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Question 96 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2016
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2016/2016 MM2-w.pdf#page=3

Part of the graph y = f(x) of the polynomial function f is shown below.
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f'(x) < 0 for:
A x€(=20)U Goo)

B. x€ (—9,12L70)

C. x € (—,—2) U G oo)

D. x€ (—2%)

E. x€ (—00,-2)U (1,)
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Question 97 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2016
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2016/2016 MM2-w.pdf#page=3

The average rate of change of the function f with rule, f(x) = 3x? — 2vx + 1, between x = 0 and x = 3 is:
A.

B.

8

25

Question 98 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2016
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2016/2016 MM2-w.pdf#page=6

For the curve y = x2 - 5, the tangent to the curve will be parallel to the line connecting the positive x-intercept
and the y-intercept when x is equal to:

A

B.

V5

NG

Gl
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Question 99 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2016
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2016/2016 MM2-w.pdf#page=8

A rectangle is formed by using part of the coordinate axes and a point (u, v), where u > 0 on the parabola
y = 4- x2,

> (4, v)

1 1 1 1 /x

o {1 2 3 4 5

Which one of the following is the maximum area of the rectangle?

A 4 |Area of the rectangle = I(q_f)
B. ? lLet A(x)=x(4-x?)
8/3-4 . "
© Solve A'(x)=-3x" +4=0, ,T:_"‘f
8 .
D. ) )
AI" 2,31 1643
e 15 |73 7)
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Question 100 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2017
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2017/2017MM2-w.pdf#page=2

Part of the graph of a cubic polynomial function f and the coordinates of its stationary points are shown below.

/N

f'(x) < 0 for the interval:
A. (0,3)

B. (—,—5)U (0,3)

C. (-0,-3)U (£, )

©
I
w
w|u
N—
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Question 101 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2017
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2017/2017MM2-w.pdf#page=5

The average rate of change of the function with the rule f(x) = x2 - 2x over the interval [1, a], where a > 1,
is 8.

The value of a is:

E. 1++2

Question 102 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2017
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2017/2017MM2-w.pdf#page=6

The function f: R = R, f(x) = x3 + ax? + bx has a local maximum at x = —1 and a local minimum at x = 3.
The values of a and b are respectively:

A. —2and -3.

B. 2and1.

C. 3and-9.

D. —3and-9.

E. —6and —15.
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Question 103 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2017
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2017/2017MM2-w.pdf#page=7

A rectangle ABCD has vertices A(0, 0), B(u, 0), C(u, v), and D(0,v), where (u, v) lies on the graph of
y = —x3 + 8, as shown below.

9

N

D C (u, v)

A B 2

The maximum area of the rectangle is:
A 2
B. 62
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Question 104 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2018
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2018/2018MM2-w.pdf#page=3

Consider f(x) = x2 +§,x +0,p €R.

There is a stationary point on the graph of f when x = —2.
The value of p is:

A. —16

B. -8

C. 2

D. 8

E. 16

Question 105 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2018
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2018/2018MM2-w.pdf#page=4

A tangent to the graph of y = log,(2x) has a gradient of 2.

This tangent will cross the y-axis at:

A 0
B. —0.5
C. -1

D. —1—log.(2)

E. —2log.(2)
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Question 106 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2018
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2018/2018MM2-w.pdf#page=8

p m
Consider the functions, f:R* - R, f(x) = x2and g: Rt - R, g(x) = x=, where p, g, m and n are positive
integers and s and % are fractions in simplest form.

If {x: f(x) > g(x)} = (0,1) and {x: g(x) > f(x)} = (1, ), which of the following must be false?

A. g>nandp =m. f(d)y=g'(d) for some d (], =) is false.

Options A to D could be seen to be true by

B. m>pandg =n. e
substituting in values.

C. pn<gm.
D. f'(c) = g'(c) for some c € (0,1).

E. f'(d)=g'(d) forsomed € (1, ).

Question 107 (1 mark)

Inspired from VCAA Mathematical Methods ¥ Exam 2019
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2019/2019MM2-w.pdf#page=3

Let f: R\{4} = R, f(x) = ——, where a > 0.

x—4'
The average rate of change of f fromx = 6 to x = 8 is:

A. alog.(2)

B. gloge(Z)

C. 2a

a
D. -
E. -¢
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Question 108 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2019
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2019/2019MM2-w.pdf#page=4

A rectangular sheet of cardboard has a length of 80 cm and a width of 50 cm. Squares, of side length
x centimetres, are cut from each of the corners, as shown in the diagram below.

