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Section A: Recap of [4.2] Transformations

Let’s do a quick recap of what we did last week! .
Linear Transformations Definition

=20

» The (x',y) represents the new points and is called an Waa o,
—— v

» Original paint (x, y) is called the _ PNE—VACH) O

»( A is}the transformation matrix.

Dilation from the y-axis Definition

Dilation by a factor a from the y-axis

—

» Dilation from the y-axis changes the )(."Ua[(/l-e

Transformation Matrix :@ (1)
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Dilation from the x-axis

Dilation by a factor b from the x-axis

» Dilation from the x-axis changes the ﬂ"\/a e

Transformation Matrix = [(1) (gj)

Shear Parallel to the y-axis

Shear of a factor b parallel to the y-axis

» Shear parallel to y-axis changes the \‘} Iﬂﬂ QMV‘J'""'\e “i’ X

Transformation Matrix = J% (1)]
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Shear Parallel to the x-axis

Shear of a factor a parallel to the x-axis

> Shearp?EIIeIt0x-axischangesthe X bjd a WIAl'_ﬁV\C 4’ U

Transformation Matrix = [(1) Cll]

Reflection Around x-axis

-1

Reflection in the x-axis

» Reflection in the x-axis changes the \4

Transformation Matrix = [(1) _01]
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a

Reflection Around y-axis

Definition

Reflection in the y-axis

» Reflection in the y-axis changes the 7(/

Transformation Matrix = [_01 (1)]

Projections Definition

»
N

Projection ontcﬁ x-axis)

» The U‘ becomes 0.
U

Transformation Matrix = [(1) g]
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Projection onto y-axis

» The 7’ becomes 0.

Transformation Matrix = [8 (1)
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Question 1 Walkthrough.

O

the x-axis.
‘.f

b. Apply the transfo

(7] -

a. State the transformation matrix for the shear of a factor 2 parallel to the y-axis and dilation by a factor 3 from
—_—

[52[x5] -

tion matrix found in part a. to the coordinate (3, 1)

—

| C1)-tocd ( (o)<oc()]
6( N+3(2 o(;o)Jr?aU

=[} 5]

( (3) -roCl)
6 (3)+3(0

o

>

\M

3

2

[ 321
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Question 2

a.
the x-axis.

-—p
6 o | o
b. Apply the transformation matrix found in part a. to the coordinate (2, 4).

[ 2% <[4]

State the transformation matrix for dilation by a factor 2 from the y-axis and the shear of a factor 3 parallel to
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Section B: Transformations of Graphs

™ 3\
Discussion: If we can transform points, how can we transform functior@ 'ﬁ

y 342

Loit= -._.
L> Sk, H

Transformation of Functions/Graphs Definition

y=f(x) -y =fx)

ME(4)

» Steps:
1. Findx' = f(x)and y’' = g(y).
2. Rearrange and make x, y the subject.
3. Substitute into the original function.

4. Remove ' on the variables.

Space for Personal Notes
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Question 3 Walkthrough.
D) @D

a. State the transformation matrix for dilation by a factor 3 from the y-axis and reflection around the x-axis.

> o _
[ee /% 77 -L% 2]

b. Find the image of (x, y) under the transformation described in part a.

R PR

ni= Ly

VAN

Consider a function f(x) = vx + 3 — 1. It is known that all the points of f(x) have been transformed by the
transformation matrix found in part a.

c. Find the transformed graph. 5—; r ?(.-t 3 __)
= 2|
* = (2'c3 -

9=

v(-‘— =253 +)

$o) = —{2xr3 1\
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Your turn! .

Question 4 C‘D @

a. State the transformation matrix for dilation by a factor of 5 from the y-axis and a reflection around the y-axis.

—:'IO L o — -3 o
LO\ 01 Zol

b. Find the image of (x, y) under the transformation described in part a.
- l —
*»_-[ -5 o |[x - X
(d\ - -
— o | 9 J

nf(x) = (x—4)%+3.

p—

Consider a

It is kffown that all the points of f(x) have been transformed by the transformation matrix found in part a.

Find the transformed graph.

' = -5 > )(:-—%’X‘
Y=< Y- 9

y'= (- x-0)23 D Y T (N3
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Section C: Rotations

Sub-Section: Rotations Around the Origin

How do we rotate a point around the origin?

Rotation Around the Origin

™

éoo

Rotation 0 in the Anticlockwis

cos(f@) —sin(0)

Transformation Matrix [sin(e) cos(6)

Space for Personal Notes
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Question 5 Walkthrough.

a. State the transformation matrix for rotation around the origin 60° anticlockwise.

