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Section A: Compulsory Questions

Sub-Section [3.3.1]: Solve Advanced Trigonometric Equations

Question 1
Find the general solution to the following trigonometric equations over the specified domain.

a. 2sin(x)—1= 0, forx > 0.

J

R N !
.'-]|:'I...£_.| ;

T 5T B
r=—+4+2nrorr=— + 2nw, where n € £+

(i (i -

b. tan(2x) = /3, forx < 0.

aT

9r = — + nm.
3

T R -
r = — — —, Where n € E>
¥ 2 _
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C. ﬁcos(2n+%)=1,forx>0.

T 1
s 24+ — )| = —.
e i ( T _;) ".-""'_3

T
2r+—=2nwt —
| |: [ 1

T
2r = 2nmor 2r = Inw — E

L

r = nmw, where x € =y O =

e —

o

il —
[ where @ € £-1.

Question 2

a. 2cos?(x)—3cos(x)+1=0,for0<x<2m.

Solve the following trigonometric equations over the specified domain.

Let cos(r) = a. We solve

cos(r) =

I | =

or cos(r) = 1 and x € [0, 2r]. Thus

2a* —3a+1=10
(22 —1)le —1) =0

T b
r=0, =, = 2q
a3
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b. sin?(2x) +sin(2x) —2 =0, forx € R.

T
2r = =+ 2w
2
T
T = —1 + nm, n E £

Let sin{2x) = a. Then we have

S0 due to domain and range we only solve sin(22) = 1. Thus

a+a—2=0
e +2a—-1)=10
ia=—-2a=1

c. 3sin?(x) — 6sin(x) — cos?(x) +3 =0, for0 < x < 2m.

Let a = sin(x) then

S0 sin{x) =

[ =

- kg - ¥y - »
Use cos®(x) = 1 —sin®(x) to rewrite the equation as

or sin{x) = 1. Thus

4sin*(z) — Gsinfz) +2=10

da —Ga+2=10
2 —32+1=0
(22 —1)le—1) =0

Space for Personal Notes
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Question 3 )))

Find the value(s) of k such that 4 sin?(x) + k cos(x) — 2 = 0 has 2 solutions in the interval [0, 7r].

Use Pythagorean identity to write 4 — 4dcos®(x) + keos{z) — 2 = 0. Now let o = cosi(z) we
have that

I —da*+ ka+2=10
da’ —ka—2=10

_kEVET 432
5

i

The period of our function is 2o, The range of cos(z) iz [—1,1], and cos{z) = b for
—1 =< b < 1 will only have one solution in the interval [}, 7]. Thus we will have two
solutions in [0, 7] if both of the following are satisfied:

E— k424 32

-1=< = =1 (1)
— A T
_15WT+~*—51 (2)

Inequality (1):

1 A< k+ B2 32 <8
= VvEI+32<8-—k

4+ 32 < kB — 16k + 64
I 16k 32
k=2

[FAR Pt

Inequality (2):

Ao k- B 32 <8
= —Vk2+322 8-k

B+ 32 < kB + 16k + 64
0 < 16k + 32
k=2

Combining we have that —2 < & < 2. With technology access we can nge sliders to check
Space for|_this!
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Question 4 Tech-Active.

a. Find the general solution to the equation 2 cos?(x) + 3 cos(x) — 2 = 0.

=

T
r=2nT+ ‘5_'” :

k4

[ Mathematica:

Canin;

e B o ) " e e -
2 i e
-I.l,"'-i it f | 1= X

¥

L]
e B T :|J

Hence, find the solutions to 2 cos?(x) + 3 cos(x) — 2 = 0 for x € [0, 27].

o
3

Mathematica;

Ei=x]d ileal=

(R TEI RN LR TS L e B

Canla;

v [ ot w) " 3+ megad g i =m0, w1 | sy Tun

-:HE,\.- 3

Space for Personal Notes
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8’ >
Sub-Section [3.3.2]: Graph Sine, Cosine, and Tangent Functions [

Question 5 )

Sketch the graphs of the functions over the specified domain on the given axes. Label all axes intercepts, turning
points and endpoints with their coordinates, and asymptotes with their equations.

a. y=sin(2x) +1for0 < x < 2m.

