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Section A: Compulsory Questions

Sub-Section [2.1.1]: Number Sets

VCE Specialist Mathematics 2

Question 1

State all the number sets that the following are an element of:

a. V5
R, C
b. 5
N,Z Q R,C
c. w+i
C
d -3
7
QR,C
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Question 2

a. {x:x>—4}

Express each of the following subsets of R in interval notation:

(=4, )
b. {x:x#1}n{x:x>-3}
[—3,0)\{1}
C. {xix#0juU{x:ix<2}
(=90, 2}\{0}
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Question 3

Rationalise the denominator, then simplify the following expressions:

V) )

a =
V3
5v3
3
2
1+v2
2V2 -2
V843
2445

(2v2+3)(V5-2) = —4V2+3V5+2V10 -6
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Sub-Section [2.1.2]: Operations on Statements ®

Question 4 )

Consider the following statements:

A = Itisraining.
B =1 go out running.

Write down the following:

a. AAB
It is raining and | go out running.
b. -4
It is not raining.
c. "AVB

It is not raining or I don’t go running.
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Question 5
Use De Morgan’s Law to write down the negation of the following statements:

a. The cake is delicious and the coffee is hot.

The cake is not delicious or the coffee is cold.

b. Itis raining or the sun is shining.

It is not raining and the sun is not shining.

c. The computer is cheap and slow.

The computer is expensive, or it is fast.
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Question 6

Write the following as conditional statements:

a. Customers that spend over $500 get a voucher.

V) )

If a customer spends more than $500, then they get a voucher.

b. All students who study hard pass their exams.

If a student studies hard, then they will pass their exams.

c. People who go to the gym grow their muscles.

If someone goes to the gym, then their muscles will grow.

Space for Personal Notes

SM12 [2.1] - Proofs | - Homework Solutions




G.ONTOUREDUCA'HON VCE Specialist Mathematics ¥

Sub-Section [2.1.3]: Proofs Involving Even and Odd Numbers

oL~
O
o

Question 7

For an integer n, show that if n is odd then n? is odd.

)

1t 1z oxddd and 50 n = 2k + 1 for some & © . Therefore,

n? = (2 + 1)

=4k + 4k + 1
= 2(2%" + 2k) + 1

=2m +1

where m £ £, and s0 »° = 2m + 1 is odd.

Question 8

Show that (2n + 5)% — (2n — 1) is always even for any n € Z.

(2n+5)° — (2n — 1) = 4n” + 20n + 25 — 2n + 1
= 4n® + 18n + 24
=2(2n° +9n +12)

— E.II;.'

where k € Z, and s0 (Zn + 5)° — (2n — 1) is even for any n £ Z.
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Question 9

Show that n? + 5n + 6 is even for all n € N.

V) )

(hserve that

n* +in+6=(n+2)n+3)

one of 1+ 2 and 4+ 3 is even and the other is odd.
We know that even = odd is always even.
Therefore, n° +4n + 3 is even for all n € M
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Sub-Section [2.1.4]): Proofs Involving Divisibility ®

Question 10 )

Show that if n is divisible by 5, then n? is divisible by 5 for any n € N.

We can write n = 5k for some & £ M and so

=

n® = (5k)*
= 25k*

1
= alhk”)

= oM

= q . 1wy =
where m € M and so n® is divisible by 5.
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Question 11

Show that if n is divisible by 2 and m is divisible by 3, then 5n + 10m is even for all n,m € N.

Let n = 2k where & € M and m = 3f where £ & F. Then

an+ 10m = 10& + 30F
= 25k + 15f)
—_ ?J"

where v € M, and so in + 10m i even,

Question 12 )))

Show by cases that for n € Z, if n is not divisible by 3, then n? is not divisible by 9.

If nn is not divisible by 3, then n must leave a remainder of either 1 or 2 when divided by
— 13, Thus. we analvze two cases: |
Case 1: n =3k + 1 for some & £ £ In this case:
n = (3k+1)*
= Ok? + 6k + 1
=3k +2K)+1
—] =3dm+1 —
where m € E, which iz not divisible by 3 and therefore not divisible by 9.
Case 2: n = 3k + 2 for some k £ £ In this case:
n” = (3k+2)°
=0k + 12k + 4
=9k +12k+3+1
—] =33k +4k+1)+1 —

=dm+1

where m € Z. which is not divisible by 3 and therefore not divisible by 9.

Conclusion: In both cazes, n” is not divisible by 9 if n is not divisible by 3.
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Sub-Section [2.1.5]: Proofs Involving Rational Numbers ®

Question 13 )

Show that if v/x is rational, then x is rational for any x € R.

VI = £ for p.q € E and g # (). Then
g

It

where m.n € F and n 5 (), and so x € .
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Question 14

Show that if both x and y are rational, then x? — y3 is rational.

