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Question 1a 

If A, B and C are collinear, then ܱܣሬሬሬሬሬԦ ൅ ሬሬሬሬሬԦ൯ܤܣ൫ݐ ൌ  .ݐ ሬሬሬሬሬԦ for some value ofܥܱ

⇒ ࢏	 ൅ 3࢐ െ 2࢑ ൅ ࢏ݐ െ ࢐ݐ4 ൅ 5࢑ ൌ ࢏3 ൅ ࢐ ൅ 2࢑	
⇒ 1 ൅ ݐ ൌ 3	and	3 െ ݐ4 ൌ 1	and	 െ 2 െ ݐ5 ൌ 2 

However, there is no value of ݐ for which all three of these equations are true, and so ܤ ,ܣ and ܥ are not 
collinear. 

Question 1b 

Let ࢇෝ be a unit vector in the direction of ܱܣሬሬሬሬሬԦ, and ࢉො a unit vector in the direction of ܱܥሬሬሬሬሬԦ. 

Thus, ࢇෝ ൌ ଵ

√ଵସ
ሺ࢏ ൅ 3࢐ െ 3࢑ሻ and ࢉො ൌ ଵ

√ଵସ
ሺ3࢏ ൅ ࢐ ൅ 2࢑ሻ. 

A vector which bisects the angle between ܱܣሬሬሬሬሬԦ and ܱܥሬሬሬሬሬԦ is ࢊ ൌ ෝࢇ ൅ ොࢉ ൌ
ଵ

√ଵସ
ሺ4࢏ ൅ 4࢐ሻ (or any other multiple 

of ࢏ ൅ ࢐). Hence any point ܦ in the form	݇ሺ1, 1, 0ሻ, ݇ ∈ Թ will satisfy the question. 

Question 1c 

ߠ ൌ cosିଵሺ
ሬሬሬሬሬԦܣܱ ∙ ሬሬሬሬሬԦܤܱ

ฮܱܣሬሬሬሬሬԦฮฮܱܤሬሬሬሬሬԦฮ
ሻ	

ൌ cosିଵ ൬
െ7
14
൰	

ൌ
ߨ2
3

 

Question 1d 

ை஻ሬሬሬሬሬሬԦ	to	ሬሬሬሬሬԦperpendicularܥܱ ൌ ሬሬሬሬሬԦܥܱ െ ቀܱܥሬሬሬሬሬԦ ∙ ሬሬሬሬሬԦ෢ܤܱ ቁܱܤሬሬሬሬሬԦ෢ 	

ൌ ሾ3 1 2ሿ െ
11
14

ሾ2 െ1 3ሿ	

ൌ
10
7
࢏ ൅

25
14

࢐ െ
5
14

࢑ 

Question 2 
Find the gradient of the tangent to the graph at the specified point: 

݀
ݔ݀

ሺ3ݔଶݕ ൅ ଶݕ9 െ ሻݕݔ3 ൌ
݀
ݔ݀

ሺ24ݔሻ 

ݕݔ6 ൅ ଶݔ3	
ݕ݀
ݔ݀

൅ ݕ18
ݕ݀
ݔ݀

െ ݕ3 െ ݔ3
ݕ݀
ݔ݀

ൌ 24 

ݕ݀
ݔ݀

ሺ18ݕ ൅ ଶݔ3 െ ሻݔ3 ൌ 24 െ ݕݔ6 ൅  ݕ3

ݕ݀
ݔ݀

ൌ
24 െ ݕݔ6 ൅ ݕ3
ݕ18 ൅ ଶݔ3 െ ݔ3

 

At	ሺ3,	2ሻ,	
ݕ݀
ݔ݀

	ൌ
24 െ 6ሺ3ሻሺ2ሻ ൅ 3ሺ2ሻ

18ሺ2ሻ ൅ 3ሺ3ଶሻ െ 3ሺ3ሻ
 

ൌ
െ6
54

ൌ
െ1
9

 

Hence the gradient of the normal ൌ ିଵ

ቀ
షభ
వ ቁ
ൌ 9 

Find the equation of the normal, given that it is in the form ݕ ൌ ݔ9 ൅ ܿ and passes through (3, 2): 
2 ൌ 9ሺ3ሻ ൅ ܿ 
ܿ ൌ 	െ25 

