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Section A: Families of Functions Exam Skills

1o |

Sub-Section: Introduction to Family of Functions

What is family of functions? .

’

|

Exploration: Understanding Family of Functions l—}i
» Consider the following functions:

f(x) +2

fx)+3

f(x) =5

¥ What do all the functions have in common?

¥ What are the differences between the functions?

Families of Functions Definition

Functions with an unknown.

» They involve understanding and using

» They involve the use of on CAS/technology.
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Question 1

Which one of the following is not a part of the same family of functions as the rest?
A 2f(x)+1

B. 3f(x)+1

C. 2f(x)+1

D. f(x)—2

E. f(x)+1

™~ %
Discussion: How do we approach questions involving families of functions? '&'.
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Question 2 Walkthrough.
Consider the family of functions f(x) = e** + 1 where k > 0.

Identify the “last name” (the common aspect in the function family) and the “first name” (the unique aspects in the
function family).
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Question 3
Consider the family of functions f(x) = (x — 2)? + k.

Identify the “last name” (the common aspect in the function family) and the “first name” (the unique aspects in the
function family).

What do we do when the “first and last name” of the family of functions are .
difficult to identify?

1.

2. Checking vour answer.

Using Sliders/Manipulate on Technology Definition

Understanding the effect of the unknown on the graph.

As often this is not obvious from transformations.

When finding the value(s) of an unknown, check the value smaller and larger than the value obtained
to see which side satisfies the condition.
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| & |

Calculator Commands: Using Sliders/Manipulate on CAS

» NOTE: The function must be typed
out instead of using its saved name.

» Mathematica > TI
Manipulate[Plot[function, {x, xmin, xmax}], ﬂ(x)=ﬁmcn'on with zmlmown|
{unknown, lowerbound, upperbound}] Create Sliders

» C(Casio

M vyl=(x-p)2+q —

Question 4 Tech-Active.

Sketch the function y = (x — k)? + 4 using technology, and identify the effects of k on the graph.
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What type of questions could you get for the family of functions? .

Analogy: Picking the Right Family Member &

» Consider a family of functions below:

» They all have a different value for their

We can think of their unknowns to be like their

» If VCAA asked you to pick the member of the family that is shorter than 150 ¢m, how would you do
that?

VCAA: Pick a member shorter than 150 cm!

Us: Give the unknown value for the member that are shorter
than 150 cm.

» More mathematically:

VCAA: Find a function that intersects with y = x once!

Us: Give the unknown value for the function that intersects once.

» In summary.
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o>
®,

Sub-Section: Number of Intersections @ ‘

= ?\
Discussion: How can any function meet with a line as a tangent? 'ﬁ

Exploration: Tangential Relationships

¥ Consider a line.

- (a, ()

¥ For them to intersect, what must be the same?

» For them to intersect as a tangent, what must be the same?

HINT: Think about how we found the gradient of a tangent.

» We call this relationship

Function hits a line as a tangent.
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Tangent to a Family of Functions

- (a, fa))

» For a function to “touch” a line as a tangent:

& They intersect.
fla)=mx+c
¢ With the same gradient.
fl(@=m

» We just solve these simultaneously.
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Question 5 Walkthrough.

Find the value of k such that the function f(x) = e* + k hits the line y = x only once.

Active Recall

» For a function to “touch” a line as a tangent:

& They intersect.
fla) =mx+c
& With the same gradient.
fla)=_____

¥ We solve these
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Question 6

Find the value(s) of k such that the function f(x) = 2e*~ + k hits the line y = 2x twice. Check your answer
using sliders/manipulate.

NOTE: The wording “value(s)” always implies that there is more than one value for the solution! P

= %
Discussion: How can we use what we learnt above to find the nhumber of intersections with the '&1

inverse function?
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a

Definition

Family of Functions and Inverse

(4.~
"
X

» For a function to “touch” y = x as a tangent:

¢ They intersect.

fla)=a

& With the same gradient.
flla)=1

» We just solve these simultaneously.
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Question 7 Walkthrough.
Consider the function f(x) = (x — k)? + 4,x > k.

Find the value(s) of k such that f(x) and its inverse never intersects. Check your answer using sliders.

TIP: Always sketch the function. =
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Question 8
Consider the function f(x) = Vx + k + 1.

Find the value(s) of k such that f(x) and its inverse intersects once. Check your answer using sliders.
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o>
®,

Sub-Section: Maximum and Minimum [

o

REMINDER: Absolute Maximum and Minimum

(b, £(b))
(4, #(2)

» (o, (o)
(a, #(a))
Absolute Min: f(a)

Absolute Max: f(b)

» Absolute maximum and minimum can happen at either an endpoint or a stationary point.

Discussion: How can we make sure a minimum or a maximum occurs at a point that is not an
endpoint?
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Exploration: Minimum/Maximum at x = a where x = a is not an endpoint :?‘

¥ Consider a function below:

A

» What would be necessary for the minimum to occur at x = a?

Minimum/Maximum at a Turning Paint Definition

¥ To achieve minimum/maximum at x = a.

fl(@=0

» Thisis only when x = ais not an
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Question 9 Walkthrough.

