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Section A: Linear Transformations
8’ >
@

Sub-Section: Introduction to Linear Transformations

Context: Linear Transformations

» Considera poi@

» What would the new x-value be if it's triple the current x-values plus double the current y-value?

p——{ W\N
=
2= Tty
» What would the new y-value be if it's double the current x-values minus half the current y-value?
N r————
\ _ (
=2y - L
R

» Hence, what would the new point be?

Linear Transformations Definition

(x,y) » (ax + by,cx + dy) = (x',y")

.

» The (x,y") represents the new points and is called an H/M 0‘%}_@
» Original point (x, y) is called the ?D”C"(W“? e

Space for Personal Notes
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Question 1
x! Y'
Find the image of the point (2, 1) under the transformation with rule (x,y) - (3x — 5y,2x — 4y).

* =302)-5¢y) =65 =
J=ar)-4u)= 41 =0

anﬂQ S (({0)

REMINDER: Matrix Multiplication

axe=[g gl =l iaizxa 1=

2xa Lx| 2 |
Number of Columns of 15t Matrix = Number of Rows of 2™

» The answer will always be a matrix.

How can we represent the transformation using matrices? .

Exploration: Matrices for Linear Transformations ‘

» Consider the following matrix multiplication:

e albl
c dlly
» Evaluate the answer for the above multiplication! a0
(7] m
\6 My\s% Ve (mag

[a b] [x]_ ax + by

c dY |cx+dy

a b ~ P’Vime- :
c dl = Transformation Matrix
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Question 2 Walkthrough.

Consider a point (x, y) which is represented by the matrix [;]
22 2] %
Find the image given by E— .S —
T ped e
tronGfomatlon image =
MOtV

X'= —7(+%7

J' = By

—Xt7
52 "3«07

Space for Personal Notes
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Question 3

X
Consider a point (x, y) which is represented by the matrix [y]

Jx+t 2Y

3 2]
Find the transformed point given by [2 — 1] [y] = -
2 2oL— ""'j

-, drensformedt point g
(i) = (By | 215y)

4

2 . . .
__ 1| is called a transformation matrix. V4
2

3
NOTE: [2

—

™ 3\
Discussion: Considering the answer from above, why is it called linear transformation? '%“"'

l-e MOX.. PUW ]

Space for Personal Notes Tns f(IVYVl ation x PM-I‘MQJQ = }Wﬂe
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Question 4

a. Find the matrix of the linear transformation with the rule (x,y) = (x — 2y,3x + y).

/ —
3 |
b. Use the matrix to find the image of the point (2, 3) under the transformation.
l -2 [ [ (2) ~2(3)
3 3@)t1(3)
=fﬂ )

c¢. The image of a point (c, d) under the linear transformation is (2, 3). Find ¢ and d.

s lla] =[5 ]

3(:-( ] [3 ] K ]fgjflié s

|

(pace for Personal Notes

\
kAT =475 ]

C=2dt2

C=2(Fr2
C: —6& "f—l

_?/
b
==
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Sub-Section: Unit Square

[
-

What would be the best way to visualise the linear transformations? .

Transforming the Unit Square

Unit Square has a side length of 1.
Y

(,0\ \} G 1)

(0\0
0 1

» Unit square has a coordinate /\
|\ —

» Apply the transformation to (0, 0), (1,0), (0,1) and (1, 1) to see the effect of the transformations.

NOTE: We uso visualise how the transformation affects different points. ’/
-

™~ %
Discussion: Does it have to be a square then? &
(V™

no .
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Question 5 Walkthrough.

A linear transformation is represented by the rnatri

a. Find the image of the points of the unit square (0 0). (1 0), (0 1) and (1 1) under this transformation and

write the image points as column vectors.

(6,0) = [‘llj[ ] [ ]—%Co(o)

) > [ 127017 = Izja(o&)
(o) 2 [ jf j Eaa] > (2

| 2 ] = [ j - ( 312 )
(L) 2 [ zo ( =
b. Sketch th@d its image on the axes below.

4
N

Vv
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NOTE: Unit square simply helps us to understand how the transformation affects the points. /

™ ?\
Discussion: How could we have done the linear transformat (1,1) %

using one matrix multiplication?

v
]:_WaV‘SVL'_J J:oo |o ? B — [D()[)Oj

o

Space for Personal Notes
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Sub-Section: Determinant and Area of Unit Square .

