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Section A: Proving Conditional Statements

VCE Specialist Mathematics 2

Sub-Section: Conditional Statements

Context

» After this workbook, you will have the skills to tackle proof questions in Unit 3 and 4 level!

Exploration: Visualisation of Conditional Statements

A=>B

Visualisation of A=

If 4, then B.

Conditional Statements

» Conditional Statement: 6 ""‘j'DﬂM'\S I\MF/)% W(/mmﬂ

» Note: Notation for “implies”: =

"Hypothesis = Conclusion"

Definition

NOTE: Order Matters!

SM12 [2.2] - Proofs Il - Workbook
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~

Let’s look at some questions together!

Question 1 Walkthrough.

Write a conditional statement for the following:

A customer will receive a coupon if they sgend $500,

TL a cuntones spends §500  Heen
":L&a, recelMe a LOUva\

Recall!

Active Recall: Conditional statements

e ‘\»‘rpoﬂmfs

» The relationship between the hypothesis and the conclusion is that x

implres

Your Turn!

Question 2
Write a conditional statement for the following:

Doing strength training grows your muscles.

SM12 [2.2] - Proofs Il - Workbook ‘ 3
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Question 3 Additional Question.
Write a conditional statement for the following:

All books in the library’s collection are about history.

JI( beok m \t‘brown’s wllectren, 1€ s albok pistory -

Space for Personal Notes

SM12 [2.2] - Proofs Il - Workbook
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Q)
Sub-Section: Methods of Proving Conditional Statements @ ‘

Okay, how do we prove them? .

0

Proving Conditional Statements

1. Direct Proof
—e————

2. Proof by Contrapositive

3. Proof by Contradiction

Space for Personal Notes
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o>

Sub-Section: Direct Proof

Q
®

Context

» The proof question for the most recent VCAA Exam 1 was a direct proof!

REMINDER

» From last week, we found that an even number can be written in the form:

2k ket

» An odd number can be written in the form:

2kl , ReL

» If a number is divisible by 3, then it can be written in the form:

Sk, kel

» If a number is not divisible by 3, then it can be written in the form:

b+l or 2R+ k€€

» For proofs involving divisibility, we often need to split into M

Method 1: Direct Proof

» The simplest method of proof. These are the proofs we have been working on in [2.1].

» Here we are not altering the statement we need to prove.

SM12 [2.2] - Proofs Il - Workbook
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Question 4 Walkthrough.

Prove that if n is even, then n? is divisible by 8.

L(} “tlk/ he%
Then 7\% = Cz"-)g
= Gk3

R k3¢l S nd g dwsible b%‘&
a, req,

NOTE: We did not change the statement itself! Hence, a direct proof.

Recalll

Active Recall: Direct proofs

» Inadirect proof, we J.D aok C‘,wwzd the original statement.

Your Turn!

IR P AN

Question 5

Prove that for all integers m and n, if m is divisible by 5 and n is divisible by 2, then 10m + 3n is even.

et m-Sk & N=24 R, je2
Then Jom+3n - /o(sk)fg(z‘)?

- SOh—’fb\)
2(2sk+<3))

M

= LP
SM12 [2.2] - Proofs Il - Workbook L‘)M P - 2S5 k.-r);; € _2
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Question 6 Additional Question.

Prove that if the last two digits of n are divisible by 4, then n is divisible by 4.

wﬁ}t N =000 t (I’) a,béNU{O;{[ w0 r<Ie

Then, of b:=4k, ket
Thn N - 1002tk
:‘((234fh)
TP, p-2SukeW

N () O&A/ﬁfb/c é; q.

Space for Personal Notes

SM12 [2.2] - Proofs Il - Workbook ‘ 8
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VCE Specialist Mathematics %2

[

Sub-Section: Proof by Contrapositive

Q
®

Context

SISO

» Check out this question from the Sample Exam for Specialist Mathematics Units 3 and 4 Exam 2,
which asks about contrapositive statements.

