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Section A: Introduction to Differentiation

What in the world is differentiation?

Context: Calculus and Sam’s Weight

» Sam as usual loses control and eats 100 chocolates.

» He wants to find out how many kg he gained with respect to the chocolates.

How many kilograms did I gain with respect to 100 chocolates?

» Samis getting even more curious and asks the following equation:

How many kilograms did I gain with respect to 10 chocolates?

» Even more curious!

How many kilograms did I gain with respect to 1 chocolate?
How many kilograms did I gain with respect to 0.1 chocolate?

How many kilograms did I gain with respect to 0.00001 chocolat
» Samis finding the rate of ch 4 ith et 0 chac .
am is finding the rate of change ] u&(\’[ﬂl‘ wi Il’ér

l.e. Sam is J&m&fﬁa;his weight with respect to the number of chocolates.

» Today we will ask this question!

How much did the y value change with respect to tiny change in x

MM34 [2.1] - Differentiation | - Workbook ‘ 2




G.ONTOUREDUC ATION VCE Mathematical Methods %

o
O |
Sub-Section: Average Rate of Change ®
a
Average Rate of Change Definition
(b, #())
o~
(a, #(a))
» The average rate of change of a function f(x) over x € [a, b] is given by:
fc) —To=)
Average rate of change = T

\]
» ltisthe 3”‘1"6“— of the line joining the two points.

Space for Personal Notes
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Question 1

Find the average rate of change of y = x2 + 3x over the interval x € [—1,2].

(21+61 (=3

N
]
e
£
-
N
b3

-5

> «—)

=T

NOTE: We do NOT need differentiating to find the average rate of change!

4

P

Discussion: Is finding the average r. ame as Sam finding weight change over the '&”‘.
entire chocolates he ate or thefiny piece of the chocola

-
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o

Sub-Section: Instantaneous Rate of Change

How can Sam find his weight change from the tiniest atom of chocolate? .

Instantaneous Rate of Change Definition

(a, #(a)

» Instantaneous Rate of Change is a gradient of a graph at a single ?OWI' ‘

Instantaneous Rate of Change = "PCQ)

» Differentiation is the process of finding the derivative of a function.

Space for Personal Notes
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Question 2

Consider the function f(x) and its derivative f'(x). It is known that f(2) = 4, f(3) =9, f'(2) = 3 and
) =—4

Find the gradient of the function f(x) at x = 3.

—[‘(3)1 —

NOTE: Derivative function gives us the gradient of a point.

oy

Alternative Notation for Derivative Definition

delfa.
f’(x)=% dipsr | Lforacticd
dipe | = hatodou

i

Discussion: How does the notation % make sense? A— x=) d.% d %.
A4 Py dy
@ = e T

>/, -
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o

~

Sub-Section: Differentiation

How do we find derivative functions?

Derivatives of Functions Definition
» The derivatives of many of the standard functions are in the summary table below:
f(x) )
n n-f
X n . x
sin(x) 1%. cn )
cos(x) _| —smCx
tan(x) — _ 2
min = S0
12
OK ™
logp(x) .
X

Question 3
Consider the function f(x) = x3 — 4x.

Find the gradient of the function at x = 2.

3‘- 'frﬁll::. 3a2 —Y

£ 2= 2%
s &
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Question 4
Consider the function f(x) = 2e* — 4.

Find the gradient of the function at x = 3.

f‘pl}c 20!

K
flal= 2=

Question 5
Consider the function f(x) = 2log,(x).

Find the gradient of the function at x = 2e.
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Question 6 E ‘

Consider the function f(x) = cos(x) + sin(x).

Find the gradient of the function at x = g.
-f‘()(l = —&(4 ¢ + C%CH

(c(% ’: —-—.—J—;_; 'y #:Z =O

Calculator Commands: Finding Derivatives

» Mathematica » TI

] CS@

dx

()

» Casio

d

dx

()

CAS

Space for Personal Notes
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Question 7 Tech-Active.

Consider the function f(x) = tan (x).

Find the gradient of the function at x = %.

ot B)
-a‘-;g—CMl) 2= &

= 4
3

NOTE: You must substitute the x value after finding the derivative function first.

