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Section A: Introduction to Sequences and Series

Sub-Section: Sequences

Sequences

» Consider Samuel, our beloved Contour Tutor.

» Lets say he eats a chocolate bar on the first day. / . 2 ) 3
» The next day, he eats two chocolate bars. J(Z K&
» How many chocolate bars do you think he eats on the third day? Z '

» Hands up if you think it's 3 chocolate bars!

& You guys have taken an arithmetic approach!
» Hands up if you think it's 4 chocolate bars!
G You guys have taken a geometric approach!

@ We will consider the two types of sequences today!
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Sequences .D\ (
e

(D=1

» Definition: A sequence is an ordered list of numbers following a certai

—
—_—

» ltis ajA_)/L'aCM of the order_V\

f/-\ | ‘bs Definition

Question 1 Walkthrough.
Construct the first 3 terms for the sequence given y t,, = 2n + 1.
1% | = ZCO“(’ | = 5

t, = 20«1 =5

231 5%

r, = 2(x=%

NOTE: t,, stands for the nt"* term. Eg: For t5, our value of n is equal to 3.

ALSO NOTE: This was a sequence of odd numbers!
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Question 2

The sequence is defined by t,, = 2™ + 1. Identify @umber for which t,, equals 9.

2k teyw

Space for Personal Notes
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Sub-Section: Recurrence Relations ® ‘

What if we define the termt, with respect to the prel@ .

Recurrence Relations Definition

» Definition:
& Arecurrence relation is when we define a term (¢,,), in terms of the previous one (t,_4).
G Recurrence relations generate sequences of the form:
t, = f(t,_q) wheret; =a
Or
t,.1 = f(t,) wheret; = a

G It must always include a t \

Analogy: Recurrence Relations

» It's like knocking off a sequence of dominos!

=)

o4

» We focus on the &S{ﬂl‘o"‘gﬂ@tween the two terms (dominos).
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Question 3

Consider the following recurrence relation.

State the value of 5.

t, =3(®>+2 =3

T5°3 (5) €2 = 2*

Why do we always need a first term?

Analogy: Reason for why recurrence relations always need a first term.

pill

» (Can you knock off any of these dominos without knocking over the first one?

» Similarly, how can we solve for any term in recurrence relation without the first term?

It's impossible! =Rule — (:('yg(« ‘6@/‘/1/'
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Sub-Section: Introduction to Series

o
-

—_—

What does the word “series” mean?

\)il(z(%;l(’s L:[O

3
Series "'Z Definition
» Definition: v=I
G A series is the sum of the first n terms of a sequence. Sm.,
N+
n
& -
UQEYS’I_ (=1

{l,lﬁn 1 91«("?\?

Question 4 Walkthrough.

Consider the sequence given by t,, = 3n — 4.

Evalua@
2
= 2> &
N= |
= t\ ‘ET/Z
=3N-Y¥ -+ 30C)—Y

=3-4tb—7

= |

= ‘b| "l"bz"f-b?'r-bq

= [ 2%¢ 3% ¢

SM12 [1.3] - Sequence and Series - Workbook




(S4ONTOUREDUCATION

VCE Specialist Mathematics 2

Question 5
Consider the sequence given by t,, = 2n + 2.

Evaluate S,.
'
n=(

= ‘b{‘ftzf’tg’(’ 'f/Cf
- “(—fé—tg’-’HU

=2 %

Kev Takeaways

M Sequence follows a certain pattern.

M Series is the sum of the first n terms.

M Recurrence relation is a relationship between the next term and the current term.

Al
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Section B: Arithmetic Sequence and Series

Sub-Section: Introduction to Arithmetic Sequence

Let’s go back to the previous context

Arirthmetic Sequence

» Consider Samuel, our beloved Contour Tutor.

» He ate one chocolate bar on the first day.
» The next day, he ate two chocolate bars.

» Arithmetic sequence suggests Sam eats 3 chocolate bars on the third day !

Discussion: In an arithmetic sequence, how do we go from one term to the next?

AL the sar+€  nuwher

( Minwn )
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o el ok %
Yy O D

a+d, a+ 2d, a+ 3d
= ——— —
> Definition 12 t~ T3 (2
& An arithmetic sequence is one where the common difference is added or subtracted to get the

next term.
t oWV
tn:a+(n—1@% o('ﬁ‘ffyfmoe

Arithmetic Sequences

G Where d is the common difference, and a is the first term.

