
                       

1 

 
 
 
 
 

 
Website: contoureducation.com.au | Phone: 1800 888 300 

Email: hello@contoureducation.com.au 
 

VCE Specialist Mathematics ½  
Proofs II [2.2] 

Workbook  
 

Outline: 
 

 
Proving Conditional Statements Pg 2-18 

 Conditional Statements 
 Methods of Proving Conditional 

Statements 
 Direct Proof 
 Proof by Contrapositive 
 Proof by Contradiction 

 
Converse Statements and Equivalent 
Statements Pg 19-23 

 Converse Statements 
 

 
Universal and Existential Quantifiers Pg 24-34 

 Universal Quantifier 
 Existence Quantifier 
 Negation of Universal and Existence 

Statement 
 Disproving a Universal Statement 
 Disproving an Existence Statement 

 
Other Proof Techniques Pg 35-42 

 Telescopic Cancelling 
 Proof by Induction 

 
 

Learning Objectives: 
 

 
 SM12 [2.2.1] – Direct proofs, proofs by contrapositive and contradiction. 

 
 SM12 [2.2.2] – Converse and the equivalent of a conditional statement. 

 
 SM12 [2.2.3] – Proofs involving the universal and existence quantifiers. 

 
 SM12 [2.2.4] – Proofs by induction and telescoping series. 

 
 

 
 
 
 



                          

VCE Specialist Mathematics ½  
 

 

SM12 [2.2] - Proofs II - Workbook   2 

Section A: Proving Conditional Statements 
 

 

Sub-Section: Conditional Statements 
 

 
 
Context 
 

 After this workbook, you will have the skills to tackle proof questions in Unit 3 and 4 level!  
 

 
 
Exploration: Visualisation of Conditional Statements 
 

𝑨 ⇒ 𝑩 
 

 
 

If 𝑨, then 𝑩. 
 

 
 
Conditional Statements 
 

 Conditional Statement: __________________________________________. 
 

 Note: Notation for “implies”: ⟹ 
 

"𝑯𝒚𝒑𝒐𝒕𝒉𝒆𝒔𝒊𝒔 ⟹ 𝑪𝒐𝒏𝒄𝒍𝒖𝒔𝒊𝒐𝒏" 
 

 
 
NOTE: Order Matters! 
 

Hypothesis implies Conclusion
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Let’s look at some questions together! 
 

 
 
Question 1 Walkthrough. 
 
Write a conditional statement for the following: 

 
A customer will receive a coupon if they spend $500. 

 
 

 
 
 
 
 
 

 
 

Recall! 
 

 
 
Active Recall: Conditional statements 
 

 The relationship between the hypothesis and the conclusion is that _____________________________. 
 

 
 

Your Turn! 
 

 
 
Question 2  
 
Write a conditional statement for the following: 

 
Doing strength training grows your muscles. 

 
 
 
 
 
 
 
 
  

 

-

If a customer spends $500 then

they receive a coupon

the hypothesis
=> conclusion
implies

If you do strength traming then your muscles
will grow
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Question 3 Additional Question. 
 
Write a conditional statement for the following: 
 

All books in the library’s collection are about history. 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

If book in library's collection, it is about history.
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Sub-Section: Methods of Proving Conditional Statements 
 

 
 

Okay, how do we prove them? 
 

 
 
Proving Conditional Statements 
 

1. Direct Proof 
 

2. Proof by Contrapositive 
 

3. Proof by Contradiction 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

-
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Sub-Section: Direct Proof 
 

 
 
Context 
 

 The proof question for the most recent VCAA Exam 1 was a direct proof! 
 

 
 
REMINDER 
 

 From last week, we found that an even number can be written in the form: 
 
 
 
 
 

 An odd number can be written in the form: 
 
 
 
 
 

 If a number is divisible by 3, then it can be written in the form: 
 
 

 
 
 

 If a number is not divisible by 3, then it can be written in the form: 
 
 

 
 
 

 For proofs involving divisibility, we often need to split into __________________. 
 

 
 
Method 𝟏: Direct Proof 
 

 The simplest method of proof. These are the proofs we have been working on in [2.1]. 
 

 Here we are not altering the statement we need to prove.  
 

 

2R
,
REZ

2k+ 1 , REZ

3k , keZ

3k+ 1 or 3k + 2
,
kez

cases
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Question 4 Walkthrough. 
 
Prove that if 𝑛 is even, then 𝑛3 is divisible by 8. 
 
 
 
 
 
 
 
 
 
 

 
 
NOTE: We did not change the statement itself! Hence, a direct proof. 
 

 
 

Recall! 
 

 
 
Active Recall: Direct proofs 
 

 In a direct proof, we ___________________________ the original statement. 
 

 
 

Your Turn! 
 