1N

Discussion: What would happen if you derived f (g) instead on CAS? =

Space for Personal Notes
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L JE
o,
-
d

Definition

How does this work?

First Principles

f’(.X') = 0

Y4 M .' '
» The fundamental method of q&a_ . Pat 4 I
.2 1

| 2 3 |

uestion 8 fort) = (xenf> :@ 3x2h +3xh* + (W3

Consider the function f(x) =@
2 2 3

Find the derivative using the first principle. 'faml @7 3)‘- ] "'37“‘ th

. - ﬁ% -.rfc:\)
four S (BF) | s s o)
h

-0

akh —%N

[ (fcg*m -f“’)

= A
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Analogy: Understanding the instantaneous rate of change.
» Usain Bolt ran the world record 100 m race in 9.58 seconds.

» Let's say we take a photo of Usain Bolt at the start and end of the race.

Distance

A S d=
verage >pee Time Taken

G We can calculate the average speed of the entire race

» Now let's say we take the two photos closer to each other.

&
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» What would the average speed between two photos slowly approach to?

Speed at a given moment!

» In summary how do we find the speed of Usain Bolt at a single moment?

We take two photos so close to each other that the time between the
shapshots becomes basically zero.

Discussion: If x = Usain’s distance travelled and ¢ = time travelled, what notation would represen
his instantaneous speed?

dx/dt

Space for Personal Notes
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Speed at a given moment!

We take two photos so close to each other that the time between the snapshots becomes basically zero.

dx/dt
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Section B: Advanced Differentiation

[
o,
o

How do we find the derivative when two functions are multiplied? .
For example: x*sin (x).

Sub-Section: Product Rule

The Product Rul * Thovem = Wao nense— <
e Product Rule ) De
The Product Rule M 2 foms i e

» The derivative of h(x) = f(x) x g(x) is given by:

()= foagon  + fod-gien)
J J

» Or, in another form:

d J—
a(u'v)—

NOTE: Order does not matter. /

Question 9 Walkthrough.

)
wv f av

Find the derivative of f(x) = x3tan (x).

*f‘cm:- 3x7 tau(N) +  x3-gecXx)
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NOTE: We never differentiate both functions at the same time!

Your turn!
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4
~

Question 10
Find the derivatives of:

a. f(x)=x%e*

-f‘m-. 2xe't xle™

_ < '53~ Su(21)
b. y = 3sin(x) cos(x)

% = Jeyaaxt + 3 sl ~sia (x|

= 20nY(N —3sin*(n)

c. gx)=1log.(x)- x
3‘(1:: Aox+ (oyelH-|

= [+'e1€C1,

g Scul2n)

MM34 [2.1] - Differentiation | - Workbook
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Question 11 Extension.
U v - w
Find the derivative of f(x) = x3log, (x) sin(x).

o kB
it + EDpit+ (Gprecs

Space for Personal Notes
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How does this work? .

Extension: Understanding Product Rule ;

» Consider the rectangle in the diagram below. é (U.V) - _3%. W+ U ‘j‘%— .

U

u-v =areaof therectangle

» Now let's say the rectangle grew in size!

U

» How do we find the rate of area of the rectangle?

» The image above shows two snapshots of u and v very close to each other while they are changing.

MM34 [2.1] - Differentiation | - Workbook ‘1 7
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» How can we find the instantaneous change of u - v?

d(u v)

» Therefore, how can we find ——= (u ‘v)?

d(u-v)_ V- dia
dx | dx

du-v) = »dw +oW

-V
T

Space for Personal Notes
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0

Sub-Section: Quotient Rule

The Quotient Rule

» The derivative of a h(x) =%is given by:

flongw - fm-a‘m

(qon)*
i

R (x) =

» Or, written in another form:
d u wv - wv
— [—) = =
dx (v) v

G Always differentiate th :

o,
®
a

Definition

Question 12 Walkthrough.

2

Find the derivative of y = prmvon

2xsm(x) — X’caCn)

% = Sn¥(x)

NOTE: The order matters for the quotient rule! We differentiate the top function first.
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Question 13

Find the derivatives of:

[6 xS
_ _e*(x-3)
T 4ad
b, 108l
) L. x [, OH -
e X “1e
d—i-( 11 ): x 2
a ( [579(3)
u'l.

sin(x)
C. g (x) COS(X) w

(N — sta(xle <V ol + sV

J‘CJU-: —

G X2 (1Y

Coy x|
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NOTE: The last question is a derivative of tan. p/

Question 14 Extension.

x%eX
loge(x)

—
3 @eere)n® 3G

& " .

