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Section A: Graphs 
 

 

Sub-Section: Vertices and Edges 
 

 
 

What does the graph have? 
 

 
 
Vertices and Edges 
  

 
 

 A graph consists of a set of points called __________________ and a set of unordered pairs of 
vertices, called ________________.  

 
 

 
Question 1 Walkthrough. 
 
Consider a graph below.  
 

 
 

Write down the vertex set and edge set of the given graph.  
 
 
 
 
 
 
 
 

  

& vertices

edges

-venex - &A
, B , C , D3

edges = SAB , AD , BD , BC , CDY
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Question 2  
 
Write the vertex sets and edge sets for the graphs corresponding to the following pictures.  
 
a.   
 

 
 
 
 
 
 
 
 
 
 
 
 
b.   
 

 
  
 
 
 
 
 
 
 
 

 

vertises = PA , B ,
<

,
DJ

eages = PAD , AB , Ac , BC 3

vertices = SA , B , ,D]

edges =SAB , BL , CD, AD]



                          

 VCE Specialist Mathematics ½      
 

 

SM12 [5.3] - Graph Theory I - Workbook  4 

 
Question 3  
 
Draw pictures of 2 graphs with the following vertex and edge sets. 
 
a. Vertex set: {𝐴, 𝐵, 𝐶, 𝐷} 

Edge set: {𝐴𝐵, 𝐵𝐶, 𝐵𝐷} 
 
 
 
 
 
 
 
 
 
 
b. Vertex set: {𝐴, 𝐵, 𝐶, 𝐷, 𝐸} 

Edge set: {𝐴𝐵, 𝐵𝐶, 𝐶𝐴, 𝐷𝐸} 
 
 
 
 
 
 
 
 
 
 

 
 

What if an edge connects 𝑨 to 𝑨? 
 

 
 
Loops 
 

 
 

𝑨𝑨 
 

 Loop is an edge which connects to the same vertex. 
 

  

A

·
D

A

=, De
&

·

c
B

D
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Sub-Section: Degree of a Vertex 
 

 
 

Let’s consider the degree of a vertex! 
 

 
 
Degree of a Vertex 
 

 
 

 Degree of a vertex is the ____________________________ connected to the vertex. 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

D

number of edges
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Question 4 Walkthrough. 
 
Fill in the following information for the graph below.  
 

 
 

Vertex Degree of Vertex 

  

  

  

  

  

  

Number of Edges: ______________ Sum of Degrees: ______________ 

             
 

A 2

B

C

E e
F
S 16
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Question 5  
 
Fill in the following information for the graphs below.  
 
a.   
 

 
 

Vertex Degree of Vertex 

  

  

  

  

  

  

Number of Edges: _______________ Sum of Degrees: ________________ 

 

A 2

B 2

C 5

D 2

E 3

F 2

& 16
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b.   
 

 
 

Vertex Degree of Vertex 

  

  

  

  

  

  

Number of Edges: ______________ Sum of Degrees: ______________ 

            
 

 
Space for Personal Notes 
 

 

A 34
i

↳ ⑮
18 20
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What about if a vertex is not connected to any other point (including itself)? 
 

 
 
Isolated Vertex 
 

 
 

 Isolated vertex has no edges connected to it. 
 

 Its degree is equal to ________________. 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Zero
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Section B: Adjacency List and Matrix 
 

 

Sub-Section: Adjacency List 
 

 
 
Discussion: What do we call two points that are connected by an edge? 
 
 
 
 
 

 
 
Adjacency Lists 
 

Graph Adjacency List 

 

 
 

 𝐴 → (𝐵, 𝐷, 𝐷, 𝐸)  
 

 𝐵 → (𝐴, 𝐸)  
 

 𝐶 → (𝐶, 𝐷) 
 

 𝐷 → (𝐴, 𝐴, 𝐶) 
 

 𝐸 → (𝐴, 𝐵) 

 
 Adjacency list contains all the vertices a given vertex is connected to.  

 
 If the point is connected multiple times, we write the vertex________________________.  

 
 If a point is __________________ with itself, we write the vertex to be adjacent to itself.  

 
 

 
Space for Personal Notes 
 
 
 
 
 
 
 

 

-
P&
adjacent

&

multiple times
-

loop
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Question 6  
 
Create an adjacency list that describes the following graph. 
 

 
 
 
 
 
 
 
 
 
 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

A- (B, B,C

13 - (A ,1)

C > (A, D, D)

D-( ,4)
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Sub-Section: Adjacency Matrix 
 

 
 
Discussion: Is there a way to convert the adjacency list into a matrix form? 
 
