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Section A:Introduction to Matrices

=
Sub-Section: Understanding Matrices ® ‘
@
» Why matrices? 27(,4-3 -2=0
G Consider the system of n many linear equations. O~ lgj ‘g 7T ,"T
L0

a;x+ by +ciz=d, qz_-—j - & =&

azx + bzy + CrZ = dz

a,x+b,y+c,z=d,
G Imagine solving them!

& That would be very tedious.

What if there was a way to solve it as one equation?
A-Var =D

& We cando that using matrices!

Space forPersonal Notes
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VCE Specialist Mathematics

Let’s havea look at what a matrix is! .
a
mm Definition
a b
[(.' dJ
» Amatrixisan_os"™4 _ of numbers. /(\

> Ithas W5  and _umas

» Dimension (similar to size) of a matrix is given by rows x columns.

L x

Dimension = Rows X Columns

» Each number is called an M

-~
Discussion: Fora 2 x 2 matrix A = [; _31} how can we represent elements in the 1 row,
2nd column?
O =5
7 A

m} M

Labelling Elements
A= [a b]
c d
a;j =i"row,  j™column

» Elements of matrix 4 is given by ZUW” Loz 0 \with row and column number.

SM12 [4.1] - Matrices - Workbook
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Question 1
Consider the following matrix.

1 3 4

A:_[—z 3 0

a. State the dimension of the matrix.

%XW
2 x 2 98

TLP:Remember the order ARC! A matrix with R row and € column.

Space forPersonal Notes
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VCE Specialist Mathematics

Calculator Commands: Defining Matrices on Technology

» Mathematica

aad

0o

a4ano

& We use round brackets.

& Control Comma: Makes
new columns.

& Control Enter: Makes new
rows.

» Tl-Nspire

$ ool PEEEEE E ol
& B oo [ [F]io g 40 o 4o fa
o 538

Create a Matrix

Number of rows:

Bl
Number of columns: EE

OK Cancel

& Press the button next to
the book.

» CasioClasspad

& Under maths 2.

G Pressit multiple times to
change the dimension.

& Usethe arrow to save
the matrix.

Question 2 Tech-Active.

On your technology, save the following matrix.

1=y 2

SM12 [4.1] - Matrices - Workbook
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o=
Sub-Section: Types of Matrices @ ‘
Let’s have a look at different types of matrices! .
Row and Column Matrix
» Row Matrix » ColumnMatrix
G A matrix that has only one row. G A matrix that has only one column.

W N e

(1]

(1 2] 1
1 2 3] (1] [;] H
1 2 3 4] 3

1 2 3 4 5]

- O
a b a b c
[c d] |4 e s

g h i
» Matrices that have the _4Sa#2—number of rows and columns.

U W N =

Dimension =nXxXn

a
ZeroMatrix Definition

0 0],[3 0 3‘

00000

» Matrix with all the elements equalingto_227C _.

SM12 [4.1] - Matrices - Workbook ‘ 6
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o>

o,

-

~

Sub-Section: Transposeand Trace

What does it mean to transpose a matrix?

Transpose
a b c
A= [d e f]
a d
AT =|b e
c f

¥ Simply swap the row and the column.
G €g 15 row becomes the 15t column.

»  Youmay also see the transpose writtenas A'.

Question 3 Walkthrough.

Consider the matrix below.
mn -1 3
A= [l

Find AT.

SM12 [4.1] - Matrices - Workbook

SM12 Tues 6.45 Page 8



G.ONTOUREDUCATlON VCE Specialist Mathematics %

Question 4
For each of the following, find AT. T \ 3
. ~
_[r 2 0 =
A=l 5 0o 7

o o] ﬁ'f - |74 s |
o ] =057 ¢

‘ Let’s now look at the trace of a square-matrix!

» Find the sum of all the W M .

» We canonly find the trace of a %m matrix.

SM12 [4.1] - Matrices - Workbook ‘ 8

SM12 Tues 6.45 Page 9




(S4ONTOUREDUCATION
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Question 5

For each of the following square matrix, calculate tr(A4).

c. A= [n] _}_/‘(%)

| —7 + |
_

SM12 [4.1] - Matrices - Workbook
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Section B:Operations of Matrices

Sub-Section: Addition and Subtraction

Discussion: Could we add two matrices of different size?

rae [ )0 No!

P 000

[al bl] n [a2 bz] _ [a1 + a, b1 + bz]
Cq + Co d1 + dz

» Add the elements inthe _Sdse— position of each matrix.

» We can only add/subtract matrices of the _ 2gme— /7o

2

Question 6

e =.r =

oy :ﬂ i [ Z]

\
[
by
V__

SM12 [4.1] - Matrices - Workbook

SM12 Tues 6.45 Page 11



G.ONTOUREDUCATlON VCE Specialist Mathematics %

Sub-Section: Scalar Multiplication

o>
-

Discussion: What will happen to the matrix if we multiply it by two?

