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G.ONTOUR EDUCATION VCE Mathematical Methods %

Section A: Compulsory Questions

Sub-Section [2.3.1]: Find General Derivatives With Functional Notation @&

Question 1 )

If f is a differentiable function, find Z—i’ for the following:

a. y=sin(f(x))

f'x)cos(fz))

b. y=f(2x?)

Gz f* f?.r:i]

Question 2

If f and g are differentiable functions, find z—z for the following:

a. y=log.(f(x)) " cos(x)

cos(x) f'(x) . C e
%f]” —sin(z) log( f(x))
T
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_ )
gx)
zg(z)f'(x) — xf(x)g'(z) + f(x)g(x)
g(x)?
Question 3 )})

If f and g are differentiable functions, find % for the following:

g(z) sin (2?) r.J“'.:'-‘?“':'f’[a‘:J + f(z)sin (J‘Q‘J {.”"':’:'5":’:'_(;'(;1‘) + 2 cos (z?) ef(x)alx)

= sin (.r"‘) ef(x)o(z) (g(x)f'(z) + f(z)g'(z)) + 2z cos {.r2] efxalr)

_ log,(f(9())
TG

g(x)? f(g(x))

g(x)?

g(x)? flg(x))
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Sub-Section [2.3.2]: Apply Differentiability to Join Two Functions [

Smoothly

Question 4
A hybrid function is defined as:

ax + b, x<3
f@) = {x2—3x+4, x>3

Find the values of a and b such that f (x) is smooth and continuous at x = 3.

)

Continuous: 3a +5b =4
Smooth: a =73

Soa=3and b= -5

Space for Personal Notes
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Question 5
A function f(x) is given by:

FOx) = {ax2+bx+1, x <2
x3—2x+3, x =2

Find the values of a and b such that f(x) is both continuous and differentiable at x = 2.

Continuous: 1 +4da+2b=7
Smooth: da + b= 10

Solving simultaneously yields a =

and b= —4

b2 | =1

Space for Personal Notes
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Question 6
Consider the hybrid function:

2sin(x —a) + b, x <1
x?—2x+2, x =1

e = {

Find all possible values of a and b so that f is a smooth and continuous function for all x € R.

V) )

Continuous: b+ 2sin(l —a) =1

\ . .\ m m™
Smooth: 2cos(l —a) =0 = cos(l —a) = = + 2n7 or cos(l —a) = —— + 2n7
In the first case sin({l —a) =1 = b+2=1 = b= —1. S0 one possible set of solutions
is
b=—landa=1- 3+ 2nm,n € L
In the second sin(l —a) = -1 = b—2 =1 = b = 3. So another possible set of

solutions is

T
b=3;1r1da=1+5—?mr.n e Z

Space for Personal Notes
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Sub-Section: Exam 1 Questions ®

Question 7

a. Letf:(—2,0) >R, f(x) =2

x+2

Find ' (x).

\ 1
Note f(x) =1+ - 5 Then
Iy 1 )
fW = op
b. Letg(x) = (3 — x%)3. Evaluate g'(1).
_{;FIZ.T::I — _gxiig _ i:li

g'(1) = —9(2)> = —36

. 24 2x -8
c. Evaluate lim ==2£=2,

x—-2 x—2

r—2)(xr+4 .
lim (z=2)(= ) =lim(z+4)=6

r—32 xIr — E T—32
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Question 8
Let f(x) = 2x3 + 3x% — 12x + 12.

a. Find the coordinates of all stationary points of f.

f'(x) = 622 + 62 — 12 = 0. Solve

@ +r—1=0
(zr+2)(z—1)=0
== z=-2,1

f(-2)=-16+12+24+12=32and f(1)=2+3—-12+12=5.

So stationary points at (—2,32) and (1,5)

b. State the nature of any stationary points found in part a.

(—2,32) is a local maximum and (1, 5) is a local minimum.

Space for Personal Notes
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Question 9

The graph of f is shown on the axes below. Sketch the graph of f’ on the same set of axes.

Space for Personal Notes
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Question 10
Consider the function f(x) = x3e™*".

a. Find f'(x) in the form ax2e™**(b — cx?) for positive integers a, b, and c.

filx) = 3z2e—* — 2r -z F = ple=* (3 — 2z2)

b. Hence, find the coordinates for any stationary points of f.