 
 
 
 

 
 
Question 7 Walkthrough. 
 
Consider the previous question with its graph and adjacency list.  
 

 
 

𝐴 → (𝐵, 𝐵, 𝐶) 
 

𝐵 → (𝐴, 𝐴) 
 

𝐶 → (𝐴,𝐷, 𝐷) 
 

𝐷 → (𝐶, 𝐶) 
 
Convert the given adjacency list into an adjacency matrix.  
 
 
 
 
 
 
 
 
 
 
 

 

A B [

&JT
~

A B C 13

A o 21 ⑳

2000
10is 100]
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Adjacency Matrix 
 

            
 

 A matrix that represents the vertices and edges that connect the vertices of a graph. 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



                          

 VCE Specialist Mathematics ½      
 

 

SM12 [5.3] - Graph Theory I - Workbook  14 

 
Question 8  
 
Construct the adjacency matrix for the given graphs.  
 
a.   
 

 
 

  
 

  
 

  
 

 
 

 
 

 
b.   
 

 
 

  
 

  
 
 

  
  

 
 
 
 

 

A B

, CpzF
S 000c I↳ i
O 1(

!2 00100
D
I 01 0

.

10
E

( 0010 O

F 1100 d I

A BC D
0

,
=

+]2I uo
2 o 0 000

- 01010
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Discussion: Could the adjacency matrix be a non-square matrix? (Same number of rows and  
columns) 
 

 
 
 

 
 

 
 
Discussion: What does it mean when there is a non-zero value in the diagonal element of the adjacent 
matrix? 
 

 
 

 
 

 
 
Properties of Adjacency Matrices 
 

 Always a square matrix. 
 

 Any _______________ value in the _____________________ will indicate the existence of a _________. 
 

 [

0 2 1 2
2 1 0 0
1 0 0 2
2 0 2 0

]

                          
 

 A row consisting of all zeros indicates an ______________________.  
 

 [

0 2 1 2
2 1 0 0
1 0 0 2
2 0 2 0

]

                          
                

 

- -
Rows = columns

No .

an
I

there is a loop

-

non-zero leading diagonal loop

Isolated Vertex
-

X C
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Question 9  
 
Draw graphs to represent the following adjacency matrices.  
 

a. [
1 0
0 0     2 0

0 1
2 0
0 1     0 2

2 0

]    

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b. 

[
 
 
 
 
0 1 2 0 0
1 1 0 0 1
2 0 0 1 0
0 0 1 1 1
0 1 0 1 1]

 
 
 
 
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

#I...
A B

Pl
III A

*
q

⑧ D
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Section C: Types of Graphs 
 

 

Sub-Section: Simple Graph 
 

 
 

This one should be simple. ☺ 
 

 
 
Simple Graph 
 

 
 

 A simple graph is one in which pairs of vertices are connected by _____________________________. 
 

 
 
Space for Personal Notes 
 
 
 
 

 

I
& one edge at must.
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Question 10  
 
State whether the following graphs are simple graphs or not.  
 
a.   
 

 
 
 
 
 
 
 
 
 
b.    
 
 

 
 
 
 
 
 
 
 
 

 
 
Space for Personal Notes 
 

 

Not simple

simple.
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The Complement of a Simple Graph 
 

Simple Graph The Complement 

 

 
 

 

 

Complement of 𝑮 = 𝑮̅ 
 

 The complement of a simple graph contains the _________ set of vertices. 
 

 But it contains ______________ set of edges. (Edges the original graph does not have) 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

same of
opposite
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Question 11  
 
Consider a simple graph below. 
 

 
 
Sketch the complement of the simple graph above.  
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B

P
&

A
·

(
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Sub-Section: Regular Graphs 
 

 
 

What do we call the graph when all its vertices have the same degree? 
 

 
 
Regular Graphs 
 

 
 

 Regular graph has all its vertices with the ___________________. 
 

 If each vertex has a degree 𝑟 then the graph is “regular of degree 𝑟” or “_____________”. 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 

 

same degree
-

>
r-regular
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Question 12  
 
Consider the following graph.  
 

 
 
a. State the type of graph this is.  
 
 
 
 
 
 
 
 
b. State the number of edges of the graph.  
 
 
 
 
 
 
c. State the total of all the degrees of all points.  
 
 
 
 
 
 
d. Hence, what do you notice? 
 
 
 
 
 
 

 

3-regular

Gedges

↓
18 degree

total

↳ double: degrees
=2yedges
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Number of Edges and Degree of all Vertices of a Regular Graph 
 

Number of Edges × 𝟐 = Total Degree of all Vertices 
 

 
 
Discussion: How does that make sense? Think about how many “degrees” each edge generates. 
 