⇒ ݕ ൌ ݔ9 െ 25 
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Question 3a 

̅ݖ݅| െ |ݖ ൌ ቚcis ቀ
ߨ
2
ቁ cisሺെߠሻ െ cisሺߠሻቚ	

ൌ ቚcis ቀ
ߨ
2
െ ቁߠ െ cisሺߠሻቚ	

ൌ ቚcos ቀ
ߨ
2
െ ቁߠ ൅ ݅ sin ቀ

ߨ
2
ቁ െ cosሺߠሻ െ ݅ sinሺߠሻቚ	

ൌ |sinሺߠሻ െ cosሺߠሻ ൅ ሺcosሺߠሻ െ sinሺߠሻሻ݅|	

ൌ ඥሺsinሺߠሻ െ cosሺߠሻሻଶ ൅ ሺcosሺߠሻ െ sinሺߠሻሻଶ	

ൌ ඥ2 െ 4 sinሺߠሻ cosሺߠሻ	

ൌ ඥ2 െ 2 sinሺ2ߠሻ 
 

Question 3b 
Note:	ߠ ∈ ሺെߨ, ሿߨ ⇒ ߠ2 ∈ ሺെ2ߨ, 	ሿߨ2

Argሺ݅̅ݖ െ ̅ݖ݅|	when	undefined	is	ሻݖ െ |ݖ ൌ 0	
⇒ 2 െ 2 sinሺ2ߠሻ ൌ 0	

sinሺ2ߠሻ ൌ 1	

⇒ ߠ2 ൌ െ
ߨ3
2
,
ߨ
2
	

ߠ ൌ െ
ߨ3
4
,
ߨ
4
	

Since	domain	is	in	the	form	ߠ ∈ ሺെߙ, 	,ሻߙ

ߙ ൌ
ߨ
4

 

Question 3c 
Argሺ݅̅ݖ െ ሻݖ ൌ Argሺsinሺߠሻ െ cosሺߠሻ ൅ ሺcosሺߠሻ െ sinሺߠሻሻ݅ሻ	

ൌ tanିଵሺ
cosሺߠሻ െ sinሺߠሻ

sinሺߠሻ െ cosሺߠሻ
ሻ	

ൌ tanିଵሺെ1ሻ	

ൌ
ߨ3
4

 

Note: It is possible to ascertain by graphical means that for ߠ ∈ ቀെగ

ସ
,
గ

ସ
ቁ, ሺ݅̅ݖ െ  ,ሻ lies in the 2nd quadrantݖ

not the 4th quadrant. 
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Question 4 

න
ଶݔ3 ൅ ଷݔ2 െ ݔ12

ݔ√ െ 3
ݔ݀

଻

ଷ
ൌ න

3ሺݑ ൅ 3ሻଶ ൅ 2ሺݑ ൅ 3ሻଷ െ 12ሺݑ ൅ 3ሻ

ݑ√
ݑ݀

ସ

଴
	where	ݑ ൌ ݔ െ 3 

ൌ න
3ሺݑ ൅ 3ሻଶ ൅ 2ሺݑ ൅ 3ሻଷ െ 12ሺݑ ൅ 3ሻ

ݑ√
ݑ݀

ସ

଴
 

ൌ න
ሺ3ݑଶ ൅ ݑ18 ൅ 27ሻ ൅ ሺ2ݑଷ ൅ ଶݑ18 ൅ ݑ54 ൅ 54ሻ െ ሺ12ݑ ൅ 36ሻ

ݑ√
ݑ݀

ସ

଴
 

ൌ න
ଷݑ2 ൅ ଶݑ21 ൅ ݑ60 ൅ 45

ݑ√
ݑ݀

ସ

଴
 

ൌ න ݑ2
ହ
ଶ ൅ ݑ21

ଷ
ଶ ൅ ݑ60

ଵ
ଶ ൅ ିݑ45

ଵ
ଶ	݀ݑ

ସ

଴
 

ൌ ሾ2 ൬
2
7
൰ ݑ

଻
ଶ ൅ 21 ൬

2
5
൰ ݑ

ହ
ଶ ൅ 60 ൬

2
3
൰ ݑ

ଷ
ଶ ൅ 45ሺ2ሻݑ

ଵ
ଶሿ଴
ସ	

ൌ ቎
ݑ4

଻
ଶ

7
൅
ݑ42

ହ
ଶ

5
൅ ݑ40

ଷ
ଶ ൅ ݑ90

ଵ
ଶ቏

଴

ସ

 