 
 
Question 5  
 
Prove that for all integers 𝑚 and 𝑛, if 𝑚 is divisible by 5 and 𝑛 is divisible by 2, then 10𝑚 + 3𝑛 is even.   
 

 
 

 
 
 
 
 
 
 
 

 

-

ht n = 2k ,
k +z

Then n3 = (2k)3
= 8k3

But 3 EZ :. a3 is divisible byS
as reg.

do not dangs

let m =Skdn =2jk, jez

Then 10m + 3n = 10 (5m) +3(2j)
= Sok + 6j
= 2(25k +3j)
= 2p

Where p = 2Sk+3jz
· is even , as rea.
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Question 6 Additional Question. 
 
Prove that if the last two digits of 𝑛 are divisible by 4, then 𝑛 is divisible by 4.  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Write n = 1000 + G
,

a
,
beNUSOY and OK,100

Then
, if b = 4h

,
REN

Then n = 100a + 4k

= 4(2sa + k)
= 49

, p = 2Sa +REN

:h is divisible by 4.
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Sub-Section: Proof by Contrapositive 
 

 
 
Context 
 

 Check out this question from the Sample Exam for Specialist Mathematics Units 3 and 4 Exam 2, 
which asks about contrapositive statements.  

 

 
 

 
 

What is a contrapositive statement? 
 

 
 
Contrapositive Statement 
 

 
 

(Contrapositive Statement of 𝑨 ⇒ 𝑩) is ¬𝑩 ⇒ ¬𝑨 
 

 
 
NOTE: Swap the order and negate the statements. 
 

 

X
T

13
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Question 7 Walkthrough. 
 
Write down a contrapositive of the following statement: 
 

If you starve for a day, then you are hungry. 
 
 
 
 
 
 
 

 
 
NOTE: We negate and flip the order. 
 

 
 

Recall! 
 

 
 
Active Recall: Contrapositive statements 
 

 The contrapositive of the statement 𝐴 ⇒ 𝐵 is: 
 
 
 

 
 

Your Turn! 
 

 
 
Question 8  
 
Write down the contrapositive of the following statement: 
 

If all the sides of a triangle have equal length, then the triangle is equilateral.  
 
 
 
 
 
 
 
 

 

-

If you are not hungry then you haven'tstand for

a day

-BA
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Question 9 Additional Question. 
 
Write down the contrapositive of the following statement: 
 

If 𝑥 is an irrational number, then √𝑥 is irrational as well. 
 
 
 
 
 

 
 

 
 
 
 
 
 
 

 
 
Discussion: What happens when you prove the contrapositive? 
 
 
 
 
 
 
 

 
 
Method 𝟐: Proof by Contrapositive (Indirect Proof) 
 

 Instead of proving 𝐴 ⇒ 𝐵, we can prove its contrapositive ¬𝐵 ⇒ ¬𝐴. 
 

Prove a contrapositive statement instead. 
 

 Considered to be an _______________________, as the original statement is altered. 
 

 Steps:  
 

1. Set up the contrapositive statement. 
 

2. Prove the contrapositive statement to be true. 
 

3. Conclude by saying “As contrapositive is true, the original statement is true.” 
 

 

If it is rational thenre is also

rational

You proce 0 .4

indirect propf
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Let’s look at some questions together! 
 

 
 
Question 10 Walkthrough. 
 
Prove the following statement by contrapositive: 
 

If 𝑥2 − 6𝑥 + 5 is even, then 𝑥 is odd. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Discussion: Imagine if we tried to do a direct proof for the previous question. Would it be easy? 
 
 
 
 
 
 
 

 

It suffices to insteadrethe contrapositive :
If x is ever then x2-buts is odd

Proof : Let x = 2k
,
ktZ

Then 22-6x + S

= (2k)2 6(2k) + S

= 4k2 - 12k + S

- 2(2k2- 6k + 2) + 1

= 2p + 1
, p =2k2- 6k + 2 -z

:. x2-bx + S is odd
, as reg
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Recall! 
 

 
 
Active Recall: Proof by Contrapositive 
 

 Steps:  
 

1. Set up the _________________________ statement. 
 

2. Prove the contrapositive statement to be ______________. 
 

3. Conclude by saying “___________________________________________________________________.” 
 

 
 

Your Turn! 
 

 
 
Question 11   
 
Prove the following conditional statement using contrapositive: 
 

Let 𝑥 ∈ 𝑅. If 𝑥 is irrational, then √𝑥 + 1
5
  is irrational. 

 
 
 
 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 

 

contrapositive
true

since contrapes, is true, the original statementistrue
Ifa is national

n = Yq ,

P
,qtz
& q0

①Contrapositive : If setts is rational
,
then

x is rational

② Proof : Let setts = Y ,
P
,qzdq+0

Then x +t = PC
x = P-t
x =S

But Sp-gEZ &Sq
*
Z

: x is rational .

③ Hence, since the contrapositive is true,
So is the original statement.
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Question 12 Additional Question. 
 
