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Section A: Linear Transformations 
 

 

Sub-Section: Introduction to Linear Transformations 
 

 
 
Context: Linear Transformations 
 

 Consider a point (1, 4). 
 

 What would the new 𝑥-value be if it’s triple the current 𝑥-values plus double the current 𝑦-value? 
  
  
 

 What would the new 𝑦-value be if it’s double the current 𝑥-values minus half the current 𝑦-value? 
 
 
 

 Hence, what would the new point be? 
 
 
 

 
 
Linear Transformations 
 

(𝒙, 𝒚) → (𝒂𝒙 + 𝒃𝒚, 𝒄𝒙 + 𝒅𝒚) = (𝒙′, 𝒚′) 
 

 The (𝑥′, 𝑦′) represents the new points and is called an __________. 
 

 Original point (𝑥, 𝑦) is called the _____________.  
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Question 1  
 
Find the image of the point (2, 1) under the transformation with rule (𝑥, 𝑦) → (3𝑥 −  5𝑦, 2𝑥 −  4𝑦).  
 
 
 
 
 
 
 
 
 
 

 
 
REMINDER: Matrix Multiplication 
 

𝑨 × 𝑩 = [𝟐 −𝟏
𝟏 𝟐 ] [𝟑

𝟏] = [𝟐 × 𝟑 + (−𝟏) × 𝟏
𝟏 × 𝟑 + 𝟐 × 𝟏 ] = [𝟓

𝟓] 

 

𝑵𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝑪𝒐𝒍𝒖𝒎𝒏𝒔 𝒐𝒇 𝟏𝒔𝒕 𝑴𝒂𝒕𝒓𝒊𝒙 = 𝑵𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝑹𝒐𝒘𝒔 𝒐𝒇 𝟐𝒏𝒅 
 

 The answer will always be a matrix. 
 

 
 

How can we represent the transformation using matrices? 
 

 
 
Exploration: Matrices for Linear Transformations 
 

 Consider the following matrix multiplication: 
 

[𝒂 𝒃
𝒄 𝒅] [

𝒙
𝒚] 

 
 Evaluate the answer for the above multiplication! 

 

[𝒂 𝒃
𝒄 𝒅] [

𝒙
𝒚] = [

𝒂𝒙 + 𝒃𝒚

𝒄𝒙 + 𝒅𝒚
] 

 

[𝒂 𝒃
𝒄 𝒅] = 𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 

 

xly

x' = 3(2) = 5(1) =6 -5 = 1

y =2(2) -4(1) = 4
-4 = 0

: image is (110)

2x22x12x)

↓ transformationx image

↑
pre-image
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Question 2 Walkthrough. 
 

Consider a point (𝑥, 𝑦) which is represented by the matrix [
𝑥
𝑦]. 

 

Find the image given by [−1 3
5 −3] [

𝑥
𝑦]. 
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Question 3  
 

Consider a point (𝑥, 𝑦) which is represented by the matrix [
𝑥
𝑦].  

 

Find the transformed point given by [
3 2
2 − 1

2
] [

𝑥
𝑦]. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

NOTE: [
3 2
2 − 1

2
] is called a transformation matrix. 

 
 

 
Discussion: Considering the answer from above, why is it called linear transformation? 
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Question 4  
 
a. Find the matrix of the linear transformation with the rule (𝑥, 𝑦) → (𝑥 −  2𝑦, 3𝑥 +  𝑦). 
 
 
 
 
 
 
b. Use the matrix to find the image of the point (2, 3) under the transformation. 
 
 
 
 
 
 
 
 
c. The image of a point (𝑐, 𝑑) under the linear transformation is (2, 3). Find 𝑐 and 𝑑. 
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[i][3] :[]
=[gt] : (-4 .9)

] = [5]

1[] =[]
S(2d+2) +a =3 C=2d+2

6a+ b+a =3 ( =2()+2
7a = -3 c=
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A +A[G] = A + [3]d =- C =
7



                          

 VCE Specialist Mathematics ½ 
 

 

SM12 [4.2] - Transformations I - Workbook 7 

 

Sub-Section: Unit Square 
 

 
 

What would be the best way to visualise the linear transformations? 
 

