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Section A: [1.1] – Modulus & Partial Fractions (Checkpoints) 

 

 

Sub-Section [1.1.1]: Solving Simple Modulus Equations and Inequalities 
 

 

 

Question 1  

 

Evaluate: 

 

a. −| − 4|  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. |5| + | − 6|  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

c. |−8|2  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 2  

 

Solve the following equations for 𝑥. 

 

a. |3 − 2𝑥| = 1  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. |𝑥2| = 2   

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

c. |𝑥2 + 1| = 2  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 3  

 

Solve the following equations for 𝑥. 

 

a. | − 𝑥| < 2  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. |2𝑥 − 1| > 5   
 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

c. |2𝑥 − 5| + 3 < 4  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 4  

 

Consider the following equation |𝑥|2 − 7|𝑥| + 10 = 0.  

 

a. Before solving the equation, how many solutions do you expect this equation will have? Why? 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. Solve the equation.  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Sub-Section [1.1.2]: Graphing Modulus Functions and Composite 

Modulus Functions 
 

 

 

Question 5  

 

Sketch the graph of the function 𝑓(𝑥) = 4|𝑥 − 1| + 12 on the axes below. Label the axis intercepts and the vertex 

of the graph.  
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Question 6  

 

Sketch the graph of the function 𝑓(𝑥)  =  |(𝑥 − 2)(𝑥 + 1)(𝑥 − 5)|. Label any axis intercepts. 

 

 
 

 

 

Question 7  

 

Sketch the graph of the function 𝑦 = 𝑓(|𝑥|) where 𝑓(𝑥) = (𝑥 − 1)2. Label any axis intercepts.  
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Question 8  

 

Sketch the graphs of the functions 𝑦 = 𝑓(|𝑥|) and 𝑦 = 𝑓(−|𝑥|) in the interval −2 <  𝑥 < 2 where the graph of 

𝑦 = 𝑓(𝑥) is shown below.  
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Sub-Section [1.1.3]: Apply Partial Fractions to Find a Decomposed Form 
 

 

 

Question 9  

 

Perform partial fraction decomposition to write the following functions in the form specified below. 

 

a. 
6𝑥+2

(𝑥−3)(𝑥+1)
=

𝐴

𝑥−3
+

𝐵

𝑥+1
   

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. 
5𝑥2−24𝑥+29

(𝑥−3)2(𝑥−2)
=  

𝐴

𝑥−3
+

𝐵

(𝑥−3)2 +
𝐶

𝑥−2
  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

 

 

 

 

 

 

 



                          

VCE Specialist Mathematics ½  
 

 

SM12 [1.0] - AOS 1 Revision - Contour Check Solutions 11 

 

c. 
7𝑥2−3𝑥+14

(𝑥−1)(𝑥2+3𝑥+5)
=

𝐴

𝑥−1
+

𝐵𝑥+𝐶

𝑥2+3𝑥+5
  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

Question 10  

 

Perform partial fraction decomposition to the following functions.  

 

a. 
8𝑥−12

𝑥2−2𝑥−3
  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

 

 

 

 

 

 

 

 



                          

VCE Specialist Mathematics ½  
 

 

SM12 [1.0] - AOS 1 Revision - Contour Check Solutions 12 

 

b. 
7𝑥2+6𝑥−8

𝑥3+2𝑥2   

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

c. 
6𝑥3−𝑥−6

𝑥4−2𝑥3   

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 11  

 

Perform partial fraction decomposition to the following functions.  

 

a. 
𝑥3−4𝑥2+18

𝑥2+𝑥−2
  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. 
𝑥4+𝑥3−𝑥2−𝑥−3

𝑥2−𝑥−2
  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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c. 
7𝑥4+10𝑥3+24𝑥2−38𝑥−35

(𝑥−1)(𝑥2+2𝑥+5)
  

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 12  

 

Perform partial fraction decomposition to the function 𝑓(𝑥) =
𝑥6+4𝑥5−𝑥4+𝑥3−27𝑥2−9𝑥+22

(𝑥−2)(𝑥2+𝑥+4)
. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

Space for Personal Notes 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



                          

VCE Specialist Mathematics ½  
 

 

SM12 [1.0] - AOS 1 Revision - Contour Check Solutions 16 

Section B: [1.2] – Modulus & Partial Fractions Exam Skills (Checkpoints) 

 

 

