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Section A: Introduction to Differentiation

VCE Mathematical Methods %

Sub-Section: Average Rate of Change

Context: Average Rate of Change
» Usain Bolt ran the world record 100 m race in 9.58 seconds.

» Let's say we take a photo of Usain Bolt at the start and end of the race.

@«'p

» How would the average speed between two instances be calculated?

Change in _pesthon. _from start to end

Average Speed =

Change in £time

Average Rate of Change

(b, #())

(a, #(a))

» The average rate of change of a function f(x) over x € [a, b] is given by:

Fee) 46

Average rate of change =

b_.—a

» ltisthe ﬁwuj' of the line joining the two points.

U
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Question 1

Find the average rate of change of y = x2 + 3x over the interval x € [—1,2].

D2

9 (2,10)

ARC = J‘z) "f"’)
=

Owm=¢
T . = 10-(-2)

-4-2) <+

8-

N

-5

™ 3\
Discussion: Do we differentiate for average rate of change? ‘&“.
La No! e d,.'/f /,y TR

Trstosdoneous Ruhe,o&(‘)wxse.
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Sub-Section: Instantaneous Rate of Change

o>
-

How can we now find Usain Bolt's speed at a single moment? .

Context: Instantaneous rate of change

» Usain Bolt ran the world record 100 m race in 9.58 seconds.

» We took two photos of Usain Bolt at the _M and M of the race.

» We calculated the average speed over the C’ﬂ.\'ﬂ— rak using these two photos.

Distance

A S d=
verage opee Time Taken

» How can we find his speed at the start of the race?

» Where should the two photos be takenliAt the start»t the end/Start and End]

» Hpwr=eagly should the two photos be taken to find the speed at a single moment?
@ e/Super Far]

» This is the instantaneous rate of change!
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Instantaneous Rate of Change

(a, #(a))

» Instantaneous Rate of Change is a gradient of a graph at a single FO;l\t

Instantaneous Rate of Change = -oflaf)

» Differentiation is the process of finding the derivative of a function.

Definition

Question 2

Consider the function f(x) and its derivative f'(x). It is known that f(2) = 4, f(3) =9, f'(2) = 3 and
£'(3) = 4.

Find the gradient of the function f(x) at x = 3.

G

Alternative Notation for Derivative

w@ F =2 /

Definition

Discussion: How does the notatlon £Y make sense?

LI @3‘3--91&

A=zdeta = :
- % ) &

ax-»°
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Sub-Section: Differentiation

| D
O
®

|

How do we find derivative functions?

~

An) = 2-x°
J "
T
Derivatives of Functions #'(36) =0-2-2 =0 Definition
» The derivatives of many of the standard functions are in the summary table below:
fx) f'(x)
. LI B peer den
Q- -1 1 powes
sin(x) [05[")
cos(x) — 'S"n (x_)
I
tan(x) arm T S0 gr)s —=
e* &x
)
log,.(x) '_u"
P ! l ™ O

Question 3
Consider the function f(x) = x3 — 4x.

Find the gradient of the function at x = 2.

Foy= -4

Fe2)= 3(2)24

= m*8

(-) gml:«fof faf’ x=2

(3-) 4
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Question 4
Consider the function f(x) = 2e* — 4.

Find the gradient of the function at x = 3.

Fee)= 2¢*

for= 20,

Question 5
Consider the function f(x) = 2log,(x).

Find the gradient of the function at x = 2e.

j"[ﬂ‘ 2"'5&‘ =

5',62&)" —2% = ?‘:"

2
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Question 6

Consider the function f(x) = cos(x) + sin(x).

Find the gradient of the function at x = %’

)= -sinfx) + cos (x)
A%
FLE)= -ainlE)+ on(F)

=-£ «E..o
) =

4

CAS

Calculator Commands: Finding Derivatives

» Mathematica » T

f1x]

G Shift Minus

d
—)

» Casio

G Math 2

d
;(I(X)):
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Question 7 Tech-Active.

Consider the function f(x) = tan(x).

Find the gradient of the function at x = g.

Dift -.f'd:Mm—""—ol/ - —

NOTE: You must substitute the x-value after finding the derivative function first. P/
Discussion: What would happen if you derived f (g) instead of CAS? 'ﬁ

ﬂ-@&) = toufF) < Sub rvaka

= a3 -
S

[{GE) = (€Y oifpwonit

3
=O¢
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Sub-Section: First Principle

o
-

Where do all the derivative rules come from?