 
 
Transforming the Unit Square 
 

Unit Square has a side length of 𝟏. 
 

 
 

 Unit square has a coordinate _________________________________. 
 

 Apply the transformation to (0, 0), (1, 0), (0, 1) and (1, 1) to see the effect of the transformations. 
 

 
 
NOTE: We use unit squares to visualise how the transformation affects different points. 
 

 
 
Discussion: Does it have to be a square then? 
 
 
 
 
 
 
 
 
 
 

 

(0 , 1) D

(00) Cl , 0

M

D
-

u
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Question 5 Walkthrough. 
 

A linear transformation is represented by the matrix 𝐴 = [1 2
2 0]. 

 
a. Find the image of the points of the unit square (0, 0), (1, 0), (0, 1) and (1, 1) under this transformation and 

write the image points as column vectors. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
b. Sketch the unit square and its image on the axes below. 
 

 
 

 

&

10 .0 -> [28][T] Can
(10) = [28][b] = [2] => (1,2)

101 -> [c][i] = [=] -> (210)

(111) -> [22][ ! j = [2] -> 1312)

&

(1 ,2)

& (3,2)
⑨

1

10 , 09 " (2 , 0
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NOTE: Unit square simply helps us to understand how the transformation affects the points. 
 

 
 
Discussion: How could we have done the linear transformations for (𝟎, 𝟎), (𝟏, 𝟎), (𝟎, 𝟏) and (𝟏, 𝟏) 
using one matrix multiplication? 
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Sub-Section: Determinant and Area of Unit Square 
 

 
 
REMINDER: Determinant of a 𝟐 × 𝟐 Matrix 
 

𝑨 = [𝒂 𝒃
𝒄 𝒅] 

 

𝐝𝐞𝐭(𝑨) = 𝒂𝒅 − 𝒃𝒄 
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Question 6 Walkthrough. 
 

A linear transformation is represented by the transformation matrix 𝐴 = [3 0
0 2]. 

 
a. Find the image of the points of the unit square (0, 0), (1, 0), (0, 1) and (1, 1) under this transformation and 

write the image points as column vectors. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
b. Sketch the unit square and its image on the axes below. 
 

 
 
 

[28 ! i ! ] =[82]

(3 ,2)
2

I

I 3
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c. State the area of the unit square and its image. 
 
 
 
 
 
 

d. Find the determinant of the transformation matrix 𝐴 = [3 0
0 2]. 

 
 
 
 
 
 
 

 
 
Discussion: What do you notice? What does the determinant of the transformation matrix tell us? 
 
 
 
 
 

 
 
Determinant of Transformation Matrix 
 

 Given that 𝐴 = Transformation matrix. 
 

𝑨𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 𝒊𝒎𝒂𝒈𝒆 = | 𝐝𝐞𝐭(𝑨) | × 𝑨𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒓𝒆 𝒊𝒎𝒂𝒈𝒆 
 

 Determinant could be ___________ hence we put the modulus. 
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Section B: Types of Transformations 
 

 

Sub-Section: Dilations 
 

 
 

What do dilations do? 
 

 
 
Exploration: Understanding Dilations 
 

 Let’s say Krish is bored that the unit square has a length of 1, and decides to stretch the unit square 
from the 𝑥 and the 𝑦-axis. 

 

 
 

 From the diagram above, state which one is dilation from the 𝑥-axis and 𝑦-axis.  
 

 Which variable (𝑥 or 𝑦) does the dilation from the 𝑥-axis change?  
 
 
 
 

 Which variable (𝑥 or 𝑦) does the dilation from the 𝑦-axis change?  
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Dilation from the 𝒚-axis 
 

 
 

Dilation by a factor 𝒂 from the 𝒚-axis. 
 