Stationary points when f'(z) = 0. Therefore z = 0 or

3— 2% =0
2_3
£ TR

3

r = :I:\‘.ll' §

B

_ Y0

2

6v6 4
8 L
6 36
(_%J_ VG ) .(0,0) and (

*T 432

f(0)=0 and f (%) =

The stationary points are

r“’|§|
el
A=

™

(3]

T 4ed)
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C.

Determine the nature of any stationary points of f.

We can obtain f(z) =2z (z%—3) (222 —1).
From here we see that f”(0) = 0 so (0,0) is a staionary point of inflection.

6 6 36 6
il (—i) = 0 so (—\/——4—{_,) is a local minimum and f (\/—) < 0 so
1372

4 2 4

V6 36
2 74632

) is a local maximum.

Probably simpler to just investigate points close to the stationary points.
For f'(x) note that %" > 0 so we just investigate the sign change of g(x) = 3 — 222
close to stationary points.

6
Note that 1 < % < 2.

Now g(—2) < 0 and g(—1) = 0 so —?. —i\‘f{:
Now g(—1) = 0 and g(1) > 0 so (0,0) is a staionary point of inflection.
V6 36
2 7 432

is a local minimum.

Finally g(1) = 0 and g(2) < 0 so ( ) is a local maximum.

Space for Personal Notes
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Question 11
Ify = 2x? + 4x + 3, the rate of change of y with respect to x at x = k is:
A. 4k + 4
B. 2k + 4
C. k* + 4

D. k3 + 4

Question 12
Let f(x) = (ax + b)3 and let g be the inverse function of f.

Given that £(0) = 1, what is the value of g'(1)?

A.

Q|w

B. 1

Question 13

If F(x) = €90, where g is a differentiable function, then £'(x) is equal to:
A. 3x2e9(**)

B. 3x2g(x3)ed(*’)

C. 3x2g’(x3)eg("3)

D. 3x2g'(3x%)ed(*’)
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Question 14

For two differentiable functions f and g the derivative of f(3x) x g(x?) is:
A. 6xf'(3x)g'(x?)

B. x2f(3x)g'(x?) + 3xf'(3x)g(x?)

C. 3f(3x)g'(x*») + 3xf'(3x)g(x?)

D. 2xf(3x)g'(x®) + 3f'(3x)g(x?)

Question 15
Consider the function:

_(2x®’+ax+1 x<2
f(x)_{x2+3x+b x> 2

If £ is a smooth and continuous function for all x € R then the values of a and b are:

A . a=1b =3

Space for Personal Notes
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Question 16

Tammy Jones is exploring the jungle looking for a lost civilisation when she is struck by a blowgun dart, fired by
the local tribesman.

The dart is poisoned and the concentration of poison, in mg/L, in Tammy’s blood ¢ minutes, after she is hit, is
given by the continuous function:

350 0<i<k
C)=170-t¢ ==
m, k<t<60

a. What is the initial concentration of poison in Tammy’s blood?

C(0) = 5mg/L

b. Find an expression for m in terms of k.

350
70—k

Function is continuous so C'(k) =m — m =

¢. Find the minimum and maximum values of m.

Minimum when k=0 = m = 5
Max when k = 60 = m = —— = 35

10
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d. Find the domain and rule for the function C'(¢t).

Sharp points and endpoint are not differentiable.

350
— 0=t<k
C'(t) = { (70— )2
0 k<t < 60

e. If the rate at which the concentration of poison in Tammy’s blood was increasing was 2 mg/L per minute,

find the value of t. Express your answer correct to two decimal places.

Thus f = 36.7

minutes,

Solve C'(t) =2 = t = 56.7712.
T

Tammy will not survive if the concentration of poison in her blood exceeds 12 mg/L.

f.  Given that Tammy is unable to receive any treatment for 60 minutes, find the possible values of k in order for

her to survive.

350

T0—k
12,

. 245 o L .
This yields k < - O k= 70. We reject k = 70.

. 245
So to survive k € {L]. Gd)

We have m = ——. For Tammy to survive we require that m < 12 =

350
T0—k

<
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Question 17

a. Letf(x) = (x%+bx+c)V3x —4.

i. Use calculus to find f'(x).

