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Section A: Compulsory Questions

Sub-Section: Basics [

Question 1 )

Consider the function f(x) = x2 + 1.

a. Approximate the area under the curve y = f(x) from x = 0 to x = 2 using two rectangles of equal width with
left endpoints.

2-0
Ax=——=1
f(O)=02+1=1andf(1)=12+1=2
A=1x(1+2) 1M
=31A

b. Is this approximation an overestimate or an underestimate of the true area? Explain briefly.

Since f(x) = x? + 1 is increasing on [0,2] 1M
the left-endpoint method underestimates the area. 1A
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Question 2

Find the area bounded by the curve y = 1 — x? and the x-axis.

J

1 — x? =

1
f (1-x¥dx 1M =
-1

0=>x2=1=2x=-1,1.

3
X
[x—?]l1 1M

(1-9-(-D-(-p)
(1-p--1+3)
2 2
373

: 1A
3

Space for Personal Notes

MM34 [4.2] - Integration | - Homework Solutions




(S4ONTOUREDUCATION

VCE Methods % Questions? Message +61 440 138 726

Question 3

Find the area enclosed between the curve y = x + 2 and y = x?2.

2
f [(x +2)—x2]dx 1M=
-1

Atx = 2:

Atx = —1:

Difference:

Y
N
4
3
1
2. ! \x
S -2 A 0 1 2’
N
x+2 = x235x*-x-2=0>x-2)(x+1)=0,

x=-1,2. 1M
x2 x3
2+22 23—2+4 8_10
2 ) 3 3 3’ I
(—1)? -3 1 1 7
2(—1) — =——24-—=—=
2 +2(=1) 3 2 t3 6 —
10 7_10+7_27_91A
3 (6_3 6 6 2 A
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Sub-Section: Problem Solving ®

Question 4

Construct the integral for the shaded region given in the diagram.

1}5 27 () du

kb
%J Fln)-x dx

b
[ $6)- £Ce) dwe

o
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Question 5

Construct the integral for the shaded region given in the diagram.

(a,b)

N

/'
/0

A4

|
o

0

[ 40-0) dx
+ [ F0)-g(dx

[ 166)-9 ()| dx
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Question 6

Construct the integral for the shaded region given in the diagram.
,!'1\
£()

T
b

2 ( Ja»{-ﬂu] i~ f o) o)

o

o b
jmm« - fﬁumm
) —a o

- [ Hdae

-b
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Question 7

Construct the integral for the shaded region given in the diagram.

sfx) \Gn, 0

4

"

0

G,

- #()

(4,

L

2 J ) - o (x) e

)

b

[169- 66 )t [ g0~

o

d

b
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Question 8

Construct the integral for the shaded region given in the diagram.

A
W
x

(o\, 0) (Io, 0)

2| F(x) de
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Question 9
Construct the integral for the shaded region given in the diagram.
3
(o)
()
® 0 > X
/ a 4
50
\
b d
j F{;) .:ij. 4 J ﬂj{.“:} dot.
- b
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Question 10
Construct the integral for the shaded region given in the diagram.
()
(a,b)
¢ 0 >x
g(x)
o
J Hﬂ’ C]C?L}oh‘l
[
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Question 11

Construct the integral for the shaded region given in the diagram.

3
rd

(COWY)

(ﬁ ' ‘—) k(x)

G0

~
+
x

9o

0 b
[ - 9@ @+ [ 760 - by ax
a 0

Space for Personal Notes

MM34 [4.2] - Integration | - Homework Solutions ‘1 2




G-lo NTOUREDUCATION VCE Methods % Questions? Message +61 440 138 726

Question 12
Construct the integral for the shaded region given in the diagram.
1
#9
900
b .
0 a i
(e}
L [£()-q0) d
©
6
J (x)-§ CW) ax
b )
) J‘EC:Q g (x)
o J
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Question 13

Construct the integral for the shaded region given in the diagram.

-A

ﬁ(w]-ﬁ(»\ o
AR b
$ J Cj(")al?{_* F(})AJ&

&4
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Question 14

Construct the integral for the shaded region given in the diagram.

Y

<

HORENTIO)

2~
W
x

p b
J 3&3 . + J;m 90 dx

o J Fd) e

4 b
ad + jﬂfﬂ) an ~j 5[?&)41

Space for Personal Notes

MM34 [4.2] - Integration | - Homework Solutions ‘1 5




G-lo NTOUREDUCATION VCE Methods % Questions? Message +61 440 138 726

Question 15

Construct the integral for the shaded region given in the diagram.