Question 1
Consider the following statement.

‘For all integers n, if n? is even, then # is even.’

Which one of the following is the contrapositive of this statement?
A.

For all integers n, if n? is odd, then # is odd.

There exists an integer 7 such that n? is even and # is odd.
There exists an integer 7 such that  is even and »? is odd.
For all integers n, if n is odd, then n? is odd.

For all integers , if # is even, then n? is even.

What is a contrapositive statement?

~

Contrapositive Statement

&
(Contrapositive Statement of)A = Biis ILB = -4 ?

NOTE: Swap the order and negate the statements.

SM12 [2.2] - Proofs Il - Workbook
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Question 7 Walkthrough.
Write down a contrapositive of the following statement:

If you starve for a day, then you are hungry.

LC Gow are nok )«u.«a:j e WW/*SMVJ@%

(7 8

NOTE: We negate and flip the order.

Recalll

Active Recall: Contrapositive statements

» The contrapositive of the statement 4 = B is:

TR A

Your Turn!

P,

Question 8

Write down the contrapositive of the following statement:

If a triangle is not equilateral, not all of its sides have equal length.

If all the sides of a triangle have equal length, then the triangle is equilateral.

SM12 [2.2] - Proofs Il - Workbook
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Question 9 Additional Question.
Write down the contrapositive of the following statement:

If x is an irrational number, then /x is irrational as well.

j-FﬁTsW%Wx?Sal’w
ratinad

Discussion: What happens when you prove the contrapositive?

You poe O

o

Method 2: Proof by Contrapositive (Indirect Proof)

» Instead of proving A = B, we can prove its contrapositive =B = —A.

Prove a contrapositive statement instead.

» Considered to be an M\[LVCJ PJOU# , as the original statement is altered.

» Steps:
1. Set up the contrapositive statement.
2. Prove the contrapositive statement to be true.

3. Conclude by saying “As contrapositive is true, the original statement is true.”

SM12 [2.2] - Proofs Il - Workbook ‘1 1
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Let’s look at some questions together! .

Question 10 Walkthrough.
Prove the following statement by contrapositive:

If x? — 6x + 5 is even, then x is odd.

Tt suffeer +o waread prove e o traporitine
TP 2 rsever flen x2 6x<S s odd
Preol: Lot w -2k  kER
Thon >*—bu~+8

= (2"—)1»—6(2k)+3

= Q- 12k < S

= 2 (202-6k<2) « |

= 2p), pe2ki-bkc2 €2

x-bx+S %o«u/mre,%_

™~ S‘
Discussion: Imagine if we tried to do a direct proof for the previous question. Would it be easy? ‘ﬁ

SM12 [2.2] - Proofs Il - Workbook ‘1 2
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Recalll

» Steps:

1. Setup the MZZHZQ'Z%IW statement.

2. Prove the contrapositive statement to be % M

Active Recall: Proof by Contrapositive m

~

3. Conclude by saying * Nie , RS ‘EVMC Tl W}MSWW

1} n*smmw’

Your Turn! n = ) /OL 2

~

Question 11

Prove the following conditional statement using contrapositive:

Let x € R. If x is irrational, then ’ X + is irrational.

CDLomufosm T0 Joe Ao s rotoned | Haea
oV POJNOMJ-

@ Proof: Lot Juik - fo ,Pged & g#0

»eq}‘O

> 7
e
X - SS9+
Sz"'
Bu  SP-qlel X Sy%¢2
. X s rexiondd.

SM12[2.2]-Pr00fs|l-\/\lorkbook@ Hen 1t ontmpasve i3 twe,

C

N

soxm ormned Statement .
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Question 12 Additional Question.

Prove the following statement below by first writing down its contrapositive.:
Leta,b € R*. If Vab # 22 thena # b.

Note: This means that if the geometric mean and arithmetic mean of two numbers a and b are not equal, then a
and b are themselves not equal.