3T

sin(2z) = -1 = 2r=

ST ) )
= I = T Period is .
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b. y=cos (x) for —3m < x < 3m.

3

N g
>

T - ¥
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c. y=—tan(x)+1for0<x < 2m.

==

.Tr = 5 Ak
Asymptote base angle 3’ perind = 7, z-intercept base angle 1

Space for Personal Notes
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Question 6

Sketch the graphs of the functions over the specified domain on the given axes. Label all axes intercepts, turning
points and endpoints with their coordinates and asymptotes with their equations.

a. y=25in(2(x+%))f0r0SxS2n.

9

N
2¢0, 2)

N

21
(Z.-2) (32, -2)
¥ _‘
2 2
4
-
T = E TT base angles for o- intercepts. Perimd = 7.
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b. y=—cos(x+%)for—2n$x£2n.

N

-
S ,
T Period = 2n
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c. y= —2tan(x+%) for0 < x < 2m.

N

ENEE
SR

(0, -2)

O

. m .
Period = 7. Asyvmptote base angle = 1 r-intercept hase angle = e

Space for Personal Notes
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Question 7

a y=-2sin(2x+%)+1for—m <x<2m

Sketch the graphs of the functions over the specified domain on the given axes. Label all axes intercepts and
endpoints with their coordinates and asymptotes with their equation.

V) )

3 3

%)

‘ (rm, )\ \'3 (zm, 0) .

N T n 41 5T 2 7
3 3 3

T . .
r =0, = — base angles for r-intercepts. Period = .
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b. y= 2cos(2x—%) —1,x € [-m, 2m].

-5
v
T T T T T
r——=—— - = r=——,—, Pericdl = m.
4 33 24" 24
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c. y=—tan(2x—g)+\/§for—nSxSn.

Y
4\
2-
54
4\
(-m, 2V3) (0, 243 )
(m, 2V3)
24
_ZT[ -E_, 0 511;‘ 0)
( 3\ O) ( 6 ) ( %
< . .
_TC _z_n _£ 0 o n 0 l z_n n
\ -2- \
—4
_d
A4
Period = ; Asymptotes ¢ = — 1T2 + ";T_ r-intercepts ’: + ’;—"’

Space for Personal Notes
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Question 8 Tech-Active.

Sketch the graph of y = 12 sin (”?x) + 6 for x € [0, 24] on the axes below. Label all axial intercepts and turning

points with coordinates.

15¢

101

(15, 18)

N

_54

h 4

T

a f ltl-;]_'-ilh1ﬂli 4, 0cxe24
& f

Mathematica:

3 L N [P e ) w1

Canio:

Space for Personal Notes
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|

Sub-Section [3.3.3]: Fraction of Periods

Q)
®

Question 9

The temperature of a lake throughout the year is modelled by T (t), where:

T(t) =18+ 4 cos (% t)

Find the fraction of the year during which the temperature is above 20°C.

Where T (t) represents the temperature (in degrees Celsius) of the lake at t months since January.

We need to solve:

18 4 4 cos {:—}f] = 20

li'liﬁ[ i|":| =2

I
WY 1
e ] [—_f ] -
6 2
Thus, solving for ¢ if we have equality:
-f = = 4 2k
fi 3

=

=42 412k, ke Z.

ELI,

O<t=<2 and 10<t < 12.

The total duration where T(t) = ) 1s:

Space for f
(2 =0) 4 (12 = 1}] = 4 months,

The fraction of the year is:
4 |
12~ %

Thus, the lake’s temperature is above 2090 for 'i of the wvear.