P r i
Assume r = — and y = -, where p, g, 7, s are integers, and q, 5 # 0
]

4q
o . o 2 oy 2 o
aoyp= (1) - (0) =5
{q & qc &

a4 q i
li-.l'.»-'!' —-r 1':,!'

Y

R

5n g T, . Gow . .
Since p*s® — rig” is an integer and ¢°s” # 0, the result is rational.

Question 15 )))

Find possible values for x, y € R such that x and y are irrational, but x¥ is rational.

Note that (v/2)? = 2 which we can write as ((/2)Y?)v?
So we can have = (v2)¥? and y = +/2
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Sub-Section: The ‘Final Boss' 9

Question 16
Consider the statements:

A : misan even integer.
B:n<0

a. Write the statement A A =B in words.

i is an even integer that is greater than or equal to zero.

b. Provethat if A A =B is true, then n? + 3n + 1 is odd.

Let n = 2k where k € £~y. Then,

n®+3%n+1=4k" +6k+1
= (2K + 3k) + 1
=2p+1

where p € Z~p, and so0 n* + 3n + 1 is odd.
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c. Prove that the product of any two odd integers is odd.

Let m =2k +1 and n = 2j 4+ 1 be odd integers, where &, j € Z. Compute the product:
mn=(2k+1){(2j+1)=4kj+2k+ 25 +1=2(2kj + k+ j) + 1.

Since 2kj + k + j € Z, the product is of the form 2p + 1, where p € Z. Hence, mn is
l:i"ii(].-
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Section B: Supplementary Questions

Sub-Section [2.1.1]: Number Sets

VCE Specialist Mathematics 2

Question 17

State all the number sets that the following are an element of:

a. V5
R, C
b. 5
N,Z Q R,C
c. w+i
C
d -3
7
QR,C
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Question 18

Express each of the following subsets of R in interval notation.

a. {x:x>3}
(3,0)
b. {x:i-8<x<1}n{x:x>-3}
[-3.1)
c. {xix#1}u{x:x <5}
(=90, 5}\{1}
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Question 19

Rationalise the denominator and then simplify the following expressions:

V) )

a =
3B
2v/3
3
_5_
3+/2
15 — 5v2
7
V30+7
447

28 — 747 + 44/30 — /210
9
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Question 20

where x, y,a, b > 0 and a # b.

Rationalise the denominator of the following expression and simplify:

xX+y
Va+vp’

y)))

(x+»Ga-

VB)  (Va-B)x—

a2 — p2

J& -5
b2
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Sub-Section [2.1.2]: Operations on Statements ®

Question 21 )

Consider the following statements:

A = Itis hot outside.
B =1 go to the beach.

Write down the following:

a. AAB
It is hot outside and | go to the beach.
b. —-B
I do not go to the beach.
c. WAV =B

It is not hot outside, or | do not go to the beach.
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Question 22
Use De Morgan’s Law to write down the negation of the following statements:

a. The movie is entertaining and the popcorn is tasty.

The movie is not entertaining or the popcorn is not tasty.

b. The traffic is light or the weather is clear.

The traffic is not light and the weather is not clear.

c. The phone is affordable and has a good camera.

The phone is not affordable or it does not have a good camera.
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Question 23
Write the following as conditional statements:

a. People who recycle help the environment.

V) )

If a person recycles, then they help the environment.

b. Employees who work overtime earn extra pay.

If an employee works overtime, then they earn extra pay.

c. Athletes who practice regularly improve their performance.

If an athlete practices regularly, then they improve their performance.
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Question 24 )}))

Simplify the following logical expression using De Morgan’s Laws:

“((PAQ)V (=RAS)).
Give your answer in the form

(AVB)A(CVD)

Uzing De Morgan's Law:

S((PAQ)V (R AS)) = =(PAQ)A-(-RAS).

Next, apply De Morgan's Laws to each part:

~(PAQ)=-Pv-Q,

and:
(R AS)=-[-R)v-85=RvV-5

Substitute these into the expression:

S((PAQ)V(~RAS)) = (~Pv Q) A(RV-S).

So our expression is:

(=P v =Q) A (R Vv —S).
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Sub-Section [2.1.3]: Proofs Involving Even and Odd Numbers ®

Q

Question 25

For an integer n, show that if n is even then n? is even.

)

i 15 even and so n = 2k for some & £ L. Therefore,

where m € £, and so n* = 2m is even.

Question 26

Show that, (4n + 2)? — (2n — 1) is always odd for any n € Z.

—
i

(dn+2)° —(2n— 1) =

16n° + 16n+4 — 2n+1
2(16m” +Tn +2) + 1

2k +1

where k € Z, and so (4n + 2)° — (2n — 1) is odd for any n £ Z.
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Question 27

Show that n? + 7n + 10 is even for all n € N.