Prove the following statement below by first writing down its contrapositive.: 

 
Let 𝑎, 𝑏 ∈ 𝑅+. If √𝑎𝑏 ≠ 𝑎+𝑏

2
, then 𝑎 ≠ 𝑏. 

 
Note: This means that if the geometric mean and arithmetic mean of two numbers 𝑎 and 𝑏 are not equal, then 𝑎 
and 𝑏 are themselves not equal.   
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Prove instead the contrapositive ,
that is,

If a= t
,
thenatt

LHS=t =

= a

=a = RI

:
0 The original statement is tre.
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Sub-Section: Proof by Contradiction 
 

 
 
Context 
 

 Check out this proof-by-contradiction question from the Specialist Mathematics Units 3 and 4 Sample 
Exam 2. Give it a try after completing this sub-section!  

 

 
 

 
 

What is a contradicting statement? 
 

 
 
Contradicting Statement 
 

(Contradicting Statement of 𝑨 ⇒ 𝑩) is 𝑨 ⇒ ¬𝑩 
 

 Negate the ______________________. 
 

 
 
Question 13  
 
State the contradicting statement of the following:  
 

If 𝑥 is rational, then 𝑥2 is rational. 
 
 
 
 
 
 
 
 

 
 
Discussion: If we prove that the contradicting statement is false, then what are we also proving? 
 
 
 
 

 

conclusion

If h is rational
,
thena is irrational

O . G is true
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Method 𝟑: Proof by Contradiction (Indirect Proof) 
 

To Prove 𝑨 ⇒ 𝑩 
 

Assume 𝑨 ⇒ ¬𝑩 is true 
 

And show that the assumption is FALSE. 
 

 Steps: 
 

1. First, assume that the contradicting statement is true. 
 

2. Show that the assumption has a contradiction, and is hence false. 
 

3. Conclude by saying “Since the contradicting statement is false, the original statement is true.” 
 

 Considered to be an _______________________, as the original statement is altered. 
 

 
 

Let’s look at some questions together! 
 

 
 
Question 14 Walkthrough. 
 
Prove the simple statement below using contradiction: 

 
log5(9) is irrational 

 
 
 
 
 
 
 
 
 

 
 

 
 
 
 
 
 

 

odd-even
pos = neg- divisible by not divisible

m by m.

indirect proof

D Assume instead
,
that log(s) is rational .

② Let logs(9) = ↑q , p,gez &q+0

9 = si/

92 = gP
But LHS is not divisible by 5 ,

& RS Is divisible

by 5:. contradiction.
& Since the negation is false , theoriginal stata
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Active Recall: Steps for Proof by Contradictions 
 

 Steps:  
 

1. First, assume that the contradicting statement is _____________. 
 

2. Show that the assumption ________________________________, and is hence false. 
 

3. Conclude by saying “_______________________________________________________________” 
 

 
 
Active Recall: De Morgan’s Law 
 

¬(𝑨⋀𝑩) =
 

______________________ 
 

¬(𝑨⋁𝑩) =
 

______________________ 
 

 
 

Your Turn! 
 

 
 
Question 15   
 
Let 𝑎, 𝑏 ∈ 𝑅. Prove that if 𝑎 + 𝑏 > 150, then 𝑎 > 75 or 𝑏 > 75. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

true

has a contradiction

since the negation is false ,
the

original is true
C)

1AV LB

+ A17B

Assume instead that a+↓>150 => a 275 and bE7S

But a <75 & b7S -> a+b =As +7

. at t 150

a +belso & a + + > 150 is a contradictio.

The originalStatement is true.
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Question 16 Additional Question. 
 
Use proof by contradiction to prove the following statement: 
 

Let 𝑥, 𝑦 >  0 and 𝑥 ≠  y. Show that 𝑥
𝑦

+ 𝑦
𝑥

> 2. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
 
Key Takeaways 
 

 Direct proof involves proving without changing the conditional statement.  
 

 The contrapositive of a statement 𝐴 → 𝐵 is given by ¬𝐵 → ¬𝐴. 
 

 Proof by contrapositive involves proving the contrapositive of the conditional statement instead.  
 

 Proof by contradiction requires first assuming that the contradicting statement is true, then showing 
contradiction. 

 
 

 
Space for Personal Notes 
 
 
 
 

 

① Assume
Then rig
x+ y2 2xy

x? - Zey ty2 20
(x-y)

2

10

This is a contradition as a220 for all atR

:. The original statement is true.
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Section B: Converse Statements and Equivalent Statements 
 

 

Sub-Section: Converse Statements 
 

 
 
Context: Sam is being Converse 
 

 Sam is being annoying and talks in the opposite direction of what Jacob says: 
 

Jacob: “If you like chocolate, then you are Sam” 
 

 What would Sam say? 
 