3
g(<)
4
30
a
¢ 5 b >
A b
J (n) dx ~ ‘J.Ffﬂ)al.tt
[ ﬂ 4 a
- j;ma!n'

b
a fﬁfn) - f(a) dn
« [36) - ) dn

C
X (x)
) g
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Question 16

Construct the integral for the shaded region given in the diagram.

()

(a, b)

N

g()

C
. Jb-afx) A

+ ety Ae

c

+ rF(*]‘ q )
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Question 17

Given that fac f(x) dx = 10 and the total area between x = a and x = b is 16 with f(x) > 0 on [a, b] and
a <b <c find [ f(x)dx.

fac f(x)dx = 10, fab f(x)dx = 16,

c
f f(x)dx=10—-161M = —6 1A
b

Question 18 ))}

Let f(x) be a function such that f: f(x)dx =5 and the total area bounded by the graph of y = f(x) and the

x-axis on [0, 4] is 13. The function f(x) crosses the x-axis exactly once in (0,4) at x = k, with f(x) < 0 on
[0,k] and f(x) = 0 on [k, 4].

a. Write two equations that relate 4 = fokf(x) dxand B = f:f(x) dx.

A+B =35
—-A+B =13.

1A each equation.

b. Hence, find the value of fokf(x) dx.

(-A+B)—(A+B) =13-5 1M
—24 =8,
A =—4. 1A
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Question 19 )})

The graph of y = f(x) consists of a straight-line segment from (0, 1) to (1, 2) and a quarter circle of radius 1
centred at (1, 1) connecting (1, 2) to (2, 1). Evaluate fozf(x) dx.

0<x<1:f(x)=x+1,

1<x<2:f(x)=1+/1—-(x—-1)2
2

2 1

f foodx = f (x+1)dx+f |1+ V1= (=12 dx 1M,
0 0 1

1 2

f (x+Ddx = [%+x](1)=%, 1M
0
2
f ldx = [x]2=1,
1
T
Quarter-circle area = 7 1M
Total = 5 +1+ T 1A
otal area = > 1
2\
(4 2
15
(z 1)
Sl: 1
0.5
0 0.5 1 154 2
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Question 20
Consider the function f(x) = x + 1 on [0, 2] using 2 equal subintervals.

a. Find the left endpoint approximation L.

o Ax = 220 4
B e — =t
Xg = 0,x, =1,
L= 1[fO+fM]I=1[0+D+A+1D]1IM=1[1+2]=3 1A,
b. Find the trapezoidal rule approximation T.
1
T = S O +2f(D+f@)],
fQO) = 0+1=1,
— ) = 1+1=2,
f@2) = 2+1=3,
1 1 8
T = E[1+2(2)+3]1M=E[1+4+3]=§=41A.

c. Hence, determine the right endpoint approximation R.

L+R

2 )
2T—L=2(4)-31M=8-3=51A.
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Question 21

The diagram shows the curve y = x2 + 1 and the line y = 7 — x. These graphs enclose two finite regions. Region
R; is bounded by the curve and the line. Region R, lies below both graphs and is also bounded by the positive

x and y-axes.

V) )

N

a. Find the area of R,.

x?+1=7—x
x*+x—6=0
x=-3,2 1M

2
=f (6 —x —x?)dx
-3

2 3

fz [(7 = x) = (x% + 1)] dx 1M
-3

—[6x—=-Zp.1m

‘@ Ezﬁ
Se@mn T e
=(12-2-3) - (-18-3+=3)
_22 27
—?—(—7)
125
a

-3 2 -3 3

)
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b. Find the area of R,.

2 7
f (x2+1)dx+f (7 — x) dx 1M
0 2

fz x4+ 1) dx =
0

3
7 x2 I
f (7 —x)dx = [7x — =]}
. 2
=(IX7-2)—(Tx2-3)=49-2)—(14-2)=2-12=21M (or
use area of triangle) |
14,25 _28 75 103
3 2 6 6 6

x* 8 14
[—+X]0:(§+2)—0:? 1M
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Section B: Supplementary Questions (47 Marks)

Sub-Section: Exam 1 [

Question 22 (5 marks)

Part of the graph of f : R - R, f(x) = —x% + ax + 15 is shown below. If the shaded area is 45 square units, find
the values of a, m and n where m and n are the x-axis intercepts of the graph of y = f(x).

N
'5/\

/ 0

We have that [’(—x? + ax + 15)dx = 45.(1M).

x3 3

() + @t 152], - s
(—9+;a+45)—0=45
a = 2(1A)

So f(x) = —x?+ 2x + 15.