Sub-Section [1.2.1]: Solving Advanced Algebra and Inequalities 
 

 

 

Question 13  

 

Solve the equation |𝑥 − 1| + 3 = |3𝑥 + 1| − 2 for 𝑥 ∈ ℝ. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 14  

 

Solve the equation |2𝑥 − 3| = −2|𝑥 + 1| + 5 for 𝑥 ∈ ℝ. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 15  

 

Solve the inequality 
1

|𝑥−4|
+ 2 < 𝑥 + 6 for 𝑥 ∈ ℝ. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 16  

 

Solve the inequality |
𝑥−4

𝑥+1
| − 3 > |𝑥 + 2| for 𝑥 ∈ ℝ. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Section C: [1.3] – Sequences & Series (Checkpoints) 

 

 

Sub-Section [1.3.1]: Finding Sequence from Recurrence Relations 
 

 

 

Question 17  

 

Given 𝑡𝑛 = 6 + 4 ⋅ 𝑡𝑛−1 and 𝑡1 = 3, find the value of 𝑡3. Is the sequence an arithmetic sequence, geometric 

sequence, or neither? 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

Question 18  

 

Given t𝑛 = 𝑡𝑛−1
𝑡𝑛−1and 𝑡1 = 2, find the value of 𝑛 so that, 𝑡𝑛 = 256. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 19  

 

Given 𝑡𝑛 = 𝑡𝑛−1
2  and 𝑡1 = 3, find the smallest 𝑛 so that, 𝑡𝑛 > 100. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

Question 20  

 

Given 𝑡𝑛 = −𝑡𝑛−1 and 𝑡1 = 2. Write down the first few terms in the sequence and hence, write down a formula 

for the general term 𝑡𝑛. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Sub-Section [1.3.2]: Finding Arithmetic Sequence, Mean and Series 
 

 

 

Question 21  

 

Consider the arithmetic sequence, 𝑡𝑛 = 𝑡𝑛−1 + 5 and 𝑡1 = 2. 

 

a. Find 𝑡10. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. Find the arithmetic mean of 𝑡3 and 𝑡10. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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c. Evaluate 𝑆4. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

Question 22  

 

Find the value of 𝑥 so that, the arithmetic mean of 8 and 2𝑥 + 6 is 17. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 23  

 

Let 𝑡𝑛 = 5 + 𝑑𝑛. Find the value of 𝑑 if, 𝑆4 = 50. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

Question 24  

 

Given that 𝑡4 = 16 and 𝑆8 = 136, find the values of 𝑎 (the first term) and 𝑑 (the common difference) and hence, 

write down the general term 𝑡𝑛 of the sequence. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Sub-Section [1.3.3]: Finding Geometric Sequence, Mean and Series 
 

 

 

Question 25  

 

Given 𝑡𝑛 = 4𝑡𝑛−1 and 𝑡1 = 3. 

 

a. Find 𝑡3. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. Find the geometric mean of 𝑡2 and 𝑡5. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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c. Evaluate 𝑆5. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

Question 26  

 

Suppose that 𝑡𝑛 is a geometric series such that, 𝑡5 = 40.5 and 𝑡9 =  3280.5. Find the common ratio of the 

geometric series. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 27  

 

Let 𝑡𝑛 = 4 ⋅ 𝑟𝑛. Find the value(s) of 𝑟 given that, the geometric mean between 𝑡4 and 𝑡8 is 256. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

Question 28  

 

Given 𝑡𝑛 = 6 ⋅ 𝑡𝑛−1 and 𝑡1 = 7. Find the smallest value of 𝑛 so that, 𝑆𝑛 first exceeds 1000. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Sub-Section [1.3.4]: Infinite Geometric Series 
 

 

 

Question 29  

 

Find the value of the infinite series: 

 
7

2
−

7

4
+

7

8
−

7

16
+ ⋯ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

Question 30  

 

Find the value of the infinite series: 

 

2 +
2

7
+

2

49
+

2

343
+ ⋯ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 31  

 

Find the value of 𝑟, given that: 

 

5 + 5𝑟 + 5𝑟2 + 5𝑟3 + ⋯ =
45

8
 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

Question 32  

 

Find the value of 𝑎, given that: 

 

𝑎 −
𝑎

6
+

𝑎

36
−

𝑎

216
+ ⋯ =

54

5
 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Section D: [1.4] –Sequences & Series Exam Skills (Checkpoints) 