Sam:                                                                                      
 

 Here we call Sam the “___________________” of Jacob.   
 

 
 
Converse Statements 
 

 Definition: Conditional statement that flows in the opposite direction. 
 

(Converse Statement of 𝑨 ⇒ 𝑩) is 𝑩 ⇒ 𝑨 
 

 
 
Question 17 Walkthrough. 
 
For the following statement, write down the converse statement, and conclude whether the converse is true: 
 

If a shape is a square, then it is a rectangle. 
 
 
 
 
 
 
 
 

 
 
NOTE: This is NOT the same as negation! It’s simply an opposite flow. 
 

 

"If you are Sam ,
then
you

like Chordate"

converse
-

D

If a shape is a rectangle, then it is a square I

Thisfalse.
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Recall! 
 

 
 
Active Recall: Converse statements 
 

 The converse of the statement 𝐴 ⇒  𝐵 is 
 
 
 

 
 

Your Turn! 
 

 
 
Question 18   
 
For the following statement, write down the converse statement, and conclude whether the converse is true: 
 

If 𝑥 is divisible by 2 and 5, then it is divisible by 10. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Discussion: If your friend told you that 𝒙 is divisible by 𝟐 and 𝟓, is that equivalent to 𝒙 is divisible  
by 𝟏𝟎? 
 
 
 
 
 

 

B A

Ifs is divisible by 10
,
then it is divisible

by 2 d5 .

True D

Yes
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What happens if the converse is also true? 
 

 
 
Equivalent Statements (Biconditional) 
 

 It is a conditional statement where if the original is ______________________________, its converse is 
_________________________. 

 

𝑨 ⇒ 𝑩 and 𝑩 ⇒ 𝑨 
 

𝑨 ⇔ 𝑩 
 

𝑨 is true, if and only if 𝑩 
 

 In description, 𝐵 is true _________________________ 𝐴 is true. 
 

 To prove equivalent statements, we prove each direction separately. 
 

 
 
Question 19 Walkthrough. 
 
Let 𝑛 be an integer. Prove that 𝑛 is even, if and only if 3𝑛 + 3 is odd.  
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
NOTE: For if and only if (equivalent statement), we must prove both converse statements. 
 

 

proven to be true
ALWAYS the

if I only if

E

#) If n is even then 3n +3 is odd

I Proof : n= 2k
,
kEZ

= 6k + 3

Then 3n + 3 = 3(2k) + 3

= 2(zk+ 1) + 1

Which is odd as 3k+ 1 Ez2

(E) If 3n+3 is odd
,
then his even

Use contrapositive : Ifh is odd
,
then 3n + 3 is even

let n = 2k+ 1
,
then 3n + 3 = 6k + 3+ 3

= 2(3k + 3)
which is even

:. The statement is proved.
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Recall! 
 

 
 
Active Recall: Proving biconditional statements 
 

 To prove an “if and only if” statement 𝐴 ⟺ 𝐵, we need to show both __________ and  ___________. 
 

 
 

Your Turn! 
 

 
 
Question 20   
 
Let 𝑛 be an integer. Prove that 𝑛 is odd, if and only if 𝑛2 is odd. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

A=B BA

① n isodd 2
is old ②2 is old > his add

Let n = 21+1
,
kez Proce by contrapositive.

Then n2 = (2k +1) Contrapositive :I is even hiseven

Let n = 2 k
,
Rez

=4k+4k+ 1
then n2 = (2k)

2

=2(2k2+2k)+ 1

But IR2 + 2k EZ
,
then n is odd

=2(2()
But 22 Zas reg.

-: n2 is even

.. n odd ES 2 is odd
,
as reg
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Question 21 Additional Question. 
 
Let 𝑥 be a real number. Show that 𝑥2 + 𝑦2 = 0, if and only if 𝑥 = 0 and 𝑦 = 0.  
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Key Takeaways 
 

 The converse statement of 𝐴 → 𝐵 is given by 𝐵 → 𝐴. 
 

 Equivalent statement is when a statement and its converse both are proved to be true. 
 

 “If and only if” stands for equivalent statement.  
 

 
 
Space for Personal Notes 
 
 
 
 
 

x= 0
,y= 0 = x2+y = 0

u
=

+ y2 = 0 =x=0dy =0

a + 02 = 0 + 0 = 0 Prove instead the contrapesitir, that is

-True if xt0 or yo thenmy
Ifx 0 ,

then+y> 0

Since 250
.

. . x+yo

If yo ,
then+y= y2>

since yoI
: The original statement is true

:. n
=
+yz+0

since contrapes. is true·

O

. .
u+y = 0 ()x= 0 dy=0
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Section C: Universal and Existential Quantifiers 
 

 

Sub-Section: Universal Quantifier 
 

 
 

How do we represent all members of a given set? 
 