Prove tnutead Hut Contragostin, Thot 5,

Tvp a_= U~ J(W/V\r Zt.)\
LHS = Jav = Ja*
= O
- axa
P
Gaéilf < KT"S
2

oo The onimol Stodement 3 BUE,

Space for Personal Notes
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Q
®

Sub-Section: Proof by Contradiction

Context

» Check out this proof-by-contradiction question from the Specialist Mathematics Units 3 and 4 Sample
Exam 2. Give it a try after completing this sub-section!

Question 4 (3 marks)
Use proof by contradiction to prove that if z is odd, where n € N, then n3 + 1 is even.

~

What is a contradicting statement?

Contradicting Statement

(Contradicting Statementof A = B)is A = —B
» Negate the w’\d}"&wﬂ

Question 13
State the contradicting statement of the following:

If x is rational, then x? is rational.

TL s raronal, Then 22 5 irratioad

) AN
Discussion: If we prove that the contradicting statement is false, then what are we also proving? C
O.G is 4me

‘1 5

SM12 [2.2] - Proofs Il - Workbook
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Method 3: Proof by Contradiction (Indirect Proof D

ToProvedA= B

Assume A = —B is true

And show that the assumption is FALSE.

» Steps:
0&& = &veén

1. First, assume that the contradicting statement is true. j POS

2. Show that the assumption has a contradiction, and is hence false. AV\S&)L! 53 net JWJ&’
C——

m :) m

3. Conclude by saying “Since the contradicting statement is false, the original statement is true.

» Considered to be an ;@Mﬂ P!Qt , as the original statement is altered.

Let’s look at some questions together! '

Question 14 Walkthrough.
Prove the simple statement below using contradiction:

logs(9) is irrational

@ Assume  nsieod | thot 1035(9) i ratroned .
(D) Lt loge(@) -y  pq¢2 £ 4#0

9.s5"

1. s
Bur LHS = not olm"w S, 2 RHS 3 dvsidle

\mo S :.‘hem

@_Sw_ﬂ&_ﬂlﬁam IS J-’a!y e o/ms\nal Statemend-
SM12 [2.2] - Proofs Il - Workbook ‘3 % ' ﬁ
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Active Recall: Steps for Proof by Contradictions W

» Steps:

1. First, assume that the contradicting statement is m

2. Show that the assumption M d COAWW and is hence false.
3. Conclude by saying”__ S'Y\e ¥l NeQeakio— IS 'PO"-K,. tle

2)

Q Hﬁxﬁsl—ﬁ;—hv(_
( —
A4
Active Recall: De Morgan's Law

~@AarBy= A ANR
~(avB)= 1 AANB

~

Your Turn!

Question 15

Leta,b € R. Prove thatifa + b > 150, thena > 75 or b > 75.

Asune nstead that @ +b->150 =D a<?S and b
B a <7S £ LSS —= a1l < Fs¢7S

atl- <ySo

a«b <l1se LA a<r>2I1Se s a wntmdeiny.

.4‘ —“A.Q o,cﬁ;‘«o,l Stotement W

SM12 [2.2] - Proofs Il - Workbook ‘1 7
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Question 16 Additional Question.
Use proof by contradiction to prove the following statement:
Letx,y > Oandx # y. Showthat§+§> 2.
L+
(D Assume  2£+9 o
J *
LU
Than  xZy> o
‘39(,
<
e V¢ exy
2 =
7/ ~chJ + J <0
VA
(x-y)" =0
Thie 15 ~ cordrmclichon 2 a%>0 ﬁwu oveR

T Tl onghed stodempet i< R

\ | /
Key Takeaways @

Direct proof involves proving without changing the conditional statement.

The contrapositive of a statement A — B is given by =B — —A.

Proof by contrapositive involves proving the contrapositive of the conditional statement instead.

R K K &

Proof by contradiction requires first assuming that the contradicting statement is true, then showing
contradiction.

