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Section A: Compulsory Questions

Sub-Section [3.4.1]: Trigonometric Identities and Solving Exact Values ®
of Reciprocal Functions

Question 1 )

Evaluate the following:

s
a. cosec (—)
4

b. sec (g)

@l

c. cot (3—”)
4

Question 2

Evaluate the following:

151
a. cosec (T)
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b. sec (— 7?”)

Gl

il

Question 3

a. Ifcos(x) = g and x is not in the first quadrant, find in simplest surd form, the value of:

cos(x) — 2 cot(x)

tan(x) — 3sin(x)

V) )

| 4th quadrant angle. Then sin(z) = _T” and tan(x) = —

cos(x) — 2cot(r)

tan(z) — 3sin(r)

=

'\u’f!J . 2
5 and cot(z) = —E So|
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b. Prove the trigonometric identity. Only use the Pythagorean identity.

(1 —tan(x))? + (1 + tan(x))? = 2sec?(x)

= 2 + 2tan?(x)

(1 —tan(z))? + (1 + tan(z))? = 1 + tan®(z) — 2tan(z) + 1 + tan®(z) + 2 tan(x)

B 2sin’(z)  2cos?(x)(sin®(z) + cos?(x))

© cos?(x) cos?(x)
B 2sin? 42 cos?(x)

N cos?(x)

- 2

 cos?(x)

= 2sec?(x)

Space for Personal Notes
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Sub-Section [3.4.2]: Graph Reciprocal Trigonometric Functions ®

Question 4 )
Sketch the graphs of the following functions on the axes below. Label all axes intercepts, turning points and
asymptotes.
a. f(x) =sec(2x)+ 1, forx € [0, 2m].
3
10
l‘.
g.
F1 ‘= #n
o %
5.
4+ ‘= 5_7':
. 4
3 (r, 2)
21(0 2 (2r, 2)
" (29 (%9 X
IO« & &/ X Zr|8n m 3| 4r 3¢ B fin Zn 3 |
6-1{ @3 2 3|6 6!'38 2 3) 6 6
-2
-3 o 30
-4 4
-5
6
”
X
b. f(x) = cosec (5 + 2), for x € [—2m, 2m].
y
| 151
| 104 !
Ex = =27 :
| > )
5
; NP ¥
. T ® 2; 21 Bm
2 2 2
x= 21
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Question 5

Sketch the graphs of the following functions on the axes below. Label all axes intercepts, turning points and
asymptotes.

a. f(x)= Zsec(x —g) —1, forx € [0, 3m].

Y

N

151

121

9-

4
! N

12

[/}
(1)
]
%
AE]
A
N
J
[}

(T‘i_ft, o)
12

5n 2n #n

(21:, -2 - J%)
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Question 6

asymptotes.

a. f(x)=2sec (g - g), for x € [=5m, 4m].

V) )

Sketch the graphs of the following functions on the axes below. Label all axes intercepts, turning points and

[} /ﬂ\ ]
| |
| 284 |
| |
| |
! 244 ]
I |
| :
I 20, ]
| :
I 1o |
o |
R 1.1 121 :
M B
| 84 |
| |
I “ |
_An, o 3 g1
) oo (29 ..
<5 T L T T T 7
51 _4m -4m! T g n ® 3 2n)S5nm 3t Fn 4n 4nm
2 ! 2 4] ,2 2 12 2, 2
(-5, 22 (T - 2 (37“ 2-2z ) (@T zﬁ"&) (4n, -246 )
-8 F3
| : :
| :
I -121 I
| :
I 1o |
| |
| -20] |
i 4 I
X Vs
b. f(x)= cot(z—z) — /3, for x € [0, 4m].
Y
N :
151 I
I
12 :
I
9 [
-4
o I
[
|
[
3 [
(5_:: 0 ! (ﬁ‘_ﬂ o)
& 2, . . L NG . . —>x
-T _n IS T -\1[\3_75 2n St '\311\:7'-_1'5 4n an
2 2 2 2 2
_af | TTTe(4r, -1 -F)
(0, -1-43) !
-6 |
[
[
-4 |
[
[
21 |
I
|
154 I
A4 I
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Sub-Section [3.4.3]: Apply Compound and Double Angle Formula to Solve ®
Exact Values

o>
®,

Question 7

If sin(x) = % and x € [0, %] then find the value of cos(2x).