A

90 em

€ B0 em >

A rectangular box with an open top is then constructed, as shown in the diagram below.

The volume of the box is maximum when x is equal to:
A. 10

B. 20
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Question 109 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2019

https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2019/2019MM2-w.pdf#page=8

Part of the graph of y = f(x) is shown below.

s

N

The corresponding part of the graph of y = f'(x) is best represented by:
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Question 110 (1 mark)

Inspired from VCAA Mathematical Methods ¥ Exam 2020
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2020/2020MM2-w.pdf#page=5

A.

B.

If f(x) = e9*) where g is a differentiable function, then f'(x) is equal to:

2xe9(x*)

2xg(x?)edx?)
2xg’ (x2)ed*?)
2xg' (2x)e9(**)

2xg' (x%)ed (@)

Space for Personal Notes

MM34 [2.0] - AOS 2 Revision - Contour Check (Part 3) Solutions ‘1 21



https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2020/2020MM2-w.pdf#page=5

G-OONTOU REDUCATION VCE Methods % Questions? Message +61 440 138 726

Question 111 (1 mark)

Inspired from VCAA Mathematical Methods ¥ Exam 2020
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2020/2020MM2-w.pdf#page=9

A right-angled triangle, OBC, is formed using the horizontal axis and the point C(m, 9 - m?), where m € (0, 3),
on the parabola, y = 9 - x2, as shown below.

4
A

y=9-x?

@
0 B (M, 0)

A.
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Question 112 (1 mark)

Inspired from VCAA Mathematical Methods ¥ Exam 2020
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2020/2020MM2-w.pdf#page=9

Let f(x) = —log.(x + 2).

A tangent to the graph of f has a vertical axis intercept at (0, c¢). The maximum value of c is:

: 2

A -1 : o

4
B. —1+log.(2) 2{

-4 -2 2 : 4 )

C. - loge(Z) 4 g = -lalx + 2)

-6
D. —1—log.(2)

Themaxmmum varue or ¢ occurs wnen me tangent
E. log.(2) tofisat x=0.c= f(0)=-log,(2)

Question 113 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2021
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2021/2021MM2-w.pdf#page=3

The maximum value of the function h: [0,2] = R, h(x) = (x — 2)e* is:
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Question 114 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2021
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2021/2021MM2-w.pdf#page=4

A.

B.

The tangent to the graph of y = x3 - ax? + 1 at x = 1 passes through the origin.

The value of a is:

1
2

1

N|w

N |
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Question 115 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2021
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2021/2021MM2-w.pdf#page=5

The graph of the function f is shown below.

N
N

The graph corresponding to £ is:
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/\/ /\/
/
Z N
X
ya S ~ 2 7
~ = i
A 4
A4
¢ 4 >y
™
& Ny & Ny
N ot " \\ i ”
N \/\
= Y
N
€ - >X
A4

MM34 [2.0] - AOS 2 Revision - Contour Check (Part 3) Solutions

‘125



https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2021/2021MM2-w.pdf#page=5

(S0ONTOUREDUCATION

VCE Methods % Questions? Message +61 440 138 726

Question 116 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2021
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2021/2021MM2-w.pdf#page=7

A

C

B.

The value of an investment, in dollars, after n months can be modelled by the function:

Where, n € {0,1,2, ... }.

The average rate of change of the value of the investment over the first 12 months is closest to:

. $10.00 per month
$10.20 per month.

. $10.50 per month.

. $125.00 per month.

$127.00 per month.