Consider the function y = e®+0)* Find the value of k such that the function has a minimum at x = 10.

NOTE: The minimum/maximum is not at an endpoint. Hence, it must be on the turning point. P/
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Question 10

Consider the function y = (x — k) log.(x — k). Find the value of k such that the function has a minimum at
x = 20.

What about ifx = a is it an endpoint? .

= ?\
Discussion: For the endpoint to be a maximum/minimum, does it need to be a turning point? 'ﬁ
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Exploration: Minimum/Maximum at x = a where x = a is an endpoint :?‘

¥ Consider a function below:

CJ

Y—vn—"

Domain x = a

» How can we find the unknown value such that the turning point occurs at x = a?

» Is that the only way for the x = a to be the minimum?

» Consider the graph that has been moved to the right from the previous graph.

T.P

)

M~

Domain x=a

¥ Is the minimum still at x = a?
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& Step 1: Find the value of the unknown such that the turning point occurs at x = a.
flla)=0
¢ Step 2: Find the value of the unknown such that the turning point occurs after/below x = a.

& We can determine whether the unknown can be bigger or smaller than the value achieved in
step 1.

f'(a + something) = 0

™ ?\
Discussion: For the above graph, should we find the unknown value such that the turning point ﬂ

occurs after x = a or before?

Minimum/Maximum at an End Point Definition

N \

\-P TP
Min = Min
b a b a

» Step 1: Find the value of the unknown such that the turning point occurs at x = a.

fl(a)=0
» Step 2: Find the value of the unknown such that the turning point occurs after/below x = a.

We can determine whether the unknown can be bigger or smaller than the value achieved in step 1.

f'(a £ something) = 0
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Question 11 Walkthrough.

Consider the family of functions f(x) = (2x — k)? + 4, x € [5, 15]. Solve for the value(s) of k such that the
minimum value of the function occurs at x = 5. Check your answer using sliders.

TIP: Find the k value such that the turning point is after the endpoint. Hence, we can check whether
the k value can be bigger or smaller.
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Question 12
Consider the family of functions f(x) = e2®~0° + 1, x € [1, 10].

Solve for the value(s) of k such that the minimum value of the function given by y = f(x) occurs at x = 10.
Check your answer using sliders.
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Section B: Exam 1 (17 Marks)

INSTRUCTION: 17 Marks. 25 Minutes Writing.

Question 13 (6 marks)
Let f:[a, o) = R, f(x) = 2xlog.(x) + k, for k € R, be a one-to-one function.

a. Find the smallest possible value of a. (2 marks)

b. Find the value of k for which y = 2x is a tangent to the graph of f. (1 mark)
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c. Find all values of k for which the graph of f and £~ do not intersect. (3 marks)
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Question 14 (4 marks)
Let f: R - R, f(x) = xek**, where k € R.

a. Show that f'(x) = e***(1 + 2kx?2). (1 mark)

b. Find the values of k for which the graphs of y = f(x) and y = f’'(x) do not intersect each other. (3 marks)
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Question 15 (7 marks)

Letg:R—> R, g(x) =vVx +k +m,where k >0andm € R.
Let the point P be the y-intercept of the graph of y = g(x).

a. Find the coordinates of P, in terms of k and m. (1 mark)

b. Find the gradient of g at P, in terms of k. (2 marks)

c. Given that the graph of y = g(x) passes through the origin, express k in terms of m and give a restriction on
the values that m can take. (1 mark)
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d. Let the point Q be a point on the graph of g, such that the gradient of g at P is three times the size of the
gradient of g at the point Q.

Given that the graph of y = g(x) passes through the origin, find the coordinates of Q in terms of m. (3 marks)
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Calculator Commands: Using Sliders/Manipulate on CAS

» Mathematica 2

Manipulate[Plot[function, {x, xmin, xmax}],

{unknown, lowerbound, upperbound}]

» NOTE: The function must be typed
out instead of using its saved name.

Tl

1 (x)=ﬁmcf1'on with zmlmown|
Create Sliders

_reate a slider for:

unknown

=5.00000 5.00000

¥ C(asio

VN ERl Yy
Sheeti Giieet2 |Sheet3 |Sheetd |Sheet5

1= (x-p) 2+q] —

» Step 1: Plot the functions with sliders.

f~1, have exactly one point of intersection.

¥ Mathematica:

Calculator Commands: Finding k so that £ and f~1 intersect once

>
» Step 3: Check that your answer makes sense by using your sliders.
>

Step 2: Solve the equations f(a) = a and f'(a) = 1 simultaneously on our CAS.