 
 

 
 
 
 
 
 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

-
& each edge conners

to 2 vertices
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Sub-Section: Complete Graph 
 

 
 
Complete Graph (𝑲𝒏) 
 

𝑲𝟒 𝑲𝟓 𝑲𝟔 

 

 
 

  

 
 A complete graph is a simple graph in which each vertex is connected to ______________________. 

 
 A complete graph is denoted by 𝐾𝑛, where 𝑛 is the number of vertices in the graph. 

 
 Complete graph is a type of regular graph.  

 
 

 
Discussion: Can a complete graph also be a type of regular graph? 

 
 

 
 
 
 
 

 
 
Discussion: What would the simple graph and its complement add up / overlap to? 

 
 

 
 
 
 

 

A degree = n- 1

every other

&
-

Vertex

un
each very same degree

Yes

G+5- K
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Exploration: Number of edges in a complete graph 
 

 Consider 𝑛 many people handshaking each other.  
 

 It is known that one person needs to handshake everyone else.  
 

 How many handshakes will it take? 
 

Number of Handshakes = (𝒏 − 𝟏) + (𝒏 − 𝟐) + ⋯+ 𝟏 
 

 Recalling the arithmetic sum formula: 𝑆𝑛 = 𝑛
2
(𝑎 + 𝑙), find the total number of handshakes. 

 

Number of Handshakes = 𝒏−𝟏
𝟐

∗ (𝟏 + 𝒏 − 𝟏) = 𝒏(𝒏−𝟏)
𝟐

 
 

 Similarly Consider 𝐾𝑛: Complete graph with 𝑛 many vertices.  
 

 How many edges (or handshakes) would the graph have in total? 
 

Number of Edges for Complete Graph = 𝒏(𝒏−𝟏)
𝟐

 
 

 
 
Number of Edges for Complete Graph 
 

 
 

 For 𝐾𝑛: 

 

 Number of Edges for Complete Graph = 𝒏(𝒏−𝟏)
𝟐

 
 

 
 

(n-1) !

mmmD + (nt)) =h

A
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Sub-Section: Connected Graphs 
 

 
 
Connected Graphs 
 

Connected Graph Disconnected Graph 

 

 
 

 

 
 A ____________________ graph is a graph where it is possible to reach all vertices by moving along 

edges. 
 

 A graph which is not connected is called a __________________ graph. 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

connected

disconnected
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Section D: Isomorphism and Subgraphs  
 

 

Sub-Section: Isomorphism 
 

 
 
Isomorphism 
 

Isomorphic Graph 

 

 
 

 

 
 Two graphs are isomorphic if their vertices and edges differ only by the way in which they are 

____________. 
 

 Checklist for determining isomorphism: 
 

 Are the number of vertices the same in each graph?  
 

 Are the number of edges the same in each graph? 
 

 Check that the degrees of each vertex match for both graphs. 
 

 Label each vertex on both graphs and check if there is a correspondence between the vertices. 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 

 

I
&

DJ

names -

-

we
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orMatrix

-
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-
draeacency

-
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Question 13 Walkthrough – Determining Isomorphism. 
 

 
 
Checklist for determining isomorphism: 
 
1. Are the number of vertices the same in each graph?  
 
2. Are the number of edges the same in each graph? 
 
3. Check that the degrees of each vertex match for both graphs. 
 
4. Label each vertex on both graphs and check if there is a correspondence between the vertices. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

B & D
↑

② =2B↳2
~
v
v

Yes-isomorphic
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Question 14  
 
For each of the following pairs of graphs, determine whether the graphs are isomorphic.  
 
a.    
 

 
 

  
 

  
 
 
 
 
 
 
 
 
 
 
b.   
 

 
 

  
 

  
 
 
 
 
 
 
 
 
 
 
 

 

o z

D3
E 2 3BZ2 B

Svertices

6 edges #
-

24 3 3
2 3

3 3 2 3
vertices v(5)
Edges V(7)

degrees X -> Not isomorphic
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Sub-Section: Subgraphs 
 

 
 
Subgraphs 
 

Original Graph Subgraph  

 

 
 

 

 
 A _________________ is a graph whose vertices and edges are all _______________ within the original 

graph.  
 

 A subgraph can be created by ________________ edges and vertices from the original graph. 
 

 
 
NOTE: There are multiple possible subgraphs. 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

subgraphs contained

removing
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Question 15  
 
Consider this network graph. 
 

 
 
A subgraph of this graph is: 
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