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(S4ONTOUREDUCATION

Section A: Compulsory Questions

VCE Methods % Questions? Message +61 440 138 726

Sub-Section: Exam 1 (Tech-Free)

Question 1

a. Find an anti-derivative of 3x* — % with respect to x.

'] Since, it’s ‘an’ anti-derivative, no |

need to +c.

— 2 .2
3-x4—— dx 3 x +£
x.?. 5 X H
b. Find [ (4 — 2x)5dx. -
[ (@220 dx

- -qlf-f{-r-ll)'* -r {'é\-’ +C

- JgH—zx,)“* + C

f-‘-ﬁh{m 1) dit

- oo (2Tx).
2T + @
Sub n [l.‘!ﬁ7:

L . Coslam) 5 o2
W L—ﬁ*£ '-'?C"z-ﬁ.
sz | 2
fall:?[-)-' P + 2T,

c. The function with rule g(x) has derivative g'(x) = sin(2mx). Given that g(1) = % find g(x).
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Question 2

The gradient of a curve is given by 2sin(2x) — 4e 2%, The curve passes through the origin. What is the equation

of the curve?

I?_%m{zx}- 4e7*) da

sule T (0,0) sSolve for c:

0: 227*7_ cos(20) + €
c = -|

Fauation o the curvg:

Y=22""- wslwn) —)

= 207%* — (os(an) t C @

Question 3

a. Find the derivative of x sin(x).

%ﬂ[ ASTAA) = 2005 (%) + ST x)

b. Hence, find an antiderivative of x cos(x).

2 C05(A) = %{,(?ﬂ'ﬁhmﬂ - $Tnlx)
j;{, 004 (#) dit = A.STh (2) - ]‘c,rm () dat
z 2 5mln) + (05 (3)
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Question 4

Find the average value of y = —x2 + 8x + 12 over the interval [1, 4].

\ 4
I}le‘[ -2 +g A 12 o

3 [:'7'%1441%13?:,]? @

( [“5’-;- ¥ 447 12(8)) = (5 ¥ 4412)

A

111

=

1
3
3+ 15

25 QR

LL]

Question 5

Find 3f03k (g (’35) — 1) dx, given fok (g(x))dx = 3k, where function g is continuous for x € R and given
g(x) = 0forx € [0,k].

%r: (ﬂ{%)ri) dx

7| a % de 3] 1 da
2 » 3(3k) - 3[:-]*:
2]k -9k

Q)
1% k

n

1

by
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Question 6

Let g: R —> R, g(x) = (a — x)?, where a is a real constant.

The average value of a on the interval [—1,1] is % Find the value(s) of a.

3

|
2 - o L (a-)* o ™

stnge  (A-x)? =a*-2ax + 22,

fil {ﬂ—m}“dxrjl] a%-2ax +X* da
= _‘l’jl 2% dx - j‘f' 20 da +_fl 2% ol

-1

~
1
™
—
W
=
)
a1
wl
~—
W
=
13 ]
o

Question 7

2

_ tan(x) .. o dy . ax _ _ _
Ify——4 , find o diven— = tandx—4whent—1.

7

x:f%{ﬁ' ot :j-j%a[t - 4t te

Ssup i M4 when t=] -

4=4J]| 1+ ¢ % C=0. @

Hentd, 2= 4dt

!ﬁ - +on (4J%) @

q-

oy 1

ot T TR 2004l
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Sub-Section: Exam 2 (Tech-Active) ®

Question 8

If [ aeP*dx = —2e%* + ¢, then:
A . a=4andb = -2.

B. a=-2andb = 2.
C.a=-1andb =2,

D. a=—-4andb = 2.

Question 9

The gradient of a curve is given by 2cos G) If the x-intercept is x = 5?” then, the y-intercept will be at y =

A -1
2
B. 1
C. -2
D. B
2
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Question 10

A. Eis an integer.

B. >isan integer.
p . .

C. ;IS an integer.

D. % is an integer.

Let f(x) = px" and g(x) = qx°, where a, b, m and n are positive integers. The domain of f = domain of g = R.
If f'(x) is an anti-derivative of g(x), then which one of the following must be true?

pra’

X
'F.?