 Dilation from the 𝑦-axis changes the _____________. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = [𝒂 𝟎
𝟎 𝟏] 
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↓
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Question 7  
 
a. State the transformation matrix for dilation by a factor of 3 from the 𝑦-axis. 
 
 
 
 
 
 
 
 
 
 
b. Apply the transformation matrix found in part a. to the coordinate (𝑥, 𝑦). 
 
 
 
 
 
 
 
 
 
 
 

 
 
NOTE: The 𝑥-value is tripled for dilation by a factor 3 from the 𝑦-axis. 
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walkthrough
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Dilation from the 𝒙-axis 
 

 
 

Dilation by a factor 𝒃 from the 𝒙-axis. 
 

 Dilation from the 𝑥-axis changes the _________.  
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = [𝟏 𝟎
𝟎 𝒃] 
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Question 8  
 
a. State the transformation matrix for dilation by factor 2 from the 𝑥-axis. 
 
 
 
 
 
 
 
 
 
 
 
b. Apply the transformation matrix found in part a. to the coordinate (𝑥, 𝑦). 
 
 
 
 
 
 
 
 
 
 
 

 
 
NOTE: The 𝑦-value is doubled for dilation by a factor 2 from the 𝑥-axis. 
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Let’s combine. 
 

 
 
Dilation and its Transformation Matrix 
 

 
 

Dilation by a factor 𝒂 from the 𝒚-axis. 
 

Dilation by a factor 𝒃 from the 𝒙-axis. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = [𝒂 𝟎
𝟎 𝒃] 

 
 

 

Discussion: Find the determinant of [𝒂 𝟎
𝟎 𝒃]. Does it make sense? 

 
 
 
 
 

 
 
Space for Personal Notes 
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Sub-Section: Shear 
 

 
 

What about “shear”? 
 

 
 
Exploration: Understanding Shear Parallel to the 𝒙-axis 
 

 Let’s bring Krish back again.  
 

 He ties a rope on the point (1,1) of the “malleable” unit square and pulls it parallel to 𝑥-axis.  
 

 
 

 Which variable (𝑥 or 𝑦) would change? 
 
 
 
 

 Would all the points move the same distance parallel to the 𝑥-axis? 
 
 
 
 

 Does the point move more if they are further from the 𝑥-axis or closer?  
               
                                                              
 
 

 Therefore, what does the change in 𝑥-value correspond to?  
 
 
 
 

 

-

& D
parallel

to so

x-values
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&
further (higher)
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NOTE: The 𝑥-value changes with respect to how big their 𝑦-value is. 
 

 
 
Shear Parallel to the 𝒙-axis 
 

 
 

Shear of a factor 𝒂 parallel to the 𝒙-axis.  
 

 Shear parallel to 𝑥-axis changes the _______________________________.  
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = [𝟏 𝒂
𝟎 𝟏] 
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Question 9  
 
a. State the transformation matrix for the shear of a factor 3 parallel to the 𝑥-axis. 
 
 
 
 
 
 
 
 
b. Apply the transformation matrix found in part a. to the coordinate (𝑥, 𝑦). 
 
 
 
 
 
 
 
 
 
 

 
 
NOTE: The 𝑥-value is added by tripling the 𝑦-value. 
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What about in the direction of the 𝒚-axis? 
 

 
 
Exploration: Understanding Shear Parallel to the 𝒚-axis 
 

 Let’s bring Krish back again × 2.  
 

 He ties a rope on the point (1, 1) of the “malleable” unit square and pulls it parallel to 𝑦-axis.  
 

  
 

 Which variable (𝑥 or 𝑦) would change? 
 
 
 
 

 Would all the points move the same distance parallel to the 𝑦-axis? 
 
 
 
 

 Does the point move more if they are further from the 𝑦-axis or closer?  
 
 
 
 

 Therefore, what does the change in 𝑦-value correspond to?  
 
 
 
 

 
 
NOTE: The 𝑦-value changes with respect to how big their 𝑥-value is. 
 