~

First Principle

flx)= (()u,
k20

» The fundamental method of &‘H{Mo

Definition

Exploration: Visualisation of First Principle

» Desmos link

&)

/¢ 2_

MM34 [2.1] - Differentiation | - Workbook
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3
Question 8 f C;ﬁ) = [l-"'k/ il Aﬂag_, first B\h&'f’l.'s
Consider the function f (-Jﬁ) = x3. = x‘g+ ;”'zh”' g’.hz-fl‘,g 2 Fid 5
Find the derivative using the first principle. af(
j} 4 Romoe. k. From
j’(,x.) = Lo [FO0th)- F2) —
ho0 A t Sot =0 (‘helnak” imit)

/th‘h-f 3:&‘4-&328)

u-n

St Buk‘+k’
‘b"ﬂ ( ) llJM- é&‘* %.'.m
k20 = B keo
— gl}/’ /
NOTE: It's the same as the table above!

Space for Personal Notes
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Section B: Advanced Differentiation

VCE Mathematical Methods %

8’ >
Sub-Section: Product Rule @ ‘

How do we find the derivative when two functions are multiplied? .
For example: x*sin (x).

/

The Product Rule

» The derivative of h(x) = f(x) x g(x) is given by:

W = F0e) - gled + gla) F0

» Or, in another form:

d

y/ 2
A S~ wvEVn
(u 17) u

|| NOTE: We never differentiate two functions at once! /

Question 9 Walkthrough.

Find the derivative of f(x) = x3tan (x).

j (&)

(2*) Coutn) ) + () (ot )

20 o () + xgge(f(:c) /
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NOTE: We never differentiate both functions at the same time!

Your turn!

VCE Mathematical Methods %

4
~

Question 10

Find the derivatives of:

a. f(x) =x%e*

;}’(x; =) (e )+ > )

= 29!-@,2'-[- 2}67“, )
3 [sin(x) corl)}
b. y = 3sin(x) cos(x) j

", ((3sn0)) -(eate)]
dy

s () - edslx) + (-stal2)) - 3sin()
= e’ — 394(w),

c. gx)=1log.(x)- x

9'ta) = (x_),((ok(»)) —r(z)[maecu))'
= . loj‘(b) + z'__j_i

= CeQ@Cx,)+l’

= = (Zsinex) Yot ) + (ot Y (sl )
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o~

Find the derivative of f(x) = x3log, (x) sin(x).

)= (x3)" (oj,,(z.) .Sin(k) + %> Chj,,ac))'- sinGO+ 1> lo&(x) -(sind)

= Zleg () 8n(1) +L'SNCQ + 30 logelr) cosl),,

Space for Personal Notes
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How does this work? .

Extension: Understanding Product Rule %;

» Consider the rectangle in the diagram below.

U

& What would the area of the rectangle be?

Area of the rectangle = __ 4« °V

» Now let's say the rectangle grew in size!

» Let's take a very close photo of this rectangle while it is growing (similar to Usain Bolt)

“ H,‘ V'du

du 4] a LA 42’ U -dv
v
W un,_ 43 = d"-‘dv ~0
& v W Vv

di=d(uv)= +a,+a,

= VedutU-dv+ dy.dy
= v-du-tu-dv =9 €

MM34 [2.1] - Differentiation | - Workbook
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» How can we find the instantaneous change of u - v?

diu-v) = V-du -Ha.-dV

» Divide all sides by dx. What do you notice?

d(u-v) . du dv
D gt

& This is a product rule!

W V-dyr— 2
o I . e

(‘-h.‘f ‘n

Space for Personal Notes
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0

O
Sub-Section: Quotient Rule ®
a
The Quotient Rule Definition
» The derivative of a h(x) = % is given by:
4 /
| Fl) 900~ 9 bofn)
h (x) = v / £3 7
2

»  Or, written in another form:

d uv -v'u
dx (%) - Y2

& Always differentiate the top function first.

Question 12 Walkthrough.