We use the product rule.

fl(z)=(2x +b)V3z — 4+

3 + bx +¢)

243z — 4

ii. Hence, express the derivative of (x2 + bx + ¢)v3x — 4 in the form

function.

q(x)

———— where g(x) is a quadratic

2v/3x—4

fllx) =

(2z + b)v/3z — 4-24/3z — 4

3(z* + bz + ¢)

_|_
NeTE 23— 4

Obxz — 8h + 3¢+ 1522 — 16z

2v/3xr — 4

1522 + (9b — 16)x — 8b + 3¢

2y/3x —4
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b. Letg(x) = (x? + bx — 1)V3x — 4.

i. State the domain of g(x).

o= [5-%)
dom g = |—-,00
3

ii. Find the values of b for which g has a stationary point.

152" + (96— 16) —8b—3
23z — 4 B

0

g'(x) =

So we require
: . . 1 a1 arend . s
150% + (95— 16) — (8b+3) =0 — == (16 — 0b+ /8152 + 192b + 436)

We note that the inside of the square roots is always = 0.
No stationary points if both these roots are outside the domain of g.

1 1
Therefore solve — (16 — 0b 4+ /3152 + 1025 + 436) el — ps L
1erelore solve 3{) i Sl + g 3 — ]-2

Therefore g has stationary point for b < —‘—_. Note that b = —7/12 is not included

because the derivative at the starting point of g is not defined.

Space for Personal Notes
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Section B: Supplementary Questions

Sub-Section [2.3.1]: Find General Derivatives With Functional Notation @&

Question 18 )
If f is a differentiable function, find Z—i’ for the following:
a. y=f(x)tan(x)
dy ' flx)
— = T ) tan(r
dr f(z) tan(z) + cos2(x)
b. y=yf)
dy _ f'(=)
dr  2./f(x)
Question 19
If f and g are differentiable functions, find Z—i for the following:
a y=f(e*) gx)
i1 ) . .
= = f'(e)g(x) + g/(x) f(e7)

MM34 [2.3] - Differentiation Exam Skills - Homework Solutions ‘1 8
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b. y = f(g(cos(3x))

dy

d—'r = —=3sin(3x) g (cos(3x)) f'(g(cos(3z)))

Question 20 )))

If f and g are differentiable functions, find Z—z for the following:

a. y=+fBx?)+g2x+f(x)

dy _ 62f'(32%) + 2+ f'(2))g' 2z + f(x))
de — 2/f(32%) + g2z + [ ()

ef(x%)
by = e e
A _ o, o2y @I ) +1E) - () + e/
dr 77 (9(f(22) + f(2))?

MM34 [2.3] - Differentiation Exam Skills - Homework Solutions ‘1 9
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Question 21

of stationary points that y = f(x) + 3x + g(—f(x) — 3x) has?

If f and g are differentiable increasing functions, with g'(x) also being one-to-one, what is the maximum amount

y)) )

_ i y . ;
— 1 We know that ﬁ = f(z)+3=(f(z)+3)g'(—=flz)=3z) = (f(x)+3) (1 =g (—f(x)=3)). —
If we solve it to be 0, since f'(x) = 0, we must have (1 — g'(—f(z) — 3)) = 0.
Since ¢'(x) is one to one, and so is —f(z) — 3, we will only have one stationary point.

Space for Personal Notes
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Sub-Section [2.3.2]: Apply Differentiability to Join Two Functions [

Smoothly
Question 22 )
A hybrid function is defined as:
_ (e?* =2, x <0
f(x)_{ax+b, x>0

Find the values of a and b such that f (x) is smooth and continuous at x = 0.

Contimmous: b= =1 Smooth: a =2 50 a =2 and b = =1

Space for Personal Notes
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Question 23

A hybrid function is defined as:

_ (loge(ax), x<1
f@) = {bx2 x=>1

Where a > 0. Find the values of a and b such that f(x) is both continuous and differentiable at x = 1.

Continuous: log,.(a) = b
Smooth: 2b=1

— . ] 1
Solving simultaneously yields b = = and a = \/e.
- 2

Space for Personal Notes
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Question 24

A hybrid function, f : R = R, is defined as:

Find the values of a, b, c and d such that f(x) is both continuous and smooth over its entire domain.

