+l
ii y:ﬁ—6
iii y:(x—;Z)“_?)
iv y:ﬁ+4
X =x-3andy =y+2

ISBN 978-1-107-56747-4
Photocopying is restricted under law and this material must not be transferred to another party.

Lx=x'+3andy=y -2
.‘.y:(x—2)2+3maps to
Yy =2=(x+3-2)2+3
The image isy = (x + 1) + 5

xX'=x+3andy =y-3
Lx=x-3andy=y +3
5y =2(x+ 3)? + 3 maps to
Y +3=2(x"-3+3)2+3
The image is y = 2x?

X =x+4andy =y-2
Lx=x—-4andy=y +2

Ly=———+3 t
y P maps to

v +2= 3

—— ¢
X —4-2)
1

The image is y = 1

67
X =x—-landy =y+1
Lx=x+landy=y -1
.'.y:(x+2)3+lmaps to
y-l=x+1+27%+1
The image is y = (x + 3)° +2

X =x—-landy =y+1
Lx=x'4+landy=y -1
5y =Vx—3+2mapsto
y—-l=vVx+1-3+2
The image is y = Vx — 2 + 3

Write
! dy ! +3
= — an =—
y x2 y (x/ _ 2)2
Therefore, choose:
y=y -3andx=x"-2
Sy =y+3andx =x+2

That is, (x,y) = (x+ 2,y + 3)

Write
1

(X' +2)

1
y=—andy =
X

© Evans et al. 2016
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Therefore, choose: ¢ Write

y=Y +3andx=x"+2 y=+xandy = VX' +4+2
Sy =y-3andx’ =x-2 Therefore, choose:
Thatis, (x,y) = (x =2,y = 3) y=y —-2andx=x"+4

Ly =y+2and X' =x—-4
Thatis, (x,y) = (x —4,y + 2)
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Solutions to Exercise 3B

1 a xX=x)y =3y 5 a y
1 y
Ly=-— to= =
y xmaps 0% p A
The i isy=—
eimageisy = — \Q‘l)
b 0 >» X
yzé
c X' =3x,y =y X
1 1
LY== 0y =—
y=_mapstoy ¥ b )
3
3 A
The image is y = — ( 1)
X {5
2 ax=xy=2 O—»x
! to : ! 1
= — mapsto - =
B () y=3-
. . 2 X
The image is y = —
X
c
b

c X =2x,y =y
1

f—

Sy=—mapstoy’ =
X

)2

—_———
Do | =,

4
The imageisy = — d y
X
3 ay=2+x
X
by=,/Z
=3
4 a y=2x
3
X
b y=—
7%
86
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1
9 a Dilation factor 3 from the y-axis

b Dilation factor V5 from the x-axis

1
10 a Lety:f(x):—zand
X

/ AN 5
Then rewrite as y = — and
X
y _ 1
5 - (xr)Z'

Choose % =yand x = x'.

One transformation is y’ = 5y and

X =x

A dilation of factor 5 from the x-axis.

b Lety= f(x) = vxand
Y = filx) =4Vx
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Then rewrite as y = v/x and

Choose 2 = yand x = x.
One transformation is y’ = 4y and
X' =x

A dilation of factor 4 from the x-axis.

Lety = f(x) = v/x and

Y = filx’) = V5%

Then rewrite as y = v/x and

y = V5x'.

Choose y' = y and x = 5x".

One tfansformation isy' =yand

X ==X

5

1
A dilation of factor 3 from the y-axis.

Lety = f(x) = \/gand

Y = fitk) = Vx

Then rewrite as y = g and

Y = Vx', .

Choose y" = y and 3= x.

One transformation is y’ = y and
X' = 1x

3

1
A dilation of factor 3 from the y-axis.

1
Lety = f(x) = 12 and

y=f1(x)=(x,)2

Then rewrite as y = 207 and
, 1

SRCas

Choose y' = y and 2x = x’.
One transformation is y’ = S5y and
X =2x

A dilation of factor 2 from the y-axis.
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ii y=—-x

iii y=(2x)? =4x?

iv —(f)z—ix
Y=\s) T 25

) 4
1 = —
y 2
ii y = ﬁ
i y=
Y= 4
) 25
v y = ;

...
=
Il
TN
5

ii y=

iii y=V2x

0 3'x
v y = g
. 4
1 = —

y 3

.. 2
11 yzﬁ
1
111 y:@
. 125
1v y:?
4
ly:F

© Evans et al. 2016

88

Cambridge University Press



:.
<
Il
i
=
<
Il
Ry
[\
S

3x*
1
ose X
= . _ 4
Y= 16 W Y=45
. 625 ) 1
v y= vy g 1 y=4xs5
. 2 1
f iy=4vx iy =3x
2 1
iiyzgx\“/} ili y=2x)5
1
. (x)s
v y=|=-
5
89
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Solutions to Exercise 3C

1 ay=—-(x-1)> b iy=-+x
b y=(x+1)> i y=—+x
. -1
iy=—
Domain = R YT
-1
nmy= F
-1
d iy=—
YT
i y= !
. YT
b ¥ Domain = R
1
A e iy=-x3
14 1
N ii y=—-x3
2 ?_ 2 1
f iy=-x5
2_
1
il y=-x5
3 Reflection in the y-axis 1
g 1 y=-—x4
: 3 . 1
4 a iy=-—x il y=(—x)4
i y=-x°
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Solutions to Exercise 3D
1 Part a will be done with the method.

a 1 The mapping is
(6, y) = (x+2,2y-3) = (x,y)
Hence X’ = x+2andy =2y-3
This implies x = x" — 2 and

Y +3
)
.'.y:x2 maps to
"+3
L= -2

2
Thatis,y = 2(x —2)> -3

ii The mapping is
(x,)’) - (3X - 2’)’ - 4) = (x/’)")

Hence x’ =3x—-2andy =y—-4
"+ 2

This implies x = and

y=y +4

Sy = x? maps to

2
X +2
'+4 =
v (5)
+2)?

Thatis,y:(x ) _4

ili The mapping is

(x,y) = Bx=2,y-4) =(y)

Hence x’ = —xand y’ =2y

This implies x = —x" and y = yE
2

oy = x> maps toy = 2x?
b iy=2Vx-2-3
. s[x+2
ii y= -4
Y 3
iii y=-2+x
c iy= 2
SRR
. 9
T
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ji y= 2
T2
2 y
A 5,4
1
|
1 X
0 3: / >
: (83_2)
|
I
3 Yy
/\/43__¥
(_4: _3)
4 a iy=-2x-37-4

b

ii y=-Q2x-3)»)-4
y=-2(x-3)7+4

iii y=2(-(x-3)?) -4
y=-2(x-3?-4

iv y=2(-(x-3)2-4)
y= —2(x—-3)>-8

v y=-2(x-37>-4
y=-2(x-32+8

Vi y=2(=((x—3)*-4))
y=-2(x-372+8

iy=-2Vx-3-4
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iii

iv

vi

ii

iii

iv

vi

ii

iii

iv

vi

iii
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y=-=2Vx-3+4
y=-2Vx-3-4
y=-2Vx—-3-38
y=-2Vx-3+8
y=-2Vx-3+8
-2
o2,
YT -3p
-2
- 44
YE G
-2
=—= 4
YT -3y
-2
= __3
YT -3y
-2
= 48
YT -3y
-2
= 48
YT -3p

i y=-2x-3)*-4
y=-2x-3)*+4
y:—2(x—3)4—4
y:—2(x—3)4—8
y=-2(x-3)*+8

y=-2(x-3)*+8

-2
A I
R TIEE
-2
=— 414
Y G
3 -2
RN TIEE

ISBN 978-1-107-56747-4
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iv y=

(x—3)3
Sl
RTINS
.2
Y= L3y
o2
YT -3y
.. -2
11 y:m
e -2
iii y:—(x_3)4
L
VYT Gy
Sl 2
YT -3y
.2
vi y——(x_3)4
L2
YT -3y
.. -2
ii y:—(x_?))2
e -2
111 y:m
, 2
VY=o
o2
YT -3y
.2
VYT Gy
B x+ 12
3
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y 7 a Y
: A A
I
——————— At-—==== 7
—~ 1 5
298\ 2 0f 2146 5 > X
| 1 4
' )
I
I
I
| 1
! b y=(1-2x)3-2
I
6
(x +2)2
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Solutions to Exercise 3E

Dilation of factor 2 from the
x-axis, then translation 1 unit to

1 a i

the right and 3 units up

ii Reflection in the x-axis, then
translation 1 unit to the left and
2 units up

iii Dilation of factor % from the
y-axis, then translation % unit to

the left and 2 units down

i Dilation of factor 2 from the
x-axis, then translation 3 units to
the left

ii Translation 3 units to the left and
2 units up

iii Translation 3 units to the right and
2 units down

i Translation 3 units to the left and
2 units up

ii Dilation of factor % from the
y-axis and dilation of factor 2
from the x-axis

iii Reflection in the x-axis, then
translation 2 units up

ISBN 978-1-107-56747-4

Translation 1 unit to the left and
6 units down

Dilation of factor % from the x-axis,
then translation %

to the left

units up and 1 unit

Translation 1 unit to the left and
6 units up

Dilation of factor % from the x-axis,
then translation %

to the left

units up and 1 unit

Dilation of factor 2 from the y-axis,
then translation of 1 unit to the left
and 6 units down

Dilation of factor % from the x-axis,
then translation %

to the left

units up and 3 units

Dilation of factor 3 from the y-axis,
then translation 2 units to the right
and 5 units down

Reflection in the x-axis, dilation of
factor % from the x-axis, translation
% units up, dilation of factor 3 from
the y-axis, translation 1 unit to the
right

Reflection in the y-axis, translation
4 units to the right, dilation of
factor % from the x-axis

Reflection in the y-axis, translation
4 units to the right, reflection in the

x-axis, dilation of factor % from the

15

x-axis, translation 5

units up
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4 a Dilation of factor 2 from the x-axis,

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

then translation 1 unit to the right and
3 units up

Dilation of factor 2 from the x-axis,
then translation 4 units to the left and
7 units down

Reflection in the y-axis and dilation
of factor 4 from the x-axis (in either
order), then translation 1 unit to the
right and 5 units down

ISBN 978-1-107-56747-4

d Reflection in the x-axis, then

translation 1 unit to the left and
2 units up

Reflection in the y-axis and dilation
of factor 2 from the x-axis (in either
order), then translation 3 units up

Translation 3 units to the left and

4 units down, then reflection in either
axis and dilation of factor % from the
x-axis (in either order)
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Solutions to Exercise 3F

1 a f(x)=
x—1
A
__3
:Ql
I
I
! > X
o
(D\i
Lx=1
Asymptotes
y=0
x—1=0
x=1

Axis intercepts

Asymptotes
y=0-1=-1
x+1=0
x=-1

Axis intercepts

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

Ix=2
Asymptotes
y=0
x=2=0
x=2

Axis intercepts

0 = ——— .. no x- axis intercept.
(x —2)?
3 3
G
Range = R*
2
=—--1
RCENPE
Y
A

Asymptotes

96
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y=0-1=-1

x—-1=0
x=1
Axis intercepts
2
=—7:-1
(x = 1)
x—1=+V2
x=1+V2
2
=—-1
SRRCENE
y=1
Range = (-1, o)
-1
Y= x—3
y
1
(03)

0
Asymptotes
y=0
x-3=0
x=3
Axis intercepts

-1
0= .. no Xx- axis intercept.

x-=3
I T
YZ0-3 3
Range = R\{0}
-1
= +3
Y xX+2

ISBN 978-1-107-56747-4
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Asymptotes
y=0+3=3
x+2=0

x=-2

Axis intercepts
-1 5

Asymptotes
x=3=0
x=3
y=0+4=4
Range = (4, o)

© Evans et al. 2016
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; 2 (0, 5V2) ygm
O \v=—x—3 < > x
Range = R™ U {0} Range = R U {0}
b ‘y f y
|
— b .

y=-5N\x+2-2

Range = (—o0, 2]
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x=-21 A
; > X
10
e
—————— 1= ===
I /_1
A
I
= —4
Ty
Range = (—o0, —4) 3x+2 3x+3-1
: y X+l x4l

A =3(x+1)—

1
\(i()> | x+1
10 > =3

y=-5
_ i 5 4 Y
Y “2x |\ Y= 4x-5 A
Range = R\ {-5} 2x+1

y=2

y

AK _______ -
______ S | SN (0’_5) /'\/>X
\ x:—%; (%’ O)

0 =X 4x-5 4x+2-7
2 2x+1  2x+1
Range = R \ {5} _2@x+1) 7
2x+ 1 2x+ 1
k y o,
2x+ 1
23
5 a
R (3,5)
T > X
0| 3
Range = [5, o)
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b y y=20x—1+2
A ' x=3 /
051
.—4.-:.---%?% 0 =
T a0 ke
y=5=+4 :/’ ge =[2, )
e

——————————— - =
: y_1> X Range = (—o0, 1]
O |
|
1x=1 f ¥
Range = (1, o) A
0,11 /
( fy=5V2x+4+l
(_23 1 > X
0
Range = [1, o0)
100
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Solutions to Exercise 3G

1 a y
A

0,0) (1.2

b y
A
—1,2/_[(0,0)

X

¢ y g y
A
0, D] 4(1,2)
! X
Y
d y
)
0 _/ 2o
_ 23
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2 h=0and k=4

y 1
A ) 4\3 y=ax’+4
+(§) Whenx =1,y =1
(2,-4) sLa=-3
Ly=-3x"+4
—28 1
3 ay=3x°
! y
A b y=(x+17+1
(1,2) ¢ y=—(x—2y-3
> X
0 d y=2(x+1>-2
e y= %
Y= 27
i y
(3-x?
4 = +1
! YTy
1-2 0 I
=) > X b Dilation of factor 3 from the x-
(1, -4) axis, reflection in the x-axis, then
translation 1 unit to the left and
4 units up
' A
2 4
I 5=
> X 16
01 1
6 Dilation of factor 3 from the x-axis,
/3] reflection in the x-axis, then translation
(—£, -32) 1 unit to the right and 5 units up
1
y 7 a y
A
(0.096, 0)
0 > X
A 2 0,1 \ /
—4r(1,-2) > X
0| Ne1.904, 0)
(15 _2)
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y
A
2 0) (4, 1)

/™
(_35 0)
©,=32) (0, —255)
f y
(0, 10) 04 T
ol =3  ~

P

0] N\ 3, 565 0) (0, -51)
(2,-6)
y
8 h=-2andk=3
(2.159, 0) Passes through (0, —6)
(0, 161) y=a(x+2)*+3
-6=1 96a +3
> X _ 7
e Ly
- =——(x+2*+3
(3.841. 0) R T
9 h=1landk=7
Passes through (0, 23)
y=a(x— D*+7
23=a+7
a=16
y=16(x-1*+7
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Solutions to Exercise 3H

1 4=a+b...(1)
a
l==+4+b...2
3t (2)
Equation (1) — Equation (2)
2a
3=—
3
a—g
2
From (1)

2 Asymptotes: x=1,y=2
x+b=0 y=B
1+b=0 B=2

b=-1

Point: (0, 1)

A
l=—+2
-1

A=1

3 1=A+B...(1)
6=3A+B...(2)
Equation (2) — Equation (1)

5=2A
5
A==
2
From (1)
3
2
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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6 y=

y=AVx+B
5=AVI+B...(1)
=A+8B

11=AV16+B...(2)
=4A+B
Equation (2) — Equation (1)

=3A=6
A=2
From (1)
=5=2+8B
B=3
A
y—;'i'B
A
1:§+B...(1)
=A+B
A
7T=——+B...(2
0.52 @
=4A+B

Equation (2) — Equation (1)

=3A=6
A=2
From (1)
1=2+B
B=-1
A +B
(x + b)?
Asymptotes
x=-2 y=-3
x+b=0 y=0+B8B
104
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1

2+b=0 B=-3 S y=ax3+b
b=2 8=a+b... (1l
Point: (0,1 8=a+b...(1)
_1:%_3 4=-a+b...(2)
A=3 Equation (2) + Equation (1)
2b=-4
7 y = % —+ b b = —2
X
p From (2)
-l=—=+b=a+b...(1
5 a (1) e
3 a 1
Z_g-i'b_ga'i‘b (2)
Equation (2) — Equation (1)
. =7 1
8774
a=-2
From (1)
> -1==-2+b
b=
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016
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Solutions to Exercise 31

IR
o 3||-2]| |-
-~ (1,=-2) = (1,—6)
2 ol[1] [2]
Plo 1]l 7|2
S (1.=2) 5 (2.-2)

1 o][1] [1]
“lo -1||-2] 7 |2]
S (1,-2) - (1.2)
(11 o|[ 1] [~1
o g1 B
S (1,=2) > (=1,-2)

o 1][1] [-2

“11 ol|—2| 7|1

S (1,=2) > (=2,1)
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<1013
=[]

b=-2andd =5
[ 2 —2][-2 -6
-1 51| |7
a bl[1] [2]
4 c d]»()__—l
a __2—
___1—
a=2andc = -1
b >0_>4—
1] |-2]
>b‘_>4—
,d‘_ _2_

b=4andd = -2

B

—
=)
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(1 0l/1v1 12 o |0 3Hx _’x']
=l G-
) ) -1
_1 (1) Y =2 x:|:(1) 7 [x/]
y_0§>y’—1 Yy g())"
x’_2< :_y/ :x—/
=y -1 2773
M 3 buty=2x+3
o, Yy -1 £:—y’+3
x=x -2, y= 3
3 , _ﬁl
YU
ol
0 2[ly] |v [ B4
yIoow 10 0 ZHX]ZX/]
>_1 O— , -3 0]|y] v
X: 4 [] 0 -17 _y,
y 0 iy X]:l 3 [x]_ 2’
: 12_ g 2 01 5
N - 2
X _ —,Xi4 x:_y/ _x_/
vl |2 37732
_1 1 buty:_2X+4
x=-—x4, y=y2 x_’:2_y’+4
buty = x*+x+2 2, ?
’ N2 ’ 21_)6'__4
Y _)r X, 32
2 16 4 3x
, (x/)Z_x_/ A y/: 1 -6
8 2
[ 1 -1 ’
o o 5 -1
o —2||y| " |y =3 Of\ly] [2 y
- ~11,,
X 1 0 y -x+ -1 _ 0 ? |:.x:|
[y]: 0o L y’] 12 roofl
2 T -
L 1 3t
x=x,y= = -
YT Y1 oo [ 12
buty = x> +2 (—1
_uly x4+ 2x i ?y’+1
- = @) 2 K1 I
’ ’ ’ -1
y——Z()C)3—4X x=—y'+1,y:x'—2
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12

0fly
0

hEw
IR O

-1
x=y’—2,y:?(x’+3)
buty=-2x+6

1
—§(x’+3):—2y’+4+6

/

—X

-1-10

—2y =

13

X +1
_| 4
yio|y -4
L2
X +1 y -4
X = ’y:

4
buty = -2x> + 6x

y’—4:_2 x +1 3+6 X' +1
2 4 4
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-3 0][x] [-1] [« Y+l (¥ =3\
14 = : = 2 — =
0 -2 y+_2] [y’] J.y = X maps to 5 ( 1 )
-1 ] . . 1
x—_ 3 0 ([x’]_[—l]) Thelmagels:y:—g(x—3)2—1
[V ] 0 __1 Y 2
(¢ 1) B ,
_ ( ) 16 3 0]|x N 2 _|x
= 3 0 —1fly| [-1] [
y[ |=0"=2)
L2 Sx=3x-2andy =-y-1
=X =1 2=y Y 42
Y= YT, La= andy = -y — 1
buty = =2x> + 6x* + 2 1 . 1
Y - 3 Sy=—mapsto-y -1 = ——
2-y :_2( (x+1)) 2 1o\
2 3 3
—(x+ DY The i o 9
+6( 2 ) +9 e image is: y —(x+2)2
2-y «+DY [+ D)
L) +6 +2 ,
2 3 3 17 2 0]|x N 3| |x
o 1||y| 4] |V
4 / A ’—
15 [ OHx +[3]:[x’] X =2x+3andy =y+4
0 =2ly] [-1] |y x -3

= d:,—4
X > andy=y

~x =4x+3andy =-2y-1 5.y =3(x —2)*> — 4 maps to

’ ’ 2
x' =3 Y +1 X =3
LX= andy = — '—4=3 —2| -4
4 2 Y 2
. . 3 )
The image is: y = Z(x -7
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Solutions to Exercise 3J

1 al
2 -1
b
.
c 2
1 1
e
-3 -1
2 a det=-3+4=1
. -1 1
mverse =
-4 3

b det=12+2=14

2 -1
. : 7 14 _i 4 —1
mverse—1 i —14[2 3
7 14
c det = k
1 0
inverse = 0 1
k
1 1 r
= = 10
A—1: 2 2 B—l_
3 a [0 —1]’ -3 1]
b —~
2+3 0+1 5
AB=10_3 0—1_‘[—3

det(AB) = -5+3=-2

L1 o1
(48) ‘2[—3 —5]
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1[1-3 0+1
Algl = 2
¢ 2[0+6 0—2]
12 1
216 -2
1[1+0 140
B'A™ =2
2|-3+0 -3-2
i
S 2(|-3 -5

AB'=B A £ A7'B!

4 a det(A)=4-6=-2

1[-1 3
Al =2
2[2 —4]

o x|
IX:A‘lﬁ z]
=3l 2l e
i B A

c YA = i 2]

CEEI | P

y_1[-3+8 9—16]
2|-1+12 3-24

Y:%;Sl —_271]

5 a AX+B=C
AX=C-B
X=A"(C-B
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detA=18-2=16

1 1
Ly=x>+4mapsto—=y = —(x') +4

Al 116 -2] 5 3 27
16[-1 3] The image isy = —% - 12
X_i'6 —2‘(3 4_4—1)
16(-1 3)\2 6] |2 2
= | b=
X:i 6 -2(|-1 5 2 0lly y
16(-1 3|0 4
) ‘ x| 1[0 —4{|x
(6X—1)+(—2X0) y _gz 0 y/
X—i (6X5)+(-2x4) ‘ 1, 1,
16| (-1 x -1+ (3%0) Lx¥=-—gyandy = ox
1 1
(=1x35)+GBx4) .y =5x+ 3 maps to Zx’ = —S(Ey’)+3
_ i —6 22 The image is x + 10y = 12
61 7
) 5ol
= 9 = ,
b ra [0 4] [—3 Offy] Ly
15 16 -2 [x] 1 [O —5] [x’]
Y= X — =--z ,
[0 4] 16[—1 3] y 1513 0]y
1 1
yo L1117 Lx=zyandy=-ox
16| -4 12 S,y = —=2x+ 7 maps to
1 1
—ox =20+ T
3 ollx ¥ The image is 3x — 10y = 105
6 =
[0 1Hy] H
X 111 ollx 10 AX+ B)=X’
[y] -3 [0 _3] [y'] Therefore
1 X=A"'X'-B
'.x:—gx’ andy =y’
5 1 , 2 x| 1{0 2||x -2
LYy=x +2xmapstoy’:§(x') —gx’ y[ 7784 olly| |2
x> 2x 1
. N L,
The image is y 5" 3 X 4)1 +

andy:—ix’—Z

Hence y = —2x + 8 is mapped to
1 1

——x' =2==-2|-=y +2|+8
2" ( 27 )
The imageis x +y = —12

710 SB[
Nt

1
SX = gx’ and y = —gy’

1
9
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NEWR VR
Y= 0 Y 2 buty = =2x> + 6x
/ / 3 /
x| 01 iy +3 y—4:_2(x+1) +6(x+1)
—y -2 y= w3
=y s YyETE a3 oL
bulty:—2x+6 0 2|y 2|7 |y
= +3)=-2y+4+6 ) —1
= 10 S|l-F)
2y =—-1-10 vl o ZH\ (2
x’ 11 - , 2
y ==+ — - —-(x'+1)
6 2 x| _ —3
vl 10" -2)
4 0][x -1 x L 2
12 + = ’ ’
0 2{|y 4 [y’l :—x—l :2—y
ol Ty YT
|z 0 ([x’] [_1]) buty:—2x3+6xz+23
- 1 20 -V —
o LI\ly 4 2-y _ 5 (x+1)
L 2 2 3
X +1 Nt
|74 +6(_(x3+ )) 12
ylo|y -4
L2 2-y x+DY [+ D)
=2 +6 +2
=25 o)
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Solutions to technology-free questions

lay:1—3,x¢0 asymptotes: x =2 &y =4
X
no y intercept y
1 :
y:O:ng Al
asymptotes: x =0& y = -3 :
- - __ﬁ.
L =
ol > X
x=2
range = (4, o)
e y=1- , x# 1
x—=1
x=0:y=2

1
y:O:—lzlﬁx:Z

x=27
no 1ntercepts

asymptotes: x =2 &y =0
Y

2 ay=2Vx-3+1
x > 3;y > 1; endpoint (3, 1)
c
Yy
y=0: 2 :3:>x:§ Ay=2Vx—3+1
) 3

x—1
asymptotes: x =1 &y = -3 /
(3, 1)
s

X
" 0
X
| -3
3
Iy — by=—"——1
x=1 y (X _ 2)2
range = R\{-3} 1
x=0y=—=
d y=- +4, x>2 _ 0 3 _
SR y=0 0 T
no 1mtercepts *
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(x-2?%=3= x=2+13
asymptotes: x =2 & y = -1

2-3.p)!
DYHCEREUN
=

4
1 |
07| =2
-3
oo !

This is a reflection in the line y = —1
of the graph in part b above. There
are no x intercepts, the y intercept is

7
aty = ~7 and the asymptotes are the

same.
Y
A :x:2
|
i >» X
0 -
o y=]
|
AN
01\,
|
|
|
y

Point of zero gradient (-1, 0);
Axis intercepts (—1,0), (0, -2)

ISBN 978-1-107-56747-4
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=<

104 (1,8)

| —
+
p—

> X

Point of zero gradient (1, 8);
1
Axis intercepts (45, 0), (0, 10)

Y
\
ol @

63-

Point of zero gradient (2, 1);
1

Axis intercepts (—%)3 +2,0), (0,-63)

d y
A

e
_7 (1.4

Point of zero gradient (1, —4);
Axis intercepts (2, 0), (0, —8)

» X

4 y=a+x+b
(1,6) and (16, 12) lie on the curve

© Evans et al. 2016
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5

6=a+b...(1) g_a:4
12=4a+b...(2) 2a
Subtract (1) from (2) BEI
6=3a Subs?it;te i6nto (DH:6=9
a=2
b=4

[ v

andy = -2y—-1..x=x"+4
"+1

and y = 2 .. the image of

y = +/x under this transformation is
"+1

i = Vx' + 4

The imageisy = -2 Vx+4 -1

8 a (x,)’) - (—X,)’) - (—ZX,)’) -
(—2x+4,y+6)=(x,y")
X =-2x+4andy =y+6

LX = andy =y —6.

2
.y = —x? maps to

/6 (4—x’
y —0=-

x -4\’
== 6
=)+

2
) That is to

b Reflection in the x-axis, dilation
of factor 4 from the x-axis, then
translatel unit to the left and

6 units up
—4 ,
b -4
y ) Y 9 Dilation of factor 3 from the x-axis,
1 then translation 5 units to the right and
X' =3x—4andy =y-3 3 units up
"+4 1
.'.x:x3 andy:—y’—i Y

.. the image of y = 2 Vx — 443 under
this transformation is

3
1 X +4
Ly —==2 _ 443
Y72 3 o
. . x-8 7 0 3 *
The image is y = -2 3 12 Asymptotes x = 5, y = 3; Intercept
78
0.5
(055
7 (1,3:3=a+b ...(1)

Gjy7:§+b Q)
Subtract (1) from (2):

10 Dilation of factor % from the x-axis, then
3

translation 5

units up
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11 Dilation of factor 1 from the x-axis, then down
translation 3 units to the left and 2 units
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Solutions to multiple-choice questions

1B 3-49—->@G,-1)>@G3,1 s X+ 2 ’
y=- -
3
2B y=x*+4-5y=x+1-y=
+4 1
(x=2y +1 8 A Rearrangingy3 =311
3B /
+4
Choosex:2x’+1andy:y3
4 E y=X’>y=-x>>y= 11 )
—(x+4)?-3 SX =§x—§andy =3y—-4
5 D Asymptotes at x = -3 and y = -2 9 A Rearrange y=3__1
o _ 5 2x -1
b=3andc=-2 Choose x” = 2x — 1 and
1
6 A Lety = x3 Reflection in the y-axis: Y _y-3 __}_7+§
' =2 = =
y = —x3 Dilation by a factor of 5 3 55
1
units from the x-axis: y = —5x3 10 A g(f(x) =(Bx—2)*—4(Bx-2)+2.
Therefore x = 3x" — 2
7D xX=3x-2andy =-y-1 f:x+2:f_2
X +2 3 3 3
Sox = 3 andy=-" -1
s[x 42
The image is —y' — 2 = 4 a 3

117
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Solutions to extended-response questions
1 a R\{-2}

b e dilation of factor 24 from the x-axis
e translation of 2 in the negative direction of the x-axis
e translation of 6 in the negative direction of the y-axis
c f(O):%—6:12—6:6
..y axis intercept is 6: (0, 6)
f(x) = 0 implies

x+2_6:O
524 =6(x+2)
S 24 =6x+12
Lx=2
y = f(x) intercepts with the x axis at (2, 0)
d g:(-2,0) >R, g(x) = % -

Consider x = —— —
y+2

ie.(y+2)x=24-6(y+2)
Syx4+6y=24-12-2x
y(x+6) =12 -2x

o 12-2x
o X0 24
-1 — X
= =-2+
& xX+6 x+6

e .. domain of g! = range of g = (=6, )
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Forg(x) = x

L 12-2x=x"+6x

Lxr+8x-12=0
=8+ V64 +48
- 2
-8+ V112
2
-8+4+7
2
=—4+2V7
But x € (=6, o)
Therefore x = -4 + 2V7
The graphs of y = g(x) and y = g7(x)
intersect where y = x
~. they intersect at x = —4 + 2V7

JoX

2 f:D>R, f(x)=4-2V2x+6

a2x+6>0
ie.x>-3
.. domain is [-3, c0)

1
b e dilation of factor 3 from the y axis

e dilation of factor 2 from the x axis

e reflection in the x axis

e translation 3 units in the negative direction of the x axis
e translation 4 units in the positive direction of the y axis

¢ f(0)=4-2v6
.y = f(x) cuts the y axis at (0,4 — 2 V6)
When4 -2V2x+6=0
4=2V2x+6
ie.2=V2x+6
L4 =2x+6
Sox=-1
..y = f(x) cuts the x axis at (—1,0)
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d Consider x =4 -24/2y+6
Then2+/2y+6=4—-x
Squaring both sides yields

42y +6) = (4 - x)°
S8y +24=16-8x+ x>

1
Ly = g(x2 - 8x—-198)

1
= g(x2 —8x+ 16 —24)

1
= gx—47-3

ie fl(x) = %(x —4)> -3

e The domain of f~! = range of f = (—00,4]

f,g Jx) =x
4-2V2x+6 =x

implies 2 V2x+ 6 =4 — x
L A4Q2x+6)=16—8x+ x°
L 8x+24=16-8x+x*

L xt—16x-8=0
.16+ V256+32 16+ V288 16= 1212
S 2 -T2 T 2
x=8+6V2
and the required solutionis x =8 — 6 V2 y
The curves intersect at two other points A
1 —3.4 p
Consider 4 =2 V2x+6 = £(x> ~ 8x~ 8) B f_l( ’yi ) Jy=x
Use a CAS calculator to find the other Y e ’
. (-2V2,2 0

solutions. R
It can be shown that they intersect on the - 6 > X
line ’

(8—612,8 —\%\
y = —X //

P \;4, -3)
4-2V2x+6=—x o (22,2
—2V2x+6=—-x-4
42x + 6) = 16 + 8x + x*
Lt =8
x=+2V2
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3 a i(xy —(x, ky),so(25,625) — (25,15)
15 3

T 625 125

Dilation of factor 5 from the x axis

o
L]

(x’y) - (xa _y)

iii (x,y) > (x+25,y+15)

iv (x,y) = (x+ 25, Ey+ 15

-3
b i y:E(x—25)2+15

| bl
i o

(x,y) = (x+50,y)

-3
iii y= E(X — 75)2 +15

¢ 1 Dilation factor from the x axis
(x,y) = (x, ky)

(5.5) - (5

k=

N EE

reflection in x axis (x,y) — (x,—y)

m
translation (x,y) — (x + 7 y+n

—4
overall (x,y) — [x + T, —ny +n
2" m?

. —4n( m)2
i y=—|(x—=| +n

m? 2
2
—4n 3m

m y= —5 X — 7 +n
4
4 a R\(=
3
4
b a=-
3
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¢ Consider

3
= 6
Tey-ar”
3
-6 =
(3y —4)?
x—6_ 1
3 (By-4y
3
3y —4)? =
By -4y =——¢
1 4 4
-'-)’25 xi6+§ asrangeoff‘l:domainoff:(g’oo)

3
d Consider ——— +6 =xasy = f(x)and y = f~'(x) intersect on the line y = x

(Bx—4)?
Grap * 0
3= (x—6)(3x — 4)2
x=6015

(Solve the equation with the ‘solve’ command of a CAS calculator.)

>y
5 A
~ |
2/1
_/ I
o[ 12 X
|
|
1
) 50x
8\x) =
20— x
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1000
20— x
1000 — 50(20 — x)
20— x
1000 — 1000 + 50x
20— x

d -50

50x

=20_x=gu)

il y

50
iii 20 -50=20 -50
iii f(x) (20 )

- X
_ 1000 - 50(20 — x)
B 20— x
1000 - 1000 + 50x
B 20 — x
50x
—Zo_x—gu)
50
b Consider x = >
20—y
(20 — y)x = 50y
- 20x = 50y + yx
2 20x = y(50 + x)
3 20x
Y50«
20x
Sog—1(x) =
§-10= 5573

6 a i (x,y)>x+3,y+5 ->0+5x+3)
(x,y) maps to a unique point (x’,y")
Hence X’ =y+5andy =x+3
Hencey=x"-5and x=y)" -3
Therefore the graph of y = f(x) maps to the graph of X' 5 = f(3/ — 3)
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The inverse function exists and therefore
Y = f - 5)+3

ii (x,y) > O0,x) > (+3,x+5)
(x,y) maps to a unique point (x’,y")
Hence X’ =y+3andy =x+5
Hencey=x"-3andx=y" -5
Therefore the graph of y = f(x) maps to the graph of X’ — 3 = f(/ - 5)
The inverse function exists and therefore
y=f1(x=-3)+5

iii (x,y) = (5x,3y) = (3y,5x)
(x,y) maps to a unique point (x’,y")
Hence x’ = 3y and y’ = 5x

Hencey:%andx:% , ,
Therefore the graph of y = f(x) maps to the graph of % =f (%)
The inverse function exists and therefore
r_ g1 X
v =5(3)
iv (x,y) = (y,x) = (55,3x%)
(x,y) maps to a unique point (x’,y")
Hence x’ = Sy and y’ = 3x
X’ y
Henceyzgandng , ,
Therefore the graph of y = f(x) maps to the graph of xg = f (%)
The inverse function exists and therefore
r_ a1 X
v =3(5)
b X =ay+bandy =cx+d
Therefore , ,
Therefore y = X ob and x = y-d
¢ / ’
The graph of y = f(x) maps to the graph of a ; b = f(y C_d)

. . . x'=b
Therefore as the inverse function exists y’ = cf~! ( ) +d
a

From

X' =ay+bandy =cx+d:

the graph of y = f(x) has undergone the following sequence of transformations:

A reflection in the line y = x, then a dilation of factor ¢ from the x axis and factor a
from the y axis, and a translation of b units in the positive direction of the x axis and
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d units in the positive direction of the y axis.
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Chapter 4 — Polynomial functions
Solutions to Exercise 4A

1 a y e
A y=2(x—1)? y
A 2
1
(05\/ y=4+2 x+§)
o[ o °
1 1
(74 M(043) .
b y 0
A
y=2(x-1)2=2
(2,0) f y
0 = A y=2(x+1)>-1

(1,-2) \ /
c y \/ © 1)> X

A / [0
(-1 -1 1
y=2x—1)2 (_l_f;’ 0) (_H\E’ )
12 -x g y
0 AV =3(x-27 -4
/(0, -2) (2_&’§
oo/
P > X
’ A A
p=d-2(x+1)>2 (2+&, 0)
-1,4) 3

a G
AN

(_1 _ \/_2, 0) (—1+\/§,, 0)
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(0| f5)
Moo
J y
A
(-1 =12} 0)

\
Fo

-1, -4)| (<1 +~2,0)

2 a fx)=x>+3x-2
= x> +3x+225-225-2

= (x+1.5)* —4.25
Minimum= —4.25 and the range is

[—4.25, 0)
b f(x)=x>—6x+38
=x’-6x+9-9+8

= (x-37-1
Minimum= -1 and the range is
[—1,00)

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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¢ f(x)=2x>+8x-6

=2(x* +4x - 3)
=2(x* +4x+4)- 14
=2(x+2)7°-14

Minimum= —14 and the range is
[—14, c0)
d f(x)=4x>+8x—-17
=4(x* +2x) -7
4> +2x+1)—4-7

=4(x+ 1)* =11
Minimum= —11 and the range is
[-11,00)

e f(x)=2x>-5x

5
=2 - 3]
5 25\ 25
_ 2 _ = “~\_ =
—2(x 2“16) g
52 25
—ofx-2) =22
(x 4) 8

Minimum= _TZS and the range is

)
f f(x)=-3x>-2x+7

2
= -3¢ = Sx)+7

1 1
——3(x2+§x+§)+§+7
1\2 22
:—3( +—) + —

T3] 73

maximum = 2 and the range is

(%]
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g f(x)=-2x*>+9x+ 11

Y
. AR

9 81y 8l 1 2 3
_ 2 _ 7 - _
= 2(x 2x+16)+8
:_2( _2) 169
4
. 169

maximum = and the range is

8
(ot {
o
3 a y
1o
_— X
0

N
(&)
/Y
)
\O][0¥)

1 > x
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Y
]
0 > X
2 — 2 +414
-10
(29_14)
13 2
¢ y=g—(r+3)
(_i_
2 4
5|,V13
s 1z \°
2 2
dy=-2x-2?2-2
y
A
> X
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5 y
Al
I
I
LN
v
0
. > X
6 y
A
M
1 1
3CT)5(07-0)
7 a
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0.3
]‘ 7110
_1.09 —0.11

> X

(0.6, —0.6)

8 a B

b D

10

a

coordinates

C x-axis intercepts
B turning point x-value
D turning point coordinates

A turning point x-value

b* —dac =25-38
>0
.. it crosses the x-axis
b*—dac=4-4x—-4-1
=4-16
<0

.. 1t does not intersect the x-axis

b —4dac=36-36=0
.. 1t touches the x-axis
b*—dac=9—-4x8x -2
=9+64
>0

.. 1t crosses the x-axis

b> —dac=4-60<0
.. it does not intersect the x-axis
b —dac=1-4

<0
.. 1t does not intersect the x-axis

11 mx> -2mx+3=0

b* — dac = 4m® — 12m

= 4m(m — 3)

by looking at turning point
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a 4m(m-3)>0

m<0orm>3

b 4m(m—-3)=0

m=3

(m = 0, is not a solution as it gives

3=0)

12 A =36m>—16(4m + 1)
= 36m* — 64m — 16
= 4(9m* — 16m — 4)
=4O9m + 2)(m - 2)
Perfect square if A = 0

Som= —§orm =2
13 A=4a*—4(a+2)a-3)
= 4a* - 4a* - a—6)
= 4a + 24
No solutions if A < 0

Sa< -6

14 A=@(@+1)-4a-2)
—a’+2a+1-4a+8
=a*-2a+9

=(a—17+38
.. A > 0 for all values of a

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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15 a (k+1Dx>-2x—k=0

b* —dac =4+ k(k+ 1)
need to show
44+ k(k+1)>0

e k(k+1)>—4
LHS = k> +k

I 1
=k +k+-— -
4 4

1 1
=(k+ =) - -
k+3)0 -7

> —4
which is what is required

16 A = 4k* + 20k
= 4k(k + 5)

a A>0o ke (—0o0,-5)U(0,0).

b A=0sk=0o0rk=-5

17 A = 4k> — 4(k + 2)(k - 3)
= 4k* — A(k* — k - 6)
= 4(k + 6)

a Two solutions if £k > —6

b One solution if kK = —6

18 a ax>—(a+b)x+b=0
(a + b)* —4ab = a® + 2ab + b*> — 4ab

=(@-b>2>0
the equation always has at least
one solution
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Solutions to Exercise 4B

1 y=k(x+3)(x+2)
Whenx =1,y =-24
co=24 = k(4)(3)
Sk=-2
SLy=-2(x+3)(x+2)

2 y=k(x+3)2x+3)
When x =1,y =20
=20 = k(4)(5)
k=1
Ly=(x+3)2x+3)

3y=ax+2)7>+4
When x =4,y = 58
.. 58 =36a +4
54 3

.'.y:E(x+2)2+4

4 y=a(x+2)>-3
When x = -3,y = -5
SLo=5=a-3
Sa=-2
Ly=-2(x+2)>-3

5 Passes through (1, 19), (0, 18) and
(=L,7)

The equation has form y = ax? + bx + 18

19=a+b+18...(1)
T=a-b+18...(2)
Equation (1) — Equation (2)

12 =2b
b=6
S.a=-5

Sy=-=5x*+6x+18

Cambridge Senior Maths AC/VCE
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6 Passes through (2, -14), (0, 10) and

(-4, 10)
The equation has form y = ax? + bx + 10
-14=4a+2b+10...(1)

10 =16a - 4b+10...(2)
2 x Equation (1) + Equation (2)

—18 = 24a + 30
a=-2
=-8

a y=ax’+bx+c
¢ = 4(y-intercept)

b = O(x-value at turning point)

y=ax*+4
x=5y=0
0=25a+4
.t

25
y:;—5x2+4

b y:a(x+h)2+k

y=axz
x=2,y=-4
-4 =4a
a=-1
y=-x

132
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¢c y=alx+b)x+c)
y=a(x+2)(x+0)

y = ax® + 2ax

x=1,y=3
3=a+2a
a=1
y=x>+2x

d y=akx+b)x+c)

y=a(x+0)(x—-2)

y = ax? — 2ax

x=-1l,y=-3
-3 =a+2a
a=-1

y=—x+2x

e y=alx+b)(x+c)
y=ax-1)(x—-4)
y = ax? — Sax + 4a
4a = 4(y-intercept)
a=1
y=x>-5x+4
f y=a(x+b)(x+c)
y=alx+ 1)(x—-Y5)
y = ax* —4ax - 5a
—5a = -5 (y-intercept)
a=1
y=x*-4x-5

g y=alx+h)?’+k
y=a(x—-17%-2

x=-1,y=2
2=4a-2
a=1

ISBN 978-1-107-56747-4
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y=(x-12-2=x*-2x-1

h y=a(x+h?+k
y=a(x-2)>+2

x=0,y=6
6=4a+?2
a=1

y=(x=-22+2=x>-4x+6

8 left hand curve
—y=ax’ +x+c¢

c=-5 C
x=4,y=1 B
1=16a+4 -5
1

8

1
y==-x>+x-5

right hand curve
y=ax’ +x+c

c=1 D

y=ax’+x+1

x=4,y=3 A
3=16a+4+1
16a = -2
1
a=-=
8
1,
y=—-—=x"+x+1

9 f(x)=A(x+b>+B
= A(x + 2)* + 4(vertex)
f0)=38
8=4da+4
A=1,b=2,B=4
f(x)=(x+2)7>+4

© Evans et al. 2016
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Solutions to Exercise 4C

1 a P(1)=3 d
P-1)=P2)=0
b P(-1)=-5
24+5+a-b+12=0
c P2)=7 a—-b=-19...(1)
d P(-2)=-21 128—40+4a+2b+12=0
e P=% 2a+b=-50...(2)
Equation (1) + Equation(2
¢ ply =2 quation (1) + Equation(2)
2 8 3a = —69
a=-23
2 a PO)=6
b=-4
b P(1)=6 e
c P2)=18 P3)=P1)=0
3% —2x3*+27a+9+36-36=0
d P(-1)=12
81 +27a+9 =0
e Pa)=a>+3a*>—-4a+6 3a+b=-9...(1)
f PQa) =8>+ 124> — 8a + 6 1-2+a+b+12-36=0
a+b=25...(12)
3 a P2)=0 Equation (1) — Equation(2)
8+12-2a-30=0 2a = =34
—-2a =10 a=-17
a=-5 Sob=42
b P@3) =68
) 4 a 2x° - x> +2x+2
27+9a+ 15— 14 = 68
3
9a = 40 b 2x° +5x
a:@ ¢ 2x° —x?+4x-2
9
d 6x° —3x%+9x
C P(1)=6
1-1=2+c¢=6 e —2x* +5x° — 5x% + 6x
c=38
134
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f 4x—x° ¢ X} —5x2-2x+24=
\ a(x® +3ex? +3c2x+ )+ b
g 2x° +4x+2 Equating coefficients: For x*: a = 1
For x*: =5 = 3¢
h 2x° +3x* + xX° + 617
* v * For x: —2 = 3¢? which is impossible

5a x-52+10x-8

8 Ax+3)+B(x+2)=4x+9

b x> -7x*+13x-15 (A+B)x+BA+2B)=4x+9

by equating coefficients
c 2x° —x*-Tx—-4 (1) A+B=4
d 2+ (b+2)x%+@2b+c)x+2¢ @) 3A+2B=9

@+2()= A=1
e 2x° —9x? —2x+3

(H= B=3

6 a (x+1)(x2+bx+c)=

B+ D2+ (c+bx+e 9 a x*-4x+10=Ax*+2ABx+AB*+C

by equating coeflicients

b ¥*-x*—6x-4= (1) A=1
C+b+ D>+ (c+bx+c JAB = 4
forallx. . (b+1)=-1,c=—-4 and 5 AB 4 C = 10
c+b=-6 ) +C =
~b=-2andc=-4 (H= =2B=4

B=-2

c X¥—xr—-6x—-4=x+1D*-2x-4)

e —xt—6x—4= =52= 4+C=10

(x+ Dx+ V5-Dx-V5-1) C=6

b 4x*> - 12x+ 14 = Ax* + 2AB+C

3 2 _
7 a 2x° —18x" +54x-49 = by equating coefficients

a(x> = 9x> +27x =27)+ b A=4
Equating coeflicients
a=2and -27a+b = —49 (1) 24B = 12
na=2andb=5 ) AB*+C =14
b -2 +18x2 — 54x + 52 = =M= 8B =-12
a(x® +3cx®> +3c2x+ ) + b B = -3
Equating coeflicients 2
a=-2and3ca =18 and 52 = ac® +b ?2) = 4><2+C=14
fa=-2¢c=-3andb=-2 4
C=5
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c X -9x>+27x-22=A(x+ B> +C A=1

x=3P+5=Ax+B>*+C B=-3
C=5
136
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Solutions to Exercise 4D

x> —5x+6
1 a x+4)x3—x2—14x+24
X3+ 4x2

—5x — 14x
—5x% = 20x
6x + 24
6x+24

0

2x2+7x—4

b x—3)2x3+x2—25x+12
2x3 — 6x2

7x> —25x
7x* - 21x
—4x+ 12
—4x+ 12
0
¥ —4x-3+ S
x+3
2 a x+3)x3—x2—15x+25
X+ 322

—4x% — 15x
—4x2 - 12

—3x+25
-3x-9
34
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54
x-3
b x—3)2x> +0x> —4x + 12

2x3 — 6x2

2x2 + 6x+ 14 +

6x> — 4x
6x> — 18x
14x + 12
14x — 42
54
5 15 145

2

T T Y im )

3a 2x+3)2x3 —2x2 - 15x+25
2x3 + 3x2

—5x% — 15x

15
—5x% - 5

33
2x -3
b 2x—3)4x3 +6x2 —4x+12

4x3 — 6x2
12x% — 4x
12x% — 18x
14x+ 12
14x - 21
33

2x2 +6x+7 +
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232 —x+12
4 a x—3)2x3—7x2+15x—3

+x+2

c xz—l)x4+x3+x2—x—2

3 2
2x” — bx x4+ 0x3 - X2
—x* + 15x x4+ 2x2 —x
—x* +3x x4+ 0x% - x
12x-3 232 +0x-2
12x — 36 2%2 -2
33 0
233 =7x* +15x =3
x-3 .
9 4124 33 6 a remainder = P(-2)
X - = (=23 +3(-2)-2=-16
5x4+8x3—8x2+6x—6 b P(x):(l—Za)x2+5ax
b x+1 )5x5+13x* - 22> -6
55 + 5x% +(a—1)a-28)
Sxt + 0x° P2)=0
8x* + 8x3 P(1)#0
—8x° — 2x7 PQ)=4-8a+10a+a*—9a+8
Q3 Q.2
8 —8x =a®—Ta+12
6x + Ox 3 4 =0
6x% + 6x @=3)a-9=
5 4 2 —6x-6 @z
Sx7 +13x" -2x7 -6 P(l)=1-2a+5a+a*—9a+8
x+1 )
=5x*+8x° -8x2+6x-6 =a" " —-6a+9
=(a-3)
X —9x+27 P()#0, ~a#3 .a=4
5 a x?—2)xt—9x3 +25x2 - 8x -2
xt =242
_ g3 2 _
0.3 — 8y 7 a f(x)=6x"+5x"—-17x-6
—9y3 + 18x f2Q)=6x8+5x4-17x2-6
27x% -2 =48+20-34-6
27)62—54 =28
. 5 ) —26x + 52
xXT=9x7 +25x" - 8x -2 b f(-2)=(6x-8)+(5x4)
x2 =2
) -(17x-2)-6
= = 9x+27 - 26( )
X = =-48+20+34-6
b =0
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¢ f(x) =(x+2)6x> —Tx-3)
= (x+2)B3x+ DH2x-3)

8 a P-1)=-1+k-1)-(k=-9) -7
=-1+k-1-k+9-7

=0
for any value of k, P(x) is divisible
by x+ 1

b PQ)=8+4k-1)+2k-9) -7

PQ) =12
1+4k—4+2k—18=12
6k — 21 = 12

6k = 33

11

k=—

2

9 f(x)=2x3+ax>—bx+3

a  f(-3)=0=-54+9a+3b+3
9a + 3b = 51
3a+b=17...(1)

fQ)=15=16+4a-2b+3

4a —2b = —4
2a-b=-2...

() + ()

= 5a=15

a=3
Subin(l)= b=28

2)

b f(x)=(x+3)2x*-3x+1)
=(x+3)2x-Dx-1)
the other two factors are (2x — 1)
&((x—-1)

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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10 a f(x)=4x+ax>-5x+b
f3)=s=x()

2
9 3
+ax(1)—5x(§)+b
:2—7+2a—2+b
2 4 2
—-32=54+9a-30+4b
9a +4b = -56...(1)

fB)=10=4%x27+ax9-5%x3+b
10=108 +9a—-15+b

-8

2 9a + b = -83

1-2= 3b =27

b=9

Subin2= 9a+9=-83
9

11 PQ) = (3)*
=81

12 P(x) = = 3x* +2xX° = 2x> +3x + 1

a Pl=-1-34+2-2+3+1
=2+#0
(x — 1) is not a factor
P(-1)=-1-3-2-2-3+1
=-10#0

(x + 1) is not a factor
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b P(x) =x —3x*+2x3 - 2x> +3x+1
=32 +3x-5
x2—1)x5—3x4+2x3—2x2+3x+1

¢ (5x+4y)(25x> — 20xy + 16y?)

d 2a(a® +3b?)

Y3
—3x* 4307 - 227 16 a (2x— D)(2x +3)3x +2)
—3x* + 347
30— 542 1 3x b (2x - 1)(2x? +3)
3x° - 3x
52 +6x+1 17 a 2x—3)2x> +3x+6)
—5x2+5
G — 4 b 2x-3)2x—-1)2x+1)
P(x) = (= 3x +3x=5)(x* — 1) +
6x -4 18 a x=-4,2,3
the remainder when
(x* = 3x? + 3x = 5) is divided b x=0,2
by (x> = 1)is 6x — 4 1
)
c X 5
13 P(-1)=-2-5+4+3= d x=-2,2
.. (x + 1) is factor
2203 =5x7 —4x+3 = (x+ D2x* - 7x+3) e x=0,-2,2
=x+1DR2x-1)(x-3)
f x=0,-3,3
4,3 2 -1 1
14 a PXx)=x"+x —-x"-3x—-6 gle,_z,j,g
P(3)=9+3V3-3-3V3-6 h ox=1 -2
=0
_ 1.9 13
P(1/-3)=9-3V3-3+3V3-6 tx=L5=5375
=0
19 Use a CAS calculator to solve y = 0 in

b the quadratic factor is

(x+ V3)(x = V3)
=(x*=3)
P(x)=(x*=-3)x*+x+2)
an other factor is (x> + x + 2)

15 a (2a + 3b)(4a*> — 6ab + 9b?

b (4 —a)(a® +4a + 16)

each case to obtain the x-exis intercepts.
a (_1? O)’ (O’ O)’ (2’ O)
b (=2,0), (0,6), (1,0), (3,0)

¢ (=1,0), (0,6), (2,0), (3,0)

d (_71,0), 0,2),(1,0), (2,0)
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e (-2,0),(=1,0), (0,-2), (1,0)

£ (~1,0), (%2,0), 0, =6), (3,0)
g (=4,0), (0,~16), (—% 0), 2,0)

h (_71,0), ©, 1), (%,0), (1,0)

i (<2,0), (—_73 o), (0, -30), (5,0)

16p—10+¢g=0...(1)
16-16-4p—-2¢g—-8=0...(2)
= 2p+qg+4=0
H-2)= 14p-14=0
p=1
Subinl= 16-10+¢g=0
q=-6

ISBN 978-1-107-56747-4
Photocopying is restricted under law and this material must not be transferred to another party.

21

22

23

24

f)=x*—x+5x* +4x-36
fD=1+1+5-4-36
= -33

(x=9)(x-=13)(x+11)

V]

b (x+ 11)(x—9)(x—11)

x+1D2x-9)(x-11)

(g}

d x+1D)2x-13)2x-9)

(x=Dx+1D(x—=T(x+6)

o

=n

(x=3)Nx+dHx*+3x+9)

a (x—9)(x—-52x*+3x+9)

=y

xX+5x+DA*-x+9)

(g}

(x=3)x+5A*+x+9)

=7

(x=4(x=3)(x+5)(x+6)
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Solutions to Exercise 4E

1 a 3 a
+ 1 3 6 - X A y=£(x)
_ } N\
b _
+ 6 -3 > X
_ > X 0.62/9] 171.62
S 4 019
¢4 1 3 5 oy (3 )
-] b
d | — Y
n 5 NHE AY=Ax+2) y=fix-2)

> X
B ] y =f(x)
e .
4 15 - : @, 1)
_— T X

f 3 3.62
+ 4 5 l
= = 10 —0.19)
=2 -0.19 :
G- )
5 a For clarity the graph of y = 3 f(x) is
+ |- 2 13 shown on separate axes:

= > X y

— =3f(x)
3

_3
J_r —= 4 |2 > X 1& Lf(x)
> X

S p— 0 I
v 4l 6 7 (ﬂ,_056>

> X
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Solutions to Exercise 4F

Lag T 1135

— > X
b
+ _
— 1 2 > X
2 (0,16)
2,0
(_%50)
y
16“
T T > X
20 2
3 3
3 a

> <

y=f(x)

(=0.37, 0.75)\

(137,0.75)

0

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

ISBN 978-1-107-56747-4

Y
A Y/ y=fx=2)

X » X

4
7 \
01(1.63,'0.75) (3.37, 0.75)
Graphs of dilations shown on

separate axes for clarity:

(2.73,0.75) |

T T T T O T T T T T T T T
—-2.00 -1.00 1.00 2.00 3.00 4.00

Turning points for y = f(2x) are at
(—0.18,0.75) and (0.68,0.75)

a Y
A

()
AN
_?/ ! 4\
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]
w
>
=
N
-
\
)

>
9]
<

d Y 1 -
A L =23 LL =2
I3 33 3 343
(E05)
2 2
0 X
6 y
81
03 14
X
1
3, -l F
5 259
—1 -
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Solutions to Exercise 4G

1 ay=ax-5>-2
When x =4,y =0
O0=-a-2
a=-2

b y=alx-1)x+1(x+2)
When x = 3,y =120
120 = a(2)(4)(5)
a=3

¢ y=ax’+bx
(2,-20) and (-1, 20) lie on the graph
-20 =8a +2b

-10=4a+b...(1)
20=-a->b...(2)

Add (1)(2)
10 = 3a
10
4773
70
b=——
3

2 We know that the y-intercept is 5.
Consider f(x) = ax® + bx*> +cx+ 5
f(-H=14,:.—a+b—-c+5=14
—a+b—-c=9...(1)
f(H)=0,".a+b+c+5=0
a+b+c=-5...(2)
f2)=-19,..8a+4b+c+5=-19
8a+4b+2c=-24
Add (1) and (2)

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

ISBN 978-1-107-56747-4

2b =4

b=2
sLa+c=-7
and 4a +c = -16
S 3a=-9

La=-3andc=-4

3 Note: A CAS calculator can be used for
all questions in this exercise, but should
be used for questions 5 and 6.

y=alx—-b)(x—-c)(x—d)
b=-5c=-2,d=6

y=a(x+5)(x+2)(x—6)

x=0,y=-11
—11 = -60a
11
a=—
60

11
y= @(x +5)x+2)(x—06)

4 y=a(x-b)(x-c)?
y=a(x+ 1)(x = 3)?

x=0,y=5
5 =9a
5
“=3

y= 2+ D=3
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5 a y=ax’ +bx* +cx+d
O0,1H)=d=1
y=ax  +bx* +cx+1
(1,3) = 3=a+b+c+1
a+b+c=2...(1)
-I,-)=>-1=-a+b-c+1

—a+b-c=2 ...(2)
(H+2)=2b=0

b=0
2,11)= 11=8a+2c+1

4a+c=5...03)
B)+(2)=3a=3

a=1,c=1

y=x+x+1

b y=ax’ +bx* +cx+d
O0,1)=d=1
(I,h)=1=a+b+c+1

a+b+c=0...(1)
-,)=1=-a+b—-c+1

—a+b—-c=0...(2)
H+R2)=b=0
2,7)=T7=8a+2c+1

4a+c=3...03)
3+2=3a=3
a=1

Subin= (1) = ¢ = -1

y=x-x+1

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

y=ax’ +bx* +cx+d
0,-2)=>d=-2
(1,0) >0=a+b+c-2
a+b+c=2 ...(1)
(-1,-6)=> -6=—-a+b—-c—-2
—a+b—-c=-4...(2)
2,12)=12=8a+4b+2c -2

4a+2b+c=7...03)
(H+@2):2b=-2
b=-1
Subin=3)=>4a+c=9
Subin=2)=> —-a—-—c=-3
B)+2)=3a=6

a=2
Subin= 3)=>c=1
y=2x-x>+x-2

6 a y=ax-b)(x—c)x—d)

y=alx+ Dx-1)(x-2)
2=2a

a=1

y=02x+ DHx—-1)(x-2)

y =ax® +bx* +cx

3
(1,0.75) = 7 =a+b+c...(1)
2,3)=>3=8a+4b+2c...(2)
(-2,-3) > -3=-8a+4b—-2c...(3)
2)+3)=8h=0

b=0 6
(2)-2(1) = 7 = 6a

1
a = —

4
Subin(2)=3=2+2c

1
C ==

2

1 1
y= ZX3 + SX= Zx(xz +2)
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¢ y=alx—-b)(x-c)? x=0,y=18

y=a(x+ 1))c2 y=(x+2)(x- 3)2

2 =a2)1?

a=1 ; )

y =2+ 1) 7 a y=-2x"-25x"+48x+ 135

:23_ 2 4 1
d y=a(x—b)(x—c)(x—d) b y=2x"—30x" +40x + 13

y=ax+2)(x+1(x-1)
x=0,y=-2 8 a y=-2x*+22x>-10x> - 37x+40
y=x+2)x+Dx-1)
b y=x*-xX+x2+2x+38
— _ 2
¢ y=alx=bx-0) 31, 5, 157, 5 11

y:a(x+2)(-x—3)2 cy:%x +Zx—¥x—é—lx+7
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Solutions to Exercise 4H

1

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

a

a

kxX*+x+k=0

~1+ V1-4k2

X = .

2k
11 ) , 1
—__ _ < —
ke[, 2,2]\{O}smcek <7
(Note: If k =0,x = 0)
X —Tax* + 12a°x =0
= x(x*> = Tax+ 12a*>) =0
x(x—=3a)(x—4a)=0
x=0,3a,4a
x(x*-a)=0
1
x=0,(a)3
X—kx+k=0
k+ Vk* — 4k
x:+—,k$0ak2,4,

2
since k? — 4k > 0
x(x*—a)=0
x=0, +va,a>0

¥*-a*=0
P+aH*-a*)=0
X+ x-a)x+a)=0
X =-a,a

(x—a)’(x-b)=0
x=a,b

(x — a)4(al— D -a)=0

x=a,(a)3,xVaifa>0

ax’ +b=2c
a

(2c—b)%
X =
a

X

ISBN 978-1-107-56747-4
Photocopying is restricted under law and this material must not be transferred to another party.

ax>—b=c
b+c
=
a
1
b+ c\3
X =
a
a-bx*=c
a-—c
x> =
b
1
(a—c)z
X =
b
1
X3 =a
x=a
1
(X)n+c=a

1
xX)n =a-c

x=(a-c)

a(x — 2b)°
(x = 2b)°

c
c
a

1

x—2b= (5)3
a
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¥-x=0
x(x=1)=0
x=0,1
y=0,1
Pts. (0,0) & (1, 1)
b 2x* = x
2x* —x=0
x2x-1)=0
1
X_O,Zl 1
P1s.0.0)  (5.5)
c y=x>—x,
y=2x+1
> —x=2x+1
X =3x-1=0
R Vo +4
2
L Vi3
2

y=2x+1=4+xVI3

co —ords = (wA - \/B),

2
LI

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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a y=16—-x
’ y* = (16 - x)*
¥+ x> =178
¥ =178 — &

178 — x* = (16 — x)*
178 — x* = 256 — 32x + x°
2x2 -32x+78=0
X —16x+39=0
(x=3)(x—-13)=0

x=3,13
Pts. (3, 13), (13, 3)
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b e y? =106 — x*

¥ =125 - x y=x—4
y:15—x y2:x2—8X+16
2 2

= Y =225-30x+x x> —8x+16 =106 - x*

x> = 30x + 225 = 125 — &2
2x* = 30x+100=0

2x2-8x-90=0

X —4x-45=0
2 _
x—=15x+50=0 (x+5)(x—9):0
(x=5)x-10)=0 x=-5,9
x=5.10 Pts. (-5,-9),(9,5)
Pts. (5, 10), (10, 5)
¢ ¥ =185 — 2 5 a
y=28-x...(1)
y=x-3
=187...(2
y2:x2—6x+9 24 2)
= 28 — x) = 187
2 —6x+9=185— 28 = 1)
—x* +28x = 187

232 —6x-176=0
x> —28x+187=0

x> —3x-88=0
et §)x—11) = 0 282 \/7284—748
x=-8,11 28+6
Pts. (=8,-11), (11, 8) r=
d P97 @ x=11,17
y= 13- = pts = (11,17),(17,11)
y? =169 — 26x + x* b y=51-x
x* —26x + 169 = 97 — x* x(51 —x) =518
2x*-26+72=0 ¥ =51x+518=0
2= 13x+36=0 L 51 V2601 - 2072
x=9x—-4)=0 511\/%
x=4,9 =
Pts. (4,9),(9,4) 51423
T
x = 14,37
= pts = (14,37),(37,14)
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C 7 1

X = +3
y=x-5 x=2
= 126 x(x=2)=1+3(x-2)
2_ f p—
2 5x =126 x*=2x=1+4+3x-6
2 _
X -5x-126=0 X-Sx+5=1
5+ V25 =504 L= 2EVH-20 “25‘20
X =
2
5+23 LR E
X = > 2
_ 5+ V5 5+ V5
x=-9,14 pts:( 2\f’ 2«/‘)’
= ts = (=9, -14),(14,9)
P (5— V5 5- \/5)
2 2
6 y? =25-(x-5)°
=25— x>+ 10x - 25 8 a
S BIN{))
V= —x>+10x...(1) 4 5
4
y=2x = y= §x+4
2 2
y =4 2) C+dx+yr=12...02)
2_ 2
4x° = —x“ + 10x N y2:12—4x—x2
2
x=2x=0
16 32
2 2
= — Zx+16
x=0.72 = M TR
1 2 2 2
pts = (0,0), (2,4) 16(—x +—x+1): 12 —4x— x
25 5
16x% + 160x + 400 = 300 — 100x — 25x>
41x> +260x + 100 = 0
—260 + V67600 — 16400
x:
82
130 + 802
X= ——
, 41
Sub in (1)
(—130—80x/§ 60—64\5)
41 41 ’
(—130+80\/§ 60+64\/§)
41 41
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9 U —12V5 + V144 x 5 —20 x 36
- ‘e
x+2 10
—xX-2x=1-3x-6 1243
¥ -x-5=0 BT
1+ VT+20 Lo 6V5
X = > 5
1+ V21 y:_12\5+3\/§
x=— 10
r (1+\/ﬁ—1+\/ﬁ) :ﬁ
§ = , s
(1_m m_l) p,s:(ﬁ,ﬁ)
5T 5 5
) 12 Lev1=
10 y:Zx+1 Zx+ Ty
1
81 12 _
2_ol , 7 xX+x+1=0
y—16x +2x+1 4
8f_169x 2 -
—xP—Zx+1=0 2
167 2 =0
9 81 8l
25NT 7 t_(zl)
*= 81 P
8
9 8 2
= — _ 13 _1:
TR * -2
o3 (x-D(x-2)=2
4 ? K -3x+2=2
co ords = (5,2) x(x=3)=0
x=0,3

11 V¥ =9-x°
y:2x+3‘/§
v = 4% + 12 V5x + 45

9 — x2 =4x* + 12V5x + 45
522+ 12V5x+36=0

pts =(0,-1),(3,2)
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14 a Sx—4y="17 ¢ S5x-3y=18

4y =5x—7 yo X 18
S5x—-17 3
y=—7 xy =24
xy =6 5x2-18x =72
x(5x—7):6 18+ V324 + 1440
4 r= 10
5x2—Tx—24=0 oo 18£42
7+ V49 +480 1120
t 10 x=-76
7+ V529 12
X = T pl’s:(—?,—IO),(6,4)
-8
X = ?,3
8 _15 15 x2+ax+bdivbyx+c
prs = ( B ’T)’ (3.2) (=) +a(-c) +b =0
b F—ac+b=0
y= 37 - 2x
. 16 160
xy =45 +2=—
37x —2x> = 135 *
2 +2x-160=0
2x> —37x+135=0
-2+ V4 +640
37 + V1369 — 1080 X = 5
X = 4
x=-1=+ V161
x=5,13.5
10 pts:(—l— V161,1— V161),
pts = (5,9), (13.5, ?)

(\/ﬁ—l,\/ﬁ+l)

17 y=-Tx+ 14, y=5x+12
18 m< -T7Torm>1

19 ¢c=-8orc=4
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1
20 a mx=—-—+5
X
mx*—5x—-1=0

e 2m

5+ V25 +4m

,m =+

Note thatif m =0, x = -3

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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b 25+4m=0

21 y=3x+3, y=—x+3
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Solutions to technology-free questions

1 a h(x)=3(x-1>+2
x=0:y=3(-12+2=5
y = 0: no solutions
TP (1, 2); no x int; y int (0, 5)

y
A
h(x) =30 — 1)2+2

(1,2)

b h(x)=(x-12>-9
x=0:y=(-1*-9=-8
y=0:(x-1>-9=0
x—1==+3,s0x=-2,4
TP(1, -9); x int (=2, 0), (4, 0);
y int (0, —8)

¥
A

y=@x-12-9

(—2,0)‘ @0
0,-8)

1.-9)
C f(x):xz—x+6

x=0:y=6
y = 0: no solutions (b* — 4ac < 0)

1\? 3
2 _ +6—( __) +5=
XT =X X >

1 .3 o
TP(E’ 51), no x int; y int (0, 6)
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L
y

y=x2-x+6

(Q% )

0

d fx)=x>-x-6
x=0:y=-6
y=0:x>-x-6=0
x+2)(x=3)=0,s0x=-2,3

1\2 1
2 _x— = — — — 06—
x*—x-6 (x 2) 64

1
TP(E, —61); xint (=2,0). (3.0):
yint (0,—6)

34
A

y=x2-x-6

2 U)Q /(3,0) > X
(0,-6)
(L 25

2° 4

e f(x)=2x*—x+5
x=0:y=5
y = 0: no solutions (b — 4ac < 0)

1\2 7
2x% — +5:2( ——) +4-
X% —x X= 3

17
TP(Z, 4§); no xint; y int (0, 5)

Y
A

y=2x2—-x+5

(Usk\'/
39

&%)
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f hix) =2x*-x-1 x int (3,0);y int (0, —18)
x=0:y=-1 y

y=0:2x2—x—1=0 A
1
Rx+1D)(x—-1)=0,s0x = —5,1
1\2 1
2x2—x—1:2(x—1) -1z 60/
1 0
TP(— -1= ),x 1nt( ) (1,0); (0,-18) /(’1_4)
yint (0, -1) //
A b gx)=-(x+1)7>+8
y=0: —(x+1)+8=0
(x+1)P=8x+1=2s0x=1
> X
1\ 0 1 zero gradient: (-1, 8)
2 xint (1,0); y int (0, 7)
o 1 9
0,-1) e i:
2 (I,h):1=a+b 1
2,5):5=4a+b 2 (-1, 8) \QT)
Subtract 2 from 1: 5 > X
3a =4 1, 0)
4
a=-
) 1
Substitute into 1: b = ~3 ¢ h(x)=-(x+2° -1
x=0y=—-Q2>-1=-9
_ 2 _
3 x= b+ 2b dac y:0:_(x+2)3_1:0
“ (x+2P%=-1,x+2=-1,s0x= -3
— 2+ v4-40)(-10) zero gradient: (—2,-1)
6 xint (=3,0); y int (0, -9)
2+ V124 1
=2 = (1= VA y
6 3 A
4 a fx)=2x-17>-16 \ 5 > x
3,0
x:O;y:Z(—1)3—16:—18 (-2, 1)
y=0:2(x-1>°-16=0
(x=1P=8x-1=2,s0x=3 0,-9)
zero gradient: (1,-16) \
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d fx)=(x+37°-1 ¢ _( 3)2_7
x=0:y=(3)73-1=26
y=0:(x+3°-1=0

x+3P=1Lx+3=1,s0x=-2 6 a +
zero gradient: (=3,-1) e =
x int (=2, 0); y int (0, 26) -2 -1 -
¥ b — &
A T T T T T — = X
0 _
/ -1 13
(0, 26)
(—2,0/ crrar———r
> = L f o -
0 * 4 2 -1
'
d
0 +
T T T T T T T > X
e f)=1-QRx-1)>° -3 -l %
x=0y=1-(=1°=2
y=0:1-2x-11°=0
Qx—13=12x-1=1,s0x=1 7a PX)=x+3x>—4x+2
1
zero gradient: (5, 1) P(=1) = (=1)° + 3(=1)> — 4(—1) + 2
xint (1,0); y int (0, 2) -3
B4
\Jk b Px)=x-3x>-x+6
1 PQ2)=2>-3x2"-2+6
02\ (3 2
\*-\ =0
0 = X
a, 0)\ ¢ P(x)=2x+3x"-3x-2
P(=2) = 2(-2)* + 3(-2)* = 3(-2) - 2
=0
5a (x+2?>-4
b 3(x+1)*-3 8 From the x intercepts, the rule must be
y=alx+3)x+2)(x-T7)
¢ (x—2)%+2 x=0:y=aB)2)(-7) = —42a
32 17 But the y intercept is (0, —42) and hence
d Z(x—i) -5 —42a = -42,s0a = 1.

Thusy = (x+3)(x +2)(x—-7).

7\2 81
e 2(x-2) - =
( 4) 8 9 a (x—2)(x+ D(x+3)
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b (x—Dkx+ 1)(x-23)
c (x—-Dx+Dx-3)(x+2)

d 1(x-DEx+3+ VI3)2x+3- V13)
10 > +4=1x(x>-2x+2)+2x+2
11 a=-6

12 f(x) = (x + 1)}(x — 2) Note: The tp on
the diagrams are incorrect

ay=flx-1
Translate the given graph 1 unit right.
The new intercepts are (0, 0), (3,0) .

The new minimum i at(9 2187)
.eew inimum is 1" 256
since the y value does not change.
Yy
A
y=fx-1)
5 3 > X
(9 2187)
4’ 256
b y=flx+1)

Translate the given graph 1 unit left.
The new x intercepts are (—2,0),
(1,0).

x=0:y=f(1)=23-2) = -16, so

the new y intercept is (0, —16).

Th minimum is at(l 2187)
n i - ——

e new u 1" 56

since the y value does not change.

ISBN 978-1-107-56747-4

y

Y sl D)

\ .
_N\/l

1 2187
4> 256

c y=jf(2x)

1

Dilate the given graph 3 unit from
the y axis.
The new x intercepts are (1,0),

-1.0)

2° )

The new y intercept stays at (0, —2).
The new minimum is at (%, 2187

T 256
since the y value does not change.

y=f(x)+2

Translate the given graph 2 units up.
This makes the origin an intercept.
A second x intercept is between %
and 2.

The minimum has the same

x value of % and y value of
2187 1675

256 17T T2s6
5 1675)

Th .. . t(—,——
€ new minimum 1s a 156
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17 a=1,b=-1, c=4

18 2<p<6

19 The rule of the cubic function is of the
form y = ax’® + bx® + cx + d. Since its
graph passes through (0, 6), d = 6. Write
the equation as y — 6 = ax® + bx? + cx.

13 k=+8 Use the remaining points to form three
simultaneous equations in a, b, and c.
(I,1): =5=a+b+c 1

2,4): —=2=8a+4b+2c 2

14 (4,-5), (3,9)

5 13 (3,9):3=27a+9b+3c 3
15 a=3, b= 6 T 12 2-21: 6a + 2b = 8 or equivalently
3a+b=4 4
16 643 + 144:2 + 108x + 27 2 —31:24a + 6b = 18 or equivalently
da+b=3 5

5—4givesa = —1.

Substitution into 4 gives b = 7.
Substitution into 1 gives ¢ = —11.
Hencea=-1,b=7,c=-11,d = 6 and
soy=—x>+7x>—11x+6.
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Solutions to multiple-choice questions

1 E =5x*-10x-2

=5x*-2x-2
=5x-2x+1-1-2
=5x-272-1-2
=5(x-2)7%-5-2
=5(x-2)?%-17

2 D There are 2 real roots when the
determinant > 0
b*> —4ac>0
36+ 12m >0
12m > =36
m> -3

3 E xX*+27
=x’+33
@ + b = (ax + b)(ax* — abx + b?)
Wherea =1and b =3
(x+3)(x* =3x+9)

4 C The equation is a cubic.
From null factor theorem:
The only possible options are
B and C
Sub in an x value to determine if
the graph has a positive or negative
y value:
When x =2
Option C: y = 16 X —6
Option D:y =4 x4
Therefore it must be option C

5 E x-1isafactor
B+31)?-2a+1=0

-2a=-5
5

a:E

ISBN 978-1-107-56747-4

6 A Check by expanding:

7

For option A,
Bx+2y)2x —4y)

= 6x% — 12xy + 4xy — 8y?
= 6x% — 8xy — 8y?

Looking at the part of the graph
shown, we can see that at x = 1,

the graph is also showing a turning
point. Therefore we can see that the
answer must be either D or C, as the
x-intercept points in the other graphs
either show points of inflection (i.e.
f(x) = (x = 1)?), or an intercept
where the graph doesn’t change
direction (i.e. f(x) = x*(x — 1). Then
substitute values into the equations
to check which one of C or D it is.
Looking at C, you can see that for all
values of x greater than zero other
than 1, the function will be equal to
a number less than zero. Looking at
D, you can see that for all values of
x greater than zero other than 1, the
function will be equal to a number
greater than zero.

Expand the outer set of brackets to
get the function into turning point
for m. So p(x) = 3((x — 2)*> + 4)
becomes p(x) = 3(x —2)* + 12.
Therefore the graph is shifted right
2 and up 12 from the origin. The
answer is
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9 C From the graph there is a intercept at

Cambridge Senior Maths AC/VCE
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x = ¢ and turning point at (b,0) . So
the polynomial must have functions
(x — ¢) and (x — b)?

Now (x — b)? is the same as (b — x)>.

y = (x — o)(b — x)? fits.

(Note: that option D gives a
reflection in the x-axis of the graph
given.)

ISBN 978-1-107-56747-4

10 C

11 C

12 B

We can see immediately by looking
at the equation that the function will
touch the x-axis when x = b, and
when x = —c. The remaining factor
of the function is (x* + a) and we
know that is a positive real number.
When we attempt to solve for x, we
get the following: x* = —a.
Knowing that a is a positive real
number, we realise that the solutions
are not real numbers and hence are
not roots.
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Solutions to extended-response questions

1 a The graph passes through the point (15, 20)
20 = k x 15 x (20 - 15)

4
k= —
153
4
= —— ~0.001
k 3375 0.0019
4¢3
* R= 20 —1¢
3375( )
4x10°
Wh =10 R= 1
b en t 0 3375 x 10
_4x10t
- 3375
_4><80
27
_ 320
The rate of flow = 2—7mL/ min when ¢ = 10
320
—z11.852)
(27
c i p A
(15, 40)
0 20 !

Note: This graph is given by a dilation of factor 2 from the #-axis

ii Whenrt =10

4
Rypw =2 %X —— x 10° x 1
><3375>< 0° x 10
640
= — — mL/min
27

4
The rate of flow = % mL/min when ¢ = 10(62—7 ~ 23.704)
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d i The hint gives that R,,; is obtained by a translation of Rou]

20 units to the right. — 40

© (tLR) = (t+20,R)
¢ =t+20and R’ =R

o R=kA (20 — 1) is transformed to

(35.-20)

R = k(7 +20)}(20 — (' — 20))

= k(t' —20)°(40 - 1)
A reflection in the x-axis give
Rou = —k(t —20)3(40 — 1)

320 320
ii When t =30, R,, = —= mL/ min(—7 ~ —11.852)

27

320 -320
Note: the simplest way to obtain this is to move (10, T) - (30, T) with

this transformation

The rate of flow out is 57 mL/ min

Calculator technique for question:

a In a Graphs page enter the rule: f1(x) =4/ 3375x3(20 — x).
Suitable window settings are:

l’\.‘indnw Settings

XMin: [0
XMax: ‘20

XScale:

YMin: \0

YMax: | 20
YScale:

Auto

Auto

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

f1lx)= x?-120x]
) 3375 ]
' ' 20
163
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b The rate of flow when ¢ = 10 is obtained by using Graph Trace from the

Trace menu and typing in 10. Press.
Hint: press d to exit the Graph Trace tool.

f1: 110,119 )

k=

0 1

¢ The new function is obtained by entering f2(x) = 2f1(x) in the function
entry line (press e or /+G to show the function entry line if required). Press

to plot the new graph.

Change the window settings to show key points of both graphs. Hint: use

b>Window/Zoom>ZoomFit

£20x)=2- f1lx]

4 2 \
-x~ 120}
3375

f1lx)=
X

20

0
In order to see the graphs by R against t and Rout against t a hybrid function

must be entered as shown,

164
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3(20 - for 0 > x > 20
300 = (3372))(( X) or0>x>

—_— _ 3 _
(3375 )(X 20)%(40 — x) for 20 > x > 40

Insert a new Graphs page (/ + I) From the math templates palette (t)select the
piecewise template.

The graph is as shown. For this choose Xmin = 0 and Xmax = 40. Adjust
values.

2 a i Whenl‘:O,V:4><93 =2916
The volume is 2916 m?

ii Whent=9, V=0

b The volume is 0 m?
¢ 512=409-1t° VA
128 = (9 — t)° em? | (0,2916)
1285 =9 —¢
t=9-128 0 o r—.
1

—9_4x23 ~3.9603
After 3.96 hr the volume is 512m?
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1
3 a i V:§7r><4><(18—2)

T
=—-x4x16
3

64
Volume is = Tﬂ cm’ when x = 2

1
ii V:§7T><32><(18—3)
= x45
=451

Volume is 45rcm® whenx = 3.

1
iii V:§7r><42><(18—4)
T
==-Xx16x14
3
_ 224n

3

Volume is = cm® when x = 4.

b When the bowl is full, depth is 6 cm.
1
When x =6,V = §7T><36>< 12

= l44r
The volume of water is 144 7cm? when the bowl
1s full.
325 325 1
e Ify =228 2920 o008 -y

3 3 3
which implies 325 = x*(18 — x)

and .. x> — 18x> +325=0

Let P(x) = x> — 18x% + 325

P(5)=5%-18x52+325=0

which, by the Factor Theorem, implies that x — 5 is a factor.

P(x) = (x = 5)(x* — 13x + 65)
13+ V169 + 4 x 65
2

x> — 13x — 65 = 0 implies x =
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13+ V429

but these two values of x lie outside the domain of V = (0, 6)
x =5 is the only solution.

18 5 cm.

325
i.e. the depth of the water when V = dl

= r =

cm ’
By Pythagoras’ Theorem
2

h
2
2) =25
r +(2)
h2
2
sy
2 2
L&rzEVMO—W

VA (577.302.3)

0 10 h

.. Volume of cylinder = Enrzh

1
:ﬂxﬂﬂm—ﬁm

1
:Zmam—ﬁ)
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1
¢ V= -nh(100 - h?)

Wherllh:6
V= anx6(100—36)
= 96

The volume of the cylinder is 967rcm?
d When V = 48r
1 2
481 = Zﬂh(l()() —h”)

192 = 100h - KW

=100 +192=0
Let P(h) = h* — 1004 + 192
P2)=2°-100x2+ 192
=0

.. h — 2is a factor
= P(h) = (h=2)(h* + 2h — 96)
P(h) = 0 implies h = 2 or h* + 2h — 96 = 0

2+ V4 +4x96
- 2
-2+ /388
)
= -1+ V97
But & > 0, .. the only solutions are s = 2 and h = —1 + V97
When h =2
r= Lvioo—a

1
:E\/%

-2v6
When i = —1 + V97 ~ 8.849

ra %VIOO —-78.30

~ 2.33
When the volume of the cylinder is 487 cm? the height is 2 cm and the radius

2V6 ~ 4.899 cm.
OR the height is (-1 + V97) ~ 8.849 and the radius is ~ 2.33 cm.

~h

DN | =
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S a V=(84-2x) (40 -2x)x

b 84 —-2x>0and40—-2x>0and x >0
© ox<42and x<20and x < 0
maximal domain = (0, 20)

0 20 x

d i 5760cm?
i 12096 cm’
iii 13056 cm®
iv 12 800 cm?

e Use Intersection from the Analyze Graph menu
x =13.50 or x = 4.18 (answers given correct to two decimal places)

f 13098.71 cm? (use Maximum from the Analyze Graph menu)
6 a i A=2x(16-2x%)
ii O<x<4
b i A=6(16-9)
=42
ii x =0.82 or x = 3.53 (use Intersection from the Analyze Graph menu)

¢c 1 V=xA
= 2x%(16 — x°)

ii x=2.06or x = 3.43 (use Intersection from the Analyze Graph menu)

7 a A:yx+gx2

b i 100=y+nax
Sy =100 — mx
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ii A=(00-7mx)x+ gxz

= 100x — x> + gxz

= 100x — gxz

100
i (o, —) as x> 0 and y > 0 which implies 100 — x > 0
T

¢ x=12.425
Intersection from the Analyze Graph menu has been used.

d i V= i(Exz+yx)

50\2
_x Tt
—50(100x 2x)

x2 T 100
= 55(100-34) we(0.77)

ii V =248.5m? using x = 12.425 when A = 1000

iii Using Intersection from the Analyze Graph menu gives x = 18.84
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8a In a Calculator page solve
the system of equations using

b>Algebra>Solve System of
Equations>Solve System of

Equations.

b Define the function A(x)
Find the height when x = 1.5 m

¢ In a Graphs page, enter the
two functions

The coefficient of x°, although
small, is clearly influential.

d Solve the system of
equations.

Hint: to obtain exact (fraction)
answers the decimal values in
the system of equations can be
written as fractions as shown.