2

Find the derivative of y = prmvon

)
dy _ (xYCsiln) Yorsinln) ) (2%)
axr ( sinCx) )2

= 2sin(x) — x’cod*)
Sin"tx)

/4

NOTE: The order matters for the quotient rule! We differentiate the top function first. P

MM34 [2.1] - Differentiation | - Workbook ‘1 7
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Question 13

Find the derivatives of:

X — [22°%e %
j'tz,) = -
(+%)
_ é’p‘a"_f x—3)
tJon 87 Fa4
j,/(x) - =X —logy(x)- |
&Qp
- &ag:[:q ,
2

¢ g0)=29 = Haufx) 3'(295 secx)

cos(x)

g% = (sintx))" exstx) - (osta)- Sn0Y)
(costr))?

o _Cobr)-coslx) — (=sintw) - §in(x)

as*(x)

=

= e(x3)
(4

ox¥(x) +8n ) =|

Coi"»)

MM34 [2.1] - Differentiation | - Workbook
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NOTE: The last question is a derivative of tan. /

P

Question—-Extension [ x’n.&xj lc 2:.&"-/- ch x

x%e*

Find the derivative of y = o8GO

5;,_ _ (lz&ﬁ/lqcfz) - (%e®)
n
CY)h

_ [2&6"‘1‘ Xo,'&z)lq‘[ %) —uz/
= ' y

C(o,,,m)a

Space for Personal Notes
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How does the quotient rule work? (Extended) .

Exploration: Proving Quotient Rule : tf{

» Consider the rule:

» Instead of using the quotient rule, we can cross mumiply and use product!

/

ey -

» What happens now when we make y’ the subject?

__}'L_=u’— Vlt

s a,— v
7 ~
» Now substitute y = % back again!

¢ _g /_ Vi
4= “"“; ) . (MTWQ
v

) #L _ u’v;—zv’a P
» What does this look like? 4-'[*1)) 3w
/=N /S N
TTrocn Cladah (73 a(x) qlx 2

v Jv_~ J
Space for Pexgonal Notes
Ex

Cafn)) - q1x)
ﬁz@ 79

& @) = fu C
MM34 [2.1] - Differentiation | - Workbook ’x' 20




G.ONTOUREDUC ATION VCE Mathematical Methods %

;

Sub-Section: Chain Rule

Q
®
a

Definition

The Chain Rule

y=f(g(x)

d p c
e gl

f"g x}-)’b

» The process for finding derivatives of compw:tiy

How does the chain rule work? .

Exploration: Understanding chain rule.

» Consider the function we want to differentiate with respect to x is:

y=f(g)
» We can remove the composition by letting the inside function equal to wu.
Letu = 3[’6)

Theny = #L"Q_

» We can now derive y W/ m?‘d’ bou.

dy _ v “w X
du 04 ) g:i"") Y o~
& Note that we have % instead of % as we derived in terms of u. jd‘:l- %&
Ay ] Ay
du | dse

MM34 [2.1] - Differentiation | - Workbook ‘21
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. dy . . dy ... du
» Tofind - we simply multiply by - with -

dy dy _du

ege)

F10- 9 52 dpy

dx  du —de

» Finally, we can substitute u = g(x).

: j}[?w)

d)’ B ’ .n ,
T Flgem) -gto, = 4w
Srxwita)
Question 15 Walkthrough.
Find the derivative of f(x) = sin(x?). /-\
ket(a=2’ i d “ X
\/
—43— < w’(u’) 1. let u.‘-‘-a()b)
e Cimsice function
Ju . .

3. Fid &
4. Find G4

5 Malipy 53 ¢ 53 dogr

NOTE: Always let the inside function equal to u.

MM34 [2.1] - Differentiation | - Workbook
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Your turn/

~

Question 16

Find the derivatives of:

x%+=x
a. € 2

ARy
= (0 (a-4),

4-@: %: 2"'

a—
<

dr ° ""f/,

MM34 [2.1] - Differentiation | - Workbook

C




2)= ()" log(ad) -sin(C) + o3 ( 'egelz‘))' SN+ - loaer.‘) -(si#ed)
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Find the derivative of f(x) = x3log,(x?)sin?(x).

= 3,&03&,@) -8in(ad) + 33 - % -3in(C) + x3- (4:(7&0») - 2sinCx) -&3(3)

= 30%09e() Sin(x*) + 273IN(%) + 253 gy ) SINEH) eas(x)

Is there a quicker way to do a chain rule? .

Shortcut for Chain Rule

)

dJ’_ ’ .ol
= Vf;(gcm) gag_

» Derive the outside function only. I P}“— 0‘?“("
2. Keep intide tome
» Multiply the function by the derivative of the inside. .
3. » by diffof inside
v [ 4

Space for Personal Notes
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Question 18 Walkthrough.

Using the quick method of the chain rule, find the derivative of f(x) = cos(x3).

j’ G0~ —sin(x%) - 32 = -3sin(x?),

Space for Personal Notes
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Your turn! .