Example Consider the function f(x) = e**, where k > 0. Find the exact value of k for which f and

In[29]:= F[x ] 1= Exp[k x]

in[33]= Solve[F[x] = x && ' [x] =1]
[fkst 11

out[33] LLk% 2 :u:—:n::“

MM34 [2.6] - Family of Functions & its Exam Skills - Workbook

CAS

CAS

C




G-lo NTOUREDUCATION VCE Methods % Questions? Message +61 440 138 726

> T
Define ]{x):ek X Done
Define dfx)=k- el Done
A solve(f(x)zx and dj{x)ZI,k,x)
k=0.367879 and x=2.71828
solve(f(e)ze,k) —e 1
solve(k- len(x] and dj{x)zl,k,r] e
» Casio:

exp (kkx)=x
kxexp (kkx)=1

X, k
{ek'Xx=0, k-ekX-1=0}

k¥x = ln{x)
kxexp(k%®x)=1

¥,k
{:w;=e, k=e_1}

NOTE: Sometimes for tricker equations we will not immediately get a solution for the system of P/
equations or it will not be exact, but often altering the equations with some simple algebra will
then allow the CAS to solve it correctly.
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Section D: Exam 2 (28 Marks)

INSTRUCTION: 28 Marks. 40 Minutes Writing.

Question 16 (1 mark)

The graph of y = kx — 3 intersects the graph of y = x? + 4x at two distinct points for:
A k=8

B. k>4+2V3ork<4—2V3

C. 4<k<8

D. 4—2V3<k<4+2V3

Question 17 (1 mark)

Consider the function g(x) = e**~2kx+k* The value of k for which g has a local minimum at x = 2 is:

A k=1
B. k=2
C. k=3
D. k=4

Question 18 (1 mark)

The tangent to the graph of y = x3 — ax? + 4 at x = 1 passes through the origin. The value of a is:
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Question 19 (1 mark)

Let f:R->R, f(x) =(x—1)2x+ 1)(3x —2) and g: (0,0) = R, g(x) = xlog.(x). The maximum number of
solutions for the equation f(x — k) = g(x), where k € R, is:

Question 20 (1 mark)

For the function p(x) = %e‘z"xz, where x € Rand k > 0, the value of k for which p(x) has a local maximum at
(0,5) is:

A 2

B. 5
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Question 21 (14 marks)

Contour students’ stress levels were measured between their Contour Chemistry Mock Exam and their Contour
Methods Mock Exam, which were 1 day (24 hours) apart.

1 a
S(t) =1 + mWhere 0<t<24,a€ (0, 1000)
The Chemistry Mock Exam was first, and occurred at t = 0. The Methods Exam followed, at t = 24.

a. Vivian’s stress level can be modelled with a = %

i. Find her stress level at the start of the Chemistry Exam. (1 mark)

ii. Find her stress level at the Methods Exam. Hence, find which subject she is more comfortable with.
(1 mark)

iii. Find the value of t for which she was least stressed between the Chemistry and Methods Exams, and find
this minimum stress level. Give your answer correct to two decimal places. (3 marks)

MM34 [2.6] - Family of Functions & its Exam Skills - Workbook ‘32




G-lo NTOUREDUCATION VCE Methods % Questions? Message +61 440 138 726

iv. If her stress level is above 0.4, Vivian goes into her “tryhardmode”. How long was she in her

“tryhardmode”, in hours, during the two days? Give your answer correct to two decimal places. (2 marks)
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b. Let’s consider the general case for Year 12 students.

i. For what value(s) of a would students be less stressed for Chemistry than Methods? (1 mark)

ii. What value(s) of a would explain students having minimum stress levels at the Chemistry Exam?
(3 marks)

iii. What value(s) of a would explain students having minimum stress level at the Methods Exam? (3 marks)
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Question 22 (9 marks)
Let £:[0,00) - R, f(x) = vx and g(x) = f(x) x (f (x) — 2).
Let h: [s,0) > R, h(x) = g(x).

a. Find the minimum value of s for the inverse function A~ to exist. (1 mark)

b. The inverse function h~* can be written as A~ (x) = (Vx + a + a)z, where a € R. Find the value of a.
(2 marks)

c. State the domain and range of the inverse function A=, (1 mark)

d. Letd(x) = h~1(x) — h(x). Find the maximal domain and range of d. (2 marks)

e. Hence, show that graphs of y = h(x) and y = h~1(x) do not intersect. (2 marks)
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f. Letq(x) = h(x) + c where c € R. For what value(s) of ¢ will the equation q(x) = h~1(x) have exactly one
solution? (1 mark)
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Contour Check 0

O Learning Objective: [2.6.1] - Find unknowns for general requirements

Key Takeaways
0 Families of Functions: Functions with an unknown.

O They involve understanding and using

O They involve the use of on CAS/technology.

O Learning Objective: [2.6.2] - Find unknowns for number of solutions

Key Takeaways
O For a function to “touch” a line as a tangent:
O They intersect.
f(a) =mx+c
O With the same gradient.
f'(a) —

O We solve these
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O Learning Objective: [2.6.3] - Find unknowns for minimum and maximum

Key Takeaways

Minimum/Maximum at a turning point:

N

O To achieve minimum/maximum at x = a.

f'(a)=0

O Thisis only when x = a is not an

Minimum/Maximum at an endpoint:
N\ \

\-P TP
Min o Min
b a b a

O Step 1: Find the value of the unknown such that the turning point occurs at x = a.
flla)=0
0 Step 2: Find the value of the unknown such that the turning point occurs after/below x = a.

We can determine whether the unknown can be bigger or smaller than the value achieved in step
1.

f'(a + something) = ____
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