 

a

4449

↓
affected by s

Y
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Shear Parallel to the 𝒚-axis 
 

 
 

Shear of a factor 𝒃 parallel to the 𝒚-axis.  
 

 Shear parallel to 𝑦-axis changes the _______________________________.  
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = [𝟏 𝟎
𝒃 𝟏] 
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Question 10  
 
a. State the transformation matrix for the shear of a factor 2 parallel to the 𝑦-axis. 
 
 
 
 
 
 
 
 
 
b. Apply the transformation matrix found in part a. to the coordinate (𝑥, 𝑦). 
 
 
 
 
 
 
 
 
 
 

 
 
NOTE: The 𝑦-value is added by doubling the 𝑥-value. 
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Sub-Section: Reflections around 𝒙 and 𝒚-axis 
 

 
 
Discussion: If you reflect something around the 𝒙-axis, what would happen? What about the  
𝒚-axis? 
 
 
 
 

 
 
Reflection around 𝒙-axis 
 

 
 

Reflection in the 𝒙-axis. 
 

 Reflection in the 𝑥-axis changes the __________. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = [𝟏 𝟎
𝟎 −𝟏] 
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Now around 𝒚-axis. 
 

 
 
Reflection around 𝒚-axis 
 

 
 

Reflection in the 𝒚-axis 
 

 Reflection in the 𝑦-axis changes the __________. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = [−𝟏 𝟎
𝟎 𝟏] 
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Question 11  
 
a. State the transformation matrix for reflection in both 𝑥 and 𝑦-axis. 
 
 
 
 
 
 
 
 
 
 
b. Apply the transformation matrix found in part a. to the coordinate (𝑥, 𝑦). 
 
 
 
 
 
 
 
 
 
 

 
 
Discussion: Consider the size of the determinant of the reflection transformation matrix. Does it 
make sense? 
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Sub-Section: Projections 
 

 
 

What about “projections”? 
 

 
 
Exploration: Understanding Projection 
 

 Bringing Krish back again × 3. 
 

 He wants to squish the unit square onto the 𝑥-axis.  
 

 
 

 What would happen?  
 
 
 
 

 Would this be a “projection” onto the 𝑥-axis or 𝑦-axis?  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

t

:
y-changes y= 0
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 How about now? 
 

 What would happen?  
 
 
 
 

 Would this be a “projection” onto the 𝑥-axis or 𝑦-axis?  
 
 
 
 
 

 
 
Projections 
 

 
 

Projection onto the 𝒙-axis: 
 

 The _________ becomes 0. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = [𝟏 𝟎
𝟎 𝟎] 

 

-

2) = 0

&
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Projection onto the 𝒚-axis: 
 

 The __________ becomes 0. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = [𝟎 𝟎
𝟎 𝟏] 
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Question 12  
 
a. State the transformation matrix for projection onto 𝑦-axis. 
 
 
 
 
 
 
 
 
 
 
 
b. Find the image of (2, 1) after the transformation projection onto 𝑦-axis. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
NOTE: Projection onto 𝑦-axis only keeps the 𝑦-value. 
 

 
 
Discussion: Consider the determinant of the projection transformation matrix. Does it make sense? 
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Sub-Section: Translations 
 

 
 

Now translations! 
 

 
 
Translation 
 

 
 

 Translation simply moves the point. 
 

Translation 𝒂 units in the positive direction of the 𝒙-axis.  
 

Translation 𝒃 units in the positive direction of the 𝒚-axis.  
 

 We simply add/subtract the translation value to 𝑥 and 𝑦.  
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏: [𝒙′
𝒚′] = [

𝒙
𝒚] + [𝒂

𝒃] 
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Question 13  
 
Consider the point (4, 1). 
 
The point has been translated 2 units in the positive direction of the 𝑥-axis and translated 3 units in the negative 
direction of the 𝑦-axis.  
 