£00=pra™ - [ g0 dx
!{,

S+l
= Sn X

i S+

e

a4 A

c(s+) 2 integer .

Question 11

N

>

104

-5

A4

The graph of y = f'(x) is shown above. Which of the following statements is true for the graph of y = f(x)?
A. The graph has a local maximum at x = 0 and a stationary point of inflection at x = 5.
B. The graph has a local minimum at x = 0 and a stationary point of inflection at x = 5.
C. The graph has a local maximum at x = 5 and a stationary point of inflection at x = 0.

D. The graph has a local minimum at x = 5 and a stationary point of inflection at x = 0.
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Question 12

If [ f(x)dx = 8, then [ f(2x + 2)dx is equal to;

Question 13
3 3 .
If [, g(x)dx =18 and [, (2g(x) + ax)dx = 72, then the value of a is:

A 2

B. 4
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Question 14

Lily and Max are calculating the area between the graph of y = v/x and the y-axis between y = 1 and y = 3. Jake
uses a partitioning, shown in the diagram below, while Anita uses a definite integral to find the exact area.

A 0

B. —

Y
N
=V
4 )
3
2
Ji
¢ >x

0

W

The difference between the results obtained by Jake and Anita is:
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Question 15

The graph of a function f:[—1, q] = R is shown below.

Y

A
(3, 9)
y = £(x)

(—1: O)
> X
0
v

The average value of f over the interval [—1, q] is zero. The area of the shaded region is ;.

If the graph is a straight line, for 0 < x < g, then the value of q is:
A 2

B. 5
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Question 16

The graph of a function, h, is shown below.

01 (s, 9)

N A& 0

1 (2, 2) ®, 3

0 2 4 o6 8 A0

The average value of h is:
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Question 17

Inputs:
€ f(x), the function to integrate.
& a, the lower terminal of integration.
€' b, the upper terminal of integration.
€ n, the number of trapeziums to use.
Define trapezium (f(x), a, b,n)
he((b—-a)+n
sum « f(a) + f(b)
x—a+h
[ «
While i < n Do
sum « sum+ 2 X f(x)
xXe—x+h
<0+
EndWhile
area « (h + 2) X sum
Return area
Consider the algorithm implemented with the following inputs:
trapezium (In(x),1,5,4)
What is the value of sum after the 374 iteration of the loop?
A. 2In(1) +2In(2) + 2In(3) + 2In(4) + 21In(5)
B. In(1) + 2In(2) + 21In(3) + In(5)
C. 2In(2) + 21In(3) + 21In(4) + In(5)

D. 2In(2) + 2In(3) + 21In(4)

The algorithm below, described in pseudocode, estimates the value of a definite integral using the trapezium rule.
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Question 18

A data science researcher is studying a nonlinear transformation model described by the function:
f(x) = x + sin(x), x € [0, 2m].

a. Sketch the function f(x) = x + sin(x) over the interval [0, 2r]. Label the endpoints clearly.

14

Y Y
A N (ZTI’, 2TT)
21T + 2T+
3| 3
2
m+ m
.F
ml n
2 2
'3 t t 4 Sx| | €
0 o m 3T 2 0
A\ '4 2 2
T
Label (0,0) and (2m, 2m). (1 mark), shape (1 mark)
1 mark each for label, shape, and symmetry.
of
Z 1 1 1 1 N X
N\ T T T T 7
1T T 31T 21T

\ % 2 2

b. Given that f(x) is strictly increasing on [0, 2rt], and thus invertible, state the domain of f~1(x).

[0, 27]
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C.

d. Find the area between f(x) and f~*(x) on their domain of overlap.

e.

f.

Sketch f~1(x) on the same axis and identify the coordinates of any intersections between the graphs

of f(x) and f~1(x).

hrea=4 | 4i0-x de @@
- 8

Calculate the area under the curve f~1(x) from x = 0 to x = 4, bounded by the x-axis. Round your answer
to 2 decimal places.