= A
lulllc [7;}

%

ScalarMult tion

a b] _ [ka kb

k'[c d " lkc kd

»  Multiply all the elements by k.

a

Space forPersonal Notes
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Question 7

teex =[5y =[3.a=[2 Sanan=[5 9. sina
a. 2X-3Y

Vv-sy =2] 4] 73 2]

[ -14]-[55]

shr i85 25

b. 5A+%B

2s, OAB
w23+ [5]+ B [ =5
W

Space for Personal Notes
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Sub-Section: Matrix Multiplicati

How do we multiply two matrices?

e

®
®

n

Exploration:Matrix Multiplication

» Let's take a look at two matrices 4 and B.

A=[1 2]

» What would the multiplication look like?

L .
AxB:[IL z%[i]: J:)x’S +:b"3=[’:3
T

» We simply take the row of the 15t and column of the 2"4 matrix and multiply them.

» Let's take a look at two matrices A and B.

B

-3

» What would the multiplication look like?

axe=[3 JIR1=[ 5372

SM12 [4.1] - Matrices - Workbook
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» What does the multiplication of two matrices always give us?

[]7[ j:‘[j

%

Discussion: For A x B, what does the numberof columns for A has tobe the same as?

Discussion: What happens if we multiply 2 x 3 and 3 x 1 matrix?

% Srey
N =
axe=[1 JE1=[155 200 =[]

Numberof Columns of 15t Matrix = Numberof Rows of 2™

» The answer will always be a matrix.

SpaceforPersonal Notes
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Question 8 Walkthrough.

3 4

F‘“A:[E 6 7

4 0
and B =|1 2|, find AB.
03 axd - | H4x0

4

9,34]!
s & ©

wWrN g
\\}

S¥4 + b Y|+ 7%0

||
L6

\

AN O +3X LA

SXO +H6x2+7%3

|

| %
2%

NOTE:m x nmatrix multiplied with n x k gives us m x k matrix.

4

Space forPersonal Notes
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Question 9

Find AB for the following set of matrices.

v 4= Yuas-

oS |

23+ ML

\|

~ Or% +5x1

[

\O
OY L¥2%0 + | Okdt2¥+)v)
SXUx¥xo+ay-]  SxAyDxl+4y)

2

L Py

Discussion:Is A4 x B thesame-as B x A?

LrD

Lxtl

ﬁ&

/ Ax B

Bx

[
%

SM12 [4.1] - Matrices - Workbook
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=
Sub-Section: Identity Matrix @ ‘

What matrix if you multiply doesn’t change the other matrix? Similarto- 1 in .
numbers?

Question 10

Consider 4 = i i],B = [(1] {1)]

Find A x B. l D
AT

A8
I q o ]
25
SpaceforPersonal Notes
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H We call B in the previous question an identity matrix!

a

» Identity matrix I, hasasizen x n.

» Its diagonal elements are equal to_Qnfl__-
» Identity matrices are alwaysa Szﬂﬂf— W

Al =TA=A

—_—

Discussion: What would ¢r(I,,) always equal to? ®
_'LV_, (IVL) = J

|E oot M Mulolcat

A(B+ C)=AB + AC
(A+ B)C = AC+ BC
A(BC) = (AB)C
Al =1A=A

A0=04=0

SM12 [4.1] - Matrices - Workbook ‘1 8
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VCE Specialist Mathematics

1 B
A :ad—bc[;c bJ

» Inverse only exists for a square matrix.

» Matrix that has aninverse is called ‘/W‘VL’A{U

gD
Sub-Section: Inverse Matrix @ ‘
A= [C h]

Question 11 Walkthrough.

Consider A = Ig __]3]

- |
Find A~1. = _
ﬂ - G
- _ l -% )
f = T | 24
Space forPersonal Notes
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Question 12
.. [3 -3
Consider A = [_2 1 ]

a. FindA™.

b. Find AA™L

)
_/3 — |
2 —
/3 /

x
=
\\
)
)

) O
LIA}KI

Discussion: Forthe previous question, what do-you notice when you multiply a matrix by its
inverse?

-

AA = I

%

» The order does not matter.

SM12 [4.1] - Matrices - Workbook
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Sub-Section: Determinant

o>
@

Discussion: How can we tellif a square- matrix does nothave an inverse?

» Consider for A= [g fi AT = adibc[—d(‘.‘ _ab]'

:
2d-phc.=C’

™~

Determinant ofa 2 x 2 Matrix

=z 4
det(A) = ad — bc
— >

» If determinant equals to ( ) , then 4 does not have aninverse.