Space for Personal Notes

SM12 [2.2] - Proofs Il - Workbook ‘1 8
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Section B: Converse Statements and Equivalent Statements

QO
Sub-Section: Converse Statements @

Context: Sam is being Converse

» Sam is being annoying and talks in the opposite direction of what Jacob says:
Jacob: “If you like chocolate, then you are Sam”
& What would Sam say?

Sam:“:[f o art Soum , then Jo Lkt (heelate™

G Here we call Sam the “___ LOMMr I " of Jacob.

_—

Definition

Converse Statements

» Definition: Conditional statement that flows in the opposite direction.

(Converse Statementof A = B)isB = A

Question 17 Walkthrough.

For the following statement, write down the converse statement, and conclude whether the converse is true:

If a shape is a square, then it is a rectangle. B/

If,sk.a?e :34"6(«0‘075!)‘«40‘ s a 87WL @
This s false .

9

NOTE: This is NOT the same as negation! It's simply an opposite flow. P/
C

SM12 [2.2] - Proofs Il - Workbook
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~

Recalll

Active Recall: Converse statements

» The converse of the statement 4 = B is

b= A

~

Your Turn!

Question 18

For the following statement, write down the converse statement, and conclude whether the converse is true:

If x is divisible by 2 and 5, then it is divisible by 10.

TH o s dsible by 2, ten 3 didb
b‘;) 2 £ 5.

True [

™~ a‘
Discussion: If your friend told you that x is divisible by 2 and 5, is that equivalent to x is divisible ‘&”.

by 10?
SM12 [2.2] - Proofs Il - Workbook ‘20
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What happens if the converse is also true?

VCE Specialist Mathematics 2

Equivalent Statements (Biconditional)

» Itis a conditional statement where if the original is

~
4

be tvux | its converseis

Proves do
ALWaYS twe '

A=>BandB= A
A B

Ais true, if and only if B

» In description, B is true T{ X GIJA;\) 7(’

» To prove equivalent statements, we prove each direction separately.

A is true.

Question 19 Walkthrough. A

=

>

—

. . . ' . :
Let n be an integer. Prove that n is even, if and only if 3n + 3 is odd.

@)I-ﬁ n s even Hhen 0+ 0 eoQ&
Posf: N=2k, RC2
Then 2n€ = 2(2k) <3
= bk + 3

= Z(gt—»\)*\
Whids 5 odd wy ksl e R

——-) ‘)3V\+’>.53A&M N TS eyem
VSe contreupag five: < T[ﬁ f\\sooQJ e, 230 +3 O euen

Mw\-lb-&\) Thenr 31\1-3—

bk +3+ 3

Dhth 1

2 (k- 33

4

NOTE: For if and only if (equivalent statement), we must prove both converse statements.

The Stattment P!W:a!

P

C

A )
~

SM12 [2.2] - Proofs Il - Workbook
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VCE Specialist Mathematics 2

Recalll

Active Recall: Proving biconditional statements

» To prove an “if and only if” statement A < B, we need to show both A>38 ang _B>4

Your Turn!

~

Question 20

Let n be an integer. Prove that n is odd, if and only if n? is odd.

~

D n seld = % s odd
Lt N = 2%\ k&2
Tun- pt = CZk‘H)t

= 4R k< |

=2 (¥ U)+
but| 20712k €2, Hen pt codd

@r\zrs od = nisqdod

Prove "j conﬁafos‘lﬂw-

lontupositve: N is evea =D nHjg

bty n=2h ke
Than 0= (2k)°

=2(2rY)
Bw 2rte 2

oAt s even,

oo ke ntaodd , mr.

SM12 [2.2] - Proofs Il - Workbook
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VCE Specialist Mathematics 2

Question 21 Additional Question.

Let x be a real number. Show that x? + y? = 0, if and only if x = 0 and y = 0.