J

cos(2r) =1 —2sin’(x) =1-2x — = —

16 T
25 25

Question 8

Find the exact value of cos (Z—Z)

= A
+
|
—

fiks
co8| — = 0S5
12 i

= cos| -

o T
]
=
o

o™

| =

=

-. I_l
11 V3
2 v 2 2
1-— v’ﬁ
29

) — h’jll(%) :-;111(

E‘:;1|H

0
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Question 9

Find the exact value of sin (g)

V) )

Let a = Hiu(i). Then
8

But first quadrant, therefore h‘jll( H) =

: 2
2 =1— v—
2
uz _ .2 - \-‘rz
4
2 — VE
==
¥ 5
2 -2

s
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Sub-Section [3.4.4]: Find Domain, Range and Rule of the Inverse ®
Trigonometric Function

Question 10 )

Suppose f : [0, %] - R, f(x) = cos(2x).

a. Find the domain and range of the inverse function, f~1.

dom f~!' =ran f =[-1,1] and ran f~! = [U_. %]

b. Hence, define 1.

x = cos(2y) = 2y = arccos(x). Therefore

fL. [-1,1] = R, _f_l{:f'] — % arccos(x)

Space for Personal Notes
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Question 11
Suppose f : [0, %] - R, f(x) = 2sin (Zx — %)

a. Find the domain and range of the inverse function, f 1.

dom f~!=ran f =[-1,2] and ran f~! = [{]. —;

b. Hence, define f~1.

T = 2sin (2‘” — E) = 2y — T au‘{'r&iu(ﬂjl. Theretore
G G 2

i 1 £ T
11,2 5 R, f(2) = Saresin( 2 ) + —
F7 i [-L2] =R, f(x) 5 A 111(2)+

Question 12
3 T
Suppose f : [T,ﬂ] - R, f(x) = tan (2x + Z) ++/3.

a. Find the domain and range of the inverse function, f 1.

»w

|

37

|

dom f~'=ran f = [v3—-1,v3+ 1] and ran f~! = {

T

;
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b. Hence, define 1.

x = tan (2;:; + E) +3 = 2y + % =nr + arctan{.c — \/_})

1 dnm w
Therefore y = 2 arctan (:1‘. - \/_3) + 8} -3 for some n € Z.

3
Now must have f~1 (v3 —1) = —.

1 ¢ 1 m n dnm 6w
5 are an(—1) — 3 8 3

2r Anw (i 9
3 + 3 3 = n

Therefore,

U VB-1L,V3+1 o R, fl(z) = %arctan(;ﬂ - \/_i) + %r

Space for Personal Notes
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Sub-Section [3.4.5]: Graphing Inverse Trigonometric Functions ®

Question 13 )
Sketch the graphs of the following inverse trigonometric functions over their maximal domain on the axes below.
Label all axes intercepts and endpoints with coordinates, and asymptotes with their equations.

a. f(x) = arccos(2x) + g

q
/M
(_i S_W) an |
2 2 2
(0, m)
I 4
z (%)
Z- \K
S 45 - 05 0@ 0.5 1 5 7
'
b. f(x) = arctan(2x) — g
Y
Y
2n)
3
o)
2
o
3
I
2 (v’i, o)
& T T T T T T T y2 )——3/—-———_ rd
475 45 125 -1 -075-05-025 0|® 0.25 05-075 { {25 15 175

162
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Question 14

a. f(x) =—arcsin(x —1) + %

Sketch the graphs of the following inverse trigonometric functions over their maximal domain on the axes below.
Label all axes intercepts and endpoints with coordinates, and asymptotes with their equations.

g\

3M ]

2

nalo, m)

o

2
< (2' 0) N
S o5 o0l 05 {1 15 2 25

b. f(x) =2arccos(2x + 1) — .
< T T T T T T ) X
-2 -1.5 0.5 1 1.5 2
I
2
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Question 15 )))

Sketch the graphs of the following inverse trigonometric functions over their maximal domain on the axes below.
Label all axes intercepts and endpoints with coordinates and asymptotes with their equations.

a fx)= —%arcos G—%) +%.

>

[SE

™

-1.5 -1 -0.5 0p—035 1 1.5 2 25 3 35
oy

=L

2
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Sub-Section: Final Boss

Q)
®

Question 16

3T

a. Use a double-angle formula to show that cos ( 5 ) =

3m
Let a = ('UH(%), then we have
37 .
cos (? X ﬂr) =222 -1
8
s 2 2
2a% = V2
2 2
s 2—v/2
2
a y
V22
a==* -
2
3 /2 — /2
But a is in the first quadrant. Hence cos (?‘r) =Y 5 v

b. Hence, state the value of sec (%”)

<

V2 -
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151
4

c. Sketch the graph of f(x) = 2 sec (’Zf - 3?”) for x € [0,

]. Label all axes intercepts and turning points.

Y

/]

1o

12

-12

d. State the domain and range of the function g(x) = 2arccos (x — 2).