REMINDER: Determinant of a 2 x 2 Matrix

=2 d

det(4) = ad — bc

(1)

Space for Personal Notes
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Question 6 Walkthrough.
A linear transformation is represented by the transformation matrix A = [(3) (2)]

a. Find the image of the points of the unit square (0, 0), (1,0), (0,1) and (1, 1) under this transformation and
write the image points as column vectors.

o\Fo | o | =E0305
i} 00':] o o 2 =2

b. Sketch the unit square and its image on the axes below.

1 (3.2)

SM12 [4.2] - Transformations | - Workbook
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c. State the area of the unit square and its image.
— —

(=1 Sx2 =t

d. Find the determinant of the transformation matrix(4A = %‘ .

8- | o] det (#)= 32 — 00

™ ?\
Discussion: What do you notice? What does the determinant of the transformation matrix tell us? ‘&”'

| det | = Aree

Determinant of Transformation Matrix Definition
» Given that A = Transformation matrix. Nora, v+
Sunre
Area of thé image)=(| det(A) | X Area of the pre image
VaVAYaY
» Determinantcouldbe___ hence we put the modulus.

Space for Personal Notes
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, , Petiestion
Section B: Types of Transformations Transiaction
Sheery o
O |
Sub-Section: Dilations ® |

What do dilations do? .
9

Exploration: Understanding Dilations %‘

» Let's sa@ is bored that the unit square has a length of 1, and decides to stretch the unit squar
from the x and the y-axis.

la

o

| S

C{Way JC"OW' X ZW ﬁom Y

» From the diagrpm above, state which one is dilation from the x-akis and y-axis.

» Which variablg (x or y) does the dilation from the x-axis change

Y \}
oY A

» Which variable (x or y) does the dilation from the y-axis change?

Space for Personal Notes
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Definition

Dilation from the y-axis

$
-— | = o o

1 a
2z

Dilation by a fact@om th@

» Dilation from the y-axis changes the

Transformation Matrix =<;6' 1
e o |
I- L oI J

Space for Personal Notes
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Question 7 44| £t mual/l

a. State the transformation matrix for dilation by a factor of 3 from the y-axis.

-

L —= 2 o0
\7 ’ l
b. Apply the transformation matrix found in part a. to the coordinate (x, y).

o5 =[5

NOTE: The x-value is tripled for dilation by a factor 3 from the y-axis. ’/

Space for Personal Notes
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a

Dilation from the x-axis Definition

Dilation by a factor b from the x-axis.

» Dilation from the x-axis changes the (:/l .
. . 1 0
Transformation Matrix = 0 b

Space for Personal Notes
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Question 8

a. State the transformation matrix for dilation by factor 2 from the x-axis.
| o
O 2
b. Apply the transformation matrix found in part a. to the coordinate (x, y).

v, X _ [lxtoy
D & j - DJHJ-J

\

~

NOTE: The y-value is doubled for dilation by a factor 2 from the x-axis.

Space for Personal Notes
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Let’s combine.

Dilation and its Transformation Matrix

Transformation Matrix = [:)l g]

Dilation by a factor a from the y-axis.

Dilation by a factor b from the x-axis.

Discussion: Find the determinant f‘; g]. Does it make sense?

N,
o) (foms)

Space for Personal Notes
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Q

.

Sub-Section: Shear

What about “shear’? .

Exploration: Understanding Shear Parallel to the x-axis

— |

» Let's bring Krish back again.

» He ties arope on the point (1,1) of the “malleable” unit square and pulls it parallel to x-axis.

/
Ml A, X
(

J/Pamllel o X

» Which variable (x or y) would change?

A-valine”

» Would all the points move the same distance parallel to the x-axis?

Nro

» Does the point move more if they ar¢ further)from the x-axis or closer?

Uﬁuﬁw ( Nigner)
» Therefore, what does tn x-value correspond to?
Ls U —alune

SM12 [4.2] - Transformations | - Workbook ‘1 9
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NOTE: The x-value changes with respect to how big their y-value is.

VCE Specialist Mathematics 2

Shear Parallel to the x-axis

Shear of a factor a parallel to the x-axis.