» Aisnot uwt/{—v“b

» Notation for the determinant also includes using straight lines | | around the matrix.

det(A) = ]‘; 3[

Space forPersonal Notes
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Question 13
Calculate the determinant of the following matrices and state whether it is invertible.
A A:[—Sz ‘:t >
(1) =2
\%
b a=[54)
24 -1xg = O
How about 3 x 3 matrix? .
i x L g
a b c
A=1|d e
g h i
_ e f|_ d f | d e
det(A)—ax|h i| bx|g ; +c X g h

»  For the first term, simply cover the first column and row and copy the 4 numbers.

det(A) = a x (ei— fh) —bx (di— fg) + ¢ x (dh — eg)

SM12 [4.1] - Matrices - Workbook
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Question 14 Walkthrough.

Calculate the determinant of the following matrix.

1 3 4
Find the A = [—3 2 5 ]
0 3 -1
-3 S _2 2
s 2

o %

/5]O~1 T4

= lx)rLf_,> ~)
- (—9_»1€’> “E(%} +4 (’7}
= 17 —9- 36
- 60

|

Space for Personal Notes

SM12 [4.1] - Matrices - Workbook
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Question 15
Calculate the determinant of the following matrices and state whether it is invertible.

2 0 1
0 -1 3

1 5 1

a. A=

w5 Tlold PSS
-2(-1-5y —o = ()

= "3 +) = -0

L% 7 3 7 )
1« /‘l}’fﬁ/+§)“w

= D -2(23+3 ) +50er)
= /3

SM12 [4.1] - Matrices - Workbook ‘24
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VCE Specialist Mathematics

Calculator Commands: Finding Determinant on Technology

» Mathematica

& Control comma/enter to
make cells.

» Tl-Nspire

G (Menu) > Matrix and
Vector > Determinant:
det(A)

& Where A is a matrix, you
enter in the brackets ora
previously defined
matrix.

» CasioClasspad

& (lnteractive) > Matrix >
Calculation > det:det(A4)

& Where A is a matrix you
enterin the bracket, or a
previously defined
matrix.

Det[[
Question 16 Tech-Active.

Find the determinant of A.

A=10 -1 3

201]

Space forPersonal Notes
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Section D:Systems of Linear Equations

Recall the context at the start of theclass. .

REMINDERS
» Why matrices?

G Consider the system of n many linear equations.
ax+ byy+ciz=d,

ax + by + ¢z = d,

a,x+b,y+c,z=d,
G Imagine solving them!

& That would be very tedious.

What if there was a way to-solve it as one equation?
A-Var =D

& We cando that using matrices!

Space forPersonal Notes
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Question 17

Consider the two matrices.

A= [g —12] and B = [f']

a. Find A xB.

L x
P a— J 3%-—23

b. Hence,solve A X B = [é]

29 +y | .
= D= =S5 2 %2 O“Z‘“) =0
=

NOTE: We can use matrices to represent simultaneous equations.

Discussion: Hence, how can we represent a; x+ b; ¥y = ¢y and a; x + b,y = ¢, using matrices?
7/
% /
/

a, b,

\

Space forPersonal Notes
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System of Linear Equation Using Matrices

a1x+ by = ¢4

a,x + by =c,

— ey milbl =L

» We canextend the idea to more than 2 equations.

1

Discussion: Previously we used matrices to-only represent the equations. s there-any way t:}soly
the equation using ma; 4

) Z

- a, 7) =
b >
a_ I
/[(

Exploration: Solving System of Linear Equation using Matrices '

» Consider the system of linear equations.

o mlGI=[a]

»  We cansimplify the equation: l -) -
AX =C f} X A=c /
» Let's try to solve for our variables by solving our matrix X.

caute]

» What happens when you multiply both sides by A~1.
A~ lAx =A71c

>

L
x :A—IC/

SM12 [4.1] - Matrices - Workbook ‘28
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Solving System of Linear Equation Using Matrices
o slll=[

AX=C

X=A41c

a

Question 18 Walkthrough.
Convert the following system of linear equations into matrix equation and solve for x and y.
—x+ 6y =14

—5x +4y=-8

FAx He

. =4 y :3
SM12 [4.1] - Matrices - Workbook
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Question 19

Convert the following system of linear equations into matrix equation and solve for x and y.

a. 3x+5y=21and6x —2y =6.

[[(9 '%Xi\g]:[ 6i\

1 i) -l

SM12 [4.1] - Matrices - Workbook
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Determinants to Determine Number of Solutions
AX =C

X=A1c x

det(A) = 0 = No orinfinite solution
¥ If the determinant equal to 0, the equation cannot be solved as there is no inverse of A.

det(A) + 0 = Unique Solution

» If the determinant is non-zero, equation can be solved as there is an inverse of A.