F(n) = 2500 x (1.004)"

Q

uestion 117 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2021
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2021/2021MM2-w.pdf#page=7

A

A value of k for which, the average value of y = cos (kx — g) over the interval [0, ] is equal to the average
value of y = sin(x) over the same interval is:

1
6

W NI (LR

N
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Question 118 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2021
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2021/2021MM2-w.pdf#page=9

Which one of the following functions is differentiable for_all real values of x?
[4x+1 x<0

<0 )=
A f(x)={_xx izo 7 [[11-+1]1 x20
B. f={" iig lim (f(x)) = lim (f(x))=1

The graph of f is continuous over the interval
_( 8x+4 x<0 e -
C ™M ={ax+1? x>0 (=2.)

j" =
D. f(x)= (22;_:_11)2 S0 ) |[8x+4 x>0

lim ( f(x)) = lim ( f(x))=4
r—=0" r=0*
The graph of f is smoothat x =0 .

4x + 1 x<0
E fO=1ax+1? x>0

J{\*l x<0
|(2x+1)" x>0

is differentiable for all real values of x.

The function f where f(x) =
Question 119 (1 mark)

Inspired from VCAA Mathematical Methods ¥ Exam 2022
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2022/2022MM?2-w.pdf#page=2

The gradient of the graph of y = e3* at the point where the graph crosses the vertical axis is equal to:

A 0

B. 1
e
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Question 120 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2022

https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2022/2022MM2-w.pdf#page=4

The graph of y = f(x) is shown below.

>

AN

\j>x

N

The graph of y = f'(x), the first derivative of f(x) with respect to x, could be:

A. Y B. 9
AN AN
( .‘:\V \x ( .'/ >x
A4 N
C. Y D. |
AN /)
A ¢ =
Vv v(-\
E Y
\/\
¢ \ >x
o
N
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Question 121 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2022
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2022/2022MM2-w.pdf#page=2

The function f(x) = §x3 + mx? + nx + p, form, n, p € R, has turning points at x = —3 and x = 1 and passes
through the point (3,4).

The values of m, n, and p respectively are:

A m=0, n=-—- p=2

5 3 83
D m=- n=g =——
4 2 4
5 91
E m=-, n==6, pP=—7

Question 122 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2022
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2022/2022MM2-w.pdf#page=8

A function g is continuous on the domain x € [a, b] and has the following properties:

e The average rate of change of g between x = a and x = b is positive.
e The instantaneous rate of change of g at x = aT”’ is negative. b-a

>0, g(b)>g(a)

gix)=<0at x= ax

Therefore, on the interval x € [a, b], the function must be: -
g is a many-to-one function.

An example is shown below using

A. Many-to-one. g(x)=(x—1)(x—2)(x—2.5).

B. One-to-many. il:_;eé%_: 1 and b = 3. The average rate of change

The gradient at x = 2 is negative.

C. One-to-one. So, gis a many-to-one function.

D. Strictly decreasing.

E. Strictly increasing. 151 40 Ge-DxG-2x{x-2)
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Question 123 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2022
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2022/2022MM2-w.pdf#page=8

A box is formed from a rectangular sheet of cardboard, which has a width of a units and a length of b units, by
first cutting out squares of side length x units from each corner and then folding upwards to form a container with

an open top.

The maximum volume of the box occurs when x is equal to: | Solve ¥'(x)=0 for x.

A.

D.

a-b+va?-ab+b?
6

a+b+VaZ-ab+b?
6

a-b—Va?-ab+b?
6

a+b—Ja%—ab+b?
6

a+b—a%-2ab+b?
6

V(x)=x(b-2x)(a-2x)

a+b+alat —ab+b?
6

xX=

- a+b-+Ja' —ab+ b
6

The maximum occurs at the smaller + value.

An example is shown below for a general cubic
function using b=2 and a=1.

4
N

O%\__/"l

g =x(2 - 290 - 29

Question 124 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2023
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/2023MM2-w.pdf#page=3

Which one of the following functions has a horizontal tangent at (0, 0)?