~ >
» Shear parallel to x-axis changes the Xmlnes bV\ A V\/Il/d'hv\f 0" ’H’\Ulﬁ

Transformation Matrix = lO 1}\,@0(@.#@( bv \\j

&~ Change ' X

Space for Personal Notes
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Question 9

a. State the transformation matrix for the shear of a factor 3 parallel to the x-axis.

o |

= ﬁ§it]

b. Apply the transformation matrix found in part a. to the coordinate (x, y).

Lo 203]=L%7

ey 9)

NOTE: The x-value is added by tripling the y-value.

Space for Personal Notes
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What about in the direction of the y-axis? .

1

Exploration: Understanding Shear Parallel to the y-axis ‘. %

» Let's bring Krish back again x 2.

» He ties arope on the point (1, 1) of the “malleable” unit square and pulls it parallel to y-axis.

T
T

1 g L
» Which variable (x or y) would change? O(‘fl{@"féo( )7‘0 )(/

J

» Would all the points move the same distance parallel to the y-axis?
» Does the point move more if they are further from the y-axis or closer?

» Therefore, what does the change in y-value correspond to?

NOTE: The y-value changes with respect to how big their x-value is.

SM12 [4.2] - Transformations | - Workbook 22
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Shear Parallel to the y-axis

Shear of a factor b parallel to the y-axis.
» Shear parallel to y-axis changes the t/{) V'OU WL a QG'(QOL IJ

—_—

. .. _ 1 0
Transformation Matrix = (_B 1]

Space for Personal Notes
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Question 10

a. State the transformation matrix for the shear of a factor 2 parallel to the y-axis.
(Vg U e g Vg Sl

l 9, |
2 /

7/

b. Apply the transformation matrix found in part a. to the coordinate (x, y).

e ' {1;3]

2 |

NOTE: The y-value is added by doubling the x-value.

Space for Personal Notes
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. |
O
Sub-Section: Reflections around x and y-axis @ ‘
. . . Lon)
Discussion: If you reflect something around the x-axis, what would happen? What about the =

y-axis?

Reflection ar@axis ) Definition

b
Chovn§es ﬂ =,

-1

Reflection in the x-axis.

» Reflection in the x-axis changes the ‘f' .

Transformation Matrix = [(1) ~1

Space for Personal Notes
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Now around y-axis.,

VCE Specialist Mathematics 2

~

Reflection around y-axis

Definition

Reflection in the y-axis

» Reflection in the y-axis changes the 2 .

Transformation Matrix =@07

0
1

Space for Personal Notes
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Question 11

a. State the transformation matrix for reflection in both x and y-axis.

B

b. Apply the transformation matrix found in part a. to the coordinate (x, y).

Discussion: Consider the size\of the determinant of the reflection transformation matrix. Does it

‘dﬁc\)ﬂ = £_D =
1S

=4
J

Coe. Aoeih o
)7~ g

P

Wl

Space for Personal Notes
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Sub-Section: Projections

What about ‘projections’?

» Bringing Krish back again x 3.

Exploration: Understanding Projection Y

» He wants to squish the unit square o@

» What would happen?

» Would this be a “projection” onto Qb/x-axis or y-axis?

3 ~ MAMAﬁQg‘

SM12 [4.2] - Transformations | - Workbook
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» How about now?

» What would happen? 1 = o

» Would this be a “projection” onto the x-axis or y-axis?

Projections Definition

1 —>  qf----

1
1
|
= N !
1

Projection onto tHe x-axis:
» The \\_f) becomes 0.

Transformation Matrix = [(1) 8]

SM12 [4.2] - Transformations | - Workbook ‘29
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Projection onto the y-axis:

» The DL becomes 0.

Transformation Matrix = [g (1)]

Space for Personal Notes
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Question 12

a. State the transformation matrix for projection onto y-axis.
N

X =0
._.OO
o |

—

b. Find the image of (2, 1) after the transformation projection onto y-axis.

R

(=)
ﬂ %@
—_— =

NOTE: Projection onto y-axis only keeps the y-value.

4

P

&

Discussion: Consider the determinant of the projection transformation matrix. Does it make sense? m

Space for Personal Notes
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Sub-Section: Translations

o>
-

Now translations!