ISBN 978-1-107-56747-4

1 “ ‘) £
|[@ 07 +b 0%+c- 0+d=0
3.3, 1024 o
- a 101+b 10.;-6 10+d 1,{a,b,c,a"}’
a 307 +b- 30%+c' 30+d=2
\,.a-403+b-402+c-40+d=3
- 7
a= and b= and ¢= and d=0
12000 200 120

a 0% +b- 0%+¢ 0+d=0

2 ’ !
a 102 +b 10%+¢- 10+d=—
10

27 .,

a 20 +b- 202+ 20+d=—
10

2 9 28

a- 40> +b- 402 +¢- 40+d=">
10

© Evans et al. 2016
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Alternatively use
b>Number>Approximate to
Fraction and edit the tolerance
to 5.E-5)

e (i) in a Graphs page enter
the hybrid function using the

oo
piecewise template ** from

the Math Template palette (t)

The result is as shown.

e (ii) The second section of
the graph is formed by a
reflection of the graph of

y = f1(x),x € (0,40) in the
line x = 40

ISBN 978-1-107-56747-4
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Chapter 5 — Exponential and logarithmic
functions
Solutions to Exercise SA

1 a Range = (-2, ) 2 a ¥
Ay:2x+1_2 y:3x
2- %=3’“0
:/(07 1) y; X
T T > X
L1740 1 0
N Eiutuiniad
b Range = (=1, o) b y
i/ y:3XI\
\
y:2x—3 x (O, 1) _
= y=0
Yy \>X
0
¢ y
¢ Range = (-1, ) A
Y
x+2_1 @1 /;:ysi 0
= B < > X
— 5%
3 (. 1)\y
d y
A

0, 1) y=(L.5*

(0, 4)*—(1-5)"
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3 a Range = (0, )

Y
A
|| fy=75%5"
2 X
0 =
¢ Range = (0, )
Y
= 23x
1
i > X
0
d Range = (0, o)
Y
A
X
__Lry=23
0 > X
4 a Range = (2, )
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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b Range = (—4, )
y
A

y=25%_4

0/ > X

5 a y Range = R*
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e y Range = (2, ) y=flx+1)

f Y Range = (-1, o0)

b Range = (-1, o)

¢ Range = (1, o)

175

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press
Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



i/ y= 10°+1
/(10, 11)
(0, 2)4 y=1
g y 5 > X
y=2f(x-1)+1
/ range = (1, o)
0,2 y=1 c y
———————————— y=2(10%)-20
> X
0
h Y
A
y=fx=2)
2, 1) range = (—20, )
1
0,5) y=0
_/O 0.2) =0 d y
A
y=1
8 a % 0 >» X
Ay=10x—1 y=1-107"
/ range = (—oo, 1)
_______ o____° ’ Y =101 43
_ ~1,4)_#(0, 13)
range = (1. S e =)
0 > X
range = (3, o)
176
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f y

A x
y= 2(10 l0)+4
(10, 24)
e
0 > X
range = (4, o)

(100, 408.024)

> X

0
b C; =10000((1.0004)* - 1)

i C; =10000((1.0004)'% — 1)
= 10000(1.040802 — 1)
= $408.02

ii C, = 10000((1.0004)*® — 1)
= 10000(1.127470 — 1)
=$1,274.70

c 1000 = 10000((1.0004)* — 1)

(1.0004)" = 1.1
Use the ‘solve’ command of a CAS

calculator to solve for x. This gives

x=238.32... x =239 days
(you must round up in this case)

d i

ii tofind C; < Cy
find C, = C; then round up using
the CAS calculator at

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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C2 = C1,x = 301.16
for C; < C4
minimum x = 302 days

10 y = 100(1.02)*
what is x when y = 2007?
2 =(1.02)*
Use the ‘solve’ command of a CAS
calculator to solve for x. This gives
x = 35.003. So your money has not
quite doubled after 35 days; it will take

36 days.
11 a i
y=2"
(0, )
> X
0]
i x<0
iii x>0

iv x = 0 (read off graph)

SOFm
0

y=(%> (0, 1)

0 | > X
ii x>0
iii x<0
iv x = 0 (read off graph)
177

© Evans et al. 2016 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



c i ii y
y=1
1
—» X
0
iii y
y = X
(0, 1) .
0
178
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Solutions to Exercise 5B

1 a y f y
y=2eX

(0, 2)

> X

0

range = (0, o)

g y
y=2(1 + e¥)

range = (2, 00)

range = (—o0,2)

y=-2
range = (-2, 00) (1,2)
—1 >
(0, 2e71)
-
> X
0]
179
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range = (0, o)

Translation 2 units to the left and
3 units down

Dilation of factor 3 from the x-axis,
then translation 1 unit to the left and
4 units down

Dilation of factor 5 from the x-axis
and factor % from the y-axis, then

translation % unit to the left

Reflection in the x-axis, then trans-
lation 1 unit to the right and 2 units

up

Dilation of factor 2 from the x-axis,
reflection in the x-axis, then trans-
lation 2 units to the left and 3 units

up

Dilation of factor 4 from the x-axis
and factor % from the y-axis, then
translation 1 unit down

ISBN 978-1-107-56747-4

y=-2e3-4

y =4 — 23

y=-2¢2-4
y=-2e3-38
y=-2e"3+8

y=-2e"3+8

Translation 2 units to the right and
3 units up

Translation 1 unit to the right and
4 units up, then dilation of factor %
from the x-axis

1
2

dilation of factor % from the x-axis

Translation 5 unit to the right, then

and factor 2 from the y-axis

Translation 1 unit to the left and
2 units down, then reflection in the
X-axis

Translation 2 units to the right and

3 units down, then dilation of factor %
from the x-axis and reflection in the
X-axis

Translation 1 unit up, then dilation of
factor % from the x-axis and factor 2
from the y-axis

x=1.146 or x = —1.841

x = —0.443

x=-0.703

x=1.857 or x = 4.536
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Solutions to Exercise 5C

1 a 3x%? + 2x*y0 = 6x5)° 2 a 3*=81
8 3* =3¢
142); =3 4
X X =
2.3
I8y _ 6x2y2 b 81=9
3xty 1
6y’ 81° = 812
X2 1
xX==
4.2\2 2.\4 2
d (4x'y)” +2(x7y)
= 1628y + 2%y c 4'=256
x _ 14
— 18X8y4 4" =4
x=4
e (4x")?
=42 d 625" =5
1
=16 625" = 6254
1
155y ) ) il
f S Y )
— 542876 e 32° =
5x28 25x — 23
G 5x=3
3223 3 163812 =2
2x3y2 2432 S
= 24x7y'" f 5°=125
. 5x _ 53
h (8x*y%)3 = 2x)? 3
X =
2y B 24y?
1 X2 +y_2 1 1 g 16" = 1024
X2 2 y4x _ 510
3 ¥ +y? 5
T2, 2 X=3
Vo +x 2
x2)2
= 22
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h 2_x—6—4
7=x _ 96
x=06
fs L
625
§5x _ 54
x=4

3 a 5"x25"1 =625

52}1 % 54n—2 — 54

56n—2 — 54
6n-2=4
n=1
b 472 =1
4212 _ 40
2n—-1=0
n=1
1
2n—1 -
¢ ~ 256
42}1—1 — 4—4
2n—-2=-4
-3
n=—
2
3n—2
d orn 27

311—2 % 3—21’1—4 — 33

33n—6:33
3n—-6=3
n=
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e 2777 %47 = 64

22n—2 X 2—6n — 26

p—4n=2 _ 26
—-4An-2=6
—4n =38
n=-2
f 211—4 — 84—n

2n—4:212—3n
n—4=12-3n
n=4

g 27n—2 — 93n+2
33n—6 — 326n+4

3n—-6=6n+4
3n=-10
-10
n=—
3

h 86n+2 — 84n—1

on+2=4n-1
2n=-3
-3
n=—
2

i 1254—n — 56—2n
512—3n — 56—2n

12-3n=6-2n
n==~6
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j 211—1 ><42n+] =16 d 22x _ 6(2X) +8=0

2t x 242 = 04 = (25— 2)(2 —4) =0
25n+l — 24 2X _ 2’4
Sn+1=4 x=1,2
n=3 e 8(3%) — 6 = 2(3%)
3
n=3 3 -4(39+3=0

I 3" =-3)x-1)=0
k (27x3")"=27"x3%

37 =31
3 3 1
(3% x 3" = 3% x 34 x=1,0
3+n\n _ 3n+l
(7 =3""4 f 2% 202" + 64 =0
g’ _ 3dneg 2"~ 16)2° - 4) =0
1 2% = 16,4
3n+n’=3n+- 6,
1 4 x=42
n’ ==
41 g 454 +4=0
n’ =5 @4 -HA -1)=0
4 =41
4 a 32233 -3=0 x=1,0
3 -3)3+1)=0
= ) +1) h 33*)-283%+9=0
3¥=3; -1
BBH-DB -9 =0
Lx=1; 1
2 X = —1, 2
b 5%-23(5%-50=0
= (5" =25(5+2)=0 i 777 -8(7H+1=0
5% =25, -2 T -1)(T"-1)=0
1
Lx=2 7%= 2 1
2 T
e x=-1,0
¢ 52 -105%+25=0
(5"-572=0
5 =5
x=1
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Solutions to Exercise 5D

Note: the natural logarithm function

log, x is often written In x; this notation

is used here.
a ln6
b In4

¢ In10°=61In10

d In7
1 1
In———=In—=-1n60
© M3 axs Mo "
£ In(uv X w? x w?) = InuH®
= 3Ilnw?

g 7lnx=1Inx’

h 1n((X+y)(x -y

(x% = ?)
=Inl
=0

a x=10°=100

b log,x=4
x=2"=16
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x=6
x=20=64
In(x+5)=3

x+5=¢

x=e —5=~15.086

2x=e"=1
1
X=—=
2

2x = =2
x=-1
x=10"°
1
~ 1000
log,(x—4) =5
x—-4=2"-32
x =36

x=15
Inx=1In5
x=5

2
lnx:ln(83)

=In4
x=4
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2
3

5 1
d In2x" - x)=0,x>0 log, vz —10g1((27)3 —log;,(64)

e
2 _
2" —x=1 =log,y 6 — log,, 3 — log,, 16
23 —x-1=0 | 6
o)
2x+Dx—-1)=0 0\3x16
1 =1 !
X = —5, 1 a Oglo (g)
sincex>0,x=1
6 a log,,10=1
e Inx®—In(x—1)=In(x+3) =10
2 b log,,5 +log,,8 —log,, 4
In —— = In(x + 3) 0 0 0
X — 1 = lOglO 10
X =(x+3)(x-1) _
¥ =x>+2x-3
2y = 3 ¢ log, V2 + log, 1 + log, 4
3 =log, 4 V2
x= ) 21
72
5 a log,;(3x9) = log,,27 _d
2
b 1 24 =log,4 =2
ng(g) =108 % = d log,,25 +1log,o4 +log;, 10
c E(log10 a—log,,b) _3
S(oe0 )
= —|lo —
20810 e log,, 16— log,, 16
a =0
=1 —
0810 \/;
1 1
d 1+log,,a—1log,(b)3 7 a 10g3(§) =log;(3™)
=log;, 10 + loglo(il) = —xlog; 3
b3 —
~ log (lOa)
10 b% b log, x — log, y* + log,(xy%)
= log,(x”)
=2log, x
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¢ In(x*-y?) —In(x—y)—In(x +y)
2 2
_ ln(L)
(x=y(x+y)
=Inl1=0

8 a In(x>-2x+8)=1Inx’
¥ -2x+8=x*
2x =8
x=4

In(5x) = In(3 — 2x) = lne
In(5x) = In(e(3 — 2x))

3e —2ex = S5x
(5 +2e)x =3e
3e
= ~ (0.7814
o 5+ 2e 0.78

9 a Inx+In(Bx+1)=Ine
In(3x*> + x) = Ine

32 +x—e=0

-1+ VI +12e
6

X =

-1
but x > —
ut x 3

_—1+ V1 + 12¢e

o 6

~ 0.7997
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b 8 -e¢"-2=0
8—e™—2¢" =0
(€)Y +2e"-8=0
(e+d)e*-2)=0
et =-4,2
But ¢* > 0, so:
e* =2

x=1n2 =~ 0.6931

10 a log, 81 =4

X =81
x=3
1
b logx3—2:5
1
5—_
Sy}
1
Y73

11 Inx*> +In4 = In(9x — 2)
4x* =9x -2
4x* =9x+2=0
(4x-D(x-2)=0

1
-2
47

X =

12
1
logg N = E(loga 24 —log, 0.375 —log, 729)
1 (1 64 )
~2\"%a 759
=lo i
- ga 27
8
N=—
27
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Solutions to Exercise SE

1 a y 2 a y
A -
v = log,(3x) =
/ |
I
I
I : / 2 > X
3 I
!
domain = (3, 00), range = R
b y
A b Yy
y = 4log,(5x) x=-3
I
: (4.39,0)
, 0 l/, ;
-3! /‘/ 0.9
> X "
/1
S domain = (-3, o), range = R
C y ¢ y
A A
X = _Il
y =2log (4x) "
I
/ 10| 0.65,0)
1 / x
> X I £(0,-1)
1 : /
4 I
domain = (-1, o), range = R
d )’ d y
y= 310ge A X = %
I
I
> X I
2 I
I
0{21/(0.79, 0)
3:/
. 2
domain = (5 , oo), range = R
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e - J i Y
4
Iy —
i A =3
I I
! l
i 0 X 0, 0.3\ |
_2,_k(0\,—1.4) ST
I
! (0.43, 6‘/ \l
. I
domain = (-2, o), range = R i 4
domain = (—oo, 5)’ range = R
f v
A
x =2l 3 a y
: A
1\G, 0) - x v =log, 2x
of 2 \
1 > X
0 1
! (29
domain = (2, 00), range = R
domain = R*
& x=-1 i/
l b ¥
1 I
I I
r NGO, 1) 1 /y=logjy(x—5)
: > X ! _
0 ™~ 0| 1/.0)
" (1.72, 0) :
domain = (-1, c0), range = R :
domain = (5, o)
h Y
A ! ¢ y
ix=2
(0, OE ! A
| y= —10g10 X
I
L 3 x
0l 1 i > Lo o .
I
I
domain = (—00,2), range = R domain = R+
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d y h Yy
A x——S: A

Ly =logjo (—x)

— :
. A
(=1,0)\ [0 !
:
I
domain = R~ y=logp(=x-35)+2

domain = (—oo, —5)

y =4log, (-3x)

domain = R~

y
A
y=2log, 2—x)—6

y=2logy 2x +2 (‘(% %i

domain = R*

g ) domain = (—o00,2)
Aly =-2log, (3x) .
Y y=log 2x-1)
(39 bl
> X :x— 2 /
0 0 ! > X

' 1
1
1
1
domain = R* :
1
1
1

Domain = (3, o)
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y=-log (3 -2x)
I

A
1.._3
[ X==
, 2
1 > X
1
0 1!
1
(0,-log,(3)),
1
1
1
1
1
Domain = (—co, %)
4 a x=1.557
b x=1.189
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y=1=x) || y=/)

-1,0)\ |0 1,0)>

y=~f(x)

6 A dilation of factor log, 3 from the
y-axis

— 1
7 A dilation of factor from the
log,
y-axis
192
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press

Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



Solutions to Exercise 5F

1 a+b=5...(1)
ae*+b=11...(2)

2) - ()
ae*-1)=6
. 6
-1
6
b=5-
et -1
5¢* - 11
b=
et —1

2 alog,(5+b)=0...(1)
alog,(10+b)=2...(2)

From (1)
log,(5+b)=0
S5+b=¢
b=-4
From (2)
~.alog,6 =2
4= 2
log, 6
3 y=ae*+b
X — —oo,y = 4
4=>
x=0,y=6
6=a+b
=a+4
a=72
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

4 y=ae'+b
x=0,y=0
O=a+b
a=-b
x=1y=14
14=ae+b

=(e—-1a
14
a= ~ 8.148
e—1
14
b= ~ —8.148
e—1
y:ae_bx
x=3,y=50
50 =aeb...(1)
x=6,y=10
10 =ae™®...(2)
1
5 :>5:€3b
3b=1In5
1
b=-1In5
3 n
1
b =1n(5)3
y:a><5_3x
a =250
193
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6 f(x)=ae ™" +b 9 y = ae’™

x — oo, f(x) — 500 x=3,y=10
500 =b x=6,y=>50
x =0, f(x) = 700 10 =ae® ... (1)
700 = a + 500 50 =ae® ... (2)
a =200 1 (2T) 5o
Sub in equation = 50 = a X 5 M .
b =1n(5)3
a =250 N
y=ax53
Sub in (1 10=ax5
7 y=alog,x+b ubin(l) = a
a=2
x=8,y=10
10=3a+b...(1)
10 =alog,(x—b
x=32,y=14 y = alogy(x=b)
x=5y=2
14=5a+b...(2)
2=alog,(5-0b)...(1
@)-()=a=2 2O =0
Subin (1) = 10=6+b x=Ty=4
h=4 4 =alog,(7T-0b)...(2)
@=M=
8 y= alogz(x _ b) 210g2(5 - b) = 10g2(7 - b)
X5,y = —co (5-b°=7-b
b=5 b*—10b+25=-b+7
x=7 y=3 b*-9b+18 =0
3 = alogy(7 - 5) (b=6)b=3) =0
a=73 b=3o0r6
since log,(x) is only defined for x > 0
and log,(5 — b) is one of the points,
b = 6 is impossible
Lb=3
Subin (1) = 2 = alog,(5 - 3)
a=72
11 y=aln(x->b)+c
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vertical asymptote x = 1, .. b =1
y=aln(x-1)+c¢

x=3,y=10
10=aln2+c...(1)
x=5y=12
12=alnd+c...(2)
=2aln2 +c
2)-(1)=aln2=2
2
a= Ez2.885

y=2log,(x—=1)+¢
Subin (1) = 10 =2log,2 + ¢

c=38
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12 f(x)=aln(—=x)+b
x=-2, f(-2)=6
6=aln2+b...(1)
x=-4, f(-4=28
8=aln4)+b...(2)
8=2aln2+b
2)-(1)=2=aln2

a= £z2.885
Subinl =6=2+b

b=4
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Solutions to Exercise 5G

1 a log,8=klog,7+2

3-2=klog,7
1 = klog27
1
~ log,7

b log,7—-xlog,7=4
(1 -x)log27 =4

4
l-x=
log, 7
4
x=1-
log, 7
log,(7) — 4
X=——F
log, 7

¢ log,7—-xlog, 14 =1
log,7—-1 = xlog, 14

_log,7-1
e log, 14

2 a 258
b -0.32
c 2.18
d 1.16
e —2.32
f -0.68
g —-2.15
h -1.38

i 2.89
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—4.42
5.76
~6.21
2.38

2.80

x <281
x>1.63
x < —0.68
x <3.89

x>0.57

x=1log,5

2x—1=1og; 8
2x = log;(8) + 1
3 log;(8) +1

T

3x+ 1 =1log,20

3x =log;(20) - 1
log,(20) — 1

x= ——

3
x =logy 7
x =log; 6
x =logs 6
Leta = 3*
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a*>=9a+8=0
(a—8)(a-1)=0
sLa=8ora=1
L3 =8o0r3" =1

Sox=logz8o0orx=0

h Leta=5"
a?—4a-5=0

(a=5)(a+1)=0
La=5o0ra=-1
5 =50r5"=-1

Sx=1

S a 7"'>52 e x>log,52

b 3% <40 & 2x -1 < log; 40
& 2x < log;(40) + 1

1
& x < > (logy(40) + 1)
1
= 5(log;(120))
¢ 4 >5o3x+1>1l0g,5
© 3x > logy(5) -1

1 5
S x> 3 log4(Z)

1

5
= 6 Ing(Z)

d 35 <30 x-5<log;30
& 3x < log;(30) + 5

1
S x< g(log3(30) +5)
= log;(7290)
e 3 <106 & x <log; 106

f 5°<0.6 © x<logs0.6

6 a alog,7=3-logs14
alog, 7 =logs 216 — logs 14
108

alog,7 = 10g6(7)

108
1°g6(7)

log, 7

I 108
_“VT)sz
In6 In7

_ 273622 069314
4= 1791759 ~ 194591
a = 15271138 x 0.356207

a = 0.544

b log; 18 =log;, k

In18

log,, k = 3
= 2.6309
k= 1126309

k =549.3

7 log.p=gq=p=r? (1)

log,(N=p=r=q" ()
Raise both sides of (2) to the power g:

= (g")
p =g (from (1))
Change to logarithm form:

log, p = pq

8 u=logyx
a x=9"

b logy(3x) = logye(3 x 9%)
= logy 9" + log, 3
1

=u+=

2
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x=9"
= log, x = log, 9"

= 1 =ulog, 9

1
= — = —log, 81
u

log, 81 =

SN N =
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9 logsx=16log, 5

Inx 161In5
- — =
In5 Inx
(In x)*> = 16(In5)?
Inx=+41n5
y = tIn625
1
=625, —
o 625

10 ¢" =25= p=log,25

logq q

logs g = =

log, 5 Bl log, 5

2

- log, 25 - p
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Solutions to Exercise SH

1 /(2,00 >R [0 =log,(x+2) 5 a domain(f) =R’
range(f) =R
domain(f™") =R
range(f~1) = R*

f(x) =In2x
x = In2f ' (x))
2f7(x) =€
) = %ex
to find f~'(x),
f(x)y=e*+3 b  domainf = R*
vz /W3 rangef = R
Yx—3 = e—f"(x) domainf‘l =R
) = _ rangef ! = R*
f_l(x) =In(x - 3) e 1
flx)=—In(x-3) 3y 1
x—1

_ -1
7 = @2 ()

x—1
2 =€’ 3
=gl
c
domain(f) = R, range(f) = (2, o)
domain(f_l) =(2, oo),range(f_l) =R
to ﬁnd f_l()C), f(-x) — ex +2
f(0) = In(x=1) ,
Lox=e W42
x=In(f"' () - 1) -
=1~ 1 o
f—l(x) — ex +1 f (X) = ln(x - 2)
)l4
4 x=e¢3
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d domain(f) = R, range(f) = R*
domain(f™!) = R*,range(f ') = R

f(x) — ex+2
X = ef’l(x)+2
Inx=f1(x)+2
flix)y=Inx-2

e domain(f) = ( - % oo),
range(f) =R
domain(f™') = R,
range(f™) = - 3,)
f(x)=InQx+1)
x=mnQRfx)+1)
et =2f"(x)+1
e —1

)= 5

2
f  domain(f) = (—g, oo),

range(f) = R
domain(f™!) = R,

range(f™) = - 3,0)

f(x) = 4In(3x +2)
x=4InG3f ' (x) +2)

el =3f1(x) +2
eﬁ -2

)= 3

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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domain(f) = (-1, c0), range(f) = R
domain(f™") = R, range(f ") = (—1, o)
f(x) =log;o(x + 1)
fx) =logo(f ™ (0 + 1)
) +1=10"
) =10"-1

h  domain(f) = R, range(f) = R*
domain(f™') = R*, range(f"") = R

fx) =2¢
v = 2ef -1

X _ @D
—=e
2
—1 X
) {3

) = 1n(§) +1

ac Y
—1] 1 ’
Af - ’/V=Y
y:l l,/.z
_______ i _f____
Fd
g1
i » X
710 |
/ 1
2 1
s 1
£ 1
// 1x=l

b range(f) = (—oo, 1)
domain(f™!) = (=c0, 1)
fy=1-¢€"
x=1- e—f"(x)
—f7'(x) = In(1 - x)
') =—=In(1 - x)
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ac Y
; y=x
e
J 0, 2) ,,’
! 012,00
. k > X
1
i = log, 0.6)
b f(x)=5e*-3
x =57 _3
3 _
x;_f _ 2w
3
2f 7 (x) = 111(’“5r )
1 x+3
-1
- -1 )
=55
domain = (-3, o0)
f_] : (_3’00) - R9
1 3
£ =3 1(=5)
8
ac y
A
r
S
1
0.0
___,_../I/ o
Aofr L
g 2.0
e
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b f(x)=2Inx+1
x=2Inflx)+1
x;l =Inf'()

=

range (f~') = domain(f) = R*

-1 P-b
el
9 ¢ 108\ —
10 a %:mx
()
v
x=e
P
b K:€_6X
P
]
X nA
1 P
-4}
X nA
c Loy
a
ln(z)
n = log (X): a
\a In x
y
d 10r==
5
y
-t )
X Oglo 5
5
e 1n(2x):—y
3
()
2x =e 3
15
X = 26
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Z=x b using the CAS calculator
: ) (8.964, 8.964), (-2.969, —2.969)

L x(z)_l(ln(%)) 13 a i

2 8

6/ 2\ Inx
y=In2x-1)
g 2x—1=¢
e+ 1
X =
2

ii
h y=51-¢

—x y

=1-Z

¢ 5
5-y
—e=in(=57)

X n 5

iii

=x
11 a f(x)=2" -4
x+4 1y
7 =ef ™ | e
Fo=n(5) =
b using the CAS calculator /

(0895, 0.895), (=3.962, -3.962) b f(x) and g(x) are inverse functions

12 a f(x)=2In(x+3)+4
x=2In(f'(x)+3)+4

(53) =m0 +3)

flo+3= e(%t)

) = e(%) -3
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Solutions to Exercise 51

t
1 a N=1000x 215

b 50 minutes

2 d=d,10™
Whent=1,d =52 cm
When ¢ = 3, d = 80
Consider the equations

52 =d,10™ (D
80 = d,10°"...(2)
Divide (2) by (1)
80
- 102m
52
20
=)
m = 10g, 13
1 20
m =3 logyg (E) ~ 0.094

Substitute in (1)

1 (20)
Lo (22
52 = dp10° \13

1
| (20)2
oo [ ==
52 = dy10 “\13
202
Hence 52 = (—) 1/2d,
13
1
13\2
and dy = (%) X 52

m ~ 0.094 and dy ~ 41.9237

Graphic calculator techniques for
question

In a Calculator page use:
b>Algebra>Solve System of Equa-
tions>Solve System of Equations and
enter as shown opposite.

Hint: do can be entered using a template
from t, otherwise just use dO.

ISBN 978-1-107-56747-4

80=do- 10° ™ )
fgoﬁ
Inj—
}| 13] 26: \}65
= —— and do=
2 Inl 10] 5

Approximate the solutions using
b>Number>Convert to Decimal.

1n}—‘
113 26- 65
m= —— and do=
2-1nl10] g5
( [201 m=0.093543
ln‘
113
m= —— |p Decimal
. 2'Inl10],
26- 65 | do=41.9237
do= ‘PDecimal
| 5 | v
3/99
3 aN= N()ekt

i  Whent=0,N=20000
20 000 = Nye’
ie.  Ny=20000
ii N =20 000ek
When ¢ = 1, N = 20 000and20%

of 20 000 = 16 000
16 000 = 20 000 x &

=08
k =1og,(0.8) ~ —0.223
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b When N = 5000
5000 = 20 000610g6(08)t

0.25=0.8

_ log,(0.25)

~ log,(0.8)

~ 6.2126
It takes about 6.2 years for there to be
5000 people infected.

4 M= Mye™
Whent=0,M =10
Whent=140,M =5

a 10 = Mye®

My =10
Also 5 = 10e 140
0.5 =e 4%
P (0.5)
T a0 0%
1
= —log,(2) ~ 0.004
140 108(2) = 0.00495
=495x%x 1073

-1
b Whenz =70 M = 10140 108 2x70
— 106_05]0‘%”2
=10x27%

~ 7.0711
The mass is 7.07 g after 70 days.

_—1(10 )t
¢ When M =2 2 = 10140V

02 = 2ﬁ
1
(= —1402292 35507
log,(2)
After 325 days the mass remaining

is 2g.

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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6 A= A()ekt
Whent=0,A =20
SAg = 20
Half life is 24 000 years.
10 = 2024000k

1
%= 22000
When does 20% remain?
206K = 4

1
1 _
oge(z)

1
t= % lOge(g)

t =~ 55726 years

7 A=Ay
1
A= EAO when 1 = 5730
1
5 — 5730k
1 1
1 -
5730 10&(3)
When does 40% remain?
=04
2

ekt:_

: 2
1 —
oge(s)

k=

t=—
k
t = 7575 years

8 P= Pyt
When ¢ = 0, P = 10000
~. Py = 10000
A = 15000 when ¢ = 13

_ I3k

_ 1
13
P = 10000eX

N Wl

3
1 _
oge(z)
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10

11

a Whent =16
P = 100006
S P=16471

b 30000 = 10000
log, 3 = kt

1
r= % loge(3)

t~35

C = Cy(1.12)"
M = My(0.94)"
M() = SC()

o M = 5C(0.94)"

C>M & (1.12)" > 5(0.94)"
This happens after approximately

9.2 years.

P(h) = 1000 x 10005428

a 607 millibars

b 6.389 km

P =500000(1.1)"

4000000 = 500000(1.1)"

8 =(1.1)"
n=~21.82
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12

13

14

15

T = Toe ™
Whent=0,7 =100
- Ty =100

T 5 40 whent =5

— o5k

= —é loge(g)
T = 100e7*
Whent =15

T = 100~ 1%

~T=64

Sk

k =0.349, Ny =50.25

5
t-va )
a og, 1
b 7.21 hours
1
a a=1000, b =155

b 3 hours

¢ 13 hours

d 664 690

© Evans et al. 2016
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Solutions to Technology-free questions

1 ay=e-2

x=0y=-1

y=0:¢"=2=x=1log,2

asymptote: y = —2
¥

(log. 2, 0) |

A
fo)=es-2

=X

0
I (3]
_____________ i

b y=10""+1
x=0:y=2

no x intercepts as y > 1

asymptote: y = 1

34

A

\f(x)= 10241

y=1 -
0
1
¢ y=§(€x—1)
x=0:y=0

1
asymptote: y = -3

B

|

\ 1
h@)=5(ex-1)

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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d y=2-¢"*
x=0y=1
y:O:e_x:2=>x=—10g62

asymptote: y = 2

- "

(-loge 2, 0)

y=log,(2x+1)
x=0:y=0

1
asymptote: x = =3

y
A

J(x) =log, (2x + 1)

[

.
A

y=log,(x-1)+1

no y intercepts as x > 1
y=0:log,(x-1)=-1=x= l+e!
asymptote: x = 1

y
A

x=1

(1+e1,0)
h(x)=log,(x—1)+1

1

I

|

1

I

]

1 -

= X

0'

1

N\

I

]

I

I
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g y=—log,(x—-1) The domain of ! is R.

no y intercepts as x > 1 Interchange x and y and solve for y:
y=0: -log,(x-1)=0=>x=2 x=3log,(y—2)
asymptote: x = 1 X
1 -2)==
" 0g.(y-2) =3
1 y = eg +2

g(x) =-log.(x-1) .
fR-R, flx)=e3 +2

(2, 0) ¢ f(x) = logo(x + 1)

1

i

|

|

I

: > X

0| | domain = (-1, o), range = R

i The domain of f~!is R.

|

I

Interchange x and y and solve for y:

x=1 x =log;(y + 1)
h y=-log,(1-x) y=10"-1
x=0:y=0 FFER-R, ) =10-1
asymptote: x = 1
y d f(x)=2"+1

A domain = R*, range = (2, )
The domain of ! is (2, o).

Interchange x and y and solve for y:

Jx) = -log,(1 -x)

0 . .x:2y+1
2 =x-1
y=log,(x-1)

x=1

12,000 5 R, f71(x) = logy(x = 1)

2 a f(x)=e*-1

3 alo =1lo +2
domain = R, range = (-1, c0) &Y g.(x)

The domain of f~! is (=1, o) . = log,(x) + log,(¢?)
Interchange x and y and solve for y: = log,(¢*x)
x=e¥ -1 )
y=ex
¥ =x+1

2y = log,(x + 1) b log,,y=log,,x+1

1 = log,, x + log,, 10
y=5 log,(x+1)

=log;, 10x
fli(-1,0) - R, f(x) =
1 y = 10x
~log,(x + 1)
2
b f(x)=3log,(x-2)
domain = (2, c0), range = R
207
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¢ log,y=3log,x+4 ¢ g% _ 3utl

= log, x* + log, 2* log, 2" = log, 3**!
= log, 16x° xlog,2 = (x+1)log,3
y = 16x° xlog, 2 — xlog,3 = log, 3

log,2 —1 =1
d log,,y=-1+5log;,x x(log, og,3) =log, 3

logyo 10 + log,o x° ___log)
= —10g;o 1U + logy x X = log, 2 — log, 3
.XS 1
= l -— _ Oge 3
0810 10 = 5
_x e, 3]
Y710
e log,y=3-log,x 5a 222" -2=0
=log, e* — log, x (2°?-2"-2=0
e’ Q2 -2)2*+1)=0
= loge -
* 2" =2,-1
_ e But 2* > 0 for all real x, so the only
y== o .
X solution is given by 2* =2, 1.e. x = 1.
f logy=2x-3 b log,Gx—1)=0
_ ,2x-3
y=e 3x-1=1
3x=2
4 a 3"=11 >
xX==
x =logy 11 3
log, 11 —
x= 2o by change of base ¢ log;,(20)+1=0
log, 3
(Alternatively, take logarithms to base .
e of both sides and simplify, as in part 2x=10
¢ below.) B i
10
b 2*=0.8 1
X=—
x = log,(0.8) 20
log,(0.8
= M by change of base
log, 2
208
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10 -7x10"+12=0

(107> - 7x 10" +12=0

(10" =3)(10" =4) =0
10°=3,4

x =log,, 3,log,, 4

6 y=3log,(x+1)+2

x=0:y=3log, 1 +2=2
y intercept: (0,2), so b = 2.
y=0:3log,(x+1)+2=0
Solving for x:

3log,(x+ 1) =-2

2
log,(x+ 1) = -3

2 2
x intercept: (2_3 - 1,0) soa=2"3-1.

7 f(k) =5log;y(k + 1) = 6, so solving
for k:
S5logl0k+1)=6

6
log10(k + 1) = 3

6
k+1=105
6
k=105 -1
8 4¢> =287
4
287
seea )
X Oge 4
11 (287)
= 200 (221
YT 3%y

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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9 3log,x=3+1log,8
=3 +log, 2
=3 +3log,2
= 3(1 + log, 2)
log,x=1+1og,2
= log,a +log,2
= log, 2a

x=2a

10 The range of f is the range of a
complete log function, which is R. So
the domain of f~!is R.

11 y = f(x) = > —3ke* +5
0,0):1-3k+5=0,s0k=2
Hence y = ** — 6e* + 5.
X — —00,e” —6e*+5>50+0+5=25,
so the horizontal asymptote is y = 5 and
therefore b = 5.
Now find when y = 0, i.e.

e —6e"+5=0

e=DEe*-5=0
ef=1,5

x=0,log,5
x = 0 corresponds to the intercept
(0,0), so x = log, 5 corresponds to the
intercept (a, 0). Thus a = log, 5.

12 2 0= %10g6<x+ 4),
dom f! = (=4, o)

1
—4
3x+4

13 a f(-x)=f(x
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b 2(e" +e™) e g(—x) = —g(x)
c O f 2%, 2¢7*, 2 — 72X

d %42
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Solutions to multiple-choice questions

1 C 4log, x* =log, 16+8

6 C 3410g3 x+log; 4x

= log, 24+ 8 — 3log; x*+logy 4x
=4log,2 +8 — 3logs 4’
2 5
4log, % =38 = 4dx
x2 7 B Using the ‘solve’ command CAS
log,, o= - calculator gives x = 0.2755.. ., so
x_2 _p x =~ 0.28.
2
8 A The graph is translated 3 units in
x* =2b° e )
the negative direction of the y axis
x=+V2b b=-3
When x =0,y =0
2 D log,4e™ 0=ae’ -3
= log, 4 + log, & 0=a-3
=log, 4 + 3x a=3

3 B 3logz(x—4)

9 C f:R" >R, f(x)=1logsx

=x—4 (5,0)
4 E The Functions g and & here the 0 # logs 5
same domain of R\{—1}, so B = C. 0=+1
It follows that either option D or E The graph does not pass through the
Must be true. point (5,0).

Now range (g) = R\{0}.
Using a CAS calculator to plot
the graph of 4 shows that range

10 D 3log, x—7log,(x—1) =2 +log,y
3

X
3
5 A Asx=5 ogzm—logzy:2
log,,(5k —3) =2 .
Sk —3 = 107 logy ———— =2
y(x =17
S5k = 103 S
=103 Y =1
5 3
YT -1y
11 A
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12 C 15 B

13 C 16 D
14 D
212
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Solutions to extended-response questions

1 The temperature, 7°C, of a liquid x minutes after it begins to cool is given by
T =90(0.98)"

a When x =10
T = 90(0.98)'"°
= 73.5366

b WhenT =27
27 = 90(0.98)"

27
90 - 10.98*
0.3 =0.98*
log,(0.3) = xlog,(0.98)
r e log,(0.3)
log,(0.98)
= 59.5946

2 Let P denote the population of the village in years after 1800.
P =240(1.06)"
Whenn =0, P =240

a Whenn =20
P =240(1.06)* = 769.71
At the beginning of 1820 the population is approximately 770.

b If P = 2500
2500 = 240(1.06)"
2500 .
Za0 = (1:06)

125
ie. — = (1.06)"
e 4 (1.06)

Taking logarithms of both sides
125
log, (E) — nlog(1.06)
1 (125)
O _—
)
log,(1.06)

=40.217
The population will reach 2500 in the year 1840.
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3 V=ket

a asV =22497 whent =0
k =22497
After one year the value of the car is $18 000
Take logarithms, base e of both sides.
log, 18 000 = log,(22 497)A
22 497
18 OOO)

~ (0.223

~ 0.22 (correct to two decimal places)

A= loge(

b V = 2249770223

whent =3
V = 2249707029
= 11 627.60

The value is $11 627.6 after 3 years. (This is obtained by taking A = 0.22)
4 $M is the value of a particular house in a certain area ¢ years after January Ist 1988.

a Itis given that M = Ae™"
and when r = 0, M = $65 000
A =65 000
Furthermore when t = 1, M = 61 000
61 000 = 65 000e™?

61
___ —p P
65 ¢
61
el
i.e =lo (@)
e p_ ge 61
p =0.635

A =65 000 and p = 0.064 to two significant figures.

b M = 65 000e™

Whent =15
M = 65 000e~P
= 47 199.687

To the nearest hundred the value is $47 200
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5 a Ny = 10000+ 1 000 y
Ne(r) = 8000 + 3 x 2! A

7=8000+3 %2/
0 15

b i Using intersect from the CALC menu the point of intersection of the two graphs
has coordinates (12.21, 22209.62)

ii r=12.211.e.onJan 13

ii 22210
¢ i 10 000 + 1007 = 8000 + 3 x 2!
2000 + 10007 = 3 X 2'
2000 + 1000 _,
S
2000 + 1
loglo( oooJ; OOOI)  og2
2+t
log,, 1000 + loglo(T) = tlog,y2

ii (12.21, 12.21) is found by

d N.(15) = Ny(15)
8000 + ¢ x 2! = 10 000 + 1000 x 15
¢ x 2% =17 000
c=0.52

6 n=A1-eb)

a 1 Whenr=2,n=10000and when ¢t =4,n = 15 000
10000 = A(1 —e?B) (1)

and 15000 = A(1 - *8) (2
Divide (2) by (1)
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A - e

T A(l — ¢72B)

3(1 — e 2By = 2(1 — e74B)
3328 =02_2e

1+2e 4 328 =0

3
2

ii Leta=e28

Then 1 +2a*>-3a =0
ie.2a*-3a+1=0

iii .. (2a —1 a-1)=0

La= < =1
a=3 or a

iv e =
S=2B = loge(z) or -2B=0
1
. B= Eloge2 or B =0, and then A € R* and n = 0 for any A.

v Substitute in (1)
10 000 = A(l - e—‘%’ez)

1
10 000 = A(l _ lon. i)

1
10 000 = A(—)
2

A =20000

(—%logEZ)
¢ 18000 = 20 000(1 e )

1
18 000 = 20 000(1 _ 2‘3)
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t
-3 log,2 =1log,0.1

2log, 10
=———x6.644
log, 2

After 6.65 hours the population is 18 000
7 P =75(10"%15")

a Whenh=0,P=75
The barometric pressure is 75 cm of mercury when 4 = 0.

b When /s =10,P =75x 1071° =2.3717
The barometric pressure is 2.37 cm when & = 10.

¢ When P =60
60 = 75 x 107%-15"

0.8 = 1071

= 0.646 km
The barometric pressure is 60 cm of mercury then 4 = 0.646.

8§ A= A()ekt
Whent =1, a=60.7
Whent=6,a=5
Consider the equations
60.7 = Age (1)
5=A4" (2
Divide 2 by 1

50 o
607 ¢
1 50
k=1 (—) ~ —0.4993 ~ —0.5
5 %%\ 607 9

Substitute in (1)
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607
Ay = 60.7 X (5) ~ 100.007 ~ 100

9 a Note: Whenr=0,x=8(1-1)=0

-0.2¢

A Ast — oo, e —-0..x—>8

0

b i Whent=0,x=8(1-1)=0 Amount reacted after O min is 0 gram
ii Whent=2,x=8(1-¢%) ~264 Amountreacted after 2 min is ~ 2.64 gram

iii Whent=10,x=8(1-¢2)~6.92 Amount reacted after 10 min is ~ 6.92
gram
¢ Whenx=7,7=8(1 —e ")
0.875=1-¢"%
e ¥ =0.125
—-0.2¢t = log,(0.125)
t = -5log,(0.125)
=5log, 8
~ 10.397
After 10.4 minutes there is 7 g of the substance which has reacted.
10 T-T,=(Ty-Tye™
T, =15°
Ty =96°

a Whent=5,T =40
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40 — 15 = (96 — 15)e™*

25 =8le™*
25
ok = o
25
-5k = log, 30
1 25
k= -3 log, 31
~ 0.235
b Whent =10

1(1 2)
5\ log, g7 x10
T -15=(96-15),

25\2
ie. T —15=81x|—
i.e 5=8 X(SI)

T =22.716
The temperature of the egg is 22.7°C when ¢ = 10.

¢ WhenT =30
1 é)
5\log. g7
30-15=(96 - 15),

L

15y
81 \81
N (25)é
ie. = =(=—
27 81
5
loge(ﬁ) ot
| (25) 5
O —
=81
t=~7.17
The egg reaches a temperature of 30°C after 7.17 minutes.
20e02 0<1<50
11 N(r) ={20e'° 50<¢t<70

100"+ 1) t>70
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a N(1)
A
20e10 -

10e10 ~
(0, 20)
0 50 70

b i N(10) =201 (0 <t <50)
= 20e>
~ 147.78

N(40) = 20%24 (0 < 1 < 50)
= 20¢"
~59619.16

| bl
i o

N(60) = 20¢'° (50 < 1 < 70)
~ 440 529.32

| bl
i o

i

iv. N(80) = 10”3 + 1)t > 70)
=10e'%(e™'" + 1)
= 10(1 + €'°)
~ 220 274.66
¢ i Considering the graph

N = 2968 for 0 < ¢ < 50
2068 = 20.e"%

148.4 = &%
t = 5log,(148.4)
= 24.99955

After 25 days the population is 2968.
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ii For N =21932,0 <t < 50. This can be seen from the graph above.
21932 = 20.e"%

1096.6 = &%
t = 51log,(1096.6)
~ 34.9998

After 35 days the population is 21932.
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Chapter 6 — Circular functions
Solutions to Exercise 6A

1 a 50°

b 136° =

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

50
180"
_5m
T8

136

180
347

45

250

180
25

18
340

T
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T 7
— =180° x = = 140°
9 9

T 7
357 =2 = L% 180° = 630°
T=%5 73

T 7
— = — x 180° = 252°
5 5 x 180 5
0.8 = 180 x 0.8 = 45.84°
T
1.64 = 180 X 1.64 = 93.97°
25 = 180 X 2.5 = 143.24°
T
3.96 = 12;0 X 3.96 = 226.89°
4.18 = 180 x 4.18 = 239.50°
T
5.95 = 180 X 5.95 =340.91°
bg

T
7° = ——x37°=0.6
3 1800><3 5

_ T
©180°

74° x74° =1.29

T
115° = —— x 115° =2.01
5 1800>< 5 0

T
122.25° = —— x 122.25° = 2.1
5° = ros X 12225 3

T
40° = —— x 340° = 5.
340° = oo X 340° = 5.93

T
132.5° = —— x 132.5° = 2.31
32.5° = o X 13257 = 2.3
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Solutions to Exercise 6B

1 ¢ —0.87
d 0.92
e —0.67
f -0.23
) g —0.99
a sin37r=0
h 0.44
5
b cos (—;) =0
i —34.23
. |Tm .
¢ sin > =-1 Jj —2.57
d cos3m = -1 k 0.95
e sin(—47) = 0 1 0.75
f tan—-7=0 3 ) (37r 1
a sin|—|=—
)
g tan2r =0 V2
h tan-27r =0
i cos(23n) =cosm=-1
497 T b cos my_ -t
J COS(T):COS(E)ZO 32

k cos(357) = cosm = —1

451 -7
o5 ) = cos{ ) =0
cos > cos 5

m tan(24m) = tan(0) = 0

n cos(20m) =cos(0) =1

2 a 099
b 0.52
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€ COS(4—7T) = _—1 k COS(_1317T) - %
3/ 2

25 3

)< 2L )= 7
TR
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tan(ll—ﬂ)z—\ﬁ
3
tan(zOOﬂ)z—\/g
3
tan(—llzr)_ 1
6 ) 3
2
tan(ﬁ): \/§
3
137
tan(—— | = -1
an( 4)

sin(r — 6) = sinf = 0.52
cos(m+ x) = —cosx = —0.68
sin(2r + 0) = sinf = 0.52
tan(r + @) = tan(a) = 0.4
sin(r + ) = —sin9 = —0.52

cos(2m — x) = cos(—x) = cos x = 0.68

ISBN 978-1-107-56747-4

Photocopying is restricted under law and this material must not be transferred to another party.

tan(27 — @) = tan(—a)
= —tana

=04

cos(mr — x) = —cosx = —0.68

i sin(—¢) = —sind = —0.52

j cos(—x) =cosx =0.68

tan(—a) = —tan(a) = —-0.4

0.4
-0.7
0.4
1.2
-0.4
0.7
-1.2

-0.7

i —04

j 0.7

-1.2

sin(150°) =

| =

cos(150°) = T\B

-1
tan(150°) = —
V3

© Evans et al. 2016
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b sin(225°) = e sin(-315°) =

LglL

&l = &l-

cos(225°%) = — cos(—315°%) =
\2
tan(225°) = 1 tan(—=315°) = 1
¢ sin405%) = — £ sin(-30°) = _.
sin = — sin(— = —
V2 2
1 3
cos(405°) = — cos(=30°) = i
V2 2
-1
tan(405°) = 1 tan(—=30°) = —
V3
; ° - V3 Icul is i di d
d sin(-120°) = — (ensure calculator is in radians not degrees)
cos(=120°) _
os(— = —
2
tan(-=120°) = V3
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Solutions to Exercise 6C

1 sinx=0.3,cosx=0.6,tanx =0.7

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

a

b

cos(—a) =cosa = 0.6

sin(g + a/) =cosa =0.6

tan(—6) = —tan @ = —0.7

cos(7—r — x) =sinx =0.3
2

sin(—x) = —sinx = —=0.3

10
tan(7—2r - 9) = cotan(f) = =
cos(7—T + x) =—sinx =-0.3

2
sin(g - a) =cosa =0.6

. (3m
sm( + a) =cos(m + a)

=—cosa = -0.6
cos(?m ) cos(_ﬂ )
— —x]= — —X
2 2
co ("+ )
=cos|l= +x
2

= —sinx

tan(3ﬂ 9)_ 1 _10
5 = =

cos(g - 9) =sinx =0.3

ISBN 978-1-107-56747-4

a cos 3 3
X=-
5
3
%TstZﬂ !
Method 1
cos’ x +sin®x =1
9
g+sin2x:1
16
.2 1Y
sin” x = 75
. _i4
sinx = 5
37T< < 2m, sin —4
— <x b8 X=—
2 T T 5
sinx -4
tan x = = —
COS X 3
5
b sinx=—
sin x B
n
—< XxX<nr 13
Method 2 =
from the triangle,
Cosx:_1—3 SOH CAH TOA
) sinx -5
an x = = —
COS X 12

© Evans et al. 2016
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c ! e 4
Cosx = — COoSX = —
5 5
ELPIN cos®x = 1 —sin’ x
2 9
1 -2
2
=5z 25
Ccos” x > :
) n
csin?x=1-cos?x Since 5 <x <2
sin’ 24 sin 3
X =— X=——
25 5
+26 sin x
. *2N6 ; _
sinx = 3 an x o
) 3 < x < 2m, sin 26 = 3
since — < x T X= — —_Z
2 ’ 5 4
sin x
= — 12
tanx = COS X - 2\/6 f sinx = ——
13
12 cos?x=1-sin’x
d sinx = B ) 55
socos’x=1-sin’x 169
25 Since 7 <x < 7”
129 5
COSX = ——
Since 7 <x < 7” 13
sin x
5 tan x = o
COSX = —— X
.13 12
tan x sin x =3
COS X
_ L2 COS X = ﬁ
e 5 10
cos?x=1-sin’x
_ 36
~ 100

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

3
Since ; <x <2m

3

5
sin x

sin x

tan x
COS X
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Solutions to Exercise 6D

1 a 2m, 3

b —,5

2 a Dilation of factor 4 from the x-axis,
dilation of factor from the y-axis;

21
Amplitude = 4; Period = 3

b Dilation of factor 5 from the x-axis,

dilation of factor 3 from the y-axis;
Amplitude = 5; Period = 67

¢ Dilation of factor 6 from the x-axis,

dilation of factor 2 from the y-axis;
Amplitude = 6; Period = 4

d Dilation of factor 4 from the x-axis,

dilation of factor from the y-axis;

2
Amplitude = 4; Period = ?ﬂ

3 a Dilation of factor 2 from the x-axis,
dilation of factor from the y-axis;

2n
Amplitude = 2; Period = 5

b Dilation of factor 3 from the x-axis,

dilation of factor 4 from the y-axis;

ISBN 978-1-107-56747-4

Amplitude = 3; Period = 87

Dilation of factor 6 from the x-axis,
dilation of factor 5 from the y-axis;
Amplitude = 6; Period = 10z

Dilation of factor 3 from the x-axis,
dilation of factor % from the y-axis;

2
Amplitude = 3; Period = 7”

Amplitude = 2

2
Period = —
erio 3

y

0 >0
3
)

Amplitude = 2

wla

Period =

Nef
) 4 2/ 4
Amplitude = 3
Period = 67

229
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d Period =n

1
Amplitude = 3

6 Period:=27ﬂ:4
2

Amplitude = 3

Y Y
1 3
3 /
! —> 0
10 T_\ch/f_n T > !
51 4 4 0 1
e Amplitude = 3
Vs 2n
Period = — i == —
erio > 7 Period 3
Y Amplitude =5
: |

8

-3
f Amplitude = 4

«

T T > 0 3
O/ ©n m\ 3z /¢ T o
8 2 2 6
> X

w|q A

0 = o\
6 3
-5

Period = 87
y
4A ,
\ 8Period::—ﬂ:ﬂ
2
> 0 ) 1
0 ) T 8T Amplitude = 3
Yy
—4 1
/\ i /\ /\
2
SPeriod:é;:l - X
Amplitude = 3 n 5 n 32 T
y
3
> [
J\
2
-3
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9 Period == ZTJT = 4_7r
3 3
2
Amplitude = 2
Yy
A
N A

w3

2
10 Period = = Tﬂ =4n
2
Amplitude = 3
Y
34
0 2r 3

—34

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

Sn
T T 3I>x
2n/n 4 \ 2n
3 3
D

4t

ISBN 978-1-107-56747-4

11 y=sinx

Dilation of factor 2 from the x-axis
= y=2sinx
Dilation of factor 3 from the y-axis

= y= 2sin(§)

y = Ccosx

1
Dilation of factori from the x-axis

1
= y==-CosX

Dilation of factor 3 from the y-axis

= = lCOS(f)
Y= 303

13 y=sinx

1
Dilation of factori from the x-axis

I .
= y=—sinx

Dilation of factor 2 from the y-axis

i
= — S| —
=83
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Solutions to Exercise 6E

137_T’3_7T’9_7T’£T ¢ COSX__\/g
4" 4 4 4 )
-V3
p F Hr 137 237 x=cos™ ——
66 6 6 2
St 5r
X=—, —
¢ 4r 5t 10n 1ln 56
3°3° 3 3
d n 7n 97 157
4 4° 4° 4
e T Sr
2’2
f n, 3 3 a V2sinx=1
1 sinx = —
2 a sinx=— 2
2 n 3m
1 X ==
—qn 2 4" 4
X = sin (2)
St -r& b V2cosx=—1
T 6 1
CoSXx = ———
2
3m 5w
X=—,—
4 4
¢ 2cosx=-13
\3
b COSX = — COS)C:—T
x = cos”! ﬁ) X = 5_”7_”
2 6 6
Tz d 2sinx+1=0
x: —, _ =
6’6 sin x +
. 1
sinx = ——
T 11x
X=—,—
6 6
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V2cosx = 1 d cos6° =-0.5

Ccos x = L 0 = 120
\2 second answer is 8, — 360° — 0y =
I
X=-,—
4’ 4 o 1
6 a cos(6°) = 3
4cosx =-2 1
0= cos_l(—)
1
COSX = —— 2
6 = 60,300
2r 4r
X=—,—
33
sinx = 0.6

calculator gives x; = 0.6435

second answer is 7 — x; = 2.498
V3

cosx =0.8 b sin(¢”) = 9
calculator gives x; = 0.6435 R V3
second answer is 27 — x; = 5.640 0" = sin (7)
sinx = —0.45 6= 60,120
calculator gives x; = 5.816
second answer is 7 — x; = 3.608
cosx =—-0.2
calculator gives x; = 1.772
second answer is 27 — x; = 4.511 D -1

¢ sin(@’) = —

V2

sinf° = 0.3
calculator gives 8; = 17.46 6 = 225,315

second answer is 180° — 6, = 162.54

cosf’ =04
calculator gives 8; = 66.42
second answer is 360° — 6; = 293.58

sin6° = —0.8
calculator gives 6; = 306.87
second answer is 180° — 6, = 233.13
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Mathematical Methods 3&4

Photocopying is restricted under law and this material must not be transferred to another party.

240

233

Cambridge University Press



d 2cos®°+1=0

P
COS = —
2

1
oS >

6 = 120,240

e sin(@°) = ?

o = sin” (2)

6 = 60,120

-V3

f cos(®°) = —

N e &)
6" = cos (73)

6 = 150,210

. 1
7 a s1n20:—§
3 Tr 11n 197 23x
"% 66 6
3 Tr 11n 1970 23x
T127 120 120 12

26
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b cos20=—
n 117 137 23n
20=—, —, —, —
66" 66
T 117 137 237
127127127 12
1
20 = —
c sin 3
n 57 137 17n
20:_9_9_9_
66 6 6
9= n St 13n 17x
127127 127 12
d sin36 !
sin36 = ———
V2

39_57r Tr 137 157 21mx 237
4747 4 47 40 4
_571 T 137 1571_571

"D 1
2177(_771) 231
12° 4712
e c0s26':—£
2
St 7n 177 197
2=, = = =
0 66" 6 6
_57r Tr 177 197
127127 127 12
1
f sin2 = —
2
St 7n 137 15
=TT d
o= St 7n 137 157
888" 8
234
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cosSx:—ﬁ

2
Sr Tr 177 197 297 3ln
6666 6 6
_ S5t Im 17x 197 297 3lx
Y1818 18180 18 18

3x =

. 1
s1n2x:§
pxo X 7 B lin
66" 6 6
_m S5t 13n 1n
12127127 12
1
cos3x—\/z
3y = n Tr 97 157 177 23n
YA a4 a4
_m Ir 3n 5z 1ir 23rm
TR T2 12
sm3x:§
Ay = n Sx 13n 1770 257 29«
766 666 6

n Sm 137 177 257 297

18°18° 18 18 18 18

ISBN 978-1-107-56747-4

cos3x = —

3x:5—ﬂ 7_7r 1770 197 297 31x
6’66 676 6

_ 5t Tx 17rx 197 297 3l1n
TTI8 18 18 187 18 18

Srm In 137 Sn Tn 23n
x — — [ — —

2.03444,2.67795, 5.17604, 5.81954
1.89255, 2.81984, 5.03414, 5.96143
0.57964, 2.56195, 3.72123, 5.70355

0.309098, 1.7853, 2.40349, 3.87969,
4.49789, 5.97409
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Solutions to Exercise 6F

1 a Period = 27; Amplitude = 3; y = £3

Y
A
> /\
O T T T >e
T m 3K 2m pm
5l 2 2\_/2

b Period = r; Amplitude = 1; y = +1
y
A

JAWA
BRVAYs

2
¢ Period = ?ﬂ; Amplitude = 2; y = £2

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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d

g

Period = 7; Amplitude = V3:
y==V3

Y
A
\3 -

0 -~
Ef\/
3

i

Period = m; Amplitude = 3; y = +3

Y
34
0 k 1[[;) X
>
_3—

2
Period = ?”; Amplitude = 2; y = +2

y

N\l /

Period = m; Amplitude = V2;
y==V2

|
&3

A
A
O -

_\/2_
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h Period = 7; Amplitude = 3; y = +3 V3 V3

y 3 af(O):—T, f(27T)=—2
3!\ b y
AN
P T 5. * 300 X
Vi f s VRN TT
3 (215,—%

i Period = m; Amplitude = 3; y = +3

J

,5//0\\25’9 /\ :(0’1% o
—34 (_n, 1V \/ YLL)

2 2
2 0) =2, fQ2m) =1
af()_i’f(ﬂ)_i Say:3sin(§)
b
7% b y = 3sin(2x)
c y:ZSin(g)

/s
omsfe )
y=sin2jx— 2

e i 1( +ﬂ)
=SIn —-\|\x —
Y "3
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Solutions to Exercise 6G

1 a b 2sin2x— V3 =0

sin2x = —

14
0 X
112 ¢ V2cosx=-1
1
COSX = ———
3] V2
3 S5n
X=———
4° 4
2 a 2sinx+1=0 Y
1 0, 1+12)
sinx = ——
7r 11x 00 N/ >«
X= = 1-2 1 3t 5t 2n
v 4 4
3 d 2sin2x-2=0
1 . sin2x = 1
-9 7fin S T 57
6 6 X = 2’9
n Sm
X=—-,—
4" 4
Y
T Sm
4 4 .
0
-2
—4
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n
Y sin(x — =) = —1
e sin(x )

in( 7T)_ 1

sin(x 7= N
7r_57r n =
I T T s

3 a y-axis intercept

y=-2
x-axis intercepts
2sin(3x) =2
sin(3x) = 1
L
2°2°2°2
_ mnm S5t 3m
)
Endpoints

When x = —m,y = -2
When x =2r,y = -2

b y-axis intercept
y=-V2

x-axis intercepts

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

Mathematical Methods 3&4

cos(3(x — g) =0

T T 50 3n nnw
WP ET T Ty Ty
37 Sx Tn 9m
2262
n. Ir S5t 3n nmnm
=T T 6 66
37 57 Tn 9r
6666
3n. 14z 10r  6r 2m 27 6n
T R TR AR TR DA P AR
107 147 18«
127127 12
_ Uz 7Tn m m 5t 9n
12° 12 4°12°12°12°
137 177 21n
127127 12
Endpoints

When x = —m,y = V2
When x = 27,y = —V2

¢ y-axis intercept
y=-3
Endpoints
When x = -1,y = -3
When x = 2r,y = -3

Y
—T + T 21

-1

N I I A I N S N B | > X

©n, -3)
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-3 -5
(—=m, 1+ \/§)Tn Tzn

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

~
\®]
a
|
\S]
~
>

TN\
> 0

Ol r  4rn In
243 3 3
Period = 27

Amplitude = 2
Range = [-2, 2]

Y
SS

1A

~14
Period = 7
Amplitude = 1
Range = [-1, 1]

y
A

/T

> 0
- 0| = 3n
4 .| 4 4

Period =«
Amplitude = 3
Range = [-3, 3]

y
A
> 0
Ol = 5m In
312 6 6
240
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2
Period = —
erio 3

Amplitude = V3
Range = [— V3, \/§]

0| =

2
Period = i
Amplitude = 2
Range = [-1, 3]

Amplitude = 3
Range = [—4,2]

0 ﬁ | n
6 6
Period = 7

Amplitude = V2

Range = [- V2 + 2,2 + V2]
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Y
A
7_
34
T —> X
10_ \/ T T
2
Period =«
Amplitude = 4
Range = [-1,7]
Y
A
4
3 .
o
14 © 3m
2 2
_O e
19 T
Period =«
Amplitude = 3
Range = [-1, 5]

y = ZCos(x— —)
1cos( ﬂ)

= —— X - —
Y773 3

m Dilation of factor 3 from the x-axis
m Dilation of factor % from the y-axis
m Reflection in the x-axis

m Dilation of factor 3 from the x-axis
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m Dilation of factor % from the y-axis c

Y 7
m
m Reflection in the x-axis (O,\E - 1)% | 4/I > Y
x Oln\ © /2n
m Translation = units to the right 4
3 0,—2-1)
¢ = Dilation of factor 3 from the x-axis Intercepts: (E 0) (7_7T O)t
b b 4 b
m Dilation of factor % from the y-axis d ’
LT . A
m Translation 3 units to the right and ] x
2 units up 0 21

d = Dilation of factor 2 from the x-axis

m Dilation of factor % from the y-axis —4 1
Intercepts: (0, 0), (27, 0)

m Reflection in the x-axis

e
m Translation 73—T units to the right and ¥y
5 units up A
1+ 21
8a y 0,2) 2n ,2)
3n
3 2
T —» X
2 0 T TC\/ 21
1 1-v21 2
0 f > X ‘ 3
_1 ‘{ ?TC\Q/ ?n o Intercepts: (r,0), (7, O)
2 ar
Intercepts: (?,O), (?,0) 9 a

y
(m1+2) A (1)

In 3n
L _lTE 1 1 1 1 |O | | | | | | >x

T 117
Intercept :(—,0), (—,0),
ntercepts: ( 15

137 231
(? 0)’ (? 0)
242
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-On -5t =«

12

12 12

\\l T T T /I:x
T 5nn
6 6

s 2)
3n In lln
12 12 12
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Solutions to Exercise 6H

1 a

y = sin6 + 2cosO

N

2 Aol N\ 4
|\ I

T T T T —T1—> X
7] \\
\
N

-

Cambridge Senior Maths AC/VCE
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c0s20 —
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'y =3 cosO +sin26

y=2sin 6 —4cos 6
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Solutions to Exercise 61

1 a n:g y 6
4 A
A=4
> [
-4
2
bl’l:7 y
a=2 24
0 {
) M ;
_27r
cn—? y
a=3 3A
g/
4
> [
0 5 5
4
-3 4
bg
2A—3,l’l—Z

JT
3A=-4 n="
"%

JT
4 A=05 g= 2"
€= 3

SA=3,n=3,b=5

ISBN 978-1-107-56747-4

=4
2
g
n
T
n=-—
4
t=2,y=0
0:4sin(%x2+s)
sin(g+8):0
8:—Z+X7T,XEZ

(i.e. € can be an infinity of no.s,

separated by )
=2

2
.

n

m
n=—

3
t=1,y=1
1:25in(g+8)

(5= 3
sin{ = = —
37°)72
7r+ (7r RY¢ L
—t+e=|=-, — XTT
3 6 6
sz(%ﬂ, g)+2x7r,x€Z
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2
A=4 d=4-A=2
d=6-A=6-4 2n _ 6
n
d=2 o
2 "=3
o 8 3
n t=1,y=3
n
n=-—
4 3:2sin(’1x1+g)+2
t=2,y=2 3
T Y= . (7‘( . ) 1
sinl— +¢&| ==
2:4sin(fx2+e)+2 3 2
4 T N (77 77r) L
—+e=|=, — X
sin(g ; g) —0 3 6 6
-t Sm
/4 e=—, —)+2xn,x€Z
—+&=0+xm 6 6
2 note: for Q1, Q2, 05, 06, 07 & 08
&= —g +xm,x€Z A could take the negative of the value
given if € is changed to € + 7
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Solutions to Exercise 6J

T
1 T=—- c
2173
. y
b T=2==2 A i i i
l 1 1 1 1
2 : : : :
1 1 1 1
2z —C t t t i X
cT=3=7% O\ £ m\ 3 =\ 3 % 2n
) 4 2\4 4 4\4
1 1 1 1
1 1 1 1
dar="21
T
3 a
T Y
e T = ? = 2 A . . .
2 /l : :
1 1 1
027138/ 7 (27, 2)
2 a y O : 4 | : > X
A 1 AT
T ! q 4 |
1 1 1 1 1 1 1
1 1 1 1 : : :
N ANANANAE N
o[z} /& 3n/n Snf3n |
41/ 2 4 21
1 1 1 1
1 1 1 1
1 1 1 1
b
y
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1 X
0 ;; /mm Lrn Sn/m JnfAn 3nfSsn Ln/op
61 3 21 3 16 I 31 3 16
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
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b _Hr Smon Tx
2 1221212

5 tan(2(x - g)) -1
b4 m 5t 97 13«
X 2 - 5 = T T T T
Q== 773
n 7w St 9r
X—= =35, o5
3 8 8 8
8t  3m 157 27m 39«
X— === s 5
¢ 24 24 24 24 44
y _1lr 237 357 4Tn
A : : : : 247247 247 24
l l l l
I I I I T
. . | I 6 tan((x—-)) = V3
S
O & = fn = 3m 2m (x_z)_§4_7r
4 3 [2 ] E) l 7733
| | | | 31 4n 16n
X——=—, —
! ! ! ! 12 127 12
T 197
X=—,—
4 a tan(2x) =1 12° 12
) o S5t 97 13m
T 7 a v
n S5t 97 13« AI | |
X==, = T o
8 8 8 8 /: : :
0,1)d1 I 1(2m, 1
b tan(2x) = -1 0.1 I I /> !( >)x
5 n 57 3n In 0 I |B :
X=——y ==~ —,
4° 4 4 4 : : :
n St 3n TIr I I I
X==—=, === 7" o>
8 &8 8 8
by
¢ tan(2x) = — V3 A ' '
I I
) dr  m 2w Snm : :
x [ — — —
37337 3" ! !
2r wm mw Sw | [
X = _?, _89 59 F’ I | > X
0 :n :2n
g % _mmln : :
6° 363 : :
I I
I I
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c 10 a ¢
i} yyzcost—sian
l l l l 1
I I I I
I I I I
I I I I
I I I I
; ; : —> X
0 ITT ITT 81 127
2 l l n[d Brn
I I I I 4 4
I I I I
I I I I
8 A (S
\ 82\
A
I I I I
I I I I
: : : : 11 a V3sinx=cosx
I I I I
-3 B
f: : : | V3tanx = 1
} } } } > X |
-2 : -1 —l: 0 l: 1 '3 2 tan x = ——
I 2 I |2 3
I I I I
I I I I . n In
I I I I = -, —
I I I I 6 6
b sin(4x) = cos(4x)
? y
\ tan(4x) = 1
i : 4 n Snm 97 13«
! ! Tr i s
I I 170 21n 257 29«
l 0 l 4° 4 4 4
I I
ANE S ol x5t on 13n
2\ 14 4 2 16> 16° 167 16~
: : 1770 21n 257 29x
: : 167 167 16° 16
I I
I I ¢ V3 sin(2x) = cos(2x)
1
tan(2x) = —
V3
pe T In 13r 19n
667 676
_n Tr 137 197
T12° 120 120 12
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-1
d tan(2x) = —
V3
) S 1lx 17n 237
X =—, 5 s
6 6 6 6
_571 1lr 1770 23m
T2 12 12 12
€ .
sin(3x) = —cos(3x)
tan(3x) = —1
37 7n 1lm 157 197 23n
3x =

o T 11m 57 1970 237
Tr R T 12

1
f tanx = =
using the CAS calculator x = 0.4636,
3.6052
g tanx =2
using the CAS calculator x = 1.1071,
4.2487
h tan(2x) = -1
37 Tm 11m 157
2x = T Ty T T
4 4 4 4
3 37 Tm 11m 15=«
TR 8 88

i V3sin(3x) = cos(3x)

1
tan(3x) NG
3 _nm In 13r;
T 6 6
1970 257 3lx
6 67 6
n In 13nm
X= =, o o
18 18 18
1970 257 31x
18° 187 18
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4747 4 4 4 4

j tan(3x) = V3

CT L L
337 3
100 137 161
37 37 3
n 4rn Irn
X==, —, —
9° 9’ 9’
100 137 161
9’ 9’7 9
12a,c
y=cosx+13 sin x
V3
1 Y = COSX
0| m\ \« 3m o
2 2
—1-
V31 y=v3 sinx
b (X _ﬁ) (7_ﬂ _ﬁ)
6 2/\6’ 2
T
13 a tan(ZX—Z): V3
b4 2n m 4n Tn 107
Dxm = = L
4 3 '3 3°3°3
oy = —5Sr 7_7r 197 317 43n
B 127127127 127 12°
‘e =St Trn 197 317 437

2470247 24 24 24
but0 < x < 2rx
_ I 197 31z 437
YT 04 4 4
b tan(2x) -1
an(Zzx) = —
3
_57r 117 1770 237
*T%6° 6 6 6
_571 11x 177 237
T2 12 12
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3 x 3rn Tn 11
T E s
157 197 23n
4040 4
3y = 117 237 357 47rn
T 1
597 Tln
12712
_ 1lr 237 357
T 36736 36°
47r S9n Tln
3636 36

14 asymptotes at t = (2k + 1)%

T
iod=T = —
perio 3
=",
n
n=23
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T
=L y=5
127

5:Atan(;—r):A><1

A=5S
T
7"
n
T=2
n_7T
-h=3
)
f==. y=6
50
T
6= At (—)
an4
A=6
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Solutions to Exercise 6K

_] _ 1
1 a cos¥'(1)=0 3 a Sinx:i
i27+0=2nr x_z 5_7T
676
i 4r+0=4rn
ili 47+0=-4 3
g & b cost:i
b COS_I(__I)_ z ’ 1
2/ 3 =X 7
76 6
1 27Ti2—ﬂ:4—ﬂ., 8_7[ Y= l &T
333 12’1
27r_ 100 14n
" 4ﬂi__T’T ¢ tan2x=-V3
2r Sw
2r —l4r —-10m oy 02N
A+ = = ,
iii 7r+3 T 3 3 3
T Sr
X=-=, —
36
V3
2 a cosx=—
2
— . B 1
x:(g, Zﬂ)+2mr nez 4 x=nr+(-1)"sin 1(5)
/4
()
nm+(—1) e
b4 117
=2, x=-2n+—-—=——
n X Vs c 3
b4 r
b ZSiH3X:\/§ ]’l:—l’_)(j:—ﬂ'_g:_F
3 B o
sm3x:7\/_ n—O,x_g
2 _ B n _S;
3X=(7§T,?ﬂ)+2nn nez ”—17)5—”—8—?
(71 27r)+2n7r <7
X=\=, — — n
9 9 3 117 7m0 m 5nm
X=—— ——/, =, —/
6 6 6 6
¢ tanx = \/§
bd
= - +nm, €L
X 3 nw, n
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1
S x=2nm+(m=2xn+) cos_l(i)

T
=2nmw+ —
ni 3
-7 T Sm
=0,1 =—, =, o
nERL AT

b tan(Z(x+%):\/§
2(x+g):;—r+mr,nez
+7r 7r+n7r
X+—=—+ —
4 6 2
_-m nm
T
c (+7r) -1
sinlx+ = | = —
3 2
T 11
x+g g,?ﬂ+2nnnez
S5 9r
x:(£,€)+2nﬂ
S5t 3m
=|— 2
(6’ 2)+ o
T 1
7 cos(2x+—):—
17V
2x+%=i%+2nﬂn€2
2x :(O, —g)+2n7r
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(0 —;—T)+n7r
) +37r +37r
2r+ —,—m, -+ —
4’ b 4’
3 3
0, Zﬂ’ 7T,7T+ZJT
_—57T —710 3 T
X = 4 ) ﬂ-’ 4’ ) 497T7 4
T 1
tan(——3x):—
6 \3
g—Sx—g+mr nez
3)c—z:n7r—z nez

The—vebecomes part of n

3x =nm
x:? nez
2r -w
= -7, 5 70
X b8 3 3
-V3
sin(47x) —\/_
2
T Sr
47Tx:( )+2n7r nez
n
= —~ nez
o ( ) 2
-1 1
x:—1+—,—1+5 — + -,
3 12° 3
—1 5 1 5 1+1 1+5
) 12 3712’2 32 12
=2 -7 -1 -1
37127 67127
1 5 511
3’127 67 12
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Solutions to Exercise 6L
1 a From the graph

i The range of the function is [2, 5]
and the amplitude is 1.5.

ii The period is 12.

iii The function is of the form

i < 3.5?
d = asin(nt + &) + b b When is d(1) < 3.5

Consider d(t) = 3.5
35=35-1.5 cos(%t)

it
Zl=0
cos(6)

nt w 37 Sn  Inm
Andg—iorjoryorjor---
t=3o0r9or15o0r2lor---

The amplitude is 1.5. - From the graph
Therefore a = 1.5 d(t) <3.5forte[0,3)U (9,15 U (21,24]
The period is 12.
2 it o7
Therefore =2 = 12 and n = = 2 adn=6+ 4008(— - —)
n 6 6 3

1
The centre of motion is at d = 35.
Therefore b = 3%
d=15 sin(%t + a) +35

When t=0,d=2

Centre: d =6
2=15si 3.5
sin(e) + Range: [6 — 4, 6 + 4] = [2, 10]
~1.5 = 1.5sin(e) Period: 2 7 + g =12
. 3r
sin(¢) = —l and & = 5 When ¢ =0, d(0) = 6 + 4cos(—ﬂ)
. (mt 3w 3
d=15sin(Z+ ) +35 .
37T6 2 =6+4- =8
But sin(@ + 7) =cos# When t = 24,
I35 15 COS(%I) d(24) = 6+4cos(47r— g)
1
iv The length of the hour hand =6+4Xx 5= 8

is 1.5m. This is given by the
b Highest level is 10 m.

Consider 10 = 6 + 4003(% - g)

amplitude.
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l—cos(ﬂ—t—z)
B 6 3
7T_t

6. 3

solution as question asks for earliest

time.)

SLt=2

The water is first at its highest at
2:00 a.m.

When d(t) = 2
oo

2-6+4 (———)

cos 53
l—cos(m ﬂ)
B 6 3
t
%:g:nor3ﬂor5nor-~

nt  4r 10 167

. —=—0r—— O ——Of -

6 3 3 3

S.t=8or20o0r32o0r ---
Only 8 and 20 are in the required

domain.
.. The water is 2 m up the wall at
8:00 a.m. and 8:00 p.m.

The time between high tides is

12 hours, so the period = 12

2 b8
—=12=>n=-
"7 %

"lyhe average depth is 5 metres.

Therefore b = 5.

The high tide is 8 m. Therefore

amplitude =8 -5=3and A =3
no = 3sin(Z 4 o) + 5

When ¢t = 0, h = 8 (¢ is the number of

hours after 12:00 noon.)
8 =3sin(e) + 5

sin(e) = land & = =
2
. it T
h(r)y =3 sm(g + 5) +5
tt
COS 6 +

ISBN 978-1-107-56747-4

Ve .
= — (No need to consider other

X (%) or 2w + cos_l(%) or 4w — cos_l(l)

t= gcos_l(l)
B 3

(H

T

6 _
+ —cos

T

3

or 12 — —cos”

6 1
— 12
b4 (3)0r

1
or 24 — § cos_l(g)

T

~ 2.351 or 9.649 or 14.351 or 21.649
Depth of the water is 6 metres at the

following times (times measured

from 12 noon).

2:21 p.m. 9:39 p.m. 2:21 a.m.

9:39 a.m.
C
A y=ho)
54+ T
2.
T T —>
0 6 12 18 24

4 a Greatest distance occurs when

sin3t =1

.. greatest distance = 3 + 2 = Sm.

b Least distance occurs when

sin3t = —1

.. least distance = 3 — 2 = 1m.

¢ Whenx=5
5=3+2sin3¢
2 = 2sin 3t
1 = sin 3¢

© Evans et al. 2016
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T Sr or it
= —_or—or=—or--- b D=A-B=2 (—)—1
3t 2or > or > or CcoS B
t—ﬂ0r5ﬂor9ﬂor A
= G D

For 0 < ¢ < 5 the times are: 0.524 sec,

2.618sec, 4.712 sec 1--\ . . y /-

k.
L

S 0 24t
d Whenx =3 Py
3=3+2sin3¢ e
c
0 = sin 3t
3t=0ormor2ror3mor --- d The inside temperature is less than
o the outside temperature.
t=0or 3o ormor .- This occurs when
For O <t < 3 the times are: O sec, A< B
1.047 sec, 2.094 sec S A-B<0
©D<0
e The particle oscillates about the point Consider D=0
x=3fromx=1tox=>35.
0=2 cos(ﬂ—t) -1
12
it
—-21— - i 1 t
5 A=21 3cos(12)or0§t§24glves Implies —:cos(ﬂ—)
the temperature inside the house and 2 12
B=22- SCos(fz)forO<t<24glves f—;:;—rors?ﬂor-~
the temperature outside the house. f—Aor20or .-
a When ¢t = 4 (time measured from For 0=1=24, D<0forte(4,20),
4:00 a.m.) 1e. 4 <t <?20.
4
A =21-3cos il
12 6
bis a /
_ _ - h
=21 -3cos 3 T
35T

=21-15

h=5
: 195 N —/ \/ \/ \/
1.e. the temperature outside the house
is 19.5°C at 8:00 a.m. -

I?‘i 'ilﬁ 49‘5 675 8$5 103.5 120 F(miﬁlﬂfﬂ)
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b Whent =0, h = 15sin(-45)° + 16.5

= 5.89m (correct to two decimal
places)

Solving the equation A(f) = 5
5 = 15sin(10z7 — 45)° + 16.5

—11.5 = 155sin(107 — 45)°

—% = sin(10z — 45)°
The first positive solution is t = 27.51
seconds correct to two decimal
places.

There are 6 points of intersection
with the graph of 4 =5

e 20 times

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
Photocopying is restricted under law and this material must not be transferred to another party.
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t =100, A(100) = 15sin(100 —45) + 16.5
= 15sin955° + 16.5
~ 4.21 metres
g The phase shift will be different
for Hamish; the range and the
period will be the same. Consider

k(t) = 15sin(10z + ¢)° + 16.5
Whent =0, k(0) =1.5

15sin(+¢)° +16.5 =1.5

sinc® = -1
¢ =270°
k(t) = 15sin(10z + 270)° + 16.5
t = 100,

k(100) = 15sin(1270°) + 16.5

~ 13.9 metres
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Solutions to technology-free questions

1 Note that x € [—m, 2x] throughout.

sin !
inx =<
2
x is in the first or second quadrant.
m St
xX=—=, —
6 6
1
2cosx=-1,s0cosx = ——
x is in the second or third quadrant.
2n 2 A4nm
X=—= 5 &5
333

3
2cosx = V3,s0cosx = i

x is in the first or fourth quadrant.
o llx

66 6

1
V2sinx+1=0,s0sinx = ——

V2
x is in the third and fourth quadrants.
3n & St In

ARy

4sinx+2=0,s0sinx = )

x is in the third or fourth quadrant.
S0 Tm llnx

e 6 6
sin2x+ 1 =0, sosin2x = —1
) n 3r Irn
X=-—=, —, —
2727 2
o 37 Ir
YT 4
1
CoS2x = ———

2x is in the second or third quadrant.
St 3n 3m S5m 11z 13n
T a4 d 4 d
St 3m 3m S5n 1lx 13rm

X=-—

8 8888 8

2x = —

1
2sin3x—1=0, sosin3x = >
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3x is in the first or second quadrant.
3y o _Tm xS 13n

6 666" 6
17n 257 29r
66 6

1lr Tn n 5x 13n
EECRTNTATINTS
177 257 297
18718718

2 a y=sin3x
2
y=0:x=0, 7—T, il for one cycle
3°3
¥
A
1_

> X
0 T 2n
3 3
14

b y=2sin2x-1

f(x)=sin3x

1
=0:sin2x = =
y sin 2x >

2x = %,%T for one cycle
5S¢
T
x=0:y=-1
H

A

flx)=2sin2x 1
HVAN

T 5n

=L 112" i

ﬁ..
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¢ y=2sin2x+1

1
=0:sin2x = —=
y sin2x = —5

T 11
2x = mr for one cycle

6° 6
_In 1ln
T
x=0:y=1
¥
A

fx)=2sin2x + 1
3_

/

0 n lin
1 12 12

X

d y=2 sin(x - ;—T) so translate the graph of y = 2 sin x by g to the right.
Vg
=0: si ( - —) =0
y sinjx — -

X — 1 =0, &, 2x for one cycle
n S5r 97

YTX 4
¥

= X
0l = 5m 9
4 4 4
-,
. X
e y=2sin—
Frx
y=0:sin— =0
X 3
— = 0, , 2 for one cycle
x=0,3,6
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X
f y=2cos —
y=2cos

y:O:cosj%:O
™oz , 3—7T for one cycle
4 22

X
X

2,6
O:y=2
¥

A

o

3 Note that x € [0, 360] throughout.

a sinx’ =0.5
x° is in the first or second quadrant.
x =30,150

b cos(2x)° =0
2x = 90,270,450, 630

x =45,135,225,315

V3

¢ 2sinx° = —-V3,s0sinx’ = 5
x° 1s in the third or fourth quadrant.
x = 240,300

d sin(2x + 60)° = V3

(2x + 60)° is in the third or fourth quadrant.
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2x + 60 = 240, 300, 600, 660
2x = 180, 240, 540, 600
x =90, 120,270,300
(1 1y V3
e ZSID(E)C) = \/§, SO s1n(§x) >

(—x) is in the first or second quadrant.

1
JX= 60, 120

x = 120,240

4 a y:2sin(x+g)+2
The graph is that of y = 2 sin x translated g units to the left and 2 units up.

y=0: sin(x+ 731) =-1

3
= Eﬂ for one cycle

b y= —25in(x+ §)+ 1
The graph is that of y = —2 sin x translated 73—T units to the left and 1 unit up.

1
y:O:sin(x+73—T): =

2
n mSm
X+ 366 for one cycle
o
¥==53

x:O:y:I—\g
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_%._\;\__.
=

3 -

-1

c y:2sin(x—g)+ V3

The graph is that of y = 2 sin x translated % units to the right and V3 units up.

0 ( n) V3
=0:sinfx——-)=—-——
Y 4 2
n  4n Snm 1
x — — = —, — for one cycle
4°3°3 Y
_ 197 23n
127 12
y
A
V3+2 4
0 = X
V3-21 n 197 Br 97
4 12 12 4
d y=-3sinx
y=0:x=0,r,2x for one cycle
y
A
3 4 y=—3sinx
L . > X
n 21
3 -
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m
—sin[x-2)+3
ey sm(x 6)+

. . T . . .
The graph is that of y = sin x translated 3 units to the right and 3 units up, so there
are no x intercepts.

= = I

T
£ :2'(——) 1
y=2sin{x— 3|+

Now sin(x - g) = - sin(g — x) = —CO0s X, S0y = —2cosx + 11is an equivalent form.
The graph is that of y = —2 cos x translated 1 unit up.
y=0:cosx = > i
X = E, o for one cycle
3°3
x=0:y=-1

5 The graphs are shown below.

B4
A
14 ¥ =cosx
= X
¢ b b 3 2n
i 2 2
y=sin2x

a The line with equation y = 0.6 cuts the curve with equation y = sin 2x four times.
The equation has 4 solutions.

b The curve with equation y = sin 2x cuts the curve with equation y = cos x four times.
The equation has 4 solutions.

¢ Rewrite the equation in the form:
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sin2x — 1 = cos x

The curve with equation y = sin2x — 1 is that of y = sin 2x translated 1 unit down.
Looking at the graphs above, it is clear that translating the sine graph 1 unit down
means that two intersections with the cosine graph are lost and only two remain. The

equation has 2 solutions.

6 a y=3cosx’®

B
A

N/

T T = X
0 W 360
3

b y=cos2x’

1_
\ o\
1 1 1 | ‘; x
0 U180U360
..1-

¢ y=cos(x—30)°
The graph is that of y = cos x° translated 30° to the right.
V3

=0,360: y= —
X y 2
y
A
1- V3
' 360, —
\E/ ( 2
2
T T T > X
039 210 / 360
...]_—

7 Note that x € [—m, 7] throughout.
a tanx = \/§
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x is in the first or third quadrant.
2 1

X=—— -
3°3
b tanx = -1

x is in the second or fourth quadrant.
n 3nm

YT
¢ tan2x = —1

2x is in the second or fourth quadrant.
St nm 3n In

HETLTr Ty
3 St & 3n In
YTTR TR 88

d tan(2x) + V3 =0,s0tan2x = -3

2x is in the second or fourth quadrant.
4 m 2nm Sm

2x = —
TTT3 T3
2t w mw Sw
X = TS T e A S
3 63 6
8 tan(x) = V3
2r 7
X=-—,=
3°3
b4 bd
9 - = —
a acos6 sm6
V3a B 1
2 2
1
a=—
V3
V3
3
b tanx = ﬁ
3
n S
X=—-,——
6 6
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10 a sin2x = -1

2x = —g + 2nm

Vi
x:—Z+n7r,n€Z

b cos2x=1
3x =2nr
2nm
=——— nez
X 3 n
¢ tanx = -1

b1
x:nﬂ—z,nez
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Solutions to multiple-choice questions

1 C 3sin(%x—ﬂ)+4

Period = —ﬂ, n= 1
n
2n
-1
2
Period = 4n

2 A fo)= SCOS(2x— g) _7

Range = [-7+ 5, =7 - 5]
Range = [-2, —12]

3 E y=sinx
A dilation of factor % from the
y-axis:
y = sin(2x)
A translation of ~ in the positive

direction of the x axis:

i)

4 D f:R—-R, f(x)=asin(bx)+c
Ve
Period = —
erio b
5 A 3sinx)-1=»b

It is only possible for the equation
to have one positive real number
solution at the turning point:

Max value = 2

6 C
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7 C

9 C

10 E

11 D

12 B
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f(x)=pcosSx+gq, p>0
f(x)<0

0> pcosSx+gqg
Maximum y value must be negative,
this value occurs at x = 0

S 0>pcosO+g¢g
Lps—q

One rotation = period
2r 1

6r 3

y = Cos X

A dilation of factor 2 from the
x-axis:

y=2cosx

A translation of % in the positive

direction of the x-axis:

T
y cos|x — -
Period of graph shown:
T
Z -3
n
Vs
n=—

Graph is translated 3 units in the
positive direction of the y-axis. As
the graph is initially positive it must
be a sine function.

X

.'.y:3+3sm(4)
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Solutions to extended-response questions

1 The time between high tide and low tide is 6 hours.
Assume the function modelling the river is sinusoidal.
i.e.d(t) =asin(nt +&)+ b
where d(¢) is the depth at time ¢ (measured from 0)
Period = 12 .. =% = 12 and n = ’—6r
Average depth :n4m ie.d =4isthecentre.. b =4
Highest value = 5 .. amplitude =5-4 =1
Range = [3,5]anda =1

t
a d) = sin(% + s) +4

Also there is a high tide at 12:00.
Whent=12,d =5

S5=sin2r+¢e)+4

ie. sin(e) = 1
Vs

d .. ==
an £=5

. (Tt T
d(r) = sm(g i 5) 4
. b
But sm(@ + 5) =cosf
t
d(t) = cos(%) +4

b For d(t) > 4 consider first d = 4
4 = cos( t) +4
B 6

it
Zl=o0
003(6)

t=3or9orl5or ---

sood>=4forre[0,3]U]9,15]U..
The boat may enter the harbour after 9:00 a.m. but it must leave by 3:00 p.m.

¢ Ford >3.5
First consider d = 3.5
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t=4or8orl6or ---
d>35forte[0,4]U[8,16] U...(See graph above)
A boat can enter the river after 8:00 a.m. but must leave before 4:00 p.m.

2 a

30 ch ‘L ____l____

The minimum distance = 120 + 30 The maximum distance = 120 + 60 + 30

=150 cm =210 cm
The mean distance = 180 cm
b y=Asin(nt+¢&)+b
From the above:
Mean distance is 180 cm .. b = 180
Range = [150, 210]
", amplitude = 30,A = 30

Period = 12 . X =12
e T n
1.€. n=-—

6

1
y= 30sin(% ; g) +180

When ¢ = 0, distance is minimum

y =150
150 = 30sin(e) + 180

sin(e) = —1

Vg

£=—=

2

vy =130 sin(%t - g) +180
72
6

T

=180 -30 cos( ) Since sin(@ - g) = - sin(i - 9) = —cosé.
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¢ 1 Whentr=2 5
y=180— 30cos( X )

6
~ 180 - 30 cos(—)

V4
3
=180-15
=165
The distance from the ceiling to the tip of the hour hand is 165 cm at 2:00.
ii When ¢ =23 ’3
X
y=180— 30cos(” )
= 180 - 30 cos(—ﬂ
6
~180-30x
2
=180 -15V3
~ 154cm
The distance from the ceiling to the top of the hour hand is approx. 154 cm at
23:00.

d Wheny =200
200 = 180 — 30 cos(%t)

2 - eos(Z)
3 6

mt cos_l(z) or m+ cos_l(z) or
—_— =T — —_ T —_ oo
6 3 3

6 2 6 2
tr=6—— cos_l(—) or6+ — cos_l(—)
T 3 b8 3

oo t=4390r7.61
The tip of the hour hand is 200 cm below the ceiling at 7:36 and 4:24.

3 a Amplitude = 3 When ¢t = 0, y = —3 and therefore a = -3
2
Period =1 .. i 1
n
n=2mn
a=-3andn =2x

y = =3 cos(2nt)
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b
) y =-3 cos (2nr)

VEC

¢ i When y=1.5
1.5 = =3 cos(2nt)

1
) = cos(2nt)

2

= =2

3 T
t—l
3

1
The centre of the weight is 1.5 cm above 0 after 3 second.

ii When y=-15
—1.5 = =3 cos(2nt)
! cos(2mt)
—_ = TT
2
73—T = 2nt
! =1
=

1
The centre of the weight is 1.5 cm below 0 after 3 second.

d When y=-1
—1 = -3 cos(2nt)
1
3 = cos(2nt)

~ 0.196
It reaches a point 1 cm below 0 after 0.196 seconds.
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4 a y=asin(nt+¢&)+b
The average inflow is 100000 m?/day .. 5 = 100 000
Minimum flow is 80 000 and maximum 120 000.

‘. range = [80 000, 120 000]
Amplitude is 20000 . a = 20000
2
The period is 365 days .. — = 365
n
2
d therefore 1 = ——
an ererore n %65
t
. y=20000 sin(% ; e) + 100000
When ¢t = 121,y = 120000
27 x 121
120000 = 20000 sin(L

365
. (2nx 121 _q
s1n(—365 +8)—
2 x 121 T 57 O«

———————+&=—0Or—or—or ---

365 2 2 2
n 2rx 121 1r57r 2 x 121 Or 2nx 121

+ g) + 100000

CfT T T 365 T2 T T 365 2 365 O
~ —-0.512o0r577or ...
Choose € = 5.77 ot
Ve
Ly=2 in| — J71+1
y 0000sm(365 +5 )+ 00000
b When =0,
y = 20000 sin(5.77) + 100 000
~ 90 198.33
¢ i Wheny =90000
2rt
90000 = 20 000 sin(% + 5.77) + 100000
1 2
-3 = sin(% + 5.77)
2 11 1 2
%+5.77: 7gor 6ﬂ or zﬂ or zﬂ or ---
2 7 11 1 2
% = £—5.770r?ﬂ—5.770r%—5.770r%—5.770r
2t
6 ~ —2.1058 or —0.01141 or4.1773 or 6.2717

(Negative values are not considered.)
L t=242.7 ort = 364.3
i.e. when 1 = 242.7 and t = 364.3 the inflow per day is 90 000 m?/day.
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ii Wheny = 110000
2
110000 = 20000 sin(% + 5.77) + 100000

1 . (2t
3 = sm(— + 5.77)

177

365
2t n St 13w
%4‘5.77— EOTFOT?OI’—

t=602o0rt=181.8
(Negative values not considered.)

6

i.e. when 7 = 60.2 and ¢ = 181.8 the inflow is 110 000 m?/day.

d When =152

2 x 152

— 20000si (
y Sin 365

= 117219

+ 5.77) + 100000

The inflow rate is 117 219 m?/day on 1 June.
Graphic calculator techniques for question 7

In a Graphs page enter the rule

(note that x must be used here
instead of ) in the function entry
line.

Because of the magnitude of

the numbers in this problem it is

useful to increase the number of

display digits using b>Settings
and change the Display Digits
to Auto Set the WINDOW
(b>Window/Zoom>Window
Settings) at Xmin = 0,

Xmax = 365; Ymin= 60000,
Ymax = 130000. The graph
appears as shown.
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£1(x)=20000" sin

2N

. 365

i
+5.771|+100000
J 365¢
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The value of Y when x = 0

can be found several ways.

Use b>Geometry>Points &
Lines>Point On to place a point
on the graph. Press d to exit

the Point On tool. By double
clicking on the x-coordinate you
can edit this to 0.

Alternatively, use
b>Trace>Graph Trace

and type 0. (An “x =" box will
appear as soon as you start typing

a value).
Hence y = 90198.3 when x = 0.

In order to find the t values

for which y = 110 000, press

e or /+G) to show the function
entry line and enter f2(x) =
110000 (use Intersection from
the Analyze Graph menu to find
each of the required values.

Hint: using b>Geometry>Points
& Lines>Intersection Point/s
will find all intersections at once.

The value when x = 152 can be
found by double clicking on the
x-coordinate of the point found
earlier and changing to 152 or
using the b>Trace>Graph Trace
and editing the x-coordinate

to 152.

Alternatively, insert (/+I)a
Calculator page and type in
f1(152)

ISBN 978-1-107-56747-4

1 0,90198.3]

£1(x)=20000 sin

favn

. 365

'1
+5.771|+100000
J 355 25x

£2(x)=110000

/—\ (181.837, 110000 )

£1{x)=20000- sin

1

1 0,90198.3]

(

b2

LU X

365

'1
+5.771/+100000
)

]

e

0.17

£1(x)=20000 sin

1

03,110000 |

i

“d

4 T X

. 365

[ 181.837,110000)

|
+5.771{+100000

o aew
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T 1
5d=12+12 (—(r —))
+ COS 6 + 3

a 1 When r=57
T 1
d=12+12 —(5.7 + —)
COS 6 3
=1.8276 x 107 ~ 1.83 x 10> hours

ii When r=2.7
d=12+12cos %(2.7 + l)

3
= 11.79 hours

b Whend=5

5=12+12 Cos(g(t + 1))

3
_7 = COS(ﬂ(t + 1))
12 6 3

I
g(z + §) — 2.1936 or 4.089

o t=3.8560r7477
There will be 5 hours of daylight on 25th April and 14th August.
Vg

6 a Period =21+ 3 DA

13 -
=12 10 /\_/\/
7

For D() = 10 + 3 sin(%t)

D(0) =10

i 4

24
D24) = 10 + 3 sin(’r X )

6
=10

b For D(¢) > 8.5, first consider
8.5=10+3 sin(%t)

1 .n(m)
2 6
nt  In 117 197 237
. — = —or or or or ...

6 6 6 6 6

s.ot=T7orllor19or23or ...
From the graph is can be seen that D(¢) > 8.5 for r € [0, 7] U [11,19] U [23, 24]
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C

a

The maximum depth is 13 m.

From the graph the required period of
time is [2.5, 3.5]

The largest value of w occurs for ¢ = 2.5

w=10+3 sin(z'%)

= 12.898
The largest value of w is 12.898.

D = p+ gcos(rt)°

High tide is 7 m.

Low tide is 3 m.

Low tide occurs 6 hours after high tide.

High tide occurs when cos(rf)° = 1 and low tide occurs when cos(r7)° = —1.

.. D =p+qgcos(rt)°
gives7=p+q®
and3=p-qQ®

Adding @ and @ gives 2p = 10
p=>5

Therefore from® g =2

Hence D =5 + 2 cos(rt)°
. 360
The periodis 12 .. — =12
r
and r = 30
S D=5+ 2cos(30r)°

Low tide occurs when ¢ = 6. The depth at low tide is 3 m.
5+ 2cos(30r)° =4

1
cos(307)° = -3

5. 30t =1200r2400r ...