1:0,4-0 xatL“: °

02:0%z D40 =

‘. )Lz{udQ:O o -0 oQkA:O

)(2132:0 = x=0 JPJ:O'

Proe  Myteod e contragaston, Tuot
T{ «$0 o d:ﬁo T %1*‘1%‘

If x#9 , then vz a’>0
She xtO
" 171:1110
xf 40, ther neyt 3450
swnce 340
J nz—c 20
2. T on\erl Stotement 3 trne
St COptopol. 'S trme.

Key Takeaways

M The converse statement of A - B is given by B - A.

M “If and only if" stands for equivalent statement.

M Equivalent statement is when a statement and its converse both are proved to be true.

Al

Space for Personal Notes

SM12 [2.2] - Proofs Il - Workbook
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Section C: Universal and Existential Quantifiers

8’ >
Sub-Section: Universal Quantifier o ‘
How do we represent all members of a given set? .

Universal Quantifiers
—

> \)IWQM‘ QJ-W\W is @ way to represent all members of a given set.

4 : —
For all real numbers x, x* is never negative.

P
» Notation: v (Universal Quantifier) ‘-_cOf GM

VX ER x2>0

—=e

Discussion: Where does the symbol ¥ come from?

All )

- 7 ‘v

Question 22 Walkthrough.
Convert the following conditional statement using the universal quantifier.

For all real numbers x, e”* is strictly positive.

\leém)6%> O

SM12 [2.2] - Proofs Il - Workbook ‘24
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Recalll .

Your Turn!

Question 23
Rewrite the following statement using the universal quantifier:

For all integers n, n? — 4n is an integer.

\V/ 'Y\(:%) n",‘tne%

Question 24 Additional Question.
Rewrite the following statement using the universal quantifier:

For all natural numbers n, n is at most equal to n?.

YnelN, nen®

SM12 [2.2] - Proofs Il - Workbook ‘25
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. |
QO
Sub-Section: Existence Quantifier @ ‘
How do we represent certain members of a given set? .
Existence Quantifiers
> E X‘\&"e"u ?Whmfls a way to represent certain members of a given set.

There exists an integer such that x> — x — 12 = 0.
¢ There €X13 ?

» Notation: 3 (Existential Quantifier)

I €Z,x*—x—12 =0,

Discussion: How can we prove the existence statement?

;‘&

Ghve an examprt

Question 25 Walkthrough.
Convert the following conditional statement using the existence quantifier.

There exist a real number x such that x? + 4 = 16.

e, x*u=1b

SM12 [2.2] - Proofs Il - Workbook ‘26
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~

Recalll

Active Recall: Existence quantifier

» The symbol for the existence quantifier 3 represents @M& W 9f ﬂA—Q S.ref

~

Your Turn!

Question 26
Rewrite the following statement using the existence quantifier.

-

. . \
There exists a positive whole number n such that 2™ = 4.

AnelN 2" 4

Question 27 Additional Question.
Rewrite the following statement using the existence quantifier.

There exists a positive real number x such that x? < x.

<4
gxéR) Lt < 2

SM12 [2.2] - Proofs Il - Workbook ‘27
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Q)
Sub-Section: Negation of Universal and Existence Statement @ ‘

™~ 3‘
Discussion: What would be the opposite of saying that all living humans breathe? r <

At (et 0 human loasnt breatn

Discussion: What would be the opposite of saying that some humans are taller than 190 cm?

A“ e [796(1\/\ o. Shoder

Negation of Universal and Existence Statements

» They are opposites of each other (with opposite conclusions).

—Universal Statement = Existence Statement with Opposite Conclusion

» And vice versa.

Question 28 Walkthrough.
Write down the negation of the following statements.

a. For all natural numbers, 3n = 2n — 1.
-_—

3 né/\),5>l\< 2na—\

b. There exists a real number x such that x? = 4.
— i — Sy

\fne/\/, %Y

SM12 [2.2] - Proofs Il - Workbook ‘28
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Recalll .

Active Recall: Negation involving the universal and existence quantifiers.

— Universal statement = E)(c?»la\u statement unth oﬂmsffc

— Existence statement = Unﬁ/ersal Swww Wit 9’9‘)\ con

Your Turn! '

Question 29
Write down the negation for the following statements below.

a. Ifnisanatural number,thenn +1 > n.