2x+ 4 x <=2
f)=Jax®+bx?’+cx+d —-2<x<?2
x% —6x + 10 x>2

V) )

Let g(z) = az® + bx? + cx + d.
For continnity we require g(—=2) =0 and g(2) = 2. This yields the equations,

—Ba4+4db=2c+d=10 and Ba+4b+2c+d=2

For smoothness we require g'(—2) = 2 and g'[2] = —2. This yields the equations,

12a —db+4+c=2 and 12a +4b+c= =2

Solving simultaneously yields a = —%. b= —é. c= ; and d = 3.
] 2

Space for Personal Notes
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Question 25 Tech-Active.

a. Ahybrid function f : R — R, is defined as:

sin(x) + 3 x<0
9:1(x) 0<x<1
92(x) 1<x<2
G =19 g0 2<x<3
e?x3
-— >
loge< 7 > x=3

Where g4, g, and g5 are cubic polynomials. Find g4, g5, g5 if both f and f' are smooth on R.

y)) )

We solve the following equations simultaneously,

g2(1) = g (
33(2) = ga

g1(0) = 3,41(0) = 1,g/(0) =0
1),g5(1) = g1 (1), g5(1) = gy(1)
2), 953(2) = g5(2). g3(2) = g5(2)

5 I i 1 1
2 = g3(3),1 = g5(3), 3=9 (3)

Thus,
37 4 .
gi(x) = - T 3
e
151 3 25 5 29 ] H
ge) = = — 7T T 33
83 4 27, 75 T3
A T S
b. A different hybrid function, h : R = R, is defined as:
sin(x) + 3 x<0
9a(x) 0<x<3
h(x) = e2x3
loge( 07 ) x =3

Where g, is a polynomial. If both h and A" are smooth on R, what is the minimum degree of g, (x)?

Degree 5, we will have 6 equations, and thus require 6 unknowns.

MM34 [2.3] - Differentiation Exam Skills - Homework
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Sub-Section: Exam 1 Questions

o>
Q
©

Question 26

x%-2x
(x—1)%

a. Letf:(1,0) =R, f(x)= Differentiate f with respect to x.

We can rewrite f(z) as, f(z)=1-

Hence f'(r) =2(x = 1)"% =

b. Letg(x) = (x —3)3(x + 1)2. Solve g'(x) = 0 for x.

Yo

Thus if g'(x) = 0 we see that x = —1,

o] L

g(x) =3z =33z +1)*+2(z + 1)(z = 3)°
=(r+ 1)z =3 Bx+3+22-6) =

(x4 1)(x = 3)*(5x = 3)

3
ex +2x
C. ——,
sin(x3+2x)

_ Ly
Ify = find 2.

T

Observe that y = (f e g)(z) where f(z) = — @)
sin(x

e* sin(r) — e* cos(x)

Using the fact that f'(r) =

and g(x) = =% + 2.

, we see that,

— €™+ oo (:!?'1' + 2x)

sin®(x)
dy _ oy
W (@)1 (g(a)
_ 9 gt 42 sin(:ﬂ?ﬁ + 21']
= (32" +2) HinZ{

T3 + 27)

MM34 [2.3] - Differentiation Exam Skills - Homework Solutions
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d. Leth:[1,) - R, h(x) = \/log.(x). Evaluate h'(e).

1 1
h'(z) = —
T

Hence h'(e) = !

2elog,(e)

A
24/log, ()

Question 27

Letf : R - R, f(x) = x3ek*,

Find the value of k for which f(x) and f’'(x) have exactly one point of intersection.

f'(z) = 322e** 4 kxdek=,
We solve f'(z) = f(x), getting,

322 + kx

— =10 or
3

k=1

For us to have 1 solution we require =

-'1-(}::

— .i'"it'.’kI

= 3+ kr=12)=0

I+kr—x=10

= =0 —

to be invalid, hence k& = 1. |

Space for Personal Notes
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Question 28
Let f: [-m, ] - R, f(x) = e*sin(x).

a. Find f'(x).

e® sin(x) + € cos(x)

b. Show that f(x) has a stationary point when x = — %,%".