Find the derivative of y =

Space for Personal Notes
Y
Pave - d': v - = 7 - Ve

4

JV':-DL,

7’\/+ 7V’= u'

— r_ v’
Ylu_ (VR 7
w ,l
I u'-gv’ vl
v 7 v

W
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Sub-Section: Chain Rule

0

The Chain Rule

y =f(g(x))

dy_ . '
= {'egon) * g'c)

» The process for finding derivatives of composite functions.

Q
®
a

Definition

How does the chain rule work?

Exploration: Understanding Chain Rule

» Consider the function we want to differentiate with respect to x is:

y = f(g(ri))

Letu = 9&x)
vV

Theny = ';)[CUJ

» We can now derive y Ngfed- fo

dy ‘
— = (
du { %)

& Note that we have % instead of % as we derived in terms of u.

» We can remove the composition by letting the inside function equal to wu.

MM34 [2.1] - Differentiation | - Workbook
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» Tofind % we simply multiply by Z—i with Z—Z.
dy _dy, du _ rf"(a)x du
o 7 = =

dx du dx

» Finally, we can substitute\_/

dy _ ffcgony» g

dx

Question 15 Walkthrough.

Find the derivative of f(x) = sin(x?).

3) % = %ﬂk% = Gnlu) 222

= Co)(D(’) 2

NOTE: Always let the inside function equal to u.

MM34 [2.1] - Differentiation | - Workbook
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~

Your turn/!
Question 16
Find the derivatives of:
a. ex2+%x
1=ed ’ u=u?+i'&,
S feoned
a?e§a
% = € . (21'&'&)
3
b. (4x+2) T
> = ap)
3 = qat A O :‘zk
(p(~ ‘T= ¥ A x G afte
-—l"z.-
—ﬁ = 3u? %" =% —'-:_-‘L

& 3(amA) @)

bq e (] = Z’DJICO"
)Y

a=2a?

c. log,(x? M})
L

'Z:(mku’, ,
=4
= =

zf'fjecﬂl

2 2- %

x2rq or

% =2

MM34 [2.1] - Differentiation | - Workbook

e




@ONTOUREDUC ATION VCE Mathematical Methods %

Question 17 Extension. ‘1 C w ‘ ) 2 wus Sulx/

Find the derivative of f(x) = x3loge (x Y

b‘c(m\ % 24 dx = (a()t)

- 2
el = 3t (ﬂe("’)&mz(’d + "3"7% "Sln £ Dlg"&‘e(x /s

2 Sl e (> |

pe——

Is there a quicker way to do a chain rule?

~

Shortcut for Chain Rule /

{'cgem) = gq'c)
I 49 J

dx

» Derive the outside function only.

» Multiply the function by the derivative of the inside.

Definition

Space for Personal Notes
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Question 18 Walkthrough.

Using the quick method of chain rule, find the derivative of f (x) =x3).
[

/S

’f‘w: sn(o3) »3x*

= —3xsiu(x3)

Space for Personal Notes
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Your turn! .

Question 19
Using the quick method of chain rule, find the derivative of:

2_
a. e3x X

63)(1-"' X (671*‘ )

b. log.(x?+ 9x + 6)

L x (2
NI (2ne]

c. g(x)=tan(x?)

&c?(x?) x2on

MM34 [2.1] - Differentiation | - Workbook ‘27
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Question 20 Extension. / / 3 - )
Find the derivative of g(¢) = log, (&s(@))
p— I = —~

== =

i . |
—.S(K(Jf'ﬂ ) ” x |,
Cm(Jee\)u 2

Space for Personal Notes
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Section C: Stationary Points and Strictly Increasing

|

Discussion: What would be the gradient of a point that is neither increasing nor decreasing? &"’.

000

Sub-Section: Stationary Points

)

Zero

Stationary Points

» Point where the gradient of the function is zero.

=0, 2o

Space for Personal Notes
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What are the types of stationary points?