~t=4or8or...
The ship may enter the harbour 2 hours after low tide.
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8 a a:b:IO,H:g

i A:%x100><sin’—r

3
V3

Z50x =2
3

=25V3 square units

ii P=10+10+ \/100+100—200003g

=20+ V200 - 100
=30

b P = A implies
20+ 10V2 —2cosf = 50siné
&2+ V2-2cosf =5sin6
Plot the graphs of y =2 + V2 —2cos6 and y = 5 sin 6 to find the point of
intersection.
Intersection occurs where 6 = 0.53 or 6 = 2.27

c Ifa=b=6
A = 18sin6 and
P=12+ V72 —-"72cosf
=12+6V2—-2cosé
Graphy = P - A for 6 € (0, ) and
note that the minimum > 0, so
P-A>0=P>A.

r o fJ'l.'W
f1{x)=x tan| = |
| x]

d If@zganda:6
A = P implies

3b=6+b+ V36 + b?

ie. 2b—6= V36 + b2
4b*> — 24b + 36 = 36 + b*

3b* —24b =0
3b(b—-8) =0
b=0orb=28

b = 0 does not satisfy the original equation. Therefore b = 8
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e Ifa=10and b =6
30sind = 16 + V136 — 120 cos @
15sin@ =8 + V34 —30cos 8

0 = 0.927 or § = 1.837 (from a cas calculator using the ‘solve’ command)

f Ifa:bandH:;—r

A=P
implies
2
3
%x% =2a+ V2a* - a?
V3a2
4a =2a+ Va2
V3a?
= 3a
4
V3a2
T _3a=0
4
3
a(T\/_a - 3) =0
12
sa=—=4V3sincea > 0.
V3
9 a The n sided polygon consists of n isosceles triangles. 0
The angle for each triangle at the centre of the circle is
2n
= n
n n
Length of OX =1
Length of AB = 2 tan(z L X o
.. Area of triangle = = X 2tan(§) x1= tan(z)
2 n n
b Area of the polygon is n tan(z) (n triangles).
n
¢ The horizontal asympote isy = &
A
0‘ > X
d in=3 .
Area of polygon = 3 tan(g) = 33 difference =33 — 7 ~ 2.055
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iin=4
Area of polygon = 4tan(%) = 4 difference = 4 — m =~ 0.858

iii n=12
n
Area of polygon = 12tan(ﬁ) ~ 3.215 difference ~ 0.0738

iv n =50 x
Area of polygon = 50 tan(%) =~ 3.1457difference ~ 0.0041

e The circles are similar
b3
.. the area = nrtan| —

n
. . LT by
f i So the areais nsin{— |cos|— A _—/""——~ B
n n
ii The polygon consists of n isosceles triangles. A
The area of each triangle
1 2n T b
1s = sin{ — | = sin|{ — | cos| — A=x
2 n n n o WSS PR i T i
(3, 1.3)
-
L
X
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Chapter 7 — Functions revisited

Solutions to Exercise 7A

1 a Yy
A
LAQX
0 16
I

Domain = R*
Range = (-1, o)

Neither odd nor even

Domain = R\ {0}
Range = R\ {-1}

Neither odd nor even

(S41[\S]

1
2 a 325 =(325)7°=4

b (-32)5 = (-32)3)? = 4

W

c 325 = (32%)3 =38
d (—32)% = (—32)%)3 = -8
e (=8)3 = ((-8)3)° = 32

£ (<27)3 = (—27)5)* = 81
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a

a

b

)
1, 1)
> X
(_1: _1) 0
Domain = R
Range = R
Odd
Yy
A
(1, 1)
0 > X

Domain = R U {0}
Range = R* U {0}

Neither
i Domain = R*; Range = R*;
Asymptotes: x =0,y =0
iy
A
2
14
T T > X
0 2 4
i Domain = R; Range = R
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ii y f i Domain = R; Range = R

2 A ii y

¢ i Domain = R; Range = R

! ! 5 We can assume x # 0 in the this
2 question witout effecting the result.
> X 2 2
_'2 0 '2 a x2>x
-2 1> %72
1
d i Domain=R\ {0}; >
Range = R\ {0}; x<1
Asymptotes: x =0,y =0 L x€e(0,1)
ii y 3 5

=x
>.<l\)
+ =
S]] o
A A
—_ =

4-

—8—414_
\ x<1
Soxe€(0,1)

e i Domain =R\ {0};

Range =R \ {0}, 6 a Odd
Asymptotes: x =0,y =0

b Even
ii Y
¢ Odd

d Odd

e Even

f Odd
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Solutions to Exercise 7B

1 a h(x)= fog(x), f(x)=e", gx)=x° b fog'(x)=x
2

b h(x) = fog(x), f(x)=sinux, e - =X

g(x) = 22 Vel

— v o1
¢ hx) = fo gl f(x)= ", 2=y S(x)
_ 2

g(x) = x~—2x (:)g—l(x):F
d h(x) = f 0 (), f() = cosx, Therefore, g

g(x) = x g R\ SR g =

6

e h(x) = fog(x), f(x)=x ¢ fog:R\{0} >R, fog(x)=4de Vs

g(x) = cosx

2
d gof:R->R, g0 f(x)=
f h(x) = fogx), flx)=x" V4e3
=x2-1
§(x) = x e Let h(x) = f o g(x)
6
g h(x) = fogl. f(x)=, W) = 4e
g(x) = cos(2x) ho h_l(x) .
h h(x) = fog(x), f(x)=x>-2x, 6
g(x) = x* = 2x © 4e VMW = x
6
o e Vi X
2a fofly=x 4
- 6 _ X
& del™ = & < ) log, (4)
fro - X 6 \
o W=7 oW = (=)
4 log, ()
o f—l(x) = log (f) Therefore,
“\4 1.
Therefore, (fog) R — Ré 3
1 X -1
=y i = Log (X (fFop) ' =(—x)
0 S R = loge(4) fog oe. ()
-1. p+ -1 1 2
f (gof)7:R" >R, (gof) (x)= gloge e
5
3a flRTU0 >R, fF(x) =x2
Both f and f~! are strictly increasing
5
b f1:RTU0} =R, f(x) = —x2
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Both f and f~! are strictly decreasing

fRY SR, fl(x) = x%

Both f and f~! are strictly increasing

i fog(x)=3sin(2x?),
go f(x) = g(35sin2x)? = 9sin*(2x)

ii ran(fog)=1[-3,3],

dom(f og) =R,

ran(go f) = [0,9], dom(go f) =R
i fog(x)=-2cos(2x?),

g0 f(x) = g(~2c0s2x) =

4 cos?(2x)

ii ran(fog)=1[-2,2],
dom(f og) =R,
ran(go f) = [0,4], dom(go f) = R

i fogx)=e", gof(x)=e¥

i ran(f og) = (1, ),

dom(f og) =R,
ran(g o f) = (0, ),
dom(go f) =R

i fogx)=e™ —1,
go f(x)=(e* - 1)

ii ran(f o g) = [0, ),

dom(f o g) =R,
ran(g o f) = [0, c0),
dom(go f) =R

i fog(x)=—-2¢" -1,
go f(x) = 2e* +1)?

ii ran(f o g) = (—o0,-3],

dom(f o g) =R,
ran(g o f) = (1, ),
dom(go f) =R

i fog(x)=log,(2x?),
g o f(x) = (log,(2x))*

ISBN 978-1-107-56747-4

h

il ran(fog) =R,
dom(f o g) =R\ {0},
ran(g o f) = [0, c0),
dom(g o f) = R"

i fog(x)=log,(x* 1),
go f(x) = (log,(x — 1))

ii ran(fog) =R,
dom(f og)=R\[-1,1],
ran(g o f) = [0, 0),
dom(g o f) = (1, 00)

i fog(x)=—log,(x*),
g o f(x) = (log, x)?

ii ran(fog) =R,
dom(f o g) =R\ {0},
ran(g o f) = [0, c0),
dom(g o f) =R"

go f(x) :g(ZX—g): Sin(2x—g)

(X)) > 2x = Z.y)

3
x+% 1
X = 23 :§x+gandy’:y

Dilation of factor § from the y-axis,

s

then translation £ units to the right

gof:(3,0) >R,

gof(x) =gBx-2)
=log,(3x—-2+1)
=log,(3x—-1)

Write y* = log,(3x" — 1) and
y=log,(x+ 1)
Then choose,

YV =yand3x' -1 =x+1
xX+2

Thatisy’ = yand x’ = 3
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=27 ()

7 a [g0)]>-Tg(x)+12=0 a x=e
(8(x) =3 -4 =0 Inx=-2f"'(x)
sg(x)=3orgx) =4 ) = —71 In x
b (g0 = Txg(x) +12x% = 0 x=(g ') +1
(8(x) = 3x)(g(x) —4x) =0 x—1=(g'x)

cog(x) =3xorg(x) =4x g_l(x)  (x— 1)%

8 eg(x) =2x—1 b f o g(x) = e—z(x3+1)

g(x) = log,2x - 1) =e 2
range (f 0 g) = R*

since range (-2x°> —2) =R
and range (¢*) = R*

o g(x) =3xorg(x)=4x

9 fr)=e",  gx)=2vx go f(x) = ()3 +1
1 =e % +1
a g(f(x) =2 Vet =2(*)2 range (g o f) = (1, 00)
= De%*

1
b X = 262(gof)’l(x) 11 a f (_1’ OO) - Ra f()C) = m
domain (f) = (-1, o),

In3 =2(g° )" ,
c.range (f) =R

1. x
(gof) l(x)zilni x:ﬁ
° AN flo+1= )lc
g e o= )16 -1
g () = XZZ range () = (=1, 00),
o =e%) domin (=5
L fLRY SR, f w=1o1

10 f(x)=e >, g(x)=x>+1
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b f@)=flx)=x

f)=x
1 J—
x+1
(x+Dx=1
P4+x-1=0
-1+ Vl+4
X=—"F""—
2
but x >0, (domain(f~!))
—1+ 15
X=—F7F—
2
V5 -1
x:
2

12 a f(x)=In(x+1)
x=In(f'(x)+1)
e =) +1
e =e -1
fFYR>R f'x)=e" -1
g(x) = x> + 2x, domain(g) = (=1, o)
range (g) = (g(—1), o)
= (~1,00)
x=(g ') +2¢7'(x)
(¢ +2g ' (x)—x=0
g ') +1)Y?-x-1=0
g+ 1=xVx+1)
g ) +1=xVx+1
g ') =-14« Vx+1
but g7 (x) > -1

g ') =-1+ Vx+1

g i (=1,00) > R, g7'(x) =

Vx+1D -1
b fog(x)=1In(x*+2x+1)
= In((x + 1)?)
=2In(x+ 1)

(Since domain g = (-1, 00))

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

Mathematical Methods 3&4

13 fogx)=1In (1)
X
= —In(x)
J)+ fogx)=Inx—-Inx=0

2 _
14 g = [ 22
~\5

Ve

= ||

15 a f(gx) = (" —4-4) (" -4-6)

= (x> - 8)(x* - 10)

flg(x)) = x* — 18x* + 80

g(f(x) = (x = 4)(x - 6))* -4
= (x> - 10x +24)* — 4
= x* = 20x° + 48x% + 100x°
— 480x + 576 — 4

g(f(x) = x* —20x° + 148x?
— 480x + 572

b g(f(x) - f(g(x) =158
x* = 20x + 148x% — 480x + 572

—x*+18x> — 80 = 158

—20x> + 166x> — 480x + 334 = 0
10x* — 88x% +240x — 167 = 0
CAS calculator gives x = 1 as a
solution

= (x— DA0x*> =73x+167) =0
_ 73+ V5329 - 6630

=1,
x x 0
{ 73 + V-1351
x=1——-
20
U
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no real solutions a=—-and b= ——
- Sa=can >
-1
o, @2
16 a f(x)=4-x 19 =1 =X

FUf(x) =4 — (4 - x*)?
=4-(16 - 8x> + x

o +2=x(f"(x) - 1)
oo -x)=-2-x

2 4
=—-12+8x" —x f‘l() X+2
xX) =
f(f(x) =0 x—1
=>x'-8x2+12=0
(X*)?-8x*+12=0 20 In(g(x)) =ax+b
(2 - 6)x2-2)=0 g(x) = e
=26 g0)=1
x=+V2,+V6 Lol=e
" b=0
17 f(x) = e —e™™ g(x) = ™
a LHS = ¢ — ¢ s =
e -¢" e = e
RHS = —e¢* +e™ a=6
— e =" g(x) = e6x
= LHS QED

21 Lety = f~'(x)
b RHS = &> — e — 3¢* + 3¢

e+e?
= - 3" 43¢ — e a > 7
LHS = (e" —e™)’ ¢ +e? =2x
= —3e" + 3¢ —e e +1=2xée
= RHS QED ety —2x" +1=0
1
¢ = —(2x + Vax2 — 4)
18 Consider, 2
af_l(x)+b:x yzloge(xi V)Cz—l)
o) = x b But Range of f~!'= Domain of
a f =10,00)
Itf I(X) =6x+3 and Domain of f~!'= Range of
a=Yand-2 =3 f=1eo) s f7 [1eo) > R,
6 a
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Mathematical Methods 3&4

i x) =log,(x+ Vx2 - 1)

b gl :R-R g l(x=
log,(x+ VxZ + 1)

¢ Yes

d Yes

a If x > ythen f(x) > f(y) and

ISBN 978-1-107-56747-4

If x > y then g(x) > g(v)
Hence x > y = f(x) > f(y) =

g(f(x) > g(f ().

If x > y then f(x) < f(y) and

If x > y then g(x) < g(y)
Henceif x >y = f(x) < f(y) =
g(f(x) > g(f(y).

The composite function will be
strictly decreasing.
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Solutions to Exercise 7C
1 f(x)=e 2 g(x) = —2x
a i (f+g)x) =e?-2x

il (fg)(x) = —2xe™>

b i (f+g)(_71):e_1+1

—e
2 y
A
y=-2x
y:e—Zx
T T T T —» X
-2 -10 I 2 3
—1-

X

4 f(x):sin( ;

), g(x) = -2x

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

ISBN 978-1-107-56747-4
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a i (f+g)(x) = sin(’%)—zx

ii (fo)(x) = —2xsin (’%)

b i (f+g)l)= sin(g)—Z
—1-2
—_1

i (fo)(1) = —ZSin(g)
)

X

S f(x)= cos( >

), gx)=¢"

a i (f+g)x)= cos(%)+e"

ii (fg)(x)=e*cos (%x)

b i (f+g)0)=cos0)+e°
=1+1
=2

i (f90) =1x1
=1

fQ) + f(=%)

6 Letg(x) = > nd
oy = T = FED
We have, g(—x) = g(x). That is g(x) is
even.
We have, h(—x) = —h(x). That is h(x) is
odd

J(x) = h(x) + g(x)
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Solutions to Exercise 7D
Ia fx=y)=2(x-y)
=2x—2y
= f() - f)

b f(x-y)=x-y-3)
# f(x) = f)

[\8)

fx=y)=k(x-y)
= kx — ky

= () = f0)

w

Jx+y)=2(x+y)+3
=2x+2y+3
=2x+3+2y+3-3
=f)+f(»-3

a=-3

=

3 3
fO+f)=-+-
x oy
_3(x+y)
=
= (x +y)f(xy)

5 (g(x))* = g(x)
(g(x)* — g(x) =0
g()(gx)-1)=0

gx)=0,1
1
2 = g(x)
(gx)* =1
g(x) = =1

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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7 fx)=x
fx+y) =(x+y)’
f)+ @) =x +y
Letx=1,y=1

Jlx+y)=38
J) +f(y) =2

8 f(x)=sinx
LHS = f(x+y) =sin(x + y)

RHS = f(x)+ f(y) =sinx +siny
V4

let ﬂ
X==,y=—
2V T3

LHS =sin(mr) =0

RHS = sing +sing — 2 # LHS QED

(any non zero numbers would work)

1
9 f(x):;

LHS = f(x) + f(»)

1 1

= 2 y
yZ . x2
x2 y2 x2 y2

1
= (X2 + yz)—xzyz
= (2 +y)—
(xy)?

= (& + y) f(xy)
— RHS QED

10 A(x) = x?
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a Letx=1,y=1
LHS =(1+1)* =4
RHS = (1)* + (1)> =2 # LHSQED
(any non zero numbers would work)
b LHS = (x +y)?
= x> +2xy+y°
RHS = (x)* + (y)°
R
LHS = RHS + 2xy
given LHS = RHS
2xy =0

e, x=00ry=0QED
11 g(x) =2*
LHS = 23
— 23x+3y
= 2% % 2V
=g(x) x g(y)
= RHS QED
12 f(x) = x"

f(xy) = (xy)" = x"y"
(by the indices laws)

= f(0f(y) OED

RO
y y v
(by the indices laws)
BT

SO
13 f(x) = ax,
f(xy) = axy
= f(0f(y) =axxay

= a’xy

a € R\{0, 1}

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

ISBN 978-1-107-56747-4

let x =1, y=1
(any non zero numbers would work)
fxy)=axy=a

F)fO) = a*xy = a*
if FOOfO) = flxy)

2

a’ =a

a-a=0

a=0,1
buta # 0,1

JOfO) # f(xy)

for the case shown

1
4 fiR\-1) - R0 = —

| i
U= =1
+1
x+1
x+1
xX+2
fa+l)=—
. _x+1 1
SCC)RS(CER N R
_x+2
Cox+2
=1

15 Let f(x) = x*, g(x) = 2, h(x) = 3
fo(g+h)(x) = f(5)=25
fogx)+ foh(x)=f2)+ f(3)=13

16 g+ho f(x) = (g +h)f()
= g(f(x) + h(f(x))
= go f(x)+ho f(x)
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17 Forx>0 8(f(x) _ g(og, x)
fg(x) — f(x) = f(xe") —log, x f(x) log, x
log, x
= log,(xe") —log, x _ log, x X %
1 log, () — 1 log. x
= + —
og, x + log,(e") —log, x ) rlog, x
= log,(e") ~ Tlog, x
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016
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Solutions to Exercise 7E

1 f(x)=mx—-4, me R\{0} 2 f(x)=-2x+c
a O=mx-4 a 0=-2x+c
mx =4 —c=-2x
4 c
= — X ==
X - >
4 ¢
b — <1 b zél
m c<?2
4<m, m<0
c x=-2f'x)+c
_ -1 _
c x=mf (x)—4 x—c=-2f"(x)

x+4=mf(x) _
/ f‘l(x) = %, domain = R

+4
)= a , domain =R
" d x=-2x+c
d x=mx—4 A = ¢
m-1x-4=0 x—E
4 -3
X=——
m—1 y=x
4 4dm c o
heck f( ) _ _4 o (_ _)
chec m_1)"m=1 co — ords 33
4dm —4m + 4
= 1 e y=ax+b
. (0,¢)
=— = b=c
co-ordinates ( T —1), yl 1: ax+c
m-—1 m-—
m € R\{0, 1) norma 1nE1
= a=—
-2
e y=ax+b 1
a=—
-1
a = — (normalline) i
" y==+c
y=—+5>b
m
0,-4) 3 y=x>—bx
= —-4=>
y=——4
m
293
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x(x—=b)=0
x=0,b
2 b2
2_ — — — | —
b x bx+4 7] 0
b\ b
)l -Z=0
(x 2) 4
b —b?
co — ords: (5, 4)

c i —x=x>—bx
¥-0b-Dx=0
x(x=(b-1)=0

x=0,b-1

y=—x=0,1-b
co—ords: (0,0),(b—1,1-0b)

i b-1=0,
b=1
iii b—-1+#0,
b#1
b € R\{1}

4 y=ax’+bx+c
Whenx=-1,y=6
Whenx=1,y=4

6=a—-b+c...(1)

d=a+b+c...(2)
Equation (1) — Equation (2)
2=-2b
b=-1
Substitute in (16 =a+ 1+ ¢
a=5-c

y:(S—c)xz—x+c

Cambridge Senior Maths AC/VCE

ISBN 978-1-107-56747-4
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5a (1+h?*=8

1+h=+2V2
h=-1+2V2
b (a+1)*=8
a’=38
a:iZ\/z
¢ a=ax’+bx
b
y=a x2+—x)
a
) b? b?
=dal|x +5x+@)—£
=aqa x+£2—b—2
B 2a 4a
vertex (1,8)
-b b?
1 —=1 2) ——=28
((2)) Zab G 4a
= Z =8
@ 2
b=16
-1
Subin (1) = —6:1
2a
8
a=-8
check )
—(16)
2 =8
;’56():’4*—8
R
— =23 correct
95
a=-8,b=16
6 f(x)=V2a-x

a2a-x>0

2a > x, so domain = (—o0, 2a]
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b x= V2a-x 7 f(x) = (x> —ax)?

2— J—
x“=2a—-x a  0=(2—ax’
P¥+x-2a=0

0=x(x—a)
o 1E Vi+8a x=0.a
2 co—ords = (0,0), (a,0)
buty>0, ..x>0
~1+ VI+8a b f(0)=(0-0)
t e 2 -0
y = x, co—ords = (0,0)
S. co—ords =
(—1+ V1+8a -1+ \/1+8a) ¢ x€[0,qd]
272 f0) = (ax - x*)?
2 2\2
“l+ Vi+8a I O R P
2 4 4
-1+ VI+8a=2 ( ( a)z a2)2
=[-(x-=| + —
VI+8a=3 2/ 4
1+8 =9 maximum value is f—6
Ba =38 d f(-1)=16
a :1 2 2
16 = (=1)" —a(-1))
d —1+\/1+8a_2 +4=1+a
2 l+a==+4
V1+8a=5
a=-1+4
1+8a=25 a=-53
8a =24
a=3 8 a —a+c=0
~1+ VI +8a e =C
© T ¢ a
c
Vit8a=2c+1 bx=In—
1 +8a=4c+4c+1 x:%mf
8a = 4¢” + 4c a
+c
a =
2
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b cln(x+a)=>

b
In(x +a) = -
c

b
xX+a=ec

b
xX=ec—a

¢ In(cx—a)=0

In(cx—a) =1

cx=1+a
1+a
X =
c

d eax+b:C
ax+b=Inc

Inc-»>
a

X =

9 f(x)=cln(x—a)

x=a
b x—a=1
x=1+a

co—ords =(1+a,0)

C 1 =cln(x —a)
1
X—a=ec
1
xX=a+ec

1
co—ords = (a+ee,0)
d 1=cln(2-a)
1

“The-a

10 f(x)=e“'=b

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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ay=0-»>
y=-b

b O0=e""1-b
x—1=Inb
x=Inb+1

co—ords=(Inb+1,0)

¢c i Inb+1=0

In b=-1

h=e'
1
b=-.
e

ii nb+1<0

Inb < -1

b<el

1
b< -

e
but b > 0 as given, else there is no
intercept

1
0<b< -
e

11 y=ax* +bx*> +cx+d
(-1,6)
=>® 6=-a+b-c+d
(1,-2)
=Q® -2=a+b+c+d
@Q+@® 4=2b+2d

b=2-d

(24)
=0Q® 4=8a+4b+2c+d
Q-®= 2a+2c=-8

a+c=-4

a=-4-c
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Subin ® =

4=8(-4-c)+42—-d)+2c+d
4=-32-8c+8—-4d+2c+d

4=-24—-6c-3d

6¢ +3d = -28
6¢c = -28 — 3d
. -28 —=3d
B 6
a=-4-c
a=4-c
24 + 28 + 3d
a=———
6
a_3d+4
6

2 2
b? — dac
20 - 3¢\ c—8
- —4
5] ()
_ 400 - 120c + 9¢?
B 4

— 20 —
12 y:(c 8)x2+( 0 3c)x+c

—2¢% + 16¢

9
=100—3OC+ZCZ—202+4C
_1. 14c¢ + 100

—4C C

a b* —4dac =0
c® =56¢+400 =0

c=28+8V6

b b*—4dac >0
¢ —56¢ +400 >0
c<28—-8vV6orc>28+8V6

but ¢ # 8 (since if ¢ = 8, the function

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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becomes linear
c <8, or
8<c<28-8V6orc>28+8vV6

13 a y=ax* +bx*> +cx+d
(-2,8)
>@® 8=-8a+4b-2c+d
(1,1)
>Q@ l=a+b+c+d
(3.4)
=03 4 =27a+9b

+3c+d
1=24a+6b-2d

32 =30a + 30b + 5d

32
G = ?:6a+6b+d

32
1—?:18a—3d

®-30=0
20+30=>0G

@-6=

—2:6a—d
_5d-9

32 5d 9a_ 30
Subin@:?:T_+6b+d

32 =5d-9+30b+5d
306 =41 -10d

41 - 10d
R

30
) 5d-9 41-10d
Subin®@ = 1= 30 + 30 +c+d

30d =5d -9 +41 -10d
+ 30c¢ + 30d

-2 =30c + 25d
. -2 -25d
30

14 a AX+C=X
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0
Al = det(A) A1 det(A)
N -4 N —4
0 0
| det(A) L det(A)
! 1 r 2
— 0 — 0
0 - —4
0o —
_ 1 1
x| |-4 0 [x’ — 3] ) 0
y - 1 y/ ) = 1
1) ] 0 -
0 =
| k| 7]
x =3 1 :
X_| -4 x| =4 Oy —a
y y' =2 |y a 0 l Vv +2
Lk | 5]
1 (X' —a
b = —
X x:| = ’_42
y -2 1 A I R
- from (a i
=y (fom @) >
—4 b
—4k y=2"
y, - 2 = / 3 ’ —
* RN
, -4k 2
V== +2 )
x -3 , (x;a_'_l)
y+2=2
—4k
¢c 0=——-+2 (x +4—a) (X' —a)
0-3 y =2\ 4 —2=2x2 4 =2
4
—k=-2 0+4—a
3 c 0= 2( )2
i -6 -3
= = = 4—a
4 2 2= z(T)
4—-a
15 a ) =1
AX+C=X
4—a=4
X=A"'X-0)
-a=0
X X a
- (7))
[y] y -2
-4 0
:[0 2]det(A):—4><2:—8
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Solutions to Technology-free questions

1 a y
A
10 1
6 -
N
1 e —
T T T > X
0 4 8 12
Domain = R*
Range = (1, c0)
Neither
b y Domain = R\ {0}
Range = R\ {-2}
4 Neither
2_
T T x
____Q_Jat.é)__z.___
2
2 a2435=32=9

b (—243)% =(-3*=9

3
5=33=27

c 243
d (—243)§ =(-3)?=9
e (—27)3 = (-3)° = 243

f (—125)% = (-5)* = 625

3 a i fog(x)=3cos(2x?), go f(x) =9cos*(2x)

ii dom(f og)=R,ran(fog)=[-3,3],dom(go f) =R, ran(g o f) = [0,9]
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b i fogx) =log,(3x?),go f(x)=(log,(3x))
ii dom(fog)=R\{0},ran(f og)=R,dom(go f) = R* ran(g o f) = [0, o)
¢ i fog(x)=1og,2-x), g0 f(x)=(log,2 - X))’
ii dom(f o g)=(-V2, V2), ran(f o g) = (—0,log, 2), dom(g o f) = (—00,2),
ran(g o f) = [0, )
d i fog(x)=-1log,2x?), g o f(x) = (log,(2x))’
i dom(f og)=R\{0}, ran(f o g) =R, dom(g o f) = (0,0), ran(g o f) = [0, 00)
4 a h(x) = fogx), gx) =x% f(x)=cosx (Note: answer not unique)

b h(x) = fog(x), g(x) = x> —x, f(x) = x" (Note: answer not unique)

¢ h(x) = fog(x), gx) =sinx, f(x)=1log, x (Note: answer not unique)
d A(x) = fog(x), gx) =sin2x), f(x) = —-2x7 (Note: answer not unique)
e h(x) = fog(x), g(x)=x*>-3x, f(x)=x*-2x (Note: answer not unique)

9]
Y]

i (f+ )00 = 2cos(?) te

X

i (fo)(x) = 2¢~ cos( 2)

b i (f+¢)0)=3

i (f2)(0)=2

6 f:[a,OO)—>R,f(2x):—(3x—2)2+3

Turning point at (§’ 3)
2
a p—
3
b (—0,3]
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d fO @) =x
B3Ny -2 +3=x
(=27 = - )

x—3

=2+ 4/-
Because of domain and range of f

f‘l(x) = 2-"# .3—x’r

an = [%a OO), dom = (_OO’ 3]

¢ y
A
i | 33

> X
0 B
\245 3

7 f(x) = clog,(x - a)
a x=a

b cloge(x—a)=O:>x—a:e0:>x:a+1
Therefore cooordinates of the x-axis intercept are (a + 1,0)

¢ clog,(x—a)=c=log,(x—a)=1= x=a+e'
Therefore cooordinates of the point where the curve crosses the line y = c is (e + a, ¢)
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d S 0) = x
clog,(f ' (x)—a) = x
log, (/™' (¥)—a) = =
Fla=ec +a
e (a,o0)

f ri(H=2=r2)=1
Fl@=4=f4=2
clog,2-a)=1...(1)

clog,(4-a)=2...(2)
Equation (2) + Equation (2)

log,(4—a)
log,(2 — a)
log,(4 —a) =2log,(2 — a)
4-a=Q2-a)
b—a=4—-4a+d
a*-3a=0
ala-3)=0

a=0ora=3

But a = 3 does not satisfy our equations
1

= —, :0
¢ log, 2 ¢

8 Consider,
af'(x)+b=x

L=l
a a

Iff'(x) =4x-6

1 b
a:Zand—;:—6
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x+2f

b £ = (5

¢ ()= %((x—4)% +2)

d fw=(
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Solutions to multiple-choice questions

1 B .,
xT+2
h(x) =

Split 2(x) into two separate fractions:

h(x) = x* + =
x

ﬂm:ﬁﬂm:%

2 E The graph of
f:R = R, f(x) = cos(x)
Is not a one to one function.

3 E
A: e = e" X €, s0 A is true.
B: log, xy = log, x + log,, so B is true.
C: log, ¥ = ylog, x, so C s true.
D: £71(1) = log, 1 = 0, true for any x, y.
4 D f(x) =cosx
g(x) = 3%

N
()}
((m)-

S E
f: R = R, f(x) = (x —2)? is not an even function as it is a parabola that has been
translated 2 units right, so it is not symmetrical about the y-axis.

6 E
y = 2ax + cos 2x
When x =m,y =0

0 =2mra + cos2r

-1 =2na
1
a=—-——
2n
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7 B x>5,g(x) =log,(x=5)
2[g(x0)] = g(f(x))
2[g(x0)] = log,(x - 5)°

log,(x = 5)° = log,(f(x) - 5)
(x=57=f(x)-5
x> —10x+25= f(x) -5
f(x) = x* = 10x + 30

10 C Domain of (f + g) = (=00,3) N [2,00) = [2,3)

1nBs?2 _zzsm(3x'—’1)

—4 3
1 T
. choosey’ = -4y +2and x’ = gx + )
y+3 ) ( n) i y+3 1 3 n
12 D — =sin|(2x——|toy =sinx’ .. choosey = —— = —y+ —and x’ =2x— —
2 Y)Y o O T RO R
13 E
14 B
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Solutions to extended-response questions

1 a Therangeof f: R* - R, f(x) = ¢ *is (0,1)
1
T is R™

X —

The range of g: (—o0,0) — R, g(x) =
b domain of f~! = range of f = (0, 1)
domain of g~! = range of g = R*
To determine the rule for f~! consider
x=e”
logex =y
_1Ogex =y

Therefore f~!(x) = —log,x

To determine the rule for g~! consider
1

X=——A
y—1
Taking the reciprocal of both sides

y—1=-
X

1
andy=-+1
X

1
gl =—-+1
X

¢ i go f(x)is defined as range of f C domain of g

e

1
go f(x)=g(f(x) =gle™) = X —

ii ¥y
A
0 > X
T =
e’ 1
= =—-1+
gof¥)=1—= T
e~
d igof(x)= T
e’
l-—e
Solve for y
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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with domain = R* For the inverse consider
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ii

2 a i

ii

iii

ii
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x(l-e)=¢
x —xe’ =¢e
Therefore €(1 +x) = x

and e = a
1+x
Theref I ( X )
erefore =1lo
Y Ee 1+x

o -1 = *
(g0 /)70 = log, (—

Y
LA
I
I
I
I
I
1 > x
10
I
I
x=-1]
fi[5,0) = R, f(x) = Vx-3
Y
A
(5.32)
0 > X
range of = [V2, o)
For the inverse rule consider x = /y — 3

Square both sides and make y the subject.
y= 2 +3
and f~'(x) = x% + 3. The domain of the inverse function is [V2, co)

i h:[4,00) > R, h(x) = \x—p

The inverse function has domain [1, o) .
The function £ is increasing and therefore /4 — p =1
Therefore p = 3.

Proceeding as above the rule is A~ (x) = x* + 3.

ISBN 978-1-107-56747-4 © Evans et al. 2016
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il ¥

A //,’y:x
//
(1,47
//
0 @
>0 —
//

3 /(0,1 —->R,f(x)= s}nx
g [1,00) = R, g(x) = <

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

a

b

range of f = (0, 1)

range of g = (0, 1]

f o g is defined as the range of g C domainof fas1 <«

1
Fog(x) = f(g(x) = f(i) _ sin(;)

g o f is not defined as the range of f ¢ domain of g

Consider

1
x = — and solve for y.
y

1
Therefore g~ (x) =

X
The domain of g~! = range of g = (0, 1]
The range of g~! = domain of g = [1, c0)

Range of f = (0,1) C (0, 1] = domain of g~!.
Therefore g~! of is defined and

g o f(x) =g ' (f(x) = g (sinx) = g
The domain of g~! o f = domain of f = (0, 7)
The range of g™ o f = [1, 00)

a=?2

c=2-klog,2)
10

log,(42)

k=10

ISBN 978-1-107-56747-4
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Chapter 8 — Revision of Chapters 1-7

Solutions to technology-free questions

1 a Domain =R\ {0}; Range = R \ {2} 3 -2
5 fflo+1
b 3x-2>0=x X3 S =2=x(fT )+ 1)
The endpomt is ( ) L@ = a2
S0 -x)=x+2
Domain = | = ) Range = (-0, 3]
3’ 1 x+2
=T
¢ Domain = R\ {2}; Range = (3, o) The domain of f~! = range of f =
. RAAL}
d Domain = R\ {2}; Range = R\ {4} Hence
2
e x-220= 120 FRV SR, ) =

The endpoint is (2, —5)

Domain = [2, o0); Range = (-5, o0] .
4 a 2/ ™W_1=x

_|x_x

2 Jf M) -2+4=x el =
1

. ’f‘l(x)—2=x—4 -'-f_l(X)ZIOge(X+ )

2
- 1
ST =2= (-4 £ = —loge(x; )
LT = (-4 +2 dom £~! = (=1, )
The domain of f~! = range of f = [4, o)
Hence, b Y
~1. -1 — (v — A2

40 5 R, f1x) = (x—4)%+2 ! Ay:283x_1 -
1 -
I ///
I -
1 1 7 :l <X+1>
)Tl
f e | > X

- 0 1
- L N ——
7
[
309
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press

Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



C Y
A
y=x
14
X
101
(_19_1)
d y
A
y=X
14
—> X
0
e y=2x

200
= logy 20

=1

6 3log, x =3 +1log, 12

log, x> —log, 12 = 3

x3
log, [=] =3

3

AT 3
-
© =124°
x = V12a
7 2 x=2°
x=-9
8 4¢* =9

Cambridge Senior Maths AC/VCE
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2x 9

e = -

9
2x = log (2
N oge(4)
x—llo 2—10 (z)
T3 %%ely) T 083

9 a Whenx =0, f(0) =2log,2
When f(x) =0
2log,(x+2)=0
log,(x+2)t=0
x+2=¢

x=-1
Sa=-land b =2log,2

y
A

> X

—?( 1,0)0

10 2% —5x2% +4=0
Leta = 2%
a-5a+4=0

(a—4)a-1)=0
a=4ora=1
2% =4o0r2” =1

Sx=0orx=1

© Evans et al. 2016
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12 a Range = [2,8]; Period = 6

T 1
b (2 +—):—
cos|2x G 5
b Y ¢
2+ — = —, —
633
n  2rn 10«
2x4+ - = —, —
6 6
T 9
2x = —, —
T8
—iorx—g—ﬂ
TR Ty

13 Consider the gradients of the two lines
Gradient {1 = —m

and Gradient £/, = ————

m—1
If the gradients are equal
2
- = —-—-
m—1
2
m=—-—
m—1
m* —m — 20
(m-2)(m+1)=0
m=2orm=—1

a Therefore a unique soluton when the
lines are not parallel, m € R \ {—1,2}

b Ifm=2
2x+y=2
2x+y=-4
The lines are parallel but do not
coincide.
There is no solution.
m = —1 is checked in the next part.

c Ifm=-1

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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-x+y=2

2x —-2y=-4
The lines coincide and there are
infinitely many solutions.

14 y="+b
X
Whenx =1,y =-1
1
Whenx:—Z,y:E
a+b=-1...(1
a 1
-+b==-...(2
4 2 2)
Equation (1) — Equation (2)
3a 3
4 2
La=-2and b =1
15 A=m?>-8

aA=0=>m=+2V2
bA>0=m>2V2orm<-2V2

cA<0=>2V2<m<2V2

a+3 B

16 a i
a i —

0,..a=-3

i Va-32+(=2-12=V13
@ —6a+9+9=13
a—-6a+5=0
(@a-5)a-1)=0

a=5o0ra=1

e 3 1
iii = -
3—a 2
6=3-a
a=-3
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3
b If a = -2 the gradient of the line is 3

The equation of the line is
3
-1==-(x-3
y 5(x—3)
or5y—3x+4=0
The angle the line makes with the
positive direction of the x-axis is

tan‘l(é)
s)
17 a Odd
X
b -1 — 3|z
£ \ﬁ
c i?2
-1

i /() = f(0)

i/§:2x3

gz 8x°
x—16x" =0
x(1=16x% =0

oo|—

1
x—Oorx—(1—6)
1

1
x=0orx=22o0rx=-22

Cambridge Senior Maths AC/VCE
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19

20

103
f x=—

2
g x<1

a i fogx)=4x>+8x-3
ii go f(x)=16x>-16x+3
1
iii go fl(x) = E(x2 + 14x + 33)

b Dilation of factor }1 from the y-axis,

3 units to the right

then translation 1

¢ Translation 1 unit to the left and
1 unit down

x:2mri%,n€Z

21 Ak =4...(1)
Ae* =10...(2)
Equation (2) + Equation (1)
5
k—_
©72
5
o]
Oge 2
8 5
A= gandkzloge(i)
22 a 2x° =33 = 11x+6>0
SRx-Dx=-3)(x+2)=>0
1
@—2§x§§orx23
b X +x2—4x>0

e x(x*—x+4)<0
& x<0
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Solutions to multiple-choice questions

1

Cambridge Senior Maths AC/VCE
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D

Domain = [—1, 3) since —1 is 9 B

included and 3 is excluded.

For each value of x > 0, the rule 10 C
X = 2y2, x > 0 gives two value for y,
so is not a function.
Require 2 — x > 0, 1.e. x < 2. Implied
domain = (—002) 11 C
1
1 4
f (_5) 1
———1
a
-1
C—l-a 12 B
1
Ca+1 13 A
3 3 3r
rro3)=15)+43)
= sin(37) + 2 sin(%”)
=-2 14 E
f(g(3) = f(18)
=56
dom f =[0,6]; dom g
= (_007 2]
dom (f +g) = dom f N dom g
=[0,2]
For x < 0, the gradient is —2 and the
y intercept is (0, —2); the equation is
y=-2x—-2forx<0.Forx>0,the 15 D
gradient is 1 and the y intercept is
(0, —2); the equation is y = x — 2 for
x> 0.
16 C

ISBN 978-1-107-56747-4

fe(x) = 2x* + DBx +2)
= 6x° +4x> +3x+2

Require 4 — x*> > 0, i.e.

2-x)Q2+x)>0

-2<x<2
Implied domain = [-2, 2]

Reflect the graph of y = f(x) in the

line y = x.

Then the endpoint (4, —2) reflects to
(-2,4).

Only the third graph fits.

For x < 2, the straight line has
gradient | and the y-intercept is

(0, —3); the equations is y = x — 3
for x < 2. For x > 2, the curve has
equation y = (x — 2)2.

f2)=0,f(3)=2s0

dom f~! = ram f = [0, 2]. For

f,y = 2x—4. For f~!, interchange x
and y and solve for y.

x=2y—4
x+4=2
x+4
YT
Hence:
02— R =0

Require a subset of R so that f is
one-to-one. Either x > 0 or x <0
would do. Only the fourth option fits.

The graph of y = h(x) has its vertex
at (1, 1), so for an inverse function to
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exist, x > 1. Hence a = 1.

17 E For f,y=3x-2

For f~!, interchange x and y and

solve for y.
x=3y-2

x+2=3y

1
y:§(x+2)

=-8

19 B The straight line has gradient 2 and y

intercept (0, —2).
Hence y = 2x -2

2x-1) x+4 5

20 D = -
3 2 6
4x-1)-3(x+4) B 5
6 6
dx—-4-3x-12=5
x—16=5
x =21
0-3 3 1
21 C = =——=—
"TA )T 6 2
Use y —y; = m(x — x1)
1
y-0=-5(x—4)
1
y= —Ex +2
2y=—-x+6
2y+x=4
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

4 4
y:§X—4:§(x—5)

x — axis intcept is (5, 0)

y — as is intercept is (0, —4).

1
area OAB = E(OA)(OB)

1
=500

= 10 square units

2x -3y =12 @

3x -2y =13 @

@ — @ gives:

x+y=1

(Note: in this case, you do not
need to solve for x and y explicitly,
although it is not wrong to do so.)

Tx — 6y =20 @
3x+4y=2 @
3X @ +2x(i)gives :
Ox + 14x =6+ 40
23x =46
x=2
The graph is that of a hyperbola with

asymptotes x = 1 and y = =3.
The equation is of the form

_a
y_x—l u
x=0,y=-4: —4:—1—3

—4=—-q-3
a=1

1
y_x—l

4
(Check: x = 3’ y = 0 as expected.)

26 A Asx — +o00,y = f(x) > -2
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27

28

29

30

31

32

Cambridge Senior Maths AC/VCE
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y = —2 is an asymptote So the range
is R\{-2}

Vertex at (2, 3) means
y=a(x—2)>+3.

Only the fourth option in which
a =1 fits.

Require f(—x) = f(x) for any value
of x.

If f(x) = —x?, then

f(=x) = =(=x)°

= —X

= f(x)
So f(x) = —x? is an even function
of x.
(A quick check reveals that none of
the other functions is even.)

The factor ‘x + 2’ indicates a
translation of 2 units to the left.

So (x,y) = (x = 2,y).

The factor ‘3’ indicates a dilation of
factor 3 from the x-axis.

Require x -2 > 0,1.e. x > 2.
Maximal domain = [2, o)

The graph has endpoint (3, 1) so its
equation must be of the form
y=aVx-3+1
x=4,y=00=aVl+1

a=-1
y=—-Vx-3+1
m>0f0ranyx¢2.
3
S0 ——— +4 > 4 for any x # 2.

(x —2)?
The range is (4, 00).

ISBN 978-1-107-56747-4

33 A

34 A

35 E

36 C

37 D

38 C

31 +k()+1=k+4
=0
k=-4

x=5x+7)=0
¥ +2x-35=0

Let P(x) = x> = 5x> + x + k.
P(x) is divisible by x + 1, so

P(-1) = 0.
(=1 =51 +(-D)+k=0
~1-5-14k=0

k=17

The graph could be a cubic with
minimum turning point at (-2, 0) and
another x - intercept at (2, 0).
Equation is y = a(x + 2)*(x — 2)
x=0,y>0:=8a>0

a<0
Only the third option fits.

The graph could be a cubic with
a Stationary points of inflexion as
(-1,2).

Equationis y = a(x + 13 +2.
Only the fourth option fits.

1
y= —E(x + 1)3 + 2,then when x = 0

(Check: If
1
=—=+42
Y=
_ 1
2

which is consistent with the graph.)

P-1)=-1+2+5-6=0

So (x + 1) is a factor.

Option B expanded has a constant
term of +6.

Option C expanded has constant
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term of —6.

Option D expanded has constant
term of +6

Only option C fits.

(Alternatively, divide the cubic by
(x + 1) and factorise the resulting
quadratic.)

39 E For fy=mx+3
For f~!, interchange x
and y and solve for y.

x=my+3
x—3=my
1
y=—(x-3)
m
1 3
= —X - —
m m
1 3
Hencea=—,b=—-——
m m

40 B Remainder is given by P(2)
P2) =222 -2 +32)+1

=16-8+6+1
=15
41 B Let P(x) =X +2x* +ax—4

Given P(-1) =1
D} +2(-1)2 +a(-1)-4=1

-1+2-a-4=1
-a-3=1
a=-4
42 C The graph could be a
quartic with minimum tun-

ing point at (—2,0) and (2, 0).
Equationis y = a(x + 2)%(x = 2)?

= a((x +2)(x - 2))’

= a(x* - 4y’
When x =0,y = a x (=4)> = 16a

Cambridge Senior Maths AC/VCE
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For the graph the y intercept is
posture so a > 0
Only the third alternative fits.

43 D Asx — oo, f(x) > 1,
Since e™* > 0 for all x, f(x) > 1 for
all x.
Hence the range of f is (1, o) and
this is the domain of f~!

44 B For f,y=2log, x+1
for 7!, interchange x and y and
solve for y.
x=2log,y+1
x—1=log,y

1
log,y = E(x -1

o obien

1
So f'(x) = 2™V

45 B log,(-1+2)=1og, 1 =0, sorange
of g = (0, 0)R"
e¥=1landasx — co,e™ > 0
Hence the range of the function with
rule y = f(g(x))is (0, 1).

46 E For f,y=e¢"-1
For f~!, interchange x and y and
solve for y.

x=¢e -1
x+1=¢%
y=log,(x+1)
So f71(x) = log,(x + 1).
47 A f(4) =log,(4-3)=1log,1=0,s0

f has range [0, o)
and this is the domain of the inverse.

48 C For f,y=e"!
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For f~!, interchange x and y and

solve for y.
x=e"!
log, x=y-1
y=1+log, x

So f1(x) = 1 +1log, x

49 D Forf,yzlogeg

For f~!, interchange x and y and

solve for y.
y
=log, =
x = log, 5
=2
2
y =2e"

Sof~'(x) = 2¢".

50 B Require 3x -2 > 0,1i.e.
3x>2
2

>_
*73

2
So f is defined for x € (g, oo).

51 C The Graph of f has asymptote
x=-2.
Reflecting it in the line y = x means
its inverse has asymptote y = —2.
Only the third option fits.

52 C Method 1
log, 8x = log, 8 +log, x
=log, 2* + log, x
=3log, 2 + log, x
=log, x+3
log, 2x = log, 2 + log, x

=log, x + 1
So the equation becomes

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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log, x+3 +log,x+1=06

2log, x =2
log, x =1
x=2

Method 2
log, 8x —log, 2x =6

log,(8x X 2x) =6
log,(16x*) = 6

16x* = 26
= 64

=4
+2

X =
But x > 0, so x = 2.

= log,,(10(3”))
x =10(3")

54 B Graph has gradient —2 and
y intercept (0, 2).
Equation is log, N = =2t + 2

N — 62—21‘

55§ A Asx — —oo,y — 1, so the rule must
involve e*, and e™™*

When x =0, y=0.

Only the first option fits both of

these.

56 B x = -2is a vertical asymptote and
the domain is (-2, o), so only
the second and fourth options are
possible.
The graph through (0, 0).

1
B: log, 5(0 +2)=1log,1=0

1 1
E: 3 log,(0 +2) = 3 log,(2) # 0
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So the second option fits.

) St T 8t 2m
57 D Perlodzﬁ—(—z): =3

Range = [—4, 0] so amplitude = 2
and there is a vertical translation of
2 units down.
these rule out options A and B.
When 6 = %,y:O.
In the third and fifth options, when
0= —%, y = —4; in the fourth option:

y= 200s3(—%+ %)—2

2cos0 -2
=2-2
=0
So the fourth option fits.

58 D The minimum value of fis
2-3=-1

The maximum value of fis 2+ 3 = 5.

The range of fis [-1, 5]

59 D 2sinf+ V3=0
2sinf = —V3
\3
g V3
Sin 2

6 is in the third or fourth quadrants.

T T
0= + — Z - —
=T 30r T 3

9_47r0r57r
33

60 A When x = 7_2r’ y = 0. Only options A
and C satisfy this.
Vs Vs
Wheng<x< —,y>0.
This is true for option A but false for
option C.

2
61 A Amplitude 3, period = 7” =

ISBN 978-1-107-56747-4

62 D The minimum value of f is —3.

63

64

65

66

67

68

69

70

The maximum value of f is 3.
The range of fis [-3, 3]
P(x)=0=x-2a=0o0r

x+a=0orx*a=0.
2

Sox=2aorx=aorx” =-—a.
But @ > 0 50 x> = —a has no
solutions.

The equation has 2 decimal real
solutions.

The gradient of the given straight

live is —2.

For perpendicular lines, m;m; = —1.
1

So —2m, = —1, going m; = —.

2

Sine x and y are interchanged for the
inverse, there must be an asymptote
will equation x = 6 for the inverse
function.

So the inverse has vertical asymptote
with equation x = 6.

T
Period = —
erio G

F(18) =32 =25, f(34) = 64 = 25.
g2’ =log,2° =5
82" =log,2° = 6
The range of g o f is [5, 6]
Interchange x & y: x = V' —4y+5
Solve for y: x = (y = 2)* + 1
y-27=x-1

y=2+Vx—-1
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Solutions to extended-response questions

1 a The graph is of the form YA
y = axz + b J__._ljllllllllllllllll].l lll.II]'I]]]]]l.l.lllll
The VeI'teX IS at (0’ 9). 'l_l:rj;_l'lrllll]ll_ljlllll.l llI'I'I]l]IIIIIIIlIlIll
Therefore b =9 2
The width of the arch is EF H G
20m. :
_axi |
Therefore the x-axis 5 F_ i s
intercepts are at (10, 0) “—C 0 >
_ B X
and (—10,0) B
When x = 10, y = 0.
Hence b = 9
and 0=ax100+9
-9
=—=-0.09
“= 100
. i -9,
b The equation of the curve is y = ﬁx +9
-9
Wh =-Ty=—x49+9=4.59
T
The man is 1.8 m high.
E is (4.56 — 1.8) m = 2.79 m above the man’s head.
¢ OHis6.3m
Consider y = 6.3
-9
63=—2x>+9
100"
-2.7
—5 X 100 = x?
30 = x2
. x==+1v30
The length of the bar is 2V30m ~ 10.95m.
2 a Let P(x) =2x° +ax*> —72x— 18
By the Remainder Theorem
P(-5) =17
ie. 2% (=5° +a(=5° - (72x-5)-18 =17
250 + 25a + 360 — 18 = 17
oo 25a = -75
a=-3
319
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b 2x°=x>+5x+2
Let P(x) = 2x> — x> —5x -2
P-1)=-2-1+5-2=0
By the Factor Theorem x + 1 is a factor.
Dividing P(x) by x + 1
P(x)=(x+1)(2x*-3x-2)
For P(x) =0
x=-1lor2x*-3x-2=0
and 2x*-3x-2=0
implies (21x +DH(x-2)=0

=——=orx=2
X 5 X

ie x= —5 X = 2 and x = —1 are solutions to the equation 2x> = x* + 5x + 2

¢ x> — 5x + 7 leaves the same remainder when divided by x — b or x — ¢

By the Remainder Theorem
b*—5h+7=c"-5c+17

& b —c*=50b-0)
&  (b-o)b+c)=50b-0)

= b+c=5Sasb#c
b=5-c
and if 4bc = 21
405 - c)c =21

20c —4c¢*-21=0
4¢* —=20c+21=0

2c=3)2c-7)=0
which implies

3 or 7
cC=— cC = —
2 2
3 3
If =—,4xbx—=-=21
) 2
7
b=~<
2
7 3
If ==, b==
) S
As b > c the required values are b = 5 c= >
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3 a x=—-4sinnt
b i Whentr=0,x=-4sin0=0

T
s :—4' —:—4
X SlIl2

iii Whent=1,x=—4sinr=0 0 i

ii When't =

| =
'S

(o8]

2 2
d Period = T 2 seconds
n bis

4 a y=-125cos(2nt) + 1.25

i Whenr=0
y =—-1.25cos(0) + 1.25

=0

ii Whent = %
y=—-1.25cos(r) + 1.25
=125+1.25
=25
iii Whent=1
y=—-1.25cos2r + 1.25
=0

2 2
b Period = =% = Z* -
n 2

One revolution of the rope takes 1 second.

1
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of o5 1t

d 2 = —1.25cos(2nt) + 1.25

0.75
0 2
135 cos(2nt)

—0.6 = cos(2nt)

- 2nt = cos 1 (=0.6) (only first solution required)
1
t=5- cos™'(-0.6)

~ 0.3524
It is 2 metres above the ground after 0.35 seconds.

5 P(t) =150 x 106 &M

a From section 5.8, chapter 5 of EMM Units 3 & 4, k = 0.0296 (i.e. 2.96% as a
decimal).

b P(0) = 150 x 106¢°
. Population on Ist Jan 1950 is 150 x 10°

¢ P(50) =150 x 106 x £0-0296x50
= 150 x 10° x 4.3929
= 658941852.1

~ 6.589418521 x 10°
Population is approximately 6.589 x 10% on January 1st 2000.

When P = 300 x 10°

d 300 x 10° = 150 x 10°%02%
L9 02061
Taking logarithms of both sides of the equation
1
0.0296
.t =23.417 years
The population is 300 x 10° after 23.417 years.

log,2 =1t
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6 a T=Ae*+15 there0<t<10
Whent=0,7 =95

95=A+15
A =80

Whent=2, T =55
55 =80e7* + 15

o 05=e
Taking logarithms both sides

1
—ElogES:k

1
k =loge(22)
k ~ 0.3466

b At midnight =0
1

T = 806(—10ge(2§))x10
= 80°%27 4+ 15
1
=80X —+15
32

=175
The temperature is 17.5°C at midnight.

¢ Graph is decreasing
When T = 24°

1
24 = 80~ 10222 4 15

1
9 g2
Z—¢ log,(22)t

80
90 1
I (—) — _log,(22)t
9

e 7)

Oge 80
— 1 !
- loge (25)
t=6.304
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This is 6 hours 18 minutes and 14 seconds after TC°C) A
2:00 pm, i.e. 8:18:14 pm.

95 7
Jenny first recorded a temperature less than 24° at ¥

9:00 p.m. (Note: temperature is recorded on the hour) b e

1 >
dT= 806_10&(22)[ +15 0 t (hours)

7 a If V=25and a =45°

~ 2525in 90
710
_ 625
10
=62.5
The distance the ball is kicked is 62.5 m.
b ForV =20 x(m)A
400 sin 2« 401
X= ——
10
= 40 sin 2« "
Period = 180°; amplitude = 40 0] 40 o a
¢ Ifx=30and V =20
B 0 sin 2«
10
— = sin 2«
3 3
20 = Sin‘l(z) or 180° — sin_l(z)
1 3 1 3
a = ESin_l(Z) or 90° — ESin_l(Z)
~ 24.3° or 65.7°
The angle projection is 24.3° or 65.7°
1 \X
8 a Area= 0.02(0.925)
— 0.02(0.92)10
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b When x =

W[ W

Area = (0.02)((0.92)%)

)

Area is 0.0197 mm? when x = g

A=

- (0.02)((0.92)

=0.0197

¢ load = strength X cross-sectional area
= (0.92)!973% % (0.02) x (0.92)1%
~ (0.92)!°76 x 0,02

100-29x 10-29
=(0.92) 10 x0.02=0.02(0.92)"" "

d Ifload = 0.02 x (0.92)*°

100-29x
0.02 X (0.92)*> = (0.92)" 10 x0.02
100-29x
(0.92)>3 = (0.92)" 10
100 -2

. 100-29x
) 10
i.e. 100-29x =25

75 = 29x
and x =~ 2.59

Therefore the cable cannot exceed 2.59 m in length.

9 a The period of the function

2 b4
=—=2r-=-=12
b 76

i Therefore length of OR is 12 units

ii Q is at the minimum value

0Q=h—-k
R is at the maximum value
OR=h+k
325
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10 a

11
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a

16.5 -
12 1
7.5 4

0

123456?89I01I1.2

~
>

t (months)

Fromah+k=165andh—-k=7.5

Consider as simultaneous equations
h+k=165 (@
h—k=175 ©)

Add @ and @
2h =24
h=12

and from (1 Yk = 4.5

For Carriage A

Stop 1 [llumination = 0.83/

Stop 2 Illumination = (0.83)%/

Stop n [llumination = (0.83)"/

For Carriage B

Stop 1 [llumination = 0.89 x 0.66/
Stop 2 Illumination = (0.89) x 0.661
Stop n [llumination = (0.89)" x 0.661

llluminations equal implies
(0.83)" I = (0.89)" x 0.66/

0.83\"
(@ ~ 0.66

Taking logarithms of both sides

0.83
! (—) = log, (0.
nlog,| o< 0g,(0.66)
B log,(0.66)

1o (259)
£0.89

~ 5.95

The illumination is approximately equal after the sixth stop.

iy=1-a(kx-3)?
Wheny =0
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b i )
a=1 a=2
/\ a=3
J _
(o,nT‘l/ L
4
ii —Ea31a=0
a(—ﬁa2+l):0
27
a ora 2
3V3
=+ —
2
But a > 0. Therefore a =
4
iii —ﬁa3+a<0
@—ia2+1<0(asa>())
27
<:>c12>2—7
'
3v3
@a>T (asa > 0)

Cambridge Senior Maths AC/VCE
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l-a(x-3)>=0

1 = a(x - 3)?
1
(x—=3)* = -
a
1
x=3+4/—-
a

1
ii AB has length 2 \/j

a
C has coordinates (3, 1)

Therefore the area = % X 2 \/I x 1

1 .
= ——= square units
a
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iv —%cﬁ +a=-1
~4a® +27a+27=0
Using a CAS calculator yields a = 3 is a solution.
Consider
(a-3)(-4a*>-12a-9) =0
ie (a-3)4a*+12a+9)=0
and 4a®> + 12a +9 > O for all a
a = 3 is the only solution.

vV ——d*+a=1

27
—4a’+27a-27=0

Using a graphics calculator yields a = % is a solution.
—4a> +27a - 27 = (2a - 3)(-2a° - 3a +9)

and —2a*-3a+9=0

implies 2a> +3a-9=0

(2a-3)a+3)=0

= — :—3
a 201'61

3
a=z is the only solution.

Graphic calculator techniques for 12b
b i In a Graphs page enter

flx) =(x-1)>x-2)+1,
f2(x) = (x—2*(x—4)+2an
df3(x) = (x = 3)*(x-6) +3
Set an appropriate window to show key
points.
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b ii — v In a Calculator page, use the Solve

command. Note the domain restrictions. (. , .
A 3 R ]
solve! —a”+a=0,a ‘|a>0 a=
127 .' 2
{4 5 1 7. [a
solve-! e a"+a<0,a||a>0 a>— J“'_
|27 ! 2
(-4 5 1 a=3
solve! —-a +a=-1,a}|a>0
127 J

b vi Plot in a Graphs page.

yelx-3)2 - [x-6)+3

1
iii AreazszQxPS

1 2a 4 ,
==X —X—qa
2 3 27
4q*
81
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4a*

. Ty
AT
. a' =81
Ta=3 (since a > 0)
4a*
— = 1500
Yo
S 81 x 1500
4
a*=81x375
a=3V375 (sincea > 0)
12 a D=at’ +bt+c
When t=0,D=1.8
Therefore ¢ =1.8
When t=1,D=1.6
Therefore
1.6 = a + b + 1.8 and rearranging gives,
-02=a+b @®
Whent=3,D=1.5
Therefore
1.5 = 9a + 3b + 1.8 and rearranging gives,
—-0.3=9a + 3b
Dividing both sides of the equation by 3 gives
-0.1=3a+b @)
Subtract @ from @
0.1 =2a

Therefore a = 0.05. Substituting in (1) gives that b — 0.25
D = 0.05¢* — 0.25t + 1.8

b Whent=8,D=0.05%x64-025x8+1.8=3
The deficit is 3 000 000 Ningteak dollars
Graphic calculator techniques for question
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A Soime Syste - oo~ U8

r 1.8=a" 02+b-0+c
16=12 g+1- bic labc}

b>Algebra>Solve System of
Equations>Solve System of
Equations and enter as shown solve

opposite. \1.5=32 g+3- bee !
a=0.05and b=-0.25and c=1.8

Substitute ¢ = 8 into equation.

d=0.05 t2-0.25 (+1.8)¢=8

R=a’ +bt+c
When t=0,R=17.5
Therefore ¢=7.5
When t=4R=9

Therefore 9 = 16a +4b + 7.5

and 1.5 = 16a + 4b
Diving both sides by 4 gives

3

§=4a+b @

When t=6,R=28
8=36a+6b+7.5

0.5 =36a + 6b
Divide both sides by 6
1
ﬁ =6a+b @)
Subtract @) from O
31 5
g 12
Therefore / and substituting in @) gives b 23
= - 1 1 1 1 = —
a7 4823 u15 o a 24
Thus R = ——£> + —t + —
us 8" Tt

5
Whent=8,R = % The rate is %mm/h at 12:00 noon.
-b 23 7 23

The rainfall i h = —— = —_—— - =
e ra%n all is greates‘t when ¢ 7 7 7 7
The rainfall was heaviest at 7: 17 am.
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14 n= < t>0
1 +ae
5790

n:m forc:579(),a:4andb:0.03

a i n= 5790 is the horizontal asymptote

ii whent=0,n= @ = 1158

iii

, 5790
iv 4000 = —1 o003
579
1 4 —-0.03¢ -7
+ae 400
179
4003 — 217
¢ 400
o003 _ 179
1600
0 (1
T T3 %%\ T600
100 /1600
- 190
3 179

b i Enter the data in a Lists
& Spreadsheet page.

Plot the data in a Data & 4500 _

Statistics page. ]

Determine the logistic 3500 4
c

5097.66

regression using
b>Analyze>Regression>Show 25004
Logistic (d=0)

The result is as shown.

1.+2.51786 ¢ 0048591 °x

332

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press
Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



1497.087

0

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

ISBN 978-1-107-56747-4 © Evans et al. 2016
Photocopying is restricted under law and this material must not be transferred to another party.

333

Cambridge University Press



Chapter 9 - Differentiation of polynomials,

power functions and rational functions

Solutions to Exercise 9A

1 f(x)=-x*+2x+1
fED === +2(-1)+1=-2

fAd) =-@)Y+2x4+1=-7

4) - f(-1
Average rate of change = 16(4)_—(]:(1))
_-1-(=2)
-5
=-1
2 f=6-x
f)=6-1=5
- f(-1
Average rate of change = S - =D
1-(-1)
22
-2
=-1
3 f(x)=x*+5x
a Gradient
_Q+h)?+502+h) - 14
- 2+h-2
_A4+4h+h*+10+ 50— 14
B h
B Oh + h?
)
=9+h

b lim9+h=9
h—0

. 4R+ xh+h
4 alm————
h—0 h

i lim

= }liné(4x2h +x+1)
=x+1

2x3h = 2xh* + h
1m

h—0 h
- Il}r%(2x3 —2xh+1)

=2 +1

lim(40 — 50h)
h—0
=40

lim 5h
h—0

=0

lim5
h—0
=5
_ 30M2x2 4+ 20W%x + h
lim
h—0 h
- 11111%(30hx2 +20hx + 1)

=1

3R +2hx+h
lim

h—0 h
= ]111n(1)(3hx3 +2x+1)

=2x+1

lim 3x
h—0

=3x
3530 = 5x%h* + hx

h—0

- }lin(l)(3x3 +5x%h + x)

=3 +x

}l1_1)1(1)(6x —Th)

= 6x
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5 y=x'—x 7

. y=x>+2x+5
rise

a grad = — .
run grad(PQ) = rise
(1+hP—(1+h) -0 run
= -1 @+ R +2a+h)+5)— (22 +22) +5)
1 +3h 432+ —1—h 2+h-@)
= A _A+4h+h*+4+2h+5-4-4-5
B3+ 312 + 2h h
= R+ 6h
=1+ 3h+2 h
=h+6

b grad = }lin(l) grad(PQ)

grad(P) = lim(grad(PQ))

= lim(h? + 3h + 2) h=0
h=0 = lim(h + 6)

) h—0

=6

6 fx)=x>-2
f(X+h)—f(X):((X+h)2—2)—(x2—2) 8 a f(x)=5x
h h
X2+ 2xh+h? — X2 f'(x) = lim
= A h—0

fx+h) - f®
h

=2x+h :hm5u+hf—5ﬁ)
fOx+h) = f(x) h—0 h
h . 5x% + 10xh + 5h* — 5x2
= lim(2x + /) = lim
h—0 h—0 h

[0 = lim

J'(x) =2x = }ll_r)% 10x + 5h

= 10x

b f(x)=3x+2
0 = g L4 0

—

C 3x+h)+2-3x-2
= lim
h—0 h
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¢c f(x)=5 e

£ = lim L3P =) f) =55 =5
X) = )
- : £ = lim L&D =
5 - h—0 h
= lim —— . 3
0 — i 2T =5 25T+ S
i h—0 h
:]111—1’)1’(1)0 . 5x3+15x2h+15xh2+5h3_5x3
-l :

= ]1111%(15;8 + 15xh + 5h%)

d = 1542
fx)=3x> +4x+3
pon e S+ h) - f(0) f
fx) = Jim n F(x) = 52 — 6x
h)? +4 h)+3-3x>—4x-3 -

i G+ 4G4 +3 255 — dx 0 = tim TEED = F@

h—0 h h—0 h
= lim _ 5(x+h)?> +6(x+h)—5x> + 6x

=0 = hm h

) 2 _ _
3x* =3x"+6xh+3h" +4x—4x+4h+3 -3 52 1 10xh 4 5h? — 63— 6h — 5% + 6%

h = lim
h—0 h
. 6xh+3h* +4h )

=lim —— = 1lim(10x + 5h — 6)

h—0 h h—0
= Iljrra(6x+3h+4) =10x-6
=6x+4
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Solutions to Exercise 9B

1a fx)=x

f'(x) = 5x*

b f(x)=4x’
f(x) =7 x4x°

=28x°

¢ f(x)=06x
f'(x)=6

d f(x)=5x>—4x+3

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

a

ff(x)=2x5x-4
=10x-4

fx)=4x> +6x* +2x -4
F(x)=3x4x> +2x6x+2

=12x* + 12x +2

f(x) = 5x% +3x4°

f/(x) =4x5x° +3x3x7

=20x° +9x%
f(x)=-2x* +4x+6
f(x)=—4x+4
f(x) =6x> —2x* +4x -6

fl(x)=18x* —dx + 4

fx) =2x> = 5x% + 1
f(x) = 6x* — 10x
f)=-4

ISBN 978-1-107-56747-4
Photocopying is restricted under law and this material must not be transferred to another party.

fx)=-2x-x*-1
f'(x) = —6x> = 2x
f(1)=-8
f)=x*-2x+1
f(x) = 4x° — 617
fay=-2
fx)=x-3x>+2
f(x) = 5x* = 9x?
fay=-4

fx)=2x" —=5x* +2
f(x) = 6x* — 10x
f)y=-4
fx)=-2x"=3x*+2
f(x) = —6x* — 6x
(1) =-12
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_ 3 2 d
C y=5x" -3x"+2x+1 e d—(—222—62+7):—42_6
Z
Z—y:15x2—6x+2 4
. f d—(—z3—4zz+3):—3z2—82
d 2, 8 12 ¢
= —X - — —_—
Y=5t T3S
d
Q:§x2—§ 7 a y:2x2—4x+1,—y:—6
dx 57 5 dx
dy
e y=(Qx+Dx-3) T
=2x*-5x-3 —6=4dx—4
d -
D45 4x = -2
dx -1
X =—
f y=3x(2x-4) 2
1 7
= 6x7 — 12x )’25"‘2':1725
%:IZx—m co-ords:(_?, E)
10x7 + 2x2 b y:4x3 @:48
g Y=—a3 " dx
d
=10 +2 Y _ 1222
dx
@:50)# 48 = 12x°
dx
=4
ox* + 3x2
h y=—— x==+2
X
=0x® + 3x y==%32
co-ords = (—2,-32) and (2, 32)
dy 2
d—:27x +3 d
x ¢ y=x(5-x, 2 =1
dx
d = 5x — x?
6 a -—(2x% - 52%) = dx — 1522 yEoams
dx dy
—=5-2x
d 2_67)=-47-6 @
b (2 m =t 1=5-2x
d —2x=-4
¢ —(622-472+3) =18z -8z
dz x=2
y=23)=6

d 3y _ 2
d E(—Zx -5x7) =-2-15x co-ords = (2.6)
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9 =2
dx

Cambridge Senior Maths AC/VCE
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3

=x -3x5, — =0
y=Xx X Tx
d
d—z—3x2—6x

0 =3x% - 6x
0=3x(x-2)
x=0,2

y:O—OZO,y:8_12:_4
co-ords = (0,0) and (2,-4)

tan45° =1
.. gradient = 1
@ = 4x — 3 Therefore
dx
When gradient = 1
4x-3=1
Lx=1
fay=1

the tangent line at the point (1, 7)
makes an angle of tan 45° with the
positive direction of the x-axis.

Gradient = 2d
Yy
— =4x-3
ax -
When gradient = 2
4x-3=2
5
X ==
4
5. 59
=<

Therefore the tangent line at the

. (5 59). .
point (é_l’ ?) is parallel to the line
y=2x+8

=2x—-1

ISBN 978-1-107-56747-4

a 2x—-1=1
x=1

b 2x-1=-1
x=0

c 2x-1=13

1

— (1 3)
x 2( V3
1+ V3

2

10 a y=x>+3x, (1,4)

Let 6 be the angle between the
tangent line and the x-axis.

dy
— =2x+3
dx x
When x = 1, Q =5
dx
S.tan@ =5
C. 0~ 78.69°

b y=—x*+2x, (1,1)Let 6 be the
angle between the tangent line and

the x-axis. @ =-2x+2
dx
When x =1, Q =0
dx
Stand =0
5L0=0°

cy= 2+ x, (0,0
Let 6 be the angle between the

tangent line and the x-axis.
dy

— =3 +1
dx o
Whenx:O,ﬂ:I
dx
S.tand =1
o0 =45°
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d y= -x> - x, (0,0)
Let 0 be the angle between the

tangent line and the x-axis.
dy

=-3x* -1
dx o
d
Whenx:O,—y =-1
dx
S.tan0d = —1
.0 =135°

e y=x*-x? (1,0
Let 6 be the angle between the
tangent line and the x-axis.

d
d_i =4x° - 2x
When x =1, @ =2
dx
cotanf =2
C. 0~ 63.43°

fy= M =x%, (-1,0)
Let 0 be the angle between the

tangent line and the x-axis.
dy

— =4y -2
e X X
Whenx:—l,@——Z
dx
Sotang = -2
5.0~ 116.57°
11 a y=Q2x-1)
=4x* —4x+ 1
dy
— =8x-4
dx o
b y:x3+2x2
X
=2 +2x
dy
— =2x+2
dx o

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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12

a

y =2x> - 6x% + 18x
dy _ 6x> — 12x + 18
dx

= 6(x* — 2x + 3)

b* —4dac = 6(4 -12) <0

24 does not intersect the x-axis
dx p
and since x = 0 gives @ 3, 4 >0
d);, dx
for all x (as opposed to d_y < 0 for
X

all x)

3

y:%—x2+x
d
£:x2—2x+1
=(x-1)°
dy
2 >0,
dx —

since any number squared is
non-negative

y=x"+2x+1, x=3
y=32+23)+1

=9+6+1
y=16
d
& ox+2

dx
dy
— =23)+2
I (3) +

=38
yzxz—x—l,xz()
y=-1
dy
— =2x-1
dx o
dy
AN |
dx
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_ 7,2 — 1
¢ y=2x"—-4x, x=-1 f y:(2x—5)2,x:2—

) 2
y=2(-1)"-4(-1 1
x=2=,y=(5-5)

=2+4 2
y=06 y=0
= 4x> - 20x + 25
@:4x—4 y=ax x
d)C dy
dy — =8x-20
— =4(-1)-4 dx
- ol b5 9
= -8 e
=0
d y=C2x+DBx-D(x+2), x=4
— 643 2 _
y=6x"+13x"+x-2 13 F() = 30— 17
=6(4)° +13(4)° +(4) -2
— —_1)\2
Yy=6X64+13x16+4—-2 ao—i(x D
X =
y =384 +208 +2
y = 594 b f(x)=3x*-2x+1)
y=6x+13x +x-2 f'(x)=32x-2)
=6(x—1)
@:18x2+26x+1
dx 0=6(x—1)
dy
x=4, <= =18x16+26x4+1 x=1
dx
=393 ¢ 0<6(x—1)
x—1>0

e y=2x+5C@-5x)(x+1),x=+1

y=—10x> — 252 + 622 — 10x + 6x x> 1i1e.(1, )

—25x+ 15x + 15 d 0> 6(x—1)
y=—10x" = 29x* — 4x + 15 v—1<0
x=+1,y=-10-29-4+15 x < 1;ie(=00,1)
y=-28

J e 10=6(x—-1)
£ = 3022 - 58x—4 5
dx x—1=2
dy 3
x=+1, —=-30-58-4 8
dx X =—
= -9 3
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£ 27=3x-1) I A

9 2 dx
=(x-1) dy—()
x—1=4+3 dx
x=-2,4 0=2x-4
2x =4
14 a x<-1, x>1 x=2

i.e.x € R\[-1,1] y=4-8-8=-12

b -1<x<1 co-ords = (2,—12)

ie.xe(-1,1) b dy

2
dx
¢ x=-11 2=2x-4
2x=6
15 a -1<x<05, x>2
1 x=3
i.e.xe(—l,—)U(Z,oo)
2 y=-11

1 co-ords= (3,—-11)
b x<-1, > <x<?2

‘ 1 ¢ 3x+2y=38
i.e. xe(—w,—l)u(§,2) . g 3
=—-—-=X
1 YT272
=-1, =,2 3
. 2 =4-—x
dy _ 73
16ax>—1,)i¢2 dx 2
i.e. x € —,Z)U 2,00 —
( (2.9) =3 =2x—-4
2
-1 5
b — ==
X < 4 1 X 1
i.e. x € (—oo, _T) 3 _@
T
-1 5 183
c x= T’Z co-ords = (4_1’ —E)
17 y=x>-4x-8
18 a f’(x)=x>>0forall x #0.
Therefore strictly increasing for
R\{0}.
Also f(0) = 0 and f(b) > 0 for all
b > 0and f(b) <0 forall b <O0.
Therefore strictly increasing for all
342
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x€R. 20 f'(x)=2x-1

2x—1>09 x> -

b f'(x) = —x*> < 0forall x #0. 2 |
Therefore strictly decreasing for . strictly increasing for x > = We also
R\{0}. . " L foral 1
Also £(0) = 0 and f(b) < 0 for all now that f(x) > f(3) for all x € R\{Q}
b>0and f(b) > 0 forall b <0. .. strictly increasing for [1 oo)
Therefore strictly decreasing for all 1 1 2
x €eR. Ifx<§thenf(x)>§

1
Hence [—, oo) is the largest interval for
2
19 a Assumex >yand x> 0andy > 0. which f is strictly increasing.
Then
x>y

21 Note that answers in text are given for

©x-y>0 strictly increasing
Sx-yx+y) >0
a (oo,—1
ex’-y">0 ( ]
o x> y2 b [2,00)
b Assume x > yand x <0Oandy < 0. ¢ [—o0,0]
Then 5
x>y d [5,00)
Sx-—y>0
S x-y(x+y) <0
e x*-y' <0
o x* <y?
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Solutions to Exercise 9C

1 a

b grad(PQ) = rlse

run
_Ja+m -
(1+h) -1
2 2
(1 +h212
B h

_1( 2 (1+h)2)
T\ +h)? T +hy2

:%(2—2(1+2h+h2))

1+2h+ h?
~ 1(—4h—2h2)
T h\1+2h+h?

—4—2h
POy = — "
grad(PQ) = == =5

¢ grad(P) = }lirr(l) grad(PQ)

-4 -2h
=lim ——
h—0 1 4 2h + h?
4
1
grad(P) = -4

Cambridge Senior Maths AC/VCE
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b

LR (G

1
x+h-3 x-3

(= )
( 3—(x+h- 3)><
( )

)

X

(x+h- 3)(x 3)

G+ 3)(x 3~

((x +h— 3)(x 3)

Hence

5 fx+h) - f(x)

1m

h—0 h

e -1

TS0 (x+ h=3)(x-3)

1
T (x-3p

f(X+h)—f(X)

X
x+h+2 x+2

(=
(x+2 (x+h+2
(

X
S = = S

(x+h+2)(x+2)

(x+h+2)(x+2)

=)
)
) x
((x+ h+ 2)(x+ 2))

Hence
i S ) = f)
im
h—0 h
-1

= lim

=0 (x+h+2)(x+2)

-1

(x +2)2

© Evans et al. 2016
Photocopying is restricted under law and this material must not be transferred to another party.

S= = S

344

Cambridge University Press



o

=
Il
N
+
\®)
=

J(x+h) - f(x)

h C A _2x—2
e h)-4 - dx
( ) o 1 5a y=2-47"!
(x+ hy* h dy 4,2
(x4 x+ "\ 1 d - c
x*(x+ h)* ) h
(x+h) y =673+
3 (x4 — (X + 4530 + 6P + 4xh3 + h4)) o 1 J
- A+ h) d—i = —18774 = 2773
3 ( —(4x3h + 6x°h* + 4xh® + h4))
- XA(x+ h)* h ¢c y=16-77
_ —(4xX + 6x°h + 4xh® + 1Y) dy _ 5 4
- Bt h) dz ¢
Hence d fl)=4z"+7-2
+ h) -
_ lim(—(4x3 + 6x°h + 4xh* + h3)) e f(o)=6s2 2
h—0 x4(x + h)4 , -3 —4
40 f(z) =-1272" + 62
X
S £ fo0=6x" -3
4
=-= f'(x) = —6x7% — 6x
4a y=3x2+5x'+6 6a y=x’+x
dy_ -3 -2 ﬂ:—2_3+32
o —6x77 = 5x I X X
=2,
b y=5x7+6x° *
d dy 2 +3 x4
& st 412 dx 8
dx _1
=—+12
¢ f(x)=-5x"+4x2+1 4
dy 47 3
’ — -4 _ -3 — = —=11-
f(x)=15x 8x Ir - 4 1
d f(x)=6x7+3x"
fl(x) = —18x7* —6x7°
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= =X—-——-—=X—-X
dy -3 -2 o o
— =-2x"+
dx . . @ — 1 + -2
B dx
x =4, dy
dy -2 N 1 dx 5
dx 64 16 1
_ 5=1+—
1 1 2
= — 4+ —
32 16 1
dy 1 24
dx 32 , 1
X =-
_ 2 1 4
cC y=x"-x |
d X==*=
LT 2
dx
x=1, 2 -1
9 y=ax"+bx
dy
- = —2 + 1 = = —
dx x=2,y 2
dy
dx 2
dy 2
d y:1+x3—x_2 E:2ax—bx
dy 2 -3 dy
— = =2, —=-5
T 3x° +2x e
_ b
x=1, 2-5=da--
dy 4
— =3+2 3b
dy _s
dx - b:4
Subinl = -2=4a+2
7 f(x)=10x*>0forall x #0 da = -4
a=-1
4
y=-—x*+ -
X
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10 y=2x"-4x72 Subin2=7=-"46

9
y=0, —a _,
0=2x"'—4x72 9
0=2x-4 a=-9

_9 5
x=2 y=—+x

X
dy ) 3
) 8
dx + O0X
x=2, 12 y:§x+kx2—§x3
dy 2 8 dy 5 )
Z =42 = D 4 Qkx— —
dr 4 3 dr 3 T3
—_1+1 t —_1
- 2 al X = 2
_l dy 5 ‘ 2
2 dx 3 3

d
21—k
9 dx
11 y==+0bx’
X atx =1,
-1 2
= +b
ax X ﬂ:§+2k—§
x:3,y:6 d.x 3 3
9 @:2k—1
16:§+9b dx
-1
Q=ax2+2bx Zk—1=m(perpendicular)
“ Qk-Dk-1)=1
d —_ —_ =
= ’—y:7 )
dx 2k =3k+1=1
27:%a+6b 22— 3k =0

3= 18=a+270 b=1
92 = 63 = —a + 54b
31 +92 = 81 =81b

3
k2k=3)=0 = k=0, 5
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Solutions to Exercise 9D

1 a @ A
dx
(0, 2)

> X

>» X

d
d_yA
dx
> X
N
e @,A
dx
> X
0
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> X
0
a cQA
a’x1
—
T > X
0] 1
14 o—_
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(_3,2> 2dx dx
3
0 > X —17 0 s
5 S
—§]—°(3’ 3)
¢ dyA f L W
dx dx i
0 |
. X
0 X ~1 12 =
d dy A g dy A
: — X
q /01 3 2/ oM *
(3.-025)/ |1, 2.5
(2, -2.5)
h CQ A
dx
O »x
401\
i dy A
dx
00 > X
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3 abD 5 y

A
b F
=f(x ,
YY)y =
¢c B
d C
> X
e A / 0 1
. 4
f E Gradient 1s O at (1, §)
Gradient is positive for R\{1}
4 a y
A — 6
ooy, Y EAX) yoo
y=1"(x) AV =8"(x)
\ / y=8)
X
01 2
/ .
0
b i0
Gradient is always positive,minimum
ii 0 gradient where x = 0
iii 0
7 a
. Yy
iv 96 A
c il h 4
ii 0423
T /z T > X
149 1 2
b i x=-14950r x=0.798
ii x=0.630
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Solutions to Exercise 9E

1 a y =%+ 1) e y = (ax* + b)"
Letu=x*+1,y=u" Letu=ax’>+b, y=u"
dy_dyxdu a’y_dyxdu
dx du’ dx dx  du’” dx
= 4u’ X 2x = 2ax X nu"™Y
=40 + 1)* x 2x = 2anx(ax® + by
2 3
= 1
8x(x”+ 1) f y=(1-x)73
b y=(Q2x*-3) Letu=1-x*y=u>
Letu=2x"-3,y=u’ @:ﬂxd_u
dy B dy " du dx du dx \
dx  du’ dx = —2x=3u
= 4 x Su* = 6x(1 — )™

= 4x x 5(2x* - 3)*
= 20x(2x* - 3)*

g y=@-xH7

Letu = x> — x_z,y =u

c y=(6x+1)* @:@X@
4 dx du dx

Letu=6x+1,y=u 3
= (2x+2x) x =3u™*

dy dy du
dx duldx = —6(x+x )(x* —xH)
=6 x 4u’

h y=0-x7"

= 24(6x + 1)° Letu=1—x y=u'

d  y=(ax+by dy _dy  du
n dx du dx
Letu=ax+b,y=u 5
=—-1x-u
dy dy o du )
dx ~ du’ dx =(-x
=axnu"V
= an(ax + b)""!
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2 a y=0>+2x+1)°

y=((x+1??

y=(x+1)°
Letu=x+1, y:u6

dy _dy  du

dx du dx
=1x6uw
=6(x+1)

b

y= (x3 +2x% + x)4
Letu:x3+2x2+x, y:u4
& _d  du
dx du dx
= (3x* +4x+ 1) x 4’
=4C3x + D(x + D + 25 + x)°
=43x+ D(x + D(x(x + D>
=4x°Bx+ D(x + D(x + 1)°

=4xX°Bx+ D(x+ 1)’

c y = (6x +2x71)*

Letu = 6x> +2x, y= u
dy dy » du
dx  du’ dx

= (18x% - 2x7%) x 4’
= 8(9x% — x2)(6x> + 2x71)?

d y=*+2x+1)7?
=((x+ 1)~
=(x+ D7

Letu=x+l,y=u_4
dy _dy du

dx du dx

=1x—4u™>

= —4(x+1)7

Cambridge Senior Maths AC/VCE
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3 Lety = 35— =1603x"+ "'
Letu = 3x° + x
Theny = 164!
dy _dy  du
dx du dx
=—16u"2 x (9x* + 1)
3 —16(9x2 + 1)
(3x3 + x)?
When x =1
d
d—)yc =-10
4 Lety= 21 =+ 1!
x>+ 1
Letu = x"+1
Theny = u™
dy _dy  du
dx du dx
= —u2 X (2x)
2
(x2 +1)2
When x = 1
dy __1
dx 2
When x = -1
dy _1
dx 2

S F(x) = f(g(x)
F'(x) = g'(0) f'(8(x))

=2x+/3g(x) +4
=2xV3x2 +1
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6 a Let h(x) = [f(0)]" b Let h(x) = (f(x))!

Let g(x) = x" Let g(x) = x7!
then h(x) = g(f(x)) then h(x) = g(f(x))
R (x) = g'(f(x)) X f(x) W (x) = g'(f(x)) X f'(x)
= n(f(0))"" X f'(x) = —(f(x) 7> X f(x)
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Solutions to Exercise 9F

Jx+h) - f(x)

f =—Xx 4+2
h dx 4X + ZX
1
:(2Vx+h—2\/)_c)><;l
1
3 a f(x)=x3
vV h 1
- @Vrrh-2ym x ATV :
(Vx+h+x) h F(x)=-x3
_20th-v 1 ;
Vi+h+x h f’(27)=§>< T
) (273)?
) Vx+h+ yx LSV
3 32 27
Hence |
i JEH M~ f) b f(x)=x3
h—0 h , 1 _
) f(x)=zx73
T VRt v |
- +h+ , 2
o * F8)= 3% (-8)73
- T 1
Vx :5(_2)—2
1 —lxl—i
d(x§) o T332
2 a =—-x5 5
5 2
d(xz) 53 fx)=%x73
b = —x2 3
dx 2 2 _1
. fen=3x@ns
d(xz‘xz) 53 31 2 1.2
C T 2T 37379
1 5 5
d(3x2 - 4x3) 31 5 2 d f(x)=x4
d =—x2—-4x=-x3= ) 51
3 %02 7 ’ Fo =g
Zx 2 —-""x3
2 3 , 5 1
f1e6) = TR (16)4
6
d(x‘7) 5 5
_6 _E = — 2:—
¢ ax 717 ! 4X 2
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2., 2
4 a di(\/z)H_l) S a Letu=x"%a
X
1
5« 1 LHS:di( sziaz)zdi(ui)
=K - x x
2V2x +1 d 1 u
= —(u2 —_
— 1 dx(u )de
V2x + 1 1
= X 2x
d 2Vu
b —(V4-3x) X
ax = = 2:RHS QED
1 X +a
=-3X —
2V4-3x b Letu=da* - x*

-3
—_— d d
VA 3x LHS :E( Vaz—x2)=a(\/ﬁ)

d du
—(Vu) x —
ax dx

1
— X —2x

2V 12 2‘/_

(]
ol
PR
=
[\®)
1
[\]
N
Il

Il
[\
=
X
Il

x2+2 a? —x

o)

_2

NG
d
—x(
31
“x2 -

f i(3 Vx(x? + 2x))
dx

d 3 3
= —(3x2 +6x2)
dx

15 %_'_18%
= —Xx2+ —Xx
2 2

15 3

:?XE +9\/_
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6 y=(x+ Vx2+1)>°
Letu=x+ Va2 +1, y=u?

dy du _dy

LHS = —

:(d<x>+d<¢m)x@

=— X
dx dx du

dx dx du

Letw=x>+1

dy
dx

:(@+ XX

dw) | dw\  dy
dx dw dx

1
:(1+—><2x)><2u

dy
dx

2w

X
:( —+
x2+1

)x2(x+ Va2 1 1)

- (ﬂ)xz(ﬂ Ve + 1)

x2+1

2(x + m)z
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7 a Letu=x>+2

d(Vx2 +2) 3 d(\u) o d_u
dx " du dx

1
= —— X2x

2\u

X

x2+2

b Letu=x —5x
1 1
d((x3 - 5x)§) a’(u§

)

dx du dx

1 2
= gu_3 x (3x* = 5)

1 2
= §(3x2 —5)(x* = 5x)73

3 3x2 -5
3403 = 5x)2

¢ Letu=x>+2x

d((x2 ; 2x)§) a’(u%

)

dx du dx
L3 2x+2
= —u5 X2x+
5u X

2x+2

- 1
5(x2 +2x)5
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Solutions to Exercise 9G

1 a f(x)=e*

fx=5e"

f(x) =T
f(x) = =21le*

f(x) =3¢+ —x%

f/(x) = =12 + ¢ = 2x

fx)=e"—1+e "

fy=e—e”
4e* — 2" + 1
0=
1
— _e—x + Ee—Zx
f/(x) — e—x _ e—2x
=e X - 1)

f(x) = X et + e

fl(x)=2e —2e7

—6x2e2¥
2xe® +3
(2x — 4)e" 4 4+ 3

(2)C _ 2)ex2—2x+3 -1

9
a Whenx =0,y = >

11
b Whenx =1, EeZ +4

4 Lety= e 4 2x

d
Then & = (2x + 3)e”*3* 42
dx

a Whenx=0,y=15

b Whenx = 1,5¢* +2

5 a 2f/(x)e

b ZeZXf/(eZX)

6 a y= (- 1)*

Letu:ezx—l,y:u
dy _dy du
dx du dx
= (2¢*) x 4u®

— 8€2x(62x _ 1)3

b y:e‘/E
Letu= vVx,y=e"
dy_dyxdu
dx du’ dx
=e [

2+x
1

_ ,Vx
=eV' X ——
2+x
L v

=——e¢
2+x

4

3 Lety:e§+4x

dy 1 x
Then — = —e2 +4
en——=3e
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1 2
c y=(e"-1)2 d y:€x§
1
Letu=e"~Ly=u2 Letu—x%,y= e"
@ @ @ dy dy du
dx du dx E:E dx
1 _1
=y 2 _1
_Eu 2 xe* :euX§X—3
_ X( X 1—% ;2
_Ee (e - ) :%x_gex3

e (2x —3)e D2

f ee‘+x
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Solutions to Exercise 9H

a

dy
dx

dy
dx

dy
dx

dy

dx

dy
dx
dy
dx
dy
dx
dy
dx
dy
dx

dy
dx
dy
dx
dy
dx
dy
dx
dy
dx
dy
dx

Cambridge Senior Maths AC/VCE
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3x—-1

6x—1

=W

3(log, x)?
2x+ 1

3x2 + 2x
X3+ x2

2x+3

2x -3

x2+x-1
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3 a f(x)=log,(x*+1)

f(x) =2xx =

B 2x
a2+ 1

J(x) = log,(e")

f(x) =e" % lx
e

=1
y =log, x
x=e,
y=Ine=1
dy 1
dx x
x=e,
ﬂ:l:e_1
dx e
y =In(x* + 1)
x=e,
y=In(e? + 1)
dy 1
— =2xX
dx x x2+1
B 2x
a2+
x=e,
dy 2e
dx e2+1
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¢  y=In(-x) 5 f()=In(Vx2+1)

- _ 1 1
1= £/(x) = 2x X X
y=log,e=1 2Va2+1 Va2 +1

X
dx  —x x alternatively,
_ _ 1
X = —e, f(x) = ln((x2 + 1)2)
dy _1 -1
_— = — = —¢ 1
dx e =5 In(x? + 1)
d =x+1lo 1 1
YT A8 £/ = = X 25X =
¥ = 1’ 2 X + 1
X
y=1+log,1=1 T2+
dy 1 , 1 1
o1+ 2 )= — = —
- 1+ - S (D =1-7
x=1,
@y _ 11129 6 i(1n(x2+x+ 1))
— = =+ =
dx dx
e y=log, (¥ —2x+2) = @t D T

_ 2x+ 1

X = 1, = —
X2+x+1
y=log,1=0
dy 1 2
~ =2x-2)— 7 x)=In(x"+1
dx (2x )x2—2x+2 f@) ( )
=1 ! =2x X
=15 S =2x 2 +1
dy =0 _ 2x
dx x2+1
6 3
f =log, 2x—1 'B)= —— ==
y = log,( ) f3) o713
3
X ==,
2 d 1
= 8 —_— 1 =f X —
y =log,2 dx( n(f(x)) = f'(x) I
?:221 _f@
X X — =
X
3 Jf(x)
X ==,
2
dy 2 1
dx 2
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x=0,

d 17(0)
—(n(f(x))) =
dx( (f(x))) 70)
4
2
=2
361
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press

Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



Solutions to Exercise 91
1 a 5cos5x
b —5sin5x
¢ Ssec?5x
d cosx X 2sinx = sin2x
e 3sec’(Bx+1)

f —2xsin(x? + 1)

g 2sin(x - %)cos(x - ;_r)

h -2 cos(x — %T) sin(x - ;_r)

i 6sin2(2x + g)cos(2x + %)

J 6cos(2x + g) sin2(2x + g)

2 a y=sin2x

dy
— =2 2
o cos 2x
n
xX=-,
8
. 1
y=sin—=——
1T
d 2
—yZZCOSEZ—:\/E
dx \2
b y=sin3x
d
d—z:3cos3x
Vg
xX=-,
6
m
= si —:1
y sm2
dy 4
— =3 —=0
T 0052
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C

y=1+sin3x

%:3 cos 3x
T
x=-,
6

y:1+sing:1+1:2

dy T

2 3c0s= =0
o 0052
y:00522x
d
Y _2sin2x X 2cos2x
dx
= —4sin2xcos 2x
= -2sin4x
n
X =-,
4
271-
= —=0
y = COS >
dy
—:—2 1 :O
o sin
y = sin® 2x
d
—y:—200s2x><2sin2x
dx
=4 cos2xsin2x
= 2sin4dx
T
X =—,
4
.o 7T
—sin®Z =1
y = sin >
dy
—:2 i :0
o sin 7T
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f y=tan2x b y=3 sin(ﬂ)
J 180
a9 2sec’ 2x dy 3m ( nx )
dx — = —Cos8| —=

- dx 180 180
x==, T
8 = — °
. 1 60cos(x )
=tan — =
’ 4 c tan Snx
: el
Y _ 2 sec? d 180
dx 4 (ﬂx)
=t —
=2 x (V2)? Y =1%o
dy n X
e e ()
dx 60 \60
- sec’(3x°)
3 a f(x)=5cosx—2sin3x 60

f(x) = =5sinx — 6¢cos3x
S a y=-In(cosx)

b f(x)=cosx+sinx dy ‘
) — = —sinx X —1Xx
f'(x) = —sinx + cos x dx COS X
) sin x
= Ccosx—sinx =
COoS X
¢ f(x)=sinx+tanx = tan x
2
f'(x) = cosx +sec” x b y=—log,(tanx)
2 d 1
d f(x)=tan?x D et xx ——
5 dx tan x
f'(x) =sec” x X 2tan x B 1
= 2 tan xsec’ x ~ cos xsin x
X 6 a 2cosxe?sin*
4 a = 2cos(—)
Y 180

b —2sin(2x)e*s2*

dy —2n . ( X )
— = ——SsIn| ——
dx 180 180

_71' . °

= — sin(x°)
90
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Solutions to Exercise 9]
1a y=22+6)02F°+1)

ay 52 i 3
o= 2x° + 6)dx(2x +1)
+ (2% + l)i(sz +6)
dx
= (2x* + 6)(6x%) + (2x° + 1)(4x)
= 12x* + 36x% + 8x* + 4x

= 20x* + 36x% + 4x

1
b y=3x22x+1)

dy Ld
— =3x2—(2 1
o 3x dx( x+1)

=

+3Q2x + l)ix
dx

1 1
= 3x2 ><2+3(2x+1)><—1

2x2
1 1 3 1
= 6x2 +3x2 + EX_Z
1 3 _1
:9x2+§x_2
c y =3x(2x - 1)}
dy d 3
— =3x—(2x -1
e xdx((x )’)
s d
+32x—-1)"—(x)
dx
Letu=2x-1
d d du)?
Ay 34 AW 01y

dx dx dx
=3x(2 x 3u?) + 32x — 1)°

= 18x2x - 1> +32x - 1)°
=302x = D*6x + (2x = 1))
=302x-1)’@Bx-1)
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y = 4x*2x* + 1)

d d d
D 4L+ 12 +4283 + 1P
dx dx dx
d
- 4x2((2x2 )L+ 1)
dx

L2+ 1)%(2)8 + 1))
+402x% + 1)> x 2x
= 8x%(2x% + 1)(4x) + 8x(2x* + 1)
=32x°(2x° + 1) + 8x(2x% + 1)?
= 8x(2x% + D)(4x* +2x* + 1)
= 8x(2x* + D(6x% + 1)

3
y=0Bx+12Q2x+4)
3d
d—z = Br+ 12 -Qx+4)
d 3
+2x+4)—(Bx+1)2
dx
Letu=3x+1
dy _
dx

Gr+ 12(2) + (2x+4)( )
3 31
—0(Bx+1)2 + (2x + 4)(§u2 x 3)

3 1
=203x+1)2 + g(2x +4Bx+1)2

=

=2(3x+ 1)% +9(x+2)3x+ 1)
= 2Bx+ 1) +9(x + 2)(Bx + 1)
— (6x+2+9x+ 18)3x+ 1)

— (15x 4 20)3x + 1)?