AN solve(x+sin(x)=4,r) x=4.96761
4.96761 6.78432 | —
4- 4,96761- (sin(x)+x)dx
0

2 marks for method, 1 mark for solution.

Verify that the point A (5" + %5?”) lies on the graph of £ ~1(x).

6

5\ 5t . (5m\ 57 1 _..(5m 1\ 5
f(?)_ﬁ“m(ﬁ)_ﬁJrzf"f (ﬁ+2)_ﬁ
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to 2 decimal places.

g. Find the area bounded by the tangent to 1 (x) at point 4 and the curve f~1(x). Give your answer correct

2 marks for method, 1 mark for solution.

12
5
6

| tangentLine :~;in(x)+x,x,H T ‘E+6 (5_2) =
6 12 B
‘ . qre -9). =4.20402
A solve > ‘E+6 (E 2) Jc=sin(x)+x,x *
‘ 12 2
| [4.20402 0.083051
(S'W E+6 (E;Z)x {sin(x}+x) dx
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Question 19

Part of the graph of a function R - R, g(x) = 12 — 2x?2 is shown below.

4
N

B ox
ov \ \

a. Points B and C are the positive x-intercept and y-intercept of the graph of g, respectively, as shown in the
diagram above. The tangent to the graph of g at the point A is parallel to the line segment BC.

i. Find the equation of the line perpendicular to the graph of g at the point A.

12—

€(0,12), B(\/6,0) gradient of BC = —

0-v6
-12
—{ solve i(12—2'12):_9‘ x=_6
dx 1 2
_ 62
6 6-x 35
—|| normalLine 122'x2,x,g ‘/:2 iy

o

—-12

NG

1 mark for method, 1 mark
for solution.

ii. Find the average rate of change of f(x) between x = 0 and the x-coordinate of point A.

— 4]t
— T

—-0
—1 2

Define f(x)=12—2-x

2

Done

6

1 mark for method, 1 mark for solution.
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and the x-axis and y-axis.

Calculate the area of this shaded region.

Area = Area of Triangle - Area under parabola

iii. The shaded region shown in the diagram above is bounded by the graph of g, the tangent at the point A4,

6
tangentLineL{x) ,x,7

15-2+ /6 * x|]x=0

solve(15—2° 6 -x=0,x)

— 5= I3
—| Ay
2 0

15-2- /6 - x |

5-J6 11-

2 marks for method, 1 mark for solution.
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where 14 < k < 20.

(0, k)

y = 9()

b. The tangent to the graph of g at a point p has a negative gradient and intersects the y-axis at point D (0, k),

‘/ 0
W

i. Find the equation of the tangent line at point p in terms of k.

— tangentLine(f(x),x,k]

2- (k2+6)—4- ke x

1 mark for method, 1 mark for solution.

ii. Find the rule A(k) for the function of k that gives the area of the shaded region.

tangentLine(/{x),x,k]
2: (k2+6)—4- k- x|x=0

solve(z- (k2+6)—4- & x=0,x)

2 (k246)-4- k- x
2- (k2+6)

K46
-
2k

K44+12:- K216+ k- [6 +36
2.k

1 mark for method, 1 mark for solution.
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iii. Find the maximum area of the shaded region and the value of k for which this occurs, give to 2 decimal
places.

K2+12- K216+ k- [6 +36 k=20
I Max k14,20
2k
K412- K216 k- [6 +36 (80- o —41209)
—_— 2.k 10 S
ANS: 4101.30

2 marks for answer.

iv. If 12 < k < 24, find the minimum area of the shaded region and the value of k for which this occurs, give
to 2 decimal places.

_ K2+12- k2 -16- k- [6 +36 =12
fMeinl k12,24
—_—T 2. k b
— | K412 K216k [6 436 {16 Jo 1875 |
k=12 5
— 2. k —
ANS: 917.90

2 marks for answer.

Space for Personal Notes
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Section B: Supplementary Questions

Sub-Section: Exam 1 (Tech-Free)

Question 20

a. Evaluate [ 15 (TIE) dx.