Domain = [1, 3] and range = [0, 2x]
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Sketch the graph of y = 2arccos (x — 2) on the axes below. Label all endpoints and points of inflection with

e.
coordinates.

(1, 2n)

Z X N N
T2 7
. . . 1
f.  Use the Pythagorean identity to evaluate sin (arccos (ﬁ))
. 1
Let a = sin | arccos 7)) Then we have that
W
5 1
2
] —=1
a” + 3
2
2_ =
a® =g
f9
a V3
. _ 2
But range of arccos is [0, 7]. So we have sin ( arccos | —= =4/-
V3 I
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Section B: Supplementary Questions

VCE Specialist Mathematics 2

Sub-Section [3.4.1]: Trigonometric Identities and Solving Exact Values ®

of Reciprocal Functions

Question 17

Evaluate the following:

T
a. sec (—)
4

)

1 1
cos (%) - 12 =2

b. cos™?! (\/;)

i

6
c. tan"1(1)

T

4

Space for Personal Notes
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Question 18

Evaluate the following:

a. cot (“—")
6

b. cosec (%ﬂ)

2
sin(g) \/_?_> 3

c. tan™?! (— \/%)

Space for Personal Notes
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Question 19

Prove the identity (cotx + cosec x)2 = %
1—-cosx

V) )

2
) .2 cosT+ 1
fcotr +cosecr)” = | ————

sin T

_ (cosz +1)?

sin’
(cosx + 1)2
~ 11— costz
_ (cosz + 1)2
(14 cosz)(l — cosx)
1+ cosx
:1 COs T

Space for Personal Notes
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Sub-Section [3.4.2]: Graph Reciprocal Trigonometric Functions ®

Question 20 )

a. Sketch the graph of y = 2sec (x - g) for —m < x < 2m, labelling all stationary points, axes intercepts and
asymptotes with their equations.

cosec(x)
2

b. Sketch the graph of
with their equations.

— % for 0 < x < 2m, labelling all stationary points, axes intercepts and asymptotes

4

b-

5.

4-
3--
2_.

f..

TT
(39
| = —f } } } } } | i
-1 0 % 1 2 3 4 5 2] ¥ 8

41
24
-3+
41
54
_b__
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Question 21

a. Sketch the graph of y = 4cosec (77Tx — 2?”) for —1 < x < 3, labelling all stationary points, axes intercepts
and asymptotes with their equations.

wn
x

3
3

b. Sketch the graph of y = —cot(m — 3x) for —2?” <x< 2?” labelling all stationary points, axes intercepts and
asymptotes with their equations.

Loy
(SE}

~
Loy
(ME]
~

T
b 0 - — - - - - - — = -

N
Gl 44
x

-4

-6

8

=== === == — — — —t]

.
)

x

"

]

x

I

1
wld

x

[
INE

x

]

wl
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Question 22 )})

a. Sketch the graph of y = 1 — /3 cot (nx - g) for—1 < x < 3, labelling all stationary points, axes

intercepts and asymptotes with their equations.

4

20+

151

104

1,2 (0 2
t t ‘/ t x|
42 4 4.l 4

54

-101

151

-20
cm -2
3

b. Sketch the graph of y = cot (Zx - %) + /3 for —% <x < %”, labelling all stationary points, axes intercepts

and asymptotes with their equations.
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Sub-Section [3.4.3]: Apply Compound and Double Angle Formula to Solve ®
Exact Values

J

Question 23

SM12 [3.4] - Advanced Trigonometric Functions - Homework Solutions

. (5
Use a compound angle formula to evaluate sin (ﬁ)
‘ (-’m) . (3‘ z:)
sm| — | =sm| — +
12 12 12
. s s ]y . w
= Slll( ) ('()S( ) T ('()\( ) \'lll( )
1 6 6
1 V3 LS
=—— K —= X =
V2 2 V2 2
\/3 + 1
2y/2
\/§ -+ \/(_i
|
Question 24
Use a double-angle formula to evaluate tan (— g)
Use the formula tan({2x) L Jl
1 — tan=(x)
2tan W
i I|( 2 T)‘l ( H)l_ I
= 1 - tan? ‘I \ J
] 2 [iLlI.( 2 J_ I
1 - tan? ( :}
et a = ril.'ll.( :)
1+a?=2a
1 2a=1
a—12=2 ——
a—1==2+2
a=1-+v2
is the only solution since the solution must be < 0 because = is in the fourth guadrant
I'herefore,
Space for Personal Notes tan(~2) =1- 2
‘25
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Question 25 )))

19
Use a compound angle formula to evaluate cos (1—2")

Question 26 )})

Given that cos(x —y) = % and cot(x)cot(y) = %1 find cos(x + y).