)

Since cosime 15 positive moguadrants [ and TV, the valid range satisfying cos [EI} = 1 within
ome period is
2ot 2

The perodicity of the function is:

2

=== =12

[ &}

Within one year (0 < ¢ =< 12). the valid range repeats at £ = 12&, so the solution intervals

MM34 [3.3] - Circular Functions Il - Homework Solutions
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Question 10 Tech-Active.

A research team is monitoring the depth of water in a tidal bay. The depth of the water, in metres, is modelled by

the function:

D(t) =8+ 3cos (gt)

Where D(t) represents the depth of the water t hours after midnight.

a. State the maximum and minimum depth of the water.

Doy = 8 +H{l}

The maximum occurs when cof e = 1 and the minimum when cosz = —1:

=11,

The depth varies between Hm (low tide) and 11m (high tide].

Dyin = B + 3(—1) = 5.

b. Determine the first two times after midnight when the water reaches a depth of 10 metres. Give your answers

in hours after midnight, correct to two decimal places.

| Solve D{t) = 10

t = 1.61,10.39

=
T Alsthematicas Caridas

El faore @t §ral o 3l [FLFEE]
[helise -8 '---.-n-l—-! o _ webve{d(Lisid, ) Daesl2

- Relraiet] = 10 B2 RA R WIS ] A0 fem10, FRBETTIE, =i, 8043228371
ssbvekalla= PO G0 | T F=1, G060 or f=10, 913 o LB, AT}, [ LG0T

¢. Find the percentage of a full tidal cycle during which the water depth is above 9 metres. Give your answer

correct to two decimal places.

Thus percentage above 9 metres is

Solve Dt]) =9 = = 2.35096,9.64904.

Then look at the shape of the graph and note that the period is 12,
235006 + (12 — 9.64904)

x 100 = 39.18%

Space for

i
1x

LS TEE]

N e

Salwaldt] =P bl Bt 1X] S7 N

N = 3. 05

11N TN R =
LR = 9 ERSBENTRI I3 [ | & b

12
it Alithematicn: Cuis:
= Fd Gy o [ty PEERid[e] , [0 0, BA)]
: - selvatd (1y8g, 13 1041¢ 12
e e e T Comch, GAS08DGEE, iu3, 150958317
i2 2. 35083931201 2-9. GADOSOERR) | o
¥ 12
. T3, 1926552
L ) v
! P
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Question 11 Tech-Active.

The temperature in a greenhouse fluctuates throughout the day and is modelled by the function:

T(t) = 22

where T (t) represents the temperature in degrees Celsius, and t is the time in hours after midnight.

a. Find the fraction of a full day during which the temperature exceeds 24°C. Give your answer as a decimal

V) )

+ 5sin (171_2 t)

correct to three decimal places. | Solve T(t) = 24 — ¢

Period is 24 and looking at a graph we see the fraction is

= 1.57,10.42.

1042 - 257 _
24 e

m:

ALirhémarics; Caibse

TR RS P EPE TR L defime T{1} = 32 & Sexin(xf12 & 1)

FLsA[TI1; §t; #: 381 Lo
. sobved Tie)edd, L) 10010240
.1 of ,’J A \ [omi D, AZRNTIAF, om], STITRIES)

10, 428012143=1. 57| RTEIES
o

0, WI0100 194

b. Find the value of k such that T (t) + k exceeds 26°C for exactly 40% of the time. Give your answer correct to
two decimal places.
We find the distance hetween two solutions to T(t) + & = 26 in terms of k.
Call this distance d, we then solve ;—4 = (1.4 for k.
—k =245 —
| I Mathsmatiin; Laskiy; |
Tagenl - H, [ :::'I .".;I-- —- '-"-.II -
- - - E] i - i | §- _ [
- -|,|
p— L] - . ] . " I
] __-I__ . 18 [mernis | | aen mmi [
- | 13 :- --|.—':I.|.'||= Iway )|
[P Tr T
- I : 1:4. -, E
Space
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Sub-Section: Final Boss

o>
Q
©

Question 12

modelled by the function:
T
D(t) = 6+ 3cos (gt)
where t is the time in hours after midnight.

a. Sketch the graph of D(t) for 0 < t < 24.