Question 19

Using the quick method of chain rule, find the derivative of:

2_
a. e3x X

b. log.(x%+ 9x + 6)

c. g(x):tai(xz) C
h!
gt = %26e)- 20,

MM34 [2.1] - Differentiation | - Workbook ‘26
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Question 20 Extension.

VCE Mathematical Methods %

Find the derivative of g(t) = log, (cos(\/t + 1))

9t ws(:@) (ees(iET))

| )
oty | Sl - ()

' 3
es(den) ~Sin(F&¥1) - £ lew)

V4

Space for Personal Notes
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Section C: Stationary Points and Strictly Increasing

Sub-Section: Stationary Points

What would be the gradient of a point that is neither increasing nor decreasing? .

Stationary Points D

Y
» The point where the gradient of the function is zero.
dy
f, (X) - 0) — =0
dx

Space for Personal Notes

MM34 [2.1] - Differentiation | - Workbook ‘28




G.ONTOUREDUC ATION VCE Mathematical Methods %

~

What are the types of stationary points?

Tvpes of Stationary Points

Local Maximum Local Minimum Stationary Point of Inflection

_ °‘+ —o0\— +/0 +
0

N

» We can identify the nature of a stationary point by using the sign table.

x Less than a a Bigger than a
f'(x) Negative 0 Positive
Shape N - Decreasing curve Stationary Point U - Increasing curve

» Find the gradient of the % points.

Space for Personal Notes

MM34 [2.1] - Differentiation | - Workbook ‘29




(S4ONTOUREDUCATION

VCE Mathematical Methods %

Question 21 Walkthrough.

Find and identify the nature of the stationary points of y = —e

x2+4

Space for Personal Notes
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Question 22
Find and identify the nature of the stationary points of y = log,(x? + 4).
§-o
'd_y' = ' [2») Y-
dx N x | -1 o | 1
?o -
fool = [ o [ &
Qafﬂeu!. mn of nie
=2
%= *
&) -2
ed BT S

Space for Personal Notes

MM34 [2.1] - Differentiation | - Workbook
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Consider the function f(x) = xg(x).
It is known that, g(0) = =5, g(1) = —2 and g(2) = 1.
g'(0) =—4, g'(1) = 2 and g'(2) = 3 and that f has only one stationary point.

Show that f (x) has a stationary point when x = 1 and identify its nature.

5—’(%) = '3(1,)1' 2,-3'(1’)
jb(,t)—- - gG)+ | 30) = -.?+2

3 (e = gﬁo)+3’607 j"@) =3tz)13’(2) ?f bos o

= =5—4 = |+3 FOI‘;:DB
= -9 = < o x=1

R
o
N

Space for Personal Notes J’[‘K) -1 (v

Iﬂ..‘,.\——/

;WMMD
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0

Q)
Sub-Section: Strictly Increasing and Decreasing @

Strictly Increasing and Strictly Decreasing Functions

(a, £(a))

(b, £(b))

Strictly Increasing: x € (—o, a] U [b, »)

Strictly Decreasing: x € [a, b]
» Steps:
1. Find the turning points.

2. Consider the sign of the derivative between/outside the turning points.

Space for Personal Notes

MM34 [2.1] - Differentiation | - Workbook ‘33




G.ONTOURE[)UC ATION VCE Mathematical Methods %

Question 24
State the value(s) of x for the function below for which it is strictly increasing and strictly decreasing.

y =—72x — 3x?% + 2x3 o0

ST ¢ 26 (-, "3J U[ﬁ‘o)ﬁ

SD: x6[347,

Space for Personal Notes
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Section D: Graphs of the Derivative Function

Q
Sub-Section: Graphs of Derivative Function ®

oL >
:

Exploration: Graph of derivative functions %

» Consider the graph of f(x) = x? below.
g=&x

P2 B L1

-3

» What is the derivative of f(x)?

» Sketch the derivative above.

flx)=_22

» What do you notice about f’(x): Derivative when f(x) has a stationary point?

x—rufusz-é 4=° < O)=o

» What do you notice about f'(x) when f(x) is increasing?

Fiin) 9 +ve = §20 9 abne x-aels

» What do you notice about f'(x) when f(x) is decreasing?

fc[’,') D -ue L) }40 -5 below 2-oxis

MM34 [2.1] - Differentiation | - Workbook ‘35
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~

In summary!