=53x+4)3x+ 1)%
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f dy 3(d(u_1) du

| Ol —x — |+ @ +2x+ 1) +3x°
y=(x*+1)2x—-4)2 dx dx dx) ( )

dy d 1 = X(—u X (6x +2)) + 3x°Bx + 2x + 1)
=+ 1)—Q2x-4)2
dx dx = — X2 (6x +2)3x% + 2x + 1)72
Ld
+ (2x—4)25(x2 +1) +3220G6x% +2x+ 7!
Letu =2x—4 _ —X0(6x+2)+3x°GBx +2x+ 1)
. - (3x2 +2x + 1)2

dy 5 d(”z) du _—6x* =20 +9x* + 627 + 347
- +1)( dx XE) - (a2 +2x + 1)2

3 3xt 4+ 423 + 342
) 1 (B2 +2x+1)?
= (& + 1)(— X 2) + 2x(2x — 4)2 X232 +4x+3)

2u2 C(Bx2 4 2x+ 1)2
1 1
=2+ DRx—4)7"2 +2x2x-4)2

1
+(2x—-4)2 +2x

1
(2 1)+ 2x(2x — 4) y =2t 2x% - )2
B \V2x—4 d d 1 1d
2x—4 Dl nirl-1)1L
L2+ 1) 4 - 8x dx — dx dx
= Vox_4 Letu=2x" -1
5x%—8x+1 1
== dy d(uz) du 1
V2x—4 - :x4(—x—)+(2x2—1)2 +4x°
dx dx dx
— 30242 -1 1 1 1
g y=x"Gx"+2x+1) = x4(5u_2 X 4x) + 4x3(2x2 —-1)2
dy _ 3 d 2 -1
— =x—0@x"+2x+1) 1 1
dx dx =2X02x° - 1) 2 +4x°2x% - 1)2
d
2 -1 4 3 1
+ (3.X +2x+ 1) dxx — (2.X5 + 4)63(2)62 _ 1))(2X2 _ 1)‘5
Letu=3x>+2x+1 5 5 3 ) 1
=Q2x +8x —4x)2x"—=1) 2
1
= (10x° —4x)2x* - 1)2
1
=20°(5x* —=2)2x¢* - 1)72
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y= xz(x2 + 2)()%
dy
dx

Let u = x> + 2x

1

)

—x—u)+(x2+2x)§ X 2x
dx dx

d 1 1d
=X — (4203 + (% +2x)3—(x%)
dx dx

=X

dy z(
dx
1 _2 1
= x2(§u_3 X (2x + 2)) + 2x(x* + 2x)3
2, ) _2 5 1
= gx (x+ D(x"+2x) 3 +2x(x” +2x)3

2 2 2
= (§x3 + gxz + 2x(x% + 2)6))()(2 —-2x) 3

2 2 2
= (§x3 + §x2 +2x° + 4)(2)()62 —2x) 3

14 2
xz(gx + ?)(x2 +2x) 3

2 2
= §x2(4x + 7)(x% + 2x)73

A4(5x% = 4)*(5x% +2)

3
6 _
K 3(x - 16)
X
1 2x3(9x% - 8)

5(x(x2 = 1))*5

2 a f(x)=e+1)
()= +2x+(* +1)x ¢

O +2x+ 1)

=ex(x+ 1)2

f(x) =P +3x+ 1)
F(x) = e Bx% +3) + (x> +3x+ 1) x 2>
=P Bx% +3+2x° + 6x+2)

=¥ 2x° +3x% + 6x +5)
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f(-x) — e4x+l(x+ 1)2

4 a fl(x)=4x e - 2te™™

=232 - x)

(0 =™ X 2(x + 1) + (x + 1)? x ™!

=M A+ D2 +2(x + 1))
=M Ux® + 8x+4+2x+2)
= ™ (4x? + 10x + 6)

=M 2x +2)2x +3)

F) = e+ 1)

1 -1 1
f(x) = e+ x G+ DT+ (x+ D2 X —4eH

- e-“xe(x F1)7 -4+ 1)_—21)

—8x -7

2e Vx + 1

1
ff(x)=Inxx1+x+ -

3 a
X
=lnx+1
’ 2 1
b f/(x)=InxXxX4x+2x" X —
X
=2x(1 +21nx)
, 1
¢ ffx)=e"X—+Inxxe"
X
1
:ex(—+1nx)
X
, -1
d ff(x)=In(-x) X1 +x+—

—X
=In(-x)+1

Cambridge Senior Maths AC/VCE
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e (x + 1)_71(% —4(x+ 1))

-1 7
Hx+1)2 (—4x - E)

ISBN 978-1-107-56747-4

b f/(x) — 2€2x+3

3
¢ Lety=(e** +x)2
Letu=e> +x

3

Then y = u2
dy _dy  du
dx du’ dx

31
= Su2 % 2e* + 1)

3 1
= E(e“ +1)2 X2+ 1)

d Lety=—-¢*
d 1
d—y:— 2><eX+ X e
X X X
_etx—1)
= >
1,
e Lety=e2"
dy lxz
—:er
dx

f Lety=(x*>+2x+2)e "
d
S s @x+2)e = (P +2x+2)e
dx

= e ¥ Qx+2-x*-2x-2)

= —x’e "

Sa;%@ﬂw:fﬂwwvu>

= e (f() + ()
b () I
dx\ f(x) (F0P
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i(eﬂx)) = f(x)e/®
dx

J %(ex tan x)

= e“tan x + €' sec’ x

%(eX( f(x))z) = e (f(O) + 26" FOO)f () — ¢(tan x + sec? x)

d
E()ﬁ cos x) = 3x% + (= sin x)x>

= x2(3 COS X — x Sin x)

2xcosx — (1 + x*)sinx

d
E(e"‘ sin x)

=e¢ “sinx+e *cosx

= e *(cos x — sin x)
6 cos x — 6xsinx
3 cos(3x) cos(4x) — 4 sin(4x) sin(3x)
2 sin(2x) + 2 tan(2x) sec(2x)

12sinx + 12xcos x

i (XQesin X)

dx

= Jxe sin x

SinxX 4 x? cos xe

= xe""¥(2 + xcos x)

d
E(x2 cos? X)

= 2xcos’

X — 2sin xcos x X x°

= 2xcos” x — x° sin2x
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7 a f(x)=e'sinx
f'(x) =e"sinx+e*cosx
= ¢*(sin x + cos x)
f'(m) = €"(sinm + cos )

=—¢"

b f(x) =cos’2x
f'(x) = =2sin2x X 2 cos 2x
= —4(sin 2x cos 2x)
= —2sin4x
f'(m) = =2sindn
= —2sin0
=0

d
8 Lety = —-(f(x)log,

1
= f'(x)log, x + ;f(X)
When x =1
y=4log, 1 +2=2
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Solutions to Exercise 9K

X
1 a y:)c+4
@_(x+4)fl—fc—xd();;4)
dx (x+4)?
_(x+4d)—x
gl
4
b
_x2—1
Yo
2 2
Q ) 2+ 1)al(xalx 1)(x2— 1)d(x +1)
dx (x2 +1)?
_(x2+1)><2x+(1—x2)><2x
- (X2 +1)2
3 4x
1
X2
¢ y:1+x

1
d(xi) :
Ld(1 + x)
1 2
dy (I+x0 dx o dx
dx (1 + x)?

! 1 _1 1
+x)=x"2 — x2
( x)zx X

(1 + x)?

1
5(1+x)—x
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(e 2)3

x2+1
d(x +2)°
2
dy (x~ + 1)—dx

dx*+ 1)

_ 2)3
(x+2) e

dx (x2 + 1)?
P+ D x3(x+2)7—(x+2)>°x2x
(x2 +1)?
B2+ 1) = 2x(x + 2))(x + 2)?
(x2+1)2
(Bx? +3 = 2x> — 4x)(x + 2)?
(x2 + 1)2
(2% —4x + 3)(x + 2)?
(x2 +1)?
(x =3)(x— D(x+2)?
(x2 +1)?

x—1
x2+2

_ 2
o2 + 2)% ~(x- 1)%

dx (x% + 2)?
(X2+2)—(x—1)x2x
(x2 +2)2
X +2-2x7+2x
(x2 +2)?

—x>+2x+2
(x2 +2)?

2+1
x2 -1

o =D

dx*+1), dx*-1)
@ _ dx @+ D dx
dx (x2—1)2

B (X2 =1 x2x—(x2+1)x2x
) (=12

—4x
(=17

369

Cambridge University Press



Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

32+ 2x+1
SO R

(> +x+ 1)di(3x2 +2x+ 1)
X
d
@ _ -3x% +2x + l)a()c2 +x+1)
dx

(2 +x+1)?
(x> + x+ 1)(6x +2)
B2 +2x+ D) x2x+1)
(2+x+1)

3 6 +8x2+8x+2—-6x> —Tx*—4x -1

a

(X2 +x+1)?
3 x> +4x+1
(2 x+ 1)

3 2x+ 1
y= 2x3 + 2x
d
x> + 2x)d—(2x +1)
X
d
—2x+ DH—2x* +2x)
dx

dx (2x3 + 2x)?
23 +2x) X 2 = (2x + (622 +2)

(2x3 + 2x)?
4x3 +4x - 12x3 — 6x> —4x =2
(23 + 2x)?
—8x% —6x% -2
(2x3 +2x)?
(4 +3x°+1)
2(x3 + x)?

ISBN 978-1-107-56747-4
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y = (Qx+ 1)*x?
x=1,y=Q20)+ D*x (1)

y=3*

y =281
dy ,d((2x + 1) 4d(xz)
A S S AT [ R
dx o dx t@x+1) dx

= x> X2x42x+ P+ Qx+ D x 2x
= 8x2Q2x+ 1)* + 2xQ2x + 1)*

= (8x% +4x% + 2x)2x + 1)’

= (8x% + 2x(2x + 1)(2x + 1)°

= 2x(6x + D2x + 1)

=1,

X
dy _ 2(1)(6(1) + 1)(2(1) + 1)’
dx

=2(71)(3)?
=14 x27
dy
— =378
dx
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1 X
— 2 2 d =
b y=x"(x+1)2 y 211
x =0, x =1,
2 1 1
v = (00 +1)2 U
1+1
y=0 1
d|( 1)l 72
d (“ 2) 1d(x? )
A S SV SR (x) (x2+1)d_x_xd(x +1)
dx dx dx dy B dx dx
- P+ Vrr Ix 2 dx 2+ 12
2vx+1 _x2+1—x><2x
3 x% + 2x(x + 1) X 2x T2+ 1)2
2Vx+1 1 X2
244X +4x (24 1)2
2Vx+1 x =1,
B 5x% +4x dy 1-1
2Vx+1 dx ~ (1+1)7
x=0, dy ~ 0
dy  5(0)*+4(0) dx
dx 240 +1 ‘ 2x+1
dy -0 YT e
dx x=1,
1
¢ y=2Qx+1)2 yo2tl
1+1
X = O, 3
y=0 Y= 2
1 ) d2x+1) d(x*> +1)
2 +1)——2x+1)—
@ = xz—d(2x+ 12 +(2x + 1)di dy _ x ) dx @x+1) dx
dx dx dx dx (2 +1)?
1
d2x+1)2 (K +1)x2-Q2x+1)x2x
— 42 =
=X e +2xQ2x+ 1) 2117
x=0, _2x2+2—4x2—2x
d B (x2 + 1)
2 -0+0 ,
dx C2(=x"—x+1)
D _o T 2+ 1)
dx _ & _2cl-1+D ]
TR T T o T2
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3 a f(x)=2x+1

1
_ N2 e ) x+3
fO =+ DE+1) | (x+3)d(2x+1)_(2x+1)d(x+3)
d(2 +1)2 l(x) = e
f'(x)=(x+1)(xd—+x)2 f= ot 32
14 | (x+3)x2-02x+1)
NERI ki ECTE:
d(2+1)% PRI 2x+6-2x—1
) X X =3y
=(x )( d(x2 D X I ) 5()6 +3)
LR+ T (x+32

= (x+ 1)(%()3 1) x 2x) 24 1)2
X + 3) — 3e>e”

4a f(x=

1
=+ D2 +x+x2+1)

(e3x + 3)2
(2412 x4 1) _ 3¢t 2™
(e3* + 3)2
b 1
= 2 3 2 - i + 1 -
f) =@+ D +1)2 b f(x) = sin x(x 1)2 CoS X
ded + 1)% (x+ 1)
)=+ D= _ sinx(x+1) +cosx
2 T x+ 1)2
+ 8+ 1)%% (x+1)
1
5 d(x3+l)% d(x3+1) , ; X(X+ 1)—10g€)€
e A+ dx ) ¢ fv= Gt 1)
+(x3+1)%x2x _ (x+1)—xlog, x
- +1)2
-2+ 1)(%(;;3 F1I x 3x2)+2x(x3 1)z Mx+ 1)
_ 32,5 3, -5 3 ) 1
—Zx(x + D7+ 1)72 +2x(x” +1)2 —><x—logex
/ _ X
= (X + 1)7%(%{‘ + %xz +2x* + Zx) Sa filx)= N
PR BN R I _ 1 -log, x
=(x"+1) 2(7x +§x +2x) _T
= x(zx3 + E)c + 2)()(3 + l)_% 1
22 (2 + 1) - 2xlog, x
b / — X
_ X+ 1-2x"log, x
B x(x2 +1)2
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3x

fx) =

e+ 3
3x d 3x 3x d s 3x
(e +3)Te —e (e +3)

[ = 13y
363 +3) - 33 (e™)
- (3% +3)2
B 9€3x

e¥ +1
eX —1
(" —DLE*+ 1 -(*+1)
, L -1)
f(x) = @ 12
(€ = Det + (= = 1)(e")
- (er— 1)
3 —2e*
= oo1e

(e*

b f(x)=

e+ 2
e -2
(6" —2)L(e* +2)
— (€ +2)L (e -2)
(62x _ 2)2
(€% —2)2e%* — (e** + 2)2*
- (er _ 2)2

¢ flx)

') =

_ _862x
- (er _ 2)2
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2x

7 a f(o=
cos x
, cos X X 2 — 2x(— sin x)
F) = :
COS” X
_ 2cosx+2xsinx
- cos? x
, 2 cos(m) + 27 sin(rr)
£ = .
(cos(m))
2
1
=-2
b 2
3x+1
fo) =
cos x
, cos x(6x) — (3x% + 1)(— sin x)
£ = :
COS” X
_ 6xcosx+ (3x? + 1)sinx
B cos? x
, 6m cos(m) + (372 + 1) sin(r)
£ = -
(cos(m))
_ —6br
o
= —6m
ex
¢ = cos X
, cos xe* + sin xe*
£ = .
COS* X
, (cosm + sinm)e”
fm) = .
cos* 1w
= —eﬂ
sin x
d fl)=""
X
, Xcosx —sinx
frop = 22T
X
, mCOoST — sinm
fim = 20T
T
-
'3
-1
o
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Solutions to Exercise 9L

1 a lim(17) =17 - _(x3—8)
x—2 j lim =
x—2 x=-2
b lim(x-3)=6-3=3 L ((x=2)(% + 2x + 4)
x—6 = hm( )
X2 (x=2)
¢ im@x-5)=1-5=-4 = lim(:® + 2x + 4) = 12
x5 X—
d 1m((t+2)) -3+2 -1 1 K L (3x2—x—10)
= = —_— = — 1 e [ —
—~-3\(t-5)) -3-5 -8 8 =2 \x?+5x—14
. (Bx+5x-2)
2 nfSr32)
e lim = (#) o\ x+ D(x=-2)
2 I+ o po3x+s 1
t = = —
:lim((+ )):lim(t+1):3 -2 x+7 9
=2\ t+1 t—2
5 I lim_(xz—fix+2)
f 1im(w) -l \x2—6x4+5
o - = lim((x_ 1)(x_2))
o N lim* =2 =1
2 4 = — = —
:lim(x * x):lim(x+4):4 =lx=5 4
x—0 x—0
2 a x=3,since f(3) ling(f(x)), x =4,

, -1
lim :( )
t—1 r—1
(t+ 1)t - 1))
t—1
=lim(r+1)=2
t—1

- lim(

t—1

since hr}& (f(x) + 1iIE (f(x)

x =1, since lir%(f(x)) * lin;(f(x))

3 a valuetotest: x =0

h lim(Va+3) = V9 +3 lim () = im(f(~2x +2)) = 2

- VI2=23 xlg}){(f(x» = )lclg(l)(%) =0+

Tim (/)

i lim( X’ - 2X) there is a discontinuity at x = 0

x—0 X

= lim(x — 2) = 2 b value to test: x = 1

x—0

1im (f(x)) = im(f(=2x + 1) =
2(H+1=-1

1im (£(x)) = lim(x* +2) = 17 +2
=3 # lim (f(x)

there is a discontinuity at x = 1
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¢ value to test: x = -1, 0

lim (f(x) = lim (—x) = ~(-1) =1
lim (f(x)) = lim (") = (=1)* = 1
= lim (f(1))

fED === =1= lim (f(x))
f(x) is continuous at x = —1

lim —(f(x)) = lim(x*) = (0)* = 0

lirg(f(x)) = lin(1)(—3x+ 1)=-3(0)+1

=1+ lir(r)[(f(x))
there is one discontinuity at x = 0

4 a valuetotest: x=1,7

lim (f(x)) = lim (2) =2

im (£(0)
=1@%u—4f—9)
=(1-4?%-9

=0# lim (f(x))
there is a discontinuity at x = 1
lim (f(x)) = (lim(x - 4)* = 9)

=(7-472-9=0
lirg{(f(x)) = lin%(x -N=T7-17=
lim (f(x)

f(7) :7—7:O:lin%f(x)
f(x) is continuous at x =7
f(x) is continuous for all x € R\{1}
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Solutions to Exercise 9M

1 a y f Y
A A
_i i T T T T > X
-1 0 1
o—0 o0—o
b y / d 2
A 2 x>0,f(x):a(—x +3)
=-2x+3
0 <0 '()—i(i‘; +1)
|\/| > X o ’ f V= d.x o
test x =0
c y xlgg(f(X)) = }Cl_r)r(l)(3x +1)=1
A lirg(f(x)) = lir%(—x2 +3x+1)=1=
y=f(x) )}l}%{(f (x))
r F0) = =07 +3(0) + 1 = 1 = lim(f(x))
> X .. f(x)is continous at x = 0
0 lim (f'(x)) = lim(3) = 3
li%(f’(x)) = lin(l)(—Zx +3)=3=
d y Tim (f'(x)
A f(x) is differentiable at x = 0
= £/ 2x+3 ifx>0
y=11x) f,(x):{ +3 ifx
3 if x<0
> X Y
0 A
e —'\
> X
0
3
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x> 1, f/(x) = %(xZ +2x+1) Jm (f) = lim (=2x+3)=2+3 =35

= 2x+2 lim (f(x) = liml(—x2—2x+ D=-1+2+1

C< 1 f = -2xe ) =24 lim (f(0)

) f(x) is not continuous &
not differentiable atx = —1

f’(x) is defined forx € R\{-1}

test x = 1

lim (f(0)) = lim(-2x+3) = 2+ 3 = 1
’H - 2x-2 ifx>-1

-2 ifx<-1
=4# lim (f(x) ’

lim (f(0) = im(* +2x+ D=1+2+1 [0 = {

f(x)is discontinous &
not differentiable at x = 1

f'(x) is defined for x € R\{1} _A]
0

) 2x+2 ifx>1 \

fm:{ )

=) if x<0 \
1 2
o 7 5a f(=3x-1"

f’(x) is defined for x € R\{1} ( since

> X

, > X x =1 gives f'(x) = 6)

d
4 x>-1, f(x) = d—(—x2 —2x+1)
X

=-2x-2 | -4

d b f(x)= gx?

x<-L fix)=—(=2x+3) £/(x) is defined for x € R\{0} (since
1
=_2 x=0 gives f'(x) = 6)
test x = —1
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¢ fi(x) = %x‘% d f(x)= %(H 2)‘%
f'(x) is defined for x € R\{0} f'(x) is defined for x € R\{-2}
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Solutions to Technology-free questions

26 - 10
1 a Average rate of change = 7
=8
dy
b —=2
dx * p
Whenx:_,_y__g
dx
1
2a y=x+Vi-2=x+(1-x)2
dy 1 s
—=1+=(1- 2 x (-2
ax - TRt (=2
V1 — x2
4x + 1
b =
Y= i3
dy (% +3)4) - (4x + 1D(2x)
dx (x2 +3)2
_12—2)6—4)62
(2 +3)
1
¢ y=VI+3x=(+3x)2
dy 1 _1
— =—(1+3x)2x3
dx 2( %)
B 3
2V1 +3x
1
d =2+\/)_C 2x '+ x72
X
dy L, 13
— =-2x"—-=x 2
o X 7%
2 1
T2 3
Y22
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(

y=x-9) Vx—3=(x—9)(x—3)%

% = (1)(x—3)% +(x—9)><%(x—3)_%
_2x-3)+(x-9)

2Vx -3
3 3x—-15
2vVx -3
1
y=xV1+2x2=x(1+x%)2
1 1 1
dy _ (D1 + )2 + xx =(1 + x*)72(2%)
dx 2
3 1 +2x%
V1 + x2
B x2—1
Y= x2+1
dy (¥ +1D2x) - (¥ = DH2x)
dx (22 + 1)2
B 4x
T2+ 1)
_ X
Y= x2+1
dy _ (¥ + D) = (0(2x)
dx (x2 + 1)2
B 1—x2
(2 +1)2
1
y=(2+5x%)3
1 2
% = 3(2 +5x5)73 x 10x
1 2
= %(2+5x2)_3
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2x+ 1 2
3

J ) d y=@2x+2)
1
dy _ (P +2)(2) - 2x+ D) ? _ %(2x+ 25 %2
dx (x2 +2)? x ; 2
_4-2x-20 = 3@x+2)3
(2 +2)2 S
2 = 5(8)_3 (at x =3)
kK y=0@x"+2)3 )
d 2 1 = 5(23)_3
& o ZGx+2) 7T x6x
dx 3 2 o2
1 - —
= 4x(3x* +2)73 .:)
G
3 a y= 3x2 -4
d =
D _ 6x 4 a y=log,(x+2)
dx dy 1
=—6(atx=-1) dx x+2
xol b y=sin(3x+2)
b y = ) y
x*+1 dy
dy (2 +1)(1) - (x—D(2x) < =3c0s(3x+2)
dx (X2 +1)? .
I+ 2x—x° c y=cos(§)
(X2 +1)? a1 (x)
:l(atx:()) dx_ 2Sln2
Xz— X
(¢ y= ()C — 2)5 d y=e 2
dy_ 4 @:2 -2 X’ —2x
E = S(X — 2) I ( X )e
o @e= e y=log,(3-x)
dy 1 1
dx 3-x x-3
f y=sin2nx)
d
A cos(2mx)
dx
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g

a

y =sin’(3x + 1)

dy )

T =2sin(3x+1)x3cos(3x+ 1)
X

= 6sin(3x + 1)cos(3x + 1)
= 3sin(6x + 2)

as sin(2a) = 2 sin(a) cos(a)

1
y = ylog, x = (log, x)2

dy l(log )% y 1 1

—_ = = ex —_—- -

dx 2 X 2x4/log, x

2log,2
y = ) P log, 2x

d 2

d_z = —2x?log, 2x +2x7" x o
_ 2log,2x 2 2-2log,2x
- x? X2 x?

y= X sin(27rx)
dy

I = 2xsin(27x) + 27x* cos(27x)
x

y = e sin2x

d
& ¥ sin2x + 2¢* cos 2x
dx
y = 2x*log, x
d 1
& 4xlog, x +2x* X —
dx X
=4xlog, x + 2x
lo
y= % = x" log, x
x
d 1
& - 3x*log, x+x70 x ~
dx X
_ 1-3log, x
=—

ISBN 978-1-107-56747-4

d
y = sin2xcos 3x
dy ) .
I = (2co0s2x) cos 3x + sin 2x(—3 sin 3x)
X
= 2cos2xcos3x — 3 sin2xsin 3x
sin 2x
e y= = tan 2x
cos 2x
d
o 2sec’ 2x

X
(Alternatively, use the quotient rule.)

f y=cos’Bx+2)

d
d—y = 3¢052(3x + 2) X =3 sin(3x + 2)
X
= —9¢cos’(3x + 2) sin(3x + 2)
g
y = x* sin?(3x)
d
Y 2xsin?(3x)
dx

+ x2(2 sin(3x) x 3 cos(3x))
= 2xsin*(3x) + 6x% sin(3x) cos(3x)

= 2xsin*(3x) + 3x7 sin(6x)
as sin(2a) = 2 sin(a) cos(a)

6a y=e"+1

dy 2

=L 0P

dx ¢
=2¢ (atx = 1)

b y:ex +1

d

d_ic; = 2xe" t!
=0(atx=0)

d
d—z = 1563 + 2x

=156 +2 (atx = 1)
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dy Ly
— =
dx
=1(atx=0)
7 a y=e"

dy ax
— =qe
dx

b y= eax+b
dy ax+b
T ae

c y = ea—bx
dy -b
2L = _petbx
dx ¢

d
d—z = abe®™ — abe"™
= ab(e"* — &)
— - ax—bx (a—b)x
e = — =
y br e e
dy
-y _ -b (a—b)x
T (a )e
d
8 a y=3—3xso2=_3
dx
y
A
> X
0
dy
“_3
dx

b Graph looks parabolic, so derivative

graph will be linear. Also, there is
a turning point where x = 1, so the

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

2
9 y:(4x+;)
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derivative function will be zero at
x=1.

0/1 -
/|

¢ Graph looks cubic, so derivative

graph will be quadratic. Also, there
are turning points where x = 0

and x = 1.5, so derivative function
will be zero at x = 0, 1.5. Finally,
the gradient goes from negative to
positive to negative, so the gradient
graph will be an inverted parabola.

¥
A

dy
y —

dx
> X
1.5\

22 Do)

X X x2
24X +9)(4x? - 9)
3
Then % = 0 provided 4x> -9 =0

(since 4x> + 9 > O for all values of x).

3
H =+—.
ence x 3

9
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10 a y=

dy _
dx

2x—3

X2+ 4

(x* +4)(2) — 2x - 3)(2x)

(x% + 4)?
2x% + 8 —4x% + 6x

(x% +4)2
8 + 6x — 2x2

b Note that x> + 4 > 0 for all values of
x. So only check the numerators.

3
y > 0 provided 2x -3 > 0, 1.e. x > 7

dx

which is equivalent to 4 + 3x — x* > 0.

d
£~ 0 provided 8 + 6x — 2x% > 0,

443x-x>=@A-x)(1+x)>0
provided —1 < x < 4 (since the

corresponding quadratic graph is

an inverted parabola with x- axis
intercepts of —1 and 4).

d
So y and d_y are both positive
X

3
provided x € (5, oo) N(-1,4),1i.e.

)

11 a  y=xf(x)
d_y = (0)(f (%) + (D(f(x))
X
= xf'(x) + f(x)
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12

y:

dy
dx

y:
dy_
dx

y:

dy _
dx

1
f(x)
—f'(x)
[f(0)]?

X
[
J(x0) + xf"(x)

Lf(0)]?

)C2
Lf (0]
[f(O)1P2x) — (D)2 f(x) f (%))

[f(0)]?
[f(O1Q2xf(x) — 227 f'(x))
Lf (01
2xf(x) = 2x%f'(x)
[f(0)]?

a fog(x)=2cos’x—1
b go f(x) =cos2x’ — 1)
¢ g o f(x)=—-sin(2x’ - 1)

d (g0 f)(x) = =(6x%)sin(2x’ — 1)
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Solutions to multiple-choice questions

LA 6B y——+ _
1-( Y=
Average rate of change = Hf() 207+ 1)
V= —3kx?
- ¢ 2(x3 + 1)
4x* — 1242 —3kx
2 B X)= ——— ol —
S 3x 203 + 1)
4x° ~3k
-y = ==
fx) == —4x ==
f/(x)=4x* -4 L8
-3
3C f:R{T}>R f(x)=5+ 22 7 C The gradient is positive when:
5 x<-=3orx>?2
f(x)=5+5(-x)
f/(x)=10(7 —x)~° 8 D f(x)=4x(2-3x)
: 10 (x) = 8x— 12x*
S x) = ﬁ !
(7= x) F'(x) = 8 — 24x
3
(7-x">0 8 —24x <0
x<7 8
X > ﬂ
4 A y=flg) .
glx) = 2x* = 3
= f(2x* 1
yd f2x) 9 E  y=(3-2f(1)
Y 3 pr(m A
— =8 2 d 1 -1
PRREACE) X 2P XB-2f(07)
dx 2
1 ’
5A f)=x3 dy S0
/ 0 dx  \3-2f(x)
f(x) = )
) 3x3
As 3x3 # 0, the gradient is
undefined at this point.
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10 A

11 B

Cambridge Senior Maths AC/VCE
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y=x+3)(x—-2)
y=x*+x-6

dy
— =2x+1
dx *

dy
When — = -7
en dx

-8 =2x

x=-4

When x = -4
y=(-47’-4-6
y=06

Coordinates = (-4, 6)

y = ax* — bx

d

%C:Zax—b

Whenﬂ:O,x:Z
dx

O0=4a-b

da=">b

Sub into: y = ax® — bx
y = ax® — 4ax

y=ax(x—4)

Using null factor theorem:

x=0,x=4

ISBN 978-1-107-56747-4

12 C Derivative of ¢ 2%* cos(ax)
Using Product rule

§ = o2
u = —2qe”
v = cos(ax)
V' = —asin(ax)
u'v+vu
- —2ae” " cos(ax) — ae~>* sin(ax)
13 B f(x) = Cos_(x)
Using quotient rule
u = cos(x)
u’ = —sin(x)
v=x-—a
vV =1
u'v—vu
2 .
P = sm(x)g - 22 cos(x)
P = sin(x) cos(x)

(x—a) (x—a)
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Solutions to extended-response questions

1 f(1)=6, g(1) = ~1, g(6) = 7and f(~1) = 8
F()=6, g(1)= -2, f(~1) = 2 and g'(6) = ~1

a i fo)()=gMf(g)=-—2xf(-1)=-2x2=-4

(go fY() = f(Dg'(f(1) =6xg'(6) =6x(-1)=-6

| bl
i o

| bl
=]

iii (fg)'(1)=/f"(Dg()+gMf(1)=6x(-D+(-2)x6=-138
&f)() = f(Hgh) +g(f(1) =6 X (=) +(=2) x6 = -18

(f),(l) _ MM - gMfM) _ 6X-1-(=2X6)

i

<

<

g [g(D 112
(&Y 4 _ &M - fMgl) _ -2x6-(6x-1)) 1
i (F) o= EEEE T (67 =76
b For f(x) =ax® +bx* +cx+d., f(1) =6 and f(-1) =8
Therefore

a+b+c+d=6 1
—-a+b—-c+d=28 2
Also f'(x) = 3ax* + 2bx +c, f/(1) = 6 and f'(~1) = 2
Therefore
3a+2b+c=6 3

3a-2b+c=2 4
Subtract 4 from 3 to give 4b =4 and b = 1

Add 1 and 2
2b+2d=14andasb=1,d =6
From 1

a+c=-1 5
and from 4

3a+c=4 6

Subtract 5 from 6
2a = 5 and therefore a = 3 and c = —

2
2 f(x)=0forx=1andx=35
f'(x)>0forx>5and x < 1
f(x)<O0forl <x<5
f(1)=6and f(5) =1
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a The graph of y = f(x + 2) is obtained from the graph of y = f(x) by a translation of
2 units in the negative direction of the x-axis.

d
i Therefore d_y =0forx=-landx=3
X

ii Q>0forx>3andx<—l
dx

b The graph of y = f(x — 2) is obtained from the graph of y = f(x) by a translation of
2 units in the positive direction of the x-axis.

i Therefore Z{—y =0forx=3andx=7.
X

ii The coordinates at which the gradient is zero are (3,6) and (7, 1)
¢ The graph of y = f(2x) is obtained from the graph of y = f(x) by a dilation of factor

3 from the y-axis.

d 1
i Therefore Y O forx = — and =
X 2 2

1
ii The coordinates at which the gradient is zero are (5, 6) and (%, 1)

d The graphof y = f (%) is obtained from the graph of y = f(x) by a dilation of factor
2 from the y-axis.

i Therefore Z'_y =0forx=2and x = 10
X

ii The coordinates at which the gradient is zero are (2,6) and (10, 1)

e The graphof y =3f (%) is obtained from the graph of y = f(x) by a dilation of factor

2 from the y-axis and factor 3 from the x-axis.

d
i Therefore Y _ Ofor x =2 and x = 10
dx

ii The coordinates at which the gradient is zero are (2, 18) and (10, 3)
3 f(x) =(x—a)"(x—B)" where m and n are positive integers with m > n and 8 > «

a f(x)=0impliesx=aorx=,

b Using the product rule
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() =n(x-a) ' (x=p)" +m(x—a)(x-p""
=(x—a)" ' (x=B)" ' [n(x = ) + m(x — @)]

= (x— )" ' (x = B)" ' [x(n + m) — (nB + ma)]

+
c f’(x):Oimpliesx:aorx:ﬁorx:n'B—ma
n+m
d i If mandn are odd thenm — 1 and n — 1 are even.

Therefore (x — )" '(x = B)"! > 0 for all x

and f/(x) > 0 for x > LMY nd v 2
n+m
ii If mis odd then m — 1 is even and (x —8)"~' > 0 for all x
Therefore f’(x) > 0 if and only if (x — )" [x(n +m) — (nB + ma)] >0
If n is even then (x — @)*~! > 0 if and only if x — & > 0.
Together gives

(x — @) [x(n +m) — (nB + ma)] > 0is equivalent to both factors positive or both

factors negative.

If both are positive:
nB + ma
x>aand x > 1B+ ma
g+ m %
nB + ma np + ma
and as § > @, — > a+ and thus x > ———
n+m n+m
If both are negative
nB + ma
x<aandx < np + ma and hence x < a
n+m
xn
4 f(x)= where 7 is an even integer.
1+ x
1 xXt"+1-1 x"
a 1 - = =
X+ 1 X+ 1 1+ x"
-1
nx'"
b f(x)=——73
! (x" + 1)?
. 1
c 0< < 1 as nis even. Therefore —1 < — <0and0<1- <1
X+ 1 X'+ 1 X+ 1
nxn—l
d f(x) = 0implies ———— = 0 implies x = 0
f PSS v 12 P
n xn—l
e f'(x) > 0for —_— > 0 which implies x > 0
(x"+1)
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Chapter 10 — Applications of differentiation

Solutions to Exercise 10A

1 y=x-1
dy
-9
dx o
x=2,
d
dy _,
dx
tangent: y = 4x + ¢
x=2,y=3
3=8+c
c=-5
y=4x-5
2 y=x>+3x-1
x=0,y=-1
dy
— =2x+3
dx o
x=0,
dy
=~ -3
dx
normal :
-1
d=——
gra )
-1 .
=—Xx+c
Y=
x=0,y=-1
-1=c¢
—-X
=— -1
Y=
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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y=x>-5x+6
=(x-3)(x-2)
y=0,x=2,3
dy
— =2x-5
dx *
When x = 2,
dy
— =4-5
dx
=-1

Gradient of normal = 1

y=x+c
=x+c
x=2,y=0
0=2+c¢
c=-2
y=x-2
When x = 3,
d
d_)yc:6_5
=1
Gradient of normal = -1
y=-x+c
=-x+c
x=3,y=0
0=-3+c
c=3
y=3-x
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4

y=02x+ 1)’
dg
dx

= 182x + 1)®
x=0,
b
dx

=18
tangent:
y=18x+c¢

=18(1)®

x=0,y=1
l=c
y=18x+1

normal:

-1
y:§x+c

x=0,y=1

1l=c¢c

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

=2x92x+ 1)
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5 y=x"-5
dy
-9
dx o
ay _
dx
3=2x
3
xX==
2
3
X = -,
2
32
=(=] =5
Y (J
9
=—-=-5
4
_ -1l
Y=y
3 —11
()
co-ords > 2
y=3x+c
3 -11
X ==, = —
2V T,
—11
T_3X§+C
-11 9
c= — — —
4 2
_—11 18
4 4
-29
c=——
4
6a y=x’-2
x=lLy=1-2=-1
dy
-9
dx o
dy
=1,—=2 =2
o dx
i tangent:

© Evans et al. 2016
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x=1y=-1
-1=2+c¢
c=-3
y=2x-3
ii normal:
y= 2x c
x=1y=-1
-1
—1:7+C
-1
‘=9
-1 1
Y=

x=0,y=-1
dy
— =2x-3
dx
dy
x=0,—=-3
dx
i tangent:
y=-3x+c
x=0,y=-1
-l1=c
y=-3x-1
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

ii normal:
-1 .
=—Xx+c
Y= 3
! +
=—x+c
3
x=0,y=-1
-1=c
1
==-x-1
Y=3
1
y==
X
x=-1,y=-1
dy -1
dx  x2
dy
=-1,—=-1
o dx
i tangent:
y=—-x+c
x=-1,y=-1
-1=1+c¢
c=-2
y=—-x-2
ii normal:
=—x+
y _lx c
=x+c
x=-1l,y=-1
-l1=-1+c¢
c=0
y=x
391
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d y=x-2)&x*+1) e y=Vix+1
:x3—2x2+x—2 x:O’ y= \/T:l
= — d 1
X 1, @y 4, 1
y=—-1-2-1-2 dx 2V3x+1

4 2V3x+1

o3 _dx+1 x=0

dx ’

x=-1, Q:_‘o’

dx  24/1
dy

—=3+4+1

dx j_yzé
_3 x 2

i tangent:

i tangent: 3 3x i
y=8x+c¢ y—2
x=-1,y=-6 x=0,y=1
-6=-8+c¢ I=c

3
c=2 y:§x+1
y=8x+2

il normal:
ii normal: =2 N
1 X y=—gx+c
y=—x+c
3 x=0,y=1
x=-1 l=c
y=-6 -
1 y:?x+1
—6:§+C
L fooy=x
€= 8 8 x:Ly:
-1 49
y= e ¥ dy_ 1
8 8 dx 2+/x
x =1,
dy 1
dx 2

392
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i tangent:
1
=—x+
y 2x c
x=1y=1

1
l==+c¢

il normal:
y=-2x+c
x=1,y=1
1=-2+c¢
c=3
y=-2x+3

2
g y=x3+1
x=1y=2
-1
ay 22

dx 3
x=1,
dy 2
dx 3

dx
i tangent:

==-x+c
Y=3

x=1y=2

2
2==-+c

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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ii normal:

3 .
= —X C
Y=

x=1y=2
-3

2:7+C

i tangent:
y=4x+c

x=2,y=-8
-8=8+c¢

c=-16

y=4x-16
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ii normal: i oy=2x 4+ —4dx+1

_ ! + x=1
y_ 4 X c )
x=2,y=-8 y=2+1-4+1
g = =0
-8=—+c
d
2 Z_6x2+2x—4
- _71 dx
2 x=1,
-15
- d
2 d—y —6+2-4
—x 15 * )
YT =
i y=x-322+2 i tangent:
y=4x+c
x=2,
x=1y=0
y=8-3x4+2
0=4+c
y=-2
c=-4
dy 2
x=2, ii normal:
dy -1
— =3%x4-6x%2 = —
dx Y= xX+c
=0 X = 1,y:0
i tangent: 0= _Tl +c
y=c |
x=2,y=-2 €=2
c=-2, 1.1
y= 1 X+ 1
y=-2
ii normal: 7 y=>56x-160
x=2
394
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2
x—1 .
8 a tangent:

2 3
x=+1 y=lx+c
-1 2
x=0,y=—=-1
1 x=1y=2
X +1-2 3
y X2 +1 2= E +c
_ 2 1
v x2+1 €=5
— _ 2 -1 3 1
y=1-2(x"+1) gzt
dy 2 -2 2 2
— =2xX—-1x=-2(x"+1)
dx 1
. ¢ YT
()C2+ 1)2 x=0,
d
x=02 -0 1
dx y= _—1
tangent: y=-1
y=0Xx+c d 1
D o —
x=0,y=-1 dx (2x —1)?
-1=c¢ — -2
{ 2x—1)?
v x =0,
b y=V3s2+1 dy -2
v=1 dx (-1)?
=-2
y=V3+1
tangent:
= y=-2x+c
d 1
D X x=0,y=-1
dx 2V3x2 + 1
3x c=-1
Vel y=-2x-1
x=1,
@ B 3
dx  3+1
3 3
2
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Y= 2x— 1)y
X =1,
1

YT ap

y =
d
d—z——2><2><(2x_1)3

4

2x - 1)3

x=1,
dy _ 4
dx (1)}

=—4
tangent:
y=-4x+c
x=1y=1
l=—4+c
c=5
y=—-4x+35
y = sin2x
%:20052)(
x=0,
y=sin0=0
%chostZ
y=2x+c
x=0,y=0
c=0
y=2x

ISBN 978-1-107-56747-4 © Evans et al. 2016

y = cos2x
dy .

— =-2sin2
e sin 2x
Vs

xX==,
2
y=cosm=-1
dy
— = —gi :O
p sin
y=-1
y =tanx
ﬂ:seczx
dx
Vs
xX=-,
4
n
y an4
dy 2 V22
— = — = 2:2
dx sec4
y=2x+c
T
= — :1
X=70
1:g+c
m
—1-=
¢ 2
/s
=2x+1-=
y = tan2x
dy 2
— =2 2
P sec” 2x
x =0,
y=tan0 =0
dy 2
— =2 0=2
P sec
y=2x+c
x=0,y=0
0=c
y=2x
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e y=sinx+ xsin2x

d
@ cos x + sin2x + 2xcos 2x
dx

x=0,

y=sin0+0sin0 =0

Y =cosO+2sin0+0=1

dx
y=x+c
x=0, y=0
=0
y=x
f y=x—tanx
dy 2
CA I
Tx sec” x
T
xX=-,
4
. tanﬂ— 1
Y=y 474
dy T
— =1 —-=1-2=-1
dx ¢ g
y=—-x+c¢
T T
= -, :——1
SRR ]
Ve -
S o1l=—+
4 4 "¢
n
=--1
‘T2
y=—-x+--1

10 a f(x)=e"+e "

fly=e-e™
ff0=1-1=0
y=c
fO)=1+1=2
2=c
y=2
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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b f0=
F =t
vy = L1
f0) > =1

y=x+c
1-1

f0) = —— =0

O0=c

y=x

¢ f(x) =x%e*
f(x) = 2xe** + 2x%e*
= 2xe** (x* + x)
/(1) =221+ 1)
= 4¢?
y=4e*x+c

fH=1xe*=¢

e’ =4e* +¢
c= -3¢
y =4e’x - 3e
d fx)=eV"
1
VE
X)= ——e
S (x) Vi
e
/1__
ra=3
e
y==-x+c
fh=e'=e
_f+
6—2 c
C_E
2
y=3G+1)

© Evans et al. 2016
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e f(x)=xe" b f(x)= ln(2x)

/ _ X2 2 X2 1
fi(x)=¢e" +2x% f(x) = 2_:)_6
=" 267 + 1) |
2
Fy=e@+1 7(5)=
— 3e y=2x+c
1
y=3extc (5,0):0:1“
fh=1xe =e c=-1
e=3e+c y=2x-1
c=-2e
¢ f(x) = In(kx)
y =3ex —2e |
f(x)—k—:—
f f(x)=x%e" | X
f’(X)=2xe_x—x226_x f(k) k
= e (2x - x7) y=kx+c

f@)=e?(4-4=0

y=c
c=-1
4
—n2,2 _
f(2)=2% T2 y=kx-1
4
— =C
82 1
12 a y=x5
y=-
e dy 1_;__1
— = =X
dx 5
dy
11 a f(x)=Inx When x =0,y = Odnotdeﬁned
f'(x) = < Therefore equation of tangent
=1 x=0
y=x+c¢ 3
b y:x5
(1,0):>0=1+c dy 3 2
=1 dx 5 .
y=x—1 Whenx:O,y:O,d—ynotdeﬁned.
= X

For the normal the gradient is —1 Therefore equation of tangent

x=0

The equation of the normal is
y=x+1
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C

W=

y=(x-4)
y=0=>x=4
d 1 2
y _z
- Z(x=4) 3
P )
x=4,

d
4 1s undefined
dx

.. tangentis x = 4

2
y=(x+5)3
y=0=x=-5

1
g§:§u+5f§
x = =5,

d
24 1s undefined
X
.. tangentis x = =5

1
e y=Q2x+1)3

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

1
=0=>x=—=
dy 2 _2
— =2 1)73
ax 3D
-1
dx_ 2
—yisundeﬁned
dx |
Cot t1 = ——
angent is x 7
4
y=x+5)5
y=0=>x=-5
dy 4 _1
A 5
o 5()c+5)
x=-=5,

d
% is undefined
X
.. tangent is x = =5

ISBN 978-1-107-56747-4

dy 2
— =2 2
Tx sec” 2x
T
xX=-,
8
Vi
y an4
dy 2
=2 -9 Z -4
dx sec4
y=4x+c
Vs
X = -, =
8 y
1:g+c
T
c=1-=
2
Vs
=4x+1-=
x =0,
T
—1-Z
Y 2
b
A:(Ql——)
2
by
OA=—--1
2
14 y=2¢"
dy
A, P
dx ¢
dy

S.—=—=2¢"whenx =a

X
Gradient of the line segment joining
2e”

(a,2e%) and the origin is

2a
A 2¢e?

La=1
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15 y=1log, x
dy 1
dx  x
dy 1
— =—-whenx=a
x a
Gradient of the line segment joining
log, a

(a,log, a) and the origin is

Clog,a 1

a a
slog,a=1.a=e

16 y = x*+2x
dy
x

d
'.—y:2a+2whenx:a

X
Gradient of the line segment joining

=2x+2

242
(a,a* + 2a) and the origin is a a
242
S e, JAN) |
a

ISBN 978-1-107-56747-4
Photocopying is restricted under law and this material must not be transferred to another party.

La+2a=2d%+2a
La=0

17 y=x+x
dy
— =3x2+1
dxd *
Y 3@+ Iwhenx=a
X
Gradient of the line segment joining

(a,a® + a) and the point (1, 1) is

@ +a-1

a—1 5
_3a2+1:a +a-1
o a-1

LB+ Da-D=d+a-1
3@ +a-3-1=a+a-1

243 -3a%=0
a2(2a -3)=0
3

La=0 = -
a ora 7
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Solutions to Exercise 10B

1 a
3) - f(2
Average rate of change = %
_45-24
1
=21
b Average rate of change
fQth) - Q)
2+h-2
_ 32+ h?+6(2+h) -24
- I
_ 3(4+4h+h2)+6(2+h)—24
- I
_ 18+ 31
N h
=18 +3h
¢ f/(x)=6x+6
f2)=18
dv
2 _
'
ds
b
¢ &V
dx
dA
d =
dt
. &
dh

ISBN 978-1-107-56747-4

o4

(t + 1)
dl -8

dt ~ (t+1)3
t =10,
dr -8
dr 113
-8
1331

1.e. I wanes by = 0.006 units/day

4 V() = 1000090 — 1)

a

b

C

d

V'(t) = =3000(90 — )2
it empties at 3000(90 — 1)? m3/day

V() =0,
100090 — 1) = 0

t = 90 days
V(0) = 1000(90)*

=729 000 000 m>

V'(£) = =300 000
—300000 = —3000(90 — 1)
(90 — t)* = 100
90 -1 =+10
t=90=+10
since t € [0, 90]
t = 80th day
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¢ c 4_ L 6or—ar
V3 A dt 1160( )
(m) = (157 =)
7.29 x 108 A d
="
152 - =0
o £15-1)=0
0 o0 ! (days) 1=0,15
max flow occurs at
£ vinA t=15
(using graph to determine max. or min. status)
0 T
6 a r~ 100,250,500
-243 %107 (read off graph-turning points)

b draw tangent at 7 = 200,

rise .
1 y £ use i to find gradient
5 V(t):—(St ——),OStS2O AV
160 5 —- = 430000 m3/day

a V(1) = 1 (207 — ) ml/min (be careful re: vertical scale)

160
b c t =100,V =4 x 10’
— . 7
V) A t=250,V=8x10
mL/min ' 4 %107
( ) LN ~ 270 000 m*/day
run 150
(15, 105.47)
d 100 <t <2500r¢t> 500
0 20 ¢ (minutes)
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7 a
P = Pye ™™
When t=0,P=30
30 = Pye°
Py = 30
When =8 P=10
10 = 30e~8
1
3 — o8k
1
1 (—) — 8k
0Z\3
1 1
and k= -3 loge(g)
1
=3 log,(3) ~ 0.1373

(—é loge<3>)z
b When P=8,8=30¢

1
4 (logg 3)8 )t
e

15
4 L
—~ =373
15
15 t
~ - 38
7 3
15
sioe,(7)
t=—— ~9.625
log,(3)

The pressure would be 8 units after
approximately 9.625 hours.

dP
i — = —30ke™™
C 1 i e

1
where k = 3 log, 3
dP
When £ = 0, — = —30ke’

= =30k

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

ISBN 978-1-107-56747-4

8 a

30
= -0 3
g S

15
= ——log,3
7 oz,

The rate of loss is
% log, 3 ~ 4.120 units per
hour when ¢ = 0.

dpP
8, — = —30ke ¥
dt ¢

15
—7 X log, 3 x e %%

15 1
—Z X loge3 X §

ii When ¢

3

5
=-7 log, 3
This rate of loss is
% log, 3 = 1.373 units per
hour when ¢ = 8.

dT 45 oa
dt 2
1
Also, e ¥ = —(T' - 15
S0, e 75( )

dT 45
S _E(T_ 15)
=-0.3(T - 15)

b i1 When7 =90,r=0
.dT 45
Tdr 2

ii WhenT = 60

dT
— =-0.3(60 - 15) = -13.5
7 ( )

iii When 7T = 30

dT
— =-0.330-15) =-45
7 ( )
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y=3x+2cosx

d
d_z =3 -2sinx

-1 <sin2x <1
—-2<-2sin2x <2

—-1<3-2sin2x<5 .. @
dx

t
V(t) = 3+2s,in4—1

5
a V(10)=3+ 25in(§)

~ 4.197

1 t
b V@@= 5087

V/(10) = %COS(%)

~-04

x=28 -9+ 12t

d
=Y 6218+ 12
dt

aVv
b V=0
=7 -3t+2=0
(t-2)(t-1)=0
r=1,2
r=1,
x=2-9+12

tr=1,x=5cm

t=2,x=16-36+24 =

ISBN 978-1-107-56747-4
Photocopying is restricted under law and this material must not be transferred to another party.

dv
=2 = 12— 18
C a i

t=1,a= —6cm/s2

t=2,a= 6c;m/s2

d a=0
12 =18
>0 QED 3
t=—
2
9 3
V=6x--18x=+12
4 2
27
=—-27+12
2
24 27
S22
V:_?cm/s

12 x=8+2t—¢2

a =0,

x =8cm
b V=2-2¢
t=0,

v =2cm/s
c V=0
t=1s

x=8+2-1=9cm

d a=-2cmys?

13 x= V22 +2

4cm
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1
a V=4tX —— a

V212 +2
2 R e

22+ 2
2t
V= V2i
2+1
b
V2 + 14(V20) - V2t (V2 + 1) dy st
a= b — =600(0.5¢""")
2+1 dx
2 _ 2t — —-0.5¢
o V222 + \/szm 300e
2+1 t =10,
V2 + 1) — V212 d
A GE R = = 30067 ~ 2.02
(2 +1)2 .
2
- 3 _ 2x
2+ 1)2 16 a y=e
—2x=1Iny
c t=1
_l Iny
V2 ST
V= —2 =1cm/s @ i __1
) NG 1 ) dx 2y
a——z—icm/s @__2
ok =
b y=A"
14 x=04¢ J
y kx
v =0.4¢ i Ake
t=0,v=04m/s = k(Ae"™)
t=1, v=04e ~ 1.087 m/s = ky
t=2,v=04e ~2.956 m/s
17 m =292
— _ ,—0.5¢
15 y =600(1 — e ) a r=12,
m = 2e—2.4
~ 0.18 kg
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b =0, o 020 _ 1
i e 2
m=2
0.2t =1n8
m-—1,
t=15In2 ~ 10.4 hours
1= 26—0.21‘
dm 2 -t
1 - __z
—O.2t:1n§ d dr 565
1zt
0.2t =1n2 = —5(2e5)
t =5In2 ~ 3.47 hours
= —— m/hr
c i e 0= l !
4 Rate of decay = 5 m
0.2t =1n4
t=10In2 ~ 6.93 hours
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Solutions to Exercise 10C

1 a fx) = x> —12x d f()=8+57-1,t>0
f(x)=3x2-12 (1) = 8 + 10t — 3¢
f'x)=0 f'(®=0,

3x*=12=0 37 +10t+8=0
X —4=0 _ 10+ V100 + 16
x==2 6
10+ 14
f(£2) =+8F24 =76
=F16 _ —_2,4
co-ords = (-2, 16),(2,-16) 3
t>0,..t=4
2
b g(x) =2x" —4x f(4)=32+80—-64 =48
gx)=4x-4 co-ords = (4, 48)
g'(x) =0, 0= 82 3
e Z) =07 — 3%
Ax—4=0 8
g () =16z - 127
x=1,
’ — 0,
g(h)=2-4 ¢
5 16z-1222=0
372 -4)z=0
co-ords = (1,-2) ( )
+2
= 09 —
c h(x) = 5x* — 4x°
I (x) = 20x° — 20x* g(0) =0,
h'(x) =0, g(i_z)zgxé_l_3xl_6
20x° —20x* =0 V3 . ?
- 32 16
X(1-x=0 =373
x=0,1 — 1_6
h(0) =0 3
=0, o (£216) 0
(1) = 1 co-ords = (%,?),( ,0)
co-ords = (0,0), (1, 1)
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f  f(x)=5-2x+3x"

f(x)=-2+6x
f'(x) =0,
6x -2
1
X==
3
1 2 1
l=5-Z24+=
f(3) 373
_42_14
303
1 14
o= (5.5)
CO-0rds 3 3
g h(x) = x> — 4x* — 3x + 20,
x>0
W(x)=3x>—8x—3
W(x)=0
3x2-8x-3=0
8 + V64 + 36
X= ——-
6
-2 18
676
18
0, x=—=3
X > X 6
h(3) = 27 - 36 — 9 + 20
=2

co-ords = (3,2)

h
f(x) =3x* = 16x° +24x%* - 10
f(x) = 12x° — 48x% + 48x
(%) =0,
x(xX* —4x+4)=0
x(x=2)>=0
x=0,2

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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f(0)=-10
f2)=3x16-16x8+24x4—-10
=48 -128+96 - 10
= -80 + 86
=6
co-ords = (0,-10),(2,6)

f(x) = > —2x
fl(x) =2 -2
f()=0=e"=1
=x=0
Coordinates of stationary point: (0,1)
f(x) = xlog,(3x)
f'(x) =log,(3x) + 1
f(x) =0=log,(3x) = -1

_ 1
xX=—
3e 1 1
Coordinates of stationary point: (=—, —=—)
3e 3e

f(x) = cos(2x), x € [-m, 7]
f(x) = =2sin(2x)
f'(x)=0=sin2x) =0

= 2x=2m,-m, 0,1, 21

T
=X = —n,—z,O,E,n

Coordinates of stationary point :

m m
_915__9_190719_9_1’ 91
(=, D), (=5, =1, (0, 1. (5, =D, (@, )

f(x) = xe*
ff(x)=e"+xe" =e*(1 +x)
ff(x)=0=x=-1

1
Coordinates of stationary point: (=1, ——)
e
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f(x) = x*e*
f(x) = x*e* + 2xe" = xe*(2 + x)

f(x)=0=x=-2,0
Coordinates of stationary point:

4
(_2a 6_2)’ (O’ 0)

f Jf(x) = 2xlog,(x)
f'(x) =2log,(3x) +2

F/(x) =0 =log,(x) = -1
=x=-
e

1 2
Coordinates of stationary point:(—, ——)
e e

3 a f(x):xz—ax+9

ff(x)=2x—-a
13 =0,
6—a=0
a=6
b h(x)= x> —bx* —9x +7
W (x) =3x*—2bx -9
W(-1) =0,
3+2b-9=0
2b=6
b=3

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

ISBN 978-1-107-56747-4

4 y=x+bx>+cx+d
d
—y:3x2+2bx+c
dx
When x =0,y =3
sd=3

When x =1,y =3

S1l+b+c+3=3

Sb+ce=-1...(1)
Whenle,j—zzO
SL2b+c=-3...(2)
Subtract (1) from (2)
b=-2
sLe=1
5 y=ax’+bx+c
x=1,y=-3
(1) =-3=a+b+c
%:2ax+b
d
X = ’d_z:4
2) 4=4a+b
d
:1,d—§:0
3) 0=2a+b
2)-3)= 4 =2a
a=72
subin(3) = b+4=0
b=-4
subin(l)> -3=2-4+¢
c=-1
y=2x"—4x-1
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6 y=ax’ +bx* +cx+d a x=2,y=7

1 b
x:O,y:7§ 1 7:2a+§
d= = P T
2 dx 2x—1)2
x=3y=-6 X = ,Q:O
15 dx
—-6=27a+9b +3c+ — 2b
2 O=a-—
27 o
—— =27a+9b + 3c 2b
2 2 a:E
9
——=9a+3b+c...(1) b b
2 subinl =>7=—+—
dy 3ax? + 2bx + -
— = 3ax X+ C
dx 7:E
_OQ—_:; )
e Tdx b=9
3 =c subin2=>a=2
9
subin (1) = —= =9a+3h-3 9
2 b y=2x+
3 2x-1)
—5:9a+3b...(2) @:2_ 18
by dx Qx-1y?
r= ’dx_ @:O
0=27a+6b-3 18‘“
9a+2b=1...3) T
-5
(2)—(3)$b=7 Qx-1?%=9
subin (3) = 9a—5 = 1 2x—1=4+3
a_g x=-1,2
22 5.2 15 e
X X
:————3 —
YIRSy TN y=24—
-3
-5
7 y=ax+bQ2x—1)"
co-ords = (-1, -53)
8
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y=02x-1)"(x+2) 9 y=(@x*-1)

dy d d
D L or— 1y x(x+2)2x—1)" D (- 1y
dx dx dx
d _ 2 qyn—1
% d_(x +2) =2nx(x"—1)
" 1 = 2nx((x + D(x — 1))'!
=2nR2x—- 1" x(x+2)
dy
+(2x—1) ik
= 2x=1)""'Q2n(x +2) + 2x - 1) 2nx((x+ D)(x— 1))y =0
=Qx—1D)"'Qnx+4n+2x-1) x=0,-1,1
=2x-1)""NQn+2)x + (4n - 1))
dy 10 =2
il YT
2 d d .2
0=(2x— 1" (2n+2)x + (4n — 1)) dy &+ DZM-xg+ 1D
d 24 1)2
2x—1=00rQn+2)x+@n—1)=0 * "+ 1)
| l—4 2+ 1-=2x2
_ 2 _1-an = 2 2
x—2orx—2n+2 (x=+1)
B 1 —x2
(2 +1)2
dy
= =0,
dx
1-x*=0
x==l1
=l
Y=
1 -1
o (13101:3)
CO-0rds > 3
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Solutions to Exercise 10D

1 a 0=4x
x=0
0
+ | 0| +
— |~
inflexion

b 0=x-2)(x+5)

x=-52
-5 2
+ 10| =1 0] +
1IN S
max. min.

¢c 0=(x+1)2x-1)

e 0=x>—x-12

0=—(x—4)(x+3)

1
x——l,i
1
—1 3
+ 1 0 - 10
0 IN
max. min.
d 0=-x>+x+12
0=—-(*-x-12)
O0=-(x-4Hx+3)
x=-3,4
-3 4
— 0| + 0 -
NI

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

min.
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max.

x=-3,4
-3
+1 0] =10 +
0 I S
max. min
f 0=75x*-27x°
0=x5x=27)
27
X—O,?
27
5
+1 0} =10+
1IN S
max. min.
g 0=(x-D(x-3)
x=1,3
1
+ 10| -10 +
I | S
max. min.
h 0=-(x-1Dx-3)
x=1,3
3
_ O + _
N
min. max.
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dy_ 5 dx
— =3x"-12 —0
dx xX=U,
dy dy
— =0 —_ = -
dx dx 0
X -4=0 x=1,
x=-2,+2
’ d
—y>0, /
x==-25, dx
dy / x:2,
- >0
dx @:O
x=-1.5, dx
x=2.5,
@<0 N
dx @<O \\

. x = —21s amax
. x = 01s a min.

x=1.5,
J . x = 218 a max.
24 <0 N
dx c y:x3—5x2+3x
x=25
’ d
d—y =322 - 10x + 3
dy / X
— >0
dx @ =0
_ . dx ’
X = 21s amin
Bx-1H)(x=-3)=0
b y=3x>-x° 1
d X = g, 3
y 2
— =6x-3
dx T x=0,
dy
= =0,
dx Z’_y >0 /
2x—-x>=0 . |
x(x=2)=0 =3
x=0,2 @ =0 =
dx
x = -0.5,
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dy .
- <0
dx
x =3,
dy
“Z_-0 —
dx
x =4,
dy /
= >0
dx>

1

", ngisamax.

x = 3 1s a min.

y=3-x
dy 2
=~ _-_3
dx o
dy

= =0,
dx

x=0
x=-1,
d

_y<0 N
dx

x=0,
dy

“Z -0 —
dx

x=1,
@<O N
dx

x = 0 1is a stationary point of infection

ISBN 978-1-107-56747-4
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y =3x*+16x° +22x% + 3

D 190 + 4822 + 48
dx
dy
= =0,
dx

x(x* +4x+4)=0

x(x+2)?%=0
x=-2,0
x = -3,
dy
== 27%x12
dx
A8 X9 —48x3 <0 N

x==2,
dy
=0
dx —_—
x=-1,
@:—12+48—48<0 N
dx
x=0,
dy
-0 —
dx
x=1,
Do jppagiags0 7
dx

. x = —21s a stationary point of

infection

x = 01s a min.

y=x —x
%:3x2—1
d

1
x2:§

© Evans et al. 2016
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1 ii

X =—— d
V3 D122 - 124
dx
x=-1,
D
d dx
24 >0 / ) 3
dx 12x° = 12x" =0
-1 2
xX=—, x(1-x)=0
V3
d x=0,1
dy _ g —
dx x=0,y=0
x=0, (0, 0) is a stationary point of inflection
dy 0 C x=1y=4-3=1
dx (1, 1) is a maximum turning point
_+l
x—\/g, b i y=x —6x
d _
oo —
* 2(x=6)=0
x=1,
x=0,6
dx A
-1
. X = ——isamax
V3 i
! IS a min 0.0 6.0
x=—1
\/§ ( ) ) ( ’ )
0
3a i y=0
(4,-32)
4x* =3x* =0
d
B4 -3x=0 i 22302 12
dx
dy
-0
dx
(0, 0)
0
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3x(x—4)=0 d i

x=0,4 y=x +6x>+9x+4

y=0
C+6x2+9x+4=0

x+4H(x+1)*=0

x=0,y=0
(0, 0) i1s a maximum turning point

x=4,

y:64—96 X—iﬂtSiX:—4,—1

(4, —-32) is a minimum turning point

c i y=3x"—x°
y=0
F*B-x)=0
x=0,3
y
(ER i "
— =3x"+12x+9
dx
dy
(3,0) =Y
> X
0{(0, 0) 3+ 12x+9=0
¥ +4x+3=0
x+3)(x+1)=0
ii d—y:6x—3x2 x:—3,—1
dx ;
d X==9
dy _
dx y=-27+6x9-9x3+4
3x2-x)=0 y=-27+54-27+4
x:0,2 y:4
x=0,y=0 (-3,4)
(0,0) is a minimum turning point 1S a maximum turning point
x =2, x=-1,
y=3x4-8 y=0
. (-1,0)

. . . . is a minimum turning point
(2, 4) 1s a maximum turning point gp
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y=("-1)
y=0
X*=1=0

x—1nts: x = =1

x=0,y=-1
y—int:y=-1
Y d
A i 2 =8 - 1)’
dy
=~ -0,
dx
x(x*=1)*=0
> X x=0,=x1
(‘I’N/’O) (~1.0).(1,0)
0, -1) are minimum turning points
’ (0, 1) are maximum turning points
d
i 2 e x 502 - 1)
dx 4 a y =20 +3:% - 12x +7
_ 2 _ 14
-l D6 4 6x-12
dy =0 dx
dx dy _ 0
10x(x* - 1)* =0 dx
=0 41 0= 6x% +6x— 12
x =0, X+x-2=0
y=(-1Y =-1 (x-1D(x+2)=0
0,-1)
is a minimum turning point
x = =+I,
y=0
(£1,0)
are stationary point of inflection
f iy=0x*-1*
¥ =1
x-ints: x = +1
x=0,y=1
y-int: y =1
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x = =2, 1 both are turning points . (x = 1)? is a factor,

x=-3, Ly=(-1D2Q2x+7)
d _1\2 _
b _0_3_2 (x-1?Qx+7) =0
dx -7
>0 x=ints:x:1,7

x=0,y=7,y—int:y="7

X = 0, d y
dy
ax -2 e? (-2,27)
. x =-21samax
x=-2 (0, 7)
=-2X8+3X4+12%x2+7 * > X
Y (Lo 0]a.0
y=-16+12+24+7 2
=27
(=2,27) is a max 5a P = Brad+b
x=2 5
p P'(x) = 3x" + 2ax
Y
ax D 0@r2-2) = x(3x + 2a)
>0 P'0)=0
) ) ~x=0
. x=11isamin . . )
1s a stationary point for all values of a
x=1, and b
y=2+3-12+7
x=1,y=0
(1,0) is a min
b see above, (1,0)
is a point on the curve
cy=0
2x3 +3x% — 12x + 7 = 0 (from a),
we know (1,0) is a turning point.
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f(x) =Qx-1Y°Q2x—4)*

P'(-2)=0
3(=2)? + 2a(=2) = 0 f(0) = (-1’ (-4)*
12 —4a =0 y-intercept = —256
a=73 co-ords(0, —256)
P(-2) =6 f(x) =0,
(=23 +3(-2°+b=6 0=CQx-1°Q2x-4)*
1
-8+12+b=6 X:E,Q
4+b=6 ' 1
x-1ntercepts = > 2
b=2 |
P() =2+ 32 +6 co-ords (5,0).2.0)
P'(x) = 3x% + 6x b
P(-1)=3-6 f(x)=@2x-1)
d 4 . d 5
0 N\ (@ - 4% + x- 4 S 2x - 1))
P(1)=3+6 = (2x—1)° X2 x4(Q2x - 4)°

+Qx—-4)*x2x502x -1
>0 / =(2x-4°2x - D*Q2x-1)x8
x =0is a min. + (2x—4)x10)
Local minimum at (0, 2) = (2x — 4)°’2x — D*(16x — 8 + 20x — 40)
= (2x - 4)’Q2x - 1)*(36x — 48)
= 12B3x-4)2x-4)*2x - 1)*
f'(x) =0,
12Gx-4)2x-4Qx-1)*=0

P(-3)=27-18> 0 /
X = —2 1S a max.

Local maximum at (-2, 6)
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4
X = 3 (turning point)
or x = 2 (turning point)
1
or x = E(stationary point of inflection)

F(H=123-4H2-4°2-1*
>0

/ _ — - 3 ~-*
F(15)=12(45-4)(3-4>3 - 1) $ (0, -256)

<0
F(3)=1209-4)(6-4°6-1)*

>0
X = 3 1S a max.
x =2 1is a min.
5 4 ,8\5 _A\4

G)=G-1G-496 )

~ 40.6
(2,40.6) 1S a max.
f@Q=@E-1E -4

=0
(2,0) is a min.

-

1
(5, O) is a stationary point of inflection
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b

i @-1°>@x?-1)y
4 —1>1if 4x*=1Y° >0
4x* > 2if 4x* = 1)° >0

1
x2>§if(4x2—1)5>0

1
x| > — if 4x*-1)° >0
V2

1

x2<Zif(4x2—l)5<0
1

|x|<zif(4x2—1)5 <0

1 1
Solx]l > —or|x] < =

N 2

ii

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

f/(x) = 8x X 6(4x% — 1)

g'(x) = 8x x 6(4x* - 1)*

() >g'(x)

8x X 6(4x* — 1)° > 8x x 6(4x* — 1)*
6x(4x> — 1) > 5x

if x>0,

6(4x> —1) > 5

5
4x* = 1) > =
@ -1>

11
4% > —
7%
11

2
>_
MY

ISBN 978-1-107-56747-4

a
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if x<0,
6(4x* —1) <5

5
4 - 1) < =
(4x )<6

11
47 < —
TS

-V66 _ -l
2~

-1
— < x<0,
or 3 X

V66

orx > ——

12

y=x+x>-8x—12
x=0,y=-12
y-intercept = (0, —12)
y=0
X +xt-8x—-12=0
try x = 3 (a factor of — 12)
27+9-24-12
=0

.. (x = 3) 1s a factor

(x=3)(x*+4x+4)=0

(x=3)(x+2)7>=0
x=3,-2
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x-intercepts = (-2,0),(3,0) b
% =3x"+2x-8
=CBx-4)(x+2)
dy
= =0,
dx

Bx-4Hx+2)=0

4
=2 -
R
x=-2,y=0
4
xX==
3
4\ (4y? 4
- (2) + (2 —8(—)—12
Y (3) (3) 3
64 16 32
=—=+—=—-—=-12
279 3
_ 64 +48 —288 — 324
- 27
~ =500
27
14
=-18—
27
stationary points are (-2, 0) max
an (4—1 ﬂ)min
3727

ISBN 978-1-107-56747-4
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y = 4x — 18x% + 48x — 290
=2(2x° = 9x% + 24x — 145)

x=0,y=-290
y-intercept = (0, —290)
y=0

2x° —9x* +24x - 145 =0
using CAS calculator
x=5

y =2(x = 5) (2x* + x + 29)
2% +x+29=0,

-1+ V1 -232
4

no real solutions

X =

y=0,x=5
x-intercept = (5, 0)
dy

= 12x* — 36x + 48
dx

=12(x* = 3x + 4)

K -3x+4=0

3+19-16
===

no real solutions

X

..y has no stationary points

f(x) =3x* +4x°
flx) = 12x° + 1247

f'(x) =0,

12x%(x+1)=0
x=-1,0

f(0)=0

(0,0), stationary point of inflection
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J=H)=3-4

=-1
(=1, -1) min., since
Jf(x) is shaped and (0, 0)
is a stationary point of inflection

f)=x*+2x -1
F(x) = 4x> + 627
(%) =0,

2x°(2x+3) =0
x = 0 (stationary point of inflection)

b

x=— (turning point)
f(0) =-1
0,-1)

is a stationary point of inflection
f(-2)=4x-8+6x4

<0
fl(-1)=—-4+6
>0
3\ 81 =27
2 — - __1
f( 2) 6 1
_ B
T 16
-3 -4
(73, 1_63) = (—1.5,-2.6875) is amin.

c fx) =32 =322+ 12x+9
=3(x" = x> +4x+3)
f(x) =33x" —2x+4)
f'(x) =0,
3x* -2x+4=0
L2z V4 - 48
6

no real solutions
.. f(x) has no stationary points

10 f(x) = é(x— 1’8 -3x)+1

1
a f(0)= g(—1)3(8) +1
=1-1
=0 QED

1
f(3) = §<2>3(—1>+1
=-1+1
=0 QED

1 d
b f(x)=glx- 1)35(8‘3’6)
1 d ;
+ §(8 - 3X)a(x -1
_ 3 S Y
=3 x-1 8(8 3x)(x—1)

§<x— D*((8 = 3x) — (x — 1))

%(x - 1)*9-4x) QED
want x such that f/(x) > 0

%(x - 1)*(9-4x =0

since (x — 1)> > 0,

9—-4x>0

x <

&~ o

Cambridge Senior Maths AC/VCE
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¢ y y
A 9 A
(2. 1.309 (3. 351)
(I, 1)
> X
> X 0
0 3
(8,-1024)
_ a4 4443 2
11 y=3x"-44x" + 144x 12 a
dy = 1223 — 13222 + 288 x = —1 (stationary point of inflection)
dx
=1 ]
= 122 - 11x +24) =1 min)
=5
= 12x(x - 8) (x - 3) bl
@ -0 b x =0 (max)
dx x = 2 (min)
x=0,3,8
x=0, ¢ x=—4 (min)
y=0 x =0 (max)
(0,0) is a minimum turning point
x=3 d x=-3(min)
y=3 —44x27+ 144 %9 x = 2 (stationary point of inflection)

=243 - 1188 + 1296
13 a y=x*-16x>

=351 dy
(3,351) is a maximum turning point T 4x3 - 32x
x=8, 2
=4x(x* - 8)
y=3x8"-44x8 + 144 x 64 dy
= 12288 — 22528 + 9216 dx
= —1024 x=0,+2V2
(8,—-1024) is a minimum turning point x=0.x=+2V2,
y=0y=-64

Since the x-intercepts are +4,0 we
can sketch the graph.
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hence (0,0) is a maximum
(£2 V2, —64) are minimums

2m 1 6X2m_2

y=x
d
d_ﬁ = (2" — 1622772
= 2mx*"! = 16(2m — 2)x*" 3

= 2x*"3(mx® — 16(m — 1))
dy
~Z =0
dx
"3 mx® = 16(m—1)) =0
x=0,mx*=16(m—-1)=0

2 16(m —1)
m
P )
m
_ 44 (m—1)
m

If x=0theny=0.

ISBN 978-1-107-56747-4

(4 m - 1))2m - 16(4 m - 1))2"1_2

" " 1
= DY _ 6 x 16m (L2
ey
w2 -t
w2

stationary points are :

(0, 0)min
_ m _ 1ym—1

(4_-4 [(m 1)’ 16™(m ml) )max
m m

14 Y

N

15 f(x) = x*e* in set

f(x) =2xe" + et

= 16m

= 16m

> X

= " (2% + 2x)
J'(x) <0,
e (x*+2x) <0
¥ +2x<0
x(x+2)<0
x<0&x>-2

T -2<x<0
notation, {x: —2 < x <0}
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in set notation, {x: —2 < x <0} c )
A
,/
16 pa
- I _
f(x) = 100+ ) =xt e /
f/(x) = 100(_2X+ z)e_x2+2x—5 _ :) .
/
f/(x) > 0’ ,,/
/
100(—2x + 2)€—x2+2x—5 >0 ,
-2x+2>0
19 y=e'(px’+qx+7)
x<1
hence maximum J) occurs at x = 1 e (px* + qx + 1) + " 2px + q)
/(1) = 100”17 dx
= 100¢™ = ¢"(px(q + 2p)x + (r + @)
=1.83 x=0,y=9
9=¢"0+0+7)
17 f(x)=e'-=1-x 9=r
y=e"(px’ +qx+9)
2=l dy
fo=9 1= € (P a+2p)x+ (g +9)
=1 x=1y=0
0 O=el(p+q+2p+q+9)
f(()):eo_l_() 13p+2g+9=0
mmf(x)ZO x:3,y:O
b in f(x) =0 0=eOp+3(q+2p)+(q+9)
min f(x) =
Ip+3¢+6p+qg+9=0
S f() =0

ef—1-x>0
e*>1+x QED
18 a (0,1) min

b y=x

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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215p+49g+9=0
2-21=29p-9=0

p=1
subinl =3+2¢g+9=0
2g = —-12

q=-6
y=e"(x> —6x+9)
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4x*-8x

20 a y=e 21 y
ﬂ = (8x — 8)e4x2—8x ! y=log, 5x
dx 02.h y=log, x
b gfzo o|f/0)
8(x — Ne™ 8 = 0 tangents are parallel for any given
x—1=0 value of x

x=1
x<1,f(x)<0
x>1,f(x)>0

. 2_
(smce et 8 O)

22 f(x)=x’Inx

2
a f'(x)=2xlnx+—
X

y _ =x2Inx+1)
Sox=11s amin.
x=1, b f(x)=0,
y:e4_8:e_4 FZlnx=0
s (1, e™) is a min. ¥ =0, Inx=0
c » x =0, x=1
A x=0,1  butx>0, ..x=1
J c f'(x)=0
! < . x2Inx+1)=0
0
1, e% x=0,2Inx+1=0
-1
Inx=—
d x=2, 21
_ 16-16 _ Y= —
dy—e =1 Ve
Yy 16-16 1
E—S(x—l)e x=0,— but x > 0,
Ve
=38 1 1
X =—=¢ 2
x=2,y= Ve
1
- __ 1 142 1 1
I 4+C d x—e_Z,y:(e_Z) ln(e_Z):——e !
5
c=-
4
1 +5
= ——X —
Y 4
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A A
4r (1,16)
3-2\3) 3+2V3 /
. > X
0 3
o / M
1+ translated 2 to the right
0 " i >» X e y
L A
(e 2,—€ 2)

\ @3, 16)
23 a /\

1
> X
Y
1-23 04_11) \
A \/ ; L4243

(-1, 16) y=/f(x) (=1,-16)
1_2@/\Q, 11) | +2\/§Z reflected in the x-axis

A
b y (1, 4)
A 2
2 oo 2\ "
(0, 22)
1-2v3 \ 1+2v3
0 1 - b y
A
(3,-32)
graph dilated by factor 2 from x-axis (-1,0) _ .
4\
c
;J: (1,-8)
(-3, 16) 1+2V3 ¢ y
1-23 / A
/3\\U - 2.9
=3 -
/ (15 _16) _
translated 2 to the left 0 3\
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d y f(x) = 2cos x + 2sin xcox

A
f'(x) = =2sinx + 2 cos xcos x — 2 sin x sin x
of G = —2sinx + 2(1 — 2sin’ x)
X
-1 = 2(=2sin’ x — sinx + 1)
1.-3) f/(x) =0,
e y ) 1+ V1I+38
SiInx =
A -4
-1+3
(0, 12) S
S1in x 4
(-2.0) 0 * sin x = %,—1
37 Si
X = —

25 a A'=(a+1,0)

3
B =(b+1,0) :\/§+§
b P =(h+1kp) _3V3
; -2
2% a f(g) = 2cos(—) + sin 37w
f(x) =2cosx—2cos>x + 1 —
f'(x) = -2sinx +4sinxcosx f(%ﬂ) _ 2COS(5€”) + Sin(lo?”)
"(xX) =0=2sinx(2cosx—1)=0
! - _\3_ V3
:>sinx:00rcosx:§ 2
-343
= x=0,m2mor :T
x—zs—ﬂ (z —3 3)max
3’3 , 6" 2 '
O, 1), (m,-3), 2m, 1) are min. 3 . i . )
(7, O) stationary point of inflection

(E E) (S—ﬂ- é) are ax
372 ) \30 ) aremat

b 6 2
¢ Max x = 7—T,3—7T,Minx: 7_7T,11_7T
2°2 6 6
d Max x = g;lnﬂx:ﬂ;Minx: 5—”
429
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27 a and

b

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

> <

Using a CAS calculator:
y = —x*+ 8x% + 10x% + 4x
loc max at (6.761,867.07)

(6, 816) no stationary point of inflexion, since at
(7, 861) a Ay
X = O, d_ =4,
X
y=f(x)
¢ —-960

X d Use the ‘solve’ command of a CAS
) calculator, giving:
x=4317 or x = 8.404
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Solutions to Exercise 10E

1 f:[-3,3] >R, f(x) =2 —-8x*
Local maximum at (0, 2)
f(=3)=2-8(-3)?>=2-72=-70
f3)=2-23)*=2-72=-70
Therefore absolute maximum of f is 2

and absolute minimum is —70

2

f:1-3,2] = R,

fx)=x+2x+3
fl(x)=3x>+2

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

f’(x) has no real solution
f(x) has no stationary points
f(=3) is absolute minimum
f(2) is absolute maximum
f(=3)=-27-6+3
abs. min. = =30
f2)=8+4+3

abs. max. = 15

ISBN 978-1-107-56747-4

Photocopying is restricted under law and this material must not be transferred to another party.

35
T
f(x) = 2x° — 647
f/(x) = 6x* — 12x
f'(x)=0,
x(x=2)=0
x=0,2
f(0)=0
f2)=16-24
= -8
-3\ =27 27
5% -3
-81
= T = —2025
5125 75
f(i) = T - ?
=25
=
-81

absolute min = e

absolute max =0

© Evans et al. 2016
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4 f:[-2,6] >R, f(x)=2x"-8x c v _o
dx ’
"(x) = 8x° — 16
f@) =8 = 16x 30x — 3632 = 0
/ :O,
S X(5-6x)=0
8x(x*=2)=0 s
x=+Vv2,0 ‘ x=. "6
since x = ( gives
f(+ \5) =8-16 V =0, it is not the max,
5.
= -8 C. x = — 1s the max
f0)=0 ord :(é ﬁ)
co-ords 6’ 36

f(=2)=32-32=0

f(6) =2 x6% -8 x 6 d

there are no turning points, so test the end points,

= 2592 — 288 x=0,
= 2304 V=0
absolute min = —8
absolute max = 2304 x=0.8,
16 64
V=15x o 12 X 5
> _ 1200 — 768
} 125 432
absolute max : V = 25 3.456 cm

when x = 0.8

e turning point at x = 3

4x+43Gx)+4y =20

5
test the endpoints, 3

4)C + y= 5 X = O’
y=5-4x V=0,
a V = x(3x)y x=1,
:3X2(5—4X) V=15-12
V =15x* - 124° -
5
ED =2
o x=c
AV , 16 125
A — V=15X—=-12Xx—
b i 30x — 36x 25 216
375-250
36
432
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125
absolute max : V = ET 3.472 cm?

h = —
when x c

6 x+y=30,z=xy

a xe[2,5],
y=30—-x
y €[25,28],i.e. 25 <y < 28

b z=x3B0-x)

z =30x — x°
dz
— =30-2
dx x
d
£ _0.x=15

x
this is outside the domain x € [2, 5]
.. values to test are

x=25
x=2,
7=60-4 =56,
x =35,

z=150-25=125
absolute minimum = 56
absolute maximum = 125

7 a 1 1
(x—4)2 (x-1)?
5 4
b (53)
2°3
4 )
¢ Absolute max = §; Absolute min
3
2

ISBN 978-1-107-56747-4

8

a square 1 has perimeter
X
x, 1.e. side (—)
, 4
X
A =—

16
square 2 has perimeter

10 -
(10— 4), i.e. side( y x)

(10 — x)?
Ay = —
2 16
A=A +A,
2+ (10-x)
B 16
_)c2+100—20x+x2
B 16
_2x2 = 20x + 100
B 16
1
= g(x2 - 10x + 50) QED
dA 1
b — =-2x-10
dx 8(x )
1
=1(X—5)
dA
— =0,
¢ dx
x=35

1
d A= g(x2 — 10x + 50)
25 41
x€[0,1TA0) = y and A(1) = N

25
The maximum is —m? but only one

square is formed
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1
9 g:[2.1,8] = R, g(x)—x+—

2
=1
$= T oy
gx) =0
1 —

(x=22
(x=2)72=1
x—2==1
x=2=+1
x €[2.1,8]
x =3,
values to test :
£2.1), f3), £(8)

1
2.1) =21+ —
f2.1) + 57

=12.1
1
f(3):3+T
=4
£8) =8+
6
1
= 8-
6
absolute minimum = 4
absolute maximum = 12.1
10 £:00.3] > R, f(x) = —— + —
Y ’ x_x+1 4 — x
1 1
f(x)_x+1_x—4
-1 -1
a f'(x)= GrI Goar
1 1

T =42 (x+1p

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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b ) =
1 1

(x—4)2  (x+ 1)
(x—4)% = (x+ 1)?
(x=4)==x(x+1)
ifx—4=x+1
—4=-1

does not work

Cx—-4=—-(x+1)=—-x-1

2x-3=0
3

xX==

2

B
|

| &

3
ds = (=
co-ords = >

)

¢ values to test:

7). £, f

S——

3
)=

f0) =

f3) =

absolute minimum =

.l;l»—t ,_|H U]l.l; N W
NGV, N N}

»—tl»—t .l;l»—t

absolute maximum =

FNORTAS NI

434
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11 Absolute max = 72; Absolute min absolute maximum =2

) absolute minimum = -2

1
14 Absolute max = — + 2¢2;

2
e
/ Absolute min = 2 V2

/ x
0 L x

2 —
12 Absolute max = 1; Absolute min = —

A
I 15 f(x) = 2e07D°

\ f(=2) =2¢° and £(2) = 2e
di £/ = 4x = D’
f'(x) =0 implies x = 1
f=2

Absolute max = 2¢”; Absolute min = 2

16 Absolute max = —log, 10;
0

Absolute min = ——
13 y e

_ 2
CLDA v = v
>» X

% ~ &
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Solutions to Exercise 10F

1 Let x m be the width of the rectangle

Let y m be the length of the rectangle

2x+2y=100= x+y =50
Area,A = xy = x(50 — x) = 50x — x*

. maximum area = 25 X 25 = 625 m?.

2 x=y=4;x,y>0;
x* +y?is a min.
letz = x° +y?
y=4-x
2=x + (4 - x)?
=x +16 — 8x + x*
=X +x>-8x+16
dz )
— =3x"+2x-38
e X X
dz
= =0,
dx
3x2+2x-8=0
-2+ V4 +96
X =
6
-2+10
X =
6
4
=2, -
* 3
but x > 0,
4
xX==
3
8
:4— = —

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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3 x+y=100 P =xy

y=100—-x
P = x(100 — x)
= 100x — x°

dp
—=100-2
dx
dp
£ -0,
dx

x =50

this gives max P

x=150,y=100-50=50=x

OED

P =507

P =2500

4
y+2x=4

y=4-2x
A=xy
=x(4 - 2x)
= 4x - 2x°

dA

—=4-4

dx o

dA

- =0,

dx

x=1km

© Evans et al. 2016
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the farmer should make one side 2 dv 75 3 2

cC —=———
km long and the other two sides 1 km dx 2 2
long, using 2 km of river. @ =0,
, 15 2
X'=—X~=
5 p,g>0 23
=25
Pa=9
9 x=5cm
=>qg=—
= 75%x5-5°  375-125 .
V = = = 125 cm
z=16p + 3¢q 2 2
3 27
e=lop+ 3 7 P =100n — 0.4n> — 160
dz 81 dP
- = 16 - — i — = — 0.
I A a i T 100 — 0.8n
dP
= _y £~ = 0 implies 100 = 0.8n
dx ’ dn
81 son=125
— = 16 A maximum occurs when n = 125
p as P is a quadratic with negative
E =2 since p >0 coeffient of n?.
p
_g ii Whenn =125,P=100x 125 —
P=3 0.4 % 1257 — 160 = 6090
_ 9 _ 9 _ 8 Maximum daily profit is $ 6090.
q p3 27 3
( 8 ) b When P =0,
100 + V1002 — .4 x 04 x 160
n=-—
6 SA =150, base has side x(x >, not > 0) -0.8
“n~1.6,2484
a SA =2x%+4xh In this problem a continuous model
150 = 2.2 + 4xh for a discrete situation has been used.
P
) (125, 6090)
b 75— x OED
2x
_ .2
b V=xh o‘/”_m_m /-\ e
(248.39, 0)
_ 2 (75 -~ x2)
2x ¢ P> 0implies 2 < n < 248 (Note: n
75x — 3 can only take integer values)
= T
d Let $P be the profit per article
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p (_ total profit ) values to test :

" p=—[= :
no. of articles 5(6),5(12),5(20)
1001 — 0.4n* — 160 , ,

- S(6) = =216 + 108 + 2160 + 5000

n
160 _ _
— 100 —04n — 22 = 2052 + 5000 = 7052
n
In order to find the maximum profit S(12) = -1728 + 432 + 4320 + 5000
per article consider the derivative of p = 3024 + 5000 = 8024
with resect to n.
dp 04 + 160 S(20) = =8000 + 1200 + 7200 + 5000
dn n? = 400 + 5000 = 5400
dp = 0 implies 0.4 = @ absolute maximum = 12°C
dn n S(12) = 8024 salmon
-, 160
.nt=—
04 1
ie. n® =400 9 M(x)= %(ﬁ — 14x% + 32x — 50),
I’l:20 OSXSIO 1
The gradient chart indicates M (x) = %(3)62 —28x+32)
maximum: ,
<2020 | >20 M'(x) =0,
signf’(x) | +ve |0 | —ve 3x2 -28x+32=0
shape / -\ 28 + V784 — 384
i.e. selling 20 articles maximises the X = 6
profit per article. 28 + 20
X =
6
4
8 x==,8
S(x) = —x* + 3x% + 360x + 5000, values to test:
x € [6,20]
S’(x) = =3x* + 6x + 360
S'(x) =0,
X —2x-120=0
x+10)(x—-12)=0
x=-10,12
but x € [6,20]
x=12
438
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4
x=0,x==,x=8,x > o b 1
50 53 Area:EX(8+8COSQ)X4sin9
M = — = —
© 30 3 = 16sin6(1 + cos 0)
4 1 4 16 64 )
M|(-= :_5()_3()><_+14><___) A =16sin6(1 + cos )
(3) 30( 3 9 27 A
1 /1 e _ gin2
=5 (E(BSO 1152+ 672 — 64)) 70 16[cos O(1 + cos @) — sin” 0)]
_ 806 = 16[00520 —sin’8 + cos 0]
810 = 16[cos’> 0 — (1 — cos>6) + cos ]
4\ 403
M(—) = — =16[2cos’0 +cosd — 1]
3 405
1 dA . I
M(8) = 25(50 - 32 x 8 + 14 —g = Vimplies
x 64 — 512) (2cos —1)(cosd +1)=0
_ﬁ cosd = —or cosf = -1
= 2
30 1
89 For the figure to exist cos§ = 3
15 whmhimphesﬁzzg
Maximum M occurs at x = 8 mm Therefore maximum area
Minimum when x = 3 = 165sin g(l + cos g
V3 3 .
10 a Let X be the midpoint of BC. =16x 5 X5 = 12V3 square units

Angle XCO =6

Therefore XC = 4 cos 8
BC = 8cos 6 11 distance = /(x — 3)? +y?