The depth of water in a coastal bay varies throughout the day due to tidal motion. The depth of water, in metres, is

Y
N
124

(12, 9)

(o, 9)

(24, 9)

21 (6, 3 (13, 3)
ya ! 2 3 § 2 ' 2 ' ' 3 § ' 2 N
o] 2z 4 6 8 10 {2 14 1o 18 20 22 24
24

N

points at + = 0,3, 6,9, 12,

Period = 12, max= 9, min= 3. The graph oscillates between 3 and % meters, with key

MM34 [3.3] - Circular Functions Il - Homework Solutions
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b. Find the first two times after midnight when the water depth is exactly 7.5 metres.

1 . I;T _—
Solve G+ 3 cos ([_ I') = T.0.
i

(2) -1

cog |l —t] = =

6 2
T o
—_."_—.
L1 a3
t =210

Thus, the first two times are Z2am and 10am.

C.

Find the fraction of a full tidal cycle when the water depth is below 4.5 metres.

: . i —
Solve 6 + 3 cos ([—I') = 5.0
i

08 (::I) = —i

T 2r 4w

1] 3’3

i=4. 4.

8 1
By shape of graph below for =3 of the time.

MM34 [3.3] - Circular Functions Il - Homework Solutions
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d. The harbour can only accommodate boats when the water depth is at least 5.8 metres. Find the smallest
vertical translation k such that D(t) + k ensures this condition is met for at least 75% of the tidal cycle.

avb-c
d

Give an exact answer in the form , for positive integers a, b, ¢, and d.

| By looking at the shape of the graph and its symmetry we can deduce that this property |
: e O] - . . 2x 4.5 .
| will be satisfied if + = 4.5 iz a solution to the equation, becanse 5 = [0 ‘

] D(t)+ k = 5.8 [

gy
| Now DN45)+ k=64 :i-:-m-'( L ) + &k = 5.8, Thus —

1 |
- i = — + |r|' _———
] V2 > I
W2 P
|r|' — hd -
— 2 L I
15v2 — 2
|r|' —-_— v
— LR —

Space for Personal Notes
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Section B: Supplementary Questions

8’ ~
Sub-Section [3.3.1]: Solve Advanced Trigonometric Equations @

Question 13 )

Find the general solution to the following trigonometric equations over the specified domain.

a. sin(2x) = \/2—5, forx > 0.

w 2w
2r = —+2nw or 2r= + 2nem
B 3
w w
Tr=—+4nr or r=—+nT, neci
[ a
4 1
b cos(x—g) = — forx <0.
T 2w 42 m w L9
F——=—+=+2nr or r——=—+2nw
3 i i 3
- T
r=T—2nmneEefs or r= 3 —2nr, ne -

MM34 [3.3] - Circular Functions Il - Homework Solutions ‘23
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c. tan (Bx +%) =1, forx > 0.

m T
T4+ == =4nm

(i 4
T m "

AT = — — — + T = — + nn
4 (i 12
T nr _

J_E-F—i flEi._-.-“

Question 14

Solve the following equations for x € R. Note that some solutions will need to be expressed in terms of inverse
trigonometric functions.

a. 4sin?(x) —4sin(x) +1=0,for0 < x < 2m.

Let sinfx) = a, then:

da* —4da+1=0

(2a—1)* =0

i =

B | =

L 1
50 sin{z) = 5 hence » =

MM34 [3.3] - Circular Functions Il - Homework Solutions
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b. 3cos?(2x) + 2 cos(2x) — 1 =0, for x € R.

Let a = cos(2x), then:

Ja°+22—1=10
(de—1)a+1)=10

1
S0 cos(2z) = 2 —1.

1
Py = Puw + cos ! (—{)

2r=3mwrtmw

Thus all solutions are

r=nrx

r=nrx

ba| 5 B2 =

(e

11 -
Cos neZE
3

=
&

c. tan?(x) —tan(x) —2 =0, for0 < x < 2m.