J7(7) dn

. r]E W

- 25-2 QD

b. If £(x) = 2cos(x) — sin(2x) and f () = 2, find f (x).

£00= [ 2005(x) - s(22) dln
- f‘“*f“} +25me0) ¢ (W)

sub tn (T =) c--

£OO = 2 oslzA) + 25) -

Space for Personal Notes
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Question 21

a. Find flz 3x% —4x + ; + sin(x).

1 1M

-
— f (Emz —dr+ 24 sin(m]) dz = z* — 22° 4+ 5In|z| — cos(z) + C
T

In(2) — cos(2)] = [-1 — cos(1)] = 5In(2) — cos(2) + 1 +cos(1) || 1A

I I

[

b. If f(x) = xlog.(x),

i, Find f'(x).

£'(2) = 109 (%) x|

ii. Hence, find [ log, (x)dx.

2100 (X) - r Ldx (M)
xloge (1) -5 +c

§ 1000 00 don.

Space for Personal Notes
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Question 22
Let f be a differentiable function defined for all real x, where f(x) > 0 for all x € [0, a].

If [o fO)dx = a,find 2/ * (£ (2) + 2) dx.
2?: (£ [%)42‘) di

}a 1q
d Zj‘u J\rL};’J Az + ZL 2 d

= 2-(a +140)

= 4z,

Question 23
Find the value(s) of k for which the average value of y = sin(kx) over the interval [0, 7r] is equal to the average

value of y = cos(x) over the same interval.

+]% sy da = 7 [smo]y = o

%[0 sWlkx) dx =0

-C05(kx)q ™
[ = ]a
+ [ Cos () - costo)

x
£
= (cos (km)-1)

1

| -1%51 ST k) dx

i

11

Los(kT) -1 =0 5 (05(kM)=1 » k=21, nez.

Space for Personal Notes
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Question 24
Let f: R — R, f(x) = x>e**, where k is a negative real constant.

a. Show that f'(x) = xe **(—kx + 2).

d

e 3 fl(z) = —(2) - e + 2. E(c kx) —

2

— f@)==

— =2z 4+ 2% (ke ™) =" (2z - krz) =ze *(2 - kz) = | f(z) = ze**(-kz + 2) || —

b. Find the value(s) of k for which the graphs of y = f(x) and y = f’(x) have exactly one point of intersection.
£)= £'(=)
X2 = [kx+2)x s @ o
x[x+kA-2) = ©
© x=0
& (eNt=2 5 =1

Hente k=

—kx
Letg(x) = erT The diagram below shows sections of the graphs of f and g for x > 0.

9

S

A 4
Let A be the area of the region bounded by the curves y = f(x),y = g(x) and the line x = 5.

c. Write down a definite integral that gives the value of A.

SG ) - q () dx
0

_ PF —ex -k
= S 1:e _oxeTm dx
0 %3

MM34 [4.4] - Integration Exam Skills - Homework Solutions ‘23
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d. Using your result from part a., or otherwise, find the value of k such that 4 = i—o.

A - fi xe ™ (x- ) dx

= -Lk j\g ') dx

- e [xe™ ]

- -—Lk [zge_gk) ‘o

- E
25 e-i_;..; = 1D
e-'Ek- _ %
Space for Personal Notes 5k - 10%[3&)
ko= -t lode (%)
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Sub-Section: Exam 2 (Tech-Active) ®

Question 25
If f(x) = [ (VEZ + 4)dt, then f'(—2) is equal to:
A V2

B. —V2

C. 2V2

D. —2v2

Question 26

Which one of the following options is an anti-derivative of —xlz —— (x)?
cos“| -
2

A. —i — 2tan (g)

D. log,(x?) —tan (g)

1

Space for Personal Notes
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The following information applies to the two questions that follow.

For Questions 27 and 28, refer to the graph of y = f(x) shown below.