—

%?‘“9 wo| _T ws60® —&ingoe
' Sing wsd| = anbo® wsbo®

- 2- _"2.
)
g . ]

b. Hence, find the image of (3, 1) after it has been rotated around the origin 60° anticlockwise.
—

3 [ £
[§ 207 | Lo
-

1
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Question 6

a. State the transformation matrix for rotation around the origin 30° clockwise.

Ceg (-30°) —s:q(-BO") — ’g _zL.
Sn [-30°) ce(—309) -3 {;

b. Hence, find the image of (1, 2) after it has been rotated around the origin 30° clockwise.

— ‘ m—
s ;—][2'] [ G
5 32 - L3

NOTE: If the angle is clockwise, we measure it negatively.
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How does this work?

VCE Specialist Mathematics 2

~

Exploration: Understanding Rotations Around the Origin

» Consider a pre-image (x,y).

el

L4

from the x-axis.

9
N\

N
T

e Y 8

b 4

» Let's say the point (x, y) V is away from the origin and has an angle of QS anticlockwise

» Using SOHCAHTOA, how can we define x and y in terms of r and a?

1

r%\i(‘

hSAK =
Sin

Bt

.

(!
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» What happens when we rotate 8 anticlockwise around the origin?

Let's visualise the diagram together.

» Using SOHCAHTOA, how can we define x" and y’ in terms of r and a?
v~ P teldte)
y = y-Sin [o+B)
» Using the compound angle formulas, expand the following and substitute in the original x and y!
© = ¥ wslate)
_ - ((usacosp — snak &ino)
— X sy — 3 Sn &
Y =__r. Sinlate)
- r ( &) sl + tagl) sih@)
- W sl t A cing

U \l\
> Hence, in summary:. (/

. Coté —cinp
x'l _ [xcos(8) — ysin(6)] _ X
[y’] B lxsin(@) +ycos(@)] | gnb Lsb [y]

SM12 [4.3] - Transformations Il - Workbook ‘1 6
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REMINDER: Determinant of Transformation Matrix:

» Given that A = Transformation matrix.

9

VCE Specialist Mathematics 2

» The unit square was used to visualise how a transformation affects different points.

Area of the image = |det(A4) | X Area of the pre image

» Determinant of the transformation matrix tells us how the area of the unit circle changes.

(1)

Discussion: What would the determinant of the rotation matrix be?

b
WAt Ohanse

;‘&

Exploration: Determinant of the Rotation Matrix

» Consider the rotation transformation matrix:

|

» What does the determifiant equal to? Evaluate it using algebral

(74
WSl +Sirtt — |

cos(0)
sin(0)

—sin(0)
cos(0)

ar—log,

1

SM12 [4.3] - Transformations Il - Workbook
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Sub-Section: Rotations Around Any Point

Discussion: Since we know how to rotate around the origin, how can we rotate around any
point (a, b)?

= trans\ete (19 6V19in
Z8ume a3 Jeotore  (ovigin)

> trondete e )

825 "0

\‘V' | ] /
Rotations Around Any Point (a. b) Definition
» Consider the rotation 6 around the point (a, b) in the anticlockwise direction.
3 <, ¢)

N

A

(a, b)

» Since we know how to rotate from the origin, let us translate ourselves to the origin!

Y
N
(x'—o\, g'—b)
GR -a, u-b
V4
(a—a, b-b)

SM12 [4.3] - Transformations Il - Workbook ‘1 8
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» How do we go from (x —a,y — b) to (x" — a,y" — b)?

E—
—

sho L —b

X—a

» Now, expand the matrices and make [;,] the subject!

X q _[cos(8) —sin(0)] ([X] o
y'] _[ ]‘ lsin(e) cos(0) ([y _l_w_l
= linw ool (b1-] ¢ D+ g

Rotation Around Any Point (a, b)

g ’ ’
4w
A
(a, )
CJ >x

To owg
x'l _ [cos(0) —sm(e) ’)70"0&
[J"]_lsin(e) cos(0) y] [b ﬁ/D

» Theideais that we:

1. Translate the points by (—a, —b) so that the centre becomes the origin.

cos(8) —sin(6)

2. Rotate the point around the origin using the transformation matrix [sin(e) cos(8) |

3. Translate the points by (a, b) so that we go back to (a, b) being the centre.

SM12 [4.3] - Transformations Il - Workbook ‘1 9
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s
Question 7 Walkthrough. __342_

State the image of (1, 1) after the rotation around the point (2, 1), 60° anticlockwise.

b3y gl fordRI N
[ 'z::.‘][ RN

3 BT

2

— (7: A = 2=
— -+ >
Space for Persongl Notes'% J l/ ( J (/ 1—— ‘l_:_. y
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Question 8

._I:B
= =2
=

State the image of (4, 2) after the rotation around the point (—1, 1), 30° anticlockwise.