= Va2 —6x+9+ x4

want minimum distance

d
—Ot+ 2 -6x+9 =0

dx
4x° +2x-6=0
2 +x-3=0
try x =1

2+1-3=0 v
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(x—1D)2xX*+2x+3)=0

x—1=02x>+2x+3=0
2% V4-24

=1
X X )

no solution

x =1 is the only solution

y=1

2. (1,1) 1s the pointon y = X

closest to (3, 0)

AB
12 a — =cosb
AP
P 300
cos 6
.. time taken to run from
300 1 75
Ato P = X — =
cos 4 cosd
b

PC = BC — BAtan#
= 1100 — 300 tan 8

.. the time taken to run from P to C

_ 1100 - 300 tan 8
B 5

=220-60tan@

¢ Let T denote the total time
then 7= time to run from A to
P+ time taken to run from P to C

% + 220 -60tand

cos
- +220 — 6o S0
cos 6 cosf
_ 75 - 60sin @ 220
cos 6

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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d The quotient rule gives

d_T _ cos6(—60cos 0) + sin 6(75 — 60 sin 0)
do

cos2 6
(Note'i (220) = 0)
"de Bl

—60cos? 0 + 75 sin 6 — 60 sin” 6

cos2 4
3 —60[cos? 6 + sin” @] + 75 sin @
B cos2 g
_75sin60 - 60
~ cos?d
dT
e 20 0
) . 75sinf — 60
implies ————— =10
cos- 0
c.sinf = @ = é—t
75 5
0= sin_l(%)

(Only the acute angle solution needs
to be considered).

0 ~ 53.13°
In order to confirm a minimum
consider the following

When 6 = 60°,
dT  75sin60° — 60
— = >0
de cos2 6
When 6 = 50°,
dT  75sin50° — 60
— = <0
do . cos2 6
c.a mlnlmhlm occurs when
o<y
sin 3
f
, 4 75-60 % 3 +220
When sinf = =,T =
5 3
5
=45+ 220
=265

.. minimum time taken is
265 seconds.
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If sinf = 4 tan 6 = 4 N"(t) = =5¢ %1% = 0.5¢71%(10 - x)

5
. BP = BAtan#é N't=0=1=20
4 , 50
=300 % - N(zo):—e—2

5 .
Maximum rate of decrease

=400 _ N'(20) = 5_(2)
e
3(,ny I
15 V(t):Z(IOt —3)()3&20

P is 400 metres from B for a a i V(0) = 0 The volume of water is

minimum time. OmL whent = 0

3 203
i V(20 = —(10 x 202 — —)

13 . i VQ20) =7 3
N(t) = 50te™"" B 3><4OO(10 20)

N'(t) = 50 %1 — 577011 4 3

30 - 20

= 5¢7011(10 — 7) = 3% 100( )

Therefore maximum population when ¢ = 10  The volume of water is 1000 mL

N(10) = 500¢~" when 1 = 20

3
b V(if) = %(20t _ %)
14 a y

3
= > (207 — £
2 )

Domain of V(r) = [0, 20]
V(0) = 0 and V(20) = 1000
V'(t) = 0 implies 207 — > = 0

120-=0
wt=0o0rr=20
_200— 10 60 A gradient chart
4 < 0| << [20|>
b Maximum rate of increase signof V'(1) | —ve | 0 | +ve | 0 | —ve
=N’(0) =50 shape \ -1/ Y
441
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reveals a local minimum at (0,0)
and a local minimum at (20,1000)

d The graph of V’(¢) against ¢ is a
parabola with ¢ intercepts 0 and 20.

The maximum occurs when ¢ = 10
and 3
V'(10) = 1(200 — 100)

=175
e The flow is greatest after 10 seconds
and the flow is 75 mL/s.
dy 187 . (nx
1 - = —— —
6 a = sin( 80) x € [0, 80]
On (ﬂx)
= ——sin| —
40 80

d
For the graph of d—y against x
x

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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17

a

18 9
amplitude = T_T

80 40
80
period s =X = 160
J 80 b4
Whenx =0, 2 =0
dx
dy 18m mx 80
Wh =80, — = i
A= ik 8051( 80)
18
:—ﬂsinﬂ:O

Maximum gradient magnitude occurs
L (TTX

where s1n(%) ==+]

This occurs when x = 40 for

0<x<80

6 12 241
The depth of the harbour at time 7 is
given by
t
D(t) = 10 +3 sin(%)o <r<24

amplitude = 3
. b 6
period =2mr+ — =21 X — =12
6 T
centre D = 10
range = [10 - 3,10 + 3] = [7, 13]
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b D(t) > 8.5

it

<:>10+3sin(6)28.5

which is equivalent to

. (Tt
3 sm(g) >-1.5

sin(ﬂ—t) > —l

6/ 2

Consid . (mr\ 1

onsider Sln(g) = —E

nt  In

then g = F

117 197 23m

or? or?or?orm

t=T7orllorl9or23or...

From the graph and considering the
domain [0, 24]

{t:D(t) > 85} =[0,71U[11,19]U
[23,24]

The rate of change of depth is given
by the derivative function

D'(r) = 3—7T cos(ﬂ—t) I cos(ﬂ—t)
6 6/ 2 6

i D'(1) = gcos(g) -

The rate at which the depth
is changing when t = 3is 0
metres/hour.

6
ii D'(6)= gcos(g) = gcos(n) =

T

2
The rate at which the depth

ISBN 978-1-107-56747-4

is changing when f = 3 is —g
metres/hours.

(This means that the depth

is decreasing at a rate of g
metres/hour).

i D'(12) = gcos(Zn) -
The depth is increasing at a rate of

NN

n
5 metres/hours

d The function which describes the rate
18 ,
bis e

D'(r) = > cos(g)

i D’(¢) has a maximum when

it
=1
cos(t6)
.'.%:Oor2ﬂ0r47ror

t=0orl2or24o0r ---
For the required domain the depth

is increasing most rapidly when
t=0ort=120rt =24

ii The depth is decreasing most

rapidly when
cos(m) =-1
5)=

.'.Whenﬂ—t =mor3morSmor---
St=6orl8or30or--

For the required domain the depth
is decreasing most rapidly when
t=6orl18
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Solutions to Exercise 10G

1 f(x):(x—l)z(x—b),b>1 2 y:)c4—4x2
a f)=02-2x+1)(x—b) a zll_y:4x3_8x
P-4+ (1 +2b)x—b d;
F(x) =33 =22+ b)x+ 1 +2b ax
=(x-1)Bx-2b-1) 4x(x* =2) =0
b f/(x) =0, x=0,£V2
(x=1)GBx—(1+2b)) =0 x=0,y=0
r=lxe “3”’ (0,0)
f)=1-2-b+14+2b-b=0 x=+V2
142b\  (2b—2\(2b+1-3b y=4—4(2)
f( 3 )‘( 3 )( 3 ) _ 4
4 1-b -
=—(b-1)7°|——
=261y
dsm (10 & (LH20 —40-1) b ey = rrayth)
co-ords = (1,0) ( 3 0 27 ) (0,0) — (a,b)
c 2b+1 > 1 as b > 1 so the other stationary (£V2,-4) = (@ + V2,0~ 4)

point is a local minimum; hence the point

(1,0) is always a local maximum.

1+2b
d =4
3
1+2b=12
11
b=—
2

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

a
f(x) = ax® + bx* + cx

f(H=10=>a+b+c=10...(1)
f'(x) =3ax* + 2bx + ¢
ff(H=0=3a+2b+c=0...12)
Multiply (1) by 2 and subtract from (2)
a-c=-20=>a=c-20
Substitute for a in (1)
c—20+b+c=10
S b=30-2c
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f3)=0=27a+6b+c=0

-1
S 27(c=20)+6(30—-2¢)+c =0 :;
27¢-540+180—-12c+¢c =0 =X
y=—+c
16¢ — 360 = 0 1“
360 45 x=-y=0
C= — = —
16 2 -1
O:—2+C
a
4 f:[0,00] > R, f(x) = x* - ax® o L
a>0 a?
X 1
a f'(x)=2x-3ax’ y—7 a
= X(2 - 3ax) ¢c y=ax+c
(%) <0, 1
x(2—=3ax) <0 x:;,y:O
since x > 0,2 — 3ax < 0 O=1+c¢
2 c=-1
= x> —
3a 5 y=ax—1
f(x) is decreasing when x > —
3a 2
, 0 d max. at x = —
S =0, (2)_4 ax38 _1(4 8)
x(2 = 3ax) >0 N3a)= o2 72 “2\o " 2
since x > 0,2 —3ax >0 _ 4
> 27a?
=>x<% range:(—m,ﬁ]
0 =
<x<3a

5a i y=@x-3)7
f(x) is increasing when 0 < x < 34

a dy
— =2(x-3
T (x=3)
=2x—-6
X =a,
dy
— =2a-6
dx “
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b x=a
y=(a-3)
=a’—6a+9

= (a,a* — 6a +9)

c y=mx+c
=Qa-6)x+c
x:a,y:(a—3)2

(a-3)7?=2a(a-3)+c
c=(a-3)(a—-3-2a)

c=(@-3)(—a-3)
y=(@-3)2x—-a-3)
=2(a-3)x—a*+9

d y=0,
2x-a-3=0
2x=a+3
a+3

6 a fx) =x*
= f(x+h)=(x+h)*
f(l+h)=16
(1+h)*=16
1+h=4+2
h=-1%2
h=-31

b f)=x
= f(ax) = (ax)’

fla) =38

a =8

a=72

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

c
y =ax* — bx®
%:461)c3—319)c2
x =1,
d
ﬁ:o
4a=3b...(1)
x=1,y=16
16=a-b
a=16+b...(2)
subin (1) = 4(16+b) =3b
64 +4b =3b
b=-64
subin (2) = a=-48
a

[ =(x-a(x-1)
= -2ax+d*)(x—1)
=x° — Qa+ Dx* + (a® + 2a)x — d*
f'(x) = 3x% — (4a + 2)x + (a* + 2a)
() =0,
3x* — (4a+2)x + (a® +2a) = 0
L 4a+2% J4Qa+ 17 —4(3d’ +6a)

6
_2a+ 1+ Va2 + 4a + 1 -3a® - 6a
- 3
_2a+1+Va?2-2a+1
- 3
_Ra+Dx(@-1)
- 3
_a+?2
X =a, 3
fla) =0,
446
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(a+2)_(a+2 3a) (a+2_§) ii f,(a+1)
U3 33 2
2 - -1 1)?
:( . )(a ) :gﬁgl——gw+nm+1mwf+2m
4 3a®> + 6a + 3 — 84°
1 —a)? —(1 —a
9( ) —12a -4 +4d* + 8a
-4 —a)’ = 1
27 5 —a’ +2a-1
2 —4(1 - e E—
co-ords = (a,0), (a il , d-a ) 4
3 27 —(Cl— 1)2
(] — ) - 4
bSincea>l,¥>O, f(a+1):(a+1_a)2(a+1_1)
Hence (a, 0) is a local minimum and 2 2 2

(a+2 —-4(1 - a)®

1 1
)1salocal —(1 —a)zi(a— D)

3 ’ 27 4
maximum. 1
=gla-17
¢c i ff()=3-4a-2+d*+2a —(a—1)?
=—x+c
=a*-2a+1 Y 4
+1 1
=(a-1y x=y=ga- 1’
y=(a—-17>x+c
=0
0=(a-17+c
c=—(a- 1)2
y=(@-1*x-1)
ii f(a)=0
y=c
fla=0=c
y=0
447
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1 N eS|
s@-1'= 1)( )+c

2
1 a-1 a+1
e (5
c=gzla-D{—=+=
1
= g1y

_ L e
y—4(a D(—=x +a)

_ -1 2
—T(a—l) (x—a)

8 a fl(x)=(x— 1>zi<x— b)* + (x — b)ziu— 1)?
dx dx
=2x-D&x-b)(x—-1)+(x-Db))
=2x-Dx-b)2x-b-1)

b (%) =0,

b+1
=1,b,——
o 2

f(1) =0, 1) =0,
_ 2 _ 2
)= (%)

-5

b+1 (b-1)*
co-ords = (1,0) (b, 0) (—, ( ) )
2 2
b+1
=2
)
b=1=4
b=3
448
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961:L b:O,C:_l,d:1459 bf/(4):0
0 =4a(64) + 3b(16) + 2c(4) + d
0=256a+48b+8c+d

10 f(x) = ax* + bx> + cx* + dx

4d - 1 -3-2d
0:256(—)+48( )
a f'(x) =4ax® +3bx* + 2cx +d 4
f()=1 +8(11—4d)+d
4
l=a+b+c+d...(1)
) 0=256d—-64—-72—-48d +22—-8d +d
fa1=0
0=201d-114
0=4a+3b+2c+d...(2) d_114
f=1H=4 ~ 201
4=a-b+c—d...(3) g=8
(H)-(3)= -3=2b+2d 67
-3
b=—-d
2
2)-(1)-B)= -5=2a+3b+d
—5:2a—2—3d+d
2
——=2a-2d
1
a=d- -
4
subin (1) = 1 (d 1)+(_3 d) +d
ub 1 =\|d-- — —d]jc
4 2
7
1:—Z+C+d
11
=——d
‘T
449
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Solutions to Technology-free questions

1a y=x-8"+15x
d
Y 32 _lex+15
dx

=—1(atx=4)
For the tangent:
y+4=-1(x-4)

y=-x
b Tangent meets curve again when
¥ —8x* + 15x = —x
X —8x*+16x=0
x(x* = 8x+16) = 0

x(x—=4)? =0
Thus x=0andtheny =0 (x =4
corresponds to the given point).

The tangent meets the curve again at

the point (0, 0).

2 Atx:a,y=3a2

y = 3x°

dy

=~ _6

dx *
=6a (at x = a)

For the tangent:

y— 3d® = 6a(x — a)

y = 6ax — 3a*

x=0:y= —3a?, so the tangent meets

the y axis where y = —3a?.

3 y=xX-7x*+14x-8
dy

d—x:3x2—14x+14

=3(atx=1)
For the tangent, x = 1 gives y = 0, so:
y—0=3(x-1)

y=3x-3

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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A parallel tangent has gradient 3, so:
dy
dx
3x% — 14x+ 14 =3
3x* — 14x+11=0
Bx-11)(x-1)=0

11
x=1,—

The x coordinate of a second point with

11
the same gradient is x = 3

4 a Average rate is given by
AQB)-AQ2) 9m—4n

P I R
b A=nr?
dA
EzZﬂr
=6m(atr=23)

Instantaneous rate is 67

5 a f(x)=4x"-3x*
f/(x) = 12x% - 12x°
= 12x*(1 — x)
=0ifx=0,1

x=0,y=0x=1,y=1
The stationary points have coordi-
nates (0,0) and (1, 1).
x <0, (x)>0; f(0) =0;
O0<x<1,f(x)>0;s0(0,0)is a
stationary point of inflexion.
O<x<1,f(x)>0; f'(1) = 0;
x>1,f(x)<0;s0(1,1)is a
maximum.
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b g(x):x3—3x—2 6 y=)c3—6)62+9)c:)c()c—3)2
g(x)=3x"-3 dy

=3x* - 12x+9
dx
=3x+1D((x-1)
=3(x* —4x+3)
=0ifx=-1,1
x=-1,y=0x=1,y=-4 =3(x—-1)(x-3)
The stationary points have =0ifx=1,3

coordinates (—1,0) and (1, —4).
x<-1,f(x)>0; f'(-1)=0;
-l<x<1,f(x)<0;s0(-1,0)is a
maximum.

-l<x<1,f(x)y<0; f'(1)=0;
x>1,f(x)>0;s0(1,-4)is a
minimum.

x=1Ly=4,x=3,y=0
The stationary points have coordinates
(1,4) and (3,0) . Also it is evident
from the factorised form that (3,0) is a
stationary point of inflexion. Then (1, 4)
must be a maximum.
For the intercepts:
y=0,x=0,3

¢ hx)=x-9x+1 .
The graph is shown below.

g(x)=3x"-9 y
_ 3(x2 ~3) A
=30+ V3)(x - VB3) 1,9

=0ifx=-V3,V3
x:—\/g,y:6\/§+1

0 3
x=V3,y=-6V3+1
The stationary points have
coordinates (— V3,6V3 + 1) and
( \/57 _6 \/§ + 1)'
_ ’ Lo —0- d
(VBSOS 6SEV =0, 2= (- 12—
~V3<x< V3, f(x)<0; o
_ ) =0ifx=1,2
so there is a maximum at There are stationary points where x = 1
_ and x = 2.
(V2oN3 . T ) P
X s 1 S5 = X =13
—V3 < x< V3, f(x)<0; dx dx
dy
' =0: l<x<?2,—=<0;
F'(V3)=0; ¥ <2,
x> V3, f'(x) > 0; so there 1s a stationary point of inflexion at x = 1.
) .. d d
so there is a minimum at 1<x<2,d—y<0;d—y=0atx:2;
(V3,-6V3 + 1), p o o
x> 2, d—y > (; so there is a minimum at x = 2.
x
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8

10

11
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y=x>-3x2-9x+11
d
£:3x2—6x—9
=-9(atx=2)

Alsowhen x =2,y = —-11
For the tangent:
y+ 11 =-9(x -2)

y=-9%x+7

f(x) =3 +6x> —2x°
f(x) = 12x — 6x°
=6x(2—x)
=0ifx=0,2
The graph of the gradient function is an
inverted parabola with x intercepts O and
2. So the gradient function is positive if

0 < x < 2,1.e. the graph of y = f(x) has
a positive gradient in the interval (0, 2).

3 dy

=X = = =37
Y dx

dy

y=xX+xX+x-2= 3% +2x+1

X
So the graphs have the same gradient
when 3x% = 3x% + 2x + 1, i.e. when

1
2x+1=0, = ——.
X or x >

4
5

J=x-1

a The function is differenti?ble for

4 I
R\{1}. f(x) = g(x— s

4 4
b fO)=2. /@) =2
For the tangent at (2, 1):

ISBN 978-1-107-56747-4

4
g(x— 2)

4 3
y=cx-¢

For the tangent at (0, 1):

y—1=

y=1=-3x-0)

y:—§x+l
4 3
c gx—§:—§x+1
8 8
5573
x=1

1 1
Whenx =1,y = 5 SO (1, §) 1s the
point of intersection of the tangents.

12 For a sphere of radius r and volume V,

V= §7Tl"3.
av
a i 4rr?
=64rnifr=4

The rate of increase of volume with
respect to the change in radius is 64r
cm?/cm when the radius is 4 cm.

p AV _dv dr
dt dr dt
=4nr? x 1
= 47r?
=64rifr=4

The rate of increase of volume with
respect to time is 647 cm?®/s when the
radius is 4 cm.

(An alterative is to use the initial
conditions to express r in terms of
t,i.e. r = 1 +t, and then V in terms
of t; then differentiate to get the result
directly.)
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13 x=0.25¢ 17 y=é&+e7

d d
V= d—: =0.25¢' o | d—i = 33 — 373
Att=0,1,2,4, the velocity v in m/s is 0if
=01
respectively 0.25,0.25¢,0.25¢%,0.25¢*.
3¢3 = 373
6x _
14 6= L0 <=l
4 x=0
do When x =0,y = 2.
a — = 25¢10 °Cys Si h .
dt ince y — co when x — oo, itis
evident that y = 2 is a minimum.
b 99056 (at fo o )
_ = e [
dt 20
So the rate of increase is 25¢° °C/s. 18 a y = log, x
dy 1
15 y=eée" dx x
1
dy x =—(atx =e¢e)
— =¢ e
dx )
=e(atx=1)y—e =e(x-1) y—lzz(x—e)
e =ex— 1
y—e=ex—e yo1=1ty_q
e
=ex
Y 1
y=-x
e
16 D = 50" .
b y=2 sin(—)
dD
a — = 50ke" 2
d @ = cos(f)
= k x 50¢" = kD dx 2
dD 1
Thus — = ¢D, where ¢ = k. = — (at X = E)
dt V2 2
b d—D:kD:O.leOO:ZOCm/year y—‘ﬁ:L(x—]—r)
dt V2 2
1 b
y=—x———=+ V2
V2 22
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C y=cCosx d y= loge(xz)
dy . dy 2
dx S x dx x
3
:l(atx:—) =—— (atx = — e
> NG ( )
3n 2)
=) o= P
3
y=x- > y = _i x—1
N7
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Solutions to multiple-choice questions

1A y=x*-x-5

d
2 ox-1
dx ‘
Gradient of tangent equation=4
LAy _y
Cdx
SL4=2x-1
5
X==
2
5\2
=z —5-5
5 -3
5
y= 2
Sub x and y values intoy = 4x + ¢
—Z =10+c¢
45
c=—-——
4

2 E Tangentofy=x*atx=1
dy 3
= _y
dx -
dy
=y
dx
Equation of tangent:
y=4x+c

Atx=1,y=1
1=4+c¢
c=-3

Ly=4x-3

3 E Since the gradient changes from
negative to positive at point a, this is
a local minimum.
Since the gradient remains the same
at, before and after point b, this is a
stationary point of inflection.

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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4 E The graph of the second function

6

© Evans et al. 2016
Photocopying is restricted under law and this material must not be transferred to another party.

is obtained from the graph of the
first function by this sequence of
transformations:

(1) areflection in the x-axis

(2) a dilation of factor 2 from the
X-axis

(3) a dilation of factor 2 from y-axis
(4) a translation of k units vertically
up

The point (0, 0) transforms to (0, k)
and is now a maximum due to the
reflection (the dilation leave no
effect).

The maximum point a, f(a) of the
original graph transforms as follows:
(1) (a, —f(a); local minimum

(2) (a,-2f(a); local minimum

(3) (2a, -2 f(a); local minimum

(4) 2a,-2f(a) + k) local minimum

fy=x-x*-1
f(x)=3x* - 2x
Stationary points occur when
f'(x)=0
3¢ —=2x =0

xB3x-2)=0
Using the null factor theorem:

2
=0and x = =
X and x = 2

As it is a local minimum the gradient
of the tangent is 0. Therefore it is a
horizontal line which goes through
the point (2, 4)

y=mx+c
m=0
SLoy=4
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7

8

9
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V = —10x(2x% - 6)
V = =20x° + 60x

d
av _ —-60x% + 60
dx
0 = —60x> + 60
60x% = 60
x==1
When x = -1,V = -80
V # =80
.. Maximum volume occurs when
x=1
y=x
dy
=~ _9
dx o

At x = a, gradient of tangent = 2a
Normalatx =a : ——
{ 2a
Ly=-——x+
y arte

a
At)c:a,y:a2

1

azz—zla+c
c=a*+ =
Equation of normal:

1 +1+ )
=——x+=-+a
YT T2
fiR—> R, f(x)=e"—ex
fy=e—e
f'(x)=0
ef—e=0

et =e

x=1

Turning point occurs at x = 1
Sub into f(x) to find y coordinate:
y=e—e

y=0
- (1,0)

ISBN 978-1-107-56747-4

10 E y=¢*

11

12

1
Tangent at point (—, e)
a
&y
dy
1
Atx = —
a
dy a
— =qea
dx
dy
— =aqe
dx

Equation of tangent: y = aex + ¢
1

Sub in point (—, e)
a

e=ae—+c
a
e=e+c
c=0
.. equation of tangent:
y = aex
N = 4000¢%*

dN

—— = 800"

dr ¢
Whent =3

dN

— =800e"% ~ 1458

dt

y = x? cos(5x)
Tangent at x = 7
Using product rule to find derivative:
d
d—y = 2xcos(5x) — 5x? sin(5x)
X
Gradient of tangent:

d
& 27 cos(5m) — 5% sin(57)
dx

dy _

-2
dx d

13 B y=e"-1

© Evans et al. 2016

Point where equation crosses the
y-axis:
x =0,y = 0 coordinate: (0, 0)
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dy . 14 C

dx O
Gradient of tangent at x = O: J(x) =e e
dy a
! [0 = ae - 2
x e
Equation of tangent: )
y=—-x+c¢ =0if
Sub in point (0, 0): ae® = &
c=0 T
.. Equation of tangent: =~ = !
y=-x ¢
ax = -1
1
xX=—-=
a
1 4 -1 2
f(‘a)—, c e
The coordinates of the turning point
S5
are [——, — ).
a e
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Solutions to extended-response questions

|

y m?2 xm

|

l <——4m———>

< xm—>

a Shaded area = 4x — x2

ie.y=4x—x

b Asy>0,4x—x*>0

rex(d—-x)>0

- al__x
SLy>0forO<x<4
The possible values of x are 0 < x < 4.

dy

—4-2
C dx X
d
% _ 0 implies x = 2
dx

Note: y = 4x — x? is a quadratic with negative coefficient of x°.

Whenx=2,y=8-4=4.
The maximum value of y is 4 and this occurs when x = 2.

d y = 4x — x? is a quadratic with negative coefficient of x?

or gradient to the left of x = 2 is positive and to the right negative.

v

faNs

0’ 4 o

f From the graph the possible values for y are 0 <y < 4.
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a A=xy+3xy=4xy

b Perimeter = 48

o 48 = 6y +4x
48 —4x
YT 7%
2
=g-=
3x
¢ A=4xy
2
:4x(8—§x)
8x?
=32x - —
R
dA 16x
d —=32-—
dx 3
A

96
ol 0 implies x = T 6. Maximum as quadratic with negative coefficient of x?
x

2
WhenX:6,y:8—§X6:4

e Whenx=6
A:32><6—§><36

=96
The maximum area is 96 m?.

3 a Costis (12 + 0.008x) dollars per kilometre plus $14.40 per hour for the driver, where
x is the speed of the truck in km/h

i Cost per kilometre for tmck travelling at 40 km/h

1
= 12+ 0.008 x 40) + 14.40 x 5

=12.68
i.e. the cost per kilometre is $12.68.
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il Cost per kilometre for truck travelling at 64 km/h
1
= (12 +0.008 x 64) + o x 14.40

=12.737
i.e. the cost per kilometre is $12.74.

b Let C be the cost per kilometre.
14.40
C=(12+0.008x) +

14.40
X

=12 +0.008x +

¢ To sketch the graph we first differentiate to determine tuming points.

For C = 12 + 0.008x + 14.40

dc 14.40
— =0.008 —
dx x2

dC

and stationary points occur for i 0.
X

This implies
0.008x> = 14.40

x> = 1800
x =30

~ 42.426
A sign chart is used to determine the nature of the stationary point.

<30v2 | 30v2 | >30V2

sign f’(x) -ve 0 +ve
shape \ - /
. A minimum occurs where x = 30 V2.
When x = 30 V2
14.40
C =12 +0.008 x30V2 +
302
4
C 1240242 4 288
\2
=12+0.24 V2 +0.24V2
=12 +0.48V2
~ 12.679
. minimum at (30 V2, 12 + 0.48 V2)
When x = 120
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14.40
=12+0.008 x 120 + ——
C + X + 120

=12+0.96 +0.12

=13.08
It is also observed that as x — 0, C — oo and that as x large, the graph gets close to

that of ¢ = 12 + 0.08x.

G
3 (120, 13.08)

ey
-
-
-
-
-

_e”T= 12+ 0.008x

124~

4 a ¢—— l6cm ——
T I I

P P s AL R 7
| |
10cm : ]
| |

-I —————————— I—

l, } T xem
PR

Xxcm
.. length of box = (16 — 2x) cm
width of box = (10 — 2x) cm
height of box = xcm
Volume = length X width X height

= (16 —2x) (10 — 2x)x
=4@-x)(5—x)x
= 4(40 — 13x + x*)x
= 4(x* — 13x* + 40x) cm’
b All dimensions are positive.
10-2x>0and 16 =2x>0and x > 0

x<S5andx<8and x>0
0<x<5
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¢ Let V=40 - 13x% + 40x)

dv

— = 4(3x* - 26 + 40)

dx

dv

- = 0 implies 4(3x* - 26x +40) = 0
X

S 3x2—=26x+40=0
S (Bx=20)(x=2)=0

20
X = — =2
x=3 or x

butO0<x<5.. x=2
d A gradient chart reveals there is a maximum when x = 2:

<2 ]2 ]>2
signa +ve | 0 | —ve
shape ‘/ ‘—‘\
Whenx = 2,
16 —2x =12
10-2x=6

.. The dimensions of the box for maximum volume are:

2cm, 6¢cm, 12cm

e Maximum when x = 2
" Vinax =405 -2)(8-2)2

=4X3xX6x%X2

=144
The maximum volume is 144 cm?

Area of rectangle = length X width

Let A denote the area.
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Let x denote the width.

Let y denote the length.
A = xy
X
— (8- _)
x( 2
2
= 8x — %
Consider the derivative of A with respect to x.
dA
o8-
dx *
dA
i 0 implies x = 8
x
As A is a quadratic function with negative coefficient of x?, a maximum occurs where
x=238.

2
Whenx:8,A:8x8—%:32

.. Maximum area = 32 square units.

6 a T =k +2w?
Whenw =5,T =75
275 =k+50
ie. k=25

So: T =2w? +25

b TA
j=2w’-+2§

>
0 w
. T 25
¢ Average time in seconds per kg = — = — + 2w
w w
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d 1 Let A be the average time.

25
A=—+2w
w
A
Minimum occurs when d— =0.
dw
dA
— =-25w2+2=0
dw

2
which implies w? = =

i.e W_i__S\/E
.€. N >

A gradient chart confirms minimum:

- 5 5 S 5

W [EN— —_— —_—

V2 | V2 A2

. dA

sign of — | —ve 0 +ve
dw

shape / - \

S 5V2

S Tkg ~ 3.54 kg yields the minimum average machinery time.

2
ii Whenwz%
~ 2><5\/§+ 25
2 (5\/5)
2

=5V2+5V2
=10V2

. minimum average machine time is 10V2 =~ 14.14 seconds.

7 a Areaof bottom = x> + x> = 2x°

Area of top = x>
Area of sides = xh + xh + xh + xh = 4xh
. total area = 4xh + 3x°

ie. C =4xh+3x°

464

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press
Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



b  Volume V = x*h

For Volume = 12 m°>

12 = x*h
12
1e.h=;

12

and € = 4x(5 ) + 34

X

48
= — +3x?

X

¢ It is preferable to complete d
before sketching the graph.

dc 48
d —=-—+6
' dx 2
dcC 48
— =0 implies — = +6x=0
dx x2
C 48
which implies 6x = )
Sox=8andx=2
C A
y = 3x?
P (2, 36)
o
0 X
The gradient chart is as shown:
X <2 |2 |>2
. dC
sign— | —ve | O | +ve
dx
shape \ -/
.. aminimum when x = 2 When x = 2, the dimensions are
12
2m, 2m, 3m(h = —)
22
ii When x =2

C:12+§:12+24:36

. The minimum area is 36 m>
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8 Let the base have dimension x m by x m and /4 m be the height of the tank.

9

The volume of a cuboid = length X width X height

=xXxXh
= x’h
For this tank volume = 500 m>
o x*h =500 1

Let A m? be the area of sheet metal required.
A = x> +4xh
(Note: The tank is open.)

From equation (1)

500
h:?
'.A:x2+4%g?)
X
, 2000
=X+ —

Differentiating )tco find a minimum:
dA 2000

ax T e

dA

dx

x=10

= 0 implies x* = 1000

The gradient chart shows a minimum occurs when x = 10.

X < 10 | >

dA
signof — | —ve | 0 | +ve
dx

shape \ - |/
When x =10,h =5

Therefore the dimensions necessary for a minimum surface area are I0m X 10m X 5m

1
a The area of a sector A = Erz ]
In thiscase r = a

1
S A=2d%
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Y

b The length of the wire =a+a+ ¢

=2a+"¢
where { =ab
Therefore as the wire is 1 m = 100 cm in length
100 = 2a + af
. 100 = a(@ + 2)
e 100
e.a=——
0+2
2
A= l(ﬂ) 0
2\0+2

¢ Differentiating to find maximum
10% 1 2
A= —( ) 0

2 \6+2
Using the product rule

dA 1 20
@ 5000[ - ]
do @+2)7? B+2)3

0 imoli 1 20
— = 1mmpiies =
0 PISS 022 ~ 0+ 2y

L(0+2)°=200+2)?%=0
L(O+2)%0+2-201=0
SLO0=2o0r0=-2

butd>0.. =2
The gradient chart will show a maximum i.e. A is maximum when 6 = 2

2
d Whenezz,Azl( 100) )

2\2+2
1
= - x25*%x2
2
= 625

The maximum area is 625 cm?
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10 a L=2r+1r0

1
LO=—-L-2r1
r
Area of sector = —r%0
1 1
= 57 (0 -2)
L -2n)
= —r(L-2r
2
1
= —rL—r?
2
M;_,_L\“\\D
P Q
r r
[}
0

1
b i The area of the sector A = ErL -7
dA 1
.~ — ==L-2r
dr 2

dA 1 L
and i 0 implies EL —2r=0,s0r = T

L
ii Substituting r = 7 in 1 gives

Qzl(L—Zxé)

L 4
4
—4(L L)
L 2
4 L
:—X—:2
L 2

. . L
iii A stationary point occurs when r = Z

L dA
Ifr<— —>0
"1 ar
r < —, — < 0 (gradients considered locally)

4" dr
So the stationary point is a maximum.
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11

1
¢ Area of sector = —r26

L
When9:2,r:Z
LZ
SA fsector= - X — X2
rea of sector > 16
L2
~ 16

Area of triangle = = sin 2

32
Area of triangle L*sin2 L2
Area of sector 32 16
[*sin2 16
x -
32 12
sin 2

=2 = =04546--
2

.. Area of triangle ~ 45.5% area of sector

a Let T be the total time in seconds and DP = x (m) (Note: the position of P varies)

T = time to swim to AP + time to run PC + time to get out

AP V900 + x?
time to swim AP = — = a (Pythagoras’ Theorem)
speed of swimming 1
75 - 3
time to run PC = =—= = (75 - x)
15 5

time to get out = 2

3
T = 900+x2+§(75—x)+2
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1 1
b di ( V900 + x2) = 2xx (900 + %2)”2 (Chain rule)
X

T 1
B (cll_x = x(x* +900)"2 — %

.. dT
¢ 1 Minimum occurs when I =0
X

=

dT
— = 0 implies x(x* + 900)~
dx

X

_ 3
.. —l 5
x(x2 +900)2
1
and 5x = 9(x* + 900)2
Squaring both sides yields
25x* = 9x* + 8100

- 6x* = 8100
8100
Co2
e e
and x = — (Note: x > 0 and so positive root is chosen)
1
=22—
2

1
A gradient chart reveals a local minimum when x = 225

ii The minimum time occurs when x = T

2
Whenx:%,T: 900 + (%) +§(75—%)+2

4 5 4
22500 18
= =2 43 (15— —) +2
16 +3(5 4)+
150
:—+3><£+2
4 4
=71

The minimum time is 71 seconds.

d If the boy runs from A to D and then from D to C

.30 75
time = 2 + 1—2
3 3
30 75
s s
3 3
3 105
=—-X—=63
5 1
It takes 63 seconds to run from A to D and then from D to C.
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d
12 a Fory:ex,—y =e"
dx

d
Whenx =1,y = eandd—y =—e
X
Therefore the equation of the tangent is given by
y—e=e(x—1)
1.e. y—e=ex—e
..y = ex is the equation of the tangent.

d
b Fory= e, & = 2¢2
g
y
h =—,y=e+—=2
whenx=—.y=e+ - =2e 1

The equation of the tangent at (5, e) is given by

1
eerfe-)

y-e=2elx-3

ie. y—e=2ex—e

1
y = 2ex is the equation of the tangent at (5, e)

d
¢ Fory =€, & kel
dx
when x = —,y:eandd—y = ke
x
The equation of the tangent is
1
ke
y—e=kelx-+

ie. y = kex

d Consider the equation of the tangent at the point (a, e%)

which passes through the origin for the curve with equation y = e*

d d

Y kek* and at (a, k%) , Y kek@
dx . X

.. The equation of the tangent is

y =0 = ke*(x — 0)
ie. y=ketx
Also the gradient of the tangent can be determined as the gradient of a straight line
joining the point (a, €) and (0,0)
eka -0 eka

Gradient = = —
a—0 a
ka
keka = £
a
1
a= -
k
and r=e
.. Equation of tangent is y = kex
471
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press

Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



e Solving ¥ = x is equivalent to solving the pair of

equations

y = ekx

y=x
simultaneously.

i There is a single solution to the equation e** = x if y = x is a tangent to the curve
y = ek,
. . . 1
From (d) this occurs only if ke = 1 i.e. if k = — for k > 0.

e
There is always a unique real root for k < 0 (check the graph of y = €* for k < 0)

ii For no real roots, there are no solutions to the pair of equations
kx

y=e
andy = x
1 .
For k = —,y = x is a tangent.
e

| .
For k > —, the curve y = ¢/ does not meet the liney = x.
e

13 a Distance SL = V64 + x* (Pythagoras’ Theorem)
Time taken = time taken for S L+ time taken for LF
SL LF

+
rowing speed  running speed

V64+x2+20—x

5 15
V64 +x2 20-—x
S T(x) = +
5 15
s
[
slstmlI
b - :
0 L F
— xkm —
¢———— 20km >

b Differentiating to find minimum
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1o
T'(x) = §(64 + 22 - —

15
T'(x) =0
o X 1
implies —— = T
5(64 + x?)2

1
. 15x = 5(64 + x%)2
Squaring both sides yields
225x% = 25(64 + x%)

i.e. 200x* = 25 x 64
5%x8 .. .
and x = —— (Note: positive root is chosen as x > 0)
10V2

A gradient chart reveals a minimum.
When x = 2V2

_Ved+8 20-2V2
-5 15
_6V2 4 2V2

T

5 3 15
18V2-2+2+20
15

16 V2 + 20
15

~ 2.84
16 V2 +20

The minimum time is — 1 hours =~ 2.84 hours ~ 2 hours 50 minutes

31 seconds
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Graphic calculator techniques for question 13

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

In a Calculator page, define the function.
To find the x-value where the minimum
occurs, solve the derivative equalling zero.
16 V2 A

Hence minimum occurs at (2 \/i, 5 '3

In a Graphs page enter the function t(x).
Find the minimum
using b>Analyze Graph>Minimum.

A further investigation can be made by
considering

V64 + x2 20— x
T(x) = +

where A is the rowing speed and B is the

running speed.

In the problem, store A=20and B=5ina
Calculator page

Enter the formula in the Function Entry
Line as shown by the graph label.

The result is as expected. It is best to row
straight to F.

ISBN 978-1-107-56747-4

)

;o m 20-x Done
Define flx/= -
15
I'. - '| —
solve‘ i‘-.ﬂ-..\’_},i=0,x| ) J?
Ldx )
42 J2] ol 2
15 ! 3
[Iﬁ:} E\f‘i’Decimal 284183 o

1282843, 2 84183 )

£1(x)=t(x)

=3

—
bJ

© Evans et al. 2016
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Investigate the minimum value, holding
A =5 and varying B. The use of fMin(,
b>Calculus>Function Minimum, is a

appmxtﬁf Min*iﬂ {x)x.0, 20:*} x=2.82843

good way of doing this. The screen shows 5—a 5

a possible investigation. The first value of 20-b 20
fMin( was obtained with A =5, B = 15. i.e.
f1(x). The following values are obtained

appnox{:f Mint'fl’l‘:x_‘.*,x, 0,20) } x=2.06559

by altering the B value (A is constant) in 105 10

function £2(x). approx|fMin{72(x)x,0,20}) x=4.6188

Note: approx( is used to give decimal an- [
£/99

swers for easier comparison. Other options

to give decimal answers can also be used.

14

Position of fishing boat 1 after  hours = (6 — 6¢) km North
Position of fishing boat 2 after ¢ hours (10 — 8¢7) km East
Distance apart after  hours
= \/(6 — 6t)? + (10 — 8r)? (Pythagoras’ Theorem)
Let D km be the distance apart after ¢ hours
D = V(6 —601)2 + (10 — 81)?

and D? = (6 — 61)> + (10 — 8¢)*

The rzninimum value of D will occur for the same value of 7 as the minimum of D?.
d(D
% = —12(6 — 61) — 16(10 — 8¢)

= =72+ 72t - 160 + 128¢
= 2007 — 232

d(D?)
dt

= 0 implies

232

= 2—00 = 116
This is a local minimum as D? vs 7 is a parabola with positive coefficient of #2.

t

The boats are closest 1.16 hours after noon, i.e. after 1 hour 9 minutes and 36 seconds.
Whent=1.16
D= \/(6 -6x1.16)2 + (10 — 8 x 116)?

=12
The least distance between the two fishing boats is 1.2 km.
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15 a

Area of rectangle, A = 2x X 2y

=4x V2 —2x2
a1
=4x(2 — 2x°)2

b 2 —2x? > 0 for the relation to be defined
1> X
and -1 <x<1
But 0 < x < 1 (as x is the half-width of the beam)
.. allowable values are x € (0, 1)

¢ Using the product rule and chain rule
1
A =4x(2 - 2x%)2

dA 1 1
— =42 -2xH)2 - 2x(2 - 2x%)2 x 4x
dx
1 2
—42-Pr -
(2-2x%)2
42 - x%) — 8x?
- 1
(2 -2x2)2

_ 8-8x*—8x*  8-—16x7

1 1
(2-2x%)2 (2-2x2)2
dA

Maximum will occur when P =0

X

dA

When — =0
endx

8 = 16x>

1

2—_

)

=
I
H+

&l-

1
butxe (0,1)... x=—

V2

A gradient chart shows local maximum when x = ==+1

. When x =

1
_’y
V2

&l-
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d Whenx:—2
1
,4::5x(2—2x(£6fy
:i%x@—lﬁ

=2V2

. The maximum cross-sectional area of the beam is 2 V2 square units.

16 A
y

(x, )

TR
(=2.0) (2,0)

h
a Area of a trapezoid = E(a + b)

where £ is the height of the trapezoid and a and b are the lengths of the opposite
parallel sides.
.. Area of the trapezoid = %(4 + 2x)

Buty =4 - x?
4 — 2
c.Area, A = “4-x)

(4 + 2x)
:%@—ﬁﬂh+@

b Using the product rule

dA_l_ o
i 2[ 2x2x +4) 4+ 2(4 — x9)]

1
= —[-4x* — 8x + 8 — 2x7]

2
1 2 2
= —[-6x"—8x+8]=-3x"—-4x+4
2
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dA
— =0 implies 3x* +4x -4 =0

dx
SLBx=-2)(x+2)=0
2
X = gorx:—2
dA
— ==-CBx-2)(x+2)
dx

2 dA
When x > -, — < 0 (locally)
3 dx

2 .d
Wh <=,— >0
en x 3 Tx

2
.. local maximum when x = 3

.. The trapezoid has its greatest area when x = 3

1
c i A:EXy(2a+2x)

= y(a+x)

:(az—xz)(a+x)
yA

(x,y)
/\ 0 /F\ X
- a

ii Using the product rule

dA
— =d’ - X+ (-2x)(a+x)

dx
=a®— x> = 2xa - 2x°
=a® = 2xa - 3x?
=(a+x)(a—-3x)
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. . a
il — =0impliesx=-orx=-a

dx

dA
when x > L—l, — < 0 (locally)
3 dx

a dA
Wh <=, — >0
en x 3 In

. a
. maximum when x = 3

17 N(t) = 241e7%%

-1

=t 24 =zt
N'(t) = 24e5 — ?te 5

5
N'(1) =0,
24¢
24-""=90
5
t
—_ =1
5
t=5
N(5) = 120e7!
120

= —— = 44 bacteria

e
(round because it is a discrete quantity not a continuous one)

18 a y=—r+b* +ct
Whent =1,y =10
Whent=2,y=24

L 10==1+b+c
and 24 = -8 +4b + 2¢
1l=b+c¢ 1

and32=4b+2c 2
Subtract 2 X 1 from 2

10 =2b

. b=5andfrom1l,c=6

Ly=—L 452 +61

b y=-1+5t+6t
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i yis the rate of increase.
.". to determine when area covered by the plant is a maximum consider y = 0
ie. £ +57+6t=0
—t(* -5t—6)=0
t=00r(t-6)(r+1)=0
~t=6ort=—-1ort(Note:t>0and whent =0,y =0)
y=-tt-6)(t+1)
When ¢ > 6,y < 0 (locally)
Whent <6,y >0
.. local maximum thenz = 6
The area is a maximum 6 weeks after planting.

ii The rate of increase y = —£> + 51> + 6¢
To determine maximum rate consider

d
Y 32 410+6
dt

d
—f = 0 implies — 37 + 10 + 6 = 0

d
The quadratic formula gives

~10 + V100 + 72
6
~10 = V172
6
~10+243
6
10F2V43 _ 5% V3 5 o0 or — 0,519

6
t > 01in this example and a gradient chart reveals that a maximum rate of
increase occurs when ¢ = 3.852.

=

i.e. The rate of increase is a maximum after 3.852 weeks.

¢ This question requires antidifferentiation at year 11 MM 1 & 2 standard.
y=—1 +5t> + 6t

5 6
S Area = —— 4+ —+ —+c¢
4 3 2
When ¢t = 0, area = 100cm? .. ¢ = 100
-+ 57,
. Area = — + — + 31+ 100
4 3
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When ¢t =4

—4* 5x43
Area = — +

3x 16+ 100
2 + +

:—43+§><43+3><16+100

3
:2i43x16+ﬂm

_ 2x64

+48 + 100

:42§+48+um

2
=190~
3

2
The plant will cover 190§ cm? after 4 weeks

d After 6 weeks the rate becomes negative which implies the plant begins to recede.
Area = 244 cm? after 6 weeks

7 = 218 cm? after 7 weeks

= 121 cm? after 8 weeks
The area becomes “negative” between 8 and 9 weeks. The model is not valid after
this. Once the area begins to decrease the model is questionable.

19 f(x)=x —3x*+6x—10
a f'(x)=3x>-6x+6
f/(x) = 3 implies 3x* —6x+6 =3
Lt -2x+2=1
L =2x+1=0
L(x=17=0
x=1
and f(1)=1-3+6-10=-6
The coordinates of the point where f"(x) = 3 are (1, —6)
b f(x)=3x>-6x+6
= 3[x* = 2x + 2]
=3[x>=2x+1+1]
= 3[(x = 1> + 1]

=3(x—1)*+3
¢ (x—1)>>0forall x € R\{1}
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~ f(x) > 3 forall x € R\{1}

20 a y=ax® +bx* + cx + d passes through the x-axis at (1,0)

“0=a+b+c+d...... (D

1
Gradient =0Owhenx=1and x = =

d
gradient function, d—y = 3ax’ + 2abx + ¢
X

L 0=3a+2b+c...... (2)
2
andO:—+§b+c ...... 3)
. ) ) 1 4
Finally it passes through the point (5’ ﬁ)
4 a b c
L= =—+=—+=-+d...... 4
27727 973" @
Subtract 3 and 2
8a 4b
0= —+ —
3 3
. 0=2a+b
ire.b=-2a...(5)
Substitute in (1) for b Substitute in (4) for b
4 a 2a c
= — 2 - = - — d
O=a—-2a+c+d 247 275 9+3+
) a c
1.e.0=—-a+c+d...(6) f__ﬁ+§+d"'(7)
Subtract (7) from (6)
4  22a N 2¢
27 27 3

i.e =4 =-22a+ 18¢
and -2 =-11a+9c¢

-2+ 1la
T = ——

Substitute in (2) for b and ¢
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2+ 1la

0=3a-4a+2 - 9
O:9a+—2+11a
9
a=1
and b = —2a=-2
2+11
andc=—-— =1
From (1)

O=a+b+c+d

0=1-2+1+d

d=0
ieea=1,b=-2,¢c=1,d=0
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b @:3ax2+2bx+c
dx

=32 —4x+1
=GBx-1)(x-1)
dy

1
a<0f0r§<x<1

C yl\

/0 (1,0) x

y=x-2x>+x

=)c(x—1)2
% :Owhenx:§
and x = 1
Whenng,y:%
and%<0forxe (%1)

21 V= %T((y + 630)° — 630%)

a When y =40
V= g((40 +630)° — 630%)

- 2(6703 — 630°)

- §(50716000)

~ 53109 671.0
Volume of water in reservoir = 53 109 671.0 m?

dav =« )
b D 3(3(y+630))

= n1(y + 630)°
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dv . S . L
c o > 0 for all v € R, gives that the function is increasing and the gradient increases

Y
as y increases.

d V= g((y + 630)° — 630%)

- g((690)3 +(630)%) when y = 60

- §(78 462 000)

=82165214m’

dv
e i 20 000 — 0.0057(y + 630)>

ﬂA
dr N0, 13 765.51)

(60, 12 521.44)

>
0 ¥

The graph of Cf{—‘; against y is a parabola.

It is the graph of z = —x? transformed by a dilation of 0.0057 from the x-axis
followed by a translation of 630 units “to the left” and 20 000 units “up”.
The domain is 0 <y < 60.

When y = 60, 62—‘; =12521.44

d
Wheny =0, d_‘t/ = 13765.51

22 a i The circumference of the base of the cone is equal to the length of the sector
formed. Hence 27r = (2 — 0) (radius of circle is one)

S 2nr=2n—-06
2n—6
ry =
2
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il

+rr=1

=11
2t —
From (i), r = -0
2
21 — 6)\?
oo (5
2
21 — 6\?
and h = 1—(7T )
2
o 1 2
iii = —7r
3
1 (27r—9)2 (27r—9)2
= -7 1-
3 2 2
b When@zg
) T
V_n(”‘z)z 4r® — (4n® — 470 + 67)
3\ 2x 472

s

472

486

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press
Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



27— 6\ [4n6 — 6
¢ 03= d ( dl ) " Solving using a CAS calculator 6 = 0.3281
3\ 2n 472

21 — 0)?
T e

2472
d (Note: 0 <6 <)

i maximum occurs at § ~ 1.153

ii maximum volume is V ~ 0.403 cm?

(21 — 6)? 51
- _— 4 — 2
e V Y (40 — 6%)
=5 = 74 [—2(271 —0) (416 — 6*)2 + E(27r - 0)*(4n — 20) (4n6 — )2
_ Qn- 9)[—2(47r9 - 6% + (21 - 6)?
- 2 1
247 (470 — 62)2

dv
0" 0 implies 6 = 2
or =870 + 26> + 4n* — 410+ 6> = 0

ie30> - 1210 +4n2 =0

o - 127 + V144n? — 48x2

6
0 - 1271 + 4 V612
B 6
9= @T}ﬂ ~1.153

Maximum volume is 0.403 cm?

23 a i y
Ay=x3+x2+x

Y

(0,0)

No stationary points
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il y
A

—1.618/ O 0618
(15_1)
iii y
A
(_la 1)
0.618
-1.618 0
(l _3
3727
iV y
A
>»> X
(0, 0)

No stationary point
b i f(x)=3x>+2ax+b

ii f(x) =0implies 3x* + 2ax+b =0

—2a+ Vd4a? —4x3xb

X =
6
—2a + V4a? - 12b
6
—a+ Va?-3b
3
¢ i Ifa?> —3b =0, the cubic has one stationary point given by x = — = -3,
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ii Ifr=3,ad*>=9anda=+3 Ifb=3,a=-3andx=1

Lx=-lorx=1 y = (1) =3(1)% + 3(1)
Ifb=3,a=3and x = -1 =1-3+3
y=1)?+3(-1)*+3(-1) =1
=-1+3-3 Coordinates (1, 1)
=-1

Coordinates (—1,—1)
Each is a stationary point of inflexion

i y

y=x3+3x2+3x

iv y

y=1"x) y =f(x)
(1, 1)

- > X

1
a=-3,b=3
y=x3—3x2+3x

0

d No stationary points exist if a*> < 3b
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_log, x

24 Let y=
X
dy xx1i-log,x
dx x2
1 —log, x
2
dy 0 imoli 1 —log, x
— = 0 implies ——— =
dx P x?
Lx=e
dy
d—<0f0r1—logex<0<:>logex>1<:>x>e
X
dy
d—<0f0r1—10g€x>0<:)10gex<1@x<e
X
.. amaximum for x = e
log, 1
When x = e,y = = -
e e

i.e. The ratio of the logarithm of a number to the number is a maximum when x = e.

25 a i fx)=6x* — x> +ax> —6x+8
If x + 1 is afactor f(—-1) =0
ie. f(-1)=6+1+a+6+8=0

L a+21=0
a=-21
ii y
A
(-0.15,8.4) | g
_4 |
3
X
oL 1 2
/ ’
(—1.18,-0.88)| (1.45, -21.4)
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(0, 8)
(0.143, 7.57)

>» X

0

ii minimum = 7.57 when x = 0.143

iii g/(x) =24x° - 3x* +42x -6

iv gx)=0
2453 32 +42x—-6=0
x=0.1427

v g'(0)=-6;g'(10) =24 114

vi d—(g(x)) can be written as g”’(x), meaning the derivative of derivative.
X

g’ (x) =72x* —6x+ 42

vii g”(x) = 0 implies
12x* —x+7=0
ButA=1-4x12x7<0
". no stationary points
Hence the graph of

y = £’(x) has positive gradient for all x. There is only one solution of g’(x) = 0.

262 f(x)=(x—-a)’(x-b%a>0b>0
F'(x) =2(x—a) (x = b)* + 2(x — b) (x — a)*
=2x—a)(x-b)(x—b+x—a)
=2(x—a)(x—-b)2x— (b + a))

. . b+a
b i f/(x)=0impliesx =aorx=>borx = 5
ii x=aorx=>»
¢ Stationary points
(a,0) (b,0)
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f(a+b):

a+b )2(a+b_b)2
2 AN
+

b—2a)2(a+b—2b)2

2 2
_(b—a\?(a—-D)
\ 4 )( 4 )
_(a-b)*
16
.. coordinates ((a +h) (@- b)4)
2 7 16
d i y
A

\ y=(x a
\ > X

0 a

ii If a = —b coordinates are (a, 0) (—a, 0) (0, a*)

iii y

(0, a*)

27 a  f(x)=(x—a)’(x—Db)
f/(x0) =3 -a)(x=b) + (x - a)’
= (x—a)’[3(x—b) + (x — a)]
= (x — a)’[4x — 3b + a)]
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3b+a

b i f/(x)=0implies x =aor x = 1

il f(x)=0impliesx=aorx=>»

¢ (a,0) is a stationary point of inflection as f’(a + h) and f’(a — h) have the same sign
where £ is a small number.

b+a
If x =
YTy
3b+a 33b+a
fo0 = (Z57=a) (F5-2)
_(3b+a—4a)3(3b+a—4b)
B 4 4
B (3b—3a)3(a—b)
B 4 4
—ﬁ(b—a)
It x> 2% then f/(x) > 0
b
If x < 229 then £/(x) < 0

) . 3b+a 27 4
.. local minimum at ( 1 256(b a) )
d Calculator
e Ifa=-b A
27
stationary points are (a, 0) and —C—l, 24
216
3b
f i Ifalocal minimum at x = 0, :a =0,1.e.a=-3borb = —g.
+b
g If there is a turning point for x = aT
then a+b 3b+a
2 4
S 2a+2b=3b+a
L 0=b-a
“b=a

Ifb=a f(x)=(x-a?

28 f:(0,6] = R, f(x) = xlog, x+ 1
1
a f'(x) =log, x+xx — =log, x + 1 (product rule)
X
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b f’(x) = 0 implies log, x = -1
Lx=el
When x > 7!, log,x+1>0

When x < e”!, log,x+1<0
. a minimum when x = ¢~! ~ 0.37,

i.e. during the fourth month of its life.
1

When x = ¢!, f(x) = —log,e”' + 1
e

=—+41
e
~ (0.632
¢y
A
1 ¢
— (1,063
—>» X
0 6

d The mouse’s ability to memorise is a maximum after 6 years.

29 a iy +r7=100
. y= VIO~
~. height = 2y = 2 V100 — /2
ii V=nrh
S (2 m)
— 272 V100 — 12
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>
0 107 (cm)

ii Maximum volume is 2418.4 cm?
This occurs when r = 8.165 and A = 11.55

iii Use the ‘solve’ command of a CAS calculator.
r=6.456orr =9.297

1
c i V=2172100-r)2

1 2 1
= axr(100— )7 = 2100 22 x 210
.

1 r?
= 27r|2(100 = )2 = ——
(100 — r2)2
. 2(100—r2)—r]
(100 — r2)z
[200 — 372]
= 27‘(7’—1
(100 — r2)2
ii Ifd—v_0200 3P =0
dr
. 3r2 =200
e 200

10\/_

3
.. maximum volume is given by
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200 ( 200)%

Vmax = 27 x = (100 - =
max T 3 3
_400n(100)%_4000n V3
-3 \3/) 3 3
_ 4000 V37
- 0V

d i Calculator

0255

dv
ii d—>0f0rr€ 3

r

iii o is increasing for r € (0,5.21)
r
30 a Surface area = 772 + 2xrh + 271>

= 3% + 2nrh = 1007

=372+ 2rh = 100
Che 100 — 372

2r
2
b V=nrh+ gmf3

B 2(100—3r2)+ 2
= 7tr 2 371'7‘

B (100—3r2)+ 2
=tr 3 37'(}”

= T(300 - 97 +4r)
= Z(300-5)

¢ defined for » > 0 and 300 — 572 > 0
ie. rr <60

r<2\/ﬁ

d V= 2(3001» — 51

dv n
— = —(300 - 157?)
dr 6
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—
(em?) (4.47, 468.32)

0 215 r(cm)

31 a i 30x%y =3000
100
YT

ii S =12xy+5xy+ 13xy + 60x°

= 30xy + 60x>

1
= 30x$ + 60x°
X

~ 3000
- X

+ 60x°

. dS 3000

=+ 120
X X

das
ii — = 0implies 3000 = 120x°
X
Therefore x> = 2250

and hence X = 53
When x = 53, S ~ 1539 cm?

dS dS dx 3000
= -2 (— — + 120x)><0.5
When x = 10, & = (— 000 1200) % 0.5
dt 102
= 585cm?/s
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100 000

32 2 09 = T g0e
Using the Chain rule
100 000
f(x)=- X =30e0

(1 + 100¢-03x)2

_ 3000 00003
(1 + 100e0-3x)2

3000 000
b i Whenx=0,f(0)= 2" _ 204,08
I When x =0, 70) = 5770072

The rate of growth is 294 kangaroos per year when x = 0

.. , 3000 000e~!
ii When x = 4,f (4) = m = 933.0498

The rate of growth is 933 kangaroos per year when x = 4

33 a fisdefined for
6-02x>0

S 6> 02x

(:)6>
— > X
0.2

< 30> x

Soa=30

b f(0) =8log, 6
When f(x) =0
8log,(6-0.2x) =0
which implies

6—01.2x:1
5:§x
25 =x

. (25,0) and (0, 8log, 6) are the coordinates of the axes intercepts

C f(x) =8log,(6 —0.2x)

, -8
F ™= 562020
when x = 20
'(20) = —
A 56-4)
—4
=—=-038
5
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d Consider x = 8log,(6 —0.2y)

(¢

f

34 a

35 a

i‘ Yy
B=6—2

¢ 5

" y=5(6—e§)

o = 5(6 p

ool=
~—

The domain of f~!is R

v

A

(0, 8 log, 6)

(25, 0)

x=30

Y

Calculator

gx) = cos(x)esmx

g’ (x) = 0 implies cos x = 0 ase" ™™ £ 0

. . Ve 3n
.". the stationary points occur at x = 3 and x = >

The coordinates of the stationary points are
(5re)ma (52)

_’ e _’ —

2 2 e

=
range = |—, e
e

period = 2 as g(x + 2m) = g(x)

y=¢

dy .
— =
dx

Whensz,Z—y:I

X
Therefore equation of tangentisy = x + 1

Identical transformations applied to the curve and the tangent retain the relationship,
i.e. the image of the tangent is tangent to the image of the curve.

Consider the curve with equation y = a f(bx)

d
Then the gradient at (%) is given by d—y =ab f'(bx) = ab f'(x1)
X
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But the gradient of y = f(x) at x; is f'(x;) = m
.. gradient of y = a f(bx) is abm
.. equation of the tangent at (%, yla)
iIsy—ya= abm(x - %)
Ly = bam(x — %) + yia
= bamx — amx| + ya
But y; = mx; + c and
Sy =a(bmx — mx; + yp)
y = a(bmx — mx| + mx; + ¢)

Sy =albmx + c)

60 60
36 i Whent=0,x= ——=— =30
a i en =35

When ¢ = 0, there are 30 g not dissolved.

. 60 1 6
ii Whent= 5, X = mwhereﬂ: ElOgeg
_ 60
fuo()
Se -3
_ 60
- 5
6 2
sx(§) -3
~ 12.2769
When ¢ = 5 there are 12.28 g not dissolved.
dx 2 60 .
b E =51e" x —m (Chain rule)
_ 3002e
~ (Setr -3y
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60

¢ i =53
5xe™ — 3x = 60
R 3x + 60
Sx
dx 300"
7 E—
(Se/”—?))
3x+ 60y (SGx+60) \2
:—3004( s )—( (3x+ )—3)
S5x S5x
_ 2
_ —60/1(3x+ 60) . (3x+ 60 3x)
X X
3x+ 60 x?
- —60/1( )
x )7 3600
= _A(x +20) X 2—’;
Ax?
-2
0
ve dx x2
11 - = = -
a1 ﬂ(zo * x)
- —Ax(% + 1)

x-axis intercepts x = 0 and x = —20 domain = [0, co0)

iii Rate of dissolving increases where x is the amount of material not dissolved.

37
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1 dy dy du
Th =—and —=-—X—
Y=L 20T " e

1 2
Z—EXSCCQ

1 2
= — X sec” 0
tanZ 6

cos? 6 )
=——— Xsec" 0
sin” 6
1

sin® @

= —cosec’d

2
b —— =tand
MP

2
“MP = ——
tand
N
c —Q =tand
8
.. NQ = 8tanf

=7

OP+0Q =0OM+ MP+ON +NQ

2
=8+ —+2+8tand
tan @

2
=10+ 8tang + —

tan 6
e Letx=0P+0Q
) 2
i.e. x=10+8tanf + ——
tan 8
dx
—— = -2 cosec’d + 8sec’ @
do
.. dx
f minimum occurs when — =0
do
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—2[cosec]?8 + 8sec’ 0 = 0

2 8
TSinZ0 | cos26
28
" sin?9  cos?d
sin6 2 1
cos26 8 4
) 1
.. tan 6:4_1
andtan@zil
2
Weknow0<9<g
.‘.tanO:l
2
50> 26.6°

d
I 60 > 26.6°, d—z <0 (locally)

If6 < 26.6°, dx >0
do

.. minimum when 6 = 26.6°

1
If tan@ = —
an >
2
x=——+8tanf + 10
tan @
2 1
_T+8X§+10
2
=4+4+10=18

The minimum value of x is 18 units.
38 letf:R—>R,f(x)=e"—e*
a fl(x)=e"+e "

b f(x) =0impliese* —e™ =0
1

ie. ee——=0
eX

e —-1=0

2x=0

which implies x =0

¢ f'(x) = e* + e and both e¢* and ™ are positive, so f(x) > O for all x.
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d ¥ The result that f’(x) > 0 for all x is used

39 a (log, x)* = 2log, x
is equivalent to (log, x)> — 2log, x = 0
i.e. log, x[log, x = 2] =0
which implies  log, x = 0 or log, x = 2

x=1lorx=e¢
Fory =2log, x | For y = (log, x)*
dy _ 2 Let u =log, x
dx Then y=u’
dy dy du
b d =Z=Z=2=
N dx T dudx
1
=2u.—
X
_ 2log, x
x

The gradientof y = 2log, xat x = 115 2
The gradient of y = (log, x)* at x = 1 is 0
This information is now used to sketch the graphs.

¢ Note: y = (log, x)? > 0 for all x and
(log, x)> > c0asx — 0

d .. {x: 2log, x > (log, x)z} = {x: l<x<

y
— 2
é) A » = (log, x)

y =2log, x

(e2,4)

0 T > X
(1 5 0) 32
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40 A cross-section of the solids is as shown.

a h=VA+AE

=a+acosf

where a is the radius of the sphere

b r=asin 0

1

= gﬂ(az sin® 0)(a + a cos 0)

1
= §Na3 sin 0(1 + cos 6)

d Using the product rule

For

Using

av 1
yT = gﬂa3[sin2 0 x —sinf + 2sin@cos (1 + cos 6)]

1
= —na’[—sin® @ + 2 sin O cos H(1 + cos )]

av 1
70 = 0 implies §7ra3[— sin® 6 + 2'sin @ cos 6(1 +cosd)] =0

sin® @ = 2sin @ cos O(1 + cos )
sing # 0
sin @ = 2cosf + 2 cos> @

sin?f =1 —cos® @

1 —cos’@=2cosf+2cos’ 8

which implies 3cos’6+2cosf—1=0
This is a quadratic equation in cos 6. It factorises to give the following:

(3cosf —1)(cos8+1)=0

1
S.cosf =—or cosd =-—1

A gradient chart confirms a maximum volume occurs when

1 1
cosf = 3 (When 0= cos‘l(g)) ,i.e. 6 ~70.53°
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1
e V= §7Ta3 sin” 4(1 + cos 6)

Using sin@ =1 —cos* @

1
V= §7TCI3(1 —cos? 6)(1 + cos 6)
1
When cosf = 3
1 1 1
V=-o 3(1——)(1+—)
37U TN T3
I 4 3 4
= —ma’ X — X =
3 9 3
3 32na’
81 .
32
The maximum volume is 8ﬂ1a cm?
Aebt
41 = —
YT T A
Dividing through by 1 + Ae” gives
1
=1-
Y 1+ Ae .
and as Ae” > O forallr, —— < 1
1 + Ael
Hence 0 <y <1
b By using the quotient rule
dy (1+ AePHbAe" — bA% e
dr (1 + Aebr)?
3 bAe”
(1 + Aebry?
Aebt
A =
€ a8 YT Ae
y(1 + Ae”) = Ae”
y + yAe = Ae”
and y =Ae(1 - y)
A = 2
-y
d i From the result of b
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dy bAe"
dr (1 + Aeb')?

Substituting Ae”= o
-y
d 2
2o {1 1)
dx 1-y -y
- b(L) % (1= y)?
Iy
=by(1 -y)
d
i =2 = by(1-y)
dx
is a quadratic expression in y with negative coefficient of y* (b is a positive

constant)
.. a maximum occurs when y = 0.5.

e FromcAet = —2—
-y
when A =0.01,b=0.7and y = 0.5
0.01e%7 = 1
7 =100

0.7t = log, 100
10
t= - log, 100 ~ 6.578
.. The bacteria are increasing at the fastest rate when ¢ = 7 (to the nearest hour).

42 Let f(x) = &
X

a f(x)=e'x!

The product rule gives

f/(x) — exx—l _exx—z
er e
T ox X2
B xe* —e*
2
b If f(x)=0
xe* —e*
— =0
X

which implies e*(x—1)=0
andase* #0forallx e Rt,x =1
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¢ There is a stationary point when x = 1 and f(1) = e.
Therefore there is a stationary point at (1, e).

fx—1
Ifx>1f(x)= Lz) > 0 (Note: domain of f” is R")

X
(x— 1
Ifx<1f’(x):L2)<O

.. there is a minimum at(1, e)

ff(x)  xe*—e* x

d i fx) 2 X; y

== u
L G S A
il lim, e m = }1_{?0(1 x) =1 (1, e)

. f'(x) = f(x) when x is very large

> X

65k
Whent=65,n=

When ¢t = 30,n =

30
The population of birds is the same for the years 1930 and 1965.
ae®k 30k

65 30
635k26_522
30 6
13
35k = 1 (—)
og.( =

1 13
k= —1 (—) ~0.0221
35 2\ g

d
f Minimum occurs when d_rtz =0

Using the quotient rule
dn a(ktel — k)
dr 2
aeX(kt — 1)

2
d_,: = 0 implies ¢ = %
This is a local minimum
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1 35

and t = I - (13):10 3 ~ 45.27
35 %\g ) %\

The minimum population occurred in 1945.

43 a Whent=0,N = 1000
When ¢ =5,N =10 000
As N = Ael
1000 = Ae’
which implies A = 1000
Also 10 000 = 1000
which implies

€5k — 110
k= g loge 10

1
i.e. A =1000 and k = 3 log, 10 =~ 0.46

dN 1

b - = kAeX, where A = 1000 and k = S log, 10
dN

¢ — =kNasN =AM
dt

d i Whenr=4

dN 1 4
—r = 5102, 10X 1000¢3 log 10

4
=2001log, 10 x 105
1.e. the rate of growth when 7 = 4 is 2905.7 bacteria/hour.

ii When =50

dN 50
—- =200(log, 10)e’s tog, 10

=2001og, 10 x 10"
=21log, 10 x 10"

~ 4.61 x 10"
i.e. the rate of growth when ¢ = 50 is 4.61 x 10'2 bacteria/hour.

44 a For the populations to be equal
R% 10460'03t — 10460'05t

which implies
e0.0Zl — 2
Str= 1 log,2 ~ 34.657
0.02 *°
The populations will be equal after 34.66 years.

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016
Photocopying is restricted under law and this material must not be transferred to another party.

509

Cambridge University Press



A B
b A 6006095 ana 2 = 500,005
di di

Rates are equal implies
dA dB

dr  dt
60060.03t — SOOeO.OSI

6
s = 002
which implies
R0
=002 &3
6
- SOloge(g) ~9.116

Rates are equal after 9.12 years.

t

45 h=0.5+0.2sin(3nr)t > 0
where & metres is the height of the particular time ¢ seconds.

a The greatest height above the floor is reached at values of 7 such that sin(37t) = 1
i.e. the greatest height is 0.7 metres
and this occurs when

3t ﬂorSﬂor
Tt = — —_ oo
2 2
1 5
t=—-or—or---

6 6
1
The question required the first time and this is given by ¢ = 3

b Period of oscillation is 27 + 37 = % seconds.

dh
C o = 0.6 cos(3nt)

1 dh
i Whenr = 3 = 0.6z cos(m) = —0.67
The speed is 0.6 m metres/second moving downwards.

2 dh
ii Whenr = I = 0.6 cos(2m) = 0.6
The speed is 0.6 metres/second moving upwards.
1 dh
iii Whenr = & ar = 0.67rcos(g) =0

The speed is 0 metres/second.
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46 T(t) = p + gcos(nrt) where p, g and r are constants

a

b

From the graph:

2
i The periodis 12 . = =12
r

1
6
(20— 4)

which implies r =

ii The amplitude is = 8 which implies g = 8

20+ 4

The centre is T = = 12 which implies p = 12

T'(t) = —nrg sin(zrt)

4
;T@):mgm%%ﬁ

3
4
The hours of night are decreasing at a rate of ?ﬂ hours/month when ¢ = 3
4rn 3m\  4n
T'9) = ——sin|— | = —
®=-3 Sln(z) 3

. . . 4
The hours of night are increasing at a rate of 3 hours/month when ¢ = 9

Average rate of change fromz=0tof =6
_T6)-T(0)

6-0
t
when T'(t) = 12+ 8 cos(%)
12 + 8 cos(m) — (12 + 8 cos(0))

.. Average rate of change =

6
_12-8-12-38
B 6
16 8

T 6 3

8
1.e. the average rate of change for time interval [0, 6] is ~3 hours/month.

4r mt
T(t) = —— sin(—)
(0 3 G
Rate of change of hours is maximum (in the sense of maximum increasing rate)

it
h . (_) - _l
when sin 6

This occurs when
nt 3 or Ir or
6 -_ 2 2 . o e

ie.t=9or2lor ...

The rate of change of hours of night is a miximum after 9 months. 511

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press

Mathematical Methods 3&4

Photocopying is restricted under law and this material must not be transferred to another party.



47 a Area A = length X width

ii

il

iii

il

48 a i

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

= x X 2cos(3x)

= 2x cos(3x)
dA
i — =2cos(3x) — 6xsin(3x)
dx
A
When x = 0, d— =2
dx
T dA T .7
When x = g,a = —6X681n§
= -7
A
A
*~—» X
0 T
6

Either use the ‘Intersect’ feature of a CAS calculator of the graph screen

or use the ‘solve’ command at the calculator screen to solve the equation
2xcos3x =0.2.
x =0.105 or x = 0.449

maximum area is 0.374

Use the ‘max’ feature of a CAS calculator of the graph screen or use the
‘flex’ command at the calculator screen with the instruction 0 < x < % when
x = 0.287

dA

— = 2co0s(3x) — 6xsin(3x)

dx

dA 1

Ix = 0 implies tan(3x) = I

The co-ordinates of the points of intersection are (0.287, 1.16), founded as
with c ii.

1 =
/l’ :—1 —e?20
N'(1) +lOe
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1
ii N'(f) = 0 implies 10 = €20

t =20log, 10 = 46.05
Whent =20log, 10

N() = 1000 — 20 loge 10 + Ze]Oge 10
= 1000 - 201log, 10 + 20
= 1020 - 201log, 10

~ 973.95
Minimum population is 974

iii N(0)= 1000 +2 = 1002

iv. N(100) = 1000 — 100 + 2¢°

=900 + 2¢°
~ 1196.826
v N
A (100,900 + 2e)
1002 = N(1)
(20 log,10, 974)

0 > 1
1
1 12
b N,(t) = 1000 — 12 + 2¢20

i N(0)=1000-0+2
= 1002

1
ii N(100) = 1000 — 10 + 2e2

= 990+2e%
1
1 1 1 1 1 12
iii Ni(1) = _Et_z + Et_z X 20 X 220
11 1 é
= EtZ(—l + EeQO)
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Nj(t) = 0 implies e

D=

1
— =log, 10

()

t% =20log, 10
t = (201og, 10)?
When t = (201og, 10)
Ny(f) = 1000 — 20 log, 10 + 2¢'°&: 1

= 1000 - 201log, 10 + 20
Minimum population is 974

3 t
¢ N3(r) = 1000 — 2 + 220

i Using a CAS calculator with the ‘min’ feature at the graph screen, the minimum
population is
297 when t = 100.24

31 1
d i N = —§t2 + mezo

i Nj(1)=0

3101 1
—12 = —e20
2" T 106
I
1512 = e20

t = 201og,(15 V1)
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49 a y=(2x> - 5x)e™*
(3,10): 10 = 3¢
10

3a _ — 7

© T3

a—llo e(g)

~ 3843

b i y=0:2x>-5x=0 (since e** > 0)

x2x-5=0

x—O§
=05

ii @:(4x—5)e“X+(2x2—5x)><aeax
dx

= 2ax*(4 = 5a)x — 5)e™
=0if
2ax* + (4 -5a)x-5=0
_ —4+5a+ V16 —40a + 25a* + 40a

X
4a
—4 +5a + V25a% + 16
da
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Chapter 11 - Integration

Solutions to Exercise 11A

L a A~ % 1(25) +;X%(3)2 A~ 1.0x((0)(4-0)+(1)4-1)
B 25 1 » +(2)4-2)+(3)4-3))
“2% 7 7% =0+3+4+3

é ? A =~ 10 square units
1 4 using right end estimate
_2 36 A~ 10X (D@E -1+ (@24 -2)
16 16
6 +3)E-3)+ DA -4)
Az1—6z3.8lsquareunits 3444340
b A~ % % cos0 LT 2 % cosZ A ~ 10 square units
T on 1 b using the CAS calculator
=11t3% 2 10.64 square units
(1 + \/_JT)JT |
~ 1.34 square units 4 =
a R )
1 1 A ~0.25 ! 1
c A~1x 5(2)3 +1x 5(3)3 T 140252 T 14 (0.5)2
_44 27 N 1 N 1
B 2 1+(0.75)2 1+ (1)

35
A= 5 ~ 17.5 square units 1

L ERENE

2 a Ax1x(f()+fQ2)+ fQ3) + f(4)

16 4 1
=5+35+2.5+22 :Z(ﬁ+§ —+§)
A = 13.2 square units _ E + l 4= 4
17 5 25 8
~ 2449
b AxIX(@)+fO)+ /@ + @) A =~ —— = (.72 square units
=35+25+22+2 3400
A = 10.2 square units b % = A =~ (.72 square units
m~2.88
3 ay=x@d4-x this approximation could be improved
using left end estimate by adding more sub — intervals to the

area calculation
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5a A~1.0x(3+35+3.7+38+39 Hencefs(x—Z)dng
2
+39+40+4.0+3.7+3.3)

A ~ 36.8 square units

b A10x@35+37+38+39+39
+40+40+3.7+33+29)

A = 36.7 square units

b The definits integral represents two
o equal traingular regions show.
y =
Formal, area = 2 X 5= 9 square units

A~ 05(2% +2+2 427+ 2% 4+ 27) 5
Hence [ |x—2|dx =9.

1
= —+1+V2+2+2V2+4
V2

7V2

AxT+ - ® 11.9 square units

7 a A~x10x@4+56+7+8+8.2

+8.14+7.6)
) ¢ The definits integral represents the
A ~ 48.5 square units

. trapezium region shown.
note: since the values are read off the P £

The distance between the parallel
sides is 1 unit.

When x = 1,y =2 + 1 = 3 units.
When x =2,y =4 + 1 = 5 units.

1
Areazlex(3+5)

graph, the value of A is approximate

b this area represents the distance
travelled betweent =2 andt =9

8 a The definite integral represents the = 4 square units
trangular region shown. Hence flz(Zx +1Ddx=4
The trangle has base 5 — 2 = 3 units.
When x =5,y=5-2=3,sothe
triangle has height 3 units Area

= -x3x3
2XX

9 .
= 5 square units
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Solutions to Exercise 11B

1 4 4 5 52
Z = —x4 + Zx5
lafzxdx y 5x+2x+c
1 1,
—EXZX +c .
1 3a f3x dx
=—x*+c
8 5!
:3_—1+C
b f5x3—2xdx 3
4 2 - e
X
:5><X——2><x—+c
4 2 4
5 b f2x + 6x dx
e
4 x3 2
4 :2_—3+6?+C
c f—x3—3x2dx 2
> = x4 38% +c
4 A4 3 3
=—-X—=-3=X+
574 37 7¢ L
1 c f2x +6x 7 dx
:§x4—x3+c

=2x'-3x2+¢

d f6z—3z2—z+2dz

=9

(98]

=
W[—
|

(9]

=
NI

N

=

:f3z2+52+2dz 4 9
x3 x4
3 2 =35 35 +c
Z Z X i
=-3=-+5=—+2z+c¢ 3 4
32 9 4 20 9
5 =—-x3-—x4+c
:—z3+§z2+2z+c 4 9
3 1
e f3x4 —7x2 dx
d
22 2oy 127 143
dx = —x4—-——x2+c
——1x_2+c——i+c ! .
Y= 2 B 2X2 3 5
f 4x5 + 12x3 dx
dy _ 4+[x = 4x%
dx 58 938
3 4 4 =—x5+=-x3+c
y:4XZx3+c:3x3+c 2 2
dy r 3
C —=x4+x5
dx
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dy 3
b = =
dx
y=te
x=0,y=6
6=c
4
X
=—+6
YTy
3
x2 X2
cy—?+3+c
2
R L
—3x 2x c
x=4,y=6

16
6:?+8+c
16
:—2——:—
¢ 3
23 1,
= —Xx —
y=3% T3

| 3
5 a f\/}(2+x)dx=f2x§+x§dx

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

43 25

==-x2+-=-x2+c
5

3

ISBN 978-1-107-56747-4

3 22
c fw,dx:f5x2+2xdx
X

502,
=—+x +c
3

3 5x3 +3x%
B 3

305
f\/)_c(2x+x2)dx:f2x§ +x2 dx

+c

=¥

4 5 21
:—x2+$x2+c

5

o

f X2 +3x%)dx = f 2x% + 3x*dx

2x3+3x5+
=—+4+ —+4c
3 5

5 4 4 13
f\/)_c(x+x)dx:fx3 +x3 dx

37 3 16

:7x3 +1—6x3 +c
6 f'(x)=3x*-x?
o x!

f =35 - =

+cC
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8 a ff(x)=16x+k

f(2)=0s
0=32+k
k=-32

F'(x) = 16x — 32

2
b f(x)= 163 -32x+c

=8x—32x+c

f@2)=1
1=32-64+c
c=2133

f(x) = 8x* —32x+ 33
F(7)=8x49-32x7+33
=201
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Solutions to Exercise 11C

1 a f(2x—1) dx

= ﬂ@x - 1)

= 6(2x— 1)’ +c¢

f(Z—t) dt

Tt

%(2-;)4 Iy

c f(Sx— 2) dx

= 5—4(5x 2)

+c

+c

+cC

_ e A
—20(5x 2) +c

f (4x — 6) 2 dx

1
= —Z(4x -6 +¢

1
TR
24— 16x ¢

1
=56~ 4x) + ¢

1

T 36-4xn €
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=

f f (4x +3) 3 dx

1
= —glx+ 32 +c

|
“R@x+3)e €

f(3x+ 6)2 dx

:—3(3x+6)2 +c
3Ix =
)

(]

2 3
= §(3x+6)2 +c

-1
(Bx+6)2 dx

1 1
= —1(3x+6)2 +c

3)(5

2 1
= §(3x+6)2 +c

f(Zx - 4)% dx

1
= —5(2x- B3 4o

2><—
2

o

1 9
= §(2X—4)2 +c

f(3x+ 11)2 dx

= —(3x+11)2 +c
3><z
3

Qoo

1 7
= ?(3x+ 11)2 +¢
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1
k f(2—3x)§ dx
B 1

3
= 2-3x)2+c

3
—3X§

-2 3
?(2 -3x)2 +c¢

1 f(s —2x0)*dx

()
o
—
| =

1 5
= _2X5(5—2x) +c

-1 S
= 1—0(5—2x) +c

xdx

—1 lo
X+c
2 g,

1
b f3x+2dx

(o)

1
= 3 log,3x+2)+c¢

4
f1+4xdx

=log,(1 +4x) +c

5
d f3x_2dx

(¢

—

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

5
= 3 log,3x—=2)+c¢

3
f1—4xd’C

3
=2 log,(1 —4x)+c

3
f ~dx
2-3

4 —
= —6log€(Tx) +e

=—6log,(x—4)+

ISBN 978-1-107-56747-4
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5
3af—dx
X

=5log, |x[ + ¢

3
b d
fx—4 *

=3log,|x—4|+c

10
f2x+ldx
10
= —log,2x+ 1|+ ¢

2
= 5log, [2x+ 1| +¢

6
d f5—2xdx

6
:—210g6|5—2x|+c

= —3log, [2x — 5| + ¢

f6(1 —2x) dx

= -3log, |1 —2x| +¢

f (4 —3x)""dx
1

:_—31n|4—3x|+c

(4]

)

-1
:?lnl3x—4l+c

a 3x+log, |x| +c

b x+log, x|+ ¢

1
x+1

c_

2
d 2x+3+loge|xl+c

3
e ———+¢
2(x —1)?
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f —2x+log, x|+ ¢

dy
5 - = — 0
dx 2xx>
11 +
==log, x+c
y 2 ge
x:ez,y:Z
2 110 24
== e +c
) g,
1
2:§><2+c
c=1
1
y:510g6x+1,x>0
dy 2
dx 5-2x
2
y:—210g6|5—2xl+c
y=-log,[2x-5|+c
x=2,y=10
10=-log, 1 +¢
c=10
5
y:—loger—5+10,x<§
10
6 "(x) = ——
f=—
f(x)=10log, |x = 5|+ ¢
f(5+e)=10

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

10 =10log, e + ¢
c=0
f(x)=10log, x-5,x>5
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7afxdx
x+1

1
:fl— dx
x+1
=x—log,|x+1|+¢c
1-2
bf * dx
x+1
:f—2+ 3 dx
x+1
=-2x+3log, |x+ 1|+ ¢
2 1
c fx+ dx
x+1
1
:f2— dx
x+ 1

=2x-log, |x+1|+c

dy 3

dx x-12

y=3log, |x-2[+c
x=0,y=10

10 =3log,|-2|+¢
c=10-3log,2
y=3log,|x—2|+10-3log,2
y:3loge(¥)+10

You can complete it without using the

absolute value function.
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dx x-=2
3
C2-x
y=3log,(2-x)+c
x=0,y=10
10 =3log,2 +¢
c=10-3log,2

y=3log,(2-x)+10-3log,2

2_
y=3m&t3i)+m

dy 5
dx 2-4x

5
y:—410ge|2—4x|+c

-5
y = Tloge|4x—2l+c
x=-2,y=10

-5
10=—log,| -84l +c

=5
10 = Tloge 10+ ¢

5
c= 10+Zlog810

5 5
y= Zlogelo—zloge|4x—2|+10
5 10
=2 10
Y=g 0% 4x——2'+
5 5
=2 10
Y=g 0% 2x——1'+

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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To satisy the conditions you can write

5 5
the rule as y = Zloge T2 + 10
- 2x

dy 5

dx 2-4x

5
y=——log,2x—-1|+¢
4
x=1,y=10

5
10 =~ log, 1] +¢

c=10

5
y = —Zloge 2x—1|+ 10

5

_ 2 10
Y=3 % 1| T

To satisy the conditions you can write
+ 10

5 1
the rul =-1
erule as y S

4
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Solutions to Exercise 11D

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

a

(¢

3
+=x+c

1
—§€_3x +x%+c

ISBN 978-1-107-56747-4

d
_y:er_x
I, x2+
= -t — c
) 2
x=0,y=5
1
525—04'6'
oz 2
2
yzl(ezx—x2+9)
2
— =3¢ -¢"
y=-3¢"-¢e"+c¢
x=0,y=4
=-3-1+c
c=28

y=-3e"—¢e" +8
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d
4 ﬁzae‘x+l
dy
= ,—:3
dx
3=a+1
a=?2
dy
— =241
dx ¢
y=-2¢"+x+c
x=0,y=5
5=-2+0+c¢
c=17

x =2,

=-2e2-2+7
2

-9 =

y 2

dy

5 £ = kx

dx

a x=1,
dy
dx_e
Tangent
y:ekx+c
x=0,y=0
0=c
y:ekx
x=1,y=¢
2=
k=2
dy 2x
dx_e

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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y=ze +c
x=1,y= e’
e = %ez +c
c= %ez

y= %ezx + ;62
— ok

x =1,
Tangent

y=—-éx+c

x=0,y=0
0=c
y = —ekx
x=1,y=-¢
63 = ek
k=3
dy 3x
— = —e
dx
1 3x
=—=€e"+cC
Y773
x=1,y=-¢
1
3 3
—e =—=—¢ +cC
3
2 3
C=—=€
3
1 3x 2 3
= ——€ — <€
YTT3 73
526
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Solutions to Exercise 11E

2 2 1
1 a fxzdx e f —zdx
1 1 X

21 -1 -1
-3 73 T2 1
7 B 1
3 1 5
b fx3dx f X2 +2x"dx
-1 1
3 4
(4] 43
4], 3 3 L
2/ 3
81 :—(42+43)——(12+13)
4 4 3
=20 ==(8+64)- =
3( ) 3
1 140
c Lf—xdx :T
2 2
N 3 2
[4 2]0 g j;x+2x +x+2dx
1 1) 4 93 2 2
=(;-3)-0-0 L,
41 2 1 + 3 + > + xO
_ 16 2 4
- =—+-X8+=-+2%x2-0
4 1 +3>< +2+ X
2 16
d (x+ 1)%dx =4+ +2+4
-1
46 1
1 2 - _15_
= |50+ 17| 3 =153
3 -1
1 1
:_33__03
3( ) 3( )
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45 5 7
:[3’““1’6]1
:(gx32+§x256)—(
128 4 5
=5 057
6871 11
=20 Py

Il
—
&=

~

—

I

[\

=

~
W
[S—

e Ly
= =3+ (=)

27 1
"6 6
13
T3
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d

(

f

1
(3 —2x)%dx
0

o]

L PPN
=57 =50)

2
f 3+ Zx)_3 dx
0
2

_[ L 2
—[_4(3+2x) .

I RN S
=7 +4(3)

1
T 36 196
10
441

1
f (4x + 1) dx
-1
1

= [11—6(4x+ 1)4] ]

IR PV P
_16(5) 16( 3)

625 81
16 16
544
T 16
=34
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1 1
g f(Z—x)Ea’x
0

Cambridge Senior Maths AC/VCE
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AER

-2 3 2
?(1)2 + §(2)
- %(2% ~1)

~ 1.22

Il
—
|
(9]

—+
[\
=
e
[

1 2x1
=13,
= —¢ —5

3
2

ISBN 978-1-107-56747-4
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N 1
= [6e§ + Zx]
0

= (66% +2)—(6)

4 a fh(x)dsz
0
th(x)dx
0
:th(x)dx:IO
0

b f(h(x)+3)dx
0
:fh(x)dx+f43dx
0 0

=5+12
=17
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6
1
=—jﬂmwm :—fA dx
0 0 6—x

_ 4
= = [loge(6 - x)]
0
d (h(x) + 1) dx = (log,(2) — log,(6))
| 5
= loge Py
= f h(x)dx + dx 3
0 0
=5+4 1
b d
_ Jj2x—3 *
= . )
= [— log,(2x — 3)]
2 2
e f(h(x) —Xx)dx 1 |
0 = —log,5 - = log, 1
2 2
= fAh(x) dx — f\Axdx 1
0 0 = =~log, 5
2
5 [ 274
=J—|= 6
2o c f 3 dx
— 5 _ 8 5 2x +7
3 6
_ 3 - [— log,(2x + 7)]
2 5
3 3
=3 log, 19 - 3 log, 17
3 o (19)
~ 2 %1y
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Solutions to Exercise 11F

1 4
laA:fydx ciA:fya’x
0 0
1
:f3x2+2dx :f4—xdx
0 0

1 xZ 4
= [x3 + Zx] = [4x - —]
0 2 1o
=(1+2)-(0+0) =(16-8)-0
4 6
b A= | ydx ii A= | ydx- | ydx
2 0 4
3 246
=fx —8dx =8—[4x—x— (from (i)
[x4 g ]4 =8—-(24-18)—- (16 —8))
=|——-8x
4 2 =8—(6-28)
= (64— 32) — (4 — 16) 10
=32+12
=44
531
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2 a A=x*-2x c y=(x+2)(x+7)

=x(x—=2) y=0, x=-2,7
y=0,x=0,2 f7
A= ydx
2 -2
A:—f ydx 7

0 :f —x* + Sx+ 14dx

[ -2
= - x-—2xdx .3 2 7

0 :[—x+5i+14x]

[X3 2]2 3 2 -2
=—l=—X -34 4

3 . :(33+5>< 9+98)

8 3 2
__ __4)

(3 —(§+@—28)
4 32
E (D)
6 3
b y=4-x3-x) =121.5
y:O,X:3,4 d y:X2—5X+6
Az—fydx =(x=-2)(x-3)
34 y=0,x=2,3
A:—f(x—4)(x—3)dx 3
3 A:—fydx
4 2
A:—f —x* —Tx+ 12dx 3

3 :—f x> —5x+6dx

3 2 4 2
:_[x__kﬂz,c] ERC .