VCE Mathematical Methods %

~

Tvpes of Stationary Points

Local Maximum Local Minimum Stationary Point of Inflection
0 C
+ -
-0\~ +/0 +
- +
@
& 0
& Sign Test
» We can identify the nature of a stationary point by using the sign table.
x Less than a Bigger than a
f'(x) Negative 0 Positive
Shape N - Decreasing curve Stationary Point U - Increasing curve

» Find the gradient of the M:'{WW

points.

J

Space for Personal Notes
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Question 21 Walkthrough.

Find and identify the nature of the stationary points of y = —eX*H4,

_% =_eau-eu <20 =0 /—1/
y S | ) |
In=0
MEIEEE
co,-e“)
Sge | ;| T N
ok Mo Hlaemi = €752 27
%I‘}a"z —es¥2=_2er
Qusstion 22

Find and\jdentify the nature of the stationary points of y = log, (x? + 4).

flx ] :=Log[x"2+4]
Solve[f '[x] =0, x]

{{x->0}}

{(f'[-1], f'[e], f'[1]}

Local Minimum =

MM34 [2.1] - Differentiation | - Workbook ‘31
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Question 23 Extension. /__i ﬁd- C?l X CDC))
Consider the function/f (x) = xg(x).

It is known that, @: —5,9(1) =—=2and @z 1.
(( )

"(0) = —4, g'(1) = 2 and g{(2))= 3 and that f has only one stationary point.

Show that f (x) has a stationary point when x = 1 and identify its nature.

feai= 1-glate x.g'c)

« \o | 2\
f¢ \-S’o R
- N /

‘{(fQ,—_- 3('0,-!-0-(7'(0) :ﬁf‘” =—S

fc2)= glar+ 2\(7'(2)‘-. | £ 2x3=7

Fen= JC()-H-j‘C‘)

=242 =0

Space for Personal Notes
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0

Q)
Sub-Section: Strictly Increasing and Decreasing @

Strictly Increasing and Strictly Decreasing Functions

(a, #(a))

(b, #(b))

Strictly Increasing: x € (—, a] U [b, )

Strictly Decreasing: x € [a, b]
» Steps:
1. Find the turning points.

2. Consider the sign of the derivative between/outside the turning points.

Space for Personal Notes
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Question 24 Walkthrough.

State the value(s) of x for the function below for which it is strictly increasing and strictly decreasing.

‘\I{r T\w 30 !“‘IH‘, ‘jd"‘ wmuut T’ “‘77((-"3{7&17 l”""g__

(b, #(6))

(~0, ] U (k)
- = fa b))

A
-

TIP: The terminology is confusinglSimply remember@

Space for Personal Notes
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Question 25

State the value(s) of x for the function below for which it is strictly increasing and strictly decreasing.

y =—72x — 3x?% + 2x3

Increasing for (—oo, —3)U (4, 00). Strictly Increasing (—co, —3] U [4, c0).
Decreasing (—3, 4). Strictly Decreasing [—3,4].

Space for Personal Notes
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Section D: Graphs of the Derivative Function

000

_ ey

Sub-Section: Graphs of Derivative Function

Exploration: Graph of Derivative Functions

» Consider the graph of f(x) = x? below.

-2}

» What is the derivative of f(x)?

Sketch the derivative above.

f(x) = 2

» What do you notice about f'(x): Derivative when f(x) has a stationary point?

It has an x-intercept.

» What do you notice about f'(x) when f(x) is increasing?

It has a positive y value. (It is above the x-axis.)

» What do you notice about f’'(x) when f(x) is decreasing?

It has a negative y value. (It is below the x-axis.)Type your text

MM34 [2.1] - Differentiation | - Workbook ‘36
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~

In summary!

Graphs of the Derivative Function lu{[%(hw. —) @
(0
X

fx) f'(x)

Stationary Point X (.M:{eﬁef’—
Increasing %,ﬂw (A'bOUQ., Y Q)t‘j)

Decreasing Wmﬂ‘& (Be(c)u, N G
. ‘/ S
y value of f'(x) = gmdt@d- "-{ fha 0‘8‘""{ N

» Steps
1. Plot x-intercept at the same x value as the stationary point of the original.
2. Consider the trend of the original function and sketch the derivative.
Original is increasing — Derivative is above the x-axis.