21| TG8(30°) —&in(30°)]
‘0‘] ] B\‘“(Bo") los (30*) «

4 +
[2:

L)
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Section D: General Reflections

Sub-Section: Reflections Across a Line y = mx

How do we reflect a point aroundy = mx?

Reflections Across a Line y = mx

A 4

sin(20)
—cos(20)

Space for Personal Notes
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A = Les(26)  Sir(e)
in 20) —ws(2e)

= Z—CDS (’E) Sw(3 %)
St ( T-) —cos[ )

= ), 2
- _‘_
b. Hence, find the image @fter it has been reflection around y = — HX

2

[-;;_%MLE

Question 9 Walkthrough. e e’ ‘f& C‘#S)

—
. ) . 1
a. State th€ transformation matrix)for the reflection around y {T}X a z

—
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Question 10

a. State the transformation matrix for the reflection around y = —/3x.

G=tn(-(2) = -5

4= coe(-3E)  sin(-%) ]
S(-2F)  —ws(-2)

\

~/

b. Hence, find the image of (—1, 1) after it has been reflection around y = —+/3x.

— (—2 "]
[FE00-] 2
3 ! G+l

SYRRN.

v MW

NOTE: If the angle is clockwise, we measure it negatively.
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What about reflection aroundy = x?

~

-

Exploration: Understanding Reflection Around y = x
» Consider a transformation matrix for reflection around y = x.
» What angle does y = x make with the x-axis?

e« _ 4%°

& Hence, construct the transformation matrix below.

lcos(@éﬂ’ Sm(%ﬂ [6‘9 O‘]

sin(?@? —cos(?ﬂ

» Apply the transformation to the point (x,y). What do you see?
=
y Lo

» Asyoucan see, ‘J" t% (w?}!
v o

» That makes sense as W\VQ!SQ relation is found by reflecting around y = x.

<<

3

Space for Personal Notes
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0

Sub-Section: Reflections Around a Line y = mx@

Q
-

Discussion: Since we know how to reflect around y = mx, how can we reflect around y = mx + ¢?

= orign
- yotute

..9)%();

Exploration: Reflection Around y = mx + ¢

» Consider the reflection around y = mx + c.

™ ("’: ﬂ’) Y = mxte
¢ +an(9)x+o

YV
» Since we know how to reflect around y = mx, let's translate it down by c.
4
N
(x', g’—c) Y = mxte-c
¢ = +o\n(6)x+o—o
-,
pa N
< > 7 x
A\ 4

SM12 [4.3] - Transformations Il - Workbook
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» How do we go from (x,y —¢) to (x',y' — ¢)?
I ‘l
X X
ly’(— cj B I } [y d
» Now, expand the matrices and make [;:] the subject!
x'] _[ ) ] _ [cos(ze) sin(20) ([x _[ © D
y'] C sin(20) —cos(26)] \Ly! G

" lcos(ze) sin(20) ([;]—l % i

=

=

y sin(20) —cos(20)
1 | L .
| - ) ﬁhvv,
. I..:q\a \
“Hrangfomn_ v 74 A
Reflection Across a Liney = mx +c To ongM Definition
Y

4N (x', g’) Y4 = mxte

/‘( = +o\n(0)x+c

pa /6 N x
/ ~ 7

' (20) in(20)
l;] B l(s:?r?(ze) —z:;(ze) ([ﬁ]— [2D+[2]

» Theidea is that we:

1. Translate the points by (0, —c) so that the line y = mx + ¢ becomes y = mx.

cos(20) sin(26)

2. Reflect the point around y = mx using the transformation matrix [sin(ze) —cos(20)]'

3. Translate the points by (0, ¢) so that we go back to the line y = mx + c.

SM12 [4.3] - Transformations Il - Workbook ‘27
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Question 11 Walkthrough. /g) G' = 'taVI—. ((fé) - ——

State the image of (1, 1) after the reflection around the line y = v3x + 1.