We solve f'(x) =0, from which we see that sin(z) + cos(z) =0 = —tan(z) = 0.
- m 3T

— | As r € [—m, 7| our solution to tan(z) =01is = = -1 Tl -

3

Hence f(r) has a stationary point when r = — 1 .

|

c. On the set of axes below, sketch the graph of y = f'(x) on the domain [—n, %] labelling the endpoints and
points of intersection with the graph of y = f(x) with their co-ordinates.

g
N
74
o L4
T e
4..
3-.
24
(%9
x & 3
4 2 4
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Question 29

Consider the piecewise function, f : R = R, with the following rule;

0 x<0
f(x) =4x™log,(x) 0<x<1
ax +b x>1

a. Find the values of a and b such that the graph of y = f(x) is smooth at x = 1.

Thusa=1and b=

If g(z) = x"log,(r } th{ n r;{ ) =0 and g'(x) = 2™ (1 + log,(z)), hence g'(1) = 1.

b. Itis known that li%1+ x*log.(x) = 0 ifand only if k > 1.
x—

i. For what values of n is the graph of y = f(x) continuous at x = 0?

n > 1 as per our hint.

ii. For what values of n is the graph of y = f(x) smooth at x = 0?

We require z"~1(1 + log,(z)) = 0 as x — 0F.

This is only possible if z™~? log,.(z) = 0 as z = 0%,
Bv the fact in our question this implies that n > 2

Space for Personal Notes
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Question 30

The gradient of the graph of y = log,.(2x) at the point where the graph crosses the horizontal axis is equal to:
A.

B.

1

2

2e

Question 31

Let f and g be differentiable functions.

If f'(2) =3,f'(5) = —1,g(1) = 5and g'(1) = 2, then what is the value of (f o g)'(1)?
A.

B.

-2

-5

15

There is insufficient information to determine the correct answer.

Space for Personal Notes
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Question 32

Consider the function:

x—1

f =1{¢

ax? + bx

A. a=0andb = 1.
B. a=1andb =1.

C. a=2andb =1.

D. aziandbzo.

x<1
x>1

If the derivative of f is a smooth function for all x € R, then the values of a and b are:

Space for Personal Notes
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Question 33

The graph of y = f(x) is shown below.

The graph of y = f'(x), the first derivative of f(x) with respect to x, could be:

4 41
2 2
A -2 - [} { 2 B -z -1 [+ 1 2
-2 24
-4 41
4 44
2 2
& = - 1 2 b = K 0 _/ i 2
-2 -24
-4 41
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Question 34

Suppose a function f : [—2,2] —» R and its derivative f' : [-2,2] — R are defined and continuous in their

domains.

If f'(x) > f(x) forall x and f'(0) = 0, which one of these statements must be true?

A. fisincreasing on [0, 2].
B. f isincreasing on [—2,0].
C. f isdecreasing on [0, 2].

D. f isdecreasing on [—2,0].

Question 35

The population of cockatiels (in thousands) living in Australia, t years after 1800, is modelled by the smooth

piecewise function:

it + 107w
( 800 + 100 cos (T) 0<t<100
fl) = g() 100 <t < 145
wt + 10w
1000002(6=145) + 120 sin (T) t > 145
a. Write f'(t) as a piecewise function in terms of g'(t).
10m , (wt+ 10w 0<t<100
3 o 30 =
fz)=<24(t) 100 < t < 145
20eD-020t=145) 4 A7 cos (L‘ -:[]l!lrr> i > 145

MM34 [2.3] - Differentiation Exam Skills - Homework Solutions
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b. If g(t) = a(t —100)3 + b(t — 100)? + c(t — 100) + d, construct simultaneous equations to show that,
= 208m 2B ST and d = 850.
6075 135 V3

—— We require four conditions, specifically, g(100) = f(100), g’(100) = f'(100), g(145) =
£(145) and ¢/(145) = f'(145),

— These conditions can be expressed as,

g(100) = f(100) = d = 850

5

V3

R g(145) = f(145) = 91125a + 2025b + 45¢ + d = 940
g'(145) = f/(145) = 6075a + 90b + ¢ = 20 — 2v/37

¢'(100) = f'(100) = ¢ =

_ 48 — \/3m 12 + 43
We solve these equations simultaneously to get a = ———— b = ——l_.c =

6075 135

T

— B

and d = ]5().

c. Let g be defined as in part b.

i. Solve f'(t) = 0 fort € [100, 145]. Give your answer correct to 2 decimal places.

t = 113.90, 131.05

ii. Hence, state the values of t € [100, 145] for which f(t) is strictly decreasing.