~

Translation

—> Wwe cont \/VxlAl‘\';phﬂ

Definition

1 —> q|----

-

» Translation simply moves the point.

» We simply add/subtract the translation value to x and y.

Translation a units in the positive direction of the x-axis.

Translation b units in the positive direction of the y-axis.

~ . [x X
ransformation: [y'] = [y]

Space for Personal Notes
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Question 13
Consider the point (4, 1).

The point has been translated 2 units in the positive direction of the x-axis and translated 3 units in the negative
. . . N e
direction of the y-axis.

Find the image using matrices. 2 b
HANETRS
] 3

Space for Personal Notes
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Section C: Inverse Transformations

VCE Specialist Mathematics 2

@
_ . . Q
Sub-Sectiont Reversing Transformations [

REMINDER: Inverse of a 2 x 2 Matrix

A=|%
C
1
A1 ——
ad — bc

» Inverse only exists for a square matrix.

» Matrix that has an inverse is called IWW"I bl@

d

<

—b
a

]

Space for Personal Notes
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Question 14

21]

Consider a transformation matrix given by A = [3 _1l

a. Find the image of (2, 3) after applying transformation A.
+
S 2 — lj
— 3 3

b. Find the inverse matrix of 4.

A_ -l | -
T -
= -5 —3 o
c. Find the image of (7, 3) after applying transformation A~1. A ')< - )(

A"- \W&j]e, = pre—{mese
__( — ’:q- ( —(6
,3_21 ] 72
_T'=
; [ > |

TIP: Take the factor out and multiply it afterwards.

Discussion: From the previous question, what do we dd to reverse a transformation?

SM12 [4.2] - Transformations | - Workbook
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Let’s also prove this using matrix algebra/ .

Exploration: Algebraic Proof of Inverse Transformation Ww
AV V\/&'K\/‘

X

pre-imaqe

» Consider:

» Multiply A~ on both sides.

0 4)
NOTE: We always multiply the matrices on the LHS.
| -
g1 X =X

-1 ? <
» What does AA™* equal to? X . P(O_‘\Maﬂe

» What does /4 always equal to?

» We can multiply the inverse transformation matrix by the image to go back to the pre-image.

Inverse Transformation Definition

If X' = AX thenA 11X = X.

» Multiply the inverse transformation matrix to the image to go back to the pre-image.

SM12 [4.2] - Transformations | - Workbook ‘36
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Question 15

a. FindA™L

-l _ __(- .‘2.."3 _
A dmm));""j -

b. Hence, find the point (x, y).

P15 2

I
A point (x,y) has been transformed by A = Ll} 3 and the image was given b}!%z, 1).

- _ L—ZC“>‘3CI)

[
(a(‘&/b_u)

l Zl 3| _ _1 [,&-3]
o—a )79 1 fo/-%|

A

|
© =he)+)
]
— -\ T —e
- Ter r"":l- = r—-.(o‘I
IV L~ 1 J L f =

TS

Space for Personal Notes
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o>
Q
-
Discussion: Do @have an inverse? " A

—

No .

Sub-Section: Validity of Inverse Transformations

REMINDER: Determinant of a 2 x 2 Matrix

=2 d

_ eno1 .
det(A) =ad —bc —© Muevtiblo

then 4 does not have an inverse.

——Ia— = Uroket-

determinant equals

{

» Aisnot

Discussion: If a transformation matrix A does not have an inverse A1, how can we reverse the I%MI
. /—‘
transformation under A4?

é W @n'1  yererse

Space for Personal Notes —_ _
>
Why can’t some transformations be reversed? '

y
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Question 16
Consider a transformation matrix given by A = [

a. Find the det (4).

b. Find the image of (3, 4) under the transformation given by A.

[h18] =agne |- LE]

c. Find the image of (2, 5) under the transformation given by A.

[3Tr] [1548] - LA

N\
NI
<

) —s (3,19

Space for Personal Notes
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™~ g‘
Discussion: Looking at the question above, how can we reverse the transformation from the ﬁ
image’(7,14))

e Can

Non-Invertible Matrix and Inverse Transformations Definition

X' =AX
If det(A) = 0, then X cannot be solved as A~ is undefined.

» The original point cannot be solved if the inverse matrix does not exist.

» The transformation cannot be yovese when d‘d =.o

» It happens as the image can be achieved from multiple pre-images.