V) )

(hserve that
n“+Tn+10=(n+2)(n+5)

one of n + 2 and n + 5 is even and the other 1s odd.
We know that even = odd iz always even.
Therefore, n? 4+ Tn + 10 is even for all n € M

Question 28

Prove that the product of any two odd integers minus the sum of the same two integers is always even.

y)))

Let the two odd intesers be a = 2m +
We have

in-b=

so ab is odd.
Next, compute the sum of a and &

=0 a + b 15 even.
Therefore, it mmst be that for k. f = &

ab — (a

which 1= odd.

a+b=[2m+1)+(2rn+1)
=2m+2n42

=2(m+n+1)

1 and ¥ = 2n + 1., where m.n € £.

(2m + 1)(2n + 1)
dmn+2m+2n+1
22mn+m+4n)+1

+b) = (2k+ 1) — 2
=2k —£) +1
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Sub-Section [2.1.4]): Proofs Involving Divisibility ®

Question 29 )

Show that if n is divisible by 7, then n? is divisible by 7 for any n € N.

We can write n = Tk for some k& £ B and so

n? = (Tk)*
= 40k
= T(TK")

= Tm

_ a . e -
where m € M and so n* is divisible by 7.
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Question 30

Show that if n is divisible by 2 and m is divisible by 3, then 3n + 4m is divisible by 3 for all n,m € N.

Let n = 2k where & € M and m = 3f where f € B. Then

In+ 4m = 6k + 124

= 3(2k + 4¢)

= Ar

where r € M, and so0 3n + 4m is divisible by 3.

Question 31

Prove that if m and n are even integers, then m? + n2 and m? — n? are both divisible by 4.

»w

Let m = Pa and n»n = 2b for a, b e £. Then we have

m- + n* = da* + 4b°

=4(a” + )

and so 1= divisible by four.
We alzo have

p i} iy ip
m- —n" = 4a” — 45°

= -I[ra2 - I'JE;I

and so 1= divisible by four.
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Question 32 )}))

Prove that the sum of any two consecutive odd numbers is divisible by 4.

Let the two odd mumbers be a = 2n+ 1 and & = 2n + 3 for some n € £. Then

a+bh=2n+1+2r+3
= 4n+ 4
=4(n+1)

and so must be divisible by four.
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Sub-Section [2.1.5]: Proofs Involving Rational Numbers ®

Question 33 )

Show that if 3/x is rational, then x is rational for any x € R.

;o - ;
VT = L for p.g € & and q # (). Then
)

-

where m.n € £ and n # (), and so = € ).
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Question 34

Show that if both x and y are rational, then x? + y? is rational.

P r ,
Assume x = = and y = —, where p, q, 7, s are integers, and g, s # (.
!’_.I -

_ li'.li:si =+ i"!rf

fji-'ii

.l o o ] ' b ] ' '
Since p-s- + r-g° is an integer and g°s° # [, the result is rational.

Question 35 )))

Prove that if x is rational and x # 0, then i is also rational.

Azsnme r is rational and x # (. By the definition of rational numbers, we can write:

/!
3
— q —
where p,qg € L and g 5 .
Now,
1 1 g
— TTET —
g I
—5%ince p # 0 (as & # (1) and both p and g are integers, 1 is a fraction with an integer[—
r
. ) 1 g, ,
—numerator and nonzero integer denominator. Thus, — = = is rational. —
r p
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Question 36 )}) )

Prove that if x and y are rational and x, y # 0 then

(x —2y)°> +x2 + 3y
x? + 2y?

is rational.

n]

Let a = = — 2y € ) then ® = b € {J, since the sum and product of rational mimbers is
—rational. -
Also e = r*+3y € Q and d = =° + 2y* = (), since the sum and product of rational numbers
—}i= rational. -
Therefore,

|z — ?_.',l]'-' + 2 + 3y B b+ ¢
T+ 2yt i |

=
—3

I-.I.I

since b.ocod £ ) and o £ 0.
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Free 1-on-1 Consults

4 .
What Are 1-on-1 Consults? I)

Who Runs Them? Experienced Contour tutors (45 + raw scores and 99 + ATARs).

Who Can Join? Fully enrolled Contour students.

When Are They? 30-minute 1-on-1 help sessions, after school weekdays, and all day weekends.
What To Do? Join on time, ask questions, re-learn concepts, or extend yourself!

Price? Completely free!

One Active Booking Per Subject: Must attend your current consultation before scheduling the next:)
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SAVE THE LINK, AND MAKE THE MOST OF THIS (FREE) SERVICE!

A
Booking Link él)

bit.lv/contour-specialist-consult-2025
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