A

|
Wk

y=x
1
y=x3
2
y=x3
2
y=x3
3
y=x4
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Question 125 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2023

https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/2023MM2-w.pdf#page=4

Let f(x) = log, x, where x > 0 and g(x) = V1 — x, where x < 1.
The domain of the derivative of (f o g)(x) is:

A. xER

B. x € (—oo,1]

C. x€(—x,1)

D. x € (0,)

E. x€(0,1)

Question 126 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2023

https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/2023MM2-w.pdf#page=5

The function f is given by:

The value of a for which, f is continuous and smooth at x = 27 is:
A =2

B. —

tan (f) 4<x<2m
flx) = 2
sin(fax) 2mr<x<8

Space for Personal Notes
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| tan | 4=x<2rm
Jlx)=4 L2

{sm{ax) 27 =x<8

For f to be continuous at x =27 |

(x)_ .
1:an||\E ;l—sm[m )
For j* to be smooth at x =27 |
d_ (x| d. .
—tan| — | =——sm| arx)
ae 1\ 2) d

(x) .
So, solving Tﬂll\ 3 J=5mlmr | and

—d 1:511‘1'rr x) ——d sin ( exv|

{h’ 1‘\51-.'_ .i j lﬂr i,
1

ﬂ: - —

-

‘131



https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/2023MM2-w.pdf#page=4
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/2023MM2-w.pdf#page=5

G-lo NTOUREDUCATION VCE Methods % Questions? Message +61 440 138 726

Question 127 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2023
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/2023MM2-w.pdf#page=5

Two functions, f and g are continuous and differentiable for all x € R. It is given that f(—2) = —7,g9(—2) =8
and f'(—2) =3,9'(-2) = 2.

The gradient of the graph y = f(x) X g(x) at the point where x = =2 is:
A. —10

B. —6

C. 0

D. 6

E. 10
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Question 128 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2023
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/2023MM2-w.pdf#page=6

The following algorithm applies Newton’s method for using a For loop with 3 iterations:

Inputs: f(x), a function of x
df (x), the derivative of f(x)
x0, an initial estimate

Define newton (f(x), df (x), x0)

Forifrom1to 3

If df (x0) = 0 Then

Return "Error: Division by zero"

Else

x0 < x0 — f(x0) = df (x0)
EndFor
Return x0

The Return value of the function newton (x3 + 3x — 3,3x2 + 3, 1) is closest to:
A. 0.83333
B. 0.81785

C. 0.81773
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Question 129 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2023
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/2023MM2-w.pdf#page=7

A polynomial has the equation y = x(3x — 1)(x + 3)(x + 1).

The number of tangents to this curve that pass through the positive x-intercept is:

y=x3xr-1)x+3Nx+1)
A 0
1
The positive x-intercept is —.
B. 1 3
Find the tangent line at » =
C. 2 vy =(12a" +33a" +10a-3)x—a* (94" + 22a+5)
f
D. 3 Solve Vr| = |=0 fora.
3,
E. 4 — - 1
= ‘J{J_ 4 . = ‘f‘l— 4 or a =—
3 3 3
Hence there are three solutions.
Alternatively, a graphical approach could be taken.

Question 130 (1 mark)

Inspired from VCAA Mathematical Methods ¥ Exam 2024
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/2024MM?2-w.pdf#page=2

A function g: R — R has the derivative g’ (x) = x3 — x.

Given that g(0) = 5, the value of g(2) is:
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Question 131 (1 mark)

Inspired from VCAA Mathematical Methods % Exam 2024
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/2024MM2-w.pdf#page=4

Suppose a function f:[0,5] — R and its derivative f': [0,5] — R are defined and continuous on their domains.
If f'(2) < 0and f'(4) > 0, which one of these statements must be true?

Possible graphs of ,f and f’ are shown below.

