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Section A: Recap of [1.1] - Modulus and Partial Fractions

Modulus Functions Degion
» Definition:
o (xifx_ 20

fx) = |x| = fx cO
» Is a hybrid function. [
» Purpose: Always return a non-negative number.
» Range: CO . b(]) .
Alternative Definition of Modulus Functions pegaon

Vot = x|

NOTE: Important not to forget the modulus in the exams! p/
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. |
O
Sub-Section: Solving Modulus Equations @
Solving Equations Involving Modulus Functions Definition
If(x)| =D
fr)=_2b
» Interpretation:
\
G The Mf(x) equals to b.
& f(x) can be either ib
TIP: Check your solutions by substituting them back into the equation! =

Space for Personal Notes
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O. |
Sub-Section: Solving Modulus Inequalities @ ‘

a
Solving Modulus Inequalities %ﬁa — .-{/-b

|x—a Z:a‘—f:b

» Interpretation:

x has a distance from 'a’ that is less thdn or equal {o ‘b’

» Visualise:
abe——{af w+b
a-—Y <x<_g+b
TIP: Always sketch a number line! ﬁ/
Question 1 Walkthrough. )'X"‘ a[ é b
Solve the following inequality. N — (—' })( < 3
[x + 3
=+
153 =+
- ) . /
- [ T—] >z
% - bl O /—‘ ~3 0
1€ (~4,0)
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Question 2

Solve each of the following inequalities for x:

b. |[2x—4|—-3=5

=tY
27— g 2
|2-4] 7 o
(2]x [x-2]2& =2 b
2n-2]78 o o
(2 217F —

Z & (- A”/"ZJ U I}[ )

Space for Personal Notes

SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook




G.ONTOUREDUCA'“ON VICE Specialist Mathematics ¥

Sub-Section: Sketching Modulus Functions

o
-

P,

Let’s now consider the graph of modulus functions!

» General form:

() Vertexisat( ldf[’;) . X’{'IQO

Graph of The Modulus Function

o ® =pctH)-¢
J Gl

y =alx —¢| +&

%=
» Hybrid form:
_{ a(x — h) + k, x=h
Y —a(x— h) + k, x<h
TIP: Think of modulus functions as a “straightened quadratic”. =

Space for Personal Notes
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0

Q)
Sub-Section: Graphing Composite of Modulus Functions @

Graphs of Composite Modulus Functions

» Modulus is the outer function.

y = |f(x)]
@ All negative y-values are flipped to be

Y

N

£(x)

IR

N

- > x
\N 7
N4
y =—Ifx)]
c
& The graph of y = |f(x)| has undergone a reflection in the [MQ] / [y-axis].
Y
N
#(x)
¢ [‘\\/ > X % & & > x
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ir -_— ~

y=—l(x+2)(x - 2)
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¢
» f will always take a [M /[n

-

A
(ufiing)

» At

G x=-2 ,f{-—l:) ':f![[ZD
G x=2 ;P(Z)

Discussion: What would happen if f(x) turned into f(|x|)?

egative] value, even if the x-value is negative.

Jz| L £ ()
[0,82)

&

Discussion: Since f(|-2[) = f(I2]), where

\1,]— ancs ,

is f(|x]) symmetrical about?

% =0

;‘%

Graphs of Composite Modulus Functions

» Modulus is the inside function.

2
£(x)

y = f(xD

G Take the positive side and flip it to the other side.

‘ 7
___/

-
- R
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Y

F(x)/ N

& Take the negative side and flip it to the other side.

£(=Ix])

4

N

\ 4
x
N

Sketch the graph below.

N\

Question 4 Walkthrough.

, where £(x) = (x + 1)(x + 2)

4
N\

4
54
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Question 5
Sketch the graph below.

a. y = f(—|x]), where f(x) = 2x — 1.