Question 20

Consider the system of linear equations. Determine whether the system of linear equations has a unique solution or

not by using determinants. .
o

a. 2x+y=4and —4x — 2y = 10.
soln

_ Q2 )

Al 4|

Ao = —4 - (-4

b. 2x+y+z=1 —x—-y+z=10andx+ z = 4. '
—_ l _

N Y e

| o |

O s +| 71 ]

SM12 [4.1] - Matrices - Workbook x B l ‘31
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ContourCheck @

O Learning Objective: [4.1.1] - Basics of matrices and identifying types of
matrices. Calculate the transpose and trace of a matrix

Key Takeaways

O Matrices
[ &
c d
O A matrixis anw_of numbers.
O Ithas OW?> and W

O Dimension (similar to size) of a matrix is given by rows x columns.

Dimension = Rows X Columns

O €ach number is called an W .

O Row and Column Matrix

O Row Matrix O Column Matrix

O A matrix that has only one row. O A matrix that has only one column.

O SquareMatrix:Has dimension_ L¥A

O ZeroMatrix:All elements are equal to ( 2 .

SM12 [4.1] - Matrices - Workbook '32
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O Identity Matrix

1 0 0
I;=(0 1 0
0 0 1
O Identity matrix I,, has asize n x n.
O Its diagonal elements are equal to l .

\
O Identity matrices are alwaysa %M"'e— W

AI=TA=A

O Transpose
e
AT = ff ?7
L= 7))
O Trace
a=[z dl
_tr(A)=a+d

O Find the sum of all the d‘ﬂ/ﬂﬂ»ﬂ”ﬂ/
O We canonly find the trace of a %éﬁ <~ matrix.

SM12 [4.1] - Matrices - Workbook ‘33
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O Learning Objective:[4.1.2] - Perform matrix addition, scalar multiplication,

and matrix multiplication
Key Takeaways
O Addition and Subtraction of Matrices a | T4 é/ ’Léx
a4 b1 a bz Cl +C’L /// 7‘_6(&
o al*le &l
¢, dy c; d,

O We can only add/subtract matrices of the _$ne— W\/

O Addthe elements in the 54& position of each matrix.

O ScalarMultiplication }Q,n__ kb
k'i Z]: bc_ kO{/

O Multiply all the elements by k.
O Matrix Multiplication

axe=[1 I =[1si2%1 1= [l

Number of W of 15t Matrix

= Numberof __row> of 2nd

O The answer will always be a matrix. () Y 2 : X:/L X/)

SM12 [4.1] - Matrices - Workbook '34
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O Properties of Matrix Multiplication
A(B+C)=ﬂr6 +t AL

a+pc=ACTBC

awe) (4 8) &

Al = 1A = %

— v

AOZ_OA: [9

O Learning Objective:[4.1.3] - Calculate the inverse of a matrix and determine

its determinant
Key Takeaways
O Inverseofaz2 x 2 Matrix
_[a b
A_[C d]
a1 [d —b]
ad — bcl—c a

O Inverse only exists for a square matrix.

O Matrix that has aninverse is called

O Multiplication of Inverse Matrices

AA1 = tl:’ =A7'A

O The order does not matter.

SM12 [4.1] - Matrices - Workbook
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OO0 Determinant of a 2 x 2 Matrix
b

¢ d

det(A) = M’}ﬂé

O If determinant equals to_Z2~-0 , then A does not have aninverse.

O Aisnot L/W"&VIVI’/Q’

O Determinant of 3 x 3 Matrix

a=|

a b c
A=|d e f
g h i

A BT S 2N
det(A) = ax — b X ) X
LGRS |h i| |g i|T€%lg n

SM12 [4.1] - Matrices - Workbook ‘36
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O Learning Objective:[4.1.4] - Apply matrix operations to-solve systems of
linearequations

Key Takeaways

O Solving Systemof Linear Equation using Matrices

o pilB1=1c]

O Determinants to Determine Numberof Solutions
AX =C
X=4"1c

det(A) =0 > A/ﬂ.. 5561 o 09 sola

O If the determinant equal to 0, the equation cannot be solved as there is no inverse of A.

det(4) +# 0 = LL%ML, So’/W/

O If the determinant is non-zero, equation can be solved as there is an inverse of A.

SM12 [4.1] - Matrices - Workbook ‘37
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Free 1-on-1 Consults

What Are 1-on-1 Consults? %‘

Who Runs Them? Experienced Contour tutors (45 + raw scores and 99 + ATARs).

Who CanJoin? Fully enrolled Contour students.

When Are They? 30-minute 1-on-1 help sessions, after-school weekdays, and all-day weekends.
What To Do? Join on time, ask questions, re-learn concepts, or extend yourself!

Price? Completely free!

One Active Booking Per Subject-Must attend your current consultation before scheduling the next ;)

vVvyVvyYyyy

SAVE THE LINK, AND MAKE THE MOST OF THIS (FREE) SERVICE!

Booking Link E
bit.ly/contour-specialist-consult-2025
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