 

 

Sub-Section [1.4.1]: Find Sequences from Two Terms 
 

 

 

Question 33  

 

Define the arithmetic sequence in terms of 𝑛 if 𝑡3 = −10 and 𝑡13 = 10. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

 

 

 

Question 34  

 

Define possible geometric sequences in terms of 𝑛 if 𝑡4 =
1

4
 and 𝑡7 =

27

4
. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Thus, 𝑡𝑛 = 𝑎 + 2(𝑛 − 1) 𝑎

= −14 

Since, 𝑡𝑛 = 𝑎 × 3(𝑛−1) 𝑡4 = 27𝑎 = 
𝑎

=
1

108
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Question 35  

 

Consider the arithmetic, 𝑎𝑛 sequence with the following properties, 𝑎3 = 8, 𝑎6 = −
5

2
. 

 

𝑔𝑛 is a geometric sequence with the property that 𝑔3 = 𝑎3 and 𝑔5 = 𝑎5.  

 

Find 𝑔𝑛 in terms of 𝑛. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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128√2 

−128√2 
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Question 36  

 

Consider the following sequence, 𝑎𝑛 = 𝑏𝑛 + 𝑐 + 𝑑𝑛.  

 

It is known that 𝑎1 = 0, 𝑎2 = 1 and 𝑎3 = 4. 

 

Find the values of 𝑏, 𝑐 and 𝑑. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Sub-Section [1.4.2]: Apply Recurrence Relation To 

Different Types of Sequences 
 

 

 

Question 37  

 

Consider the sequence 𝑎𝑛, with the property that 𝑎3 = −5 and 𝑎𝑛 = 2𝑎𝑛−1 + 1. 

 

a. Find 𝑎1. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. Now assume that 𝑎1 = 𝑏 and 𝑎𝑛 = 2𝑎𝑛−1 + 1. Find a value of 𝑏 such that 𝑎𝑛 = 𝑏 for all values of 𝑛. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 38  

 

Consider the sequence defined by the following recursive relationship: 

 

𝑓𝑛+𝟏 =
𝑓𝑛 + 𝑓𝑛−𝟏

4
 

 

The sequence can be expressed in the form 𝑓𝑛 = 𝑎𝑛. Find all possible values of 𝑎. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 39  

 

Consider the Fibonacci Sequence, 𝑓𝑛 defined as such: 

 

𝑓1 = 𝑓2 =  1 

 

𝑓𝑛+1 = 𝑓𝑛 + 𝑓𝑛−1  for 𝑛 ≥ 2 

 

Now consider the sequence 𝑎𝑛 = 𝑎2𝑛. 

 

Show that for a suitable value of 𝑎, 𝑎𝑛 > 𝑓𝑛 for all values of 𝑛. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 40  

 

Find a sequence, 𝑎𝑛 that satisfies the recursive relationship, 𝑎𝑛 = 4𝑎𝑛−1 + 2𝑎𝑛−2 − 12𝑎𝑛−3 − 9𝑎𝑛−4, as well as 

the conditions: 

 

𝑎2 = 2 and 𝑎3 = 4 

 

Hint: ((𝑥 − 1)2 − 4)2 = 𝑥4 − 4𝑥3 − 2𝑥2 + 12𝑥 + 9 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Section E: [1.1-1.4] – Overall Exam 𝟏 Questions 

 

 

Question 41  

 

Solve the equation |𝑥 −  4|  =  2|𝑥 +  8|. 
 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 42  

 

Solve the inequality 𝑥 +  2 >
1

√𝑥2−4𝑥+4
 for 𝑥 ∈ ℝ. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 43  

 

a. Perform partial fraction decomposition for 𝑓(𝑥) =
6𝑥

(𝑥−1)(𝑥+2)
. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. Express 𝑔(𝑥) =
𝑥3+8

(𝑥+2)(𝑥2+4𝑥+4)
 in the form 

𝐴

(𝑥+2)2 +
𝐵

𝑥+2
+ 𝐶 for real numbers 𝐴, 𝐵 and 𝐶. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 44  

 

Let 𝑓(𝑥)  =  2𝑥2  −  4𝑥 −  1. 

 

Sketch the graph of 𝑦 =  |𝑓(𝑥)| on the axis below. Label all axes intercepts and turning points. 

 

 
 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 45  

 

Consider the function 𝑓 with rule 𝑓(𝑥) =
𝑥2+𝑥+4

𝑥+1
. 