N —4 7

N2

b. y =@, where f(x) = (x + 1)% + 1.
vR
\
\
< . . >
-4 4

-5

-10
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Section B: Partial Fractions

VCE Specialist Mathematics 2

Partial Fractions

» The rules for partial fractions:

QO
Sub-Section: Introduction to Partial Fractions [
|

e 5

40 O 4

For every factor of this form in the denominator

of the function...
L f 8 "4" B
inear factors; ==y —— —

Repeated linear facto‘

£

2&_ + —
Cord  (Cotdl) Cod)

=

- - P

]

px+6€

Irreducible quadratig (ax2+1bx+c) [y
;j A" F+onac

&

WA

& Must do long division before using any of the rules above.

/

Space for Personal Notes
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|
QO
.

Sub-Section: Case 1

Let’s consider when we have two linear factors in the denominator! .

Question 6 Walkthrough.

2x+9 o 14' -+ ,ﬁ—

Perform partial fraction decomposition for f(x) = oD
x-3)(x+2) ﬁ' AT
2%+ AlaA2) +BO<2) .
-3 ()2 Lt E

2u+P = Al +2)T BOx-3) 6+5=6A11°
(o nH=2—2 54:;[5

~Ythepl-2tDt BE2 2D A2 :

A 2 — |

- D 7 .: D -
S$=0-s8,B=" % 71(37(*%7

NOTE: ALWAYS factorise the denominator by its factors first! 2

Question 7

Perform partial fraction decomposition for the following function.

2x +8 — /4" -—l"—ég-
G-DE-5 I x

2u+& = Aoa-5) + Bl -1
Let-ot=( Lopht=Ax—SA +Bx ¥
0= - @t x <SAE

}
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@

Sub-Section: Case 2

|
How about repeated linear factors? .

Question 8 Walkthrough.
: B
Perform partial fraction decomposition for f(x) = J; (;2;8_ = )AL— + — %/> Cx__ zj'
25 xrs - AXD DA ("D y o
x(2 -2 x (¢ -3)°
Z
1 2<8594+8 = 4 (2-3)FB x (2 -3)+ x
Ler =0 Lef 2223
2= 0/A+o+o y-(s+¢ = O 10 +3C
= /- :2 2( = +
4 % Cz 2 £2 7y

NOTE: When a linear factor is repeated, we repeat the splitting by that power.

>
e ALt
Te 56y ﬁfﬁ/

Question 9

Perform partial fraction decomposition for the following function.

8 A +,E_ ¢

—_——

G-DGrE o 2 ()
&= AGeH)*+ B¢V H) + (2D
Let x=] Let- 1= Let ¢ =2
¢z Up 010 g-opro—2c &=2+BCk

+ OxH)
=2 C=-F g =2 B4
— ’%
H-ﬂ,> - _3_ — /Z‘—— - _,i#z_ B -
A —| AH 5D c
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Sub-Section: Case 3

@
.

Finally, non-factorisable quadratic factors! .

Question 10 Walkthrough.

] & 4 _Brt<
Perform partial fraction decomposition for f(x) = ﬁﬁ) = 2¢ | x>+
J

J v
(ingo inedusile
x24>  _ A(x?H) -}(B;(,«-g(%_,j -
2k
Ce)(2*) Q-0 (224)> o Rse Ax 24t 2o By (2 —C
X2 435 AP 1) +@x+) (2D =412 H((Bx th

Let = Lef2¢=0 ~—/
l/sﬁ/H—O 3=A+C Z‘\LB"( - pALY
< 22—-C
A=Z gc ., g2=—
NOTE: For quadratic factors that cannot be factorised, we splitit as it is. P/

Question 11

Perform partial fraction decomposition for the following function.

2x — 4 — A’ + BX+(
GrDE+d) % %Q«I—(/
24—l = 2 AH
Y= A224) +& )(34;;) Lot el
(et 2=-2 Letx = 243
—§= g4 yO VoAt 20 207
A= —Ye-{20 g5z
=0 p=/

— | e
SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook e — ']L‘ 2 15
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Section C: Modulus and Partial Fractions Exam Skills

VCE Specialist Mathematics 2

oL~

Q

Sub-Section: Solving Advanced Modulus Equations and Inequalities @ ‘

How do we find an intersection between two modulus functions? .