Solve f(x) =0 = x2—2x — 15 =0 = (x — 5)(x + 3) = 0.
x = —3,5.

Thusn = —3 and m = 5. (1A each)
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Question 23 (5 marks)

Thegraphof f: R—> R, f(x) = eg + 1is shown. The normal to the graph of f where it crosses the y-axis is also

shown.

N

A4

a. Find the equation of the normal to the graph of f where it crosses the y-axis. (2 marks)

—— ') = (5)es. S0 f(0) = 3. (IM)
Then gradient of normal must be —3. Line with gradient —3 that passes through (0, 2).
— | Normalisy = 2 — 3x. (1A)

MM34 [4.2] - Integration | - Homework Solutions
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b. Find the exact area of the shaded region. (3 marks)

Normal has x-intercept when x = % We have:

2
3

X 2

éf(x)dx = [3e3 + x3
[ roa = [ah 4 53]

0

2 2
= 3e9 +§— (3)

2 7
= 3e9 — 3 (1M)

Area unshaded triangle = % X % X 2 = % (aM)

2 2
Therefore, shaded area is 3e° —% —% = 3es — 3.(1A)

Question 24 (3 marks)

The area of the region bounded by the curve with equation y = k+/x, where k is a positive constant, the x-axis and
the line with equation x = 9 is 54. Find k.

We require that f09 kvx dx = 54 (1M).

k [G)x%]z=54 (1M)
k x%x 27 =54

2>< k=2
3 =
k =3 (1A)
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Question 25 (3 marks)

The area of the region bounded by the y-axis, the x-axis, the curve y = e3* and the line x = ¢, where c is a
positive real constant is z . Find c.

8
We have that [ e** dx = -. (1M)
S [e13 =2 am)

3
e3¢—-1=38
3c =log.(9)

¢ = (5)10g.(9). 1A)

Space for Personal Notes

MM34 [4.2] - Integration | - Homework Solutions ‘26




GONTOUREDUC ATION VCE Methods % Questions? Message +61 440 138 726
@ >

O |
Sub-Section: Exam 2 @

Question 26 (8 marks)

Juliette’s sunflower patch lies between two roads. Main Road lies along the x-axis and Frowny Road lies along the
graph of the function:

4
y=4—§(ex+e‘x)

4

Fwowng Road

Sunflower Patch

¢ Main Road Sx (l:m)

-a =10 a

W

a. Show that the y-axis intercept of the curve representing Frowny Road is (0,%). (1 mark)

12
3

4

When x = 0 we have y = 4 —%(1 + 1) = —§=§.(1M)

Therefore y-axis intercept is (O, g)

b. Find the exact value of a such that the sunflower patch lies between x = —a and x = a. (1 mark)

We solve f(x) = 4 —%(ex+ e ¥)=0.

We get x =log, ((3 4_-2\/5)).

(9)

Since a > 0, we have a = log, ( 5

MM34 [4.2] - Integration | - Homework Solutions ‘27




(S0ONTOUREDUCATION

VCE Methods % Questions? Message +61 440 138 726

c. Juliette wants to estimate the area of the sunflower patch. She uses a rectangle method with a width of 0.5 km

and three rectangles between x = —1 and x = 1.

i. Complete the table of values for y = 4 — % (e* —e™), correct to two decimal places. (1 mark)

0.5

W

15

x (km)

X

—0.5 0

0.5

y

0.99 1.33

0.99

|

|

|

ii. Use the table to estimate the area of the patch in square kilometres, correct to one decimal place. (1 mark)

0.5 X (0.99 + 1.33 + 0.99) = 1.66 ~ 1.7 (1A)

iii. If she expects to harvest w kg of sunflowers per square kilometre and she can sell them for $m per
kilogram, write a formula for her expected revenue R. (Use your answer from the previous part.) (1 mark)

R =17 x w x m(1A)

MM34 [4.2] - Integration | - Homework Solutions
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d. Juliette decides to try another approximation method by fitting a parabola through three known points: (—1,0),
(0, %) and (1,0). She then estimates the area under this parabola.

i. Find the equation of the parabola that fits these three points. (1 mark)

y = a(x — 1)(x + 1). Thenwegety = —%(x — D(x + 1).(1A)

ii. Find the area enclosed by the parabola and the x-axis, giving your answer correct to two decimal places.
(2 marks)

Area= [l —2(x — 1)(x + 1)dx (IM)
Area = % ~ 1.78. (1A)
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Question 27 (12 marks)

The diagram below shows part of the graph of the function f : R* —» R, where f(x) = g . The line segment CA is
drawn from the point C(1, f(1)) to the point A(a, f(a)), where a > 1.