Y

N

The corresponding part of the derivative graph of y = f(x) is best represented by:

M

Question 27

Question 28

The corresponding part of the antiderivative graph of y = f(x) is best represented by:

B y

L
AT

LA

MM34 [4.4] - Integration Exam Skills - Homework Solutions
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Question 29

Given that [* (f(x))dx = 4, [ (f (x) — 2)dx is equal to:

Question 30

The graph of g: [1,5] = R, g(x) = 2vVx — 1 is shown below.

Vv
X

S0 1

W

Which one of the following definite integrals could be used to find the area of the shaded region?
A [l@Vx—T)dx
4 (x2
B. fO (Z ) dx
C. [, (4—2Vx—TDdx

D (2 41)ax

Space for Personal Notes
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Question 31
Let g be a function with an average value of 2 over the interval [0, 6].

The graph of g over this interval could be:

Ay B. 9
/N N
8| 8
b.
4.-
2 °
< .l.l 1 Il Il F 8 A l>x l>x
of 1 2 3 4 5 e 7%
A4
C. Y D Y
/N /N
8-
b-
4 _______ ]
]
2f |
G ]
o 1 2z 3 4 5 6 7 7"

Space for Personal Notes
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Question 32

The area of the shaded region would be:

A.

B.

17

204 — 22
T

Y
N 1T
(Z. 3
y Yy= '\/gsir\(x)
y = cos(x)
0 bl >
2
A V3-1-¥F
B. v3-1-2F
c. Br
8
D. Z(Vf3-1)
E.Z-3
8
Question 33

mt

The temperature T° over a time period of a day is given by the function T(t) = 17 — 6sin (12), where t is the
time in hours. Using the given function, the average temperature over the first 12 hours is equal to:

MM34 [4.4] - Integration Exam Skills - Homework Solutions
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Question 34

The following pseudocode is intended to estimate the value of a definite integral using the trapezium rule.

However, one line in the loop is missing.
Inputs:

G

2

f (%), the function to integrate.

& q, the lower terminal of integration.
G b, the upper terminal of integration.
€' n, the number of trapeziums to use.

Define trapezium (f(x), a, b,n)
he((b—-a)+n
sum < f(a) + f(b)
x—a+h
1«

While i <n Do

le<i+
EndWhile
area « (h + 2) X sum
Return area
A sum« f(x)+2
B. sum < sum + f(x)

C. sum < sum+ 2 X f(x)

D. sum < sum X 2 X f(x)

Space for Personal Notes
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Question 35

Assume that f(x) = %(4 —x)and g(x) = 4x —x2,0 < x < 4.

a. Find the angle between the tangents drawn to f and g when x = 0, in degrees, correct to 2 decimal places.

Define j(x)—H% Done
Define g(x)=4-x—x2 Done
tan™ i(f(ﬂ) —tan i(g(ﬂ) x=0 tan"(i)—tzm" %
tan™ dix(f(x)))—tan“ dix(g(x» x=0 0.103082
0.103082- 180 5.90616
n

1 mark for method, 1 mark for answer: 5.91

MM34 [4.4] - Integration Exam Skills - Homework Solutions
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b. Find the average value of the function y = f(x) — g(x) on the interval [0, 4].

1
4

4
| (Ax)-glw)dx
0

1 mark for method, 1 mark for answer.

c. Let(k,g(k)) be arandom point on graph of g, find the value of area bounded by the tangent of g(x) at

x =k, g(x),and f(x).

Avrea required = Area bounded by f and g - area bounded by f and tangent line

tangentLine(g(x),x,k)

solve(/{x):szl {k*Z)-x,x)

2-2-(k-2)-x

23 [oa ks 2 k3]
7

l'/(x)—lsz—z- (k-2)- x))d.x

2-“*3-(k2—4-k—3j +2-k+3] [z} "‘7"" 249

2 Us (k2—4- k—3j -2 k—S} e
7

7 3

2 é 8 (-k2+4v k+3)2 0 B

answer.

1 mark for method, 1 mark for

o[ 2ia ki3 3
49

(2ary) 5] 4

4 8
LV{X)g(X))dx - 8

d. Find the value of k such that the bounded area is minimum, and state the minimum value.

