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Section A: SAC Questions (Tech Active) (52 Marks)

Question 1 (10 marks)

Supersonic cars race against each other in a 100 km straight stretch of land in the desert. The position x km from
the starting point after t minutes is given by:

4 4
t3 — 360t — 3(t — 60)3 + ¢

AN

x(t) =

where t > 60.

a. Find the exact value of ¢, assuming the car starts at x = 0 when t = 60. (2 marks)

Require x(60) = 0 [1M]

0 = 3(60)*/3 — 360(60) — 3(60 — 60)*/3 4 ¢
0= 2(60)*/3 — 21600 — 0+ ¢

e = 21600 — 2(60)*/* [1A]

(or e = 21600 — 45 - (20)4%)

b. Find the domain of x'(t). (1 mark)

Domain (60, co) [1A]

c. The velocity is given by v(t) = x'(t). Find v(t). (2 marks)

v(t) = % (3t l:-"-“ — 360¢ — 3(t — 60)%/3 + ) [1M]
v(t) = 3. 461/ 360 — 3. &t — 60)1/3
w(t) = t/3 — 4(t — 60)1/3 — 360 [1A]

d. The acceleration is given by a(t) = v'(t). Find a(t). (2 marks)

at) =4 [_r'-:"3 — 4(t —60)*/? — 360) [1M]
a(t) = 3t=3 — 4. L(t — 60)2/3

o 1 1
a(t) = 5275 — sp—ggm [1A]
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e. Hence, investigate the speed of the car for t > 60. Is there a maximum speed? Justify your answer.

Note: Speed is the magnitude (size) of velocity. That is, speed = |v(t)]. (3 marks)

Setting a(t) = 0 yields no sclution in the domain ¢ > 60 [1M]

Analysis shows a(t) = $[t72/% — 4(t — 60)~%/*] < 0 for all £ > 60.

Since a(t) = v'(t) < 0, v(t) is always decreasing and tends to —co. Speed = |v(t)| increases
without bound.[1M]

There is no maximum speed [1A]

Question 2 (16 marks)

Consider the two functions: f(x) = x? and g(x) = a, where a € R*. A rectangle is inscribed between these two
functions, such that one edge lies on the line y = g(x) whilst the two opposite vertices lie on the graph of

y=f).

a. On aset of axes, sketch f(x), g(x) for a = 4. An example of the inscribed rectangle is described.
Label the point(s) of intersection between f(x) and g(x) in terms of a. (5 marks)

Y
rd

Sketeh f{x) [LA]. Sketch g{x) [1A]. Caleulate intersections © = £4/o [IM)]. Label
intersection points [1A]. Sketch example rectangle [1A].
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b. What can be said about the relationship between the x-coordinates of the vertices of the rectangles? (2 marks)

Due to symmetry of y = 22 and y = a about the y-axis [1M].
The x-coordinates come in pairs £b for some b (0 < b < /a) [1A].

c. Hence, given that one of the vertices lies on f(x) has an x-coordinate of b (where 0 < b < +/a), state the
coordinates of the 4 vertices, in terms of a and b. (2 marks)

Vertices on f(z): (b, b?) and (—b, b?) [1M]
Vertices on g(x): (b,a) and (—b,a) [1A].

d. Hence, express the area A of the rectangle in terms of b and a. (2 marks)

Width = b — (—b) = 2b. Height = a — b [1M].
Area A(b) = Width x Height
= 2b(a — b*) [1A].

e. Hence, find the exact value of b (in terms of a) for which the area of the rectangle will be a maximum, and
state this exact maximum area. (3 marks)

A(b) = 2ab — 233:’_

A'(b) = 2a — 6b°. Set A'(b) =0 [1M].

6b =2a = b =a/3 = b= ,/a/3 (since b > 0) [1A].
Max Area = A(\/a/3) = 2¢/F(a — 2)

_ If,r,.-'_:{;? — IrJEE;".ET [1.-‘51.]

f.  For what value(s) of b in the domain 0 < b < +/a is the area minimised? State the minimum area. (2 marks)

Area A(b) = 2b(a — b?). Check endpoint b = /a [1M].
Minimum area is A(y/a) = 0, oceurring at b= /a [1A].

Space for Personal Notes
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Question 3 (21 marks)

Consider the function f(x) = x3 —5x + 1, forx € R.

a. State the equation of the tangent to the graph of y = f(x) atx = 2. (1 mark)

f(2)=22 —-5(2)+1=-1.
fllz)=32" -5 = f(2)=3(2%)-5=7
=T

Tangent: y — (-1)=7(r—-2) = y

r— 15 [1A]

b. Letx, = 2. Use Newton’s method once to find x;, and hence find the values of x, and x5 using CAS. Give
correct values to 4 decimal places. (3 marks)

fizn)

Newton's formula: r,,q = 24 —

3 _Grp 41

=Tn — _n:‘-rfT lI"A-'I]

=2— =L =1 =~ 21429 [1A].

Using CAS:
74 22 2.1286.