'

Misconception

“To solve |x — a| + b = —|x — h| + k, we just remove the modulus and put +!”

TRUTH: We must check which equation will give us a valid solution. (Case Check)

q

Space for Personal Notes
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sy
/
Exploration: Case Checking for Finding Intersections Between Two Modulus Functions ] \

» Consider the following equation which finds an intersection between two modulus functions.

(%3]

(a,b)
lx —al+b=—|x—h|+k

» As previously mentioned, if we remove the modulus and change it to +, we get four equations.

@ x—a)+b=(x—-—h)+k

—(x—a)+b=(x—h)+k

x—a)+b=—(x—h)+k

@ —(x—a)+b=—-(x—h) +k

» How many different solutions would we get from the four equations above?

poreuialsy

» Looking at the graph above, how many solutions should we get?

2

» Look at the graph above, and think about which of the above equations will give us a valid solution.

Highlight the two equations above!

Space for Personal Notes
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Solving Advanced Modulus Equations

()

(ab)
lx—al+b=—-|x—h|+k
» Two corresponding equations are:
—(x—a)+b=(x—h)+k
x—a)+b=—-(x—h)+k

» Steps:

1. :g iﬁéid[& the two modulus functions

< C .
2. Find the correct equation by looking at '{7 linear lines.

C-2z = Xt3+lf

5)( ==)2
x>~

v 271//5:—-71"3"“/7/
Y 2y 2 6

A

SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook ‘1 8
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Active Recall: Steps for Solving Advanced Modulus Equations

1. Mthe two modulus functions

2. Find the correct equation by looking at __|

[

Question 13 t_{ [ﬁ?

Find the value(s) of x for the following equations: Lf[0>

(_/(3> m @

—tY = F+xH
2% = —Y
AN Y =2
4 (4,9)
x-Y = .:Z-/-%’/

2% = O
~ =S

SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook
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What about modulus inequalities now? .

Modulus Inequalities

LHS > RHS

A>q, LHS> PHS

|
(
X

4
4
¢

x =4

» Steps:

1. ( X ‘ ap !4 either side of the inequality.
2. Findthe _ 2/, "lzal’ﬂgwhen one side is higher than the other.

Question 14 Walkthrough.

Solve tS @or x.

= 2 — = 2_S ot J
22— Ao =2 ZT bz 48 VY
(a-D(a-p=0 ~ &EPD=C |
% - ’ (} xﬁ ://
xel-00,3) (8,8

SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook ‘20
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=

Active Recall: Steps for Solving Modulus Inequality

1. &m’ﬁh either side of the inequality.
2. Find the Zt — Z( ]J J42.8 when one side is higher than the other.

Question 15

Solve the inequalit}@é @r X.

AH = 222

7(“;/762,)—% %2/- %/V:"/@

VA2-229 = (+J(+16
AL e =) ) = - = —
¢ 2/ _3/ , . P oy
k nz"er ! — | 0
Key Takeaways A = [ - 7(:7
M Solving an intersection between two modulus functions requires graphing to eliminate invalid
solutions.

\
R
\
=
1)

- —_— —
M Finding inequalities is best done using graphs. zé-['odf IJ U[/i?,uj

SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook ‘21
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Section D: Exam 1 Questions (20 Marks) ’@/ 20

N\
Question 16 (3 marks) (/ g 2
Solve the equatiopgB|2x + 2| — 1 r x €ER.

o 300a2) - = 2(Zamke

N —b6X—b—[28x+/24+€

T (20 = —2%

= —2

(’f r"‘) N

A = —]
26[’2/"/]

Question 17 (3 marks)

Solve the inequality x — 1 < |x? — x — 6| for x € R.

SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook
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Question 18 (7 marks)

2
a. Perform partial fraction decomposition for f(x) = % (3 marks)
2x3+3x2+2x+3 . c d
b. Express Dtz 0 the form Ax + b + 2 T (4 marks)

Space for Personal Notes
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Question 19 (7 marks)

~(2*C2+3)
— (e -=2)n-1)

a. Sketch the graph of y =]f(x)l on the axis below. Label all axes intercepts. (3 marks)

Let f(x) = —x2 + 4x — 3.

A

> x

~ ,(;,0)2[;/04 -

b. Find the value of k such that |f(x)| = k has exactly 3 solutions. (2 marks)

ya

=]

c. Solve the inequality x + @—xz + 4x — 3| for x € R. (2 marks)

2+%2 2% Y212

AL—Cx =P

A(xn-<) O

el A i

re(6,8)

SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook
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Section E: Tech Active Exam Skills

VCE Specialist Mathematics 2

CAS

Calculator Commands: Solving Modulus Equations and Inequalities

» Mathematica

G Abs[].

» TI-Nspire

AR CIECIaN il IR
oo (B8] ©o [ B Lo Mo g0 o g0 e

limo
[od limo

G Under button situated
next to the book button.

» (asio Classpad

G Under Math1.

Matm_Line‘ ] \/i‘ x| @
Math?l o ‘ e | In 1108.[]\ ]

Math3 | m ‘ 2 | x 110&0(|)3solve('

Question 20 Tech-Active.

Solve the inequality |x — 2| < |x? — 4].

SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook
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CAS

Calculator Commands: Graphing

» Mathematica

@ Plot[function,{x,xmin,xmax]},
PlotRange—{ymin, ymax}].

& PlotRange is optional but
makes the scale appropriate
for the question.

@ Menu- 6 (Analyse) to find
min/max x and y intercepts

& Restrictdomainto 0 < x <
2 use the bar can get it

P< +
from Ctrl+ =12 = | |

£1()=x> - 2x2|0<x<2)

» TI-Nspire

& Open a graph page and plot
your function.

b.42]

& Zoom settings: Menu— 4
(window/zoom)— 1 enter
your x and y ranges.

m | \;\Iindow Settings w
XMin: I'105 I
Max: [10.5031446540881 |
XScale: [ auto | N |
a YMin: [-6.9182389937107 | 21?}
/Max: | 6.4150943396226 |
YScale: [ auto | N I
OK Cancel

|

1

& (an also click the axis
numbers on the graph and
alter them directly.

@ J

» C(asio Classpad

@ Click Graph & Table,
and enter the
function.

MENU &

ain

M) E
=

-

Df eActivity Statistics
iz Spread- Graph&
sheet %] Table
L3
3D Graph @ Geometry
Pict o2l interacti
cture W=l Interactive
Plot b= DiffCalc

—
Conics . glrifpshq-

ulifs

X

& Edit Analysi; .
i | W[ Box

| Factor

Zoom In

Zoom Out
Auto

Original
Square

Round

Integer
Previous
Initialize
Quick »

B
:
v X

L el o ol ol
WO = M w s g
“

0w s @

-12

@

(%[

Deg  Real am
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& Analysis—G-Solve to
find intercepts.

G Use this button ]EE[
to set the view
window.

Yiew Window
File Memory

[ Ix-log y-log

xmin =4

max :5

scale: 1

dot :0.0324675324675325

ymin :=1.765

max :0.563

& Use | torestrict
domain - find it in
Math 3

Myl=x3-2.x2|0<x<2

Question 21 Tech-Active.

Let f(x) = x? — 5x + 4. Sketch the graph of y = |f(x)| on the axis below.

Y

N

10

N

SM12 [1.2] - Modulus & Part
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Calculator Commands: Partial Fractions

» Mathematica » TI-Nspire

@ Apart[]. & Expand.