Y
N
C
A
\__
N ICK 2 7%
A\ 4
a.
i. Calculate the gradient of CA in terms of a. (1 mark)
Cisat(1,8).
8_
Gradient = £ S (1A)
a—1 a

ii. At what value of x between 1 and a does the tangent to the graph of f have the same gradient as CA?
(2 marks)

, 8
f[x) = —=. (M)
Wesolve—%: -8 = x = +V/a.
Butx > 1,s0x = a. (1A)
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i. Calculate [ f(x) dx. (1 mark)

8 (1A)

ii. Let b be a positive real number less than one. Find the exact value of b such that: (2 marks)

jlf(x)dx = 8.
b

We have that [ f(x) dx = —8log.(b). (IM)
Solve —8log.(b) = 8. b = e™1. (1A)

MM34 [4.2] - Integration | - Homework Solutions
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Express the area of the region bounded by the line segment CA, the x-axis, the line x = 1 and the line x =

a in terms of a. (2 marks)

The area required is a trapezium. (1M, or other appropriate method)

A :% X (f(a) + f(1)) X (a — 1) :%_1). (1A or equivalent)

For what exact value of a does this area equal 8? (1 mark)

2_
Solve X0 = 8 = 0 = 1+ V2. (1A)

Using the value for a determined in part c. ii., explain in words, without evaluating the integral, why
a
f f(x)dx < 8.
1

Use this result to explain why a < e. (1 mark)

The area under the curve is less than the area of the trapezium so we must have:

faf(x) dx < 8
1

——1 and from part b.i. we have flaf(x) dx = 8, s0itmust be that a < e. (1A)

MM34 [4.2] - Integration | - Homework Solutions
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d. Find the exact values of m and n such that: (2 marks)

flmnf(x)dx =4 and fl%f(x)dx = 3.

| We have that; [

— - I
| reodx = 8togm) + loguu) = 4

u— 1mn .
[ feodx = sogum) ~ logum) = 3

— 1 I

. 7 S 7 S . .
Solvingwe getm = e1s,n = e1s ORmM = —e1s,—n = e1e. (1A for each pair of solutions) [
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Question 28 (11 marks)

The shaded region in the diagram below represents part of the fencing boundary around a wildlife conservation
zone in the Northern Territory. All distances are in kilometres.

Two of the boundaries of the conservation zone follow the graphs of the functions:

fiR - R f(x) = ez and g:R* > R, g(x) = 2log, (x).

9
M

5-

x) 1

S

4 -3 -2 4 0
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iv.

Evaluate f_oz f(x) dx. (1 mark)

Hence, or otherwise, find the area of the region bounded by the graph of g, the x and y-axes, and the line
y = —2. (1 mark)

Bounded by y-axis and inverse function so same area as in previous part.
2
Area= 2 — B

Find the total area of the shaded region. (2 marks)

Area= 2 =2 + [ f(x)dx + [(f(x) — g(x)) dx. (IM)
Area = 2 —% + 2e — 2loge(4). (1A, approx 3.93)

The boundary at x = 2 isextended to x = a, where a > 2, such that the area of the conservation zone is
5 square kilometres. Find the value of a correct to three decimal places. (2 marks)

Area= 2 —= + [/ f(x) dx + [ (f(x) - g(x)) dx = 5.(IM)
Thus, a = 2.692. (1A)
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The conservation committee decides that a better conservation zone will be the region bounded by the graph of g
and that of a new function k : (—oo,b) = R, where k(x) = —2log.(b — x), and b is a positive real number.

b.

i. Find, in terms of b, the x-coordinates of the points of intersection of the graphs of g and k. (2 marks)

A

We solve g(x) = k(x). (1IM)
This yields x = ”— (1A)

e

ii. Hence, find the set of values of b for which the graphs of g and k have two distinct points of intersection.
(1 mark)

We requirethat b2 — 4 > 0 = b > 2. (1A)

iii. Determine the value of b, correct to two decimal places, such that this new conservation zone has an area
of 5 square kilometres. (2 marks)

Letx! =222 =% ang 2 = 2% '2 % be the two points of

intersection of g and k as found in part b.i., where x, > x;.
We require that f;‘f g(x) — k(x) dx = 5. (1M)
Thus b = 3.56.
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