Find the image using matrices. 
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Section C: Inverse Transformations 
 

 

Sub-Section: Reversing Transformations 
 

 
 
REMINDER: Inverse of a 𝟐 × 𝟐 Matrix 
 

𝑨 = [𝒂 𝒃
𝒄 𝒅] 

 

𝑨−𝟏 =
𝟏

𝒂𝒅 − 𝒃𝒄
[ 𝒅 −𝒃
−𝒄 𝒂 ] 

 
 Inverse only exists for a square matrix. 

 
 Matrix that has an inverse is called _____________. 
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Question 14  
 

Consider a transformation matrix given by 𝐴 = [2 1
3 −1].  

 
a. Find the image of (2, 3) after applying transformation 𝐴. 
 
 
 
 
 
 
 
 
 
b. Find the inverse matrix of 𝐴. 
 
 
 
 
 
 
 
 
 
c. Find the image of (7, 3) after applying transformation 𝐴−1. 
 
 
 
 
 
 
 
 
 
 
 

 
 
TIP: Take the factor out and multiply it afterwards. 
 

 
 
Discussion: From the previous question, what do we do to reverse a transformation? 
 
 
 
 
 

 

[5][5] = [5]

A
+

= [*]
=- [= ]]

A .X = X

&F image
= pre-image

--[Iz]][z]= - [i]
= [3]

P
# X image = pre-image
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Let’s also prove this using matrix algebra! 
 

 
 
Exploration: Algebraic Proof of Inverse Transformation 
 

 Consider: 
 

𝑿′ = 𝑨𝑿 
 

 Multiply 𝐴−1 on both sides.  
 
NOTE: We always multiply the matrices on the LHS.  

 
 
 
 

 What does 𝐴𝐴−1 equal to?  
 
 
 
 
 
 
 

 What does 𝐼𝐴 always equal to?  
 
 
 
 
 
 

 We can multiply the inverse transformation matrix by the image to go back to the pre-image.  
 

 
 
Inverse Transformation 
 

𝐈𝐟 𝑿′ = 𝑨𝑿 then 𝑨−𝟏𝑿′ = 𝑿. 
 

 Multiply the inverse transformation matrix to the image to go back to the pre-image. 
 

 
 
 
 

transformationmatrix
image↓ pre-image
&

A+X) =SAX

=x

94 ↑
inverse image

Pre-image
tranf .
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Question 15  
 

A point (𝑥, 𝑦) has been transformed by 𝐴 = [1 3
4 2] and the image was given by (2, 1).  

 
a. Find 𝐴−1. 
 
 
 
 
 
 
 
 
 
 
b. Hence, find the point (𝑥, 𝑦). 
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E
(y) (2

, 1)
--

A=[i]= [5] = - 3]

-( P ] =[] = - toE][P]
=-[
=

- ToEE] = []
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Sub-Section: Validity of Inverse Transformations 
 

 
 
Discussion: Do all matrices have an inverse? 
 
 
 
 

 
 
REMINDER: Determinant of a 𝟐 × 𝟐 Matrix 
 

𝑨 = [𝒂 𝒃
𝒄 𝒅] 

 

𝐝𝐞𝐭(𝑨) = 𝒂𝒅 − 𝒃𝒄 
 

 If the determinant equals ___________, then 𝐴 does not have an inverse. 
 

 𝐴 is not ______________________. 
 

 
 
Discussion: If a transformation matrix 𝑨 does not have an inverse 𝑨−𝟏, how can we reverse the 
transformation under 𝑨? 
 
 
 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 

 
 

Why can’t some transformations be reversed? 
 

&
-

No.

=o nonvertible

Do
invertible t = undet

-

↳ we can't reverse

-

-

I---
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Question 16  
 

Consider a transformation matrix given by 𝐴 = [1 1
2 2]. 

 
a. Find the det (𝐴). 
 
 
 
 
 
 
 
 
 
b. Find the image of (3, 4) under the transformation given by 𝐴. 
 