 
 
Universal Quantifiers 
 

 __________________________________ is a way to represent all members of a given set. 
 

For all real numbers 𝒙, 𝒙𝟐 is never negative. 
 

 Notation: ∀ (Universal Quantifier) ______________________. 
 

∀𝒙 ∈ 𝑹, 𝒙𝟐 ≥ 𝟎 
 

 
 
Discussion: Where does the symbol ∀ come from? 
 
 
 
 
 

 
 
Question 22 Walkthrough. 
 
Convert the following conditional statement using the universal quantifier. 
 

For all real numbers 𝑥, 𝑒𝑥 is strictly positive. 
 
 
 
 
 
 
 
 
 
 
 

 

-

Universal Quantifer
6 3

"for all

-

All
- I'

FxER ,eO
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Recall! 
 

 
 

Your Turn! 
 

 
 
Question 23  
 
Rewrite the following statement using the universal quantifier: 
 

For all integers 𝑛, 𝑛2 − 4𝑛 is an integer. 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
 
Question 24 Additional Question. 
 
Rewrite the following statement using the universal quantifier: 
 

For all natural numbers 𝑛, 𝑛 is at most equal to 𝑛2.  
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 

 

VnEZ
,
n2- 4neZ

FneN ,
nen
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Sub-Section: Existence Quantifier 
 

 
 

How do we represent certain members of a given set? 
 

 
 
Existence Quantifiers 
 

 _____________________________________ is a way to represent certain members of a given set. 
 

There exists an integer such that 𝒙𝟐 − 𝒙 − 𝟏𝟐 = 𝟎. 
 

 Notation: ∃ (Existential Quantifier) ___________________________________.  
 

∃𝒙 ∈ ℤ, 𝒙𝟐 − 𝒙 − 𝟏𝟐 = 𝟎. 
 

 
 
Discussion: How can we prove the existence statement? 
 
 
 
 
 

 
 
Question 25  Walkthrough. 
 
Convert the following conditional statement using the existence quantifier. 
 

There exist a real number 𝑥 such that 𝑥2 + 4 = 16. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Existence quantifier

· There exists

Give an example

7 x =R ,
x2+ 4 = 16
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Recall! 
 

 
 
Active Recall: Existence quantifier 
 

 The symbol for the existence quantifier ∃ represents __________________________________________. 
 

 
 

Your Turn! 
 

 
 
Question 26  
 
Rewrite the following statement using the existence quantifier.  
 

There exists a positive whole number 𝑛 such that 2𝑛 = 4. 
 
 
 

 
 
 
 
 

 
 

 
 
Question 27 Additional Question. 
 
Rewrite the following statement using the existence quantifier.  
 

There exists a positive real number 𝑥 such that 𝑥2 < 𝑥. 
 

 
 

 
 
 
 
 
 
 
 
 

 

some members of the set

-

FneN
,
2" = 4

JxeR"
,
u2x
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Sub-Section: Negation of Universal and Existence Statement 
 

 
 
Discussion: What would be the opposite of saying that all living humans breathe? 
 
 
 
 

 
 
Discussion: What would be the opposite of saying that some humans are taller than  𝟏𝟗𝟎 𝒄𝒎? 
 
 
 
 

 
 
Negation of Universal and Existence Statements 
 

 They are opposites of each other (with opposite conclusions).  
 

¬Universal Statement = Existence Statement with Opposite Conclusion 
 

 And vice versa. 
 

 
 
Question 28 Walkthrough. 
 
Write down the negation of the following statements. 
 
a. For all natural numbers, 3𝑛 ≥ 2𝑛 − 1. 
 
 
 
 
 
 
b. There exists a real number 𝑥 such that 𝑥2 = 4. 
 
 
 
 
 
 
 

 

At least one human doesn't breath

All are 190cm or shorter.

= -

IntN
,
3n < 2n-1

> =

Une N
,
42+ 4



                          

VCE Specialist Mathematics ½  
 

 

SM12 [2.2] - Proofs II - Workbook  29 

 

Recall! 
 

 
 
Active Recall: Negation involving the universal and existence quantifiers. 
 

¬ Universal statement =  
 

¬ Existence statement =  
 

 
 

Your Turn! 
 

 
 
Question 29  
 
Write down the negation for the following statements below. 
 
a. If 𝑛 is a natural number, then 𝑛 + 1 >  𝑛.  
 
 
 
 
b. There exists an integer 𝑘 such that 𝑘2 = 𝑘 + 4.  
 
 
 
 

 
 
Question 30 Additional Question. 
 
Write the negation for the following statements below. 
 
a. If 𝑛 is a natural number, then 6𝑛2 + 4𝑛 + 1 is divisible by 𝑛. 
 
 
 
 
b. There exist integers 𝑝 and 𝑞 such that 𝑞 ≠ 0 such that 𝜋 = 𝑝

𝑞
.  