Give your answer correct to 2 decimal places.

t € [113.90,131.05]
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d. Find the minimum value of f'(t) for t € [100, 145] correct to 2 decimal places.

—=1.55

e. We can approximate g(t) using an alternative approximation, with:

mt t mt

g(t) =850+ psin (—) + g cos (—) + rsin (—) + s cos (—)

30 30 15

Find the values of p, g, r and s correct to 2 decimal places.

t
15

p==135.09,q = =29.69,r = =125.36 and s = 46.53

Space for Personal Notes

MM34 [2.3] - Differentiation Exam Skills - Homework Solutions

e




G.ONTOUR EDUCATION VCE Mathematical Methods %

Question 36

Consider the composite function g(x) = f(tan(2x)), where the function f is an unknown but differentiable
function, whose derivative, f'(x) is a decreasing function for all values of x.

Use the following table of values for f and f'.

1
X ﬁ 1 \/§
£ -2 5 —7
f'(x) 2 0 -3
a. Express g'(x) in terms of f'(x).
2 f'(tan(2x))

g(x) = cos?(2x)

b. Find two solutions to g'(x) = ?for all x € [0, m].

. 3
g (z) = 1?6if f'(tan(2z)) = 2 and cos?(2z) = 2

V3

Hence tan(2z) = 7 and cos(2x) = iT'
T Tm T Im
Thus 2z = —, ‘— — = —, —.
6 6 12" 12
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i. Solve g'(x) =0forall x € R.

g'(x) =0 = f'(tan(2z)) = 0 and cos(2z) # 0.
Thus tan(2z) =1 = 2z = i + km where k € Z.

m kW
Hence r = gt + ?i where I € Z.

ii. Explain why there cannot be any more solutions to the equation g'(x) = 0, than those you have provided
in the previous part.

92

As —————
— cos?(2x)
As ' is a decreasing function, we know that only f'(1) = 0.

— Hence our only solutions are those that satisfy tan(2x) = 1, which are exactly those F——

# 0 for all x, we see that ¢'(z) = 0 if and only if f'(tan(2x)) = 0.

in the previous part.

ii. Find the maximal subset of (—= ,%) for which g(x) is decreasing.

| Observe that ¢'(z) <0 <= f'(tan(2z)) < 0.

T Ty . . . N .
As (-I 1) is one period for tan(2z), the above inequality implies that tan(2z) > |

al
]l = = —.
-8

L [mow
Hence our subset is [E E)
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d. How many solutions are there to the equation g(x) = 0 over the interval (—% ,E)? Explain your answer.

2
. " " + L
From the previous part we know that g is decreasing for r > —.

| =

o0

—

gs = .. . T
Similarly we can show that g is increasing for = < 3

—

As g (%) < ) we know that there will be no solution for r < ﬁ
m T
As g (ﬁ) <0<g (g) we know (using the fact that g is increasing) there will be

) T 7
one solution for — < r < R

T T
As g (%) <0<g (E) we know (using the fact that g is decreasing) there will be
j .

—

. m T
one solution for = < T < e
]

As g (%) < () we know that there will be no solution for = >
i

=]
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Free 1-on-1 Consults

,
What Are 1-on-1 Consults? —L}‘

Who Runs Them? Experienced Contour tutors (45 + raw scores and 99 + ATARs).

Who Can Join? Fully enrolled Contour students.

When Are They? 30-minute 1-on-1 help sessions, after-school weekdays, and all-day weekends.
What To Do? Join on time, ask questions, re-learn concepts, or extend yourself!

Price? Completely free!

One Active Booking Per Subject: Must attend your current consultation before scheduling the next. :)
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SAVE THE LINK, AND MAKE THE MOST OF THIS (FREE) SERVICE!

G

Booking Link

bit.ly/contour-methods-consult-2025
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