A f is strictly decreasing on [0 2] [ does not have to be strictly decreasing on [0.2].
. ,2].

f does not have to be positive on [4.5]
B. f does not have an inverse function. £ does not have to have a local minimum at x =3

f is many-to-one on [l4| , since I changes

C. f is positive on [4,5].

sign. So [ does not have an inverse function

D. f hasalocal minimum at x = 3. PRy
g =¥

S
5 -+
Question 132 (1 mark) © «

Inspired from VCAA Mathematical Methods % Exam 2024
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/2024MM?2-w.pdf#page=8

The points of inflection of the graph of y = 2 — tan (n (x - %)) are:

A (k+l,2 kez
4
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Question 133 (1 mark)

Inspired from VCAA Mathematical Methods ¥ Exam 2024

https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/2024MM2-w.pdf#page=8

Suppose that a differentiable function f: R — R and its derivative f': R — R satisfy f(4) = 25 and f'(4) = 15.

Determine the gradient of the tangent line to the graph of y = \/f(x) at x = 4.
A. V15
B. —
10
c.
2
o, 2
2

e ORI

] L
==(f(H)Ix (4
Ei_{}l f4)

15

2% 425

o | B

Question 134 (1 mark)

Inspired from VCAA Mathematical Methods ¥ Exam 2024

https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/2024MM2-w.pdf#page=10

Find the value of x which maximises the area of the trapezium below.

x

A 10

B. 5v2

C. 7

D. V10

MM34 [2.0] - AOS 2 Revision - Contour Check (Part 3) Solutions

‘1 36



https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/2024MM2-w.pdf#page=8
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/2024MM2-w.pdf#page=10

G-lo NTOUREDUCATION VCE Methods % Questions? Message +61 440 138 726

Question 135 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2017
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2017/nht/2017MM2-nht-w.pdf#page=2

The gradient of a line perpendicular to the line that passes through (3, 0) and (0, - 6) is:
A -1
2

B. -2

Question 136 (1 mark)

Inspired from VCAA Mathematical Methods ¥ NHT Exam 2017
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2017/nht/2017MM2-nht-w.pdf#page=4

Part of the graph of a function f is shown below.

{a, &)

Which one of the following is the average value of the function f over the interval [- a, a]?

A 0

B. —
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Question 137 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2017
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2017/nht/2017MM2-nht-w.pdf#page=5

The tangent to the graph of y = 3 sin(2x) - 1 is parallel to the line with equation y = 3x + 1 at the points where
x is equal to:

A. nrri%,nEZ
T T
B. —g,gonly.
T 5T
C. g,?only.

D. nnig,neZ

E. nx,neZ

Question 138 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2017
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2017/nht/2017MM2-nht-w.pdf#page=2

Let f(x) = x™e®, where a and m are non-zero real constants. If (x + 2) is a factor of f'(x), then which one
of the following must be true?

A m=2
B. m=-2
C m=2-a
D. m =2a
E. m=-2a
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Question 139 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2018
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2018/nht/2018MM2-nht-w.pdf#page=5

Part of the graph of y = f (x) is shown below.

-

-2 g = 0

-3

N

The graph of y = f'(x) is best represented by:

A 4 B, ]
A N
~ c) 4 N ) ~—
=]
< Y D Y
A A
(.—_f.{-..--.---.-.\x ﬁ ........... Sx
o|® ol
V
E ]
N
O e e 2 4
|
J
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Question 140 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2018
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2018/nht/2018MM2-nht-w.pdf#page=20

Let f be a one-to-one differentiable function such that, f(3) = 7,f(7) =8,f'(3) = 2and f'(7) = 3.
The function g is differentiable and g(x) = f~1(x) for all x.

g'(7) is equal to:

A 2 |
2 fiN=Tr3=2 glx)=r"ix) (M= - since
B. 2 =
Fixyx v =L gix)= fiy)= e
! (x)
C. A
1
D. 3
1
E. 3

Question 141 (1 mark)

Inspired from VCAA Mathematical Methods ¥ NHT Exam 2019
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2019/NHT/2019MM2-nht-w.pdf#page=6

The graph of f(x) = x3- 6(b- 2)x? + 18x + 6 has exactly two stationary points for:
A 1<b<2

B. b=1
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Question 142 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2019
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2019/NHT/2019MM2-nht-w.pdf#page=10

Let f(x) = (ax + b)® and let g be the inverse function of f.

Given that £(0) = 1, what is the value of g'(1)?

A.