 
 

 
 

 

Existence statement with opposite conch

Universal Statement with opp Concl

EntN ,
n +En

FREZ ,
R= k+ 4

IneN , buthn +
1 is not divisible bya

#P
,qtEdqt0,E



                          

VCE Specialist Mathematics ½  
 

 

SM12 [2.2] - Proofs II - Workbook  30 

 

Sub-Section: Disproving a Universal Statement 
 

 
 
Context 
 

 Consider the following questionable statement:  
 

"𝑨𝒍𝒍 𝒐𝒇 𝒕𝒉𝒆 𝒗𝒆𝒉𝒊𝒄𝒍𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒄𝒂𝒓𝒑𝒂𝒓𝒌 𝒂𝒓𝒆 𝒃𝒍𝒂𝒄𝒌. " 
 

 How can you disprove this statement?  
 
 
 

 Basically, you have just provided a ______________________________.  
 

 
 
Disproving Universal Statement 
 

 We prove the opposite (negation) existence statement.  
 

 We call this proof by _____________________________________. 
 

 Giving a counter example will be proving an opposite existence statement. 
 

 
 
Question 31 Walkthrough.  
 
Disprove the following statement: For all positive integers 𝒎, if 𝒎 is prime then 𝒎𝟐 + 𝟒 is also prime. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Find a car that isn't black

counter-example.

counter-example

Let m = 2

m is prime .
But 22+ 4 = 8

d 8 is not composite.

:

. The statement is false by counterexample .



                          

VCE Specialist Mathematics ½  
 

 

SM12 [2.2] - Proofs II - Workbook  31 

 
NOTE: We simply give ourselves a counter example to disprove a universal statement. 
 

 
 

Recall! 
 

 
 
Active Recall: Disproving a universal statement. 
 

 To show that a “for all …” statement is not true, it suffices to provide a ____________________________. 
 

 
 

Your Turn! 
 

 
 
Question 32  
 
Disprove the following statement: 
 

∀𝑎, 𝑏 ∈ 𝑅, if 𝑎2 = 𝑏2 then 𝑎 = 𝑏. 
 
 
 
 
 
 
 
 

 
 
Question 33 Additional Question. 
 
Disprove the statement given below: 
 

For all positive integers 𝑛, 2𝑛 > 𝑛2. 
 
 
 

 
 
 
 
 
 

 

launter-example

Take a = -b

a b but a? = -2

: by counterexample, the statement is true .
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Sub-Section: Disproving an Existence Statement 
 

 
 
Disproving Existence Statements 
 

 We prove the opposite (negation) _______________________________.  
 

 
 
Question 34 Walkthrough.  
 
Disprove the following statement: There exists 𝑛 ∈ 𝑁 such that 𝑛2 + 9𝑛 + 20 is a prime number. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
NOTE: To disprove their exist statement, you must show the opposite universal statement as true. 
 

 
 

Recall! 
 

 
 
Active Recall: Disproving an existence statement. 
 

 To disprove a “there exists …” statement, we need to show ____________________________________. 
 

 

universal statement.

(Direct or Indirect Proof)

Negation : UnEN
,
n2+ En +20 is NOT prime.

n
2

+ 9n + 20 = (n + s)(n +4)

n + 5 + 20, 13 since neN

n +4 50
, 13 since new

: n2+ 9n + 20 has fautas that are not just
I d itself

-
.

n2+ an + 20 is composite
:.The original statement is false.

(Not prime)
-

the opposite universal
statement is true-
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Your Turn! 
 

 
 
Question 35   
 
Disprove the following statements: 
 

There exists a real number 𝑥, such that 10 + 3𝑥2 = 3 + 𝑥2. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Question 36 Additional Question. 
 
Disprove the following statement below: 
 

There exists 𝑛 ∈ 𝑁 so that 𝑛3 − 2𝑛2 + 5𝑛 + 4 is divisible by 𝑛 + 2. 
 
 
 
 
 
 
 
 
 
 
 
 

 

Negation : AxEIR
,

le +3x2+ 3+x

2x2 + -7

x
=

+ -7/2
Which is true since x270 VER.

:. The original statement is false
.

Preve instead that "AnEN ,
n3- zn+ Sn + 4 is not divisible

by n+2

let P(u) = x3-2x2 + 5x + Y

P(-2) =8 - 8 - 10 + 4 = -22+ 0

: n +2 is not a factor P(m) by
factor theorem.

.
o The original statement is false
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Key Takeaways 
 

 There exists a quantifier ∃. 
 

 For all quantifiers ∀. 
 

 To prove a there exists statement, simply give an example.  
 

 To prove for all statements, you must prove for all values.  
 

 To disprove a there exist statement, prove the opposite for all statements. 
 

 To disprove a for-all statement, prove the opposite there exist statement. 
 