Original is decreasing — Derivative is below the x-axis.
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Question 26 Walkthrough.

Sketch the derivative graph of the function shown below, on the same set of axes.

4 (0]

N

Active Recall: Steps on sketching the derivative function
1. Plot x-intercept at the same x value as the @ of the original.
\

2. Consider the trend of the original function and sketch the derivative.
above

Original is increasing — Derivative is g 2 the x-axis.
o ) ) L elow .
Original is decreasing — Derivative is the x-axis.

Space for Personal Notes
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Question 27

Sketch the derivative graph of the function shown below, on the same set of axes.

AN

N

Vv
X

Question 28 Extension.

Sketch the derivative graph of the function shown below, on the same set of axes.

4
o ;
I
I
| Fa 3
| f{u:l:u:':: + f:l [::r - 1)
."'H‘-I
&~
77N\ 5
< | "-\.._‘_‘J_f:_._,_._o-"_ >
A\ Y #(
|
|
e
Vv
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Contour Check C!

Learning Objective: [2.1.1] - Find the Instantaneous Rate of Change and
Average Rate of Change.

Key Takeaways

O The average rate of change of a function f(x) over x € [a, b] is given by:
~fCp) — fca)
H—a

Average rate of change =

O Itisthe qra.dlwk' of the line joining the two points.

O Instantaneous Rate of Change is a gradient of a graph at a single PO.‘W(_

[im ( 'fc"’f“:q "’ﬁ"'))

o

O First Principles derivative definition:

fi(x) =

O The Product Rule

O The derivative of h(x) = f(x) x g(x) is given by:

h'(x) = £ exigon FCM g‘c n)
—— J

O Or, in another form:

dx B

MM34 [2.1] - Differentiation | - Workbook '40
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O The Quotient Rule

O The derivative of a h(x) = ;E—g is given by:

fingn — fergten

h'(x) = U
2 (G *

O Or, written in another form:

1%

dx

d (u) “',‘/ - M.l/,

O Always differentiate the top function first.

0 The Chain Rule

y=f(g(x)

dy

= A Dx=qgftx) .
dx {cf}o‘)g )

O The process for finding derivatives of composite functions.

MM34 [2.1] - Differentiation | - Workbook

G




@ONTOUREDUC ATION VCE Mathematical Methods %

Learning Objective: [2.1.2] - Identify the Nature of Stationary Points and
Trends. (Strictly Increasing and Decreasing.)

Key Takeaways

O Point where the Omd,«mll' of the function is zero.

@=0, -0
fa)=0, dx

O We can identify the nature of a stationary point by using the sign table.

x Less than a Bigger than a
f'(x) Negative 0 Positive
Shape N - Decreasing curve Stationary Point U - Increasing curve

O Find the gradient of the Auezyhbmﬂ%: points.

O Strictly Increasing and Strictly Decreasing Functions

(a, #a))

Strictly Increasing: x € (~o,aJu b, ®)

Strictly Decreasing: [a(b’)

O Steps:
1. Find the &’!wHOu/q lpowﬂ—

2. Consider the sign of the Jcr‘wwklw_ between/outside the turning points.
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@ONTOUREDUC ATION VCE Mathematical Methods %

Learning Objective: [2.1.3] - Graph Derivative Functions.

Key Takeaways

O Steps on sketching the derivative function:

1. Plot x-intercept at the same x value as the sfwﬂwj ll)owl— of the original.
2. Consider the trend of the original function and sketch the derivative.

Original is increasing — Derivative is Mﬂ the x-axis.

Original is decreasing — Derivative is M the x-axis.
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Free 1-on-1 Consults

What Are 1-on-1 Consults?

Who Runs Them? Experienced Contour tutors (45 + raw scores and 99 + ATARsS).

Who Can Join? Fully enrolled Contour students.

When Are They? 30-minute 1-on-1 help sessions, after-school weekdays, and all-day weekends.
What To Do? Join on time, ask questions, re-learn concepts, or extend yourself!

Price? Completely free!

One Active Booking Per Subject: Must attend your current consultation before scheduling the next:)
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SAVE THE LINK, AND MAKE THE MOST OF THIS (FREE) SERVICE!

Booking Link

bit.ly/contour-methods-consult-2025
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