Discussion: Why do we add (n — 1)d instead of nd? How many differences do we add from ¢, to ¢t

- (

nyg—r T’CVVV'/_—? 2&{/@ "fo(
Seeondk tevimr 2 ONe !

Question 6 Walkthrough.

Consider the arithmetic sequence defined by]?

= (21 by Y

= (2f2¢
=35
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Question 7

Consider the arithmetic sequence defined by t,, = —1 + 6n. o\ € CV\ - ( ) 04‘

Identify the common difference@nd t@
‘ﬁ
) D 5

T, = —(¢ 6CO)
DS tg == <L(8)
( = - £t %%

-

NOTE: Read the question carefully. Sometimes, they expand the n — 1 factor to confuse you. P/

(V=D

\

Space for Personal Notes
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.

Sub-Section: Arithmetic Recurrence Relation

—

What about recurrence relations for arithmetic sequence? .

™ g‘
Discussion: What must be the relationship between the current term (¢,,) and the previous term =
(t,—1) for an arithmetic sequence?

= o —%0(

Formula: Recurrence Relation for Arithmetic Sequence

t,=t, 1 +dwheret; =a

Question 8 / , 2/ 5\ (q

Consider the following nt" term rule for the arithmetic sequence:

A
t, = ‘_1&0]_—,3§n -1) T~z 1z
| o & 18
Find the recurrence relation which corresponds to it. 1\ qﬂ

Tu= (+20n1)

SM12 [1.3] - Sequence and Series - Workbook ‘1 2
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QO
Sub-Section: Arithmetic Mean ® ‘
What do we mean by the Arithmetic Mean? .
S ——
Exploration: Finding arithmetic mean. A\/m Q
» Consider three terms of an arithmetic seq with the.eommon difference of d.
tl = a,tz = a+dandt3 = a + 2d.
» Say that t, is an arithmetic mean (average) of ¢t; and t5 .
» Try finding the sum of ¢; and t;.
t1 + t3 -
» What should we do to t; + t5 to find t,?
—_—
The Arithmetic Mean
» Definition:
. . onteh
Arithmetic Mean of aand b = T
NOTE: Arithmetic mean is same as the so called ‘fhormal average/. ’/

Space for Personal Notes
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Sub-Section: Arithme@ 2 OLOU

S o
Y|, 2 2 uyucC4’
vl \J

(71 (=

Discussion: What would be the mo }efficient w%f adding all the whole numbers 1 — 1007
(5|
1 3+ €98 499 100

N o

825 "0

O

Question 9
Find the sum of all the odd numbers from 1 to 99. % i 5 /

@}@5 ++ 195 HFJ 99

\//
(06
(0o

et
[ .98 5,% c(,g//

= oo

28 f&(rﬁ

95x00 T AST2
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Now let’s generalise it for all arithmetic sequences!

~

Arithmetic Series (Form 1) '(7:/\

1%

N _—
G Where n =number of terms, a = first term and [ = last term.

G Z.can be thought as the Nuvwlper @i— ‘Pe“("c
G a + I can be thought as the Sumt 3'{’ W Pa)r

» Use the following formula, if we know the first tern, last térm and number of terms.

Question 10 Walkthrough.

Consider the arithmetic sequence Wit@a@
Fifd S,.
@ =N C&t-t,@ )
¢ \
| Vl
Y-
Slf . (—S 10)
~2(€)

=)
—
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Question 11

Consider the arithmetic sequence wit@ tyg =
"/ "
S C ot L )

el

1
=S C 2 +19)

2 K&
= 9Ixl\|

=4

Now let’s generalise it for all arithmetic sequences/

Exploration: Arithmetic series for when we don‘t know the last term (0).

» Recall the series formula-

»  Which term wouldlbe?‘(7 '
(7]

» How can we define t,, for an arithmetic sequence?

thy = o on-t)

» On the gpace below, substitute [ = a + d(n — 1) to the series formula!

Sn="2 (atocdon)
= (20+dn1))

-

SM12 [1.3] - Sequence and Series - Workbook




G.ONTOUREDUCA'HON VICE Specialist Mathematics ¥

Arithmetic Series (Form 2) D

» Use the following formula, if we know the first term, common difference and number of terms.

n ,
I’; E(Za +d(n—-1))

& Where n = number of terms, a = first term and d = common difference.