Active Recall: Projection

1 —>  q}--r-

Projection onto x-axis:
(o ’]
ol

o/

Transformation Matrix =

SM12 [4.2] - Transformations | - Workbook ‘40
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Projection onto y-axis:

Transformation Matrix =

™~ 3‘
Discussion: Consider the determinant of the projection transformation matrix. Can any projection '&”.
transformation be reversed? Does that make sense?

Space for Personal Notes
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Section D: Composite Transformations

8’ >
Sub-Section: Composite Transformations o
i
Discussion: How do we do multiple transformations? =
- j [ 7[/ —][ )L:)
N &
Composite Transformations Definition

» For transformation under A and B respectively,
X' = BAX
» Always multiply the next transformation matrix on the ;ﬂ @ !-(. Cu—(&)

Space for Personal Notes
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Question 17 Walkthrough. (D @

a. State the transforrnation matrix for dilation by factor 2 from the x-axis and reflection in the x-axis.

- — A~ NN~

L mang-C

b. Apply the transformation matrix found in part a. to the coordinate (3, 1).
ZL_ o - l
(M k?-Q

Space for Personal Notes

Your turn! .

SM12 [4.2] - Transformations | - Workbook ‘43




G.ONTOUREDUCA'HON VCE Specialist Mathematics ¥

SR

—_— ) M
( @)
Question 18 E 01 ° }/% \ J

and reflection in the y axis.

ot
Ealse]les] -

= ! -‘I O
b. Hence, apply the transformation “dilation by factor 3 from the x-axis,’s ear"gf fact§ rallel to the y-axis

and reflection in the y-axis” to the coordinate (—2, 5).

Qo

—_—

_| (-2)to 6'6)

I L} ] =L 2(-=2)t 3(5)
[7]

I

a. State the transformation matrix for dilation by factor 3 frorn the x-axis, shear of factor 3 rw.

(&Q

Space for Personal Notes
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Contour Check Q

O Learning Objective: [4.2.1] - Using matrices for linear transformations

Key Takeaways
O Linear Transformations:
(x,y) » (ax + by,cx + dy) = (x',y")
O The (x',y") represents the new points and is called an Q{M%@

A

O Original point (x, y) is called the P[ Q"(Vv‘aﬂQ

[ b] = tvansformoction wodvix

ax + by

cx +dy

[0 Determinant of Transformation Matrix:

O Given that 4 = Transformation matrix.
Area of the image = |det(4) | X Area of the pre image

O Determinant could be y%mwehence we put the modulus.

SM12 [4.2] - Transformations | - Workbook ‘45
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O Learning Objective: [4.2.2] - Dilations, reflections, translations, shears and
projections

Key Takeaways
O Dilation from the y-axis:
Dilation by a factor a from the y-axis.
O Dilation from the y-axis changes the X.—Vaw"&

a o
Transformation Matrix = L« ]

] Dilation from the x-axis:

Dilation by a factor b from the x-axis.

O Dilation from the x-axis changes the %’ k_/al
[59])

Transformation Matrix =

O Dilation and its Transformation Matrix:

Dilation by a factor a from the y-axis.

Dilation by a factor b from the x-axis.

A 0
Transformation Matrix = PR PN
R

0 Shear Parallel to the x-axis:

Shear of a factor a parallel to the x-axis.

ear parallel to x-axis changes the R—Va“ﬁ‘e a VVIM ‘—(i ‘e +)1€
O Shear parallel t hanges th blj p GF&—V&[IAB

Transformation Matrix = r' a
~ 0 (]

SM12 [4.2] - Transformations | - Workbook '46
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0 Shear Parallel to the y-axis:

Shear of a factor b parallel to the y-axis.
O Shear parallel to y-axis changes the Ol b‘\j 4\ W‘M‘T{P\e— G‘{' l

Transformation Matrix = ﬁ 0"

[P (]

0 Reflection around x-axis:
Reflection in the x-axis:

O Reflection in the x-axis changes the .
5 (O ']

Transformation Matrix = n =

—v

O Reflection around y-axis:

Reflection in the y-axis:

O Reflection in the y-axis changes the '9(— .