 
 
 
 
 
 
 
 
c. Find the image of (2, 5) under the transformation given by 𝐴. 
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der (A) =c-2 = 0 -
NO A +

↳ No reverse

transformation

[b][i] =[] = [i]

[c][]] = []

(3 , 4) -> (7 , 14)

(2 ,5) -
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Discussion: Looking at the question above, how can we reverse the transformation from the 
image: (𝟕, 𝟏𝟒)? 
 
 
 
 
 
 

 
 
Non-Invertible Matrix and Inverse Transformations 
 

𝑿′ = 𝑨𝑿 
 

𝑰𝒇 𝐝𝐞𝐭(𝑨) = 𝟎, 𝒕𝒉𝒆𝒏 𝑿 𝒄𝒂𝒏𝒏𝒐𝒕 𝒃𝒆 𝒔𝒐𝒍𝒗𝒆𝒅 𝒂𝒔 𝑨−𝟏 𝒊𝒔 𝒖𝒏𝒅𝒆𝒇𝒊𝒏𝒆𝒅. 
 

 The original point cannot be solved if the inverse matrix does not exist.  
 

 The transformation cannot be ___________ when __________. 
 

 It happens as the image can be achieved from multiple pre-images. 
 

 
 
Active Recall: Projection  
 

 
 

Projection onto 𝒙-axis: 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = ______________ 
 
 
 

& -

we can't

revese det= 0

7
↓

[]



                          

 VCE Specialist Mathematics ½ 
 

 

SM12 [4.2] - Transformations I - Workbook 41 

 

 
 

Projection onto 𝒚-axis: 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = ______________ 
 

 
 
Discussion: Consider the determinant of the projection transformation matrix. Can any projection 
transformation be reversed? Does that make sense? 
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Section D: Composite Transformations 
 

 

Sub-Section: Composite Transformations 
 

 
 
Discussion: How do we do multiple transformations? 
 
 
 
 

 
 
Composite Transformations 
 

 For transformation under 𝐴 and 𝐵 respectively, 
 

𝑿′ = 𝑩𝑨𝑿 
 

 Always multiply the next transformation matrix on the ________. 
 

 
 
Space for Personal Notes 
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Question 17 Walkthrough. 
 
a. State the transformation matrix for dilation by factor 2 from the 𝑥-axis and reflection in the 𝑥-axis. 
 
 
 
 
 
 
 
 
 
b. Apply the transformation matrix found in part a. to the coordinate (3, 1). 
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Your turn! 
 

 

D &

m is

[][Jj] [6i][i] = [0 :]

[0 :][ 3 ] =[
image
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Question 18  
 
a. State the transformation matrix for dilation by factor 3 from the 𝑥-axis, shear of factor 3 parallel to the 𝑦-axis 

and reflection in the 𝑦-axis. 
 
 
 
 
 
 
 
 
 
 
 
 
b. Hence, apply the transformation “dilation by factor 3 from the 𝑥-axis, shear of factor 3 parallel to the 𝑦-axis 

and reflection in the 𝑦-axis” to the coordinate (−2, 5). 
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menmini
[p][ ,07768] =%][03]

=[t3]

[i] =[]
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Contour Check 
   

 
 Learning Objective: [4.2.1] – Using matrices for linear transformations 

 
 

Key Takeaways 
 

 Linear Transformations: 
 

(𝒙, 𝒚) → (𝒂𝒙 + 𝒃𝒚, 𝒄𝒙 + 𝒅𝒚) = (𝒙′, 𝒚′) 
 

 The (𝑥′, 𝑦′) represents the new points and is called an __________. 
 

 Original point (𝑥, 𝑦) is called the _____________. 
 

 Matrices for Linear Transformations: 
 

[𝒂 𝒃
𝒄 𝒅] [

𝒙
𝒚] = [

𝒂𝒙 + 𝒃𝒚

𝒄𝒙 + 𝒅𝒚
] 

 

[𝒂 𝒃
𝒄 𝒅] = _____________________________ 

 
 Determinant of Transformation Matrix: 

 
 Given that 𝐴 = Transformation matrix. 