Question 12 Walkthrough. a ( ﬁ( .

Consider the arithmetic sequence witi t,=2+3(n-1). J

Find S;,. 7 \ —{7( ’-"Q/

x A

gIo g (zo 0ot ACo-0)
=5 (2(2) 2(2)

:S/C %TQ:(?> ’[£SF

\_—/

Space for Personal Notes
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Question 13

Consider the arithmetic sequence with t,, ?Gn -1).

Find 513.

Sp= 2 (2a <Al

=2 (202045 (12)
e

y

— ¢ € ¢)

N\ I /
Key Takeaways @

M Arithmetic sequence has a common difference between the next term and the current one.
M Arithmetic sequence is givenby t,, = a + (n — 1)d.

M Arithmetic mean of a and b is a—”’

& Arithmetic sum is given by Z(a + 1) or 2 (2a + (n — 1)d).

SM12 [1.3] - Sequence and Series - Workbook ‘1 8
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Section C: Geometric Sequence and Series
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Sub-Section: Geometric Sequence

. |
o,
o

Now let’s consider another type of sequence, “Geometric” sequences. .

Arirthmetic Sequence

» Remember again
» He ate one chocolate bar on the first day: Z

» The next day, he ate two chocolate bars. (’ KZ

» Geometric sequence will suggest that Sam eat’s){hocolate bars on the 3™ day!

il w@ e SuE ympe

) %
Discussion: In geometric sequence, how do we go from one term to the next? &

SM12 [1.3] - Sequence and Series - Workbook
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Geometric Sequences Pdd Xy X\ Definition
ﬁ > i — 5

ar, ar~, ar
» Definition: @ @

& A Geometric sequence is one Where V\é keep multiplying or dividing by the common ratio to get
the next term.

& Where r is the common ratio, and a is the first term.

Commory Yo

Discussion: Why do we have a power of n — 1 instead of n? How many ratios do we multiply
fromt; tot,?

o

Question 14 Walkthrough.

-1
Consider the geometric sequence defined by t,, = 2 |(§)l .

Identify the common ratiqf first tern) and the 4™ term. r

———

U= ax(he=ax| - =

L~
Ty 2ax(5) =2%(5)’
2.

9%_

SM12 [1.3] - Sequence and Series - Workbook ‘20
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bty we=sS Wuile  (umdent

=
NOTE: Geometric sequence is ap exponentigh
O/ ﬂ/ o

Question 15

£Xponentin

Consider the geometric sequence defined(by t,, = 6 - (2)™.

Identify the common ratio, first term and the 2™ term.

—_—

2 12 oy

NOTE: Read the question carefully. Sometimes, they expand the n — 1 power to confuse you! ﬁ/

Space for Personal Notes
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Sub-Section: Geometric Recurrence RelationJ @ ‘

I L—)'[’Wk@jﬁréq

What about recurrence relations for geometric sequence?

™ g‘
Discussion: What must be the relationship between the current term (¢,,) and the previous term ‘%’*’.

(t,—1) for a geometric sequence?

Tn= VX T

oo = Vectio X ol

Recurrence Relation for Geometric Sequence

t,=t,_ 1 Xrwheret; =a

Question 16

Consider the following nt" term rule for the geometric sequencea ¢

2
RN
Find the recurrence relation which corresponds to it.

r=

'Cl/\ 7/“C(A-—( X (‘,(/ ‘{’/[ =—2-

SM12 [1.3] - Sequence and Series - Workbook ‘22
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|
QO

.

Sub-Section: Geometric Mean

How do we find a geometric term between two other geometric terms? .

Exploration: Finding geometric mean. —C‘( 'f"’ ( f’S
» Consider three terms of a geometric sequence with the common ratio of r.

t; = a,t, = ar and t; = ar?

Widd\@—fw e{— 2 tennS

» Geometric mean simply means a

Here we can sa@ a geometric mean (average) of -v\ L .53

» Find the product of t; and ts.

a ars o
— 2 —
O&-_ov* = (or)
» What shouldwedotot, -t; = a?r?tofindt, = ar? f/?,
' Tixtz= 7S

The Geometric Mean @ Mu(—ﬁp&j @ S‘TMQY(; o]

» Definition: The geometric mean of two numbers a and b is the geometric term in between a and b.

a vab b

Geometric Mean of aand b = Vab

Space for Personal Notes
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TIP: Remember the similarity!