From the information given we have i
cos(x — y) = cos(x) cos(y) + sin(x) sin(y) : vt =
cos(x) cos(y) E.‘w‘ill[.r}hill[y],
Therefore,
c . , g
3 sin(x) sin(y) + sin(x) sin(y) =

=  sin(x)sin(y) =

— 1'(:5{.1“] G '-"f.'f:l =

Space for Perso| ..
Now we have

cos(x + y) = cos(r) cos(y) — sin(x) sin(y)
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Sub-Section [3.4.4]: Find Domain, Range and Rule of the Inverse ®

Trigonometric Function

Question 27

T T tan(x)

Consider the function f : (—5,5) - R: f(x) = —

a. State the domain of f~1(x).

J

dom f~'=ran f=R

b. State the range of f~1(x).

ran f~! = dom [ = (

b

SM12 [3.4] - Advanced Trigonometric Functions - Homework Solutions

C




(S0ONTOUREDUCATION

VCE Specialist Mathematics 2

c. Hence, or otherwise, find the rule of f~1(x).

Swap x and v.

T = qt;m[_u] = y = tan" ' (3z). Therefore,

I Y x) = tan™" (3]

Question 28

4

Consider the function f : [—?,3—“ S R: f(x)=2sin (g n E) V2

a. State the domain of f~1(x).

,I'( ”I) = -2 — /2 and f(:i:) = 7
' | ' 4

Y
Therefore, dom f~! = ran f = 2 - +/2,2.

b. State the range of f~1(x).

ran f~! = dom f
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c. Hence, or otherwise, find the rule of f~1(x).

Swap x and y.

]
r= '.I.Lcll:i('.—Jr
B

) V2 =

| =

o=

o V’E
2

f~Yz) = 3sin™" (

w s 1 M "r"ll'E
{ —1 sl 3

)

). Therefore}—

.1__
EY T}

4

Question 29

Consider the function f [5?“8?“] > R: f(x) =5cos (x + g)

a. State the domain of f~1(x).

V) )

f ('}:—) = ﬁ,-"';-'} and f (H;) = —/5

dom f~! =ran f = [—V5, V5|

b. State the range of f~1(x).

: - : , b 8w
ran [ dom f [ R :|
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Hence, or otherwise, find the rule of f~1(x).

Swap x and y
1 \- -’»('1»(_:/ )
3
J— T" 2w 4 ¢ —1 ~
y -+ 3 27 Cos =
. \r )
— or 1 x
Yy = — + Cos
VD
. - D" O
where we added the period 27 so that y € ran f~! = [ 3
om xr
f l(l\ ----- Cos !(f—:)
Vo

~

Therefore. |

Space for Personal Notes
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Sub-Section [3.4.5]: Graphing Inverse Trigonometric Functions

Question 30 )

a. Sketch the graph of y = 2sin"1(x) + m on the axes below. Label all endpoints and axes intercepts.

A

(1, 211)

(-4, 0)

15 4 -05 0 05 1 15 2

1
NE
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i. Sketch the graph of y = 2 cos™1(—x) below.

21 (1, 211)

©m

ii. What do you notice?

Same graph as part a.

Space for Personal Notes
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Question 31

a. Sketch the graph of y = — %cos'1(4 — 2x) + 1 on the axes below, labelling all endpoints and axes intercepts.

Y

N

1.5T

0.5¢+

-0.5 0 0.:5 1

i
(25, -

N/

b. Sketch the graph of y = —3 tan™1(2x + 1) below, labelling all key points and asymptotes.

10¢

-10
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Question 32

a. Sketch the graph of y = sin™1(2x) — +/3 on the axes below. Label all endpoints.

b. Sketch the graph of y = mtan™?! (g - 1) — 12 on the axes below. Label all axes intercepts and asymptotes

with their equation.

05T

N

-05 T

44

(-0.5, -2 -JE)

N

-6 4 -2 ofe 2

—T; <+

(0, 12339

V) )
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Free 1-on-1 Consults

,
What Are 1-on-1 Consults? ‘L}‘

Who Runs Them? Experienced Contour tutors (45 + raw scores and 99 + ATARs).

Who Can Join? Fully enrolled Contour students.

When Are They? 30-minute 1-on-1 help sessions, after-school weekdays, and all-day weekends.
What To Do? Join on time, ask questions, re-learn concepts, or extend yourself!

Price? Completely free!

One Active Booking Per Subject: Must attend your current consultation before scheduling the next:)

\AAAAA4

SAVE THE LINK, AND MAKE THE MOST OF THIS (FREE) SERVICE!

Booking Link @

bit.lv/contour-specialist-consult-2025
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