24 = 21284 [1A].

c. Using x, = 2, state the smallest value of n such that x,, correctly approximates the value of the positive
x-intercept of f(x), correct to 4 decimal places. (2 marks)

True positive root =* == 2.128419...
Rounds to 2.1284 (4 dp) [1M].

xq Az 21429, o me 21286, ra s 201284,

x3 is the first iteration that rounds to 2.1284. So n = 3 [1A].
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A tangent line is drawn to the function y = f(x) at the point where x = a.
d.

i. State the equation of this tangent line in terms of a. (2 marks)

fla) = a® — 5a+ 1.
f'(a) = 3a% — 5 [1M].

Equation: y — (a® — 5a + 1) = (3a® — 5)(z — a).

y = (3a® — 5)r — a(3a® — 5) + a* — 5a + 1.

y= ::Ea"J — 5\ —2a® + 1 1A].

ii. Given that this tangent line passes through the coordinate (0, 1), state the possible value(s) of a. (2 marks)

Substitute (0,1) into tangent equation:
1 = (3a? — 5)(0) — 2a® + 1 [1M].

1 =—2a%+ 1.
2a® = 0.
a =0 [1A].

iii. State the possible value(s) of a such that using x, = a in Newton’s method for f (x) = 0 causes an
oscillating sequence (e.g., xo, X1, Xo, - - - ). Give the value(s) correct to 2 decimal places. (2 marks)

Condition often related to 2a = f(a)/f'(a) [1M].

3

Yo D - . -
2a(3a” — 5) =a” — Ha + L

Ba® —5a—1=0.

Solving using CAS gives a = —0.83,a = —0.20,a ~ 1.03 [1A]
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iv. State the possible value(s) of a such that using x, = a in Newton’s method for f(x) = 0 terminates
immediately at a root. Give value(s) correct to 2 decimal places. (2 marks)

Terminates immediately if xp = a is a root, i.e., f(a) =0 [1M].
a* —5a+1=0.
Roots (via CAS) are a = —2.33,a = 0.20,a = 2.13 [1A].

Let another function be g(x) = vx + 4, forx > —4.
e.

i. Determine which composite function, f(g(x)) or g(f(x)), has a domain that is a strict subset of the
domain of the inner function, and state why.

Note: A strict is a subset that isn’t equal to the original set. (1 mark)

Inner funetion f(r) has domain R.
Inner function g(x) has domain [—4, o).

flg(z)) requires x > —4. Domain is [—4, oc) (same as g).

glifiz)) = Vr¥ — 5z + 5. Requires ' — 5z +5=0.

Domain approx [—2.627, o).

Sinee [—2.627,00) C R, g(f(z)) has the strictly subset domain [1A].

ii. For the composite function identified in part e.i., state its domain correctly to 3 decimal places. (2 marks)

The funetion is g(f(x)). Need —5r+520 [1M].

From CAS, the only real root is r, =~ —2.627365....

Domain is [—2.627, 00) (approx) [1A].

iii. State the range of the composite function identified in part e.i. (1 mark)

gl f(x)) = /non-negative value.
Range is [0, o) [LA].
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f.  Using Newton’s method, approximate the solution to the equation f(x) = g(x). Use x, = 2 and stop when
successive iterations differ by less than 10~*. Give your answer correct to 4 decimal places. (3 marks)

Let h(z) = f(x) — g(z) = 2" — 52+ 1 — /T + 4. Need h(z) = 0.
Tnyl = Tn — h{zy,) "rhr'::'Tn] [lh'll]'

n)/
Using CAS with z; = 2:
rq == 2507586,

To 72 2384763,

Iq R 2.375343.

x4 = 2.375280 [1M].

|4 — 3| A= 0.000054 < 10—,
Solution x = 2.3753 [1A].

Question 4 (5 marks)

Let the function be h(x) =vx + k + 1.

a. Sketch the graph of y = h(x) on the axes below, given that k = 3. Label the coordinates of the endpoint
clearly. (1 mark)

44 k(x) = Ix

Endpoint label correct [1A].
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b. Define the inverse function h~=1(x), stating its domain. (2 marks)

Swapr,yiny=vzr+k+1 = z=y+k+ 1L —
Solvefory: z—1=y+k = (z-1)*=y+k = y=(r-1)> -k [1IM].

h=Yz)=(r - 1) — k.

— Domain of h~! = Range of h = [1,00) [1A]. —

c. Find the possible value(s) of k such that h(x) and its inverse function h=1(x) have exactly one point of
intersection. (2 marks)

Intersection when h(z) =2z = Vr+k+1=1=2. -
Leads to quadratic 2* — 3z + (1 — k) =0, for z > 1,2 > —k [1M].

7| Single solution if discriminant ) =5+ 4k =0 = k = —5/4 (tangency at r = 1.5).
Orif D > 0 (k > —5/4) and only one root > max(1,—k). This occurs when smallest root
T=1 = k= -1

_| Single intersection occurs for k= —5/4 or k = —1 [1A].

Space for Personal Notes
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