 

a. Show that the rule for the function 𝑓 can be written as 𝑓(𝑥) = 𝑥 +
4

𝑥+1
. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. Solve the inequality 𝑓(𝑥) >  𝑥 +  5 for 𝑥 ∈ ℝ. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 46 (3 marks) 

 

Consider the arithmetic sequence, 𝑎𝑛 with the following properties: 

 

𝑎5 = 7 and 𝑎8 = 19 

 

a. Find 𝑎2 − 𝑎1. (1 mark) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. Find 𝑎1. (1 mark) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

c. Hence, find 𝑎𝑛 for any natural number 𝑛. (1 mark) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 47 (4 marks) 

Consider the following geometric progression, 𝑏𝑛 = 2 × (−
2

3
)

𝑛−3
. 

 

a. Find the geometric mean of 𝑏1, 𝑏2, . .. , 𝑏5. (2 marks) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. Evaluate 5𝑏1 − 5𝑏2 + 5𝑏3 + . . . (2 marks) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

______________________________________________ . _______________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 48 (4 marks) 

 

Consider a positive sequence 𝑎𝑛 with 𝑎𝑛 > 0 for all natural numbers 𝑛. 

 

a. If 𝑎1 + 𝑎2 + . . . + 𝑎𝑛 < 5 for all values of 𝑛, show that there exists an integer 𝑘, such that for all 𝑛 > 𝑘,  

𝑎𝑛 < 1. (3 marks) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b. Explain why 𝑎1000 is not necessarily less than 0.1. (1 mark) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 49 (4 marks) 

 

Consider a sequence, 𝜙𝑛 = 𝑎𝑏𝑛 + 𝑐𝑑𝑛, defined by the following recursive relationship: 

 

𝜙𝑛+1 = 5𝜙𝑛 − 6𝜙𝑛−1 

 

If 𝜙2 = 7 and 𝜙3 = 17, find possible values of 𝑎, 𝑏, 𝑐 and 𝑑. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 50 (5 marks) 

 

Consider the following two sequences: 

 

𝑎𝑛 = 3𝑛 − 1 and 𝑏𝑛 = 3 × 2−𝑛 

 

a. Express the sequence 𝑐𝑛 = 𝑏𝑎𝑛
 in terms of 𝑛. (1 mark) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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b. The arithmetic mean of 𝑎1, . . . 𝑎𝑝 is 17. 

 

i. Find the value of 𝑝. (1 mark) 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

 

ii. Hence, or otherwise find the geometric mean of 𝑐1, . .. 𝑐𝑝. (2 marks) 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

 

c. Evaluate 𝑐1 + 𝑐2 + . . .. (1 mark) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Section F: [1.1 – 1.4] – Overall Exam 𝟐 Questions 

 

 

Question 51 (1 mark) 

 

The equation |2𝑥 −  3|  =  −|𝑥 +  2|  +  6, where 𝑥 ∈ ℝ, has solution(s): 

 

A. 𝑥 = −1,
7

3
 

 

B. 𝑥 =
5

3
 

 

C. 𝑥 = −1 

 

D. 𝑥 = 7,
5

3
 

 

 

 

Question 52 (1 mark) 

 

The graph of 𝑦 =  |2𝑥 −  1|  −  |𝑥 −  3| is the same as the graph of 𝑦 =  −2 −  𝑥 for which of the following 

ranges of 𝑥 values: 

 

A. 𝑥 >
1

2
 

 

B. 𝑥 ≤
1

2
 

 

C. 
1

2
≤ 𝑥 ≤ 3 

 

D. 𝑥 ≥ 3 
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Question 53 (1 mark) 

 

Which one of the following, where 𝐴, 𝐵, 𝐶, and 𝐷 are non-zero real numbers, is a partial fraction form for the 

expression? 