» (asio Classpad

& expand(func, x) or
Interactive —»
Transformation —
expand — Partial
Fraction.

CAS

Question 22 Tech-Active.

3

Find the partial fraction decomposition of f(x) = p—

SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook
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Section F: Exam 2 Questions (18 Marks)

VCE Specialist Mathematics 2

Question 23 (1 mark)

expression?
x—3
(x%2+1)(x —2)?
A B

A. X241 (x—2)2

Ax+B c D
B. x2+1  (x—2)? + x—2

Ax+B Cc Dx
C. x2+1 | (x-2)2 | x—2
p. A c D

x2+1 + (x—-2)2 + x—4

Which one of the following, where A, B, C, and D are non-zero real numbers, is a partial fraction form for the

Question 24 (1 mark)

A y=—x-—2
B. y=3x—-4
C.y=x+2

D. y=3x+2

For the interval% < x < 3, the graph of y = |2x — 1| + |x — 3| is the same as the graph of:

Space for Personal Notes
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Question 25 (1 mark)

The equation [2x — 3| = —|x + 2| + 6, where x € R, has solution(s):

Question 26 (1 mark)

The equation |x? — 2x — 3| = k, where k is a real number has exactly two solutions for:
A k=4

B. k>4

C. k=3

D. k<3

Space for Personal Notes
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N

Question 27 (1 mark)

Y
N

Part of the graph of y = f(x) is shown below.

D s

/|

N

The function f(—|x|) is best represented by:

N

AN
/(S

N

)
=

Space for Personal Notes
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Question 28 (13 marks)

a. Consider the functions f(x) =[x — 3| —land g(x) = —|x — 3|+ 3.

i. Let A be the vertex point of f and let B be the vertex point of g. State the coordinates of A and B. (1 mark)

ii. Let C and D be the points of intersection of f(x) and g(x). State the coordinates of C and D. (2 marks)

iii. Find the area of the square ABCD. (2 marks)

SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook
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Consider the function h(x) = |(x — 3)(x + 1)|.

b. Sketch the graph of y = h(x) on the axis below. Label all axes intercepts and turning points. (3 marks)

9
10

5

-2 -1 0 1 2 3 4

-1

c. Solve the inequality x + 1 > h(x) for x € R. (2 marks)

d. The equation k —x = h(x), where k is a real number, has 4 real solutions. Find the possible value(s) of k.
(3 marks)

SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook
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Contour Check C!

Learning Objective: [1.1.1]

Study Design

Graphs of sum, difference, product, and composite functions involving functions of the types
specified above (not including composite functions that result in reciprocal or quotient functions).

Key Takeaways
O Modulus finds a of things.
O Ja— b|isa between a and b.

O Vaz=

O For simple modulus equations, remove modulus and put

Learning Objective: [1.1.2]

Study Design
Graphs of sum, difference, product, and composite functions involving functions of the types
specified above (not including composite functions that result in reciprocal or quotient functions).

Key Takeaways

O Graph of a simple modulus graph a|x — h| + k is like a straightened

O Wrapping modulus around the function makes the y value always non-
O Wrapping the modulus around the x value makes the function symmetrical around the axis.
O 7£(|x]) take the RHS and make it symmetrical about the axis.

O f(—Ix|) take the and make it symmetrical about the y-axis.

SM12 [1.2] - Modulus & Partial Fractions Exam Skills- Workbook ‘34




G.ONTOUREDUCA'HON VICE Specialist Mathematics ¥

Learning Objective: [1.1.3]

Key Takeaways

Partial fractions are the process of

Must before doing partial fractions.

Must do before doing partial fractions.

Linear factors always have a at the top.

O O O O 0O

Irreducible quadratic factors have a function at the top.

Learning Objective: [1.2.1]

Key Takeaways

O To solve modulus inequalities, we should:

1. either side of the inequality.

2. Findthe when one side is higher than the other.
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