3 V\(?N; N+EN

b. There exists an integer k such that k? = k + 4.

V ke, KF ken

Question 30 Additional Question.
Write the negation for the following statements below.

a. Ifn is a natural number, then 6n2 + 4n + 1 is divisible by n.
3 n ew ) év\z‘f"‘n-r | < wok aQA\AX‘L)Lt 6‘7 n

b. There exist integers p and q such that ¢ # 0 such that w = s.

Vﬁ,zéz L9+, W;E%

Vi

SM12 [2.2] - Proofs Il - Workbook ‘29
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O
Sub-Section: Disproving a Universal Statement @

Context

» Consider the following questionable statement:

"All of the vehicles in the carpark are black."

» How can you disprove this statement?

F',V\Jl a car that 3nt b)OWQ

» Basically, you have just provided a M .

Disproving Universal Statement

» We prove the opposite (negation) existence statement.

» We call this proof by Wuntes «e)w-mole

& Giving a counter example will be proving an opposite existence statement.

Question 31 Walkthrough.

Disprove the following statement: For all positive integers m, if m is prime then m? + 4 is also prime.

ek m=-1
M rs prive , Bt 254y - g

X & is ot komfogfe.

U T stovement s ﬁbx 5(7 (Cunterevang -

SM12 [2.2] - Proofs Il - Workbook ‘30
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NOTE: We simply give ourselves a counter example to disprove a universal statement. o

~

Recalll

Active Recall: Disproving a universal statement.

» Toshow thata“forall..” statement is not true, it suffices to provide a Mg\f&r - e—'t-a-l’?k ,

Your Turn!

Question 32

Disprove the following statement:

Va,b € R, if a’? = b? thena = b.

Taa A = —b -~
a+U  bub a®t=01

b’taq Counrereranflle , the Stakment S trve.

Question 33 Additional Question.

Disprove the statement given below:

For all positive integers n, 2" > n?.

SM12 [2.2] - Proofs Il - Workbook ‘31
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Sub-Section: Disproving an Existence Statement

Disproving Existence Statements

» We prove the opposite (negation) \)n\VUI aj SWW \

[ N\
LV >  dndki oo™ )

rd

Question 34 Walkthrough.

Disprove the following statement: There exists n € N such that n? + 9n + 20 is a prime number.

NW" VY\&W) n“<dn<20 is NOT pone.

>+ dn<20 = (N+ S)CMH)

NtS %+ 32,)% sme nelV
Nty = $2,1y  since neN

n>+9n 120 M ‘ﬁo«.d-a«l fhat are MJ\N

1 &L :+w(€
- +0(rw2/0 [ES (,0%190@

i ol Shwement 1 fube (N poe) 7

NOTE: To disprove their exist statement, you must show the opposite universal statement as true. P

q

e

Recalll

Active Recall: Disproving an existence statement.

» Todisprove a “there exists .." statement, we need to show ‘Hf‘l OPpo’ k le .
" ctadenent (g true .

SM12 [2.2] - Proofs Il - Workbook ‘32
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Your Turn! .

Question 35
Disprove the following statements:
There exists a real number x, such that 10 + 3x% = 3 + x?2.
NU?‘WON V e R L 1o+t Bent
2a* # 1
-7,
Whieh s true simce 1220 FxeR.

:_ —/“’"Q QJ\DM&"Q}M S ‘,ﬁa,ﬂ,\,qq

Question 36 Additional Question.

Disprove the following statement below:

There exists n € N so that n® — 2n? + 5n + 4 is divisible by n + 2.

ot Ply) - o2 Gy + Y
Plcr) - —§-8-1044 = -22 =+
N2 IS not ca,qﬂwbar f(n) lm
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\ | /
Kev Takeaways @

There exists a quantifier 3.

For all quantifiers v.
To prove a there exists statement, simply give an example.
To prove for all statements, you must prove for all values.