3 k=2
2
N-1214. .
il 8 (k +4 k+3) 3 oy
49
3 821
8-(—k2+4-k+3) 3 !
k=2
49
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Question 36

rule h(x) = x2—1+1 as shown in the diagram.

A 4

and right endpoint rectangles.

An engineer is exploring the safety of the jumps that have been built along the track. A typical jump follows the

( ...................... ..: ................... ) X

a. Find an approximation, for the area under the curve from x = —3 to x = 3 using intervals of width one unit

1% (h(=2) + h(=1) + h(0) + R(1) + h(2) + h(3)) = >
1 mark for method, 1 mark for answer.

5

b. Find the exact area under h(x) fromx = -3 tox = 3.

j\: hix) dn

= - 2tan"(5)  sq. waitg

c. Hence, show your working to find [*, h(3x)dx — =

S_'H w(z) dx - ¢

= é[ﬁ-ztﬂhq[%)] -

T 2 -
2T -t (3)

T @
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1
x2+1

Let g:[a,©] - R, g(x) =

d. State the value of a.

where a is the least possible value such that the inverse function g=1(x) exists.

e. Find the integral(s) required to find the area defined by the regions bounded by the graphs of g(x), g~ (x) and

the lines x = % and x = 2. You do not need to evaluate the integrals.

Area = L: %) - 47" () gt + j"‘: gon) dat
0 1A

or : S% A (n) da -Sﬂ 47 (1) dat

The graph of g undergoes the listed transformations below to become the graph of p:

€ Dilated by a factor of 3 from x-axis.
€ Dilated by a factor of % from y-axis.

G Reflected in the y-axis.

f.  Find the rule for p~* and state the domain.

)
pw) = m , A € (-00,0)
Swep x awnd y
pl() = - |2 )
e 2 € (9, 3]

56 6
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g. Find the average value of p~1 in the interval [1, 2], correct to 2 decimal places.

g+2-ﬁ

2
3- 1 _
,_x.x) dx 8 —_ -ﬂ‘x
2-1 4

-0.73587

3
9: cos“(%)—Q- sin™

2
dx

1
2-1

1

1 mark for method, 1 mark for answer.

h. The area between y = kp~1(x), the lines x = 1, x = 2 and the x-axis is found to be at least 6 square units.
Find the possible values of k correct to 1 decimal place.

Broa

1:[3‘2 pra)dt 24 > ExIQ

ov

Aveo,

1w

k, j‘z Pt da 74 2 k<-4

kel-00, -nwgJu[ug, o)
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Question 37

3
4x2+1"

Let g:[0,0) - R, g(x) =

a. Using the fact that g(g_l(x)) = x or otherwise, find the rule for g~ and its domain.

3
@ aqwya T F

4 ()™ =% (W
Q7o) = :!:AT.-;-—:‘:

Bs domem of 4 ¢ Lo, 00)

e

b. Find the area bounded between g(x) and g~ (x), correct to 2 decimal places.

1 x=0.085786 or x=0.817183 or x=2.91421
3—x 2
solve| =[—
4-x2+1 4-x
0.817183 2.91421
- ‘ 1 1 mark for method, 1 mark for answer.
3 3—x 2 3—x)2 3
= + —| - dx
S 452 X 4x) 4x?n
0.085786 0.817183
0.582254

c. Find the value of a so that fou'sg(x)dx =15- f; 0.5— g Y(x)dx.

3
———x=0.5
4-x2+1

1.5 —

Using property of symmetry,

1 mark for method, 1 mark for answer.

3
kx2+1’

Now, consider f:[0,00) = R, f(x) = k> 0.

d. State possible number of intersection points between f(x) and f~1(x).

1 or 3 intersections (observed from the graph).
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e. Consider the set of k that there is only one intersection point between f(x) and f~1(x), find the largest
possible area that is bounded by f(x), f~1(x), x-axis and y-axis in terms of k.

Y — Set a slider for k, then the
T™ largest possible area
ST —1 wouldbe3x3=09.
44
.F
Spa| 3
——__'—'—'—-
24
14
o)
< t + } —> x
o, 1 2 3 4 5
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