 
𝑥 − 3

(𝑥2 − 1)(𝑥 − 2) 
 

 

A. 
𝐴

𝑥2−1
−

𝐵

(𝑥−2)2 

 

B. 
𝐴

𝑥−1
+

𝐵

𝑥+1
+

𝐶

𝑥−2
 

 

C. 
𝐴𝑥+𝐵

𝑥2−1
+

𝐶

𝑥−2
+

𝐷𝑥

𝑥−2
 

 

D. 
𝐴

𝑥2−1
+

𝐶

𝑥−2
+

𝐷

𝑥−4
 

 

 

 

Question 54 (1 mark) 

 

The equation  |𝑥2 + 2𝑥 − 8| = 𝑘, where 𝑘 is a real number has exactly four solutions for: 

 

A. 𝑘 = 9 

 

B. 0 <  𝑘 <  9 

 

C. 𝑘 >  9 

 

D. 𝑘 >  0 

 

 

 

Space for Personal Notes 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



                          

VCE Specialist Mathematics ½  
 

 

SM12 [1.0] - AOS 1 Revision - Contour Check Solutions 50 

 

Question 55 (1 mark) 

 

Part of the graph of 𝑦 =  𝑓(𝑥) is shown below. 

 

 
 

The function 𝑓(|𝑥|) is best represented by: 
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Question 56 (1 mark) 

 

Consider the following sequence 𝑎𝑛 defined recursively. 

 

𝑎1 = 2 

 

𝑎2 = 3 

 

𝑎𝑛 = 𝑎𝑛−1 + 𝑎𝑛−2 
 

Evaluate 𝑎10. 

 

A. 55 

 

B. 89 

 

C. 144 

 

D. 233 

 

 

 

Question 57 (1 mark) 

 

Consider the geometric sequence, 𝑎𝑛.  

 

It is known that 𝑎𝟏 + 𝑎𝟐 + 𝑎𝟑 + . .. = 4 and that 𝑎𝟏 = 2. 

 

The geometric mean of 𝑎𝟏, 𝑎𝟐 . .. 𝑎𝟖 is: 

 

A. 
1

4√2
 

 

B. 
1

32
 

 

C. 
1

1048576
 

 

D. 
1

2
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Question 58 (1 mark) 

 

The sequence with consecutive entries 1, −3, 5, −7 could be: 

 

A. An arithmetic sequence. 

 

B. A geometric sequence. 

 

C. Either an arithmetic or a geometric sequence. 

 

D. Neither an arithmetic nor a geometric sequence. 

 

 

 

Question 59 (1 mark) 

 

How many entries are sufficient to uniquely determine all the entries in an arithmetic progression? 

 

A. 1 

 

B. 2 

 

C. 3 

 

D. 4 

 

 

 

Question 60 (1 mark) 

 

Let 𝑎𝑛 be an arithmetic sequence and let 𝑏𝑛 = 2𝑛 be a geometric sequence.  

 

Define the sequence 𝑐𝑛 = 𝑏𝑎𝑛. 

 

The arithmetic mean of 𝑎1, 𝑎2, . . . 𝑎𝑝 is 3.  

 

The geometric mean of 𝑐1, 𝑐2, . . ., 𝑐𝑝 is: 

 

A. 9 

 

B. 5 

 

C. 8 

 

D. Impossible to tell with the current information. 
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Question 61 (1 mark) 

 

Which one of the following, where 𝐴, 𝐵, 𝐶 and 𝐷 are non-zero real numbers, is the partial fraction form for the 

expression  
2𝑥2+3𝑥+1

(2𝑥+1)2(𝑥−1)
 ? 

 

A. 
𝐴

2𝑥+1
+

𝐵

𝑥−1
+

𝐶

𝑥+1
 

 

B. 
𝐴

2𝑥+1
+

𝐵

(2𝑥+1)2 +
𝐶

(2𝑥+1)3 +
𝐷𝑥

𝑥2−1
 

 

C. 
𝐴

2𝑥+1
+

𝐵𝑥+𝐶

𝑥2−1
 

 

D. 
𝐴

2𝑥+1
+

𝐵

(2𝑥−1)2 +
𝐶

𝑥−1
 

 

E. 
𝐴

2𝑥+1
+

𝐵𝑥+𝐶

(2𝑥+1)2 +
𝐷

𝑥−1
 

 

 

 

Question 62 (1 mark) 

 

For non-zero real constants 𝑎 and 𝑏, where 𝑏 <  0, the expression 
1

𝑎𝑥(𝑥2+𝑏)
 in partial fraction form with linear 

denominators, where 𝐴, 𝐵 and 𝐶 are real constants, is: 

 

A. 
𝐴

𝑎𝑥
+

𝐵𝑥+𝐶

𝑥2+𝑏
 

 

B. 
𝐴

𝑎𝑥
+

𝐵

𝑥 +√𝑏
+

𝐶

𝑥−√𝑏
 

 