Let o = tan(x), then:

S0 tan(z) = 2 or tan(z) = —1. Thus

at—a—2=10
e —2a+1)=10
a=2 -1

r=tan (2}, x=m+tan"

3T
r= —, AL -

4

{2) (for tan(z) = 2)

i
i(for tan{z) = —1)

4

Space for Personal Notes

MM34 [3.3] - Circular Functions Il - Homework Solutions

C




G-OONTOU REDUCATION VCE Methods % Questions? Message +61 440 138 726

Question 15

Find the value(s) of k such that the equation:

has exactly two solutions in the interval [0, 7r].

V) )

3cos?(x) + ksin(x) —1=0

The root a =

Solving:

Thns our answer

Use the identity cos?(z) = 1 — sin®(z):

Let a = sin{x), then:

Solutions for a are: —

Now note that sin{z) = b will have two solutions in [0, &
k—vk*+ 24

]
Thus we just require that

31 —sin(x)) + ksin(z) — 1 =10
—3sin®(x) + ksin(z) + 2 = 0. —

30 —ka—2=10.

”_R:'\,"RE+24

only if (< b < 1.

< 1) 20 will not contribute any solutions in the interval [0, 7).

0 < E+vE2+24
) i

< 1.

k+ Vi +24 <6 -
VE2 424 <6k

k2 +24 < (6 — k) = 36 — 12k + &*

24 < 36 — 12k —

k1

s & < 1. With technology access we can use sliders to check this!

Space for Personal Notes
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|

o |
Sub-Section [3.3.2]: Graph Sine, Cosine, and Tangent Functions [

Question 16 )

Sketch the graphs of the functions over the specified domain on the given axes. Label all axes intercepts, turning
points and endpoints with their coordinates, and asymptotes with their equations.

a. y=sin (%x) for —3m < x < 3m.

(311:‘ ())
2 (311:, 0)
L > x|

3 21't5_'rt T

2x I
? =l = =1 - " Period = 3.

MM34 [3.3] - Circular Functions Il - Homework Solutions ‘27
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b. y=—cos(2x)+ 1for0 < x < 2m.

2r = () = x =) is base angle. Period = .

MM34 [3.3] - Circular Functions Il - Homework Solutions
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Cc. y=tan G) for —3m < x < 3m.

N
i

20 +

161

121

> X

(-2, 0) (2m, 0)
-3n _S5Mm-2m _3m -1 n 3t 2n S5n an
2 2 2 2

421

_1b 1

_20 -+

é\

Period = 27, Asymptote base angle 7, r-intercept base angle ().

MM34 [3.3] - Circular Functions Il - Homework Solutions
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Question 17

Sketch the graphs of the functions over the specified domain on the given axes. Label all axes intercepts, turning
points and endpoints with their coordinates and asymptotes with their equations.

a. y=—sin(x+§)for—27r§x£2n.

T 2w , ,
T = ——, — base angles for r-intercepts. Period = 2.

MM34 [3.3] - Circular Functions Il - Homework Solutions ‘30
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b. y=2cos<2(x+%))for0§x§27r.

9
N

2+

(zn, 1)

S

5 . . . . 2.“

T
,—. Period = .
P [ & b

MM34 [3.3] - Circular Functions Il - Homework Solutions ‘31
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C. y=tan(2x—§)for0£x£2n.

)

A

e T S T B

]

N

1
INER
ol|'L

]
N

1
e

1
B
= = k= = = = = = & = = = = = k = = = = =

Base angle asymptote = (). Base angle r-intercept = i

|

Ji

Period =

it
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Sketch the graphs of the functions over the specified domain on the given axes. Label all axes intercepts and
endpoints with their coordinates and asymptotes with their equation.

s

a. y=\/§sin(§+g)—1for—2nSxS5n.