To disprove a there exist statement, prove the opposite for all statements.

R & & K &K &

To disprove a for-all statement, prove the opposite there exist statement.
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Section D: Other Proof Techniques

VCE Specialist Mathematics 2

Sub-Section: Telescopic Cancelling

Telescopic Cancelling

» Telescoping series is a series (sum of terms) where all terms cancel out except for the :Ei! §'f

» The name comes from the visualisation as shown below.

=

» Proofs of telescoping series can be done via

%@:‘Wmﬁe
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Simpk/ “Short” Sum
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Question 37 Walkthrough.

a. Using partial fractions, find the values of a and b such that:

3 a b

T AT

CQ*Q}&%C\ _ 2

—

ke (ltl) T (k)
a=23
a+ b =0

- 3

b. Hence, prove that:

3 N 3 ey 3 _ 3n
1x2 2x3 nx(n+1) n+1
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@ ¥

+(Z- %)
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3 g
= 3n+3-3 n v (2 3>

|

n -+ ~ Al

Recall!

Active Recall: Telescoping sums
» The key idea for telescoping sums is to _%&MI/M QI”OIA} L
v
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Your Turn! .

Question 38
a. Using partial fraction decomposition, find values of A and B such that:

1 _ A B
| n2+3n+2 n+1 n+2

—— -_A A

(n+)(n+2) nei " e <o A:I) B--|
= (4B (248)
Y A+4R:-D C+1)(n+2)
Z.A +B:i

b. Hence, prove that:

k

Z 1 k
nZ+3n+2 2(k+2)

R J R
—— n=1
n= hz"'gMZ .:é
J_
= + T
Question 39 Additional Question. - 4 _ i
2 e+t
. 2(2k+1) 2 2
By using the fact that RO 2 D? show that: = (-1 o
2(hez) - 3 Y.
2X%X5 22n+1) (m—-1m+3)
g 22 x 32 n2(n+1)2 2(n+1)?2
Yols of k=2
= > 1 _ _2
2~ = _—
2 3 o Cn+1)®
-+ -
( 2 L' 1) = n Z‘f 2n +| - ‘,
2(n+t)) T

2 - 2
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Sub-Section: Proof by Induction

Context

» Check out this question from the Specialist Mathematics Units 3 and 4 Sample Exam.

Question 3 (4 marks)
Prove by mathematical induction that the number 9” — 5" is divisible by 4 for all n € N.

Proof by Induction

» We will be following the given steps:” /l E
G Step T: Test the statement for its first possible value.
& Step A: Assume that the statement is true for n = k.
& Step P: Prove that if the statement holds true for n = k, It also holds true forn = k + 1.
» Add "By Assumption”.,

& Step E: "By the principle of mathematical induction, the statement is true for a set of values.”
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Question 40 Walkthrough.
Prove that forn € N, 1+ 3+ 5+ (2n— 1) = n%.
P(N)s 143+...4 (2a-1) =n*
@Bm (e © N=|
LH’S'—‘ /RH'Ss 11: ‘
- Baye (o Trwe
(2 let kel be asbitrony , and
adsune PCR) tvwe.
Thot is 1434 .+(2k):k"
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= kt—\— 2k < ) Cbﬂm_wf,m)

= (k)"
= KH u-' PR <)

@ SMLC e(r) trwe
£ (k) = Pler)

flan P(n) te foraU
neiN ‘9‘7 tle P inciple

9’( MDQMW‘OV\.

Dominos of Statement

Exploration: How do we visualise the idea of proof by induction?

» Imagine we have AQ{ZMM of statements we need to prove.
» Each domino is a statement with a specific value % Z) :

Prove ﬂowﬁ*l@ﬁ

et
x
U
>

i

N
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» In Step 1: We test/prove the first statement.
» In Steps A and P: We prove the relationship between a “previous” domino block, and the “next” one.

» If one domino falls, the next one also falls.