 
 
Space for Personal Notes 
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Section D: Other Proof Techniques 
 

 

Sub-Section: Telescopic Cancelling 
 

 
 
Telescopic Cancelling 
 

 Telescoping series is a series (sum of terms) where all terms cancel out except for the ____________ 
________________________________. 

 
 The name comes from the visualisation as shown below. 

 

 
 

 Proofs of telescoping series can be done via _________________________________________________ 
_______________________________________. 

 
 

 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

first
a last term

cancelling terms in asequence stelescoping cancelling
3
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Question 37 Walkthrough. 
 
a. Using partial fractions, find the values of 𝑎 and 𝑏 such that: 
 

3
𝑘(𝑘 + 1)

=
𝑎
𝑘

+
𝑏

𝑘 + 1
 

 
 
 
 
 
 
 
 
 
 
b. Hence, prove that: 
 

3
1 × 2

+
3

2 × 3
+ ⋯ +

3
𝑛 × (𝑛 + 1) =

3𝑛
𝑛 + 1

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Recall! 
 

 
 
Active Recall: Telescoping sums 
 

 The key idea for telescoping sums is to ______________________________________________________. 
 

 

(ak
a = 3 a= 3

,
b= 3

a+
v = 0
V =-

Use result:)+) + 00 ht)
= (5 - z)

+ (E - 3)
=3- + (5 - 3)
=33+(-)

And cancellation among terms
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Your Turn! 
 

 
 
Question 38   
 
a. Using partial fraction decomposition, find values of 𝐴 and 𝐵 such that: 
 

1
𝑛2 + 3𝑛 + 2

≡
𝐴

𝑛 + 1
+

𝐵
𝑛 + 2

 

 
 
 
 
 
 
 
 
b. Hence, prove that: 
 

∑
1

𝑛2 + 3𝑛 + 2
=

𝑘
2(𝑘 + 2)

𝑘

𝑛=1

 

 
 
  
 
 
 
 
 
 

 
 
Question 39 Additional Question. 
 
By using the fact that 2(2𝑘+1)

𝑘2(𝑘+1)2 = 2
𝑘2 − 2

(𝑘+1)2, show that:  

 
2 × 5

22 × 32 + ⋯ +
2(2𝑛 + 1)
𝑛2(𝑛 + 1)2 =

(𝑛 − 1)(𝑛 + 3)
2(𝑛 + 1)2  

 
 
 

 
 
 
 
 
 

 

it ·o A = 1
,
B = -

2A + B= 1

th= -nt

-
an

k+ 2-
Starts at k = 2

=-

-=
,as re
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Sub-Section: Proof by Induction 
 

 
 
Context 
 

 Check out this question from the Specialist Mathematics Units 3 and 4 Sample Exam. 
 

 
 

 
 
Proof by Induction 
 

 We will be following the given steps:” _____________”. 
 

 Step T: Test the statement for its first possible value. 
 

 Step A: Assume that the statement is true for 𝑛 = 𝑘. 
 

 Step P: Prove that if the statement holds true for 𝑛 = 𝑘, It also holds true for 𝑛 = 𝑘 + 1. 
 

 Add “By Assumption”. 
 

 Step E: “By the principle of mathematical induction, the statement is true for a set of values.” 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

TAPE
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Question 40 Walkthrough. 
 
Prove that for 𝑛 ∈ 𝑁, 1 + 3 + 5 ⋯ (2𝑛 − 1) = 𝑛2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Exploration: How do we visualise the idea of proof by induction? 
 

 Imagine we have ____________________ of statements we need to prove. 
 

 Each domino is a statement with a specific value _________. 
 

 
 

③ LHS d P(k+1)

P(n) : ( +3+ .. . + (2n - 1) = n2 = 1 + 3 +S +
...

+ (2k -1) + (z(k+ 1)-1)

① Base Case : n= 1 = R+ 2k+ 1 (Yassumpta)
LIS = 1

,
RIS = 12 = 1

:. Base Case True
= (k + 1)2

② Let KEN be arbitrary ,
and RIS of P(R+ 1)

assure PCK) true · ⑦ Since P(1) true,That is 1 + 3 +... + (2k-1) = 42
& P(k)= P(k+1)

then P(n) true for all
ntN by the principle
of induction ,

dommos

In

Prove flow of logic
1) Base P(k)=P(k+)case
- -



                          

VCE Specialist Mathematics ½  
 

 

SM12 [2.2] - Proofs II - Workbook  40 

 
 In Step 1: We test/prove the first statement. 

 
 In Steps A and P: We prove the relationship between a “previous” domino block, and the “next” one. 

 
 If one domino falls, the next one also falls. 

 
 
 

 Since the first one falls, all of them fall! 
 

 
 

Recall! 
 

 
 
Active Recall: Proofs by induction 
 

 When doing a proof-by-induction question, we have four key steps: 
 

1. _____________ the ________________________ holds. 
 

2. ___________________ the statement holds for an 𝑛 = ________ in the required set of values for 𝑘. 
 