» Arithmetic Mean: Wie add/the two and divide by 2.
Vide oy 2.

» Geometric Mean: Ee multiplpthe two and square root.

Question 17

a. Find the geometric mean of 5 and 20.

‘ngzo = (o =0

b. Explain in words why 10 being a geometric mean makes sense.

LA TN Theve & & <o
5 (o 2% vatco  of 2 o=t

hewte. \O T8 -f2

WMiddie «s\_/ﬂﬁz_geaﬂ&&uaﬁf

Soquonce  (ontailiny €3 2O

Space for Personal Notes
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©

Sub-Section: Geometric Series

Geometric Series

» Definition: Sum of first n geometric terms is given by:/ COMWOT  ro{\O

(D1

» Where n = number of terms, a = first term and r = common ratio.

Question 18 Walkthrough. [ _l
A=t = = (2

Consider the geometric sequence t,, = 2+ (3)" 1.
2 «3°

Caly™0 o () TR T
- AL =7
4 3
= &YC%[_U
Z_
= 3%

Find S,.

St

SM12 [1.3] - Sequence and Series - Workbook ‘25
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Question 19 r_ &
| | | o
Consider the geometric sequence with t,, = 4 - @

Find Ss. &O,V\,_()
=7 r—|

A=1 = Lr)C(—QO: ‘7&

(
>
(
) ‘FXCEZ"") 3)
- = g’( 32
— /2
= 3]
"Z’B

Space for Personal Notes
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(V]

A6 0Ly /"(:gm.m.@_.):’}
v vva\lrj \

O
Sub-Section: Infinite Geometric Series @ ‘

S>> ~

What does infinite geometric series even mean?

Context @

» Imagine a frog jumping from one end of the pond to the other.

Here's the catch!

The frog always jumps half of remaining distance.

The frog always jumps half of vemaining distance.

=

~_ 1 Nt 11
2 4 8 1o

\7 v 97 ()

— \/ \ N4

Question 20 ,bm ~UYC YV\‘\

Construct a geometric sequence for which its terms represent th¢ % of the distance between the two ends of the
pond that the frog covers in his nt" jump.

a.:-b|7
C
Z

L
2

Y";
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NOTE: Notice how, even if the frog jumps infinitely, its distance covered is still a finite number. p/

» Evenif we add infinitely many geometric terms, the series(sum) can still be finite.

» Thisis called “Zeno's Paradox”.J

< -

NOTE: If the common ratio{(s higher than 1 [jKe the above discussion, the infinite series will not be a’/

finite number. X

The Infinite Geometric Series Definition

» Definition: The sum of infinitely many geometric terms is given by

G IMPORTANT: Only works when —1 <r < 1.

Question 21 Walkthrough.
Identify the first term, common ratio and hence find the infinite series.

qqlq 1

* 10 * 100 * 1000 *

SM12 [1.3] - Sequence and Series - Workbook ‘28
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Question 22

Identify the first term, common ratio and hence find the infinite series.

2 4 8
1=3+57%
= |
- —Z
3
A& ]

_ 3/
! /S

NOTE: The common ratio must be between —1 and 1 for an infinite series to be a finite number. ’/

Kev Takeaways

M Geometric sequence is given by t,, = ar™ 1,

M Geometric mean of a and b is Vab.

a(r"-1)

M Geometric sum is given by —

& Infinite geometric sum is given by ——, where -1 <7 < 1.

M Geometric sequence has a common ratio between the next term and the current one.

SM12 [1.3] - Sequence and Series - Workbook
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1-on-1 Maths Consults

u

What Are 1-on-1 Maths Consults?

>

Individual 30-minute consultations via Zoom with a Contour tutor, where you can ask questions,

clarify doubts, get tips, advice, and support in a one-on-one format.

Complimentary (yes, entirely free) with your Contour enrolment (as long as you're enrolled in a Maths

subject at Contour). You can book up to a week in advance.

SAVE THE LINK. AND MAKE THE MOST OF THIS (FREE) SERVICE!

Booking Link
bit.lv/maths-consults
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