 

𝑨𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 𝒊𝒎𝒂𝒈𝒆 = | 𝐝𝐞𝐭(𝑨) | × 𝑨𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒓𝒆 𝒊𝒎𝒂𝒈𝒆 
 

 Determinant could be ___________ hence we put the modulus. 
 

      
 
 
 
 
 
 
 
 
 
 
 

pre-image
image

transformation matrix

negative
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 Learning Objective: [4.2.2] – Dilations, reflections, translations, shears and 

projections 
 
 

Key Takeaways 
 

 Dilation from the 𝒚-axis: 
 

Dilation by a factor 𝒂 from the 𝒚-axis. 
 

 Dilation from the 𝑦-axis changes the _____________. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = _______________ 
 

 Dilation from the 𝒙-axis: 
 

Dilation by a factor 𝒃 from the 𝒙-axis. 
 

 Dilation from the 𝑥-axis changes the _________. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = _______________ 
 

 Dilation and its Transformation Matrix: 
 

Dilation by a factor 𝒂 from the 𝒚-axis. 
 

Dilation by a factor 𝒃 from the 𝒙-axis. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = _______________ 
 

 Shear Parallel to the 𝒙-axis: 
 

Shear of a factor 𝒂 parallel to the 𝒙-axis. 
 

 Shear parallel to 𝑥-axis changes the _______________________________. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = _______________ 
 
 
 
 
 

-value

[89]

y-value [08]

[88]

-value by a multiple of they-value
[09 ,]
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 Shear Parallel to the 𝒚-axis: 

 

Shear of a factor 𝒃 parallel to the 𝒚-axis. 
 

 Shear parallel to 𝑦-axis changes the _______________________________. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = _______________ 
 

 Reflection around 𝒙-axis: 
 

Reflection in the 𝒙-axis: 
 

 Reflection in the 𝑥-axis changes the __________. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = _______________ 
 

 Reflection around 𝒚-axis: 
 

Reflection in the 𝒚-axis: 
 

 Reflection in the 𝑦-axis changes the ____________. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = _______________ 
 

 Projections: 
 

Projection onto the 𝒙-axis: 
 

 The _________ becomes 0. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = _______________ 
 

Projection onto the 𝒚-axis: 
 

 The __________ becomes 0. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑴𝒂𝒕𝒓𝒊𝒙 = _______________ 
 
 
 
 
 
 
 

y by a multipleof
a

Y [0 :]

[i]

Y [08]
D

[89]
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 Translation: 

 
 Translation simply moves the point. 

 

Translation 𝒂 units in the positive direction of the 𝒙-axis. 
 

Translation 𝒃 units in the positive direction of the 𝒚-axis. 
 

 We simply add/subtract the translation value to 𝑥 and 𝑦. 
 

𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏: [𝒙′
𝒚′] = [

𝒙
𝒚] + [𝒂

𝒃] 

 
 

 
 Learning Objective: [4.2.3] – Inverse transformations 

 
 

Key Takeaways 
 

 Inverse Transformation: 
 

𝐈𝐟 𝑿′ = 𝑨𝑿 then 𝑿 = _____________. 
 

 Multiply the inverse transformation matrix to the image to go back to the ________________. 
 

 Non-Invertible Matrix and Inverse Transformations: 
 

𝑿′ = 𝑨𝑿 
 

𝒊𝒇 𝐝𝐞𝐭(𝑨) = 𝟎, 𝒕𝒉𝒆𝒏 𝑿 𝒄𝒂𝒏𝒏𝒐𝒕 𝒃𝒆 𝒔𝒐𝒍𝒗𝒆𝒅 𝒂𝒔 𝑨−𝟏 𝒊𝒔 𝒖𝒏𝒅𝒆𝒇𝒊𝒏𝒆𝒅. 
 

 The original point cannot be solved if the inverse matrix does not exist. 
 

 The transformation cannot be ___________ when __________. 
 

 It happens as the image can be achieved from multiple pre-images. 
 