3 2 3 :—[———+6x]
_((64 7><16+48) . 2
W32 :—((2—7—4—5+18)—(§—§+12))

(27 7X9+36)) 3 2 3 2

N (50
-(5)-(3) T
B\EVARW _1

1 6
6 e y=3-x*
= (V3 +x)(V3+2x)
y:O,x:i\/§
V3
A:f ydx
-3
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3\/5) y=3-x

(332 (va 2B

3
=2V3+2V3

> X
— 43 0 é\

f y=1x—6x c

Y
— 2 _ 6 = 2 A
x(x—6) y=x (4. 16)
y=0, x=0,6
6
A= —f yvdx
0
6 > X
= —f x> —6x%dx 0 4
0
6
= f 6x> — x> dx d Y
0 A
446
= o X—] 4
[ S y=4-2x2
=2 x(216) — %
4
=432 -324 I l > X
vzl -1 o 1\
=108
¢ y
3 a y A
A voovst, y=\x
1 0 i i > X
/ | . 2 4
ZL B
2
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y
A

y:(l—x)(1+x)2
1
T > X
4 0 1\
4  y=3x+2x"2
y=0,
-2
3x:?
3x° = -2
-2
3—_
T3

1
=)
x=\—=
. . 3 . .
which is not in the region under
consideration

5
.'.A:f 3x +2x 2 dx
2

3 5

= [§x2—2x_1]2

:(§X25—%)—(§X4—%)
2 5 2 2
75 2

= — - - - 1
> 73 6+

3 375-4-50

- 10

_321 "

=70 square units

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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/1
> X
0
A= f f(x)dx ( from graph)
-1

0
:f 1+ x> dx
-1

x40
=%,
1
-]
T3
3

7 square units

_n,2
¥y Area =2¢" + 1
A / 15.78 square units

e

> X

[S—

1
A= f f(x)dx (from graph)
0

1
:f 4e* + 3 dx
0

1
= [Zezx +3x

0
=2 +3)-(2+0)

= 2¢% + 1 ~ 15.78 square units
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1 2
A:—fydx+fydx ( from graph)
0 1
1
:—f x2-x)(x—-1)dx
0

2
+f x2=x)(x-=1)dx
1

1
= —f —x> +3x% = 2xdx
0

2
+f —x> +3x% = 2xdx
1

1

—x* 33 242

=5 square units

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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Area = 0.5 square units S a fA G ds
-1

= f3x—x2dx
-1

3X2 x34
_[7_?_1
-(52-9)-6+4
-\ 2 3 2 3
64 3 1
=24 - — - — =
3 2 3
_45 65
2 3
5

= square units

b assuming the graph shown is
y= .X(3 - )C),

0 3
A:—f x(3—x)dx+f x(3—=x)dx
-1 0

—fx(3 - x)dx
3

3 313 3 340 3
e -5 -5
-1

2 30 12 3 2 3
from (a)
3x9 27 3 1
= (5 -3)-0-0+(5+3)
3 64 3x9 27
-(3x16-F)+ (5 -F)
_Y
6
a y=91-x
A:x=0,
¥ =91-0)
=9
y=4+3
but A is above the x-axis
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so A =(0,3)

By=0
0=9(1-x)
1-x=0
x=1
B=(1,0)

3 2
b A:f(l—y—)dy
U9

(0 to A, where 0 is the origin)

27 lo
27
- 3——)—0
( 27

= 2 square units
10 y
A
1
-\//2
-3-2 0
Liog, (1)
3 9%\3
-2
A= —f ydx
-3
-2 1
- L 7

W

y
~

(from graph)

-1 -2
- [? log, |2 - 3x|]_3
= “liog, 181+ L1og, 1]

3 O8Ol T 308
ot

3053
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11 y

-\ 20
2\
I
|
log,2+4 :

0
A=-— f ydx (from graph)

0 1
:f2+ dx
) x+4

0
= [2x +log, |x + 4|]
-2

=(0+1log,4) — (-4 +1og,2)
=2log,2+4—1log,2

=log,2+4
12 a RHS = ¢"I"@
— e(lna")
=aF
=LHS QED
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d . b
b a(a) C Laxdx

d
_ ¢ (xna) a’ 1

dx(e ) - lna]o from: - (b)
_ xIna
=Inae ) o 1
=a‘lna " Ina Ina

I
i
Q@
|
)
ol
S

1
fa dx Ina
:fexlnadx

1
— &~ Ina +c
Ina
ax
Ina
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Solutions to Exercise 11G

1 a fcos 3xdx J fsinnxdx

|
= —sin3x = — COSTTX

1
b fsin—xdx T
2 4
2 a f sin xdx
0

:—2COS§)C .
= [~ cos x];}
c f3c053xxdx -1
=—+1
, V2
= sin3x 1
=1-—
2
d stinlxdx V2
2 T
1 b [ cos2xd
:—4cos§x 0 cos =X dx
1. 1%
e fsin(Zx—g)dx :[Esm2x0
1
-1 — (1) —
:—cos(2x—7—r) _2(1) 0
2 3
_1
2

f fc053x+sin2xdx

1 4
= —sin3x — = cos2x ¢ fn cos 6 do
3 2 2
g fcos 4x — sindxdx = [sin 9]%”
1 | 1
:Zsin4x+zcos4x :ﬁ__l
-1 =1+ L
h f751n2x+cos3xdx \2
! 2x + L 3 %
= —cos2x + —sin3x
4 3 d f sin @ + cos 6 dO
0
o[-l x g
i f7003(2x+§) dx = [—cos@+sin9]§
-1 = — (-
:Tsin(2x+g) O+D-1+0
=2
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[NSYP]

sin 26 do
1 T
= [—5 CoS 29]5

1 1
= 5D+ 2M)

=1

3
f f cos 30 + sin 36 d6

0

W

sin 30 — l cosS 39]
3 0

2
o~ o) fo-Jo)

|
|

_2
3

Wi

cos 30 + sin(@ - ;—T)de

= [% sin 36 — cos(@ - ;—T)f
0o
_ !

2

T

X X
sin = + cos = d
I14 COS4 X

T

X
-4 —+4 ]
CcOS sm4 o

|
(45) - 45)) -0

ISBN 978-1-107-56747-4

f Ccos 2x — sin 2 dx
0 2

1
= [5 sin 2x + 2 cos %]

n
0

1 1
= (E sin 271+2(:osg)—(§ sinO+ZCosO)

=2

3A:j;
-J,

1
= [—2 coS Ex]

1N

ydx

N

1
sin —xdx

(SIE]

0

= —2005% +2cos0

=2-V2
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1 N 1
> X
0 T T > X
4 2 -t 0] =©rx
: 46 6 4
f cos xdx %
0 _, cos 2xdx
= [sin x]g ° . x
o = |5sin2x|°,
= 7 =z
| -5(3)-3(50)
- N 2\ 2 2\ 2
V3
by e
A
d y
A
1 -
\/5 _
> X
Of rr =
4 3 2 > X
s 0 T
3
f sin 2x dx T 2
0 2
T f cos @ + sin 6 db
-1 3 0
= [7 cos Zx] E
11 il = [sin 6 — cos 0]
=—(— |+ —=—q
3) 50 —(1-0)-(0-1)
_3 =2
4
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y b fS cos(3x+ —)dx
A 0
_ 1 z
2 = [5 sin(3x + g)]j
_1 (T 1  (r
¥ = 35 ) = 350(5)
_1(—_1)_1(1)
- ~3\2) 32
0 T -1
Ve 2 - 3
2
f sin26 + 1 do %r
0 c f cos(3x+—)dx
-1 3 0 .
:[7c0326)+9]0 { ( )]g
= |[=sin|3x + =
-1 o (-1 3 3/lo
=(Fn+3)-(FEn+0) . lsm(“_”) ) lsm(’l)
LT S37\3/ 37°\3
2 _1(—_@)_1(£)
x 3\ 2 3\ 2
f f—x cos 26 df _ -l
T ) NG
= lsin29]:r a
2 =z d f cos(3m — x)dx
= 1(1) 1( 1) O u
2" 2 = —sin(37r—x)]4
=1 0

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

= [ sin(x — 377)]3r

= sin(—:%ﬂ) — sin(—x)
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3
= sin(—27r - Zﬂ) —sin(—2m — )
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N

6 y )
A= f 2 +sin3xdx
A 0
1 3
= [Zx ~3 cos 3x];
1 2x 1 1
-5 -50)-o-50)
: ( 3“3 3D
! 2
I =Z(r+1)
0 n  2n 3
3 3
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Solutions to Exercise 11H

2 3
:[§x21
16 2
303
14
E)

3 1
f CcoS2x —sin —xdx
0 2

—
[

sin

DN N = N =

3

\/_
:T_z

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

1
> sin 2x + 2 cos —x]

T
3

0

2cosE - EsmO+ZCosO

6

(e L)-0-20

ISBN 978-1-107-56747-4

(

2 4
f X + — dx
1 X
2

1
- [Eez’c +dlog, |

1 1
= 5e4+4logez— 562—410gel

1, 1
:Ed—§£+4m&2

T
2,
f sin2x + cos 3xdx
0

= _—lc;052x+lsin3x%r

[2 3 0

(e Len) - (2o + Lo
(3

13ty

s

-4 —+4
COoS sm4 o

[
(5 5 (12)) (=4(1) + 4(0))
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Sx+sin2xdx

5x2 1
:[%‘5“’52’“]

_ (5(;)2

=2
S—
[NSYP]

[STE]

0

en)-(o- Lo

4 1
:f4+—+—2dx
1 X X

14
:[4x+410g€|xl——]

X 11

1
:(16+410ge4—1)—(4+410g61—1)

I
= 16+810ge2—1—4+1

3
= 12— +8log,2
4 0g,

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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[
|
(@)
2
Ay
ed
(e}

Il
|
(@}
@]
7
|
+
(@}
@]
7

e}

Il

|
+
—

1 .
= 5 square units

i(sinx)
dx\cos x

d d
cos xa(sin X) — sin xa(cos X)

cos? x

cos? x + sin® x

cos? x
1
cos? x

1
Therefore, f 5 dx
COSs? X

sin x
= +c
COS X

=tanx +c¢

d (cost)

dx\ sin 2x

d d
2 sin 2x—(cos 2x) — 2 cos 2x—(sin 2x)
dx dx

sin®(2x)
_ 2(—sin® 2x — cos? 2x)
sin® 2x
2

sin® 2x

1
sin® 2x
COS 2x

Therefore, dx

" 2sin2x
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c i(1oge(3x2 +7)) ¢
dx

d
. d—(x+ 1+x2)
X
=6x X ——
__ b 2V1 +x2
3x24+7 X

Y dx VI+ 2

3x2+7

d
N d—(loge (x+ V1 +x2))
_ 1 X
6f3x2+7 ) . .
1 :(1+ )x
:gloge [3x2+7]8 V1i+x2/ x+ VI+x2
1 19 _(\/1+)62+)C)>< 1
:610g6(7) V1 + x2 x+ VI +x2
d . = !
d a(xsmx)) 1 + 2
1
= XCOS X +sinx f ! dx
Therefore, 0 VI +x2

fxcosx+ sinxdx = xsinx + ¢

s

1
x log,(x + V1 + x?)
4xcosx+sinxa’x:[xsinx ! 0
Js 0 =log,(1 + VI + 1) —log,(0 + V1 +0)

T
f04 xcos xdx = [cosx+ xsinx]

=18

0 = log,(1 + V2) —log, 1

_mV2 V2o ~ log,(1 + V2)
g 2

4\

4 a 1+1log,2x), —x +log,(2x) 5 d—(e )
X

1 x? eV
b x+2xlog,(2x), —x*1o (2x) — — =

g 5" log 1 Vi

Therefore,
2 eﬁ

2
dx = [e‘/z] = 26\5 —2e
1

fl 2\/}
. 1
6 65sin”(2x) cos(2x), 3

7 using the CAS calculator’s ‘integral’
command:
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a 139.68 fsx_4
dx
3 x—2
b 18.50 ]
:f5+ de
¢ —0.66 3 X —
4
d -23.76 :[5x+6loge je-21]
e 2.06 = (20 +6log, 2) - (15 + 6log, 1)
=5+6log,2
f 0.43
1 \8
10 :(1__)
§ a LHS = 2213 a y 5%
x—1 p L .
2x-2+2+3 a _ -1 8(1——x)
- -1 dx 2 2
x—1
2x-1) 5 a1 ] )7
= = -_— —_x
=1 x—1 2
1
x—1 2
_ 1 L\
_RHS QED :T _4(1_5)6) dx
-1 1\
2x+3 e P
f X dx ) (1 2x) +c
2 x—1
5 =
:f2+ dx b y=log,|cos x|
? ol dy . 1
4 d—z—smxx
:[2x+510ge|x—1| X COS X
2 = —tanx
=(@+5log,3)-(4+5log, 1) %r
f tan x dx
=4+5log, 3 0
3
5y — 4 =f —tan x dx
9 a LHS = al 0
x—2 %,
Sx-4-6+6 _ —[logelcosxl]o
B x—2 ﬂ
5(x-2) 6 = —log, | cos gl +log, [cos 0]
= +
x=2 x—=2 |
6 = —log, = +log, 1
=5+ 3 2
- = log, 2
= RHS QED
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1 f= sin(%x)

f(x)=-2 cos(%x) +c

4r
=2,
15)
2:—2005(2—ﬂ)+c
3
-1

2:—2(7)+c
2=1+c
c=1

Fx) = =2 cos(%x) +1

12 a f'(x) = cos2x
1
f(x):isin2x+c
fm) =1,
lzisin27r+c
c=1
|
f(x) = Esm2x+ 1

3
b f'(w)=>

X

f(x) = 3log, |x| + ¢

f) =6,
6=3log,1+c
c=6

£(x) = 3log, |x] + 6

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

¢ fflx)= eg
F(x) =2¢7 +¢
fO0) =1,
1=2+c¢
c=-1
Fx) =2¢7 -1

d
13 d—(x sin3x) = sin3x + 3xcos 3x
X

f xcos3xdx
0

1
:gf 3xcos3x + sin3x — sin 3xdx
0

5
:1f 3xcos3x+sin3x—1f sin 3xdx
3 Jo 3 Jo

171-1
. - §[? cos 3x]0

NN

o]

o]

3\6° 2 3\ 3 2 3
_711
18 9

14 y=a+ bsin(”—x)

2
0, 1)
= 1=a+bsin0
l=a
(3,3)

:>3:1+bsin(3§)

3=1-b
b=-2
547
© Evans et al. 2016 Cambridge University Press

Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



y=1-2 sin(ﬂ) a 1.450 square units
2
x=0,y=1 b 1.716 square units

. T
x=1,y=1 —2Sln§
16 using the CAS calculator’s ‘integral’

=-1
.. there is an x — intercept

0=1- ZSin(gx)

command.:
0.1345

sinEx:l 17 f'(x) = x + sin2x
2 2 ,
Za=2 f(x)—x——10052x+c
276 “2 72
1 =
Y= — fO) =1,
3 1
1=0—§c0s0+c
3
c==
2
X2 —cos2x+3
fx) =

2

: I 18 a f f(x)dx
LA :f ydx—j; ydx
’ 3 :fg'(x)dx

1
3 . X
:j(; 1—2s1n7dx =gx)+c
| =+ 1D +c
- ]1 ZSinde
3 1 b fh(x)dx
4 nx]3 4 x|
:[x+—cos—] —[x+—cos—]1
Vs 2 lo s 213 :fk’(x)dx
1 4 b 4
:(§+;COSE)—(0+;COSO) =k(x) +c¢
4 . 1 4 b4 =sinx’ +¢
—(1+= — =+ = -
(14 7e0s5)+ (5 + 7 cos3)
-1 4\/_ 4

= — + — — — = 0.5987 square units
3 T

15 using the CAS calculator’s ‘integral’
command.:
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Y ff(x) + h(x)dx =[2log, |x — 1] +4x]g
= (2log,2 +12) - (2log, 1 + 8)

- fg/(x) + k' (x)dx 442102

=g(x) + k(x)+ ¢

=+ 1D +sina’+¢ 20

> <

d —f(x)dx

= —fg'(X)dx 2.1)

=—gx)+c
=—(2+1)’+c | | s
0 > 3
3
e [r-sa [ asia
2
:fg/(x)dx—f4dx :[ 2 , _4% ]3
Ix2 T
=g(x)—4x+c (1(2)§ 3) (1(0)3 2)
=1=-(2)2+3|-(=(0)2 +
=P+ 1> —dx+c 3 3
1 3
=1+=-(2)2
f f3h(x)dx 3
:3fk(x)dx - f —
3
=3k(x)+c 5 -
=|Z(x-2)2
=3sinx’ +¢ [3()6 2) L
2 3 2 3
==(2)2 - =(I)2
3 3
19 :
= 5(2\/5— 1)
— +4
x—1 )
b f V2 — xdx
y=4 0
e L .
»> X = [—(Z—x)Z]
0 3 .
©0,2) EIRIEN.
= — 2 —_ 2
3 3 ( ) + 3( )
fz x—1 2%
BE)
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o 3
c f dx e f V2x—5-6dx
0 2.5

T 2 x5 6|

= |- = |- — — 2 —

[3 og. P+ l]o [3><2><(x ) x]z.s
= L og 44 Ll0g 1 —(1(1)% 18) (1(0)% 15)
_3Oge 3Oge - 3 3
p I
= Z1og.2 — S _
30ge 3 3
2 1 :__8

3
d f12x_1+3dx
! ? ff L 4
= |- — X
|5 tog. 2x 1|+3x]1 T
1 I 1
- (—loge 3] + 6) - (—loge 1+ 3) - [2(x— 2)2]
2 2 3

10g83+3 =

| =
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Solutions to Exercise 111

1 y=12-x-x*,y,=x+4
R2-x-x*=x+4
X +2x-8=0
x+4Hx-2)=0
x=2,-4

to test which graph is higher in this
interval:
x=0,y1=12,y, =4

2
A:f yi—y2dx
-4

2
:f(12—x—x2)—(x+4)dx

4

2
:f 8 —2x — x*dx
4

= [8x —x* - x_3]2
-4

3
8 64
:(16—4—5)—(—32— 16+?)
= 36 units’
2 y
A
S g(x),
(*19 4) ﬂX)
1 (2, 1)

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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f(x)=5-xg(x) = (x— 1)

S5—xt=(x—1)
S5—x*=x"-2x+1
2x* -2x-4=0
¥-x-2=0
x=2)(x-1)=0
x=-1,2
to test which graph is higher in this
interval:

f(0) =5, g(0) = (-1 =1
2
A= fl f(x) - g(x) dx

2
=f 5-x2—(*=2x+ 1dx

1

2
:f 44 2x—2x"dx
-1

2x32
—laxr 225
[X X 3 B
16 2
:(8+4——)—(—4+1+—)
3 3
=16-6-1
= 9 units®

3 a y :x+3,yg:12+x—x2

X+3=12+x—x

¥-9=0
x+3)(x=-3)=0
x=-3,3

to test which graph is higher in this
interval:
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x=0,y1=3,y2=12

3
A:f Y2 —y1dx
-3

3
:Jﬂ02+x—f)—@+3ﬂh
-3

3
:f 9 — x%dx
-3

x3 3
—[ox— _]
[x 3,
27 27
::27———)—(a7+——)
( 3 3
54
=542
3
=54 -18
= 36 units’

b yi=3x+5y=x"+1

3x+5=x>+1

X -3x-4=0
(x—DHx+1) =
x=-1,4

to test which graph is higher in this
interval:
x=0,y1=5y;=1

A:f)ﬁ —y2dx
-1

GBx+35) = (1 +x>)dx
-1

:f4+3x—x2dx
-1

3 X34
=l4x+ = 2__]
[x+2x 31,
64 301
16 - 24-——)—(—4 2 —)
( 3 273
125
:—unls
6
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x==+1
to test which graph is higher in this

interval:
x=0,y1=3,y»=0

|
A:f yi—y2dx
1

1
:\f‘(3——x2)—(2x2)dx
-1

1
:Lf 3 —3x%dx
-1

= [3x - x3]1_1
=@B-1)—-(-3+1)

= 4 units®

d y :xz,yz =3x

x* =3x
X =3x=0
x(x=3)=0
x=0,3

to test which graph is higher in this
interval:
x=1Ly=1Ly,=3

3
A=fy2—y1dx
0

et
-(Z)-0-
:gunlts
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€ yp=x X-y=2 b 0= [ e*-edx
yi=xVx, yy=x-2

1
+ Vi=x-2 =[ex+e_x]
0
x=x>—4x+4 1
:(e+—)—(1+1)
¥ -5x+4=0 e
1
x-4Hx-1)=0 = e+ — —2 ~ 1.086 units>
e
x=1,4
5 7
6 -1
A:f (smx)—(—)dx
0 2
[~eos e 34
=|-cosx+ =x
2 o
-V3 1 7 1
1 = (_(—\/_) + =X —ﬂ) - (—(1) + —(0))
A= Vx—Vxdx 2 2 6 2
0 3 7
_ V37T L 3699 units?
+f4 Vx - (x - 2)dx 2 12
1
4 311 123 ¥ 4
:[_xz] +[—x2——+2x]
4 16 2 1
==—+4+[—-8+8]-|==-=+2
3+(3 ) (3 2+) A
_20 2 3 y=sinx
3 3 2
> X
_ 3 0 n 7\/1:
0 2 3 2 y=sin2x
= Z units® 3
2 A= f sin 2x — sin x dx ( from the graph)
0
0 I -1 3
4 a sz e—e‘xdx+f e—e'dx :[70052x+cosx]
-1 0 0
1 B -1 2w Vs
:Zfe—exdx _(Tcos?+cos§)
0 -1
= 2[ex — '], - (7 cos 0 + cos 0)
=2e—-e)—2(0-1) _1_'_1_1
= 2 units’ 42 2
! its?
= — uni
4
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" log, 3
z Area = f 2+ 3¢ —etdx
A:f cos x — sin2xdx 0
0 log, 3

x = [2x —3e " - ex]
2 0

+ sin2x — cos xdx 1

z = (2log,3 —3¢°%3 — %) —(0-3-1)

(o]

=4+2log,3-1-3

1
= [sin X+ = cos 2x]
2 0 = 21log, 3

+ [__ COS 2x — COS x]i ~ 2.197 units®
2 T
6
o1 Vg . 1
= (sm 3 + 5 cos §) - (smO + 5 cos 0) 9 a f:R" >R, f(x) =1log,(2x)

N (—1 . JT) (—1 T ﬂ) COHSldeer= log,(2y) . Solving for y
5~ Cos T —sin > 5 CosT=sinT ) oiegy = Set

1 1 1 1 1 1 1
b o414 -4 ~1(x) = =¢* and the domain
2 4 2 2 2 4 S 2e
1 Off_l = R
= 3 units? y
y
8 e*=2+3e" %
¥ —2e5-3=0 — |
e*=3)e*+1)=0
e =-1,3
Sincee* >0, e* =3
x =log, 3 log, 4
y=e"'=3 b bfo @) dx
P = (log, 3,3) log,4 1
= f —e*dx
0 2
1 . log, 4 3
-3, -3
2
¢ By symmetry ﬁ f(x)dx
2
3
=41 2)— =
08.(2) — 35
554
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Solutions to Exercise 11]J

1 b
1 a aV:—ff(x)dx
b-a]J,
2

aV:2—_O . x(2—x)dx
1 (? 5
—— 2 _
2 ) 2x—x%)dx
A1, 1,
_Z[X 3x 0
1 8 2
=_(4-2)=2
5(4-3) 3
1 T
b av=—— sin(x) dx
-0 0
1 m
:—[—cos(x)]
7 0
1 2
= —(~(-1) = (=) = =
n n
1 (7
¢ av= g f sin(x) dx
Z_0Yo
2
’ T
= —[— cos(x)]2
7 0
2 2
= S(-0) - (-1) ==
n n
1 2n
d av= f " sin(nx) dx
2_”_() 0
n
n

1 2x
= o [—Zcos(nx)]on
1
g((—l) -(-1)=0

1
= (D)= (1) =0

ISBN 978-1-107-56747-4
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2

€ av=

av temp

1 2
() f (e*+eM)dx
-4 J=2
1 2
ef—e*
4[ ]_2
1 _ _
4«é—e%—w2—¥»
1
2(62 _ 6_2)
1 10 ‘
= m 506_E dt
- 0
1 [ 50 _,]10
= — e =
i)
=—10(e> - ¢

10(1 — e7) ~ 9.93°C

5

1
d=—— 20t dt
a av spee S—O‘fo

1 5
= - 10t2]
5[1oe],
=50m/s
v
A
/(5, 100)
50
0.0) -
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1
b avspeed = ——

4-0J,
1[ 24 x 4 (1 t)]“
= —|— C —_
4 (0N 471' 0
24
=-=(-1-1)
T
48
= —m/s
T

24 -
05 /\

n \
> |

0 4

5

¢ avspeed = —— 5(1 —e"dt

5-0J,
1 N
= —|5(t ‘]
5[(+e |

= %(5(5 +e7)=5¢")

=4+e¢7 m/s
v
A
(5,1-e%)
(4e5+ 1)e-s /‘
0 > [

1 3
4 av velocity = ﬁf 9.8t dt
-V Jo

—1[49t2]3
= 31497]

= 14.7 m/s

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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1 a
24 sin(lm) dt 5 mean value = —— f x(a — x)dx
4 a-0 0

= - (ax — x*)dx
a Jo

= a3,
R 13)
_a(2a 3¢
6

6 a pv*? =300= p=2300v"7

1 1
av pressure :1 : ﬁ 300v"dy

2 Y2

300 1

2| — 0.1]
[0.1 Yol

1 0.1
- oo~ 5
= 30002 — 2°)
~ 401.8 N/m?

b v=3r+1, so:
t=0,v=1,t=1,v=4

av pressure

_ 1 -0.9
=17 1 300v"dv

_ 1[%0.1]4
301 |
= 1000((4)*!' — 1)

~ 148.7 N/m?

7 v:d—xandv:2t—3
dt
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2 _
a x:f(Zt—?))dt r=4r+3=0

t-1)(r-3)=0
= -3t+c
t=1,3
t=0,x=0s0c=0 20
x(1)=—m,x(3) =4 m
x=7r -3t 3
_ 2 _ 2
b =3, x =0, so the body is at O. ¢ a(l) = -4m/s",a3) =4m/s
3)—x(0
cavvelocity:M:O 9 a:d—vsod—V:S
(Note: this is exactly the same as av dr— dt
1 —
velocity = z— [Pt -3)dr; but the v=_8t+c
integration is already done in part a.) v = dx 0 dx —8t+c
dt  dt
d v =0when2r—-3=0,i.e. when x=4 +ct+d
r=13. t=1,x=0s04+c+d=0,iec.
When ¢t = 1.5, x = =2.25, so the body c+d=-4Q0
goes from x = 0 to x = —2.25 in the =3 x=305036+3c+d=730.ic
first 1.5 s and then returns to x = 0 in 3c 4+ ’d - 60 ’
the next 1.5 s. It travels 4.5 m in the ® - gives 2¢ = ~2, 50 ¢ = —1
first 3 s. ’

Substitution into (1) gives d = =3, so
x=4r2-1t-3

=0, x=-3

Initial displacement is—3 m.

4.5
e av speed = =3 = 1.5m/s

d d
8 a v:2t2—8t+6,v:—x,a:—v
dt dt dv dv
10 a=—so—=2t-3
x:f(2t2—8t+6)dt e dt
v=r*-3t+c
2
:§t3—4t2+6t+c t=0,v=3s0c=3
r=0, x=4 v==>-31+3
d d
soc=4 v:—xso—x:t2—3l‘+3
’ dt dt
_ £33 _ 42 1 3
J 3 2
a:E(2t2—8t+6) t=0 x=2s0d=2
1 3
=4r-38 X:§t3—§t2+3t+2
— 2 _ -0 i 646
b v=0when2t"-8r+6=0,1i.e. v(10) = 73 m/s, x(10) = = m
557
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dv dv

11 a=—so— =-10

12
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a

dt dt

y=-10t+c;t =0, v =25, so
c=25v=-10r+ 25

x=-5+25t+d;t=0, x=0, so
d=0x=-5+25¢

max height whenv =0,1.e. t =25

125
X(25) = T m
x = 0 when—5 £? + 25¢ = 0, giving

t = 0ort = 5;soreturns after 5 s.

a7 142 sm(60) for ¢ € [0,200]

dH 3 nt 11
s >13715 1 +44 sm(60) 3
=3 3 sm( 7rt) > 3
4 60/ 8
=3 s1n( th) > !
0 7%t 1
Consider the equation sin ( G O) =5

This is equivalent to

7Tt_7T0 57r0r 13710r or
60 - 6 DR
i.e.t=100r50o0r 130 or 170 or -

For the required domain and by

177

observation from graph o > 1.375
for ¢ € (10,50) U (130, 170)

The rate of heat loss is greatest when

sin ( il ) 1
60
This occurs when

ISBN 978-1-107-56747-4
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ntow
60 2 '
= t=30o0r 150 or 270 or- - -

.. rate of heat loss is greatest when

t = 30 or 150 for ¢ in [0, 200]

d 1 The total heat loss for ¢ €
[0,1201= [1 +

- Feoligl]”
B 4 60

=120 - EcosZ7r

T
45
—(0——0050)
T
= 120—4—5+4—5
T T

=120

.. 120 kilojoules lost over the

120 days.

ii Total heat lost for r €

3 t
1 sin(g—o)dt

3 t
0,200 = [ 1 + ) sin(g—o)dt
[t 45 COS( it )]200
60
45 200
=200 =2 ( )— (o
COS 60
45 10 45
=200 - — cos(—ﬂ) + —
3 T
_ap0-B L. ®
bd 2 b4
=200 + 45 + sl
2r o«
135
=200+ —
* 21

~ 221.48 kilojules

dv
13 i 1000 - 302 +22 0 <t < 15

a Whent = O’Cfi_‘t/ = 1000
The rate of flow is 1000 million

© Evans et al. 2016

558

Cambridge University Press



litres/hour= 10° litres/hour. ii The maximum flow is 1000
Whent =2, millon litres/hour.
=1000-30x4 +2x23 =

1000 — 120 + 16 ¢ B
= 896 million litres/hour = 8.96 x 10® dt
1000

litres/hour

b i To find stationary points, let

L.

dv e—>
R:E:1000—3Ot2+2t3 0 1015 ¢

Stationary points occur when

d i Area beneath the graph between

ar t=0andr=10
dR 10 2 3
= 601 + 6% :f 1000 — 30¢ + 2¢° dt
dt 0
__ _ 3 94910
61(10 — 1) :[IOOOI—3OXt +Tt
0

E:Olmphest:Oortzlo = 5000

dR
A gradient chart for I 1s as

ii 5000 million litres flowed out in
shown:

<0 | 0 | << ] 10 ] >10 the first 10 hours.
sing of {t[i—lf +ve 0 -ve 0 +ve
shape / -\ - 17 14 a R:[O, 00) — R, R(Z) = 1010ge(t + 1)
.. a local maximum at (0,1000) Y\;h; ?St =3, R(5) = 10log,(6) ~

and a local minimum when .
When ¢ = 5, the rate of growth is

t = 10. .
when 7 = 10 ~ 17.918 penguins per year.
dV When ¢ = 10, R(10) = 10log,(10) ~
R:E:1000—30x102+2x 23.978
10 When ¢ = 10, the rate of growth is

23.978 penguins per year.

= 1000 — 3000 + 2000 When 7 = 100, R(100) =

f? - (10, 0 1010g,(100) ~ 46.151
-+ local minimum at (10, 0) When ¢ = 100, the rate of growth is
When ¢ = 15, ‘il_v = 46.151 penguins per year.
t
_ 2 3
1000 =30 x 15+ 2 x 15 b R
= 1000 — 30 x 225 + 2 x 3375
- 1000 R(r)=10log,(r+1)
.. The maximum flow occurs
whent=0and ¢ =15 0 f
559
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¢ For the inverse function consider
t=10log,(y + 1)

t
0 - log,(y + 1)
t
celd =y+1
xt
Ly=elo—1

and the inVlerse function is
R'(t)=el0 -1

The domain of R~! = range of
R =R"U {0}

.. required area = area of
rectangle — area
10 log,(101)
=100 x 10 log,(101) —f (e10 — 1)dy
0
> 10 log,101
— 1000 log,(101) - [10e10 —y]
0

= 1000 log,(101) — [10e1°ge1°l — 10 log,(101) — (10" - 0)

= 1000 log e(101) — [1010 - 10 log,(101) — 10]
= 1000 log,(101) — 1000
~ 3661.27

ii The penguin population

has increased by 3661
penguins over 100 years.
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x3 15
= 2[20 _ —]
7501,

3
- 2(20>< 15— li)

30
= 465
The area of the cross section is
465 m?

Area of cross section

_ (% 2
= _20(25 —0.02x%) dx

The symmetry of f gives that

b The volume of the hangar = area of
cross section X length
=465 x 100

= 46 500 m>

the area of cross section
=2 [7(25 - 0.022%) dx

3 120
) [25x— x—]

150
2(0)3 17
= 2(25 % 20 - —)
( * <V~ 150
8000
=2(500 - o=
(500 150 )
|
— 893~

The volume of the hall = area of cross
section X length

1
= 893§ x 80 The parabola is of the form y = ax? + b

When x =0, y=-2

2
= 71#466= m’ 3
3 Wheny:O,x:i:1

32
a O:a(z) -2

2><16_

and a

32

ie.a=—

.. The equation of the parabola is
32,

y=—x" -2

The total volume of the trough = area of

Area of cross section

= [7.(20 - 0.06x%) dx

The symmetry of f gives that
the area of cross section

=2 [°(20 - 0.06:2) dx

ISBN 978-1-107-56747-4

cross section X length To determine the

area of cross section

3 2
=132
consider 2 ﬁ)“ Tx —2dx
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3¢ i
=2| =X o
[ 27
:2(2 27, §)
27 6 "
:2(1_11)
272
=2

. The cross sectional area is 2 m?

The total volume = 2 x [ = 2] m3, where
¢ is the length of the trough.

When the trough is half full the volume
is / m? and the cross sectional area is

1 m> The shadedaarea =1m?

32 32
Shaded area = 2[ (— a - 2) - (— a -
o \9 9

18
2) dx

a

32 32
) a’x —2x— EX3 +2x

324> 324°
9 27
64a’
27

2

0

=2

2 X

12843
27

1284°

o =1
27

which implies a® =

128

33
.3

.a —7

3

.Cl——z

23

ISBN 978-1-107-56747-4

1
=23 -2
1
. the depth =2 — (2 - 23)
1
=23 metres ~ 1.26 metres

The depth of the water is 1.26 metres when it is
half full.

ay=3- 3cos(§) for x € [-3nx, 37]. The
maximum value of the function is 6 and
hence the maximum height of 6 metres

3 X
The area = 2 fo (3 -3 cos(g)) dx
=2[3x-9 sin(g)]g” = 187

The area is 187 m?

d
c i Y _ sin(f

dx 3 J
_ _a_ a v _ (4
x=a,y=3 3cos(3)anddx sm(3).

Therefore the equation of the normal is
a
~(3-3e0()
y ( cos{ 3
1
(x—a)
sin( 3 )

ii If it passes through (9,0),

1

0—3+3cos(g): -
sin( §
Solving numerically gives a = 5.409

) . When

O -a)

19 a d_V = 3[cos(ﬂ—t) + sin(%t) + 2]

dt 2

dv
i Whent=0,E=3[1+0+2]=9

ii Whenr =2, d—V
dt

=3[—1+%+2]=3(\5—+2)

2
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av .
iii When =4, ar =3[1+1+2] minutes

t 8
S 3 [Joo 2} sn(2) 2]

b From the graph maximum value is 12 and the 2 . (mt\ 8 mt 8

. . = 3[— sm(—)— —cos(—)+2t]
minimum value is 0.834 bis 2 bis 8 0

8 8 1
¢ The volume through the pipe in the first 8 = 3(; +16 - (_;)) = 48(1 + ;)

48(r+ 1) .
= ——— litres
Ve
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Solutions to Technology-free questions

3 3 T
1 65 2
1 a X dx = [—x4] = — : ( 7_T)
j; 2 LT g ; sin2(6 + 1 do
b Since sin x is an odd function, the 1 bs g
. . . = [—— 0052(9+ —)]
integral is 0. (Alternatively work 2 4/1o
through the integral.) (1 37r) ( 1 n)
. 1 =13 cos > > cos >
c f(af—xi)a’x -0
1 2 314 h
= [aZx — —x2] T ) 1 n
31 f sin46 d = [—— cos 49]
302 3 3 23 0 4 0
:(4a2——><8a2)—(a2——a2) 1 1
3 3 3 =~ cos47r) - (_4_1 cos 0)
= —% = 0
3
3 2
3 .
d f——S\/}—x 2 dx 2 fx+2f(x)dx
1 X -1
1 3 2 2
= 3x 2 —5x2 —x 2dx = xdx + 2 f(x)dx
1 -1 1
1 144 272
:[6x§—9x%+2x71 Z[x—] +2X5
3 1 21
80 10 23
- 12——+1)—(6——+2) ==
( 3 3 2
55
Y 5 5 1
[ rwar= [ rwar- [ swa
g 1 z 3 Ji 0 0
e ‘fo‘ cos?2 0d0 = [5 Sin 29]0 =1-= (_2) =3
1 T 1
=[—sin—1|-— O = —
(2 o 2) 2 4
-2 3
“1 f (x)a’xz—f (x)dx
f f —dx = [log, x]§ 3 ! —2f
X 1 3
=log,e —log, 1 =1 :—ff(x)dx—ff(x)dx
-2 1
=-2-(-6)=4
564
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press

Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



2

2 1 from x = b to x = c is given by
5 f (x+1) dx = [—(x ; 1)8] — 820 ;
0 8 0 |, 8 = f(x)dx.

The area of the shaded region

1 \ 1 AL frgmx:ctox:disgivenby
6 fo Bx+ 1)y dx= [m(3x+ 1) ]0 fc f(x) — g(x) dx.
25 Tge area of the shaded region is
=7 [ f0) = g)dx + [ g(x) - f(x)dx

d
+ [ f(x) - g(x) dx
7 If F(x) is an antiderivative of f(x), then

f ’ f(x)dx = [F)]) 10 a The curves intersect where
0 2x+ x> =15,ie. x> +2x—-15=0.
=F09)-F@0)=5 Hence (x — 3)(x+5) =0, so P has
Also by the chain rule coordinates (3, 9).
%(FGX)) = 3£(3x), so: 0 has coordinates (7.5, 0) .

b The area of the shaded region is

3 7.5
fxzdx+f 15 - 2xdx
0 3
1

3
= [—x3] +[15x - x*15°
3 o
=9+ (112.5 - 56.25) — (45 - 9)

=29.25

3
f f(Bx)dx = =[F3X)]3
0

= z(F©O) - F(0))

W] WD W] = W =

8 If F(x) is an antiderivative of f(x) , then

f(ydx = [FOL )
1
11 a areaA:f 10x~% dx
1

=F@4)-F(1)=5
Alsc(; by the chain rule _ [—IOx_l]f
E(F(3x+ 1)) =3fBx+1),s0: = 5-(-10)=5
1
1
fo fQBx+ 1)dx = §[F(3x + Dy
1 P >
= S(F@) - F(1) b [T1oxax= [ 10x2ax
2 P
5 _ -
=3 [-10x7']5 = [-10x7"]),
1 1
5-— 10 =-2+ 10
9 The area of the shaded region p p
from x = a to x = b is given by §:7

[ F00 - g . P

The area of the shaded region
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12 The area of the shaded region is ¥

A .
f16x_2—0.5x+1dx y=e+l
2
: 0,2
+f 0.5x— 1 - 16x2dx ©.2)
4
= [-16x7" = 0.25x% + x]; 5 > x
+[0.25x* — x + 16x7'13 X
= (-4-4+4)~ (-8~ 1+2) b feuldx:[eux]g
0
25— 2)—(4-4+4
+(6.25-5+3.2)—( +4) (@ +2)—(140)
= 3.45

=’ +1

13 a Whenx=0,6y—y>=0,s0y=0,6.

) 15 a The graphs intersect at (0, 1) .
Thus A has coordinates (0, 6). For

point B, solve y = 6y — y?, i:
ie. y> —5y=0,s0y=00ry=>5. y=e*
As y = x, then B has coordinates (5, y=e
5).
<— (0, 1)
b area
5 6
P= ya’y+f6y—y2a’y p 0 5 i
0 5 o
1 2 > 2 1 3 6 2 0 0
_[Ey ]0+[3y 3 ]5 b f e_xdx+f exdx:2f e’ dx
0 -2 -2
25 125
=24 (108-72) - (75 - T) _ 2,
1 1 =2-2¢7?
st ¢
6 6
¢ Area bounded by the parabola and the 1 N .
y axis is given by 16 a L erdx=[e’]y
6 6
1
f6y—y2dy=[3y2——y3] —e—1
0 37 o
=36 b area=2(e-1)
So area Q = 36—area
5 125
P=20-=—.
6 6
14 a yinterceptis (0,2)
566
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1 2 2
1
17 area = f 267 + 3dx 19 a f ¢+ xdx = [—e—x b
0 0 2 o
= [¢* + 3x], = (=2 +2)—(-1)
=@ +3+—-(1+0) =3-—¢?
= 62 +2 -1 1
b f X+ dx
) X — 1
18 The intercepts are (-1, 0), (0,0), (2, 0). 1, -1
y = [Ex + log, |x — ll]_
1
- (— +loge|—2|)—(2+loge|—3|)
i 2 3
> X = |0 - - —
% e
3 1,13
0 c f sinx+xa’x:[—cosx+—x2]2
area = f x(x=2)(x + 1) dx 0 2 o
-1 71-2
2 _ (o ; —) — (-1
—f x(x = 2)(x + 1) dx 8
0 2
0 =—+1
:fx3—x2—2xdx 8
-1 s .
2 x
—fx3—x2—2xa’x d [4e+2_2xdx
0 =S 1
[14 13 20 =I4e+le_xdx
=|-x"—=x"—Xx
43 -1 - [ex ~Log 11— x|]_5
1, 14 2] 2 B
—|=x X =X 1 1
4 3 =(ed -2 —le* -2
oL o 10 (7% - 3loz. 16) - (¢7* = Stog, 15
=—(z+5-1)-(4-5-4) 5
4 3 3 e et 4 Elogeg
37 3 1
12 712
567
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Solutions to multiple-choice questions

2
1 C f3f(x)+2dx
0
2 2
:f 3f(x)dx+f2dx
0 0
2
=3 f Fx)dx + [2x]5
0
2
=3ff(x)dx+4
0
2 V(ax - b)? —(ax b)%

f(ax b)2 dx =

2
= %(ax —-b)

3
2

5 (ax —b)

X_
473

\S]1o))

3 B The area of the shaded region
from x = 0 to x = 2 is given by
Iy 10 = g dx.
The area of the shaded region
from x = 2 to x = 5 is given by
[ 80 = s dx.

The area of the shaded region is

foz f(x)—g(x)dx + f; g(x) — f(x)dx.

b
4 B fcdx:[cx]z

=cb-ca
dy ax
5 A +1
dx ~ 2
ax>

=— +x+
y=—tx+c

x=0,y=1s0c=1

2

AT |
= —+Xx
YT

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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6 D f'(x)=-6sin3x
f(x)=2cos3x+c

-

c=3-2cos2n=1
f(x) =2cos3x+ 1

7 E Use a CAS calculator to plot
the curve on the interval (-1, 1).

It shows one x intercept at
x =—0.78783.

Hence the required area is given by

—0.78783
A:f 2sin4x — e dx
-1

|
+ f e
—0.78783

=30.02 to 2 dp
where the integrals have been

evaluated using a CAS calculator.

—2sindxdx

8 C 4
%zae‘x+2
d
x=0,2 =5 s0a+2=5,ie a=3.
dx
y=-3¢"+2x+c

x=0,y=1,s0-3+c=1,ie. c=4.

y=-3¢"+2x+4

568
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Ifx=2y= 3¢ 2+4+4= To the nearest litre, this is 13 litres.

-— +8.
e? 10 D By symmetry, the shaded regions
have equal area, so the total area is
9 C R(t) = 5¢7 %" litres/minute. given by

Since R(t) is the rate of flow, it is

dv i =2[- ”
equal to — where V L is the volume 2 j]; » sinxdx = 2[—cos x,

of water at time 7. Thus the outflow =2 (- cos 7 + cos(m — a))

in the first 3 minutes is given by

=2(1 —cosa)
: 0.1 5 0 3
5 dt = ——[e_ A
0 0.1 0
= -50(e% - 1)
=12.959...
569
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Solutions to extended-response questions

1 aFory=x——=x—x2
2

dy
— =1+2x73
dx *

d
When x =2, = =

bm\]

The equatlon of the tangent

7
= Z(x=2
Y73 4(x )

SA4y-=T=5x-10
and 4y — 5x = -3

b Wheny =0, x = g The coordinates are (%, O)

1

¢ Wheny=0, x—— =0
X
implies x> =1 =0

i.e. x = 1 The coordinates are (1, 0)

d Required area = Area of triangle AT C — Area of should region

1 3\ 7 2
= _(2-2)x<- _x2d
2( 5)X4 flx o
2

_177[x2+_1]
=2%5%3 7|2 T

a(2+3)-G+1)

49
40
9
40
9 49
e The required ratio = — =9:94
40 © 40
570
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press

Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



2 a y A y=x1
N P (a,az)
(7] M 1}

The coordinates of P are (a, a*)

Area of OPN
3
, a
= X - —
axa 3
B 2a3
3

2 3
.. The ratio of the areas = % :

Let M, have coordinates (a, 0)
Area of OPM x* dx

= area of rectangle OMPN —area of OPM

b y A i Let M have coordinates (a, 0).
gl 1
N ¢ Area shaded = f x2 dx
Fle °
5]
=|—x2
3 1o
) 3
> a?
(0] X -
" 1 3 3
Area of rectangle OMPN = a X a2 = a2
2
.. shaded area = 3 of the area of rectangle OMPN.
¢ Let M have coordinates (a, 0). Then the coordinates of P are (a, a") Area of region
enclosed by PM, the x-axis and the curve
u +1 qa an+1
fo o n+lly n+1

Area of rectangle OMPN = a x a" = a™"!

1
.". Area of described region =
n+1
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3 a The parabolas intersect at (1, 1)
I
*. the area = f x2 — x*dx
0

2 3 3!
iV
[3x 3]0

(SN

The area is 3 square units.

b Fory=x"andy" = x
1
xn = x" .
which implies 1 = x" " n
) n’=1
re.l=xn

x= (AT = +1

If n1s even, x = 1 is the only solution. All such pairs of curves intersect at (1, 1).

¢ The coordinates of P are (1, 1) " i P
1 1 N P
Area :f xn — x"dx
0
l+1 1
[ xn xn+ 1 5 = \i
11 o+l
-+1 0
n
1 1
1 n+1
-+1
n
n 1
n+l n+1
n—1 .
= square units
n+1 4
. . n-—1
d Area with shading =1 —
n+1
n+l-n+1
Bl n+1
2 "
= square units
n+1 4
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10-1 9 .
e Forn =10, Area = T0o-1-11 square units

100-1 99

For n = 100, Area = = —— square units

100+1 101
1000 - 1 999
F =1 A = = 1
orn 000, Area 1000+ 1 1001 square units
-1 2 -1
fForn :1+—,asn—>oo,n -1
n+1 n-—1 n+1
do
4 7 2.6t
4 dt
0= Le26t+c
2.6
5
_ Eelﬁt +c
whent =0, 6 =30
5 385
Le=30—-— = —
¢ 13~ 13
5 385
dez - 2.6t -
an 136 + 3
when t = 3
5 385
0=—e&*%3 4 e 968.3

The temperature is 968.3°C after 3 minutes.

b g(°C) A/
100, 30)
>
0 t (min)
c When 6 = 500
_ 5 2.6t 385
500 = 7 3e + 3
6115 13,
—_ X — = .
375 ¢
1223 = &*%
t= > log (1223)
- 13 ge
~ 2.734
573
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The temperature is 500° after 2.734 minutes.

d The average rate of change for interval [1, 2]
_02)—-0(1)

21

5 5, 385 5 56 385)

=5 (5 5

_S5(sa 2.6)
‘13(6 ¢

~ 64.5

The average rate of change for the interval [1, 2] is 64.5° per minute

d
d—): = ve™', where v = 5 x 10* m/s

d
a Whent:O,d—::leO“m/s

b alx_v:5><104

dr e et

X
ast — oo, — — 0

The distance travelled between ¢ = 0 and ¢ = 20

20
:f 5x 10% " dt
0

20
= [—5 X 104e—f]
0

=-5%x10*x e +5x%x 10
=5x 104(1 - e‘zo)metres
dx 3
dr

Lx=-ve'+c¢

ve™!

Whent=0,x=0

SL.==v+cC
ie.c=v
. _ -t
X =V —ve
_ -t
=yl —-e")
574
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0 )

6 a Lety=¢ ¥ sin2x
then, using the produce rule,

d
D 3737 gin 2x + 2¢73% cos 2x @
dx
Fory = e73* cos 2x
d
D 373% o8 2x — 2737 sin 2x B)
dx
b From @

f(—3e‘3x sin2x + 2e ¥ cos Zx) dx = e73*sin2x + ¢

ie. =3 [ e sin2xdx +2 [ e cos 2xdx = e sin2x + ¢,®
From @

f(—3e‘3x cos2x — 2¢3*sin2x) dx = e ¥ cos 2x + ¢

ie. -3 fe‘3x cos2x —2 fe‘3x sin 2xdx = e 3* cos 2x + c,@

¢ Leta= fe‘3x sin2xdx and b = fe‘3x cos 2xdx
Then the equations can be rewritten as
—3a+2b = e *sin2x + ¢y
—3b—2a=e3*cos2x+cy
Multiply ® by 3 and ® by 2 and add:
—9a — 4a = 3¢ sin 2x + 2e 3  cos 2x + 3¢y + 2¢»)
So=13 fe‘3x sin 2xdx = 3e ¥ sin 2x + 2¢ ¥ cos 2x + (3¢ + 2¢2)

1
i.e. f(e‘3x sin2x) dx = —E(3e‘3x sin 2x + 2e3*cos 2x) + C
3¢y + 3¢
-13

where C =
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7 a i %
3 4
i 3sina =4cosa ’ 4

~ 3sina _4 | .
cosa ‘| k #

tan 4
a=—
3

ii Consider the triangle

Then sin(a) = 3 and cos(a) = g

b Area of the shaded region = foa 3sin dx + fa 4 4 cos xdx
= [-3cos x]j + [4 sin x]g'

- —3cosa—(—3)+4sing _4sina

:—3><§+3+4—4><4—L

5
9 16
=—Z4+7-—
5 5
=-5+7

Area of the shaded region = 2 square units.

8 a y=xlog,x
Using the product rule gives

d

2 - log,x + x X —
dx X
=log,x +1

Also f(logex +1)dx = xlog,x + ¢
flogexdx +x = xlog,x + ¢

and fle logexdx = [xlog ex — x]{
= elog,e — e — (elog,1 — 1)
=e—-e—-0+1

o log,xdx =1

b y = x(log,x)"
Using the product rule:
d 1
9 (log,x)" + x X — x n(logex)”‘l
dx X
= (log,x)" + n(log,x)""!
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¢ l= fle(logex)” dx,and I,,_; = fl “(log,x)""! dx
From @
Jog,x)" + n(log,x)"" dx = x(log,x)" + ¢

S, +nl,_ = [x(logex)”]
1

d I = [ (log,x) dx
From (¢) Iz =e-3D

=e—3[e—-21]
=e¢—3e+ 61,
=-2¢+6 by(a)

9 To find the point of intersection, consider x> = by
and y? = ax
as a simultaneous pair.
2 2\2
Ly = x—and(x—) =ax
Ly=7 ,
which implies x* = ab®

12 . )
and x = a3 b3 Substitute for x in

y* = ax
. (12
y :a(a3b3)
12
=a3b3
21
Sy=a3bs3

L2 2 1
S.r=a3b3 and s = a3b3

The area of the region shaded horizontally
2

12
3p3 2
:fg L dx
0 b

11
1[x3]a3b3

b

3 1o

1
:ixaxb2

_a

The area of the region shaded vertically
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2 2
3 3

W=

1
The area of rectangle OMPQ = a3b3 X a3b3 = ab

.. All three regions have area %

10 a y A
area required
in (d)

1 - (£ ,1
o 2
n
(-3. -3) area required
in (b)

T

¢ For the inverse of f(x) =2sinx — 1

consider x =2siny—1
(x+1)

=siny
x+1
2

ie. fl(x) = sin‘l(
The domain of f~! = range of f = [-3,1]

andy = sin'l(

x+1)
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[NSYPS]

S

1
d ff_l(x)dx: area of rectangle —f f(x)dx
0
6

T

s

2
> ﬁ (2sinx —1)dx
6

7_2r_ [—2cosx—x]§

z +[2COSX+X]Z

2 6

Vs Vs T
340+ 5 (2eosg+ )

The ‘integral’ command of a CAS could be used in this question.

11 a Fory= e%(lo - X)

For y

dy
dx

dx

VI00 -2 = (100 - xz)

=

1
—-x(100 — x*)"2

—X

1
(100 — x2)2

d
b When x = 0, d_y = ( for both functions

X

d
c WhenleO,d—y:—e

X

d [1e10(10-x)dx="71828...
B V07 =52 dx = 78.5398....

.. area between the curves = 6.7118 square units

€ percentage error =
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f Equation of the chordisy = 10 — x
Area of the shaded region = 257 — 50 = 28.54 square units

d(| x X 5
g i a(eIO(IO—x))=%610(10—@—@10
10 X 10 10
'.lio eﬁ(lo_x)dx:[elo(l()—x)] +f e10 dx
0 0 0
X110
=—(10) + [10610]
0
=—-10+ 10e - 10
= 10e — 20

10
f e10(10 — x) dx = 10(10e — 20)
0
ii .. exact area of shaded region = 257 — 100e + 200 square units
L t
12 R() = 10¢~T0" sin(%)
a i RO0=0
3
ii R(3)=10e 10sinT =0
L t 10 L t
b R(t)=—-¢ 10 sin(ﬂ—) + LT cos(n—)

3 3 3

B _%[IOHCOS(M) sin(m)]
¢ 13 3 3

¢ i R'(t) =0implies
107 it . (7t _t
= cos(—) = sm(—) ase 10 #0

3 3
AN 107
alT)= 5
" ﬂ—t = tan_l(lo—ﬂ) orm+ tan_l(&r) or 2w + tan_l(&) or 37 + tan_l(lo—n)
3 3 3 3 3

3 10 3 10. 3 10 10.
St=— tan_1<—ﬂ) or3+ — tan_l(—ﬂ) or6+ — tan_l(—ﬂ) or9 + tan_l(—ﬂ)
T 3 Vi 3 /g 3 3

ii stationary points (1.409, 8.646) and (7.409, 4.745) loc max (4.409, —6.405) and
(10.409, —3.515) loc min

t
. . . (7t 1N
d R(¢) = 0 implies sin 3= 0as10..e 10 20
it
", 3 =0ormor2mor3mordn
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t=0or3o0or6or9orl2

f i Use a CAS calculator to find areas
[P Ry dr ~ 1647337 . 1647 litres flowed in

i [} R()dr~ 1220377 . 12.20 litres flowed out

iii Total amount of water in the device
=1647337...—-12.20377...+ 4

=4.2695+4
= 8.2695
There are approximately 8.27 litres in the device
30
g J, R(dt~389918...

.. There are 4 + 8.9918 = 12.992 litres in the device after 30 minutes. (Use a CAS
calculator with this problem.)

13 a Ifcos2x =2cos?x—1andcos2x=1-2sin’ x
1-cos2x 1—(1-2sin’x)

l+cos2x 1+ Q2cos2x—1)

_2sin2x
" 2cos?x
:tanzx
=sec’x—1
El ) pig
41— 4
b f ﬂdx:f(seczx—l)dx
o 1+ cos2x 0
T
7
:tanx—x]
0
—tan7r ﬂ—l n
4 4 4
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Chapter 12 - Revision of Chapters 9-11

Solutions to Technology-free questions

d(x® - 1)
X

4
dy (x*=1) y

- -1

dx A -1y
20— 1D - 433 - 1)

(x* =1y
2x0 = 2x — 4x° + 4x°
(x* = 1)?
3 2 =23 + %)
(= 1)?
—2x(x* = 1)?
(= 1)?

dy

= -0,

dx

0= —2x(x% = 1)?
-1

looking at the numerator

b

x=0, =1
x=-1,0,1
looking at the denominator

£l

in set notation, {0}

2 y = (3% — 4x)*
Let u = 3x* — 4x.
Then y = u*
dy _dy du
dx du dx

d
D 413 x (6x = 4)
dx

3 f(x) = x*log,(2x)

1
f/(x) = 2xlog,(2x) + x> X —
X

=2xlog,(2x) + x

4 a f(x) — 62x+]
f/(x) — 282x+1

f/(b) — 2€2b+1
The tangent is at the point (b, e
Gradient of line from the point to the

2b+1)

o2b+1
origin is
2b+1
¢ — 9p2b+1
b 1
b= =
2

b f(b) = +k
f/(b) — 2€2b+1

2b+1
e Ak 2p2b+1

€2b+1 + k — 2b€2b+1
sk = (2b — 1)e?hH!

= 8(3x — 2)(3x* — 4x)°
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1
5 y=x3+c
2
dy 1.2

dx 3"

When x =8,y =a
La=2+c...(1)
dy 1
Wh =8, = =—
=8 TN,
1
12
When x = 8,a = 8m — 8
2 22
La=——-8=——
73 3
Substitute in (1)

22
—?:2+C

28
3

CcC =

1?1
6 Average value= — dx
0

2 3x+1°
1 2
- —[loge(3x+ 1)]
6 0
1
= 610g€7

3 3
7 ==1 -2
a fo—de 5oge(Sx )+ ¢

3 3
b dx =
f(sx—2)2 YT 10-25x

8 a g(x)=3x*-5f(x)
g'(x) =6x-5f"(x)
g(3)=6x3-5f(3x)

=18-5x%5
g3)=-7

Cambridge Senior Maths AC/VCE
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b 3x+1
X
gx) = I
di3 1
R e G
g0 = (f(x))?
_ 3/ - Gx+ DF()
(Fx)?
¢ - HO-O+ e
(f(3))?
_3><—2—10><5
- (-2)2
_ —6-50
4
g3)=-14
c (¥ = [F)P

g'(x) =2f(x0)f" (x)
L g8B)=2%x(-2)x5
= -20

9 a g(x) = Vxf(x)

¢ = NE ) + L
¢ = Vi@ + 2
:2x2+§

C= =5
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b g =LY
X
d
Xf(x)—f(x)d—x
’ _ X
g ('x) - 2
X
sy X)) = f(x)
g = =
4F'(4) — f(4
_4x2—6
16
roay - L
g4 = g

10 f(x) = f(g(x))
[0 = V3x+4, gx) =x" — 1
g (x) =2x
()= f'(g(x) x g'(x)
= 32 -1)+4x2x
= 32 -3)+4x2x
F(x)=2xV32+ 1

11 f(x)=2x>-3x+5

a f'(x)=4x-3

b f(0)=-3

c ff(x)=1
dx -3 =1
4x =4
x=1

in set notation{1}

J'(x)
Jf(x)

12 %(loge 3 f(x)) -
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y = \/m:(a—x)%

Letu=a- x.

1

Theny = u2
13 dy dydu
dx  dudx
dy 1 _1
= = —u2(-1
LI )
~ 1
2+va—-x
dy
Whenx=1,— = -6
dx
T oNa-1
1=12Va-1
1
— —a-1
144~ ¢
145
144

1
14 Area of region A = f —x* —x+2dx
0

X

3 2

ANl

Area of region B =—

1
+ Zx]
0

7
—x> — x+2dx
1

X3 x2 m
|- -2 42
[ 2 41

3

m? m?

= — 4+ — —
3 2

© Evans et al. 20
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Area A = Area B

m> m?
 h— _2om =
3 + > m=20

2m3 +3m* = 12m =0

mQ2m® +3m—-12)=0

-3+ V9 +96
m:OOI‘MZf
-3+ V105
m:Oorm:T
-3+ V105
Butm > 1,.'.m:T

f(x):x3+3x2—4
f(x) = 3x* + 6x
15 a ff(x))=0=3x(x+2)=0
SLx=0o0rx=-2

J0)=-4,f(=2)=0

2 ~ X4 3 2 B
b j:zf(x)dx—[z+x —4x]_2—0

2

2 X4
dy=|=+x’—4x| =4
cfof(x) X [4+x x]

0

1 2
d Area=-— f F(x) dx + f F(x)dx
0 1
19

2

16 f(x) = L GBx-17"!

3x—1
Foo=2"D gy
dx
3
- (Bx-1)?
, B -3
Q)= Go1y
‘o) = T5
@)= >3

Cambridge Senior Maths AC/VCE
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17

18

19

y=1-x

dy
-
dx o

LHS = x@ +2
dx

=xX-2x+2
=2-2x°
=2(1-x%)
=2y = RHS QED

A = 4nr?

v= 1% (58)
10 36
_18x10
(362
_ 10
T 2x%x36
10
~ 7

10 10
36’ i)
~ (0.28,0.14)

co-ords = (
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1
20 y=3x"—4x+7 24 y=3x3
Y _ dy 3 2
Y x_4a @ _2_ -
le dx 3 "
y 2
— =0, =
dx =x3
6x—-4=0 x =27,
2 dy 2
= — - = 27 3
=3 . 27)
=(3)
2+2 1
21 = - =
Y x2 -2 9
x> -2+4
y=-23
xs =2 25 y=V5+22
y=1+ d 1
x2 d_y =2x X :
y:1+4(x2_2)—1 X x2V5+x
d =
d—y = 2 X —4(x — 2)72 V5 + 22
X
—8x x=2,
T (2 -2y dy 2
dx  ~5+4
22  z=3y+4, = %
y=2x-1
de _dz dy 26 y=(2+3)2-4x—5:)
dx dy dx J
—3x2 d—i=(x2+3)(—4—10x)
=6 + (2 —4x - 5x5)(2x)
x=1,
23 =(5-7x)° d
dy (>=7%) d—y:(1+3)(—4—10)+(2—4—5)(2)
Yy 8 X
=2 =7x95-7
S —Ax—14+(-T)x2
= —63(5-"7x)° — 5% _14
=-70
586
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27 = =
dx d(1 + x?)
1+ x3)—= —x—— 2 a
R TR VT o f ) = f()
dx (1+ 222 ! (x):hm( h )
_(1+x2)—x><2x 1
1+ 27 _ m(2x+2h+1 2x+1)
3 1 —x? h=0
(1 + x2)2 :lm(lx(2x+1—(2x+2h+l)))
ce1 h—0\ h Cx+1D2x+2h+1)
d ’1 1 = 1>< —2h ))
Y~ _ = o0\ A 4x2+4xh+2x+2x+2h+1
dx  (1+1)2
- (4x2+4xh+4x+2h+1)
28
2+ x -
M 4x2+4x+1
-2
dR2 + x) dx*>+x+1) - _~%
dy P +x+1 -2+ x)—— (2x + 1)2
dx (X2 +x+1)? R )
_ @ Hx+D-2+0Cx+ 1D £ (12
(x2+x+1)2 -9
_x2+x+1—2x2—5x—2
B (2 +x+1)? ; )
_—x2—4x—1 30 f(x)=x"+3x"—-1
(% +x+ 1) a f'(x)=3x*+6x
*=0, f@)=0
dy -1 3 +6x=0
dx 1
-1 x(x+2)=0
x=0,-2
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b f(x)>0
3x% +6x > 0
x(x+2)>0
x<=2,x>0

in set notation, R\[-2, 0]

c ff(x)<0
3x* +6x <0
x(x+2)<0
-2<x<0

in set notation, (—2,0)

X
31 yv=
Y 1-—x
x—1+1
a y=———
1-—x
:—(1—x)+ 1
1—x 1—x
1
— 1=
1—x
=-1-(x-1)"
dy -2
~ =1-(x-1
o (x-1)
3 1
(- 1)2

ISBN 978-1-107-56747-4
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b =
Y 1-x
(I=-x)y=x
y—yx=x
x(I+y)=y
x:L
1+y
_y+l 1
x_1+y 1+y
b
B 1+y
=1-@y+17!
dx
—=-1x-(+1
dy +1
=+ D7
dy (dx\™! 5
— =] =(+1
= (dy) (6 + D7)
dy 2
A 1
dx )

32 y=(+ 1)_2

d -3 _3
d—z :2x><7(x2+ 1)2

5
= 3x(x*+1)2

33 y = x*
dy 3
=~ _4
dx o
dy
LHS = xx —
o dx
= x x 4x°
= 4x*
=4y
= RHS QED
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34 f/(x) = 10x* > 0 for allx # 0 ] f N
f(b) =2b> > f(0)=0forallb >0 3 2(x—2)?
f(b) =2b> < f(0)=0forallb <0 _1
4
35 : 2sin(Z)d f f _ 1
A fo Sm(i) * , Bx-2p
x\12 1
|-l 5
[ cos ), 20
=4-2V2
36 f'(x) = —6x> < Oforallx #0
% . f(b) = —6b> < f(0)=0forallb >0
b f e2 dx f(b) = —6b*> > f(0)=0forallb <0
0
3
x12
= [262]0 37 a f()C) — e—mx+2 +4x
3 4 — o mx+2 +4
= 2(eT - 1) J(x) = —me \
| f()=0= e = —
c 1 —dx
1 2x = -mx + 2 =log, —
1 1 "
_ 1 4
= [5 loge(x)]l = x= —(2 —log, —)
2 m m
1
=_ 1 4
5 1082 b —(2 “log, —) <0
m m
1 1 4
2 _ =
d f 1 2 logem<0
-1 2)( 4
1 e log, —>2
=- —dx m
L 2x 4
2 & — >
1 1 m
- _[5 loge(x)]% & m<de?
1
=3 log, 2
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Solutions to multiple-choice questions

4
+
1 E y:x 2x
X
= x>+ x!
dy -2
= —ox—
dx o
1
=2x— —
X 2

2D f=x+x+x
F(x)=5x* +3x% + 1
f(H=5+3+1=9

1
3 E y=(>4-9x%2

dy _
dx

1
= —18x(4 - 9xH) 2

4 D y=sin2x+1

d
ﬁ:20052x
x:O:@:ZcosO:Z
X
d
5 B 2 () =™ x (2x)
dx
:2xex2+l
dy 1 1
6 C —:( ):-1 -1
dx 1+x dx( +x)
=—1(1 + x)?
~ 1
(1 +x)?
(2 +h)? =23
7D dPo=—"""__"
grad PO =502
_(2+h)-38
B h

Cambridge Senior Maths AC/VCE
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- 5(4 —9xM72 x (=36x%)
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8 A

9D

10 A

11 E

12 B

3
LfCx+h) - fOl _ x+h x
h h
_ 3x-3(x+h
~ hx(x+h)
_ —3h
"~ hx(x + h)
_ 3
x(x+h)
y = ce**
d
d_i = 2ce
= 2¢ (whenx = 0)
=11
=c=155
The graph shows two local

maximum and local minimum; there
are no stationary point of inflexion.
Here, f’(x) = 0 at 3 points

fy=4-e>

f1(x) =27

The graph is a decaying exponential
with the x-axis as a horizontal
asymptote.

Only the last graph fits.

y:bxz—cx:x(bx—c)

c
=0ifx=0 = —.
y if x or x 5
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13

14

15
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Since the graph crosses the x-axis at
4, 0),2 —diec=4 @

d
d—§:2bx—c

=1at(4,0)

So8 —-c=1,ie.c=8b-1 @
@-Ogives0=4b -1

1
b=-
4

1

=4x -

¢ 4

The gradient of the gives graph is
zero at some negative value of x and
again at x = 0.

The gradient goes from positive to
negative to positive through these
two stationary points.

Only the second graph fits.

y=(@Gx"-2)"
dy 4 3 3
— =43x"-2)" x 12x
dx

= 48x3(3x* - 2)°
Since the derivations are equal,

the functions differ by at most of
constant.

So g(x) = f(x)+c

=3x>+2+c¢
g(2) =29
124+2+c¢c=29
c=15
g(x) =3x*+2+15
=3x%>+ 17

(Alternatively, g(x) = 3x% + k for
some constant k, so only options A,

B and D are posible. Substitute x = 2

in each to see which gives 29.)

ISBN 978-1-107-56747-4

16 E

17 B

f/(x) — kekx _ ke—kx
— ke—kX(eka _ 1)

Case(l): k>0
Then f’(x) > 0 provided e*** — 1 > 0
iee—1
2kx <0 (Since e’ = 1)

x>0 (Since k> 0)
Case(2): k<0
Then f(x) > 0 provided e*** =1 < 0

ie e <1

2kx <0
x>0 (Since k > 0)

In either case, f’(x) > 0 for x > 0

4

y=3xz+2x——2
X

=3x> +2x —4x7?

dy

E:6x+2+8x_3
:6x+2+§
3
4)-V(2
18 C Average rate = Y& - v
4-2
_45-15
2
=15 m’/ min

19

E Gradient PQ =

S(x+h) - f(x)
(x+h)—(x)
[(x+h)?>=2(x+h)+1]
—[x? = 2x+ 1]
h
X2+ 2xh + h? = 2x
2h+1-x%
+2x—1
h
_ 2xh+h?-2h
==
=2x—-2+2h
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21

22

23

24

25

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

The gradient of the gives graph is
zero at a point in (-3, —1) and again
at a point in (0, 2). The gradient goes
from position to negative to positive
through these two points.

Only the fourth graph fits.

The gradient function is negative
for x < =3 and also for x > 2. It
is zero or positive for -3 < x < 2,
so the function is increasing for
-3<x<2.

The gradient of a tangent to y = f(x)
at x = a is given by

i fla+h)— f(a)
m
h—0 h

If a=2, this becomes
fQ+h) - [2)

};1—>0 h

d (e* + e ¥ d 3

- = (& + X

dx( ex ) dx(e e
=" =37

The graph of y = —x*> + 4x + 3 is an
invested Problem will a maximum

tuning point.

dy
— =-2x+4
dx o

=0ifx=2
The y = -4 + 8 + 3 = 7, which is the
required maximum value.

y=1+e*

dy 2

2L 2

dx ¢
=2whenx=0

Equation of tangent is given by

ISBN 978-1-107-56747-4
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26 A

27 D

28 D

29 A

30 C

2
=0ifx=0, >
I x 3

There are stationary point where

=0and x = =
X and x 3

d (4x2+6

d -1
» )—E(4x+6x )

X
=4 —6x7°

_4x2—6
- 2

X
fx)=4x> - 3x+7-2x7"
fl(x)=12x* =3 +2x72
fHh=12-3+2=11

f) =
X

1
f(x) = §x3 +log, x+ ¢
(Since the condition has x > 0)

1
f) =3 +log, 1 +¢
1+
==+
3
1
:g.fC:O
1

fx)==x>+ log, x

(O8]

3
fz f(x)dx = [F(x)]3

= F3)-F(Q)

© Evans et al. 2016
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3

2
sin x dx—f sin x dx
Ve

T 7T
= sinxdx+f
3

2

T

31 C Area=

[STE|

sin x dx

Iy

32 D The Straight line crosses the x-axis at
x=-1
Area= [* x+ldx— [ x+1dx

dy 1
33 B —=—
dx x?
:x_2
y:—x_1+c
1
=——+c
X
y =2 where x = 1
2=-1+c¢
c=3
y=——+3
X
36 36
dx 1
34 A =|=log,(2x+9
fo 2x+9 [2 og2x+9)|

1
log, 81 — = log, 9
Oge 2 Oge

Sok=3

35 E Area=— [, f0dx+ [ f(x)dx
Which is not the same as any a of the
first four options.

ISBN 978-1-107-56747-4

36 D

37 A

38
A

39 A

40 B

1 )
— — +sinxdx

X 5
X
:f 2 _ x 2 +sinxdx

1 -
==x +x7!

3

1,1
=X +——C0Sx+¢cC

3 X

2
1
Area:f
0o 3

— X
= [~ log,(3 - 0];
= —log, 1 +log, 3

—COSX +c¢

dx

= log, 3

b 1
f sin2x dx = [—5 CcoS 2x

1
= ) cos2b + ) cos 2a

b

a

1
= E(COS 2a — cos 2b)
For A: Substituting

s T,
b=—anda = — give,

1 4 3 ; 1

n m
E(cos 5~ cos ?) = 5(0 —0)=0as
required.

(Checking each other option shows
that none of these gives zero.)

Since the shaded region is below the
X-axis, its area is given by
(‘i
fo —f(x)dx.
1 3
fx — —dx=zx"—log, x
X
(taking x > 0 and letting the
constant of integration be 0 since an
antiderivative is requested.)
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41 D f(x)=3x"+6x-9 46 B f(x)=3x*-2x-1
=3(x* +2x - 3) =@Bx+ Dx+1)
= - 1
=3(x+3)(x—-1) :Oifx:—g,l
>0ifx<-3orx>1 o S
So the function is increasing if The gradient is positive if x < 3
- 1
x<=3orx>1 andnegativeif—§<x<1.
2 B f(x) = Sin .x So the{e is a local maximum at
X

(x)(cos x) — (sin x)(1) )

f(x) = = The gradient is negative if
| Xcosx —sinx —§<x<1andp051tlvelfx>1.
- 2 So there is a local minimum at

x=1f1)=1-1-1+2 =1 there

43 B y=log,(cos2x) is a local minimum at (1, 1).

dy 1 ) d(x-1 d( 1 1
- = —2 2 B — = — _—_—
dx cos 2xx( sin 2x) 47D dx( Vx ) a’x(x2 * 2)
_ 2sin2x 1 1 1 3
©cos2x = Ex_Z + Ex_z
44 C f/(x) =sin2x b
| 24x  2x+/x
f(x):—§c052x+c x+1
£(0) = 3,50 2x v
d
1 _ COS X — COS X T
3= —50050 L 48 C dx(e ) = e“**x(—sin x)
1 = —sin xe®**
) e T 3n
2 2
c—31 49 A Areazf cosxdx—ﬁ cos x dx
=33 0 z
L ioszeas] R
fx) = —5 C0s 2x + 35 = [sin x|y — [sinx];
2
45 D y=4e¥—x =(1+0)-(-1-1)

dy 3

— =127 -1

dx ¢
=12-1=1latx=0

Equation of tangent at (0,4) is

y—4=11(x-0)

= 3 square units

y=11x+4
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50 C x+y=1soy=1-x
p=x+xy-y
= x> +x(1-x)—(1-x)?

=X +x—x—1+2x—x>

=-x*+3x-1 54

Z—I: =-2x+3
=0ifx = %
and this corresponds to a maximum
since the graph of P against x is an
inverted parabola.
55

—COS Xx

y=e
dy
dx

= sin xe

51

e Y x sinx

—COS x

T
JT —cos—

d
Y :singe 3

X
V3 A
—¢

2

and this is the gradient of the tangent
Vs

b
where x = 3

atx = —.
o3 56
Using mymyp = —1

m2:—1+(

= [\J‘
S
m|
N|—
N —

e

&

—2e2

R

57 D

52 )
3 s
E f(cosx+sinx)dx:[sinx—cosx]g
0
=(1-0)-(0-1)
=2

53 C Since (1, 3) is a maximum point on

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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the graph, /(1) = 0.
The equation of the tangent is

y=3=0(x-1)
y=3
y=4-x
dy
-
dx *

=-2whenx=1
Equation of the tangent is
y—3==-2(x-1)
y=-2x+5

P=-xX"+6x+4

dP
— =-2x+6
dx o

=0ifx=3
and this corresponds to a maximum
since the graph of P against x is an
inverted parabola.
Whenx=3,P=-9+ 18 +4

=13

The maximum value is 13.

Stationary points
f'(x) = x> — x> — 1 occur when

f'(x)=0.

f/(x) =3x> = 2x
=x(Bx-2)
=0ifx=0, %

f'@ = lim

=limh>+6h+12
h—0

fQ+h-fQ2)
h

=12
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58 C f(x) = log, 3x 61 B f v
2x

iy = L
f(@—3xx3

5
’ = f(2x - S)de
=1
1 3
59 B y:xzex :—2 3 2x—-5)"2
X R
. 3)
D 2% 4 2xe®
dx 1 « 1
x -3 3
=xe'(x+2) 3 (2x—-5)2
=0if x=0,2. _ 1
Note that y > 0 'ar'1d when x = .0, B 32— 5)_%
y = 0, So the minimum value is 0. Where the constant of integration is

) taken as O since an antiderivative is
60 E f(x)=asin(3x)

f'(x) = 3acos(3x)

required.

62 D From the graph, there is a stationary

f'(m)3acos3n ) ] )
point of inflexion at x = -3 and a
= —3a - . .
minimum stationary point at x = 1
=2ifa= _% A quick check of each option shows
3 that the fourth is not true, as there are
two stationary point on the graph.
(Checking the other options shows
each is true.)
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Solutions to extended-response questions

1
1 a S =50+30e3"
When =10
s =50 + 30e~?

~ 54.06
There are 54.06 g of salt in the mixture after 10 minutes.

SA

80
(10, 54.06)

50F=-=-=-=-=-——===—===
>
0 t
ds 1
— = —6e5'
c 7 e
1
d Considering s = 50 + 30e 5
1
Solve for e™5’
s—50 _%t
=e
30 J |
Substitute in @ —6¢75'
dt
ds S -50
oyiad L2 ($250)
o ye di 30
1
=—(50 -
5( s)
e When r=0
s = 50 + 30¢°
=80
The volume of water is 100 litres.
.. Concentration = 100 = 0.8g/litre

S
f C tration = —
oncentral 10111 100
50 +30e75"

Concentration = 0.51 gram/litre
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1
50 + 30e” 5’
l100
.~.1 51 = §0 +30e75"

— =¢ 5!

implies 0.51 =

and therefore
t=-5log, —
Oge 30
= 5log, 30
~ 17.006
The concentration first reaches 0.51 g/litre after about 17 seconds.

2 a T =40e03% 420, >0
Whent =0
T =60
The initial temperature of the body was 60° C.

4\
60-

p]| EEEEEEEEEESSS

0 t

dr
—=_-144 —0.36¢
C dr e

d Since T = 40793 4+ 20
o036 — L7 20

= —0.36(T - 20)

Hence d—T = —14.4(T _ 20)
dt

40

3 a f(t) = 1000e 0>
f(0) = 1000
Initially there were 1000 F-type spores.
50% of the initial number is 500.
Consider
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500 = 10002

0.5=e"

o t=-21og,(0.5)
=2log,?2
~ 1.386

It takes about 1.386 minutes to kill half of the F-type spores.

b f(0) = 1000 and g(1000) = 1200
Initially there are 1000 F-type spores and 1200 G-type spores,
so there are 2200 line spores of both types.

Fort =5
f(5) = 1000e™ >3 and g(5) = 12000755
= 1000¢™* = 120073

fS)+50) 100
fO)+g0) 1

Percentage of spores still alive after 5 minutes =

1000e=23 + 120073 100

2200 “7
1000 ¢35 + 1200 ¢33

~ 5.378
.. Percentage of spores still alive after 5 minutes is 5.378. %

¢ Total no. of spores = 1000e~">" + 1200e0""
i.e. T = 1000 + 12007 where T is the total number of spores

dT

—r = ~300e7%7 - 840¢70"
Whent=5

62_7; — _5006—0.5X5 _ 84060.7><5

= —500e72° — 840¢737

~ —66.408
When ¢ = 5, the rate at which the total number of spores is decreasing is 66.4 spores

per minute.

d Live F-type spores = live G-type spores
When /(1) = g(1)

ie. 1000e7%°" = 1200e07
02 _ 1200

hich impli
which implies e 1000
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1 6
= — oo (—
and ¢t 02 oge(s)

= 5log,

~ 09116
.. the number of live F-type spores = the number of live G-type spores when
t =0.9116.

e number of spores

1200 -
1000 -
J
. >
0 091 { (minute)

4 V =100(1 — e 0%)

a

YA
1004 mmmmmmm o

0 >

dv
b i Acceleration = . 100 x 0.2¢7%%

=20e "% m/s?
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ii From V = 100(1 — e %)

1%
_ 1 _ —-0.2¢
100 ¢
1%
and 6_0'2l = 1 — 1—00
_100-V
100
dv
= 20 —-0.2¢
dt ¢
100 -V
o)
100
1
= 5(100 — V)m/s®
¢ whenV =80
80 = 100(1 — 772"
08 =1-e"
e =02

oo =021 = log,(0.2)
re. t = -5log,(0.2)

=5log,5
When the velocity of the body is 80 m/s, r = 5log, 5 = 8.05 seconds.

5 C=0.05x%+5x + SOOC
The average cost A = —
X

i.e. A=0.05x+5+ @
X
dA 500
— =0.05- —
dx x2
dA
i 0 implies
0.05 = —5020
X
i.e. x> = 10000
x =100
d—A > (O for x > 100
dx

and — <O forx <0
X
. a local minimum at x = 100

i.e. 100 units per annum minimises the average cost per unit.
6 T= T()e_k[
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dT

= — kT —kt
R 0¢
= —kT
iy rti ItoT
. — is proportional to
i prop
b Whentr=0, 7T =100-30=70
1.e. T() =70
When ¢t =20, T =70 -30 =40
. 40 = 70e720
T 20k
7
4
and —20k = loge(§)
1 4
e
20 %e\7
1 1 (7
=20 %el3
= 0.028 (correct to 3 decimal places)
dT
— = —kTpe™
© . 0
— ( ) =30 10&( )
T20 By
3
2
70 o (7) loge(z)
= —— —Je
20 %\
3

The temperature is decreasing at a rate of 0.846 degrees/minute.

1

7 a i pt)=02-02e 20+01e 10>0
1

. p(10)=0.2 - O.2e‘2 +0.1e”
~ (0.1155 (correct to four decimal places)

ii Ast— oo
e_% — 0 and e_l_tO -0
op() — 0.2
The proportion approaches 0.2

13 3
b p'(f) =0.01e720 —0.01e 10
Let N(t) be the number of new cases per day
N(1) = kp'()
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- k(o.me‘% - o.owﬁ)
To find maximum, differentiate to find N’(#) and solve the equation N’(¢) = 0
N'(r) = (—O.OOOSe_Z_tO " o.omaﬁ)k
N’(t) = 0 implies
0.0005 ¢ = 0.001¢”T0
e20 =2
. t=20log,2 ~ 13.86
N’(t) < Ofort > 20log,2 and N'(t) > 0 for t < 201log, 2
which implies a local maximum at = 20 log, 2

The number of new cases per day is a maximum when ¢ = 20log, 2
i.e. after 13.86 days.

8 Let $x be the rent per month from each apartment.

- 500

The number of apartments occupied = 70 — 2()62—0)
_ 700 — x + 500
- 10
_ 1200 - x
10

Let $R be the total revenue

then R — x(1200 — x)

- 10

1 2
= 7512002~ )

R o
— = 0 implies x = 600
dx
this is a maximum as R is a quadratic function of x with negative coefficient of x* i.e.

the price per apartment to maximise monthly revenue is $600.
5x 10*

RELR

a Whenr=0, V=5x10*
i.e. the initial volume of liquid is 5 x 10* m?

b V=(x10%1+1)"?

dv
ks —10 x 10*( + 1)~3 (chain rule)
10
(t+1)3
dv 10°
Whent=1,— = —— = —12 500
n dt 23

i.e. the rate of change of the volume of liquid with respect to time is —12 500 m?/day.
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5x10* 10

Vi4) = = — =2000
c V4 32 5
5% 10%
V() = o= 12 500
.. the average rate of change of V with respect to ¢ for
. 2000 - 12 500
the interval [1,4] = ——
4-1
= -3500
The average rate of change for the interval [1,4] is—3500 m3/day.
4
d 510 -
(t+1)>2

5x10* < (r+ 1)
Tt+1 > m;t>0
1> 100V5 -1
100 V5 - 1 ~ 222.61

~. the amount of liquid in the pool is less than one cubic metre after 100 V5 — 1 ~
222.61 days.

e

”
m3)| (0, 5x 10%

>
0] t(days)
10 a

C
($'ooo)A

/(1{,5.65)
2_

0 oY

ac 1 3
- = Z,SNZ(N3 + 16)"4 (chain rule)

b

3N?

- 3
A(N? + 16)4

¢ The rate of change of cost in $ 1000 s with respect to the number of bottle tops
produced.
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11 Profit = Selling Price — Cost Price

80 800
Selling Price = —- X p = —
800p 160(1))
Cost Price = — X2 = —
p p
.. Profit = 800 _ 16(2)0
P
Let R denote profit
1
then R = 800 _ 6(2)0
p p

dR _ 800 3200
dp~ p* P

dR
For maximum profit consider — = 0

p
800 3200
- + —3 =0 (p * O)
p P
-800p + 3200 =0
p=4
A sign diagram shows a local maximum
p <[4 ]>
dR
— |+ |0
dp
sign | /| = |\
800 1600
Wh =4,R=——
enp =4, 2 P
=200 - 100
=100 800
.. The selling price is $4 to maximise profit and the number of items sold is e = 50
12 y = (ax+b)?
Wh =0,y=-—
eil X y=7
Z=—p2
4
b =4
and b = £2
d
2 = 2a(ax + by
dx y 3
Y
Wh =0,—=—-
eg T ar T s
i —2a(b)~?
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>

\

0

> X

(SIS \S)

X = —§I
]
Substituting b = 2 gives
5 2a X
—— = -2a —_
4 8
T a=3
For b = -2
a=3
.. The possible pairs are (3, 2) and (-3, -2)

Fora =3, b =2 (equivalently a = -3,b = -2)
1

Y= Grr2p

1
13 a Cost per hour = 160 + EW dollars

1000
A journey of 1000 km at 10 km/hr takes

= 100 hours.

1
= (160 + — x 10*)100
(160 + 755 > 107

<. Costof journey _ (160 1 10)100

=17 000
The cost of the journey = $17 000

1000
b Time for a journey of 1000 km at Vkm/hr =

hours
1 1000
. C = (160 + —V3)—
100 Vv
_ 160 000 +10V2
Vv
¢ In order to sketch the graph it is necessary to investigate stationary points.
dc 160 000
— =——— 420V
dv V2
dc 160 000
Vo 0 implies 20V = 2
- V3 =8000
ire. V=20 160 000
When V =20, C = + 10 x 20?
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=12 000

WhenV>20,£ >0
dv

When 0 < V < 20, d—C<O
dv

CA

(%)

(20,12000)
>

0 V(km/h)

*. there is a local minimum at (20, 12 000)
160 000

For C = +10V?

as V — oo, C > 10V?

asV -0, C - o0
". the graph is as shown here.

d From the above the most economical speed is 20 km/hr and the minimum cost is
$12 000.

e From the grap? the rrlu(;l&)num will occur when V = 16
C = (160+ - V)<=

_ 160 000

-V

_ 160 000

- 16

=10 000 + 2560

=12 560
.. the minimum cost is $12 560 when the maximum speed is 16 km/hr.

+10V?

+10x 16>

14 a
B, xkm D (30-x)km C Let BD = x, where D is

the point where the camper
reaches the shore.
Then DC = 30 — x
and by Pythagoras’ Theorem
AD = Vx% + 122

The camper rows at 5 km/hr. Therefore the time taken to row from

AtoD = # hours.

The camper walks at 8 km/hr. Therefore the time taken to walk from
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(30 = x)

DtoC = hours.

The total time, 7' (hours), for the trip is given by
i
Va2 + 144 L 30-x_ (x* +144)2 L 30-x

T =
8 5
To find the minimum time consider stationary point

1 1
ar 2x X 5(x2 +144)72

S dx 5 g
X 1

8

1
5(x2 + 144)2

X
7 implies

1
T
5(x2 + 144)2
1
o 8x =50 + 144)2
Squaring both sides
64x% = 25(x% + 144)

39x% =25 x 144
,  25x 144
39
60 6039
V39 39

A gradient chart reveals a minimum

X

~ 9.61

60 V39

JT 39

signof — [ = | O +
dx

X < >

shape \ | - /
". the camper should land 9.61 km from B to minimise the time of the journey.

If Cis 24 km fr?m B
(x> +144)2 24 -x
T = +
5 8
dr X 1
—— -
X 50241442 O
.. local minimum is the same as a.
1.e. the camper should still row to a point 9.61 km from B.
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15

Let C be the cost of laying the pipe

Distance AX =4 — x

The cost of laying the pipe along AX = 10(4 — x) dollars
1

The cost of laying section XB = 25(x> + 9)2
1

o C =104 - x) +25(x* +9)2

To find the minimum consider C:l—

X
d 1
€ _ 104 25x(x2 +9)72
dx

2
BT

1
(x2+9)2

dC
— = 0 implies 10 =
dx

25x

1
(x2+9)2
1
. 10(x* +9)2 = 25x

1

2 (x*+9)2 =5x
Squaring both sides gives
4(x* +9) = 25x°
4x* +36 = 25x°

536 =217
12
X = —_
7
12
X < — | >
dC !
- -10 +
dx
shape | \ | — /
.. 12
A minimum occurs when x = -

[12
.. Length of pipe on the surface should be (4 - 7) ~ 2.7 metres in order to

minimise costs.
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16 a
g(x) > h(x)
1 1
& —->—
x  x? _ _
& x> 1 (Multiply both sides

by x2. Note x > 0)

SAxigx) > h(x))={x:x> 1}

1
b g'(x)= —E

2
() = —=
x
g'(x) > h'(x)

1 2
=4 —; > —;
& —x > —2 (Multiply both sides by x* : Note x> > 0)
TXx<?2

x:gdx)>Mx)}={x:0<x<2}

1
f(x) = )
1
]’Z(X) = ;
h(x) > f(x)
1 1
RG]
& x > 1 (Multiply both sides by
X
Note x* > 0)
Lxrh(x) > f(0)) ={x: x> 1}
, 3, 2
f'x) = _F’ h(x) = —;
' (x) > f(x)
S 2 > 3
x3 xt
(Multiply both sides by x*: Note x > 0)
—-2x > =3
. < 3
LX< =
2 3
" {x: W (x) > f'(x)} = {(x: O0<x< 5}
1
d i) =—, hn)=—
X
fi(x) > fo(x)
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1 1
© — > —— (Multiply both sides by X1 Note x"*! > 0)
x}’l

S ))ccn> 1
SoAx i) > L0} = {x: x(> 1}1)
—(n+
fi=-—5 f=-—5
i) > f5(%)
n (n+1)
_xn+l - xn+2

(Multiplying both sides by x"*? : Note x**? > 0)
L-nx>—(n+1)

+1
and x < (nt D
! 1
n+
o 1) > () = {x: 0<x<"—|
17 a
Let D = OP
l)2 = x2 + )
X
It is sufficient to minimise D? to minimise D
d(D?) ) 2
=2x——
de x3
d(D
DY) _ 0 implies x* = 1
dx
Tox ==l
A sign diagram confirms a minimum at the points (1, 1) and
(-1, -1
b
Let D = OP
then D? = x> + —
en 43
d(D?) ) 4
=2x - —
dx2 x>
d(D
D) = x implies x® = 2
dx .
ie. x=+V2 .
When x = i\6/§, y=—-—
V2
As before, a sign diagram reveals minimum distance for
1 6 1
P(\ﬁ/i, —) and P(—\/z, z_)
V2 V2
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¢ Let D = OP

1
then D2 = X2 + o
x n
d(D?) 2n
=2x— ——
dx x2n+1
d(D?
(d ) = 0 implies
X
2n
2x = 2t
222 = 2n
1
and X = +n2n+2
n
y= n 2n+2

18 a Let y m be the width of each window
.. bxy =36
6
v=
The width of the wall = 8 + 3y
The height of the wall = 6 + 2x
.. Area of the brickwork A = (8 + 3y)(6 + 2x) — 36

_ (8+ %)(6+2x)—36

:48+%+16x
X

A
(m?) 27
,/’y = 48 + 16X

I<(2.6,92.14)

’
s

* I >
0 6 x(m)
¢ In order to find the value of x which will give the minimum amount of brickwork,
consider:lo8
— =——+416
dx X2
dA 108
— =0 implies x* = —
dx P 16
3 V3
LX=+x——
2
612
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press

Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



33
Butx>0 - x:T\/_zZ.&

A sign diagram shows local minimum

X < ﬁ >

dA 2

— -10 +

dx

shape | \ | - /
3v3 3v3 2

Whenx:—\/_,y:6+—\/_:6><—
2 2 343

4
:—\/gzZB

3

3v3 43
.. The dimensions of each window are height 5 metres and width —— metres;

the minimum area of brickwork is 48 + 48 V3 ~ 131.14 metres.

d x>landy>1
impliesx > 1and — > 1
implies ] <x <6
From the graph the maximum will occur at either x = 1 or x = 6
Ifx=1,A=48+108+16=172
Ifx:6,A:48+1(6)—8+16><6:162

.. The maximum amount of brickwork which could be used is 172 m?