(n, 1 +vZ)

N

(-2m, ¥Z - 1) (4n, -1 -v2)

Question 18 )})

I
=
|
|
e | =
=

sal B
-
=
= |

MM34 [3.3] - Circular Functions Il - Homework Solutions
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b. y=—2cos(—2x+§)+1f0r—n§x£2n.

53

=
oo | Dt
E
|5

i A .
= & = ——, —— hase angles. Period = .

6 2
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c. y= —ﬁtan(g—%) for —m < x < 2m.

4

N

101

(2r, 2)
; . —> X
" _2rn X Oon 2n
(n2) 73 73 3
2 2
Period = 27, Asymptotes @ = — -+ 2nw. r-intercepts — + 2nm.

Space for Personal Notes
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) g

Sub-Section [3.3.3]: Fraction of Periods

Q)
®

Question 19

The temperature inside a storage container over a 24-hour period is modelled by

T(t) =15+ 6¢cos (% t),

Where T(t) is in degrees Celsius and t is the number of hours since midnight.

Find the fraction of the day during which the temperature exceeds 18°C.

)

We aolve:
T

15 + Einm( r) > 18

Ty 1
o8 (Er) = E

Solve the equation:
lr——'—+"’r~'—>.f—:|:l+21r
l? 3 I L AT

The period is:

[ ]
=

T=""=24

[

S0 within one day, we take:

Dzt d and 20<if<24
Total time above 18°C is 4 + 4 = 8 hours. Thus, the fraction is:

8 1
2.

1 3
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Question 20 Tech-Active.

The depth of a river fluctuates due to tides and is modelled by:
D(t) = 10 + 2.5sin (gt)
where D(t) is the depth in metres and ¢ is the time in hours since midnight.

a. State the maximum and minimum river depth.

Do =104 2.5(1) = 12.5, Dppin = 10+ 2.5(-1) = 7.5

b. Find the first two times after midnight the depth reaches exactly 11 metres. Give answers as hours after
midnight correct to two decimal places.

Solve D) = 11 using CAS.
fo== (.79, 5.21

c. Determine the percentage of a full tidal cycle during which the depth is greater than 12 metres.

Solve D(t) = 12 and find time above this value using a graph.
Let duration above 12 be d, period is 12.
Solve D(t) =12 = t=1.77,4.22 =422 - 177 = 2.458

L .
Percentage = 19 * L0 = 20.5%
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Question 21 Tech-Active.

The brightness inside a room with automated skylights varies during the day and is modelled by

B(t) = 300 + 100 sin( t),

b4
12

where B(t) is the brightness in lumens and t is the number of hours since midnight.

a. Find the fraction of a full day during which the brightness exceeds 350 lumens.

V) )

Solve B(t) =350 =& = 2,11
Fraction of day:

10 -2
24

b. Find the value of k such that B(t) + k exceeds 400 lumens for exactly 30% of the time. Give your answer to

two decimal places.

adjacent solutions and taking the magnitude.

i
Set '

o1 = 0.3, aolve for £.

finding the fraction above 400.

Inf47]:= B[t ] := 300 + 100 Sin[Pi « ¢ /12]
In[52]= Solve[b[t] +k = 488, t]

. 12 (m-ArcSin[ K] ane, ]
outs2]= {1t = _— if eq e Z },

12 (ArcSin| 2% _3 7 ¢, .
It L olpe - ifeez b}

12 {n —Archn[‘“"""] + 2m:,} 12 {ArcSin[jm'k] v2
189 128

Solve B{f) + k& = 400, find duration d where we are above 400 by subtracting two

== 4122 It is guite simple to then verify your solution by using this value of & and

n )

In[53] .ﬁ.hs[
aa m

Space for Pe Simplify
L

24 Aresin(1 - 3
5 188 -

out[sz]= Abs [12 -

28 Arcsin1-— |
Abs [11 - —-—lﬂ-]

in[54];= Snlue[ o - = 8.3, Hl

= Sohve: I

outlsal= {{k = 41.2215}, [k = 41.2215}]

IKZ
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