3. _______________ that the statement holds for ___________________. 
 

4. __________________ using the principle of _________________________________________ that the 
statement holds for all 𝑘. 

 
 

 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

(If P(k) true
, then Pl+1) also true)

best Base Case

Assume R

Prove k+ 1

Explain mathematral incluction
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Your Turn! 
 

 
 
Question 41   
 
Prove that for all 𝑛 ∈ 𝑁, we have: 
 

1 + 2 + ⋯ + 𝑛 =
𝑛(𝑛 + 1)

2
 

 
NOTE: 1 + 2 + ⋯ + 𝑛 can be written as: 
 

∑ 𝑖
𝑛

𝑖=1

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

·
it

P(n) : 1 +2+... + n= ③ Then LHS of P(R+1)
Proof :

①Base Case : n= 1 1+ 2+.. + k + (k + 1)
LIS = 1
RIS:

=R +(+ 1) (bumpter)
Base Case True

= k(k+1) + 2(k +1)
②Assume REN be arbitrary

2
& P(k) true

That is
, 1 + 2 +.. + R =R =

k+)(+2)=RISof
P(k+1)

⑦ Since P(D) True &

P(k)= P(k+ 1)
, then

P(n) is true forall
nEN by the principles of

induction.
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Question 42 Additional Question.  
 
Prove by induction that for any natural number 𝑛 ≥ 1, 𝑛 < 2𝑛.  
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Key Takeaways 
 

 For telescoping series proof, always look for terms to cancel each other. 
 

 For induction proof always use TAPE: Test for the first case, assume it’s true for 𝑛 = 𝑘, prove for 𝑛 =
𝑘 + 1 and explain at the end.  
 

 
 
Space for Personal Notes 
 
 
 
 
 
 

 

P(n) : 27 n for all new

Dest Base Case : n= · 2 =2+>k+

2 1 : PCD) true
④. : Since PCI) True

② Assume for keN that is ep(k) => P(RT),
arbitrary that P(R) true, P(n) truenew by

that is assume 2B> k
induction

③ Prove P(k+)
H = 2k+ 1

= 2(2k)
=24+ 2k

> k+R (by assumption)
-k+ 1 ask
= RHS
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Contour Check 
   

 
Learning Objective: [2.2.1] – Direct proofs, proofs by contrapositive and 

contradiction. 
 
 

Key Takeaways 
 

 Direct proof is ________________________________________________ the conditional statement.  
 

 The contrapositive of a statement 𝐴 → 𝐵 is given by ____________________. 
 

 Proof by contrapositive is proving the ____________________________________________________.  
 

 Proof by contradiction requires first ______________________________________________________ 
and showing contradiction. 

 
      

 
Learning Objective: [2.2.2] – Converse and the equivalent of a conditional 

statement. 
 
 

Key Takeaways 
    

 Converse statement of 𝐴 → 𝐵 is given by _________________. 
 

 Equivalent statement is when _________________________________________ both have to be 
true. 

 
 “If and only if” stands for _______________________________________.  

 
        
 
 
 
 
 
 
 
 
 
 

proving without changing
-B->A

contrapositive instead.

assuming
the
negation is true

At)B

B-A

a statement& its converse

equivalence.
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Learning Objective: [2.2.3] – Proofs involving the universal and existence 

quantifiers. 
 
 

Key Takeaways 
 

 There exists a quantifier ∃. 
 

 For all quantifiers ∀. 
 

 To prove a there exists statement, simply ____________________________________.  
 

 To prove for all statements, you must prove for _____________________.  
 

 To disprove a there exist statement, ____________________________________________________. 
 

 To disprove a for-all statement, _________________________________________________________. 
 

      

 
Learning Objective: [2.2.4] – Proofs by induction and telescoping series. 

 
 

Key Takeaways 
    

 For telescoping series proof, always look for terms to _____________________________________. 
 

 For induction proof always use TAPE: ____________________________________________________ 
______________________________________________________________________________________.  

 
             

 
 
 
 
 
 
 
 
 

give an example

all values

preve opposite universal statement

prove opposite there exists statement.

cancel each other.

Eest for base case

Assume true for n= R
-

Prove that true for n = R+ 1

Explain at end.
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1-on-1 Maths Consults 
 

 
What Are 𝟏-on-𝟏 Maths Consults? 
 

 Individual 30-minute consultations via Zoom with a Contour tutor, where you can ask questions, 
clarify doubts, and get tips, advice, and support in a one-on-one format.  
 

 Complimentary (yes, entirely free) with your Contour enrolment (as long as you’re enrolled in a Maths 
subject at Contour). You can book up to a week in advance.  

 

SAVE THE LINK. AND MAKE THE MOST OF THIS (FREE) SERVICE! 
 

 
  

Booking Link 
 

bit.ly/maths-consults 
 

 
 

 