      
 
 
 
 
 

A
- 1

o
A + Xi

↳
pre-image

reversed det= 0
-
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 Learning Objective: [4.2.4] – Composite transformations 

 
 

Key Takeaways 
 

 For transformation under 𝐴 and 𝐵 respectively: 
 

𝑿′ = 𝑩𝑨𝑿 
 

 Always multiply the next transformation matrix on the ________. 
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 SM12 [4.2] - Transformations I - Test 2 

Section A:Test Questions (24.5 Marks) 
 

 
Question 1 (4.5 marks) 
 
Tick whether the following statements are true or false.  
 

Statement True False 

a. A linear transformation is defined by a rule of the form 
 (𝑥, 𝑦) → (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦).   

b. You can find the first column of a linear transformation by finding the 
coordinates that (1, 0) maps to, and the second column by finding the 
coordinates that (0, 1) maps to. 

  

c. The point (2, −1) under the transformation (𝑥, 𝑦) → (2𝑥 −  3𝑦, −𝑥 +  4𝑦) has 
image (1, −6).   

d. If a triangle 𝑇 has area 𝑘 𝑢𝑛𝑖𝑡𝑠2, it then undergoes a transformation represented 
by matrix 𝐴, where | 𝑑𝑒𝑡(𝐴) | = 𝑐, then the area of the transformation triangle 
𝑇’ has an area 𝑘

𝑐
 𝑢𝑛𝑖𝑡𝑠2. 

  

e. A dilation by a factor 2 from the 𝑥-axis is always the same as a dilation by a 
factor 1

2
 from the 𝑦-axis.   

f. For a shear parallel to the 𝑥-axis, the points further away from the 𝑥-axis 
vertically shift further horizontally than the points closer to the 𝑥-axis.   

g. A projection of any point onto the 𝑦-axis will reduce the 𝑦-coordinate to 0.   

h. In order for a transformation to be reversed, the determinant of the 
transformation matrix must not be 0 and there must be only one pre-image for 
the image. 

  

i. If there is a sequence of transformations 𝑇1, 𝑇2, 𝑇3 applied in that order, then the 
resulting transformation will be given by 𝑇𝑅 = 𝑇1𝑇2𝑇3, where each 𝑇𝑖 is a 2 × 2 
matrix. 
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Question 2 (6 marks) 
 
For the following questions, state the composite transformation matrix and find the image of the point (1, −2). 
 
a. Reflection in the 𝑦-axis and projection onto 𝑥-axis. (2 marks) 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 
 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
 

b. Shear of factor 4 parallel to the 𝑥-axis and reflection in the 𝑥-axis. (2 marks) 
 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
 
c. Dilation of factor 2 from 𝑦-axis and shear of factor 3 parallel to the 𝑦-axis. (2 marks) 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 
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Question 3 (9 marks) 

 

𝑨 = [ 2 −2
−1 3 ] 

 
a. Find 𝑑𝑒𝑡 𝑨. (1 mark) 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
b. Find 𝑨−1. (2 marks) 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
The triangle 𝑅 is transformed into the triangle 𝑆 by the matrix 𝑨.  
 
c. Given that the area of triangle 𝑆 is 72 square units, find the area of triangle 𝑅. (2 marks) 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
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The triangle 𝑆 has vertices at the points (0, 4), (8, 16) and (12, 4). 
 
d. Find the coordinates of the vertices of 𝑅. (4 marks) 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
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 VCE Specialist Mathematics ½      
 

 

 SM12 [4.2] - Transformations I - Test 6 

 
Question 4 (5 marks) 
 

Consider the transformation given by 𝐴 = [−1 3
2 5]. 

 
a. Find the image of (1,1) under the transformation 𝐴. (1 mark) 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 
 
_____________________________________________________________________________________ 

 
 
b. Find the inverse matrix 𝐴−1. (2 marks) 
 

_____________________________________________________________________________________ 
 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 
 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
 
It is known that (𝑎, 𝑏) under the transformation 𝐴 was (11, 33). 
 
c. Find the values of 𝑎 and 𝑏. (2 marks) 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 
 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 
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