ൌ
4
7
ሺ2଻ሻ ൅

42
5
ሺ2ହሻ ൅ 40ሺ2ଷሻ ൅ 90ሺ2ሻ	

ൌ
512
7

൅
21 ∙ 64
5

൅ 320 ൅ 180 

ൌ 500 ൅
512
7

൅
1344
5

 

Question 5a 
 

 

 

 

 

Question 5b 
In this question, redefine ࢏ and ࢐ in line with the hill. Splitting equations of movement we have: 
ܰ െ 3݃ cosሺ30°ሻ ൌ 0	

ܰ ൌ 3݃ ቆ
√3
2
ቇ ൌ

3√3݃
2

 

Similarly, in the other direction we have: 
ܯ െ ܰߤ െ 3݃ sinሺ30°ሻ ൌ 0	
ܯ ൌ ܰߤ ൅ 3݃ sinሺ30°ሻ	

ܯ ൌ
1

√3
∙ ቆ
3√3݃
2

ቇ ൅ 3݃ ൬
1
2
൰	

ܯ ൌ 3݃ ൌ 29.4N 

Question 5c 
Movement in ࢏ direction would then be: 
3݃ െ 3݃ sinሺ30°ሻ ൌ ݉ܽ	

3݃ െ
3݃
2
ൌ 3ܽ	

ܽ ൌ
݃
2
ൌ 4.9m/s2 

30°
3݃ 

M 
N 

F

30  
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Question 6 

ܸ ൌ නߨ ݔଶ݀ݕ
ଶ

଴
 

ൌ නߨ
ሺݔ ൅ 3ሻଶ

ଶݔ ൅ 1
ݔ݀

ଶ

଴
 

ൌ නߨ ሺ
ଶݔ ൅ 1
ଶݔ ൅ 1

൅
ݔ6

ଶݔ ൅ 1	
൅

8
ଶݔ ൅ 1

ሻ݀ݔ
ଶ

଴
 

ൌ ߨ ቈන ݔ݀	1
ଶ

଴
൅ 3න

ݔ2
ଶݔ ൅ 1

ݔ݀
ଶ

଴
൅ 8න

1
ଶݔ ൅ 1

ݔ݀
ଶ

଴
቉	

ൌ ߨ ቈሾݔሿ଴
ଶ ൅ 3න

1
ݑ

ହ

ଵ
ݑ݀ ൅ 8ሾtanିଵሺݔሻሿ଴

ଶ቉ 	where	ݑ ൌ ଶݔ ൅ 1	

ൌ ሾ2ߨ ൅ 3ሾln|ݑ|ሿଵ
ହ ൅ 8 tanିଵሺ2ሻሿ	

ൌ ሺ2ߨ ൅ 3 lnሺ5ሻ ൅ 8 tanିଵሺ2ሻሻ 

Question 7 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Question 8 
The two particles will collide when they are in the same position at the same time. 

Equating ࢏ components: 

12 െ ݐ2 ൌ ݐ5 െ  ଶݐ
ଶݐ െ ݐ7 ൅ 12 ൌ 0 

ሺݐ െ 3ሻሺݐ െ 4ሻ ൌ 0 
⇒ ݐ ൌ 3	or	ݐ ൌ 4 

Equating ࢐ components: 

ݐ6 െ 2 ൌ ଶݐ ൅ 6 
ଶݐ െ ݐ6 ൅ 8 ൌ 0 

ሺݐ െ 2ሻሺݐ െ 4ሻ ൌ 0 
⇒ ݐ ൌ 2	or	ݐ ൌ 4 

Hence the particles collide at ݐ ൌ 4 seconds. 

 

Imሺݖሻ

Reሺݖሻ
1 

2 

3 

-1

required area