C. 
𝐴

𝑎𝑥
+

𝐵

𝑎𝑥 +√|𝑏|
+

𝐶

𝑎𝑥 −√|𝑏|
 

 

D. 
𝐴

𝑥
+

𝐵

𝑥 +√|𝑏|
+

𝐶

𝑥 −√|𝑏|
 

 

E. 
𝐴

𝑎𝑥
+

𝐵

(𝑥 +√𝑏)
2 +

𝐶

𝑥 +𝑏
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Question 63 (1 mark) 

 

For the interval 
1

2
 ≤ 𝑥 ≤ 3, the graph of 𝑦 = |2𝑥 − 1| − |𝑥 − 3| is the same as the graph of: 

 

A. 𝑦 = − 𝑥 − 2 

 

B. 𝑦 = 3𝑥 − 4 

 

C. 𝑦 = 𝑥 + 2 

 

D. 𝑦 = 3𝑥 + 2 

 

E. 𝑦 = 𝑥 − 4 

 

 

 

Question 64 (1 mark) 

 

The graph of 𝑦 =
𝑥2+2𝑥+𝑐

𝑥2−4
 where 𝑐 ∈ 𝑅, will always have: 

 

A. Two vertical asymptotes and one horizontal asymptote. 

 

B. Two horizontal asymptotes and one vertical asymptote. 

 

C. A vertical asymptote with equation 𝑥 = − 2 and one horizontal asymptote with equation 𝑦 =  1. 
 

D. One horizontal asymptote with equation 𝑦 =  1 and only one vertical asymptote with equation 𝑥 =  2. 
 

E. A horizontal asymptote with equation 𝑦 =  1 and at least one vertical asymptote. 
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Question 65 (1 mark) 

 

Given that 𝐴, 𝐵, 𝐶 and 𝐷 are non-zero rational numbers, the expression 
3𝑥+1

𝑥(𝑥−2)2 can be represented in partial 

fraction form as: 

 

A. 
𝐴

𝑥
+

𝐵

(𝑥−2)
 

 

B. 
𝐴

𝑥
+

𝐵

(𝑥−2)2 

 

C. 
𝐴

𝑥
+

𝐵

(𝑥−2) +
𝐶

(𝑥−2)2 

 

D. 
𝐴

𝑥
+

𝐵

𝑥2 +
𝐶

(𝑥−2)  

 

E. 
𝐴

𝑥
+

𝐵𝑥

(𝑥−2) +
𝐶𝑥+𝐷

(𝑥−2)2 

 

 

 

Question 66 (1 mark) 

 

Consider the function with rule 𝑓(𝑥)  = | 𝑥 − 3| + |𝑥 + 3|  −  𝑎, where 𝑎 is a real constant. The graph of 
1

𝑓(𝑥)
  will 

have three asymptotes if the set of values of 𝑎 is: 

 

A. {−3,3} 

 

B.  {  } 

 

C. [6, ∞) 

 

D. (−∞, 6) 

 

E. [−3,3] 
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Question 67 (1 mark) 

  

The expression 
𝑎𝑥+𝑏

(2𝑥−1)2(𝑥−1)
 has partial fraction form 

1

(𝑥+1)
−

2

(2𝑥−1)
−

1

(2𝑥−1)2. 

 

The values of 𝑎 and 𝑏, where 𝑎 and 𝑏 are non-zero real constants, are respectively: 

 

A. 12 and 21 

 

B. 7 and 16 

 

C. −5 and 4 

 

D. −7 and 2 

 

E. 3 and 6 

 

 

 

Question 68 (1 mark) 

 

Which one of the following, where 𝐴, 𝐵, 𝐶 and 𝐷 are non-zero real numbers, is a partial fraction form for the 

expression 
𝑥

(𝑥2+1)(𝑥−4)2 ? 

 

A. 
𝐴

𝑥2+1
−

𝐵

(𝑥−4)2 

 

B. 
𝐴𝑥+𝐵

𝑥2+1
−

𝐶

(𝑥−4)2 +
𝐷𝑥

𝑥−4
 

 

C. 
𝐴𝑥+𝐵

𝑥2+1
+

𝐶

(𝑥−4)2 +
𝐷𝑥

𝑥−4
 

 

D. 
𝐴

𝑥2+1
+

𝐶

(𝑥−4)2 +
𝐷

𝑥−4
 

 

E. 
𝐴𝑥+𝐵

𝑥2+1
+

𝐶

(𝑥−4)2 
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Question 69  

 

Consider the functions 𝑓(𝑥)  =  |𝑥 −  2|  +  1 and 𝑔(𝑥)  =  −|𝑥 −  2|  +  7. 