19 a ’
b Area = —f_axz — a’dx
— a2 _ 2

= —2];)3)( -a cix

=-2 [x_ - azx]

3 0

4a’ )
= quuare units

See graph above.
Length AB = 2a
4 3
If the area of rectangle ABCD is % square units

43
b BC = -2 24
3
4a3 1 2 "
= — X — = ——units
3 724 3

length of BC  24° 5 )
—————— = — +a” = -, aratio of 2:3.
¢ length of OV 3 “ 3 @ 1ato o
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1 5 A1
20 a f_3(1—t)dt:[t—§]

-3

.1 (=3)°
-4 )

2
=3~ (3+9)

2
=3~
= -5-

b ['(1-Adi=0

371
implies [t - t—] =
3

1 a’
-2
3 73

2
§—a+%—0
a-3a+2=0

¢ Fromb fal(l — 1) dt = 0 is equivalent to
a>-3a+2=0
By the factor theorem (a — 1) is a factor
anda® —3a+2=(@-D@*+a-2)=(a-1)*a+2)
w [[=Pdi=0fora=1anda=-2
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dv
21 a i Whent=0, o = 10e~! x5 = 50e7! litres/minute
LAV
i —- = 0 implies 10e~“*D(5 — £) = 0 and therefore t = 5

iii The rate is 1 litre/minute when t = 2 minutes and 18 seconds (to the
nearest second)

iv The rate is less than 0.1 litres/minute for the first time when
t = 3 minutes and 48 seconds (to the nearest second)

d (d a
V - ¢ ' e

10- e 1 (5_f)i=0 DV os0-el
dt dt
 dv a1 dv
\—=50-e |» Decimal —=18.394
| dt I dt

Solving graphically. Enter f1(x) = 10e"**D(5 - 1)|0 < x < 5 Use
the Point On tool (b>Geometry>Points & Lines) and edit the
y-coordinate.

615

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press
Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



b Use Integral from the Calculus menu. There are 14.74 litres of water in
the tank after 5 minutes.

¢ The time (to the nearest second) that there is 10 litres in the tank is 53

seconds.

i x+1) o]
t_lO' g x+1, kE—x.',J dx
40
(o | 1 6larm 14.74
l\lO- |l4- es+l,J- e é,JbDemmal
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Chapter 13 - Discrete random Variables and
their probability distribution

Solutions to Exercise 13A

1 Pr(Lit U Lan)
1H, 1T, 2H, 2T, 3H, 3T, 4H, 4T, 5H, 5T, 6H, 6T = Pr(Lit) + Pr(Lan) — Pr(Lan N Lit)
=03+0.6-0.25

HTI1, HT2, HT3, HT4, HTS5, HT6,
THI1, TH2, TH3, TH4, THS5, TH6, 7 a 0.05+0.02 -0.003 = 0.067

TT1, TT2, TT3, TT4, TTS, TT6
b 0.05 -0.003 = 0.047

4
3 a 52 13 8 1-0.75-0.12-0.08 = 0.05 = 5%
b 3
4 9 let Pr(A) be the probability that an adult
16 4 owns a car & Pr(B) be the probability
5% 3 that an adult is employed
o 5 Pr(A) = 0.7, Pr(B) = 0.6
d —=— PrAnB) 06 6
5213 Pr(BA) = TANB) 06 _6
Pr(A) 0.7 7
3 1
4a—-=> 17
6 2 10 a —
500
b 1 N 3 4 2
6 6 6 3 b A8 _ 2
500 250
5 Pr(S UL)=Pr(S)+Pr(L) —Pr(S N L) ¢ W+ +33+39+17
500
=0.8 © 500 125
d 10+17+2+1+11 41
6 500 500
130 13
11 a P =—=—
a Pr(guns) 200 ~ 20
70 7
b Pr(guns N male)= 200 = 20
617
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114 57
12 a Pr(head) 5 ﬁ = m

40 2
b Pr(ten) X % = 1—9

54 27
Pr(2 h N — = ——
¢ Pr(2 heads) 200 ~ 100

21
d Pr(3 sixes)y — = —
TG sixes)~ 205 = 750

Area of white
Total area

3 30%

T 502

~ 900

2500
9

"2

13 Pr(White) =

Area of green

Total area

12
27Tr

14 a Pr(Green) =

nr?

1

2

Area of yellow

b Pr(Yellow) = Total area

12
671'}’

nr?
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15 C C’

T 1032 0.13
T 033 0.22

0.45
0.55

0.65 0.35

a Pr(TnC’)=0.13

b Pr(T NnC)=0.32

16 s s

D | 025 0.15
D" 1042 0.18

0.40
0.60

0.67 0.33

a Pr(D) = 0.4

b Pr(S) = 0.67

¢ Pr(D’NnS’)=0.18

17 A A
S 1053 0.120.65
S’ 1018 0.17 | 0.35
0.71 0.29

a Pr(S")=0.35

b Pr(ANS’S)=0.18

¢ Pr(A’nS)=0.12

d Pr(A’nS") =0.17
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Solutions to Exercise 13B

1 a Pr(RR) =0.25x0.8=0.2 let H be a poor harvest
Pr(H) = 0.5
b Pr(R’'R’) =0.75%x0.9 = 0.675
Pr(H|D) = 0.8
¢ Pr(R Sunday) Pr(H N D) = Pr(H|D) x Pr(D)
= Pr(RR) + Pr(R'R’)
=0.8x0.3
=0.2+0.075=0.275
=0.24
Pr(H N D)
Pr(BNA Pr(DIH) = ——————~
2 a Pr(BlA) = NB0A) HDIH) = —p
Pr(d) 0.24
— = —— =048
6 0.5
Pr(BNA)
b Pr(A|B) = ——
Pr(B) 6 a 20 _1
1 1000 ~ 2
3 L, 385 _ 77
1000 200
3 a Pr(A N B) = Pr(B|A) Pr(A)
= 0.1 x0.6 = 0.06 o 200 _ 40
385 77
b Pr(AlB) = SANE) ] 200 2
~ Pr(B) 5 d — ==
500 5
Pr(CnF) 03 3
4 Pr(CIF) = — 2 - "~ - Z total speed
MR == 0575 7 a Pr(S)= P
total
13065
5 Let H be the event poor harvest. 448 224
Let D be the event disease. total fatal 115
b Pr(F) = =
Pr(D|H) = —PY;D(:I)H) (k) total 448
T
¢ Look only at the Speed column:
_ Pr(H|D) Pr(D) e %
Pr(H|D') Pre(D’) + Pr(HID)Pr(D) ~ Pr(FIS) = =5 = ==
= 080 d Look only at the Alcohol column:
T 0.8%x03+0.5x0.7 ook only 2 the Alcohol column:
_ % Pr(FlA) = %
59
A second interpretation of the 8 a Pr(UnS)=08x%x03=024

question which is entirely respectable.
Pr(D) = 0.3

ISBN 978-1-107-56747-4

b Pr(JUS)=08+0.3-0.24 =0.86
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9 Pr(A) =0.6,Pr(B) =0.5,Pr(C) =04 13 0.03x0.95+0.97 x 0.02 = 0.0479

a Pr(A)xPr(B)=0.6x0.5=0.3
ANB=1{1,3,5 Pr(AnB)=03 14 §=stop N =nostop
Pr(A N B) # Pr(A) x Pr(B)
.. A and B are not independent

b Pr(A) x Pr(C) =0.6x04 =0.24
ANC ={2,6} Pr(ANnC)=0.2
Pr(A N C) # Pr(A) x Pr(C)

.. A and C are not independent

¢ Pr(B)x Pr(C) =0.5%x0.4 =02
BNC={9 Pr(BNC)=0.1
Pr(B N C) # Pr(B) x Pr(C) a Pr(SSS) =0.6x0.9x0.9 = 0.486

.. B and C are not independent
b Pr(NSN)=0.4x0.3x0.1=0.012

10 Pr(A) = 0.5,Pr(B) = 0.4 ¢ Pr(SNN)=0.6x0.1x0.7 =0.042
Pr(AN B Pr(NSN) = 0.012
a PrAB) = TANB) NS N)
Pr(B) Pr(NNS) = 0.4 x 0.7 x 0.3 = 0.084
_ Pr(A) X Pr(B) Pr(SNN) + Pr(NSN) + Pr(NNS) =
Pr(B) 0.138
= Pr(A)
4 3 2
=0.5 15 a - x=-=2
25%575
b Pr(A N B) = Pr(A) x Pr(B) = 0.2 sl 1
b Sx-=—
c 65 15
Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B) z_tngrgxz_t_g_g
—05+04-02 6 5 6 5 30 15
=07 1, 1602
400 5
11 0.3x0.7+0.6x0.3=1.3x%x0.3=0.39 0 7
b — = —
| 400 ~ 40
P(HHH) g3 1 A
I —Pr(7TT) 7 7 ¢ 40 _ T
8 2716
5
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7
40 _ 7
4 750 = 15
400
17 a —><—+l><%:i
2 7 14
3
14 3
S 5
14

18 a 0.3x0.75+0.6x0.8+0.1x0.3

=0.735
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0.6x02 012 24

b 1-0.735 0265 53

3 2 1 4 3 2
19 — X —X—+—=X-—=X—

12711710 12711710
5 4 3
+—=X—=X—
12711710
1 1 1
=—+ =+ —
220 55 22
1 4 10
= + +
220 220 220
15
~ 220
_3
44

© Evans et al. 2016
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Solutions to Exercise 13C

1 a discrete
b continuous
¢ discrete
d discrete
2 a continuous
b discrete
¢ continuous
d discrete
3 a {HHH, HHT, HTH, THH,
HTT, THT, TTH, TTT}
b X=0,{TTT}
X=1,{HTT, THT, TTH}
X=2 {HHT,HTH,THH}
X =3, {HHH}
4
c Pr(XZZ):gz—
4 a Yes, since p(x) > 0 for all x, and Zp(x) = 1
b PriX<3)=01+02+0.1+04=0.8
5 a Pr(X=3)=Pr(RRR) =4/9%x4/9x4/9 =64/729
Pr(X = 2) = Pr(RRB) + Pr(RBR) + Pr(BRR) =3 x4/9 x4/9x5/9 =240/729
Pr(X = 1) = Pr(RBB) + Pr(BBR) + Pr(BRB) =3 x4/9%x5/9x5/9 =300/729
Pr(X =0) =Pr(BBB) =5/9%x5/9%x5/9 =125/729
604
bPriX>1)=1-Pr(X=0)=—
(X2 1)=1-PrX=0)=
304
¢ Pr(X>1)= 1 -Pr(X = 0) = Pr(X = ) = =
622
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6 a {(1,1),(1,2),(1,3),...,(6,4),(6,5),(6,6)}

die 1
1121314 [5 |6
1121345 |6 |7

. 21341516 |7 |8

bodie2 =567 3 |9
4156718 |9 |10
5167189 |10]11
6178191101112

6 1

i PY <5)= — =

c1r(<5)366
21
i Pr(Y =3]Y <5)=2 ==
ii Pr( |<)63

i Pr(Y <3|Y <7)=Pr(Y <3)/Pr(Y <7) = (3/36)/(15/36) = 3/15 = 1/5
iv Pr(Y > 7|Y > 4) = Pr(Y7)/ Pr(Y > 4) = (21/36)/(30/36) = 21/30 = 7/10
v Pr(Y = 7)Y > 4) = Pr(Y = 7)/ Pr(Y > 4) = (6/36)/(30/36) = 6/30 = 1/5

vi Pr(Y =7|Y <8) =Pr(Y =7)/Pr(Y < 8) =(6/36)/(21/36) = 6/21 =2/7

7 a die 1

die 2

NN B W[ =
el I e e
DN — |
W W[ W|W| N =
ARV =
NN | || =] W
NN | BR[| =]

b Y=1,23,45,6

¢ Pr(Y=1)=0.1+0.1-0.1x0.1
=0.19

8 a Pr(X =2) = P (WWB) + P(WBW)
+ Pr(BWW)
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where B means ‘black ball drawn’ and W means ‘which ball drawn’.
2 2 3 2 3 2
PriX=2)==X=-X=-4+=-X=-X~=
5 5 5 5 5 5
3 2 2
+ - X=X~—=
5 5 5
12
=3X —

36
=135 = 0.288

b Pr(X = 3) = Pr(WWW)

¢ Pr(X >2)=0.288 + 0.064 = 0.352.

Pr(X =3)
Pr(X > 2)

0.064 2
T 0352 11
~ 0.182

d Pr(X=3[X>2) =

9 a {(1,1),(1,2),(1,3),...,(6,4),(6,5),(6,6)}

1

b Pr(A) = -
r(A) g
Pr(B) !

T = -

6

15
Pr(C) = —
1(C) 36

(counting possibilities)
3 5
12
6
Pr(D) = —
1(D) 36
(counting possibilities)
3 1
6
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1
c Pr(AﬂB):%

(counting possibilities)
1
36 _1
1

6
(counting possibilities)

Pr(A|B) =

mmm@:%

1
12
1
12 _1
PI'(AlC) = ? = g
2

—_

PHAND) = =

(counting possibilities)
1
36 _ 1

1 "6

6

d A&B, A&Dsince
Pr(A|B) = Pr(A)&

Pr(A|D) = Pr(A)

Pr(A|D) =

10 a Yes, since p(x) > 0 for all x, and Zp(x) = 1

b Pr(X>2)=02+03=0.5

11 a, since the sum of the p(x) values > 1; and ¢ negative probabilities values is 0.

12 Let x be the number of black balls in the sample.
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6\ (27
a Prx=0=(55) = (53)
4\ 8
Prx=3)=(55) =13
4 6 6 6
Pr(X_l)_EXEXE-l-E
4 6 6
_ _+_ _
10710710710
18
— 3w o
* 125
_ 54
125
Prix=2=1-2-_38_
125 125 125
_ 36
125
X o |1 |2 [3
27 | 54 | 36 | 8
PriX =01 75 | 125 | 125 | 125
6 5 4 1
bPI‘(X—O)—I—OX§X§—6
4 3 2 1
Pr(X = = — — _ = —
X =3)=15%9%8~ 30
4 4
Pr(X:l):£x§X—+£x—x§
1079787107978
4 6 5
+—X=X=
107978
1 1
=3 - = —
672
Pr(X:Z):Exé—tx§ i><§><§
079787107978
4 3 6
F— X=X~
107978
13
:3 _ = —
“10 " 10
X 012 |3
11131
PrX=x) |- |=|=|—
MX=91%131 1030

13 Pr(X =0) =0.6> = 0.36
Pr(X =2) =0.4% =0.16
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Pr(X=1)=1-0.16-0.36 = 0.48

X 0 1 2
Pr(X =x) | 0.36 | 0.48 | 0.16
4 a 1 2 3 4 5
Pr(X=x)102]02]02|02]0.2

15 a {(1,1),(1,2),(1,3),...,(64),(6,5), (6,6) }

b Pr(X>3)=02x3=0.6

1
¢ Pr(X <3IX>3) = — =

b

0.2
0.6

3

die 1
112134 [5 |6
1123145 |6 |7

, 2131456 |7 |8

die2 4567 |8 |9
4150678 [9 |10
516(7(8]9 [10]11
67189101112
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Pr(X =2) = L

36
21
Pr(X=3)= — = —
MX=3=3"13
301
PI'(X—4)—%—E
4 1
P X: = — = —
X=9=35%=3
5
Pr(X = 6) = —
r( ) 36
6 1
P X: = — = —
X=7=3"%
5
Pr(X = 8) = —
r( ) 36
4 1
P X: = — = —
MX=9=3%=3
3001
Pr(X = 10) = — = —
X =10=3 =173
21
PriX=11)= = = —
i )= 3%~ 13
1
Pr(X = 12) = —
r( ) 36
x 2 [3 /4 |5 6 [7 [8 [o [10]11]12
1213456 s5]als3]2]1
Pr(X = Sl e (N N i e i
"= 351361363636 |36|36|36|36 36 36
¢ p(x)A
6/36 *
5/36 ' i )
4/36- vy
3/36- R
2/36 A
1364 e r v bbby
R I
T I | I I T T T 1 | | I>
0 2345678 9101112 x
4+3+2+1 10
d Pr(X S e My
X >9) 36 36
_ S
18
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7

7
e Pr(X§10|X29):%:E
36

16 a {(1,1),(1,2),(1,3),...,(6,4),(6,5),(6,6)}

b dice 1
112(314|5]|6
110/0[0]0/101]0
die 2 21010(1]011]0
e B3 Tol1]ol12]0
410(0(110(1]2
51011211011
6/0[(0(02]11]0
y 0o [1 |2
Pr(Y ) 22 110 | 4
(Y = — | = | =
Y136 |36 | 36
¢ pMA
11/189 o
1
] 1
1
1
5189 1 e
i I :
2/184 &+ 1 e
1 1 1
—t+—t >
01 2 Y
6 5 1
17 Pr(X = =—X=-==
a PriX=0)=15%573
4 2
Pr(X:2):—><§:—
10 9 15
1 2 8
PriX=1)=1---—=—
X =1 3715 15
X 01 2
1 8 2
PI'(X = X) § E E
b Pr(X#1) /
T = —
15
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18 centre circle = 7(2)* = 4n

19 a

middle circle = 7(10)? — 7(2)? = 967
outer circle = 7(20)? — 7(10)> = 3007

4 1
Pr(X = 100) = 255 = 155

9% 6
Pr(X = 20) = 200 - 25
Pr(X=10)=%:Z
X 10 [ 20 [ 100

306 1
Pr(X = x) 2 125 | 700

1 1 1
Pr(r = 2000= 156 * 700 = 10,000
1
Pr(Y—120)—ﬁ><%><2:%
% 3

Pr(Y = 110) = 706 X 7 X2 = 555

6 6 36
Pr(Y=40):5X5:@

6 9
Pr(Y =30) = 52 x 7 x2 = —
Pr(Y=20):;L %:%
y 20 [30 [40 [110 [ 120 [ 200

9 | 9|3 | 3 3 1
PrY=3 176 | 25 | 625 | 200 | 625 | 10000

Pr(X = 3) = Pr(EEE) + Pr(NNN)
1 1 1

8 8 4
x=4,

{NEEE, ENEE, EENE, ENNN, NENN, NNEN}

1 3
Pr(X=4)=6Xx — = =
16 8
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¢ Pr(X=5=1-Pr(x#5)

2 3

=1 —-——-—

8 8
3
8
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Solutions to Exercise 13D

1 There is:
30% chance of winning $1 ($2 prize less the $1 cost to play)
10% chance of winning $19 ($20 prize less the $1 cost to play)
60% chance of losing $1 (the cost to play)
In 100 games the Expected win/loss =30 X 1 + 10 X 19 — 60 x 1 = $100

2 Mean=1x0.1+3x03+5x%x0.3

+7x0.3
=0.1+09+15+2.1
=4.6
Mean = 0.25 x -1 + 0.25 x 0 + 0.25
xX1+025x%x2
=0.5

b Mean =0x0.09+1x0.22+2x0.26
+3x%x0.21+4x%x0.13+5x%0.06
+6x0.02+7x0.01

=0.22+0.52 +0.63 + 0.52 + 0.30
+0.12 + 0.07
=2.38

¢ Mean =0.2x0.08 +0.3 x0.13
+0.4x0.09+05x%x0.19

+0.6x0.7+0.7x0.03
+0.8x0.10+09x0.18
=0.569
d Mean=7
e Mean=0
632
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3 u=2$10,000 % 0.13 + $5,000 x 0.45
+$0 % 0.25 — $5,000 x 0.15
=$1,500 + $2,250 — $750
= $3,000

4 assuming a payout (as opposed to a profit) of $5 for a win,

5 1
= x-$1+-x%4
u 6>< $+6><$

1
_$6 = —-%$0.17, i.e. a loss of 17c.

S u=0x0.12+1x%x0.36+2x0.38+3x0.14

=036+0.76 +0.42

=1.54

X 1 2 3 4 5 7 8 9 10 11 12
1 1 1 1 1 1 1 1 1 1 1

PrX =91 e 1516161513363 |36|36| 36

1 1 1
=IxX-+2%x-— —
6 u ><6+ ><6+3><6

1 1 1
+4x5+5x6+7x%

1 1 1
+8X%+9X%+10X%

| !
11X — +12% —
R TR T3

6+12+18+24+30+7+8

+9+10+11+12
36

147

36
49
T 12

7 a E(X)=2x0.01+3x%x0.25+4x0.40
+5%x0.30+6x0.04

=0.02+0.75+1.60 + 1.50 + 0.24
=411
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b E(X?) =8x0.01+27x0.25
+ 64 x0.40 + 125 % 0.30
+ 216 x 0.04
=0.08 + 6.75 + 25.60
+37.50 + 8.64
=78.57
¢ ESX-4)=5E(X)-4=5x4.11-4
= 16.55

o1 |
d E(}—()— 3 X001+ £ %025

1 1 1
+ZXO'40+§XO'3O+5XO'O4

=0.255

8 E(X)=ZXZxPr(X =x) =297
E(commission) = 2.97 x $2000 = $5940

11 1 1
9 p=l------- —

2 4 8 16
1
P=16
b =0x +1><]+2><1+4><1
HEESP 2 4 8
1
+8 X —
16
1
=4X =
2
u=2

1 1
c E(X2)=0><p+l><§+4><z

1 1
1 - 4 x —
+ 6><8+6 X16

=0+%+1+2+4

15
2
o? = E(X?) - E(X)?
15 4= 7
2 2
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10 a k+2k+3k+4k+5k+6k=1
21k =1

1
k=—
21

b u=1xk+2x2k+3x3k+4x4k

+5 X5k +6X%x6k

1+4+9+16+25+36
21

91
21

13
— ~4.33
3

¢ o =EXH) -4
E(X?) =1 xk+4x2k+8x3k

+ 16 X 4k + 25 X 5k + 36 X 6k
3 1+8+27+64+ 125+ 2166

21
_ 441
21
=21
169
2
=21 - —
v 9
20
=— x222
9
11213 4
111123 4
11 |2 |2 (4|6 8
3131619 12
4141812116
X 1 (2 |3 |4 |6 [8 |9 [12]|16
a 121231221211
PiX=x) === l=l=l=|= ==
1616|1616 |16 |16 |16| 16| 16
1 2 1
i Pr(X =—+—=+ —
b i Pr(X>28) 16+16+16
41
16 4
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1 2
ii EX)=1X—+2X—
ii E(X) ><16+ ><16

1+4+6+12+12+16

+9+24+16

16
100

16

25

4

1 2
iii EX)’=1x—+4x—
iii E(X) Xl6+ ><16

2 3
11 =
+9X16+ 6><16

2

2
+36XE+64XR

1 2
+81x%+144xﬁ

!
256 x —
20X 78

1+8+18+48 +72+ 128

+ 81 + 288 + 256

16
900
~ 16
225
Ty
225 625
o =E(X) - pt = T - e
275
16
H|T
1)1 2
212 |4
12 |3 |13 |6
414 |8
515 |10
616 |12
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1 2 1
SIX—+2X = +3x —
a u X12+ X12+ X12
2

2 1
+4XE+5XE+6XE

1 1 1
— +1 — +12x —
+8><12+ 0><12+ ><12
1+4+3+8+5+12+8+10+12
12

7
b PriX<uw = T (counting on the table)

1 2

2— — —

c E(X)_1><12+4><12
2

1
— +1 =
+9><12+ 6><12

1 2
+25XE+36XE

1 1
64 x — + 100 x —
64X o+ XT3

+ 144 % i
12

1+8+9+32+25+72
+ 64 + 100 + 144

12
_ 455
T2
5 5 , 455 441
- =EX)—-u =12 " 16
497
T 48

13 a Var(2X) = 22Var(X) = 4 x 16 = 64
b Var(X +2) = 12Var(X) = 16

¢ Var(l - X) = (=1)*Var(X) = 16

d sd(3X) = \/Var(3X) = \/32Var(X)
= V9x16
=12

14 a ¢c=1-03-0.1-0.2-0.05
=0.35
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b EX)=1Xxc+2x03+3x0.1
+4x0.2+5x%x0.05
=035+0.6+03+0.8+0.25
=23

¢ EX?)=1xc+4%x03+9x0.1
+16x0.2+25x%x0.05
=035+124+09+32+1.25

=69
o* = E(X?) - (E(X))?

=6.9 - (2.3)
= 6.9 - 5.29
= 1.61

o= Vo2~ 127

d Pr(u—-20<X<u+20)
Pr(23-25<X<23+25)
Pr(0 < X <4.8)
=035+03+0.1+02
=0.95

15 a k+2k+3k+4k+5k=1

15k =1
1
k=—
15
1 2 3
=1X —+2x%x — il
b u ><15+ ><15+3><15
4 5
4X —+5%xX —
AT
_1+4+9+16+25
- 15
55
15
11
= — ~ 3.667
=73
0_2 - E(xZ) _IuZ
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1 2 3
2— — — —
c E(X)_115+4><15+9><15
4 5
+16XE+25XE
_ 1+8+27+64+125
B 15
225
15
=15
121
2
=15-—
7 9
14
= — ~ 1.556
9

d o= Vo2~ 125
Pru-20 <X <u+20)
=Pr(3.67-25<X<3.67+2.)5)
=Pr(12<X<6.2)

2 3 4 5

=—+—+—+
15 15 15 15

14
= — ~0.933
15

1 2 3
16 a E(X):%x2+%x3+%x4

4 5 6
+%x5+%x6+%x7

5 4 3
+%x8+%x9+%x10

2 1
+%x11+%x12

2+6+12+20+30+42+40
+36+30+22+12
36

_ 252

T 36

=7
alternatively, since we know the probability distribution is symmetrical, we also know that the mean is
the central number, i.e. E(X) =7
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1 2 3
b E(X2)=%x4+%x9+%xl6

4 5
+%x25+%x36

6 5
+%x49+%x64

4 3
+%x81+%x100

2 1
— X121+ —=x 144
+36X +36><

4+ 18 +48 + 100+ 180
+294 + 320 + 324 + 300
+ 242 + 144

36

1974
36

329
= — ~ 54.833
6

c o= Vo2~24
Prlu—-20 <X <u+20)

=Pr(7-48<X<7+48)
=Pr22<X<11.8)
=1-Pr(X =2) - Pr(X = 12)

_q 1 1
36 36
17
= — ~0.944
18

17 a by symmetry, E(X) = 3

b Var(X) = E(X?) - E(X)?
E(X?) = 0x0.0156 + 1 x 0.0937

+4x0.2344 + 9 x 0.3126
+ 16 % 0.2344 + 5 x 0.0937
+36 x0.0156

=0.0937 + 0.9376 + 2.8134
+3.7504 + 2.3425 + 0.5616

=10.4992 ~ 10.5
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Var(X) =10.5-9
=15
c o= VVar(X)~ 1.2
Pr(u—20 <X <pu+ 20)
=Pr3-24<X<3+24)
=Pr(0.6 <X <54)
=Pr(l £X<5)
=0.0937 + 0.2344 + 0.3126
+0.2344 + 0.0937
= 0.9688

18 Pr(ci £ X <) ~0.95
cp=u—20=50-10=40
¢y =p+20=50+10=060
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Solutions to Technology-free questions

1

Pr(A U B) = Pr(A) + Pr(B) — Pr(AN B)
0.7=05+02-Pr(ANB)

Pr(ANnB) =0

If A and B are mutually exclusive this is
true.

Pr(4'nB)
=Pr (AuUB)

(A UB) is the complement of A U B.
Pr(AUB) +Pr[(AUB)] =1
SoPr(AUB) =1-Pr[(AU B)’]
Therefore Pr(A” U B”) = Pr[(A U B)’]
The intersection of the complements

is the complement of the union, so the
probability of the union of two sets is
1—probability of the intersection of their
complements.

| D

a Pr(BWor WB) = — X

T
Ol &~
+
O &~
X
O | W

(S

X
|
+
O &~
X
oo | L

Ol olw o

b Pr(BW or WB) =

Require Pr(coin A| ‘H&T’ tossed)
Pr(An ‘H&T')

T Pr(H&T)

Pr(selecting A) = Pr(selecting B) = %

Pr(H|A) = 0.8, Pr(T|A) = 0.2,

Pr(H|B) = 0.4, Pr(T|B) = 0.6
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|
Pr3N ‘H&'T) = > x (0.8 x0.2

Pr‘H&T’) = Pr(A N ‘H&T’)
+Pr(BN ‘H&T")

+0.2x0.8)
=0.16

1
Pr(AnN ‘K&T’) = 3 X (0.4 x0.6

+0.6 x0.4)
= 0.24
So Pr(‘H&T") = 0.16 + 0.24
— 0.40
0.16
Pr(A|'H&T’) = —— = 0.4
HAFH&T") = 575 =0

5 04p>+0.1+01+1-06p=1
0.4p° —0.6p+02=0

4p* —6p+2=0
2p*-3p+1=0
Cp-D(p-D=0

1

p==<orp=1

2

6 a k+2k+3k+2k+k+k=1

10k =1
k=0.1
b E(x) = Zxp(x)
=—k+ 0+ 3k + 4k + 3k + 4k
= 13k
=13
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¢  E@?) =Z%pkx)

2523
d From past ¢, Var(x) = o
=k+0+3k+8k+9k+ 16k
But 2523 = 3 x 841
=37k =3.7 2
) ) =3x%x29
Var (x) = E(x") — [E(x)] 3 % 292
=3.7-1.69 =201 So Var(x) = —
29V3
= sd(y = 23
7 a E(x) = Zxp(x) 2
1 1
=2X 74Xy 8 a Profitis $(x — 2) if the cylinder is ok
1 1 and —$2 if the cylinder is defective.
+ 16X —+64 x —
4 4 P x—2 =2
1 — 1
=21=(21.5 Pr(P = - -
2( ) 1(P = p) -
1 4 2
b E(;) = z;p(x) b E(P)=XpPr(P=p)= g(x -2)- 3
—1><1+1><1 —‘—‘x—z
274 474 5T T
I 1 1 1 .
+— X — 4 — X — ¢ To make a profit in the long teem,
16 4 64 4 . .
53 require E(P) > 0, i.e.
= 4
256 3~ 2>0
¢ E()=Zxp(x) 4 5
1 1 1 5
=4XxX—-+16x - +256 X — 5
4 4 4 x> 5= 2.5
1
2
+ 647 % 2 The manufacturer should sell the
— 1 +4+64+1024 cylinders for more then $2.50.
= 1093
2 2 9 Pr(* <30°n*“>1 = 410
Var (x) = EG®) — [E()] a P < > 1) = 1600
= 1093 - (21.5) =047
= 1093 — 462.25
= 630.75
2523
4
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b Pr(‘ <30°N ‘> 1acc’)
_ Pr(" <30n > 1 acc’)
B Pr(*>1 acc’)
0.47
470 + 230
( 100 )
047
7070
47
~ 70

10
Let I = ‘immunised’, D = ‘get disease’

Pr(D) = Pr(D N 1)+ Pr(D N I')
= Pr(I) Pr(D|I) + Pr(I") Pr(D|I")
=0.7%0.05+0.3x0.6
=0.035+0.18

=0.215
So 21.5% are expected to get the

disease.

[NOTE: This is a probability way of
saging: “5% of the 70% and 60% of the
30% get the disease, i.e. 3.5% + 18%
=21.5% get it]

1 1 1
11 Pr(4) = 5. Pr(B) = 2. Pr (AIB) =

a Pr(AnN B) = Pr(A|B) Pr(B)

—1><1
6 4

1
24
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Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)
11 1

R Y
17
T 24

Pr(A’ N B)
Pr(B)
But Pr(B) = Pr(AN B) + Pr(A’ N B)
So Pr(A’ N B) = Pr(B) — Pr(A N B)

Pr(A’|B) =

Pr(A N B')
Pr(B’)
But Pr(A’) = Pr(A N B) + Pr(A N B')
So Pr(A N B') = Pr(A) — Pr(A N B)
11

~2 24

1

T 24
Pr(B) = 1 — Pr(B)

1
—1-=

Pr(A|B’) =

11
24
3

4
11

18

So Pr(A|B’) =
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Solutions to multiple-choice questions

1 A 2k+3k+0.1+3k+2k=1 5 C EY) =EBX+10)
10k = 0.9 =3E(X)+ 10
k=0.09 =3x100+ 10
2D Pr(-3<X<0)=Pr(X=-3) =310
+Pr(X = —2) + Pr(X = 1) Var(Y) = Var (3X + 10)
= 0.07+0.15+0.22 =9 Var(X)
044 =9 x 100
=900
3
D EX) =Zxp(x) = Pr(X = x)) 6 C E(x)=Zxp(x)
=1x0.46 +2x0.26 =-p+0+1-3p
+3x0.14 +4 x0.09 =1-4p
+5x0.07 7
=046 +048+042+036+035B/D a+b+02=1=a+b=08... ®
—2.07 E(x)=-2a+04=02... ®
From @), 2a = 0.2soa = 0.1
4 E Var(X) = E(X?) - [EX)]? Substitute in D: 0.1 + b = 0.8 so
= 1.69 — (1.20)> b=07
=1.69 —1.44
=0.25
sd (X) = v0.25
=0.5
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Solutions to extended-response questions

1 a ZPriX=x)=1
c+2c+2c+3c++27+7P +c=1
10¢* +9¢ = 1
10> +9¢—1=0
(10c=1D(c+1)=0
c=0.1orc=-1
butc>0 .. ¢=0.1
b Pr(X>5)=Pr(X=5+Pr(X=6)+Pr(X =7)
=10c% + ¢
=10 % (0.1)* + 0.1
=0.2

¢ IfPr(X <k)>05
then by considering cumulative probabilities
re. Pr(X <2)=03;Pr(X <3)=0.5
the minimum value of k is 4.

b i Probability of Janet winning
=0.3%0.6+03%x04x%x04+0.7%x0.4x0.6
= 0.396

ii Probability of Alan winning
=1-0.396
= 0.604
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¢ i Let X be the number of sets played until match is complete.

Pr(X =2) = 0.3 x 0.6 + 0.7 x 0.6
=0.6
S Pr(X=3)=04

t 2 3
Pr(T =1 | 0.6 04

ii EX)=2x0.6+3x04=24

Pr (Alan wins in three sets)
Pr (Three sets)
~03%x04x0.6+0.7x0.4x0.4

d Pr(Alan wins | three sets) =

0.4
= 0.46

Let $w be the amount a player pays to play.
$5] [$5] [$5] [s10] [$10]
Let X be the possible value From 2 cards

oo X =10,15,20

A score of 10 is obtained if two $5 cards are chosen
3 1 3 )

S Pr(X =10) = 5 X 3510 (without replacement)

A score of 15 is obtained with $10 on the first and $5 on the second or $5 on the first

and $10 on the second.

5 Pr(X = 15) =

N =

3 3
X =+ =X
4 5
=

10

| W 8|@m

A score of 20 is obtained with a $10 on each card.
2 1
Pr(X:ZO):ng
1
T 10
Let Y be the amount a player receives
Y=10-worl5—wor20-w
The probability distribution for Y is as shown
y [ 10-w 15-w 20-w
Pr(Y=y)[03 06 0.
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- E(Y) =0.3(10 —w) +0.6(15 —w) + 0.1(20 — w)
=3-03w+9-06w+2-0.1w

=14-w
IfE(Y)=0, w=14
i.e. The player should pay $14 to ensure that it is a fair game.

4 Let F denote free from faults
Let N denote not free from faults (defective)
Pr(F|A) =095 Pr(F|B) =098 Pr(F|C)=0.99

Pr(A) = 0.5 Pr(B) = 0.3 Pr(C) = 0.2
a Pr(A)=0.5
b Pr(NJA) = 0.05

¢ Pr(N) = Pr(N|A) Pr(A) + Pr(N|B) Pr(B) + Pr(N|C) Pr(C)
=0.05x0.5+0.02x0.3+0.01 x0.2

=0.033
d Pr(AD) = Pr(produced by A atnd defective)
Pr(defective)

_ Pr(N|A) Pr(A)
S P
~05x0.5
T 0033
25
~33

Pr(P:p)‘0.39 0.27 0.16 0.12 0.04 0.02

a i ElP)=0x329+1x027+2x0.16+3x0.12+4x0.04+5x0.02
=027+0.32+0.36+0.16 + 0.1

=1.21
The mean number of passengers per car is 1.21
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ii Var(P) = E(P?) - [E(P)]?
E(P?) = 0% % 0.39 + 12 x 0.27 + 22 x 0.16 + 3% X 0.12 + 4> x 0.04 + 5% x 0.02
=0.27 +0.64 + 1.08 + 0.64 + 0.5 = 3.13
Var(P) = 3.13 — 1.4641
= 1.6659

sd(P) = V1.6659 = 1.2907 (correct to four decimal places)

iii o =sd(P) = 1.2907
u—20=-13714
u+20=3.7914
Pr(u—20 < P<pu+20)=Pr(-1.3714 < P <3.7914)
=Pr(P=0)+Pr(P=1)+Pr(P=2)+Pr(P=3)
=1—-[Pr(P=4)+Pr(P=93)]
=0.94
b i Let T be the cost per car in dollars.
Pr(T =1) =Pr(P =0)=0.39
Pr(T =040)=Pr(P=1) =0.27
Pr(T =0)=Pr(P=2)+Pr(P=3)+Pr(P=4) + Pr(P =5) =0.34

t 1 040 0
Pr(T =1) | 039 027 034

ii E(T)=1x0.39+0.40x0.27+0x0.34
=0.39 +0.108
= 0.498
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iii E(T?) =1x0.39+0.4%x0.27

=0.39 + 0.0432
=0.4332

Var(T) = E(T?) - [E(T))?
= 0.4332 — 0.248004
=0.1852

sd(T) = 0.4303
u—20 =0.498 -2 x0.4304 = -0.3628

u+20 =0.498 + 2 x0.4304 = 1.3588
Pr(u—-20 <T <u+20)=Pr(-0.3628 < T < 1.3588)

=Pr(T =0)+Pr(T =04)+Pr(T =1)
=1

6 a E(Y)=0x0.135+1x0.271 +2x0.271 + 3 x0.180 + 4 x 0.090
+5x0.036 +6x0.012 + 7 x0.003 + 8 x 0.002

=2.002
The mean number of sales per week 1s 2.002.
b E(Y?) = 6.002
Var(Y) = E(Y?) - [E(Y)*] = 6.022 — 4.008004
=2.013996 ~ 2.014
sd(Y) ~ 1.419
¢ i Let B be the bonus paid to each salesman.

The possible values for B are 0, 100 and 200
Pr(B=0)=Pr(Y =0)+Pr(Y = 1)+ Pr(Y =2) =0.677

Pr(B = 100) = Pr(Y = 3) + Pr(Y = 4) = 0.27

Pr(B = 200) = Pr(Y > 4) = 0.053
The probability distribution is

b 0 100 200
Pr(B=b) | 0.677 027 0.053

ii E(B)=0x0.677+ 100 x 0.27 + 200 x 0.053

=27+ 10.6
= 37.6
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The mean bonus paid is $37.60.

7 Let P denote the percentage profit

p ‘40 30 20 10 O -10 =20
Pr(P:p)‘O.l 0.15 025 0.2 0.15 0.1 0.05

a E(P)=40x0.14+30x0.15+20x0.25+10x0.2+0x0.15-10x0.1 =20 x 0.05

=135
The mean return is 13.5%

E(P?) = 1600 x 0.1 + 100 x 0.15 x 400 x 0.25 + 100 x 0.2 + 100 x 0.1 + 400 x 0.05
=445
. Var(P) = 445 - 182.25
= 262.75

. sd(P) = Vv262.75 = 16.2%

b Pr(135-2%1621 <P <13.5+2x1621) = Pr(~18.92 < P < 45.92)
=1 - Pr(P = —-20)
=1-0.05
=0.95

c Return = Profit-Brokerage
Percentage gain = 0.6 X Return

= 0.6(Profit-Brokerage)
Let G be the percentage gain

Then G =0.6(P-2)
E(G) = 0.6E(P) — 1.2
=0.6x135-12
= 6.9%
Var(G) = (0.6)* Var(P)
= 0.36 x 262.75
=94.59
sd(G) ~ 9.726%

8 Consider the case when the promoter takes out insurance.
If it rains:
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($)Profit = 250 000 — 60 000 + 20 000

=210 000
(assuming the $250 000 is paid by the insurance company and the $20 000 profit is
added.) If it does not rain:
($)Profit = 25 0000 — 60 000

=190 000
The probability distribution for this
p | 190000 210 000

Pr(P=p) | 067 033

E(P) = 196 600
Then the promoter does not take the insurance, the probability distribution is as shown
below:

p | 250 000 20 000

Pr(P=p) | 067 033
and E(P) = 174 100

the promoter should buy the insurance.

9 For the tossing of two dice the sums of the values may be recorded in a table as shown
die A
deB |1 2 3 4 5 6
1 2 3 45 6 7
2 345 6 7 8
3 4 5 6 7 8 9
4 5 6 78 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12
The possible sums are 2, 3, 4,5,6,7,8,9, 10, 11, 12
1
The probability of obtaining a sum of 7 = Tl
3 1
The probability of obtaining a sum of 11 or 12 = % -T2
3
The probability of any other sum = —
Let X be the amount obtained from game and let w be the amount obtained from
obtaining a sum not equal to 7, 11 or 12
The probability distribution is as shown:
x 10 11w
1 1 3
Pr(X = — — -
e A T
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10 11 3w

E(X):_?JrﬁJrT
IfEX)=0
20 1wy
12 12 12
Ow 9
7 12
w=1

There should be a payment of $1.00 for a sum not equal to 7, 11 or 12.
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10 a i Probability that the first prototype is successful is 0.65.

ii Probability of the first not successful, but the second successful
=0.35x%x0.65

= 0.2275

iii Probability of the first two not successful, but the third successful
= (0.35)? x 0.65

= 0.0796 25

iv Probability that the project is abandoned
= (0.35)°

= 0.0428 75

b The following cases have to be considered:

Cost Probability
A First is successful $7 million 0.65

B First is unsuccessful but second is successful | $10.5 million | 0.2275

C First two unsuccessful but third successful $12.25 million | 0.079625

D The project is abandoned $12.25 million | 0.042875
Let C be the cost of the project.

C 7105 1225
Pr(C=c) | 0.6 02275 0.1225
o B(C) = 7%0.65+ 10.5 % 0.2275 + 12.25 x 0.1225

= 8.439 375
the expected cost is $8.439 375 million

¢ Let P denote the profit
P ‘ 20-7 20-10.5 20-12.25 -12.25

Pr(P=p) [ 065 02275  0.079625 0.042875
o E(P) = 13X 0.65 + 9.5 x 0.2275 + 7.75 x 0.079 625 — 12.25 X 0.042 875

.. Expected profit is $10.703 125 million

11 If the scoreis 5, 6,7,8,9, 10, 11 or 12. Alfred pays $x to Bertie. Therefore Alfred has
100 — x dollars.
If the score is 2, 3 or 4 Alfred has 100 + x + 8 = 108 + x dollars.
The tables gives the sum of the scores when the two die are tossed.
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die 2

del |1 2 3 4 5 6
1 2 3 45 6 17
2 345 6 7 8
3 4 5 6 7 8 9
4 567 8 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12

Let Y be the score.

30 5 1
Pr(Y > = — = - Pr(Y <4) = —
r(Y > 5) 6 6and r(Y <4) S

a Let A be the amount of Alfred’s cash

A | 100—x 108 +x
5 1
Pr(A = - -
I( a) : 6
5 1
- EA) = 8(100 —-X)+ 6(108 + Xx)
1
= 8(608 —4x)
1
= —(304 — 2x)
3
b If the game is fair E(A) = 100

1
5(304 —-2x) =100

304 — 2x = 300
Lx=2

1
c E(Az):972><%+1112><— (given x = 3)

6
1
= 9894—
3
11 2
. Var (4) = 2894 ~ (5[298])
2
=27~
9

12 Let X be the values of the die | |
Pr(X = 1):2 Pr(X =2) = 7 Pr(X =6) = 4_1(1 - X)

Pr(X=3)=Pr(X=4) =Pr(X =5) :é
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Table for total

2nd

Ist |1 2 3 4 5 6

1 2 3 45 6 17

2 3456 7 8

3 4 5 6 7 8 9

4 56 78 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12

a Let Y be the total.
Pr(Y =7)=2Pr(1 &6) +2Pr(3 & 4) + 2Pr(5 & 2)

b Let

and

when

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

P
dP

I 1

2><f><—x+2><l><l+2><—><—

4 4 6 6
x(1=-x) 2 2
8 36 24
x(1-x) 1 1
g 18 12
(1 -x)+4+6
B 72
9x —9x% + 10
72
=Pr(Y =7)
9 18x
72

dx
dP

dx

1
= 0 implies x = -
mples x 3

11
9x§—9(§) +10

72
9

9

4

72 288
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13 Coin cannot land within 1 cm of ridge.

.. Area in which “centre” of coin can fall is

12¢ 5¢ | Se | Se [12¢

| 5¢ | 25¢ | 25¢ | 25¢ | S¢ 182 = 324 cm?.

15¢|25¢ | 50¢|25¢ | 5¢] 20cm

5¢ | 25¢ | 25¢ [ 25¢ | 5¢

12¢ S

In order to land in square and not overlap another square centre must fall at a distance
of > 1 from edge.
- Area in which “centre” of coin can fall is 4 cm?.

a Let X be the prize money.

4 1
.PX: = = —
PP =50= 1 =51
ii Pr(x—zs)—i
TRl
4
iii Pr(X=12)=—
iii Pr( ) 21
) 12 4
iv Pr(X_S)_ﬁ_ﬁ
56
Pr(X = 0) = —
v Pr( ) 21
b Let P be the profit.
P | C-50 C-25 C-12 C-5 C
1 8 4 12 56
P“P—f) 8 81 8 8 8
E(P) = =[(C = 50) + 8(C = 25) + 4(C = 12) + 12(C = 5) + 56C] > 0
©81C-358>0
358
> ~ 4.4197
C > 21 9

Five cents will yield a profit.
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Chapter 14 — The binomial distribution

Solutions to Exercise 14A

1 aand b describe a Bernoulli sequence. b Pr(X =2)=0.2527
3 3
=7,p=0. 6\(1\(5 1 125
2n=7.p=05 7a()(_)(_):2()x_x_
Pr(X = 4) = ( 4)(0.5)4(0.5)3 = 0.2734 3)\6/ \6 216 216
~ 0.0536
OVLY(3Y 4 (L) (2)+ (&)Y
n=4p=02 4M\e6) \6 sN\e) 6/ \6)\6
4
a Pr(X =3)= (3)(0.2)3(0.8)1 = 0.0256 p 372,30 1 406
65 65 65 46656
4 o ~ 0.0087
b Pr(X =4) ={,)02)'0.8)" = 0.0016

(el () (IS

; (0 (- 6)e)
a Pr(X=0)= 0(0.4)0(0.6)0:0.0778 5\6)\6) \6/\6

~ 0.0623

5
b Pr(X =3) = ; (0.4)%(0.6)° = 0.2304
8 n=10,p=0.1

¢ Pr(X=5)= 2 (0.4)%(0.6)° =

a Pr(X=1x) = (10)(0.1)X(0.9)1°—x
0.01024 X

x=0,1,2,3,...,10
n=3.p=05 b i Pr(X = 0) = 0.3487

ii PriX>1)=1-Pr(X=0
a Pr(X =x) = i(O.S)x(O.6)3‘x i Pr(X > 1) r( )

=0.6513
x=0,1,2,3
b Pr(X = 2) = 0.375 9 n=11,p=02
11 X 11-x
a PriX=x) = (0.2)*(0.8)
n=6,p=048 X

x=0,1,2,3,... 11
a Pr(X=x) = (6)(0.48)X(0.52)6—x
X

x=0,1,2,3

b i Pr(X =2)=0.2953
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ii Pr(X = 0) = 0.0859 A\ (1\°(3\*
B {o)le) ()

iii Pr(X>1)=1-Pr(X=0)

4
=0.9141 I
4
1 ~ 0.
10 n=7p=" 0.6836
5
T\ 1\¥ 4\~ 14 using the CAS calculat
a PI'(X:)C): (_) (_) using ine calcultator
x/]\5/ \5
x=0,1,2,3,...,7 a 0.1156
b i Pr(X =7)=0.000013 b 0.7986
ii Pr(X = 0)=0.2097 ¢ 0.3170

iii Pr(X =2or X =3)=0.3899
15 using the CAS calculator

0.6791
11 1- (100)(0.2)0(0.8)10 - (110)(0.2)1(0.8)9

410 10x1x4°
“smT T sm

16 using the CAS calculator

a 0.1123
~ 0.624
b 0.5561
12 n=7p=— 0.00001
~ P~ 700 ¢ 0.
X
(ﬁ) d 0.00001
. 6x°(100 — x) 6 . . (6 .
000 17 (0)(0.4) (0.6)° + (1)(0.4)(0.6)
6 5 _ 6
iii X + 6x (100 .X) 4 + (2)(04)2(06)4
1000 1000
15x4(100 — )* 3 6x2x35  15x22x 34
1009 = 56 + 56 + =
304430+ 5x4x3
= =
3x3P +4x3° Tx3
= 55 = %5 ~ (0.544
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1\
18 a (4_1) ~ 0.00024

19

20

Cambridge Senior Maths AC/VCE
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b

using the CAS calculator
Pr(> 3 correct) ~ 0.1694

3 3
3\°12) 6
21 (2] == ~o001
(5)(5) o~ 00138

3 3
6\(3)\ (2 6°
“=]l=z] =20x — =~ 0.27
RIS E) =205 =0
using the CAS calculator
Pr(> 3) ~ 0.8208

Pr(exactly 3)
P 1 >3)= —— 2 7 —
r(exactly 3| > 3) Pr(> 3)
(b) 0.2765
—~ = ——— =~(.3368
(c) 0.8202

8
4
—| ~0.1678

using the CAS calculator
Pr(> 6 corrent) ~ 0.00123

Pr(8 correct | > 6 correct) =
Pr(8 correct) B (0.2)% 3

Pr(> 6 correct)  (b)

ISBN 978-1-107-56747-4
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0.00000256

~ 0.0021
0.00123 0.00

21 a (0.15)'° =~ 0.000 000 006

b 1-(0.85'"~1-0.1969 ~ 0.8031

¢ Pr(>|goal | > | goal)
Pr(> | goal)
~ Pr(> | goal)
(b)) - 10(0.15)(0.85)°
- (b)
~0.8031 -0.3474

0.8031
0.4557

~0.8031

~ 0.5674

4\
22 a (3) ~ 0.0115

b using the CAS calculator

p=0.2, n=20,

min = 10, max = 20

Pr(> 10 correct) ~ 0.00259

¢ Pr(X> 12X > 10) =

Pr(X > 12)
Pr(X > 10)

0.0392 (using the CAS calculator)
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Solutions to Exercise 14B

1

3ab

¢ the distribution in part b is a
reflection of the distribution in part
aintheline X =5

4 a u=np=>5
o =np(1-p)=5x(0.8) =4
b u=np==6

12
a2 =np(l-p)=6x(04) = 5

500

c ,u:np:T
1000
0'2=np(l—p):T

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

ISBN 978-1-107-56747-4

1
5 a,u:np:6><6:1

b Pr(X>1)=1-Pr(X=0)-Pr(X =1)

] oo

sy
B 6\6
~ 1-0.7368
~ 0.2632

3
6 ,u:np=50><zL

= 37.5 people will survive on average

7 u=np
o =np(l - p) = u(l - p)
?=9, u=12
9 =12(1 - p)
3
l-p==
P=y
1
P=7
1
12=nx -
S
n =48
7 41
48\(1\'(3
Pr(X =7) = -1z
w=7=(7)) (1)
~ 0.0339
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o? = p(l = p)
2l
P=30
9 3
P=30" 10
= np
3
30 =5 x —
I’leO
n =100
100\/ 3
Pr(X = 20) = ( 2 )(1—0
~ 0.0076
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9 n=20,p=05

u=np=10

o?=np(l-p)=10x05=5

oc=V5~22
u+20~10+44
=5.6,14.4

.". the probability of abtaining between 6
and 14 heads is about 0.95

10 n =200, p = 0.6

6
f=np=200x — =120

10

4
ol =pu(l-p)=120x — =48
o= V48 =4V3~6.9

u+20 =120+ 13.8
=106.2,133.8

10

the probability that between 107 and
133 students will have attended a
government school is about 0.95

© Evans et al. 2016
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Solutions to Exercise 14C
1an=5p=02
i Pr(X =0)=(0.8) ~0.3277

ii Pr(X>1)=1-Pr(X=0)
~ 0.6723

b Pr(X >1)>0.95
1 -Pr(X =0)>0.95
Pr(X =0) < 0.05
(0.8)" < 0.05
n~1343
.". the smallest number of shots is 14
c Pr(X > 1) > 0.95
1-Pr(X=0-Pr(X=1))>0.95
Pr(X =0)+Pr(X =1) < 0.05

0.8)" + (’11)0.8”‘1 % 0.2 < 0.05

(0.8)" + n0.8" ! x 0.2 < 0.05
n~21.77

the smallest number of shots is 22
) 10 ) g
2a i PrX=2)= ) (0.1)7(0.9)
~ 0.1937

ii Pr(X>1)=1-Pr(X=0)

=1-(0.9)"°
~1-0.3487
~ 0.6513

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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b Pr(X > 1)>0.7
I -Pr(X=0)>0.7

Pr(X=0)<0.3
09" <03
n~1143

.. the smallest number of tickets is 12

3 p=0.56

Pr(X = 5) > 0.25

Z)(O.6)5(0.4)”‘5 > 0.25

using CAS calculator, the minimum
number of shots is 7

p=02
Pr(X =3) > 0.1

Z)(O.2)3(O.8)”‘3 > 0.1

using the CAS calculator, the minimum
number of chocolates is T

p=035
Pr(X >2)> 0.9
1-Pr(X=0)-Pr(X=1)> 0.9
(0.65)" + n(0.35) (0.65)" " < 0.1

using the CAS calculator, the minimum
number of games is 10
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6 p =0.07 number of balls is 42
Pr(X >1)>0.8

1-Pr(X=0)-Pr(X=1)>08 7 p=07
(0.93)" + n(0.07)(0.93)"! < 0.2 Pr'(X > 50) > 0.99 N
using the CAS calculator, the minimum using the CAS calculator the minimum

number of shots is 86
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Solutions to Technology-free questions

1 = = 1 1
1 XisBi(n:4,p:§) 4 n=20,p=0.1, XisBi (n,p)
a EX)=np=2
4
2 16
= = 4 = |- = — 9
a Px=0)=¢ (3) 81 b sd(X) =npq =2x0.9= ¢
3 3 345
4 1\/(2 _ _
b Prix=1=[ |p'¢=4=]|2] = sd(X) = — = ——
we=n= (g =53 E
32
81 5 n=4, XisBi(n,p)
cPr(X<1)—16+32—48—16 A
sU=gg "1 " 77 a Pr(no successes) = (1 — p)
4
d Pr(X>1)=1-Pr(X=0) b Pr(one success) = (1)p1(1 -p)
3 16 65 5
81 81 =4p(1 - p)
L ¢ Pr(at least one success)
2 n=3,p=0.6, XisBi(n,p)
3 ) = 1 — Pr(no success)
Pr(X =2)={_](0.6)°(0.4)
: =1-(-p)
=3x%x0.36x04
9 2 d Pr(four successes) p*
=3X —X— e
25 5
54 Pr(at least two successes)
-~ 125 = 1 — Pr(zero or one success)
=1-(1-p)* =4p(1 - p)’ (from a/b)
3 n=5p=0.1, XisBi(n,p)
Pri(X>1)=1-Pr(X=0
iX=1 r(s ) 6 We can assume the coin is unbound,
=1-09 so Pr(3 heads in 10 hours)
5
-2 {10y 1y (1Y’
o RELVAY
Now 92 = 81,812 = 6561 and so
9% = 9 6561 = 59049 _10x9x8 _(1)"
Hence Pr(X = 1) = 1 — 0.59049 T 3xax1 2
10x9x%x8
= 0.40951 - "7
son 3x2x1
=10x3x4
=120
665
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7

8 In one throw of die (assuming unbiased),

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

n=2>5, Xis Bi(n, p)
Pr(exactly one success given

at least one success)

Pr(‘1 success ‘n’ > 1 success )

Pr(> 1 success)
Pr(‘1 success’)

1 — Pr(‘0 successes )

5
(I)Pl(l - p)*

C1-(-py
_ 5p(1-p)!
1= (1-p)s

Pr(even number uppermost) = 3

1

2

ISBN 978-1-107-56747-4
Photocopying is restricted under law and this material must not be transferred to another party.

1
n:5,p:§,XisBi(n, P)

5\(1\(1\

P =9= (5)(5) (5)

C5x4 (1Y

—ﬁx(i)
5

X
16

1
9 n:S,p:g,XisBi(n,p)

== ()2 (4]

116
10X — X —
0% 135 % 33
3
© 625

© Evans et al. 2016

666

Cambridge University Press



Solutions to multiple-choice questions

1D n=5,p=0.6,XisBi(np)

Pr(X =3) = (;)(0.6)3(0.4)2

S5x4 3 )
= —(0. 4
2><1(06) (0.4)

=10 % (0.6)°(0.4)*

2 A n=5p=035 XisBi(n,p)
Pr(on time at least once)

= 1 — Pr(lets all 5 days)
=1-(0.65)°
1
3 E Pr(number >4 ) =Pr(Sor6) = 3

1
n:4,p:§,XisBi(n,p)

roc=a- (Y1)

_4X3X1X4
S 2x17979
8
- 27
4 B n=2380,p=04,
X is Bi (n, p)
Pr(X <30)=Pr(0 < X <29)
= 0.2861

using a CAS Calculator.

1
5 A E(X):np:18><§:6

2
For(X):np(l—p):6x§:4

Sop:6,0'2:4

Cambridge Senior Maths AC/VCE
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ISBN 978-1-107-56747-4

6 B Since p = 0.7, the distribution

7

8

© Evans et al. 2016
Photocopying is restricted under law and this material must not be transferred to another party.

has a long tail to the left. The
greatest probablity will be near
the mean, which is 10 X 0.7 = 7.
Hence the second graph is the best
representation.

u=10=np=10 ... QO

oc=20"=4

=4pg =4 ... ®
4
2)+(1):g=—=04
@)+ :q 0
1-p=04
p=0.6

[Note that if you try to find n, you

getn = 16%. Taking n to be 17 and
p to be 0.6 gives a mean of 10.2 and
variance of 4.08, i.e. the mean and
variance are 10 and 4 to the nearest
integer. |

Use (X)npg = np(1 — p) = 1.875n =
10 : p — p* = 0.1875 Using a CAS
solve command gives p = 0.25 or

p = 0.75. (Automatically, note that

0.1875 = 16’ so the quadratic can
3

be expened as p> — p + T =0=
1 3 0 1
- — — — | = 0 = — 0r
p = —. Since the coin is biased

towards heads, the probability of a
head is 0.75.
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9 E Pr(Thomas wins at least one set)

1 — Pr(Thomas wins no set, ) =
1-0.76n
1 -0.76n > 0.95

0.76n < 0.05
A CAS Calculator show that

0.76'° = 0.065 ... and 0.76
n=0.048...

So that fewest number of days is 11.

(Alternatively, taking log, of both
side) gives log;, 0.76n < log,,0.05
nlog;,0.76 < log,, 0.05

log,, 0.05

log,,076
(Since log;, 0.76 is negative)

son > 10.91 ... and hence the least
number of days is 11)

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
Photocopying is restricted under law and this material must not be transferred to another party.
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10 B Pr(Thomas wins at least one set)

= 1 — Pr(no wins or one win)
= 1-0.76n - (’11)(0.24)1(0.76)4‘1

=1-0.76n — 0.24n (0.76)*"!
A CAS calculator shows that this
probability 1) 0.940 ... whenn = 17
and 0.952...
when n = 18.
So the fewest number of day is 18.
(Note: An efficient way to use a CAS
calculator is to first Define the func-
tion f(n) = 1-0.76" —0.264(0.76)*"!
It is then a simple matter to evaluate
f(n) for various values of n.)
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Solutions to extended-response questions

1 a For children without disability there is an equal chance of answering A, B or C.
Let X be the number of questions out of 10 which are answered A or B. X is a

2
binomial random variable with n = 10 and p = 3
2\ 10
Pr(X = 10) = (5) =0.0173

The probability that the answers given by a child without either disability will be all
As and Bs is 0.0173

b Pr(Answering C five or more times)
= Pr(Answering A or B 5 or less times)
=Pr(X <5)
=Pr(X=0)+Pr(X=1)+Pr(X=2)+Pr(X =3) +Pr(X =4) + Pr(X =5)

~(s) (0N - CIET T - (NI )
(IS ()T

(5] o §) s3] #(3) e 3] <(5)
a5 (5] +2x(3] <(5)

10
1
= (g) [1+ 20+ 180 + 960 + 3360 + 8064]

1\1°
:(5) [12585]

=0.2131
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Graphic calculator techniques for question 1

a In a Calculator page select
Binomial Pdf from the
Probability > Distributions
menu and complete as shown.

b For the cumulative binomial
select Binomial Cdf from the
Probability > Distributions
menu and complete the dialogue
box as shown.

ISBN 978-1-107-56747-4

Binomial Pdf

Num Trials, n: l 10

Prob Success, p: l2/3

X Value: | 10

[ 5
binomPdf| 10,—,10 |
[ 3 |

o

0.017342

Binomial Cdf

Num Trials, n: | 10

Prob Success, p: | 1/3

Lower Bound: lS :l

Upper BEound: | 10
‘ Cancel‘

=

mn

© Evans et al. 2016
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{
binomPdf] 10,210 |
| 3

r
binomC4df] 10,
|

2/99

2 If the fraction of defective items is O the probability of acceptance is 1 If the fraction of
defective items is 0.01 the probability of acceptance (0.99)' = 0.9044 The results are
recorded in the table shown:

p probability that a batch is accepted
0 1
0.01 | 0.9044
0.02 | 0.8171
0.05 | 0.5987
0.1 |0.3487
0.2 |0.1074
0.5 | 0.00098
1 0
£y
2 0.9p
2 ().8]|e
=07
_:E 0.6 «
S 05
= 04
<03 °
202
Z 0.l .
E 02 o5 i»

w
o

The probability of a defective = 0.04

Let X be the number of defectives in a sample of ten.

Pr(X >2)=1-[Pr(X =0) +Pr(X = 1)]

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

=1- [(0.96)10 + (110)(0.96)9(0.04)]

= 0.0582

ISBN 978-1-107-56747-4
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b Mean number of defectives = np = 0.04 X 10 = 0.4

sd of the number of defectives = y/np(1 — p)
= V10 x 0.04 x 096
=0.6197
u+20=04+2x0.6197
0.4 +2x0.6197 = 1.6394
0.4-2x0.6197 = -0.8394

¢ Yes, the claim of 4% defective must be questioned.

4 Let X be the number of Pizzas delivered late.
Pr(X > 12) =1 -Pr(X < 12)
Note: X is a binomial random variable with n = 67 and p = 0.1

A table obtained through a calculator
x Pr(X=x) Pr(X<x)

0 0.0009 0.009
1 0.0064 0.0073
2 0.0235 0.0307
3 0.0565 0.0872
4 0.1004 0.1876
5 0.1046 0.3282
6 0.1614 0.4896
7 0.1563 0.6459
8 0.1302 0.7761
9 0.0949 0.8710
10 0.0611 0.9321

11 0.0352 0.9673
Pr(X > 12) =1-0.9673

= 0.0327

1
Sa ip= 3 n = 6 Let X be the number of defectives.

=5 -(2J (4]

= 0.0819

672
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ii Pr(X<3)=Pr(X=0)+Pr(X=1)+Pr(X =2)
= (0.8)° + 6 x (0.8)°(0.2) + %C»(0.8)*(0.2)*
=0.9011

b i Let X be the n161mber of defectives.
Pr(X =2) = (2)p2<1 -p)’*

= 15p*(1 - p)*

ii LetP =15p%*(1 - p)*

dp
J-=%mﬂ—pf—6mfﬂ—pf
p

=30p[1 - pI’[1 - 3p]
dp 1
E:Ozp:lorngorpzo

Note whenp=1lorp=0, P=0
1
P=3 gives a maximum probability.
53 65 45 18 2

6 a MeanValue:1)(@4‘2)(@4‘3)(%4'4)(%4'5)(%

=2

1
b np=2,n=6 .. p=§

¢ .. Probability distribution is as shown:

PX=9 1929 243 243 729 243 243 729

Multiple the probabilities in the table to obtain the theoretical frequencies.

Theoretical frequencies are as follows:

X 0 1 2 3 4 5 6

Theoretical no. of occurrences | 17.56 52.68 65.84 4390 16.46 3.29 0.274

7 a Let X be the number of faulty articles in as asample of size 10.
Then X is Bi (n = 10, p = 0.05)
Pr(batch accepted after first sample) = Pr(X < 2)

=Pr(X =0)xPr(X = 1)
673

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016 Cambridge University Press
Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



Using a CAS calculator given 0.9138616 = 0.9139 correct to 4 decimal places.
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b Batch is rejected if 3 or more faulty articles or if there are exactly 2 faulty articels
and then a second sample of size 10 contains any faulty articles.
Pr(X > 3) = 0.0115036

Pr(X = 2) = 0.0746348
In a second sample, Pr(> 1 faulty articles) = 1 — Pr(o faulty articles)
=1-0.95°
=0.4012631
Pr(batch rejected) = 0.0115036 + 0.0766348 x 0.4012631
=0.0414517

= (0.04145 correct to 4 significant figures.

¢ Either 10 which are tested or, if 2 of the sample of 10 are faulty, a second 10 (giving
a total of 20) are tested.
Let p’ = Pr(2 faulty article in first sample), so

1-p' =Pr(0,1,3, ...10 faculty articles in first sample).
Thein if y = number of articles tested, this gives:
y | 10 20
Pry—q) [ 1-p P/
E(Y) =101 - p’) +20p’ = 10p" + 10
From past b, p’ = 0.0746 = E(Y) = 10(0.0746) + 10 = 10.746

8 a Let X be the number of people with a birthday in January.

WAy
Pr(X = 2) = (g)(ﬁ) (ﬁ) = 0.0735

b Let Y be the number of people with a birthday in January.

Pr(Y>1)=1-Pr(Y =0)=1- 28
B 12

=0.5015

¢ Let Z be the number of people with a birthday in January.

(i)
PrZ>1)=1-Pr(Z=0)=1-[—

12
N
11
1-1—]| >09
12
N
11
o|l—] <0.1
12
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11
=3 Nloge(ﬁ) <log,(0.1)
1 :
o 0g,(0.1)
1 11
0 [R—
ge 12

S N > 26.46304
Least value of N = 27.

9 For a two-engine plane
Let X be the number of engines which will fail.
The plane will successfully complete its journey if O or 1 engines fail.
PrX=0)+Pr(X =1)=(1 - ¢)* +29(1 — ¢)

=1-2g+q*+2q-24*
=1- q2
For a four-engine plane:
Let Y be the number of engines which will fail.
The plane will successfully complete its journey if O, 1 or 2 engines fail.
Pr(Y =0)+Pr(Y = 1) + Pr(Y = 2) = (1 — ¢)* + 4¢(1 — ¢)* + 64*(1 — q)*
= (1-g’’[(1 - 9)* + 4q(1 - g) + 6¢°]
= (1=’ = 2q+¢° + 49— 4¢° + 64°]
= (1-¢)*[1+29 +3¢"]
To find when a two-engine plane is to be preferred to a one-engine consider the
inequality
1-¢*> (1 -9 +2q+3¢)
(1= )1 +q) > (1= g1 +2q +3¢°)
(1+4q) > (1 =g)(1 +2q +3¢°)
A+q)>1+29+3¢ —q-2¢>-34°q > g+ ¢* - 3¢°

0>q*>-34°
0> ¢*(1-3q)
1

—<g<1
3=4=

1
A two-engine plane it to be preferred to a four-engine plane for 3 <g=<l1
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Chapter 15 — Continuous random variables
and their probability distributions

Solutions to Exercise 15A

24
— 3<x<6

1 f(x) x3

x<3orx>6

ff(x)dx—f—dx

foof(x)dx: 1

f(x)=0
". is a probability density function

2 foof(x)dle

2
fx2+kx+1dx:1
0

X kx? g
—+—+x| =1
372 7,
8 4k
-+ —+2=
3 2
-11
2k = —
3
-11
k= —
6
Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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3Jaandc

0.5 1
b
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4 ) ke y=>0
a y) =
0 y<0

f Fo)dy =1
fooke_ydy: 1
0

consider

lim ke?dy =1
a—o

lim [—ke™]¢ = 1

lim (—ke ™ + ke®) = 1

—klim(e™ ) +k=1
k=1
b f(y) = e? y>0
0 y<0
2
Pr(Y<2)= f e”dy
0
= [T
=—¢2+¢

1
=1-— ~ 0.865
e

7
1
b Pr(T <7 = —(-=5)(11-nd
c( )f536(’ )11 - 1) dr

7
— 2
— -1
=3 t 6t + 55dt
_—1 — — 82 +55¢ 7
36| 3 5
1 ((125
= —||—— —200 + 275

- (? -392 + 385))

1 (350322
~ 36

3 3
_
~ 108
7
= — =~0.25
27 ?

Pr(55<T <7)
Pr(T > 5.5)

f55—(t 5)(11 = 1) dr

11 1
f55 36

~ 0.244

Pr(T <7T >5.5) =

=511 -1)dt

Pr(T < 7)
Pr (T < 10)

fs —(r—5)(11 —f)dt

Pr(T <7|T < 10) =

f“’i(t—sxu _fdr

0.2 /\
~ 0.28
T I > x
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foof(x)dle ff(t)dt_l
I )
ksin| —n(x—7)|dx =1 fke 200/ dr = 1
7 10 0

17 .
—10 Consider
[—k cos(%(x - 7))] =1
T « (=
-10 10 ! lim ke(ZOO) dt =1
—%kcos(rm) + —k cos(0) =1 a—co Jo
b8 g
10 10 k x lim —2006(200) =1
—k+—k=1 a—oo 0
T bg
4 —a
k= 20 QED k x lim (—200e(200) + 20080) =1
b i »
7 7 200k x lim(l —e(zoo)) =1
Pr(X > 16) = f — sin —(x 7)) dx oo
7 20
[ 1 17 200k =1
= |[— cos| —(x — 7))] 1
2 ( k= —
10 ’ 200
-1 1 O
=5 = = 0.005
2 cos(m) + 7 cos( 10)
~ 1
~ 0.024 b Pr (T > 1000) = flOOO 2006(200)dt
ii Pr(l2<X<13) C0n31de§ | ( _t)
13 =t
" lim [ ——e\20)g;
— sin| —(x — 7)) dx a_mf
ﬁz 20 ( 1000 200
;f a
-l cos " (x—=17) : = lim[—e(ZOO)]
=75 LX = a—»00
2 10 0 1000
= __1 COS 1 + 1COS 5_7T = lim (—6(2%.‘(1)) + 8_5)
) 10/ 2 10 a—e0
1
-l cos 3 -5
=5 = e
2 5 X
~ 0.155 . Pr(T = 1000) = == 0.007
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8 a y 9 4 ’
A
kA 3]
2
1 -
X T T T T Oo—>» X
0 > 0l 02040608 1
-1 1
3
b f f(x)dx=1 b Pr(0.25<X<O.75):fl 3x2 dx
—oo !
0 1 3
fk(l+x)dx+fk(l—x)dx:1 :[x3j
_] 0 1
1
+x20 + x2]l ! 27 1
* 2 =5 =7 = —_— - —
2L 20 K 64 64
13
: ! ! = — =~ 0.406
O_ _1 = 1—— —0:— .
( +2)+( 2) k 32
1 N 1 B 1
2 2 - k 10 a y
k=1
0.1
¢ Pr _—1<X<l
2 7 T2
2 00 5 10
2 —_ P
:ﬁl f()dx
2
o %
:f_ll+x+dx+f 1 — xdx
5 0
2 0 2 1
= X+x— + _x_x_ ?
- 2 |2 2],
2
1 1 1 1
0‘(‘§+§)+(5‘§)—0
_3.3
8 8
_3
4
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b Pr(-1<X<1)

1000

b Pr(X >2000) = [ ——dx
X

_ f ! Fo)dx Consider )
1 . “ 1000 .| —1000
lim 5 dx = lim ]
fo 1 a—eo Jooog X a—oo X 2000
= — (10 + x)dx
_, 100 _fim (1900, 1000
L | ‘alir?o( a 2000
+ — (10— x)dx 1
fo‘ 100 =5
2]’ Pr (X > 2000) = »
= —10x+ — = )
00| T2 2
1 X2 ! 00
+@[10x—5] 12 a Pr(X> 1.5):f f(x) dx
0 15

Il
[
O‘H
=
—_

)

I

I

[—

)

—+
| =
N —
N —

2 1
:f 2(1——2)dx
1.5 X

1 2
1
+(10—§)—0 _ 2(x+_)
9 X s
=—=0.19 1 3 2

11 a foof(x)dle

<k
f —zdx: 1
1000 X

b Pr(X<18/X>15)
_Pr(l.5<X<18)

Consider Pr(X >1.5)
li ¢ -~ =1 1.8 1
al_)l’Elo 1000 x2 dx \fl‘.S 2(1 — ;)dx
Ak =
lim —] =1 %
=L X 11000 3 e
_k k 3 1) ’
1' —_— "t —— | = 1 =—(2 X+ —
a‘l?o( a 1000) 2 ( /s
k 9 5 3 2
AT | a2 2 (2.2
1000 3((5 ¥ 9) (2 3))
k = 1000 17
" 30
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13 a Pr(XzS):f £ dx 14 a Pr(X<05]|=045)

0.5
_ f L3 W
g 5
Consider 0 0.5
a u f 0.2dx + f 0.2+ 1.2xdx
lim —e 3 dx = lim [—e 3 ] -l 1 1
—a -8 =—+4|=-+ —]
= 1im(—e? + e?) S5 S o
3 5 \10 20
=8 9
Pr(X>8)=e5 ~0.202 =%:O.45
Pr(X > 12
b Pr(X212|X28):%—>8) b Pr(X>05|X>0.1)
( ) _Pr(X>0.5)
f —eS dx " Pr(X>0.1)
_8 @)
5 - )
Consider ¢ fo_  J(x)dx
1 =x —x1¢ 055
lim —e5 dx lim [—e 5 ] = =
a—0oo ]y 5 3 a—co . j(; + xdx
3 - =8
e> es 11
8 —a 12 = 1—
=e5 lim|—e35 +eT) 4f0.11+6xdx
a—o0 11
8 -12 = ]
Serxes 4[x+3x2]
4 0.1
=e? 1
Pr(leZIXZS):e?zO.449 4(1+3)_i+i
10 100
11
RS
25
275
=— =0.711
387
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15 a i Pr(X>1)

Y
f e Ydx
1

Consider
0 =X “
lim e “dx = lim[-e']{
a— J1 a— oo
— 1 —-a -1
0.5 - C}l_)rglo(—e +e7)
b i Pr(X<0.5):f o dx 1
0 _ 2
— [_e—x]g.S T
_ - _ 1
PR PrX21)=-=c
PR i e
Ve Pr(X>1]X>05)=—o>"
1 rX=1X>03= 5> 0s)
=1-e2 |
_ e
1
Ve
1
Ve
1
=e 2
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Solutions to Exercise 15B

1 a f(x)=2x,0<x<1 consider
o0 ) 1 ) u
B0 = [ xfeodx M b= el
1 = lim(Ina—-1In1)
= f 2x% dx a=e0
0 1 = lim lna
_ [% x3] - E(X) does not exist
31
_2 2al
3
b /) 1 0 . b 2.097
x)=——,0<x<
2
\f c 1.132
E(X) :f xf(x)dx
oo d 0.4444
1
0 | 3 a u:f xf(x)dx
1 3 —o0
5 1
0 :f2x4—x2+xdx
1 0
= - 1
2 1 1
3 = lgxs - §x3 + Exz
c X)=6x—6x, 0<x<1 0
9 = 6~ RN
BCO = [ afds 57372
—o0 _12-10+15
| - s 7"~
= f 6x> — 6x° dx 17 30
0 = — ~0.567
3 1 30
=|2x° - §x4] "
0 b Pr(Xs,u):f f(x)dx
_5 3 1 —00
T~ 72 %
= f 2x° — x+ ldx
1 0
d f()C) = ) x>1 17
* 0 1L, 1, 30
=|=x"—=x"+x
E(X) :f xf(x)dx 2 2 0
o 117\ 117\ 17
= —| — e + —
=f—dx 2130/ 2130/ 30
0o X
~ (0.458
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4 = —+—cosx, < x< L D
f(x) T 5oCosX, TSxS<H 6 a E( ) Iw xf(x) dx

2n
E(X) = :
) f_mxf(x)dx :f 12x — 124% dx
. 0
X  XCOSX
= B E + o dx = [6x2 — 4x3](1)

using the CAS calculator = 0 =6-4=2
Alternatively, notice that the function -

is symmetrical about the y-axis, so the b E(e') = f e f(x)dx

mean must be 0. ]
= f 12x%¢(1 — x)dx
00 0
S [ fdy=1 using the CAS calculator = 1.858
B

Aydy = 1
fo yay 7 a Pr(X<1)

i 1
B
A e "dx = [—e‘x]
[_yz] =1 fo 0
0

o

? 1 0
=—e te
AB?
=1 |
2 =1--~0.632
@® AB*=2 e
0 2
#=f v dy b Pr(1SX32):f e dx
—oo 1
2= [ a4y ==l
~Jo i — 2
=—¢ " +e
B
A3 e—1
o [Ey L =~ ~ 0233
@ AB =6 n_ |
® c f e dx = >
— 0
6 = B=3 . :
; 2 [_e ]() = 5
Subin® = AB3)" =2
1
A= % _e_m + eO = E
’ 1
l—e=—
© 72
w1
e ==
2
e =2
m=1n2 =~ 0.693
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© "] o= 1
8 dx=1 10 —e4 dx= -
a Imf(x) X [) 4e X >
1 —x m 1
fkdle |:—€T] = —
0 0 2
1 _ —m
[kx]) =1 LN %
k=1
% 1
e4 =—
1 1 2
b f ldx == m
0 2 e4 =2
1
1 _ L m_
[m]y = 0 1- In2
m = 1 m =41In2 = 2.773 minutes
2
9 f(x)zS(x—l)“,OSxSl 11 a p:f xf(x)dx
11 1 —00
f 5(x—1)4dx=§ 1 2
0 | :fxzdx+f2x—x2dx
0 1
[(x= 11 = =
(m_1)5_(_1)5:§ 3o 3
1 8 1
1 - _ _ 21122
o) _3+(4 3) (1 3)
1 1 10
1)\3 =-+4-—
m — 1= E 3 3
=1
1
1\> - 1
m=1- (5) ~ 0.1294 b Fdx = -
0 2
ifm<1,
" 1
f xdx = —
0 2
5] -
2 0 2
m? B 1
2 2
m? =1
m=1
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12 f(x) =30x*-30x°, 0<x <1 3 f(x) = — sm(—(x 7)) x< 17

a ,u:f xf(x)dx f f(x)dx:%
1 —00
_ " 1
= j; 30x° — 30x° dx f; 2”_0 s1n(—(x 7)) dx = 5
30 -1 "o
=|5x0 - =x ] _ = 7 - _
-2, 5 o) =3
_s 30
-7 —cos(m(m 7)) +cos0=1
5
p=o= 0.714 P
—m-=-T7)=0
) 1 cos( 1O(m ))
b f(x)dx = < T _ 7 T
o 2 TR
mn 1
f 30x* = 30x° dx = = m-7=5
0 2
m 1 m = 12
[6)65 - 5x6] = -
0 2 -
(m' _ 5,6 _ % 14 a u-= f xf(x)dx
using the CAS calculator
m~ 0.736 f dx+f —+—dx
u=0.714 <m QED ¥ 223 1
= | — +|— 4+ —
[10]_1 10 5 ]0
1 1 2
= O R R - — O
10 10 5
2
5
b [ fede=1
x)dx = =
oo 2
ifm <0,
"1 1
Zdx ==
L 59773
x|" 3 1
51, 2
m N 1 3 1
5 5 2
m>0
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0 mn
Ilédx+£ %+gxdx:%
o 3_)62]'"_1
5 |5 51 2
m  3m? 3
55 10
3m2+m—§:O
2
-1+ V1+18
"= 6
since m > 0,
-1+ V19
m=—— 17

d
15 a —(kxe ™) = ke ™ = kPxe™**
dx

f kxe ™ dx = _71 f —k*xe™

+ ke ™ — ke ™" dx

= — | ke

k k
-1
— _xe—kx _ Te—kx
o kx+ D)
- k
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Consider

- (;)
lim x(—)e dx
| A

a—00

a—0

1 1
a = lim [xe_/lx — /le_/lx]
0

a—o0

- 1im(—e‘§(a + )+ %0 + /1))

a—00

=1+ lim(—(a +2) - e-%)

=21
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d y = e *is dilated by factor 3 from

the x-axis and by factor A from

the y-axis
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Solutions to Exercise 15C

00 b
1 EX) = f *f(x)dx b [ swar=2
1 _Oob 3
:f 2x2dx f 3x2d_x:—
0 0 4
1
2 5 31b _ §
{?L Pl =
2 b = %
=3 |
4 3\3
E(X))? = = — (2] ~
B0 = 5 b (4) 0.909
E(X?) = f x? f(x) dx c
_T the interquartile range = b — a
:f 25> dx 1 1
° -(3) -G
1 (2} _(2
1 4 4
o
27 |, ~ 0.279
1
2 4 a
o’ = E(X?) - (E(X))* y

I 0.5
18 18 18
» X

1 2 0‘

o= —= —
3v2 6
< 1
b f f(x)dx = -
2 (384, 416) —o 4
“ 1
f 0.5¢*dx = 7 since a < 0.
(1 1 —OO'
3 a f xf(x)dx = 7 consider
< 1
f 3x%dx = -
0 4
1
31a _
[x ]0 2
1
3 = —
Ty
1
ik 0.630
a = 4_1- ~ U.
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lim —efdx =
k——o0 k
: xX1a
khm [e']; =
——00

<1
f —e Ydx =
b 2
f e “dx =
b

consider

h
limf e dx =
h—o0 b

Jml=e™; =
gmu—eh+e*)
1
_b -
¢ =3
1
_b:1 _
)
b=1n2

the interquartile range = b — a

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

5 a foof(x)dle

(e]

9
k
f—dle
1 X

[kInx]] = 1
kIn9 —kInl =1
kIn9 =1

In = 1

k=—

In9

R — = = =

1 b ,u:f xf(x)dx
4 0 -
1 4
1 —dx = 8
5 In9 . In9 In3
E(X?) = x2 f(x)dx
—dx

1

2 f In9

1

5 “[ais)

1 41n3 |,

5 8l 1
" 4In3  4In3
20
" In3

o2 = E(X?) _qu

20 16
“In3  (In3)?
_20In3-16
~ (In3)?

=In2-(-1In2)
=2In2 = 1.386

~ 4.948

ISBN 978-1-107-56747-4 © Evans et al. 2016

Photocopying is restricted under law and this material must not be transferred to another party.

= — ~3.641

691

Cambridge University Press



" 1 00
6 a ff(x)dx:Z b ,uzf x f(x)dx
< 1 1
f2—2xdx:— :fo—szdx
0 4 o
a 1 1
x5 =5 |- 24|
1 3 0
Za—azzz :1_2
2 1 3
—24+-=0
a a+4 :1
2+ VA—1 S
a=
2 E(X?) = f X f(x) dx
& :
a=1-—,
2 =f2x2—2x3dx
since0<a<1 0 1
2 1
b 3 4
3 =|=-x" - =x
J@dx=7 [3 2 L
b 3 _2 1
f2—2xdx:— 3 2
0 4 1
b i
3 =
[Zx—le ! 2 ° 2 2
o 4 o2 = E(X?) - u
3
2b-b* == _L1
4 6 9
3
b =2+ =0 _ 1
18
b_2i\/4—3
i —
“ 1
1 - _
b:1i§ 7 _Oof(.X)dx—4
1 “ 2 1
= _.si 2 dx = -
b—2,sznce03b§1 I) xe X 1
= —_ a 1
b—a [e'xz] :Z
1+\/§ 1 ’
“o Ty T 1
2 2 —€_a2+€0:Z
_V3_1
T2 2
~ 0.366
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@ _ 3 b P
e =- I
4 [mf(X)x 4
3
2 b
—a“=1In- X 3
Zdx==
4 LZ X 7]
4
= +4/In= ~ 0.5364, b
a=Ty3 jﬁZxdx:3
) 0
since a > 0

b
b 3 [xz] =3
f f(x)dx = 0
})—00

b* =3
—.xz —
j(;er dx = b= V3, since0<b<?2

the interquartile range = b — a

=V3-1

—
ml
=
(5]
S —
[« S
Il
Al=Rh|lW AW |l K]

eV 10 = ~ 0.732
—b? a
e’ = b u= x f(x)dx
1 2 2
2 _
-b” =1n Z — % dx
0
b=+Vnd ~ 1.1774, 3 2
since b > 0 - g]o
the interquartile range = b — a 8 4
~ 0.641 "6 3
E@%:f‘fﬂde
a 3 1 _;o 3
8 a f f(x)dx—Z _ x—dx
oo . 3
¢ x 1
Zdx == 472
i:zx 4 :[i]
a 8 0
f 2xdx =1 16
0 = — =
¢ 2 § 2
|:x2:| =1 O-ZE(X)—IJ
0 3 16 2
=1 B
a=1, since0<a<?2
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9 a foof(x)dle

(]

10
ka(lOO—xz)dx:I
0
10
kf 100x — X’ dx =1
0

A1
k[50x2 - —l =1
4 0
k(5000 — 2500) = 1
1
k‘%m
= 0.0004

b ,uzfooxf(x)dx

(o]

f“) 100x% — x*
= | ————dx
o 2500
1 [100 5 xTO
—X
0

~25000 3" T 5

_ 1 (100000 100000
© 2500\ 3 5

_ 12000
25\ 15

80
T15
16
e
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E(X?) = f ) X f(x) dx

(o]

2500

10
1 1
= —[25)64 - —x6]
6 0

10 1
:f —(100x° = X°) dx
0

50000 — lOOOOOO)

- 2500(
1 (15000 - 10000)

=25 6
5000
© 150
_ 100
3
_ 100 256

3 9
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b ,uzfooxf(x)dx Loa=2V5

= Ia -_— - 4_(13 dx 11 a y
41 A
3x 3k 4
8a 1643 »
B 3a> 3d* 3a> 3d*
~\8a 164} 8a 1643 L, N oy
=0 I 2 3 4 5 6
E(X?) = f x*f(x)dx b
J.,4a 4d3 3 6
B x3 35 ¢ fok(3—x)dx+£k(3—x)dx:1
|4a 2043 » 2 2 6
3345 k[{3x——| +|=-3x| |=1
_ 2( @  3a ) 2], 2 3
4a 2043
9 36 9
- ) {(o-3)-0)+(3-)-(5-2)) -
S \4 2
0 kx9=1
B 5a> 3a® |
1010 k=3
2
-5
o? = B(X?) - i
2
a
=—-0
5
5
buto =2
o’ =4
2
@ _,
5
a* =20
a=+V20
s =245
note: the way the question is
stated implies that a is positive,
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=3 QED
E(X?) = f x*f(x)dx

3 .2 3
X X
= | = - dx

v 3 9

27 81
‘((?‘%)‘0)
(68 _216) (81 27
36 9 36 9

9 9
=3_= 24 -
3 4+36 4+3
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Solutions to Exercise 15D

1 EX)=4 b E(V)=E(00 - 1.5X)
C = 300X + 100 =100 — 1.5E(X)
E(C) = E(300X + 100) 100 - 3 y 17
— 300E(X) + 100 4500 25124
= 1300 T 48 48
1583
=~ =$98.94
w0 16 5
2a EX-= f xf(x)dx Var (V) = Var (100 — 1.5X)
= 2.25Var (X)
f = 4+ xX%dx
~ 0.1086
37l
i + il sd (V) = fVar (V) = $0.33
8 3],
_3. 1.0 -
8 3 24 3a EGBX) = f 3xf(x)dx

E(X?) = foo X f(x) dx
f —dx
f —+X dx [9x4]1
-1

41! 8
:[10+ZL 9.9,
3 1 11 8 008
104720 E(9X?) = f 9x% f(x) dx
Var (X) = E(X?) - E(X)?
10754
1117 T H
20 242 575!
~ 0.048 - |2
10
27 27 27
= =54
1071075
Var (3X) = E(9X?) — E(3X)?
27
5
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b  EGB-X)=3-EX) cl, 54

1
=3- gE(?)X) d Let g(x) be the function required
3023 we know g(x) = ax? and since
T ~-1<x<1,-3<3x<3
Var(3 — X) = Var (X) ax> -3<3x<3
| Soooglx) = 0 3 3
:§Var(3X) x<-3o0rx>
3 =
_3_06 [mg(x)dx 1
5
3
f ax*dx =1
-3
373
[ax—] =1
315
9a - (—9a) =1
1
a=—
18
2
X
— -3<x<3
gy=q18 77
0 x<-3or x>3
(x—1)?
—-2<x<4
e h(x)={ 18 =r=
0 otherwise
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Solutions to Exercise 15E

1 a F(x):ff(t)dt ¢ Pr(X >2
0 Pr(X>2|X<3) = X=22)
fx 1 Pr(X <3)
= —dt -4
0o S _°
) |:£]x F(3)4
51, = ~00183
X 1-e
3 if0<x<5
Fx)=40 ifx<0 3a F6) =1
0 x>5 k(6)? = 1
b Pr(X<3)=FQ3) e L
36
3
1 1
Pr(i <X< 1):Pr(X§ 1)—Pr(X< E)
2 a
" =F()-F 1
_—— B 2
> X 1 11
=—()- —|-
O[ 360 36(4)
1
b Pr(X>2=1-Pr(X<2) T
=1-FQ)
=1-(1-e*
= 6_4
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Solutions to Technology-free questions

V2
1 a kf xdx =1
1
kl ZVE—1
Pl
1 1
2—-—=x1 1
k(2>< 2><)
1
k=
2
k=2

1.1
b Pr(1<X<1.1):f 2xdx
1

o]

=121-1
=0.21

1.2
C Pr(1<X<1.2):f 2xdx
1

1.2

=144 -1
=0.44
1
2 f(a+bx2)dx:1
0
| 1
ax+—bx3] =1
3 0
1
a+-b=1 ©)

3

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4
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E(X) = 2 5o
3 50:
! 2
fx(a+bx2)dx——

0 3
! 2
fx(ax+bx3)dx——

0 3

1
15 1 o4 2
[Eax +be ]0—3
1 1 _2 ®
4 3
1 4
2x(2)—(1 —=—lb==-1
(2 ()( 3) 3
1,1
6" =3
b=2

1
Substituting in (1) gives a = 3

1
The graph of = sinx, 0 < x <, has
x-intercepts at (0,0) and (7, 0) and a

T
maximum at
2° 2)

Also, the graph is symmetrical about the
, so the area under the curve
1

/s
from O to = is —.
rom 0 to > is -

m 1. 1
(Alternatively, solve fo 3 sinxdx = 5)

live x =

o

(Note that the symmetry also implies

LT
that the mean is 5

4 a Pr(1<x<3):—(3—1)—;1(1—1)

N = A=

700
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b PriX>2|1<X<3)

0.5
b P(X <0.5) :f (12x% = 12x%) dx
_Pr(X>2n|<X<3) 0

Pr(l1<X<3) _ [4x3 ~ 3x4]05
_Pr(2<X<3) 0
“Pr1<X<3) Caxiay L

Pr(X < 3) - Pr(X < 2) 8 16
(5) 16
1 1
-B-1D)--2-1) 1
=4 4 6 a kf(x2—x3)dx:1
1 0
2 1
1 1
1 k[—x3 — —x4] =1
= 5(2 -1) 3 4 |,
1 1 1
= - kl-—--|=1
2 (3 4)
¢ 4 2 : k=1
Pr(X NnX k=
Pr(X > 4]X > 2) =i X > >2) 12
P(X >2) k=12
_PriX>4) (Note that this agrees with the
Pr(X >2) function given in Qn. 5 above.)
1
- 2 3
3 b f(x)=12x"—-12x
1
1 f/(x) = 24x — 36x°
"3 = 12x(2 = 3x)
5 a =0ifx=00rx==
y Since the graph of y = f(x) is that
A % 1_6 of a negative cabic with x i;lter—

3 9 cepts (0,0) and (1,0), x = 3 must
correspond to a local maximum. So
the mode is —.