-l o
Transformation Matrix = r Ao |
- Y

0 Projections:

Projection onto the x-axis:

O The l:‘s becomes 0. )/'( 9 j
l—

Transformation Matrix =

Projection onto the y-axis:

O The _) becomes 0. — 0o o
Transformation Matrix = / o | ‘
[ S—
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0 Translation:

O Translation simply moves the point.
Translation a units in the positive direction of the x-axis.
Translation b units in the positive direction of the y-axis.

O We simply add/subtract the translation value to x and y.

Transformation: l;:] = [;] + [Z]

O Learning Objective: [4.2.3] - Inverse transformations

A' ( Key Takeaways

0 Inverse Transformation: m

.._I |
IfX’=AXthenX=A' X :

O Multiply the inverse transformation matrix to the image to go back to the ‘Dm“'\/‘mﬁe

O Non-Invertible Matrix and Inverse Transformations: \/

X' =AX
if det(A) = 0,then X cannot be solved as A1 is undefined.

O The original point cannot be solved if the inverse matrix does not exist.

O The transformation cannot be (QM@VS@( when A@T = O

O It happens as the image can be achieved from multiple pre-images.
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O Learning Objective: [4.2.4] - Composite transformations

Key Takeaways

0 For transformation under A4 and B respectively:

X' = BAX

O Always multiply the next transformation matrix on the I/HS :

SM12 [4.2] - Transformations | - Workbook
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VCE Specialist Mathematics 2

Question 1 (4.5 marks)

Tick whether the following statements are true or false.

Statement

True

False

a. A linear transformation is defined by a rule of the form
(x,y) = (ax + by, cx + dy).

b. You can find the first column of a linear transformation by finding the
coordinates that (1, 0) maps to, and the second column by finding the
coordinates that (0, 1) maps to.

c. The point (2, —1) under the transformation (x,y) — (2x — 3y,—x + 4y) has
image (1, —6).

d. Ifatriangle T has area k units?, it then undergoes a transformation represented
by matrix A, where | det(A) | = c, then the area of the transformation triangle

k.
T’ has an area - units?.

e. A dilation by a factor 2 from the x-axis is always the same as a dilation by a

1 :
factor 3 from the y-axis.

f. For a shear parallel to the x-axis, the points further away from the x-axis
vertically shift further horizontally than the points closer to the x-axis.

g. A projection of any point onto the y-axis will reduce the y-coordinate to 0.

h. In order for a transformation to be reversed, the determinant of the
transformation matrix must not be 0 and there must be only one pre-image for
the image.

i. Ifthere is a sequence of transformations Ty, T,, T3 applied in that order, then the
resulting transformation will be given by T = T; T, T3, where each T; isa 2 X 2
matrix.
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Question 2 (6 marks)
For the following questions, state the composite transformation matrix and find the image of the point (1, —2).

a. Reflection in the y-axis and projection onto x-axis. (2 marks)

b. Shear of factor 4 parallel to the x-axis and reflection in the x-axis. (2 marks)

c. Dilation of factor 2 from y-axis and shear of factor 3 parallel to the y-axis. (2 marks)

Space for Personal Notes
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Question 3 (9 marks)

a. Find det A. (1 mark)

b. Find A~1. (2 marks)

The triangle R is transformed into the triangle S by the matrix A.

c. Given that the area of triangle S is 72 square units, find the area of triangle R. (2 marks)

SM12 [4.2] - Transformations | - Test




G.ONTOUREDUCA'HON VCE Specialist Mathematics ¥

The triangle S has vertices at the points (0,4), (8,16) and (12, 4).

d. Find the coordinates of the vertices of R. (4 marks)

Space for Personal Notes
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Question 4 (5 marks)

-1 3

Consider the transformation given by A = [ 5 5|

a. Find the image of (1,1) under the transformation A. (1 mark)

P 3—'T’g"_\ _r‘.r)_‘_
'}__Z_g [ \VJ _qu

b. Find the inverse matrix A~1. (2 marks)

\ g -3

Afl: "_-5—‘4 L’L — J
_ _ars -z
= Tl -1

T
It is known that (a, b) under th nsfom 1,33).
c¢. Find the values of a and b.i(%\/

B W
A"'—‘ [5\(3 —_ —?\; /-—‘5) —f 33"!
S I T
= Tnl—=]
-[§] et P

Space for Personal Notes
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