 

a. Sketch the graphs of 𝑦 =  𝑓(𝑥) and 𝑦 =  𝑔(𝑥) on the axes below. Label all points of intersection, axes 

intercepts, and vertex points with coordinates. 

 

 
 

b. Solve the inequality 𝑓(𝑥)  <  𝑔(𝑥). 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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c.  

 

i. Find the value(s) of 𝑘 for which the line 𝑦 =  𝑘 −  𝑥 never intersects the graph of 𝑦 =  𝑔(𝑥). 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

 

ii. Find the value(s) of 𝑘 for which 𝑘 −  𝑥 =  𝑔(𝑥) has infinitely many solutions. 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

 

d. Find the area of the region bounded between the graphs of 𝑦 =  𝑓(𝑥) and 𝑦 =  𝑔(𝑥). 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 70  

 

Consider the function ℎ(𝑥) = |𝑥3 −
9𝑥2

2
+

7𝑥

2
+ 3|. 

 

a. Sketch the graph of 𝑦 =  ℎ(𝑥) on the axis below. Label all axes intercepts. 

 

 
 

b. Solve the inequality 𝑥 +  5 >  ℎ(𝑥) for 𝑥 ∈ ℝ. Give your answer correct to two decimal places. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

c. The equation ℎ(𝑥) = 𝑘, where 𝑘 is a real number, has 6 real solutions. Find the possible value(s) of 𝑘. Give 

your answer correct to three decimal places. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 71 (9 marks) 

 

An island has 10 fertile immortal monkeys. Every year, each pair of two fertile monkeys produces another 

monkey. 

 

Let 𝑚𝑛 denote the population of monkeys on the Island at the start of the year 𝑛. 

 

a. Show that 𝑚𝑛 = 10 × (
3

2
)

𝑛−1
. (1 mark) 

Hint: For this question simply approximate all answers using series and round at the end of calculations. 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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b. At the end of every year, 20 additional sterile immortal monkeys (they can’t reproduce) are introduced. 

 

i. Find the number of monkeys on the Island by the start of the 5th year. (1 mark) 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

 

ii. After how many years will there be more fertile monkeys than sterile monkeys? (2 marks) 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 
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c. At the end of each year, monkeys who have been on the Island for at least a year pay their taxes to the Jade 

Emperor (the initial monkeys pay tax at the end of the first year). At the end of 10 years how many times has 

the Jade Emperor received a tax form? (3 marks) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

d. After 𝑝 years the infertile monkeys start attacking the fertile monkeys, killing 1000 monkeys a year. State the 

possible values of 𝑝, such that the population of fertile monkeys does not decrease. (2 marks) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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Question 72 (9 marks) 

 

Consider the harmonic sequence, ℎ𝑛 =
1

𝑛
 and its associated series 𝐻𝑛 = ∑ ℎ𝑖

𝑛
𝑖=1 . 

 

a. Find 𝐻5. (1 mark) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

 

b.  

 

i. Show that ℎ2𝑛+1 + ℎ2𝑛+2 + . .. +ℎ2𝑛+1 >
1

2
. (2 marks) 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

 

ii. Hence, or otherwise find the smallest value of 𝑛 such that 𝐻𝑛 > 3. (1 mark) 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

 

 

 

 

 

 

 

 

2𝑛 + 1 
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iii. Argue why for all real 𝑚 there exists some 𝑛 such that 𝐻𝑛 > 𝑚. (1 mark) 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 

 

__________________________________________________________________________________ 
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c. The area bounded by the graph 𝑦 =
1

𝑥
, the 𝑥-axis, and the lines 𝑥 = 1, 𝑥 = 𝑎 for 𝑎 > 1 is equal to log𝑒(𝑎). 

 

The graph of 𝑦 =
1

𝑥
 is shown below. 

 

 
 

Draw a region with an area 𝐻5 and use that region to argue why for all 𝑚 ∈ 𝑅 there exists an 𝑛 such that 

𝐻𝑛 > 𝑚. (4 marks) 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 

 

_____________________________________________________________________________________ 
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