(TL ME) bwe, Hon Abe) i rme )

» Since the first one falls, all of them fall!

Recall!

Active Recall: Proofs by induction

» When doing a proof-by-induction question, we have four key steps:

1. _Test  the %044 Cotse noigs,

2. A&SW the statement holds forann = k in the required set of values for k.

3. E[D‘pg that the statement holds for k—‘f )
4, using the principle of MQMM IAJM!O_"- . that the

statem®ent holds for all k.
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~

NOTE: 1 + 2 + :-- + n can be written as:

P(N): 142« . on = N
Proof. - >
@‘BW(O'L( N=\
LI = |
RAS - 100 _
2
- Boye Cose Tre

@ASSHM, kel bcw/o{lmj
L k) true.

Thot ') J«2+.. .+ = (k<)
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n
Zi
i=1

Your Turn!
PITIEN
Question 41 ,O f’(kﬁ) - E<)(k)
g &=
Prove that for all n € N, we have: A
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Question 42 Additional Question.

Prove by induction that for any natural numbern > 1, n < 2™,

Pl)- 2">n fo-all nel

B} Bw (e : n=\ < zh>-’z %2"’*‘711-&/
\ CP0) true
2 >1 Cﬁ cg)ha P(() Trwe

Qrbitrony  Hrok P(k) trwe

Vnell b
feb % oACume Zb‘>k. Pln) trwe n Y
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v - 2
= 2(1“)
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>kt ( a&swi’%)

k

PRtk

y. Y] \ | /
=RHS @
Key Takeaways

M For telescoping series proof, always look for terms to cancel each other.

M For induction proof always use TAPE: Test for the first case, assume it's true for n = k, prove forn =
k + 1 and explain at the end.
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Contour Check C!

Learning Objective: [2.2.1] - Direct proofs, proofs by contrapositive and
contradiction.

Key Takeaways

Direct proof is W\Ng unthoet c%z:gnw%f the conditional statement.

The contrapositive of a statement A — B is given by _ 7 /% — 1 A’ .

Proof by contrapositive is proving the CO/LM»'ﬁ%ﬁ'W! MSI—COJ( .
Proof by contradiction requires first “/XSWV\W\"}{ the /\@7,4(#(0”\ S M

and showing contradiction.

O O O 0O

Learning Objective: [2.2.2] - Converse and the equivalent of a conditional
statement.

Key Takeaways
O Converse statement of A — B is given by .B — A/

O Equivalent statement is when __ QL Stotement X (l/'f (OMNMHR _ both have to be

true.

O “If and only if” stands for e/? MA\/‘OLQI\ (e .
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Learning Objective: [2.2.3] - Proofs involving the universal and existence

quantifiers.

There exists a quantifier 3.

For all quantifiers v.

To disprove a there exist statement,

O O O O O 0O

To prove a there exists statement, simply

Key Takeaways

To prove for all statements, you must prove for

?M an exwwp/e

M veluey

prove._bpposite unieaed Statemens

To disprove a for-all statement, gzﬂm& QFFa&iii bI/M exxl  Statenmont

Learning Objective: [2.2.4] - Proofs by induction and telescoping series.

O For induction proof always use TAPE:

Key Takeaways

O For telescoping series proof, always look for terms to

Te,w @a/ boxe ot

Ww eAle - .
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Website: contoureducation.com.au | Phone; 1800 888 300 | Email: hello@contoureducation.com.au

VCE Specialist Mathematics %2

1-on-1 Maths Consults

What Are 1-on-1 Maths Consults?

>

Individual 30-minute consultations via Zoom with a Contour tutor, where you can ask questions,
clarify doubts, and get tips, advice, and support in a one-on-one format.

Complimentary (yes, entirely free) with your Contour enrolment (as long as you're enrolled in a Maths

subject at Contour). You can book up to a week in advance.

SAVE THE LINK. AND MAKE THE MOST OF THIS (FREE) SERVICE!

Booking Link
bit.ly/maths-consults
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