> X
0 1 1
2
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2 3 8 Prx<my= | Zoos(®)d
Pr(X<§):f (1222 = 122%) dx X <m= | ZCOS(T) *
0

[SS11\S]

Il
—
w2
—
=)

N
|3
—
o 3

= [4)63 - 3x4]
0 . (mm
= sin|—
8 16 ( 4 )
_ E mm_n
27 16
2
1 m=z
Pr (X <= 3
1 2 3
¢ PriX< 5 X< § = 5
= +2
Pr(X<3 9 a EX) f‘X(x ),
0 16
1
1 3 413 1 5
Pr X<§ :[4x - 3x =16 x°+2xdx
10 0
1 1 [x3 N 2]4
==, SO = —|—
9 613
1 7
1 2 § 3 = g
PriX<=|X<Z|=Z2=2
r( <3< 3) 16 16 ¢ (x42) S
27 b XD =2
o 16 TR
02 4 2dr= 2
7 a Pr(X <02)= f 352 dx i .
0 02 [x_2 + 2x]a = §
= [x3] 2 0 2
0 2
= Z +2aq=2
0.008 5 +2a 5
02 a+4a-5=0
f 3x% dx 5 Do
b Pr(X <02]X <0.3)= 2 (@+5)a-1) =
32 dx a=-5o0ra=1
¥ na=1
_0.008 e e=
~0.027
8
27
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1 21 1
10 a fc(l—xz)dx:c[x——] b logem:Z
- 315 1
:4_C m:ez

4c 3

i 1 - =

For PDF 3 1 ¢ log,m 1

3
_C:§ m=e4

4 1

3
IQR = ¢4 — e4 ~ 0.833
b 0

1 " 13 For a continuous variable X,
nl n(l —-X)
11 fn(l x)" dx —[ ] Plu—-20<X<u+20)~=0.95
0 Here, u =330 and o = 5,
u+2a =330+ 10 =340

u—20 =330-10 =320
s0 (320, 340) is the required

=1

12 a f la’x = [loge(x)
0

X (approximate) interval for 95%
= log, m of cans.
For median
14 Since the variance is 4, the standared
log,m = 2 deviation is V4 = 2.
1 u+20 =250+4 =254
m=e2
For the interquartile range: u—20 =250—-4 =246
S0 (2 X 6,254) is an (approximate) 95%
interval.
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Solutions to multiple-choice questions

1 B The second graph partly lies below

13
e & 4 A Pr(X£1.3):f 22— 1)dx
the x-axis. Since f(x) > 0 for all 4

x, this could not requirement a 1, 3 13
probability density function. = [Zx - Zx]
1
2 D An antiderivative of 4x is 2x°. ~ 0.0743
If the domain is of the 5
from 0 < x < a, then 5 E EX)= f X g(xz ~1)dx
1

f dxdx = [sz]
0 ’ = fz §x3 - éx dx
=242 J \4 4
2
=1
[
1

1
= a = —— (since a > 0),

\/5 27

so option D fits. 16
(Note that the above shows 5
options A —» C areznot posible. 6 B EU)= f 2 x %(XZ —1)dx
= 1
For option E: v 4xdx 2(3 3
-+ = f —x*t— Zx?|dx
\ 1 \4 4
2
= 2
= [2x2]f _ [ixs _ lx3]
V) 20 4 |
4 1 29
= 2(5) - 2(5) =70
=3 var (X) = E(X)” - [E(X)]?
’ . 29 (27 )2
1 1 BT TS
3D f —sinxdx:[——cosx 10 16
0 2 2 0 67
:—1cosk+l ~ 1280
2 2
=1
if cosk=-1
k=m
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8 E The graph of y = f(x) is that of a
positive cubic which touches the
x-axis at (2, 0). The end points
are (1, 0) and (3, 3). Click for
a local maxium turning point.

3
fla) = S = Dix -2y
= %(;ﬁ —5x* + 8x - 6)
f(x) = %(3)8 —10x + 8)
3
= E(x -2)3x—4)
=0ifx = 20rx§.

4
Then x = 3 must correspond to a

local maximum turning point.

12)-3400)

_2
-9
But f(3) = 3, so the mode is 3
4
NOT =!
o3

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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9

20
C EX) = f X X (400 — x*) dx
0

32
K
(using a CAS calculator)

40000

Then the expected consulations time

for three patients is 3 X 3 = 32 min.

10 A Let s be the minimum score for
an ‘A’.
Then Pr(X > §) =0.10 or
equivalently Pr (X < §) = 0.909.

Hence jo‘ ILOO sin(%) dx = 0.90

1 ax\]’
—— — | =0.90
2e{5),

COS(E) = -0.80

™ cos~'(~0.80)

50
s = 20 cos(=0.80)
T

~ 39.8
so the minimum score required is

closest to 40.
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Solutions to extended-response questions

a X
—|1-—] if100 < x <1000
1 f(x) = 100( 100) B sAs

0 otherwise
5 111000
1000 a X 8la
dx = | —|x - — - __
2 oo S04 [100(x 200)]100 2

81
For f to be a probability density function _Ta = 1 and hence a = ~31

1000 2 (2 B\
b E(x) = [, xf(x)dx= = 700 hours
100

8100\ 2 300
¢ The cumulative probability density function
x 1
= Jo SO dt = (x* — 200x + 10 000)

) ~ 810000
Median = 736.4 hours

0 ifx<0
2 F(x)=42x—x% if0<x<1
1 ifx>1

a Pr(X>05)=1-Pr(X<0.5)
= 1 - F(0.5)

b Pr (X < a) = 0.8. This can be written as
F(a) = 0.8 which implies,

2a—a>=0.8
5-1/5 5+ 45

Solving the quadratic for a gives a =

But 0 < a < 1. Therefore a = > _5\/5.

¢ The corresponding probability density function is f(x) = 2 — 2x
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1
E(X):f xf(x)dx
0

1
:f 2x — 2x% dx
0

3 0
_1
-3
1
E(\/)_()zf Vxf(x)dx
0
I 3
:f2x2—2x2dx
0
1
4 3 45
=|—-x2 — —x2
[3x sx]o
_8
15
T T
— cos[—(x—-6 ifl<x<l11
3a f()=120 (10( ))
0 ifx<lorx>11

For the median:
Let g; be the first quartile and g3 be the third quartile. Then
[* f(x)dx =025 and [ f(x)dx=0.75

i (.
From the earlier calculation, flq f(x)dx = E(sm(%(a - 6)) + 1).

1
For qlzi(sin(%(ql -6)+ 1) =0.25

sin(lio(q1 - 6)) =05

Vs m
1—0(% —-6) = 5

6 -5

q1 — b= —7
3

13

q1 = =
3
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1
For g3 : E(sin(%(% —6)+ 1) - 075

sin(lﬂ—o(q3 — 6)) =0.5

S@-6=7%
5
gz —6= g
23
q3 = 3
Interqurtile range = g3 — ¢
23 13 10
"33 3

b The graph of y = f(x) is symmetrical about the line x = 6, so the mean is 6,
Alternatively:

11 . -
E(X):~[1 xf(x)dx—% xcos(ﬁ(x 6))dx

Since the integrand is not a ‘standard’ function fn integration, use a CAS calculator
for its evaluation. This gives E(X) =

For the variance, first find E(X?).
11

B(X?) = f e 2fde = — | &2 cos(i(x—@)dx
1 20 10

Using the integration command of a CAS calculates gives E(X?) ~ 40.7358 Hence
var (X) = E(X*) - [E(X))”

~ 40.7358 — 36

= 4.736 correct to 3 decimal places.

f ) f(x)dx = 0.5
1

il 1 cos(%(x - 6)) dx =05

20
10 ¢
lx sm—(x 6)|dx| =0.5
20 & |
sm(l—o(a - 6)) - sm( 72T)
sm(—(a - 6)) =0
a=6
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4 aPr(4<Y<5)

5 2 5
ff(y)dy(notf(x)dx)=—fy—ldy

4 25 J4

201, T

“25(20 7Y,

_ 7

© 25

)
b E(Y) = fl yf(y)dy

6
= - 1d
>3 1y(y ) dy

Also E(X) =8 x 0.6 =4.80
13
The expected money received = $(4.80 +4 % ?) = $22.13

5 E(X -¢) = j‘A()c2 —2cx + cz)f(x) dx
2
1
== fxz —2cx+ ) (x = 2)dx
2,
1
= 5 f(x3 - 2c+ 2)2 + (024c)x - 2c2) dx
2
1 2
= §(3c —20c + 34)
IfE(X —¢)? = %

implies 3¢? — 20c + 34 = 2
3¢2-20c+32=0
Bc-8)(c—-4)=0

Therefore ¢ = g orc=4

kx—1)3—-x) ifl<x<3
6 f(x) = _
ifx<lorx>3
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3
a f f)dx=1
1
3

Therefore k f x> +4x-3dx=1
1

3
Hence k = >
ence 4

3 3
b E(X) = Zﬁ xf(x)dx

3

3
:_f x(—=x* + 4x - 3)dx
4 Ji

=2
var (X) = B(X?) - [E(X)]?

3 3
:—f xf(x)dx—4
1

4
21
=— -4
5
1
=-=0.2
5
3 5
C Pr(X>2.5):Zfss—x2+4x—3dx:§

(Note: the integral, in this question have been evaluated using the ‘Integral’
command of a CAS calculator.)

- if0<x<4
7 f(x) = 12(x—-1)
0 ifx<Oorx>4
a ff( )d 1= kf4 ! d 1
X)dx = — ——dx =
0 12 0 (X+1)3
k 1|

12[_2(x + 1)2]0 -

k{1 1
“|-—+=|=1
12\ 50 " 2

k
25
k=25
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25 1
b EX+1)== d
@+ 1 12f04(x+1)2 Y
25 I

12| (x+1)

—§—1+1
12\ 5

0

E(X+1)=EX)+1
EX)=EX+1)-1

5 2

:——1:—

3 3

d PX<c)=c

25 (¢ 1

= - dx=

2J), Gr1p @€
251 1 |
24| (x+ 12,

25 1 |
_ =C
24\ (c + 1)?
-13 2
Using the ‘solve’ command of a CAS calculator gives ¢ = o orc=0orc= 3

2
Butc>0,soc:§.

kx ifif0<x<?2

8 f(X)=Jk@d-x) if2<x<4

0 ifx<Oorx>4
. 1

a The area of the triangle = 3 X 4 % 2k v !
=4k
1
Therefore k = 7 (2.2k)
0 4 i
X
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b Since the graph of y = f(x) is symmetrical about x = 2, E(X) = 2.
var (X) = E(X?) - [EQO))?

1f2 3d +1f2(4 Ydx — 4
= - X dx+ — x4 —-x)dx —
4 Jo 4 ),

14
=— 4

W,

¢c Pr(X—ul<1)=Pr(X-2|<1)
=Pr(l<X<3

12 I
:ZI xdx+1£(4—x)dx

d Pr (X > a) = 0.6 or equivalently Pr (X < a) = 0.4.

Since the graph of y = f(x) is symmetrical about x = 2, Pr (X <2) =0.5.

Hence 0 < a < 2.

a 4
Sxdx=04=—
f04xx 10

-
@=
a= % = ? (a>0).
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Chapter 16 — The normal distribution

Solutions to Exercise 16A

1

/ \
M H,
2 (c) appears to be the only normally

distributed curve

3 a using CAS calculator, integral = 1

b i E(X)=fooxf(x)dx

(o]

00 —2\?
:j_‘w?)\'/xgre_%(%) dx

ii using CAS calculator, integral=2

¢ i EX%= f ) X f(x)dx

_fz x
Jw3

2
(%) 4.

il using CAS calculator, integral =
13

i o= Vo?
= VE(X?) - [EX)P

= V13-4
=3

&

X e

N|—
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4 a using CAS calculator, integral = 1

b i E(X):fooxf(x)dx

00 1(x+4
_ * ‘2(

_ )
f_msme S ) dx

il using CAS calculator, integral =
—4

(o]

i E(X?) = f ) x? f(x)dx

_1(&)2
X e 2\ 5 /) dx

ii B(X?) =41

iii o= Vo?

= VE(X) - [EX)P
= V41 - 16

(read Oﬁ(xl_()3)

section of the equation)
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b
L(x+3
o fm LA
2n
a u=-3,
=1
+3
(read off (XT)
section of the equation)
b
1 _l(w)z
7 fx) = e 2\ 3
Va2
a u=0
0
(read off (x - )
3
section of the equation)
b

947654321 1234567 813°
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8 a

translation + 3 along the x-axis

(u=3)
dilation factor 2 from the y-axis
(c=2)

dilation factor 3 from the x-axis

translation + 3 along the x-axis
(n=3)
dilation factor 3 from the y-axis

o}

dilation factor 2 from the x-axis

translation =3 along the x-axis
(u=-3)

dilation factor 2 from the y-axis
(c=2)

dilation factor 5 from the x-axis

translation =3 along the x-axis

(u=3)

dilation factor 2 from the x-axis

dilation factor — from the y-axis

(0 =2)

translation =3 along the x-axis
(1 =3)
dilation factor 3 from the x-axis

dilation factor 2 from the y-axis
1

[7=3)

translation +3 along the x-axis

(u=-3)

dilation factor 2 from the x-axis

dilation factor 3 from the y-axis

(c=2)
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Solutions to Exercise 16B
1 a 16%
b 16 %
¢ 2.5%

d 25%

2a u=~135
30 ~ 15

o=~x5

Q

b u~10

30

2

(O]

4
4
3

3 a =68%

b o~ 100%2—68% 6%

100% — 99.7%
- 2

=0.15%

o
?

4 u—20and u+20
273 -62and27.3+6.2
answer:

21.1 and 33.5

5 one; 95;99.7; three

6 ~ 1-095 _ 0.025,i.e. 2.5%
1-0.
7 a =~ 2068 =0.16,1.e. 16%

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

ISBN 978-1-107-56747-4
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10

11

12

b ~ 1_5'68 ~=0.16i.e. 16%
a ~ 68%
1 _
b~ 00% 68%:16%
2
o~ 100%-95% _, .
2
a ~95%
b~ 100%2—68% 6

¢ = 50%, since the mean = the median
for normal distributions

~ 99.7%
160 — 160
a———=0
8
b 150 — 160 _ 105
8
172 - 160
¢c —=1.5
8
256 — 270
— =-14
P70
281 —270
b —— =1.1
10
305 - 270
—— =35
MT)
85 -78
Michael has a score of =14
standard deviations
27 - 18
Cheryl has a score of e - 1.5
standard deviations
.. Cheryl performed better
715
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77 — 68.5 )
13 Biology score is a9 ~ 1.73 Sue:

. 15-15
standard deviations French: =0
. . 19-753 2
History score is a1 ~ 0.90 English: 4235 - 07
standard deviations 9 1_020
.. the student did better in Biology Mathematics: =-0.2
b i Mary
14 a
Mary: ii Mary
19-15
French: 0 =1
1 4 o i Steve
English: = 0.875
20 § 20 ¢ if all the subjects are weighted
Mathematics: 5 - 0 equally, Mary is the best student,
Steve: since her total standardised mark is
21-23 ]
French: - -0.5 higher
39 -42
English: =-1
) - 18
Mathematics: =1.25
716
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Solutions to Exercise 16C

1 a 09772

b

a

b

C

0.9938

0.9938

0.9943

0.0228

0.0668

0.3669

0.1562

0.9772

0.6915

0.9938

0.9003

0.0228

0.0099

0.0359

0.1711

0.6826

0.9544

0.9974

4 a 0.0214

b 0.9270

¢ 0.0441

d 0.1311

S ¢=12816

6 ¢ =0.6745

7 ¢ =196

8 -1.6449

o

—-0.8416

10 -1.2816

11 -1.9600

12 a 0.9522

b 0.7977

c 0.0478

d 0.1547

These results are vary close to the
‘68%—-95%—-99.7%’ rule.
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13

14

15

16

17

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

0.9452
0.2119
0.9452

0.1571

9.2897

8.5631

c=10

k=15.88

a =0.994
b=1.96

¢ =2.968

0.7161
0.0965

Pr(x < 26|25 < x < 27)
CPr(’x<26'n’15 < x < 27)

Pr(25 < x < 27)
_ Pr(25 <x <26)
~0.09---
=0.5204

ISBN 978-1-107-56747-4
Photocopying is restricted under law and this material must not be transferred to another party.

18

a

c=33.5143
k=13.02913

c1 = 8.28;¢7 = 35.72
(assumed symmetrical about the
mean)

0.9772

Pr(x < 11| x < 13)

_ Pr(x<11]"'n'x<13)
B Pr(x < |3)

_ Pr(x<11)

~ Pr(x < 13)

09772

~0.9999

=0.9772

10.822
9.5792

Cy = 10.98;6‘1 =9.02
(assumed symmetrical about the
mean)

© Evans et al. 2016
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Solutions to Exercise 16D

1 a i 02525

ii 0.0478

iii Pr(IQ > 130]1Q > 110)
_ Pr(IQ > 130)
~ Pr(IQ > 110)
_0.0227 -
©0.2524---

= 0.0901

b 124.7

i 0.7340
ii 0.8944

iii Pr(> 170 | between | 68 &174)
_ Pr(between 170 &174)
~ Pr(between 168 &174)
_ 0.0655- -
~0.1185---
=0.5531

b 170.25cm

¢ 153.267cm

i 0.0766

ii 0.9998

iii 0.1531

b 57.3

4 a 10.56%

b 78.51%

ISBN 978-1-107-56747-4

S mean = 1.55kg; sd = 0.194kg

6 a

b

36.9%

69

0.0228
0.0005

If Y is the number with heights
exceeding 190 cm, then Y is Binomial
with n = 10, P = 0.02275. ..

Pr(Y >2)=Pr(2 <Y <10)

= 0.0206
using a CAS calculator’s ‘bimom

CAS’ function.

Pr(X < 295) =0.05

Priz < 2220 _ g5
5 o

— =-1.6449

o
o = 3.04 grams

Pr(X < 340) = 0.02
40 —
301 _ 02

= —2.0537
u = 350.27 grams

9 1004 ml

10 a small 0.1587

medium 0.7745
large 0.0668
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b Expected cost 12 a 0.0228, 0.1587

= 100 x $(2.80 x 0.1587 + 3.50 b Let x be the amount of chemical in a

X 0.7745 + 5.00 x 0.0688) type A call, so x is normal with mean
= $348.92 10 and sd 1 Let Y be the amount
of chemical in a type 1 cell, so y is
normal with mean 14 and sd 2
Pr(x < c¢) =Pr(y > ¢)

i 17.7 Pr(x_ 10 - 10) _ Pr(y - 14
1 1 2

b 0.0284 _e- 14)
2

11 a i 0.1169

14
ie. Pr(z <c—10) = Pr(z 5 € )

where z has a standard normal
distribution. Since the graph of

y = f(z) is symmetrical about the
c—14

y-axis, the number ¢ — 10 cm

are equidistant from the original.

4
Hence & —— =—(c-10)

c—14 =-2¢+20

3c =34
34
c=—.
3
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Solutions to Exercise 16E

1 e —
1 n=100,p=— u=np=16
1006 o = /np(1 - p) ~ 6.898
H=np= o ~ 16.667
o = np(l - p) ~ 3.727 a Pr(10 < X <20) =0.7834

Pr(X > 10) = 0.9632 calculator calculator

b Pr(X > 15) = 0.0108 calculator
2 n=300,p=0.5

p=np =150 5 n=200,p=
= ,p=04
o = /np(1 — p) = 8.660 1 =np =80
Pr(X > 156) = 0.2442 calculator o = \np(l - p) ~ 6.928

Pr(X <76) = 0.2819 calculator
3 n=100,p =0.1

w=np=10 6 n=25p=025
= ,p = ().

a Pr(X > 15) = 0.0478 calculator o = np(l - p) ~ 2.165

b Pr(X < 15) = 0.2525 calculator a Pr(X > 10) = 0.0416
calculator

4 n=400,p=04 b Pr(12 < X < 14) = 0.0038 cal-
culator
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Solutions to Technology-free questions

1 aP(Z>a)=1-Pr(Z<a) 4 a Pr(x<alx<b)
=1-p _Prlx<ad n’x<b)
B Pr(x < b)
b Pr(Z < —-a)=Pr(Z > a) Pr(x < a)
—1-p ~ Pr(x < b)
_4
¢ Pr(—a<Z<a)=Pr(Z<a) p
~PrZ <-a) b Pr(X<2/,t—a):Pr(x_'u<’u_a)
=P-(1-p) o7
u—a
=2p-1 =Pz <27
- Pr(Z > ¢ _“)
X-4 3-4 o
2 a Pr(X<3):Pr( <—) ‘i
1 1 =1- Pr(Z - —)
o
=Pr(Z <-1) Also, Pr(X<a)=gq
So a=-1 _ _
(L <9k,
o o
X-4 5-4
b Pr(X>5)—Pr( >T) Pr(Z<a_#):q
o
=Pr(Z>1) Hence Pr(X < 2u — a)
so b=l :1—Pr(2<“_“)
o
¢ Pr(x>4)=Pr(Z>0) =1-¢q
=0.5
c Pr(iX>b|X >a)
_ Prx>b"Nn"x>d")
X—U =
3 (xy)— (7’0')’) Pr(x > a)
Sine 4 = 8 and o = 3, then Pr(x > b)
-8 = —
(x,y)_> (%73))) Pr(x>a)
1 -Pr(x<b)
" 1-Pr(x<a)
_1-»p
=1,
722
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-4 -4 —
5 a Pr(X<))= Pr(x > < ST) 7 a Pr(W > 505) = Pr(Z > 5055ﬂ)
:Pr(2<%) =Pr(Z> 1)
=1-Pr(Z<1)
-4 3-4
b Pr(X<3):Pr(x2 <T) —1-084
1 =0.16
= Pr(Z < —E)
b Pr(500 <W <505)=Pr(0<Z<1)
1
¢ Pr(X>)5)= Pr(Z > E) =Pr(Z<1)
: ) =-Pr(Z<0)
d Pr(3<X<5):Pr(—§<Z<§) =0.84-0.5
1 _
= Pr(—i <Z< 1) =0.34
1 ¢ Pr(W > 505|W > 500)
e Pr3< X< 6) = PI'(—E <Z<1 ~ Pr(W > 505)
~ Pr(W > 500)
2.55-2.5 _0.16
Pr(X <2.55)=Pr{Z < ———— 0=
6 a Pr(X <255 =P(7 < =) o
—Pr(Z < 1) =032
= 0.84 d Pr(W>510):Pr(Z> —510;500)
b Pr(X <2.5)=0.5 sinceu=2.5
=Pr(Z > 2)
2.45-12.
¢ Pr(X <245) = Pr(Z < %) =1-Pr(Z<2)
—PZ < -1) =1-0.98
=Pr(Z > 1) =002
=1-Pr(Z<1)
8 a Pr(X <6.5) =Pr(Z<0.5)
=0.16
=0.69
d Pr(2.45 <X <2.55)
b Pr(6 <X <6.5)=Pr(0<Z<0.5)
=Pr(-1<Z<1)
=0.69-0.5
=Pr(Z<1)-Pr(Z < -1)
=0.19
=0.84 -0.16
=0.68
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¢ Pr(65<X<7) 9 The standardised scores are as follows.

62-50 12
=Pr0.5<Z< 1) Test A: ——— = = = 1.0909 -
= Pr(Z < 1) - Pr(Z < 0.5) TestB: 248 _

17
= 0.84 - 0.6 73 - 1
? Test C: 3 =63 = 10 =1.25
=0.15 8 8

So the best test was test C and the worst

d PrG<X<7)=Pr(-1<Z<1) test was test B.

=Pr(Z < 1)
Pz < 1) 10 a Pr(X > 10) =Pr(Z > 0) = 0.5
=0.84 — (1 - 0.84) b Pr(X > 13%3: Pg(oZ > b)
=0.84-0.16 =~ Pr(Z > ) =Pr(Z < b)
— 0.68 S Pr(Z > 1.5) =Pr(Z < b)
' - Pr(Z < -1.5) = Pr(Z < b)
~b=-15
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Solutions to multiple-choice questions

1 A The graph is symmetrical about the
line x =4,sou =4.
Almost all of the distribution lies
between —5 and 13, i.e. 18 unit, so
60 =18

o=3

Use the normCdf command of a
CAS calculator with lower bound
1.45 and upper bound co. This gives
0.0735 count to 4 decimal places.

Use the invNom command of a CAS
calculator with Area set to 0.25. This
gives —0.6745 correct to 4 decimal
places.

X has mean 12 and variance 9, so the
standard deviation is 3.

Pr(X > 15) = Pr(x_312 21 ; 12)

=Pr(Z>1)

Use the normCdf command if a CAS
calculator with lower bound 110,
upper bound co, u =102 and o = 3.
This gives 0.00383, so the parentage
is about 0.38%

10 goals is 6 below the mean of 16,
and this is 3 standard deviations
below the mean. similarity, 22 goals
is 3 standard deviations above the
mean.

So from 10 to 22 corresponds to

u £ 30, and this corresponds to
approximately 99.7%.
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X—u
= (2 o)
Here u = 6 and o = 3, so

- (523)

The given information means that
Pr(X > k) = 0.20

where x is normally distributed with
u =100 and o = 14.

This can be re-written in the form
Pr(X < k) = 0.80.

Use the invNorm command of a CAS
calculator with Area set to 0.80 and
the values 100 and 14 for the mean
and standard deviation respectively.
This gives k = 111.8, correct to one
decimal place.

Angie’s standardised scores are

follows. 75 — 7
Mathematics: _ =0
57-5
Indonesian: ? =-1
68 — 64
Politics: =1

So her best subject was Politics,
followed by Mathematics and then
Indonesian.

Choosing equal areas in each tail
means Pr(X < ¢;) = 0.05, and
Pr(X < ¢;) =0.95

(so that Pr(c; < x < ¢3) = 0.90).
Use the invNom command of a
CAS calculator with Area and 0.95
respectively and the values 11.3 for
the mean and 2.9 for the standard
deviation. This gives ¢; = 6.53 and
¢ = 16.07, correct to two decimal
places.
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11 D u=20 =0005
Pr(X > 1) ~ 0.999

12 C p=272,0=?
Pr(X < 260) ~ 0.091

-1 260 - 272

Pz ~ 0. el DY
r( >o.005) 0.999 Pr(Z< - ) 0.091
1l —pu 12
ok =309 = = -1.3346

~u=1.015 Lo~ 8.99
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Solutions to extended-response questions

1 u=50,0=10
Let X be the score.
For the top 10% consider
Pr(X > k) = 0.1

S Pr(X <k)=09

ki — 50
Pr(Z < - 0.
r( =710 ) 0-9
k=50
" T 10

Sk =10x%1.2816 + 50

=12.816 + 50 = 62.816
.. 63 and above indicate high aptitude.

For the next 20% consider
Pr(X > k) = 0.3
S Pr(X <ky) =07
k, — 50

< =0.7

10 )

ko, — 50

10

o ky =50+ 5.244 = 55.244
.. Scores from 56 to 62 indicate moderate aptitude.
For the middle 40% consider
Pr(X > k3) = 0.7

S Pr(X <k3) =03

= 1.2816

. Pr(Z

=0.5244

Pr(Z ko 50) =03
.. From the diagram
Pr(Zs 50_]“):07
10
50 — k3
=0.5244
10

o k3 =50 —5.244 = 447756

.. Scores from 45 to 55 indicate average aptitude.
For the category of little aptitude consider

727

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4 © Evans et al. 2016

Cambridge University Press
Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

Pr(X > ky) = 0.1 y
ky — 50
. Pr(z =0.1
r( ~ 710 )
. Pr(Zs 50_k4):0.9 ;
10 f 0 ]
ky =50 50—k
00—k _ 1 og16 :
o - 10 10
50 — ky = 12.816
and k; = 10 — 12.816
=37.184

Scores from 37 to 44 indicate little aptitude.
Scores less than 37 indicate no aptitude.

1.e. Scores 63 and above indicate high aptitude.
Scores from 56 to 62 indicate moderate aptitude.
Scores from 45 to 55 indicate average aptitude.
Scores from 37 to 44 indicate little aptitude.
Scores < 37 indicate no aptitude.

Priu—k<X<pu+k)=0095
u=10and oo =2

S Pr(10-k<X<10+k)=0.95
and transforming to the standard normal

pr(m <Z< M) — 0.95

k k
ie. Prl-——<Z<-]=0.
i.e r( 5= _2) 0.95

The graph of the standard normal with the region being considered is as shown:

k k
SpPfz< S opfz<-5)=0.
r( ‘2) r( = 2) 095 4
k k
P{z <3)- [1 - Pz < 5)] =095 ‘//;\
k ; 0 !
2Pr(Z§—)—1:0.95 -k k
2 2 | 2
PI‘(ZS ]_C): 1.95 i
2)” 2
k
ie Pr(ZSE):O.975
k
X196
S=19
and k = 3.92
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3 u=60000,0 = 5000

a i Let X be the mileage for a tyre

D
55000 — 60000
Pr(X < =Pr|Z <
H(X < 55000) r( < )
where Z is the standard normal variable
f 1
=] 0 1 Z
5000
= L < ——
( N 5000)
=Pr(Z<-1)
=1-0.8413
= 0.1587
The proportion of the tyres which last less than 55 000 kilometres is 0.1587 or
15.87%
50000 — 60000 74 000 — 60 000
i P < X < 74000) = P ( <Z< )
ii Pr(50000 74 000) I 5000 5000

=Pr(-2<7Z<2.8)
The required region is shown:
Pr(-2 <Z <2.3)

= Pr(Z < 2.8) - Pr(Z < -2)
=Pr(Z <2.8) - [1 - Pr(Z < 2)]
=Pr(Z<28)+Pr(Z<2)—1
= 0.99744 + 0.97725 — 1

=0.9747
The proportion of tyres which last less than 74 000 kilometres but more than
50000 is 0.9746 or 97.46%
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Pr(X > 72
iii Pr(X >72000|X > 60000) = PEEX ; €0 888; (conditional probability)

The diagrams show that the
required probability is given
by Area divided by Area and
transforming to the standard
normal
Pr(X >72000) Pr(Z>24)
Pr(X > 60000)  Pr(Z > 0)
1-Pr(Z<24)
0.5
1-0.9918
0.5

=0.0164

b Pr(X>¢)=09 y
Transforming to the standard normal

Pr(Z > Mﬂ) =09

A graph of the standard normal curve
helps: c-60000 °|  60000-c °

¢ — 60000 60000 — ¢ ——
- ¢ — 60000\ _ 60000 — ¢ 5000 5000
' Pr(Z Z 775000 ) Pr(z = 775000 )

60000 — ¢
pfz < 2226 2.
r( = 775000 ) 0.9

60000 - ¢
5000

- 60000 - 5000 x 1.2816 = ¢
. ¢c=53592

= 1.2816

The company’s advertising manager can claim that 90% of their tyres last more than
53 592 kilometres.

2 _
¢ Pr(X = 72000) = Pr(Z > 72000~ 60 OOO)

5000

12000
= > —
P r(Z = 75000 )

=Pr(Z > 2.4)
= 1-PrZ < 2.4)
=1-0.9918

= 0.0082
The probability of one tyre lasting more than 72 000 kilometres is 0.0082
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The probability of 5 tyres lasting longer than 72 000 kilometres is (0.0082)° ~
3.7x 107!

Graphic calculator techniques for question 3

Probability>Distributions menu. - A
normCdff{-=,55000,60000,5000) 0.158655
Complete as shown. ‘

]
1/99
§ o =09 e <001 K]
Choose .If“'erse. No.rma}l from the normCdf{-=,55000,60000,5000) 0 158655 =
Probability>Distributions menu. Com- invNorm!(0. 1.60000,5000) £3592.2
plete as shown. |
2/99
4 u=150=0.75
a Let X be the number of litres/100 km used
18 -15
Pr(X > 18 :Pr(ZZ )
( ) 0.75
=Pr(Z > 4)
= 0.0000317 = 3.17 x 107>
b The manufacturer’s claim is false.
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¢ Itis assumed, as in the text, that c; and ¢, are symmetric about the mean

Pr(ci £ X <¢y) =095 y
¢l —15 ¢y —15 /\
P <Z< =0.
r( 075 == 7075 ) 095 | |
5 c—15 15-¢ a-1s O g-1s ?
= 0.75 3
y symmetry 075 075 0.75
c1 — 15 15 - C1
P < =0.95
( 075 —  — 0.5 ) ?
15—-1¢; 15 —C1) ]
PrlZ < —|Pr|Z < - 11=0.95
r( = 7075 ) [ r( = 7075
i.e 2Pr(Z< 15_Cl)—095+1
- 075 )
15 —C1
Pr(Z < =0.975
r( =075 )
15 —C1
= 1.96
0.75
1 =15-0.75x%x1.96
=13.53
and by symmetry ¢; = 15 + 0.75 X 1.96
= 1647

5 Let L be the useful life of a fluorescent tube
u=0600,0=4
605 — 600

Pr(L > 605) = Pr(Z > T)

= Pr(Z > §)
4

=Pr(Z > 1.25)
=1-Pr(Z <1.25)
=1-0.8944

=0.1056
The situation of ten tubes is described by a binomial distribution.

Let X be the number of tubes in a box which last longer than 605 hours.
X is the random variable of a binomial distribution with n = 10 and p = 0.1056
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Pr(X >3) = 1 — [Pr(X = 0) + Pr(X = 1) + Pr(X = 2)]
=1 -[0.3275 + 0.3868 + 0.2055]
=1-0.9198

= 0.0802
The probability of at least three tubes in a randomly selected box lasting longer than

605 hours is 0.0802

6 Let L be the amount (mg) for a lethal dose
u=110,0 =20
Let D be the amount (mg) for a surgical anaesthesia
u=50,0=10
Let ¢ mg be the dose such that 90% of patients need less than this amount for surgical
anaesthesia
ie. Pr(D <¢)=0.9
Transforming to the standard normal

Pr{z << 50) ~ 09
c—50
= 1.2816
10
~c=10x1.2816 +50
= 12.816 + 50
= 62.816
To find what percentage of patients would be killed by these amounts consider
62.816 — 110
Pr(L < 62.816) = Pr(Z < T)

= Pr(Z < -2.3592)
=1 - Pr(Z < 2.3592)
=1 -0.9908

= 0.0092
i.e. 0.92% of patients would be killed by a dose of 62.816 mg or less.
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7 a Let X be the length of the dimension
Pr(X > 60.4) = 0.03

Pr(X < 59.7) = 0.05

60.4 — u u—59.7

o

Pr(Z < ) = 0.97 Pr(Z < ) = 0.95

004k eeo79 and AT 1 6a4ss
(oa (oa

5604 -u=1880790 @® and p-—-59.7=1.644850 @

Add equations @ and @
0.7 = 3.525640

0 =0.19854, i.e. o = 0.2, correct to one decimal plea.

Substitute in O
60.4 — u = 1.880790

cou=60.4 - 1.880790
= 60.02658, i.e. u = 60.0, correct to one decimal plea.
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3 -60.02
b Pr(X > 60.3) + Pr(X < 59.6) = Pr(z _ 60.3 -60.0 658)

0.19854
59.6 — 60.02658)
0.19854

= Pr(Z > 1.37715) + Pr(Z < —2.14858)

=1 —Pr(Z < 1.37715) + 1 — Pr(Z < 2.14858)
=2 - Pr(Z < 1.37715) — Pr(Z < 2.14858)
=2-0.915767 — 0.98416

=0.1
These the percentage of rejects is 10%.

+ Pr(Z <

8 Let H denote the hardness of the metal
u=70and o =3

a Pr(65<H<75)="Pr

= 0.9044
The probability that a randomly chosen specimen has acceptable hardness is 0.9044.

b Pr(70 —c < H <70 +¢) = 0.95

70 —c—-170 70+ c¢—-70
implies Pr(; <Z< +;) = 0.95

3 3

c c
Pr(-5 <Z<5)=005

73 3

c

21z < §) ~1=0095

C

Pr(Z < §) = 0975

c
- =1.96

3
c=5.88

¢ Let X be the number of acceptable specimens out of 10 randomly selected
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specimens.

X 1s a binomial random variable with n = 10 and p = 0.9044
E(X) =np =9.044

The expected number of acceptable specimens is 9.044.

73.84 =70
d Pr(H <73.84) = Pr(Z < —)
= Pr(Z < ﬁ)
3
=Pr(Z < 1.28)
= 0.8997
Let X be the number of specimens out of the ten selected which have a hardness less

than 73.84.
Pr(X <8)=1-[Pr(X =9)+ Pr(X = 10)]

=1- (190) (0.8997)°(0.1003) — (0.8997)'°

= (0.2651 (to four decimal places)

e Let P be profit. The probability distribution for P
P | 20 -5
Pr(P = p) | 0.9044 0.0956
oo B(P) =20x0.9044 — 5 x 0.0956

=17.61
The expected profit is $17.61.
E(P?) = 400 x 0.9044 + 25 x 0.0956

= 364.15

<. Var(P) = E(P?) - [E(P)]?
= 364.15 — 310.1121
= 54.04

9 Let u be the mean lifetime for a watch and o the standard deviation.

a The mean error is 0
Let X be the error
Pr(-5<X<5) =094

Pr(_—s <7< 2) ~0.94
g (o8

2Pr(Z < 2) 120094
ag
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o 3) 134
o 2
2 18808
o
s
7 = 1.8808
= 2.658

b Let Y be the number of watches rejected out of a batch of 10 watches.
This is a Binomial distribution with p = 0.06 and n = 10
Pr(Y <2)=Pr(Y =0)+Pr(Y = 1)

= (0.94)"° + (110) (0.06)(0.94)°

= 0.5386 + 0.3438
=0.882

10 a Let X be the number of litres in a
standard bottle.

075 — 0.76
Pr(X < 0.75) = Pr(Z < —)

0.008
= Pr(Z < —-1.25)

= 1-Pr(Z < 1.25)
= 0.1056

b Let N be the number of bottles out of ten which contain less than 0.75 litres. This is
a binomial random variable with n = 10 and p = 0.10565.
S Pr(N>3)=1-[Pr(N=0)+Pr(N =1) +Pr(N =2)]

=1-0.9197
=0.0803
¢ Let Y be the number of litres in a large bottle.
Define W = 4X - 3Y

We require Pr(W) > 0
ie. Pr(4X —3Y > 0)
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Note: E(W) = 4E(X) — 3E(Y)

=0.01
Var(W) = 16Var(X) + 9Var(Y)
= 16 x (0.008)* + 9 x (0.009)*
=0.001753
. sd(W) = 0.04187
0.01
. Pr(W > 0) = Pr(Z > 0‘04187)

= Pr(Z > —0.23883)
= Pr(Z < 0.23883)
= 0.5944
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Chapter 17 — Sampling and estimation

Solutions to Exercise 17A

1 No; sample will be biased towards the whole population (e.g. electoral roll).

type of movie being shown.

2 a No; biased towards shoppers.

b Randomly select a sample from
telephone lists or an electoral roll.

No; only interested people will call, and
they may call more than once.

a No; biased towards older, friendly or
sick guinea pigs which may be easier
to catch.

b Number guinea pigs and then
generate random numbers to select a
sample.

No; a student from a large school has
less chance of being selected than a
student from a small school.

10

11

a Divide platform into a grid of 1 m?
squares. Select squares using a
random number generator to give two
digits, one a vertical reference and
one a horizontal reference.

b Yes, if crabs are fairly evenly
distributed; otherwise, five squares
may not be enough.

No; a parent’s chance of selection
depends on how many children they
have at the school.

Not a random sample; only interested
people will call, and they may call more
than once.

People who go out in the evenings will
not be included in the sample.

a Unemployed will be under repre- 12 a All students at this school
sented.
b p=0.35
b Unemployed or employed may be
under represented, depending on time ¢ p=042
of day.
¢ Unemployed will be over repre- 13 a 022
ted.
sente b

Use random sampling based on the
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Solutions to Exercise 17B

1 a p:f_ozé
¢ P(P=0)= (253) _ %
Pr(iJ:_):(ag): %
.
5\(3
rop-n- -
pl o % % X
Pr(P = p) 11_2 % % %
dPr(P>0.5):E+%:%
2 a p:%zg
b Valuesoff’:o,é’gé,g’l
p| O ! 2

Pr(P = p) | 0.0036 0.0542 0.2384

o 3 4
p| 3 3 1

Pr(P = p) | 03973 0.2554 0.0511

d Pr(P > 0.7) = 0.2554 + 0.0511
= 0.3065
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Pr(0 < P <0.7)

2 =0.6924
Pr(P > 0)

Pr(P < 0.7|P > 0) =

p=05

1

Values of P : 0, 33 1

W

1
N
P 33

Pr(P=p)| 0.1 04 04 0.1

Pr(P > 0.25) = 0.9

p=04

Values of P : 0

W —
W
—_

p

Pr(P = p)

N — | ©
DO | = (W] =
S|w e

Sl -

) 1
Pr(P > 0.5) = 3

Pr(P < 0.5P > 0)
_Pr0<P<05) 4

Pr(P > 0) 5

>

Pr(P =) | —

e el o O]

OO W N | =

R 5
Pr(P > 0.7) =
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“ 1234
6 Val fP:0,=-,-,-,-,1
a alues O 5555
b 1 2 3 4
P10 5 5 5 35 1
ol 5 5 5 5 1
PP=P13% 33 16 16 3 3

¢ Pr(P<04)= %

d Pr(P > 0|2 <0.8)
_Pr(0<P<08) 25

Pr(P<08) 26

1

N 113
7 Val fP:0,-,—, —,1
a alues o 1’22
. 1 1 3
b I T S
256 256 96 16

Pr(P = p)

625 625 625 625 625

¢ Pr(P > 0.5|P>0)
_Pr(P>05 17

~ Pr(P>0) 369

) 1 3
g PO 35 3 !
oy L1311
"P=P 116 3 3 7 16
1 1 1 3 3 1 3
BX)Z0X — 4o Xt o XodoxXetlx—=05
0 X16+4X42+2X8+24x34+3>2<16 i .
1o 171 1 1
2N — N2 _ _ _ _ - — _ - =
E(X)_OX16+(4)X4+(2)X8+(4)X4+(1)X16 16
var) = () (3) = 7
SVa(X)=(—)-(=) =—
16/ 712) 76
- sd(x) = -
sd(x) 1
] 1 2 3 4
9 P19 5 5 5 5 !
1 s s 5 5
PIP=D 13 3 16 16 % =
1 5 2 5 3 5 4 5 1
BX) 20X — 4 o X o b oX o b oX o > 41X — =05
X =0X S+ 3 X3 5% 556 5 21 %5

742



10

11

12

13

14

1 (1\ 22 2 42 g
B = 00+ (1) xi+(_) xli6+(§) xi+(_) ><35—2+(1) x == = 0.340176

275 "2 5] 16 7\5 2
i
- Var(X) = 0.340176 — (5) ~ 0.050176
- sd(X) = 0.224

u=0.5, c=0.224

) ] R
A R S
] 256 256 96 16 1
pep=p | 20 20 26 16 1
"P=P | 555 &5 5 65 65

256 1 256 3 16 1
E(X)_OX@+ZX@+ZX%+1X%_

256 (12 256 (32 16 (2 1
E(XZ):Ozx@+(Z) zx@+(z) x@+(1) X35 =0.08
- Var(X) = 0.08 — (0.02) — 0.04
L sd(X) = 0.2
u=02 0=02

0.2

= 03x07
n:30,p:().4,,u:p:().3,0':\/p( p):\/ ;) — 0.084
n
1 =03, o =0.084

= Z%0.
n:100,p:O.4,,u:p:O.4,0':\/p( p):\/() 0.6 _ 049
n 100
=04, o =0.049

1= 02x08
n:100,p:O.2,,u:p:O.2,0':\/p( p):\/ —0.04 =02,
n 100

o = 0.04

a p=0.65n=20
Pr(P = 0.65) = Pr(X = 13) = 0.1844

= 0.65 % 035
b u=0650= PL=P _ \/; — 0.1066
n

20
u—o =0.543
u+o=0.757
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Pr(0.543 < P < 0.757) = Pr(10.86 < X < 15.14)
=Pr(11 <X < 15)
= (.7600
¢ u—20 =0.4368

u+20 =0.8632
Pr(0.4368 < P < 0.8632) = Pr(8.74 < X < 17.26)

=Pr(9 < X < 17)
= 0.9683
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Solutions to Exercise 17C

1 p=0.5,n=50

p(l—p)
= 05’ = _— =
7 o= 4 "

0.5x%x0.5
— =0.0707
20 0.46 — 0.5
p 46) ~ < TN
Pr(P < 0.46) =~ Pr(Z < 0.7070 )

Pr(Z < —-0.5658)

The calculation can also be done directly
with calculator:

Pr(P < 0.46) ~ 0.2858

p =0.12,n =300
p(l -p)
n

[0.12 x 0.88
= 4 /——=——— =0.018762
300 0.01876

The calculation can also be done directly

u=0.12,0 =

with calculator:
Pr(P > 0.1) ~ 0.8568

p=05n=25

p(l—p)
=0.5,0 = ,/—
% o "

05x0.5
= 222 — 00

25
The calculation can also be done directly

with calculator:
Pr(P > 0.6) ~ 0.1587

p=0.1,n=200

p(l —p)
=0.1,0 = 1/—
U o "
[0.1x0.9
= /———= =0.0212
200 0.0

The calculation can also be done directly
with calculator:
Pr(P > 0.15) ~ 0.0092

5 p=03,n=50

p(l —p)
= 03,0 = |/ ——=
[ o p

/0.3 x0.7
= y/——=—— =0.0648
50

The calculation can also be done directly
with calculator:
Pr(P < 0.2) ~ 0.0614

p=0.6,n =100
p(l —p)
n

/0.6 X 0.4
= \/———=0.04
00 0.0490

a Pr(P<08)~1

u=06,0=

b Pr(0.6 <P <08)~05

¢ Pr(0.7 < P < 0.8/P > 0.6)
_Pr(0.7< P <038)

Pr(P > 0.6)

~ 0.0412

p=0.5,n=100

pl - p)
=05,0 = w/—
% o "
[0.5%0.5
= [ ——==0.05
100

The calculation can also be done directly
with calculator:
Pr(0.4 < P < 0.6) ~ 0.9545

p =0.1,n =1000

pl - p)
=0.1,0 = w/—
U o "
[0.1x0.9

a Pr(0.08 < P <0.12) ~ 0.9650
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b Pr(0.08 < P < 0.12|P > 0.10) = 10 p=0.9,n =250
Pr(0.08 < P < 0.12)

— ~ 0.9650 212
Pr(P < 0.12) ap= 750 = 0.848
= = 1 -
9 p=0.52,n=400 b =090 = P( - P) _ 60190
. 230 Pr(P < 0.848) ~ 0.0031
= — =0.575 s U .
P 300
¢ Yes, because the chance of the battery
b pu=0520= M =0.0350 lasting only this short period of time
n is very small if the manufacturers
Pr(P > 0.575) ~ 0.0139 claim is correct.
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Solutions to Exercise 17D
1 a 0.08

b (0.0268,0.1332)

2 a 0.192

b (0.1432,0.2408)

3 a02

b (0.1216,0.2784)

4 (0.28395,0.3761)

S a (0.4761,0.5739)

—p

(0.5095,0.5405)

¢ The second interval is narrower
because the sample size is larger

6 a (0.8035,0.8925)
b (0.8839,0.8621)

¢ The second interval is narrower
because the sample size is larger

7 M=0.02,p=0.28

1.96\2
n= (m) % 0.8 x 0.3 = 1536.64

Since n must be an integer larger than
the calculated value to ensure the margin
of error is no more than 0.02, n = 1537

8 M=005p=02n=

1,961
(@) % 0.2 % 0.8 = 245.86

10

Since n must be an integer larger than
the calculated value to ensure the margin
of error is no more than 0.05, n = 246

=030
uetgs,
n= (W) % 0.3 % 0.7 = 896.37

Since n must be an integer larger than
the calculated value to ensure the
margin of error is no more than 0.03,
n =897

1.96

2
M =002, (=22} x0.3x0.7 = 2017
’(0.02) Sl

Reducing margin of error by 1%
requires the sample size to be more
than doubled

p =03, M=002n=

1.96\2
(m) % 0.3% 0.7 = 2016.94 ~ 2017
p* =05, M = 0.02
1.96\2
n= (%) % 0.5 X 0.5 ~ 2401

i p=03,n=2401

/0.3 x0.7
M =1. — =~ 1.
%6 2401 8

The margin of error is less than
2%

ii p*=0.5,n=2017

[0.5% 0.5
M=1. — =22
%6 2017

The margin of error is greater
than 2%

d 2401, as this ensures that M is 2% or

less, whoever is correct
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11 90%: (0.5194,0.6801), 12 90%: (0.5111,0.5629),

95%: (0.5034,0.6940), 95%: (0.5061,0.5679),

99%: (0.4738,0.7262); Interval 99%: (0.4964,0.5776); Interval
width increases as confidence level width increases as confidence level
increases increases
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Solutions to Technology-free questions

1 a All employees of the company

b p=035

¢ p=040

2 a No; only people already interested in

yoga

b Use electoral roll

100

p-p
n

b p+196

k k
k m(l—m

=—+1.96
100 100

k . 1.96 Vk(100 — k)
100 1000

4a p=09

pd -p
100

_ 1.96 x /O.9><0.1
n

= 1.96x£

\n

b M=196

0588
o

¢ Margin of error would decrease by a
factor of V2

S a 40x0.95 =38

b Pr(Y = 40) = (})(0.95)*°(0.05)° =
(0.95)%

6 a 50x0.95=45

Pr(Y > 49) = Pr(Y = 49) + Pr(Y = 50)
_ 50 1 49 50 0 50
= (49)(0.1) (0.9)% + ( 50)(0.1) (0.9)
=5(0.9)* + (0.9)°
=5.9(0.9)*%
7 a p=0.60
b M=0.10

¢ Increase sample size
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Solutions to multiple-choice questions

1

B This class is a sample of the whole
school population, so any statistics
determined from this sample is
called a sample statistic.

C When the statistics is calculated
from the whole population it is
known as a population parameter.

D All we can say about a 95%
confidence interval is that 95% of
such intervals will capture the true
mean. Statement B is a common in-
correct interpretation of a confidence
interval.

pa—p
100

0.3x0.7
50

E M =196

= 1.96 x
=0.1270

4
Cp= 30 =0.08
95% Cl= (0.005,0155) Use of
calculator

14
Ep=— =008
P=3g

95% CI = (0.083,0.236) Use of
calculator

B As to be more confidence of
capturing the true mean the interval
will be wider.

8

10

11

12

13

14

E I the centre of a confidence
interval is a sample parameter not a
population parameter

IT the bigger the margin of error the
bigger the confidence interval

III a point estimate is a single value
estimate like p

IV the sample proportion a point
estimate

C Since the width of the confidence
interval is inversely proportional to
the square root of the sample size,
increasing the sample size by a factor
of 4 decreases the width by a factor
of 2.

1.96\2
EM=003n= (m) %0.3%0.7 =
896.37 ~ 897

A See definitions

B A sampling distribution is the
distribution of a sample statistic,
and as such shows how this statistic
varies from sample to sample.

Cp=0.78,n=100
95% CI= (0.6988,0.8682)

D The width of a confidence interval
will decrease if the sample size

is increased, or if the level of
confidence is decreased.

750



Solutions to extended-response questions

1.96\2
1 :(—) (1 -p* <p<l
an i p(1-p) 0<p

1.96\2
- * 1_ *
(0.02)”( )
=9604°p*(1 — p*)
n

24014

T ! >p*
0.5 1

b From the graph, the maximum occurs when p* = 0.5

¢ If they use the maximum samples size (2401) then they will ensure the margin of
error stays within the desired range of +2%

2 p=0.6,n=100
PA =P _ 0490

u=p=06,0=

a Pr(P > 0.65) = 0.1537
b Pr(0.5 < P < 0.65) = 0.8257

3a p=057,n=100
95% CI = (0.4730, 0.6670)

b i Pr(Y =5) = (3)(0.95°(0.05)° = 0.7738
i Pr(Y = 0) = (§)(0.95)°(0.05)° = 0.0000003
iii Pr(Y <4)=0.2262
iv 0.95x5=4.75

¢ n =500

X=57+67+72+55+60 =311
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311
h= 2 =0.622
P =500

CI = (0.5795,0.6645)

500
4 = —
ap N
60
b p=— =0.15
u 400
c 20 =0.15N = 00 = 3333.33 = 3333
N 0.15

d 95% CI for p

[0.15 x 0.85 0.15x0.85
0.15-1.96 100 <p<0.15+1.96 10

0.1275 0.1275

e 0.1150 < % < 0.1850

N
5.4056 < — .
< 500 < 8.6951
2703 < N < 4348
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Chapter 18 - Revision of chapters 13-17

Solutions to Technology-free questions

Pr(X
la 5 2 a Pr(X>3X >2) = D& >9)
3 [ Pr(X > 2)
ﬁ kcos(mx)dx = 7—rs1n7rx 3 01
2 2 =03
k( . St 371) 1'
= —[ sin — — sin —
T 2 2 = 5
2k
- Pr2 <X <
2k - b Pr(X>1|X§2):M
Sincearea=1,— =1 = k== Pr(X <2)
4 2 0.4
" 09
m 1 m
f cos(nmx)dx = [7—T X — sin(ﬂx)] - 4_1
2 2 2 9

(g}

_ % ( sin(m) — sin %ﬂ) E(X) =ZxPr(X = x) = 1.7
d EX?) =ZxPr(X =x) =49

1 .
- 5( sin(mz) + 1) Var(X) = 4.9 — 1.72 = 2.01

For the median;
1
E( sin(mrr) + 1) =0

3 a 6 346
mn =0 ormm =2n f kx(6—x)dx:k[3x2—x—]
0 3 Jo
om=72
= k(108 —72) =36k
. d D 1
(s1ncez<m<2) 36k=1= k= —
m@<7 1 20
7 Z) b — | x(6-x)dx==
PriX<-|X<2|=z ——
¢ r( <4' = ) Pr(X < 2) 36 Jo 27
_2-V2 c f X 6-xdx=05
2 0 36
39m
9 1[3 2 _ x_] =05
9 7 Pr (X > Z) 36 X 3 1o :
4 4 Pr(X > -) 3m?* - §m3 -18=0
4
_3_2\3 Om* —m® =54 =0
—(m—3)m* —6m—-18) =0
som=3
Other solutions are outside [0, 6]
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6

1
d — | x*(6-x)dx =3 Symmetry

36 Jo

can be used for this.

Pr(X <2|X <3) =

Pr(X >2|X <4) =

3 2
4 Pr(RG) = =-x = =
a Pr(RG) 8><7

Pr(X < 2)
Pr(X < 3)
2

1
6 ; x(6 —x)dx

3

1
6 ; x(6 —x)dx

2
f x(6 — x)dx
0
3
f x(6 — x)dx
0

28
3

18
14
27

Pr2 <X <4)
Pr(X < 4)

1
6 , x(6 —x)dx

1
% ) x(6 — x)dx

4

f x(6 — x)dx
2

fx(6—x)dx
0

28
3 3

b Pr(RG) + Pr(GR) = 3,33

28 28 14

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
Mathematical Methods 3&4 Photocopying is restricted under law and this material must not be transferred to another party.

¢ Pr(G;|R;) + Pr(B;|R;) + Pr(Y1|Ry) =
2 2 1 5

_ — - =
707 7 7
, N5 4 5
dPr(RlﬂRz)—§><§—ﬁ
e Pr(Ri NRy)+Pr(B; N By) +Pr(G; N
3
Gz)—ﬁ

4 1
S Pr(A) = §,Pr(B) = §,Pr(A’ N B) =?

a Pr(A’ N B) + Pr(A N B) = Pr(B)
Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)

.P.r(A N B) = Pr(A) + Pr(B) - Pr(A U B)
4

4 1 5
SPrANB)=-+-—=-=—

7 3 7 21
Also

Pr(A’ N B) + Pr(A N B) = Pr(B)
1 4 1
SPr(AANB)==-—— ==
3 1 7

1
b Pr(A’N B) =Pr(B) = 3

6 a Pr(An B)=Pr(B|A)Pr(A)
1 3

= — X —
5 4

3
20

b Pr(B)=1-Pr(ANB)—-Pr(ANB)
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Pr(A’ N B') = Pr(B'|A") Pr(A")

Pr(A N B') = Pr(A) - Pr(A N B)
3 3
T4 20
3
T 10
301

Pr(B)=1- — — =
i(B) 10 7

_®
70

Pr(A N B)
Pr(B)

3 70

= — X —
20 39

B 7

26

¢ Pr(A|B) =

7 n=5,p=045
5\/9\2/11)\3
a PriX=2)= (2)(%) ()
(~ 0.3369)

b Pr(Janet and only one friend) =

251z )ap) <0200

Cambridge Senior Maths AC/VCE
Mathematical Methods 3&4

ISBN 978-1-107-56747-4
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8 a
SPriX=x)=1

Sa+034+014+02+b=1
La+b=04...(1)
E(X) = TxPr(X = x) = 2.34
5a+06+03+08+5h=234
Sa+5b=064...(2)

2) -
4b = 0.24
b =0.06
From(1) a = 0.34

b E(X?) = 6.54
Var(X) = 1.0644

9 a Pr(win) =0.7x0.9+0.3x04
=0.63 +0.12
=0.75

Pr(Fully fit| Did not win) =

Pr(Fully fit N Did not win)

Pr(Did not win)
0.1 x0.7
- 025
7
~ 25
10 a 2a 3 2 2a
f (x—a)Ra—-x)dx=| - Lz + dax - 2xd*
a 3 2 a
@
"6
Since the area = 1
iy
a =6
755
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2a
b E(X)= f xX(x — a)(2a — x) dx 13 n=3,=7

xt Bax’ 2a a PriX=0)=(-p)
:[_Z+ 7~ a)’

a b Pr(X =0) = p’
at 1= ) = 8p°
4
4 1-p=2p
_ 1=3
1
p= 3
11 =400 =2
Pr(36 < X <44)=g¢q
— b
Pr(X > 44y = — 2 142 p=22
2 2
b M = half the width of the interval
0 —-a
3 _
12 f 2(1 =x)dx = 1 since )
21 3
2x-E ] =2
[ e
3
2a—a* ==
a-—a 2
8a —4a* =3
4a*> -8a+3=0
2a-1)2a-3)=0
1 3
a=—-ora=—
2 { 2
0<x<l,a=-
<x<l1l,a 7
756
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Solutions to multiple-choice questions

4 3

1 E Pr(both green) = T X s

2 D Pr (six correct)

1
—_———
N | =
SN —

oy

" 64
= 0.0156

3D 4 +52+4cF+37 =1

16¢* = 1
1
C2 = E
¢t
4
= +0.25
of the option a available, only option

D fits.

4 C If X is the number of spins if takes to

get a ‘3’, then it could take 1 spin or

2 spins or . .. .; there is no theoretical

upper limit. So the sample space is

{1,2,3,4,...}.

5 A EX)=2ZxPr(X = x)
=4x03+6x0.2
+7%x0.1+9%x04

=12+12+07+3.6

=6.7

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4

Mathematical Methods 3&4

6 B EX?) =3x*Pr(X = x)
=16x03+36x%x0.2
+49x%x0.1+81x04

= 48+72+49+32.4
=493

var(X) = E(X?) — [ECO
=49.3 — 6.7
= 4.41

The values of X are 4, 6, 7, 9. Since
Y = 2X — 1, the corresponding
values of Y are 7, 11, 13, 17. The
probabilities are uncharged, so the
fifth option fits.

8§ D If Z = aX + b, then
var(Z) = a’ var(x)
Here, a=-1 and b =4, so
var(Z) = (1-)? var(X)
= var(X)

=441

9 E The required probably is 0.46

(Alternatively use a tree diagram)

10 C Var(X) = E(X?) — [E()]?
=202 -112
=202 - 121
- 81
sd(X) = 9

11 B 95% of scores, assuming an

approximate normal distribution, will
lie in the internal (u — 207, u + 20) .
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12

13

14

Cambridge Senior Maths AC/VCE

Mathematical Methods 3&4

u—20 =50-20=30
u—20=50+20="70
So the required interval is (30, 70).

Pr(at last 2 heads)

<L)l )

X

—+

0| —

1
8

N — o~ W

E(X) =np
=400 x 0.1
=40

If a die is rolled until a six is
obtained the sample space is
{1,2,3,...}. This can not be a
binominal variable since there is no
theoretical limit to the number of
rolls.

ISBN 978-1-107-56747-4

15 E

16 E

17 A

18 A

19 D

20 D

© Evans et al. 2016

var(X) = np(l - p)
=900 x 0.2 x0.8
=9x16

sd(X) =3x4
=12

var(X) = np(1 - p)
=42p(1 - p)
=9.4248

p(1 —p) =0.2244
Use the solve command of a CAS

calculator, giving p = 0.34 or
p = 0.66. (Alternatively, solve the
equation formula)
If p is the probability of success,
7
then Pr(5 sucesses) = (g)ps(l - p)>.

But 5 successes is the same as
2 fails. So this represents the
probability of exactly two failures.

Pr(4 females) = '°C,4(0.2)*(0.8)°
~ 0.0881

Pr(= 1) =1 - (0 at home)
=1-(04)
= 0.9898

2 3
fo (kx3 + Zx)dx =1

2
1 3
[—kx4 + —xz] =1
0

4 8
3
4k+§:1
1
4](:—5
1
k:—g
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1 2
21 C Pr(X<2)= 5 f (4x — x*)dx
0

2
1 1
= —[2)62 - —x3]
0

9 3
1 8

=—[8-=
o)

_16

29

~ 0.5926

22 E g Ji = xydx = % where m is the
median.
8 [x x? ]m 1
3 2f, 2
1 3
GENT:
Solving this quadratic with a CAS
‘Solve’ command (or by use of the
quadratic formula) gives m =~ 0.209
orm=1.791
ButO<m < %, som ~ 0.209

2 1
23 B EX) :f Zx(l - —z)dx
1 X

[

2

= [xz - 2log, x]
1

=@4-2log,2)-(1-0)
=3-2log,2
~ 1.614

24 C Pr(-1.0<Z<0)

1
=5 Pr(-1.0<Z < 1.0)

1
~ —x0.68
2

=0.34

ISBN 978-1-107-56747-4

25 D From the definition of standard

26

27

28

29

© Evans et al. 2016
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deviation, it is always positive

for any distribution, including.
(Checking the other options:

A: a mean can be negative

B: values for any normal distribution
be any number in the interval
(=00, )

C: the area is exactly 1

E: the standard deviation could be
greater than the mean (it is for a
standard normal distribution))

Pr(X > 2.6) =~ 0.1151, using the
‘normCdf’ command of a CAS

calculator. (You do not need to

standardise.)

Pr(X < -2),~ 0.0228, using the
‘normCdf’ command of a CAS
calculator. (In this case, you might
note that:

-2-2
Pr(X < -2) = Pr(Z< > )

= Pr(Z < -2)

1
) x 0.05 = 0.025
using the 20~ limits. the only close
option is the last option.)

Since 02 = 0.4, o = V0.4
Pr(X > —-2.73) = 1, using the
‘normCdf’ command of a CAS
calculator.

Since 02 = 4, o = 2.

Pr(1 < X <2.5) = 0.2902, using

the ‘normCdf’ command of a CAS
calculator. (If you mistakenly used 4
for o, you would get 0.1484, which
is not one of the option!)
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30 E If X is the amount of cordial in a
cup, then X is normal with u = 50
and o = 2.
Pr(X > ¢) = 0.90, so
Pr(X < ¢) = 0.10, giving
¢ = 47.44 mL using the ‘invnorm’
command of CAS calculator.

31 C If X cm is the length of a lock of
cheese, then X is normal with u = 10

and o = V0.5.

Pr(X <¢)=0.95, givingc = 11.16
cm using the ‘invNorm’ command of
a CAS calculator.

32 A Pru—k<x<u+k)=0.7

kK  X- k
Pr(—— < H < —) =0.7
o o o

Pr(—k <Z< E) =0.7
g g

Thus an area of 0.3 remains in the
two tail, or 0.15 in each tail.

So Pr(Z < E) =0.7+0.15
o

=0.85
Using the ‘invNorm’ command of a

CAS calculator shown that
Pr(Z < 1.03643) = 0.85

= K = 1.03643
o

Now o =225, soo=1.5.
Hence k& = 1.555. to 3 decimal

places.
(Note that the value of the mean y is
not actually needed.)

33 B If X kg is the weight of a pocket,
then X is normal u = 1.
More than 0.05 kg underweight

ISBN 978-1-107-56747-4

34

36

37

39

means X < 0.95 and 3% are

underweight.
Pr(X < 0.95) = 0.03
Pr(Z < ) =0.03
o

Using the ‘invNorm’ command of a
CAS calculator shows that
Pr(Z < -1.88079) = 0.03

0.05

— ——2 _ _1.88079
(on
005
7 = 1.88079
~ 0.027

The graphs have the some centre so
H1 = Ho.

The lower graph is more spread out
then the upper graph so o > o7.

The standard deviation is V25 = 5.
About 68% represent, + 1 standard
deviation from the mean of 173.
173 -5=168

173+5=178

So the interval is (168, 178)

n =200, p =0.38
95% CI = (0.313,0.447) (Calculator)

Increasing the level of confidence
means that the interval will be wider

Only statement II is correct

Since the width of the confidence
interval is inversely proportional to
the square root of the sample size,
decreasing the sample size by a
factor of 2 will increase the width of
the interval by a factor of V2
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Solutions to extended-response questions

1 In the following E denotes the event occurring, N the event not occurring.
Three trials are considered first.

a 1 The outcomes to consider are

(E, E, E) PiE, E, E)=0
(E, E, N) Pr(E, E, N)=0
1 1
(E, N, E) Pr(E, N, E):§X1X§
(N, E, E) Pr(N, E, E)=0
(N, N, E)
(N, E, N) Note: Remember the event cannot occur in consecutive trials.
(E, N, N)
(N, N, N)

1
Probability of it occurring just twice = Pr{(E, N, E)} = 1

ii Consider the following outcomes
(E, E, N, N) Pr(E, E, N, N)=0

1 1 1
(E, N, E, N) Pr(E,N,E,N):Exlxixlzz
(E, N, N, E) P1r(E,N,N,E):1><1><l><l—l
2 2 2 8
(N, E, E, N) Pr(N, E, E, N)=0
(N, E, N, E) Pr(N,E,N,E):lxlxlxl:l
2 2 2 8
(N, N, E, E) Pr(N, N, E, E)=0
Pr(the event occurs exactly twice) = l + l + l = 1
4 8 8 2

b For 5 trials there are 10 possible outcomes to consider
(E, E, N, N, N) Pr(E, E, N, N, N)=0

1 1 1 1
E, N, E, N, N Pr(E, N, E, N, N)= = X1X=-X1X===
( ) 1( ) > > 5= 3
(E, N, N, E, N) Pr(E, N, N, E, N) 1><1><1><1><1 !
T = — — — = —
b b b 9 9 b b 9 2 2 2 8
(E, N, N, N, E) Pr(E, N, N, N, E) 1><1><1><1><1 !
T = — —_ —_ _ = —
b 9 9 b b 9 b b 2 2 2 2 16
(N, E, E, N, N) Pr(N, E, E, N, N) =0
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(N, E, N, E, N) Pr(N,E,N,E,N):%x%xlx—xlz—

(N, E, N, N, E) Pr(N,E,N,N,E):lxlxlxlxl—i
2 2 2 2 16

(N, N, E, E, N) Pr(N, N, E, E, N) =0

(N, N, E, N, E) Pr(N,N,E,N,E):lxlxlxlxl:i
2 2 2 2 16

(N, N, N, E, E) Pr(N, N, N, E, E)=0

b

9
Pr(the event occurs exactly twice) = T6

2 Let X be the number of sixes obtained in 5 tosses of a die
Pr(an even number of sixes) = Pr(X = 0) + Pr(X = 2) + Pr(X = 4)

RERCI

5

AN

[5° + 10.5° + 10.5]

AN =

5

[4425]

AN =

= 0.5692
Pr(an odd number of sixes) = 1 — Pr(an even number of sixes)

= 0.4309
Let Y be the amount won by Katia. The probability distribution is as shown
y ‘ | -X
Pr(Y =y) | 0.4309 0.5691
The game is fair if E(Y) =0

re.1f 1 X 0.4308 —0.5691x = 0

This implies x = 0.7570
Therefore Mikki should receive 76 cents from Katia if there is an even number of sixes.

3 a Let x be the daily demand
Let s be the number of newspapers stocked
If the demand is less than the number stocked
P=0.75x-0.5s
If the demand is greater than the number stocked
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P =0.255—-0.25(x - s) Note: the newspaper seller is considered
—05s—025x to lose money by not ordering enough.

0.75x-05s x<s
0.55s-025x x>

b Using the result of a a probability distribution for P is obtained with s = 26
p ‘ 5 575 650 625 6 575 550

Pr(P = p) ‘ 0.05 0.10 0.10 0.25 0.25 0.15 0.10
The computations are as follows

x=24 p=075%x24-05%x26=35
x=25 p=0.75%x25-0.5%x26=5.75
x =26 p=0.75%x26-0.5%26=06.5

x=27 p=05%x26-0.25%x27=6.25
etc.

Reorganising the table
p ‘ 5 550 575 6 625 6.50

Pr(P = p) \ 0.05 0.10 025 0.25 025 0.1
E(P) =5%0.05+5.50%x0.10+5.75x0.25 + 6 x 0.25 + 6.25 x 0.25 + 6.25 x 0.1

=5.95
The expected profit is $5.95.

¢ E(P) = i (0.75x = 0.55)p(x) + § (0.55 — 0.25x)p(x)

x=24 x=s+1

d The newspaper seller should stock 27 (computation not shown).
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4 E@) = E()—( - —)
g g

Var(Z) = Var(X — ,u)

5 a

u

-

YE -2 (Using B(aX + b) = aE(X) + b)
g (oa

e
o o
=0

o

1
= —Var(X) (Using Var(aX + b) = a’Var(X))
o

T o?
=1
. o . I 1 1
i Probability bean bag lands outside = 1 — 373%¢
ii Probability of two consecutive throws landing outside
1 1 1
the circle = — X — = —
ecircle = = x = = 3¢

iii Probability of first on the rim and second inside the

ol ><1 1
circle= = X = = —
3 2 6

b Let X be the score.

p—

0

Pr(X = x)

X _[o0]5s |
1

5k

4
i With two shots to score a 20 requires two 10’s. .. Probability of score 20 = 7

ii In other to score 10 the score could have resulted through 0 and 10 or 10 and O or

Cambridge Senior Maths AC/VCE
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1 2 1 2 1 1
Probability of score 10—5 §+§X§+EXE

L, r

5 5 100
2.t

5 100

41

" 100

¢ For Jane to score a 10:

e [t can be a ten from 2 shots (bean bag of Anne; outside).

41 1 41
P lity of this= — X = = —
robability of this = 00 X €= 500

e It can be a ten from one throw (bean bag of Anne: rim)
1 2 2
— X - = —
35 15
2 121

41
P ility of = 4 — ==
robability of a ten 00 + 5 = 600

6 a u=400, o =50
Let X be the lifetime of a light globe

375 - 400
Pr(X > 375) = Pr(Z > T)

= Pr(Z > -0.5)
=Pr(Z < 0.5)
= 0.6915
b Let Y be the number of light globes which will last more than 375 hours when
selected from a box of 10.

This is Binomial with n = 10 and p = 0.6915
Pr(Y > 9) =Pr(Y =9) + Pr(Y = 10)

(10) (0.6915)° (0.3085) + (0.6915)'°
=0.1365

The probability that at least 9 of the globes in a randomly selected box will last more
than 375 hours is 0.1365.
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7 u=80000, o =20000

a Let X be the distance travelled annually y
Pr(56 000 < X < 60000)
56 000 — 80000 60 000 — 80000
= Prl <Z<
20000 20000 T J— 1 2
-1.2 -1 1 1.2
=Pr(-1.2<7Z<-1)

From the graph it can be seen
Pr(-12<7Z < -1)
=Pr(1 <Z<1.2)
=Pr(Z<12)-Pr(Z<1)
=0.8849 — 0.8413
=0.0436
The probability that a randomly selected taxi will travel between 50 000 km and
60000 km is 0.0436.

b Pr(Below 48 000 or above 96 000)
= Pr(X < 48000) + Pr(X > 96 000)

48 000 — 80 000 96 000 — 80000
=PrlZ < +Pr|Z >

- 20000 20000
=Pr(Z < -1.6) + Pr(Z > 0.8)
=1-Pr(Z<16)+1-Pr(Z>0.8)
=2-Pr(Z<1.6)-Pr(Z<0.8)
=2-0.9452 - 0.7881
= 0.2667
The percentage of taxis which travel below 48 000 km or have 96 000 km is 26.67%
¢ Pr(48000 < X <96000)
=1—[Pr(X <48000) + Pr(X > 96 000)]
=1-0.2667

=0.7333
Let Y be the number of taxis out of the 250 which will travel between 48 000 and

96 000 km.

Y is a Binomial random variable with n = 250 and p = 0.7333

E(Y) = np = 183.325

1.e. 183 taxis out of the 250 are expected to travel between 48 000 and 96 000 km.
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d Let ¢ be such that

Pr(X > ¢) = 0.85

¢ — 80000

>
Then Pr (Z_ 20000

From the graph
80000 - ¢

Pr(Z < —) =0.85

~ 20000

80000 - ¢
20000

) =0.85

=1.03643

¢ = 80000 —20000 x 1.03643

=59271
85% of taxis travel at least 59 271 kilometres.

8 a i Let X be the weight of cereal in a box

9u =505, 0=5
Pr(X < 500)

_ Pr(z < M)

= Pr(Z < -1)
=1-Pr(Z< 1)
=1-0.8413

= 0.1587

ii u=?0=5
Pr(X <500) = 0.1

500 -
implies Pr(Z < 5 ,u) =0.1

From the graph
500 - ,u)

Pr(Z <

- Pr(Z > K- 500)

~ 500
:1—Pr(ZS'u : )

Cambridge Senior Maths AC/VCE ISBN 978-1-107-56747-4
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500
1—Pr(Z§'u 55 ):0.01

0.99 = Pr(Z <K _5500)

23263 = 20
5
=5 % 2.3263 + 500
= 511.63

b Let Y be the number of boxes under weight. Y is a Binomial random variable with
n=25, p=0.158655

Pr(Y >1)=1-Pr(Y =0)+Pr(Y = 1))

=1-(0.841345) — (i) (0.158655)(0.841345)*

=0.1809

9 a i f(y):{k(y—S) if8§<y<12

0 otherwise
12

2
8
For f to be a probability density function 8k = 1.
Hence k = .

1 12
FO)dy = [k(—yZ _ Sy)] _ sk

ii X is normally distributed with mean = 10 and standard deviation = 2
Pr(X < 11) = 0.6915

1
Pr(Y <11) = fQ)dy
8
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iii E(X)=10and
12
E(Y) = fg VG dy

1 12
= §f8 y(y = 8)dy

32
3

~ 10.67
Machine 1 is quicker or average.

b Probability of a widget being produced in less than 10 seconds
= Pr (less than 10 s | machine 1)Pr(machine 1)

+ Pr(less than 10 s | machine 2)Pr(machine 2)
=05x06+0.25%x04

=04
Pr(machine 1 | less than ten seconds to produce)

_ Pr(Machine 1 and less than 10 stop roduce)

Pr(less than 10 stop roduce)

3
4
x\123456
10 c ¢ ¢ ¢ ¢
Pr(X = - - - -z
X=x1]c 35 3 735 %

a Since we have a probability distribution
c ¢ ¢ ¢ ¢

4+ 4+241=1
c+2+3+4+5+6
I 1 1 1 1
1_ — — — — | =
c(+2+3+4+5+6) 0
49
¢
20
20
c=—
49

& & & & C
b E(X)_C+2X5+3X§+4XZ+5X§+6X6

20
:@(1+1+1+1+1+1)

_ 120
T 49
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2 |1 4 9 16 25 36
C C C C C C
Pr(X = cc ¢
T x)‘c 23 4 5 6
E(X?) = ¢ +2c + 3¢+ 4c + 5¢ + 6¢
=c(1+2+3+4+5+6)
=2lc
_21x20
49
_ 60
7
Var(X) = E(X?) - [E(X)]?
_ 60 _ (120}’
7 49
_ 6180
2401
— 2 ;
11 a i F) = kx(100 — x°) 1f0$)f§10
0 otherwise

10 4 10
f(x)dx = lk(SOxz - Z)] = 2500k
0

0

1
For f to be the function of a probability density k = ——

2500
. (o L0, o, 16
ii E(X)= fo xf(x)dx = ﬁfo x~(100 — x7)dx = 3

4\110
i Pr(X>3)= [ f(x)dx == [k(SOxZ - xz)] = 0.8281
3

Pr3<X<7) [ fxdx
PrX<7) [ foodx

iv Pr(X>3|X<7) = = 0.7677

b This is a binomial distribution. Let W be the number of moviegoers who have to
queue for more than 3 minutes
Pr(W >5) =7

In this situation n = 10 and p = 0.8281
Using a calculator gives Pr(W > 5) = 0.9971

12 a T is the temperature at which the sensor fails.
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i []Pr(X=>80)=0.98
[]Pr(X>104)=0.04

80 104
ii Pr(T > 80) = 0.98
Pr(T > 104) = 0.04

Pr(Z > 80_“) = 0.98
g
1| Z

( 104 -4

P

g

) =0.04

u—80
o

Pr(Z < ) =0.98

104 -
andPr(ZS 04—

) =0.96
o

~ 80 104 —
H — 2.0537 and H

= 1.7507
o o
u—80=2.05370 (1) and 104 — u = 1.7500 (2)
Add (1) and (2) 24 = (2.0537 + 1.7507)0
6.3084 = o

From (1) 4 = 80 + 2.0537 x 6.3084 = 92.956

b iu=945ando =57
Pr(T < 100) = Pr|Z <

100 - 94.5
5.7

5.5
—pilz <22
' ‘5.7)

:PrZSg
57

= 0.8327
Pr(T > 100) =1 -0.8327 = 0.1673
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16.73% of sensors will operate in boiling water.

ii PiT > ¢) = 0.99
c—945
Pz > = 0.99
r( =757 )
prlz < £ 94'5) = 0.01
57
C=S _ 53063
57

¢ = 81.2398

They should quote 81°C as a temperature for the sensors to work.
13 a i Probability that the plane is early = 1 — (0.5 + 0.3) = 0.2
ii Probability that it does not arrive late = 1 — 0.3 = 0.7

iii Probability that the plane is on time on three consecutive days = (0.5)* = 0.125

iv Late on Monday but one time all the remaining days = 0.3 x (0.5)* =

160
b i Let X be the number of times late
Pr(X = 1) =°C;(0.3)(0.7)* = 0.36015
ii Let Y be the number of times early
128
Pr(Y = 2) =°C»(0.2)%(0.8)} = —
(Y =2) = °C2(0.27(08)’ = =2
¢ Pr(iX>2)=Pr(X=3)+Pr(X =4)+Pr(X =5)
=3C5(0.3)%(0.7)* + °C4(0.3)*(0.7) + (0.3)°
=0.1323 + 0.02835 + 0.00243
= 0.16308
-1
14 a Pr(X <985) = Pr(Z < W)
-15
=Pr{Z < —
{2+ 3)
=Pr(Z < -1.25)
=1-Pr(Z <1.25
=0.1056
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b Pr(X < 985) = 0.01

Pi{Z < 98?2_“ - 0.01
1-PiZ < ”_1385 - 0.01
Pz <X _1;85 = 0.99

K _1285 = 2.3263

u=12x2.3263 + 985
=1012.92
The machine should be set at 1012.92

15 In the tree diagram A, B and C are the machines. D is
defective. D’ is not defective.

a i Pr(AnD)=0.35x%x0.03=0.0105

ii Pr(D) = Pr(A N D) + Pr(B N D) + Pr(C N D)
=0.0105 + 0.25 x 0.06 + 0.40 x 0.05

= 0.0455

P(CND) 04 x0.05
b Pr(C|D) = - — 0.4396
HCID) = =5 D) 0.0455 39

Pr(AUB)ND') Pr(AND)+Pr(BND') 05745 1149

Pr(AU B| D') = _ _
¢ Pr( D) Pr(D’) Pr(D’) 0.9545 ~ 1909

16 a i u=EX)=Z2xPr(X =x)
=4.25
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ii

il

iv

ii

iii

iv

17 a i

ii

Cambridge Senior Maths AC/VCE
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o = 4/Var(X)
Var(X) = E(X?) - [E(X)]?
=1x0024+4x003+9x004+16x045+25x045 - (4.25)2

=0.02

+0.12+0.36 +7.2 + 11.25 — (4.25)?

= 18.95 - 18.0625
= 0.8875

o = V0.8875 = 0.9421

Pr(u—20 <X <u+20)
= Pr(2.366 < X < 6.134)

=0.94

Pr(X >4) =0.45+0.45
=09

i Binomial

Expected number of working games in box

= E(Y)
=20x0.9
=18

Var(Y) =20x0.9x0.1

=138

o= V1.8
=1.342

Pr(Y > 19) = Pr(Y = 19) + Pr(Y = 20)
=0.27017...+0.12158.. ..

= 0.3917 (correct to 4 decimal places)

n

-3

Pr(Black) = ——
n

Pr(White) = g
n
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PI'(B] N Wz)

b Pr(B{|W,) =
r(B1|W>) Pr(Ws)
n-3 n-3
X
_ n n+1
3 n—-2 n-3 n-3
- + X
n n+l n n+1
_ (@-3)
T n2-3n+3

18 a n=1000,X = 100 CI=(0.0814,0.1186)
b m =800,Y =80 CI=(0.0792,0.1208)

¢ width female = 0.0372
width male = 0.0416
The confidence interval is narrower because the sample size for the females is larger.

d 900 of each sex
pi(1 = pr) _ Do(1 = po)

¢ n m
0.1x0.9  po(l = p»)
1000 800

0.072 = pr(1 - p2)
P> = 0.078 or 0.922
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Chapter 19 - Revision of Chapters 1-18

Solutions to Technology-free questions

1 f(g(x)=fGBx+1)
=GBx+ 1) +6

=92 +6x+7

2 Infinitely many solutions if the

determined of the coefficients matrix is

Z€ero, 1.e.

I 3

4 (1, + 2)‘ =0

L(.+2)-12=0
Z+20.-12=0
.+ 1)*=13=0

lC:—li\/E

L=l Sl
|

x =2xandy = -3y

1
=—xandy=—-=y
X=X y 3
b 1, 1
= — becomes — =y = —
2
ie.y’ = —— orin terms of
X
6
X, Y, Y=—2
X

Reflection in x-axis, dilation by factor
2 from y-axis, dilation by factor 3
from x-axis, OR (using the final rule)
reflection in x-axis, then dilation by
factor 6 from the x-(or y-) axis.

4 a f(x)=705x-3x°x(15x*-3)

= 21(5x% = 1)(5x* = 3x)°
= 21x%(5x% — 1)(5x% = 3)°
b f(x) =2e" +2x x 4™
= 2¢™(1 + 4x)
f0)=2x1x1
=2

a

d 1
—(leoge(Zx)) =2xlog, (2x) + XX —
dx X

= x(1+2 loge(Zx))

b
;. 2x+1) cos(x) —2sin(x)
S0 = (2x + 1)
7T T (T
[n (2 X 5 + 1) COS(E) -1 s1n(§)
/ (5) - ;
2xz+1
[25)
B 2
T (m+ 1)2

6 a f'(x)=e"% %2 cos(2x)

=2 cos(2x)e" "0
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b f'(x) = 3tan(2x) + 3x x 2 sec’(2x) x=2andy=1

= 3 tan(2x) + 6x sec’(2x) x=0:y=1- 4

7 2r o[ 21 0-2
f 3 :3tan? + 21 sec 3 =1-(=2)
1 =3
= 3V3+2rx ———
cos 3 S —
=-3V3+2rx4 =x-2=4
= 87-33 x =6

The intercepts are (6, 0) and (0, 3)
check the endpoint of the domain:

7 sin(2x) —cos(2x) =0 x=-ly=1- —
sin(2x) = cos(2x)
=14+
tan(2x) = 1 3
7
2x="1snn :) 3
_ n(dn+1) o
= 1 i
n(dn +1) =2
x=Tg ek S e ‘
ol p *
. . 2n !
8 a Amplitude = 4, period = 5 = n |
b A
3 10 a y=5¢"1-3
2V3
/\ ,\ / interchange x and y and solve for y:
-r  2m\ -5m —no non n St = = Sey_l B 3
T\E/E E 5\1_2/? 50 =x+3
4
3
1 _ o X +
e og, 5
4 +3
9y:f(x)=1—m y—l:loge(xs )
X—=+o0,y—= 1;x—= 2, y— +oo
S, the asymptotes have equations y= ) = loge(x -;— 3) +1

b range of f = (-3, o0) = domain
of f!
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1 S5x 1 n < bd
cos|—|=—=,—= =
2|72 27177
General solution is given by
Sx = +7T +2
y T 3T
2n  dnr
X=+—+ —
15 15
2
=0:x=%x—
n X 15
{ +27r N dr
n = = T=— _—
TTESTS
2 14
= ?ﬂ, l—sﬂ(outside internal)
| +27T ar
n=-lx=+——- —
3 5
14 2
= —1—57T, —?ﬂ(outside internal)
Soluti 2 2w
olutions are x = ——, —
SN TART:
12 g(u+v) = 5(u +v)?

= 5(u2 + 2uv + vz)
gu+v) =5 —v)?
= 5(u® = 2uv +?)
gu+v)+gu—v) = 10(* +1%)
= 2(5u® + 5v%)

=209(u) + g(v)
13 Average value = L *d
g =120 ; e’ dx
| 4
= —|e*
il
1
:4_1(84_1)
14 a x=0,y=6: 6=0+0+c¢
c=6

x=-2,y=0:0=-8a-2b+6

15 a

16 a

da+b=3 ...(D
d
%C:Owhenx:—l

d

£:3ax2+b

=0 when x = -1, so

3a+b=0 )
O-@: a=3

Substitute into @: b= -3 X3
=-9

y=g)=3-e*
Interchange x and y and solve for y.
x=3-¢”
¥ =3-x
2 y= loge(3 - X)
_ 1
y=g"'(0=3log,(3-x)
domain of g”! = range of g = (—c0, 3)
y=g(g" (%)
= x, with domain(—oo0, 3)
5
(3.3)
0 =X
The graph of y = f(x) is continuous

and appears to be ‘smooth’ at (0, 1),
so the derivative exists of x = 0
where the gradient appears to be zero.
The gradient is positive for all other
value of x. The graph of y = f’(x) is
shown below.

778



¥ =11

-8x° x<0

b f(x)=
/ {8x3 otherwise

(Note that f(0) = 0 as expected.)

17 f(x) = _%10ge(1—3x)+c

1
:—gloge(1—3x)+c

+3

3
18 y=f(x) = T
Intercharge x and y and solve for y

3
= 3
X 2y_1+
3
T —x-3
-1 "
-1 1
3 x-3
3
2y—1=
Y x—3
3
2y = +1
Y x—3
_3+x—3
- x-=3
_ X
T x-3
I D x
y=1rf (x)_2(x—3)

19 tan(2x) = — V3

2x:---—§—7r,;—r,—g+7r,—g+27r,---
pyo... dm o 2x S
37 3°373"
B 2 @ S5m
S N

4 4

20 X is normal with mean 84 and standard
derviation 6.

a Pr(X>84)=Pr(Z>0)
=0.5

b Pr(78 < X <90)
78 — 84 90—84)
<Z<

_p
176 6

=Pr(-1<Z<1)
=Pr(Z<1)-Pr(Z > 1)
=Pr(Z<1)-Pr(Z>1)
=PrZ<1)-(1-Pr(Z< 1)
=2Pr(Z<1)-1
=2x0.84-1

=0.68

¢ Pr(X <78|X < 84)
_Pr(X <78 X <84)
B Pr(X < 84")
_ Pr(X <78)
"~ Pr(X < 84)

Pr(X < 78) = Pr(Z < -1)
=1-Pr(Z< 1
=1-084
=0.16
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Pr(X < 84) = 0.5

0.16
0.5
=0.32

Pr(X <78|X < 84) =

> x
21 a Pr(X<3):f —dx
| 24

x23
|
_9-1
48
1
"6

7x
b Pr(Xzb):f —dx
p 24

5],
48],
49— p?
48

3
8
if49 — p> =18

> =31

b= \/3_1, since b € [1,7]

1
22 The gradient of the tangent is 3

dy 1 _2
Also, = = —
O ax T3
1

-3
ifx 3 =
x*=1
=1
x==1

Hence a = J_rg

23 a b=16-4d
A = area XYZW
=2ab
=2a(16 — 4 a%)

= 32a - 8a°
A
b a _ 32 — 244°
da
=0

If a* = 32

Q

Il

H W Nl
=~

Tz, sl

Il
H+

Buta > 0,s0a = = and
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128 V3
A= \/_

(This clearly correspond, to a
maximum since a € [0,2] and A =0

for a = 0 or a = 2. Alternately check
the sign of the derivative.)

3
24 f (=3x% + 2bx + 9)dx = 32
-1
3
=32
-1

(=27+9% +27)-(1+b-9)=32

—x> + bx? +9x

8b+8 =32
8b =24
b=3

25 0.36

26 a Mean of X = E(X)

=0x06+|x02+2x0.15

+3x0.0
= 0.65
the mean is $0.65.

b Pr(same amount) = Pr(0& O or 1&1

or2&2or3&3)
= 0.6 +0.2°

+0.15% + 0.05>
=0.36 + 0.04

+0.0225 + 0.0025
=0.425

27 The possible sequences are:

G—->G—->R—>Ror
G—-oR->G—->Ror

G-oR->R-G
where G = goes to gym, and

R = goes for run
Required probability = 0.5 X 0.5 x 0.6

+0.5%x0.4x0.5
+0.5%x0.6x0.4
=0.15+0.10
+0.12
=0.37

28 a Volume = area cross-section X height
1

= E)Czh

= 2000

x>h = 4000

. 40(2)0
X

b The hypotenuse of the right-angled
triangle cross-section has length V2x.
The surface area is made up of three
vertical rectangles and two equal
triangular ends.

1
A= \/Exh+xh+xh+2><§x2
= xh(2 + V2) + x°

4000
— X2+ V2) +
X

4000 V2 + 8000
= + X

X

=xX
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29 a

b

dA 4000 V2 + 8000
— = - +2
dx x2
=0
if 2x° = 4000 V2 + 8000
i.e. x> = 2000 V2 + 4000

= 20002 + V2)

X

No, these people may all be at the
same restaurant because they have
something in common eg may be
members of a tennis club, and may
have better reaction times than
average

Use a random selection method such

30

31

as the electoral role.

p=053
pe196,/ PP

n
=053+ 1.96\/@
p =037
M =196, /PP

n
_1.96 [0.37 x 0.63
n

Halving n will increase the margin of
error by a factor of V2
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Solutions to multiple-choice questions

. . . . )
: 2
1 B Write the equations in matrix form: 5C k= f 2 dx

[m -2 x] [0] -6 X
= -2
6 —(m+4||y|] [0 _ [2 logelxl]
These will be a unique solution if the -6
coefficients matrix has a non-zero =2log,2 —2log,6
determinant, i.e. X
m ) =2 logeg
#0
6 —(m+4) 12
)
=m(m+4)—(-2)6) #0 3
—m? —4m +12#0 ~ log =
‘9
m? +4m—12 %0 |
k = —
(m—=2)(m+6) #0 “79
1 b
m#2, —6 6 D Average value = —f f(x)dx
So m € R\{-6,2} b-aJ,
1
2 A Since sin(g) = 1, then 3-(=D
3
log,(x +2)dx
2x 