3‘3 cLCs?:(az.:; fgﬁ)}[;]'oj T[ :]
gt s | BN
AR J+z ]

[ 4 [ _ L

L& *[ b/

- ‘
2 /BZ.A{—._

(f

Space for Personal Notes
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Question 12

State the image of (2, —1) after the reflection around the line y = \/—lgx -1

bl PR

o977 Lans) -wst%ﬂ[ax-oj"zﬂ

L 3 L)<l
=L o]+l

7

\V.Y;

e |
t

N

Space for Personal Notes
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Contour Check Q

O Learning Objective: [4.3.1] - Transformations of graphs

Key Takeaways

O Transformation of Functions/Graphs:

y=fx)->y =fx")

5= ()

O Steps:

1. Findx' = f(x) andy’' = g(v).

2. Rearrange and make 2 | ‘és the subject.

3. Substitute into the original :’RMMI.OV'.

4. Remove '’ on the variables.

O Learning Objective: [4.3.2] - Rotations around points

Key Takeaways

0 Rotation 6 in the Anticlockwise Direction:

Rotation 6Lin the Anticlockwise Direction

ws(0) —3nl®)
(S s(6)

Transformation Matrix =

SM12 [4.3] - Transformations Il - Workbook ‘30
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0 Rotation Around Any Point (a, b):

1= lont@) costor ) (G- 15D+ [3

is that we:

O Thel

»
1. Translate the points by (—a, —b) so that the centre becomes the GY\ ﬁl \V] .

cos(0)
sin()  cos(6

3. l EZLMLS\CL Le the points by (a, b) so that we go back to (a, b) being the centre.

2. Rotate the point around the origin using the transformation matix [

O Learning Objective: [4.3.3] - Reflections in lines

Key Takeaways

O Reflections Across a Line y = mx:

Reflection around y = mx = tan(0)x
./_-

0 6 is the angle the reflection line meets with the x-axis.

| - |asee) Sre®
Transformation Matrix = Qy [ 3 5 _"_LULQ@

SM12 [4.3] - Transformations Il - Workbook ‘31
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OO0 Reflection acrossaliney = mx +c¢

’ (26) sin(20)
l;] - lz(i);(ze) —Scl:s(ze) (m N [(C)D i [(c)]
O Theidea is that we:

’
1. Translate the points by (0, —c) so that the line y = mx + ¢ becomes %’ "W‘)L

cos(20) sin(20)

2. Reflect the point around y = mx using the transformation matrix [sin(ze) —cos(26)

3. Translate the points by‘ Ql (é’ so that we go back to the line y = mx + c.

|

SM12 [4.3] - Transformations Il - Workbook
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Section A: Test Questions (21 Marks)

Question 1 (3 marks)

State whether the statement is true or false.

Statement True False

a. To transform a function, we simply substitute in the x and y in terms of x" and
!

y.

b. Rotations and reflections preserve the length of shapes, but dilations and shears
do not.

c. The rotation of 6 clockwise around the origin is given by the following matrix:

cos(@) —sin(6)
sin(8) cos(6)

d. A rotation by 60° anti-clockwise about the point (1, 2) is the same as
translating one unit down, two units to the left, rotating 60° about the origin,
and then translating one unit upward, and finally translating two units to the
right.

e. To reflect around a point (a, b), we first translate a units right and b units up.

f. To reflect a point about the line y = —2x + 1, first you need to translate the
point one unit down, and then reflect it about the line y = —2x.

Space for Personal Notes
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Question 2 (3 marks)

Find the equation of the line y = %x — 1 after it undergoes a shear of factor —2 parallel to the y-axis.

Space for Personal Notes
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Question 3 (4 marks)

Find the matrix corresponding to each of the following linear transformations, and hence find the image of the
point (1,2) after undergoing each of the transformations.

a. Rotation by 60° anticlockwise. (2 marks)

b. Reflection in the line y = \%x. (2 marks)

Space for Personal Notes
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Question 4 (5 marks)

a. Find the matrix that will reflect the point (x, y) in the line through the origin at an angle of 30° to the positive
direction of the x-axis. (2 marks)

b. Find the matrix that will reflect the point (x, y) in the line y = 2x. (3 marks)

Space for Personal Notes
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Question 5 (6 marks) > mvr‘ ( J\;é) = ‘g

Find the equation of the graph ¢t y = 3x + 1 ynder a reflection in the line y = %x.-‘- (o]

ws(%) sw(LY| T3
-

n (L) —aed G _.L

= ( 3) 2z 2

A=

‘\‘Vﬂhsfovw j‘yc\vh e
€D Wity T3]

[L803) [ & 291 =13
QML% ?’. L‘jJ -‘Lﬂ L *
Yun / —

N

L’ _T1 & Tran (x=4"2
Lg3Jb) ———
Tl T Ay By
— = 2 v
/ J“] \) Z/ @)1“’ Ml.)
f 7

\
Space for Personal NGtes _ _ ._2,
SV\\O ‘9 _ A3 1) [ ( @ 3 .
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