Graphs of the Derivative Function

f&) ')
Stationary Point )Lﬂw
Increasing oloOsr Wrorass
Decreasing W x.a\o‘s

y value of f'(x) = 3!‘&‘.501' ﬂf’ ffl)

» Steps
1. Plot x-intercept at the same x value as the stationary point of the original.
2. Consider the trend of the original function and sketch the derivative.
» Original is increasing — Derivative is above the x-axis.

» Original is decreasing — Derivative is below the x-axis.

MM34 [2.1] - Differentiation | - Workbook ‘36




G.ONTOURE[)UC ATION VCE Mathematical Methods %

Question 25 Walkthrough.

Sketch the derivative graph of the function shown below, on the same set of axes.

2= _
() 2,

( X
Active Recall: Steps on sketching the derivative function.
1. Plot x-intercept at the same x-value as the 3& of the original.

2. Consider the trend of the original function and sketch the derivative.
& Original is increasing — Derivative is W the x-axis.

& Original is decreasing — Derivative is wﬂw the x-axis.

Space for Personal Notes
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Question 26

Sketch the derivative graph of the function shown below, on the same set of axes.

N

Vv
X

Space for Personal Notes

Subroaman ran @ o nddure ducofion. . com -GL

Insta * Subu. — F
Discord - Suj‘ok-
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Question 27 Extension.
Sketch the derivative graph of the function shown below, on the same set of axes.

Y
A

N
A4
X

Space for Personal Notes
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Contour Checklist 0

O Learning Objective: [2.1.1] - Find the Instantaneous Rate of Change and
Average Rate of Change

Key Takeaways

O The average rate of change of a function f(x) over x € [a, b] is given by:

Average rate of change = 7465) — #C“J

b—q.

O Itisthe Mof the line joining the two points.
O Instantaneous Rate of Change is a gradient of a graph at a single Pbt :

O First Principles derivative definition:

£ = [ _fot4)- f"'?

(mok

O The Product Rule

O The derivative of h(x) = f(x) x g(x) is given by:
Wi = _fiUx) - gl + o)Ay
v J J 7

O Or, in another form:

d . [} /
a(ﬂ”)—ﬁl"tvu

MM34 [2.1] - Differentiation | - Workbook ‘40
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O The Quotient Rule

O The derivative of a h(x) = ;E—g is given by:

FHgl)—qn)fix)

h'(x) =

€ 3&))2‘

O Or, written in another form:

d u &'V" V’L(
rrd )
O Always differentiate the top function first.
O The Chain Rule
y=f(g®)

?z j’[jﬁ»ﬂ J'[x)

O The process for finding derivatives of composite functions.

MM34 [2.1] - Differentiation | - Workbook
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O Learning Objective: [2.1.2] - Identify the Nature of Stationary Points and

Trends (Strictly Increasing and Decreasing)

O Point where the ?W

Key Takeaways

of the function is zero.

F@=0"2-0
dx
O We can identify the nature of a stationary point by using the sign table.
x Less than a Bigger than a
f'(x) Negative 0 Positive
Shape N - Decreasing curve Stationary Point U - Increasing curve

0y
O Find the gradient of the“"’?“mv points.

O Strictly Increasing and Strictly Decreasing Functions

O Steps:

(b, #())

Strictly Increasing: x EC"“I“]U[ b ~)

Strictly Decreasing: [a, LJ

1. Find ther’-r,s

2. Consider the sign of the MJM"' between/outside the turning points.

MM34 [2.1] - Differentiation | - Workbook
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O Learning Objective: [2.1.3] - Graph Derivative Functions

Key Takeaways
O Steps on Sketching the Derivative Function:

1. Plot x-intercept at the same x-value as the

O Original is increasing — Derivative is

O Original is decreasing — Derivative is

2. Consider the trend of the original function and sketch the derivative.

the x-axis.

the x-axis.

of the original.

MM34 [2.1] - Differentiation | - Workbook
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VCE Mathematical Methods %

Free 1-on-1 Consults
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What are 1-on-1 Consults?

Who Runs Them? Experienced Contour tutors (45 + raw scores and 99 + ATARs).
Who Can Join? Fully enrolled Contour students.

What To Do? Join on time, ask questions, re-learn concepts, or extend yourself!
Price? Completely free!
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SAVE THE LINK, AND MAKE THE MOST OF THIS (FREE) SERVICE!

When Are They? 30-minute 1-on-1 help sessions, after-school weekdays, and all-day weekends.

One Active Booking Per Subject: Must attend your current consultation before scheduling the next:)

i

Booking Link

bit.ly/contour-methods-consult-2025
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