Qlu

B. 1

_ xt=b ? |
Blx)=f 'IETJ=T ~3:1.'.'!'=1 Bl ==
a S5a Sa

D. 5a(a + 1)*

E. 0

Question 143 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2021
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2021/NHT/2021MM2-nht-w.pdf#page=5

Part of the graph of a polynomial function f is shown below. This graph has turning points at (—2v2,—1), and
(2v2,-1).

A. x € (—o,—4] U [4, ) Solution Pending

f(x) is strictly decreasing for:

B. x € [—4,4]

C. x € [-2v2,2V2]

D. x € (—e,—2v2] U [0,2v2]
E. x€[-2V2,0]U[2V2, )
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Question 144 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2021
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2021/NHT/2021MM2-nht-w.pdf#page=5

Consider the graphof f : R > R, f(x) =-x?% - 4x + 5.

The tangent to the graph of f is parallel to the line connecting the negative x-intercept and the y-intercept of f
when x is equal to:

A. -3
B, -2

2
c. -3

2
D. -1
E. -1

Question 145 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2022
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2022/NHT/2022mm2-nht-w.pdf#page=6

Let f(x) = g(x) - V1 — x?2, where g is a function that is continuous and differentiable for all x € R. The gradient
of the tangent to the graph of f at the point where f crosses the vertical axis is equal to:

A 0
B. 1

C. g(0)
D. g'(0)

E. 9'(0) —g(0)
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Question 146 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2022
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2022/NHT/2022mm2-nht-w.pdf#page=8

At the point where x = k, the tangent to the circle given by the equation x? + (y - 1)? = 1 meets the positive
direction of the x-axis at an angle of 135°.

The value of k could be;

A =V3 L (po1) =1, y=—fiox® +1, tan(135°) =1, solve %['—41—.1-3 +1)=-1 at

B. -1 B
v=k, k=-""
2
1
C. ——
1
D. —%
E. 0

Question 147 (1 mark)

Inspired from VCAA Mathematical Methods ¥ NHT Exam 2023
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/NHT/2023MM2-nht-w.pdf#page=2

Let f(¢) = —%t?’ +%t2 + 50¢.

The instantaneous rate of change of f whent = 1 is:
A. 2475

B. 50.2

C. 50.0

D. —138

E. =220
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Question 148 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2023
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/NHT/2023MM2-nht-w.pdf#page=2

If u = g(x) and v = 9% where g is a differentiable function, then % (uv) is equal to:

A 3g(x)eg(2x) u=g(x), v=e"""
£ (w)
B 939(2900) + 9/(0)
, ' II C{PES]
C. eg(zx)(g(x)g (2x) +g (x)) :i[g{x}p— :I
> eg(ZX)(Zg(x)g,(zx) + g’(x)) = g'(x)e ) 4+ g(x) % 2 2'(2x)e ¥ using the product and chain rules
, @) (2x) g! =& (26929 +g )
E. 2g(x)g'(2x)ed +e922) g/ ()
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Question 149 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2023
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/NHT/2023MM2-nht-w.pdf#page=5

The graph of y = f(x) is shown below.

¢ - >x
The graph of y = f'(x) is best represented by:
A
Y Y
N L/ N
< ~ 0 )x < 0 - >x
N '
C.
Y Y
N N
o -
A— = >x <5t >x
N A4 [-\
£
4
/N
o x
N/
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Question 150 (1 mark)

Inspired from VCAA Mathematical Methods ¥ NHT Exam 2023
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/NHT/2023MM2-nht-w.pdf#page=6

A.

B.

A tangent line to the graph of y = log,.(2x) + log.(x — 2) passes through the origin. The x-coordinate, correct
to two decimal places, where the tangent line touches the graph is closest to:

—0.66

1.25

291

4.19

6.33

Question 151 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2023
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/NHT/2023MM2-nht-w.pdf#page=7

A.

The graph of y = log.(x — k), for k € R, has a tangent with a maximum horizontal axis intercept of:

x=1
x=k
x=e
x=1+k
x=e+tk

Space for Personal Notes

The graph of v=log_(x—k) has atangent with a maximum horizontal intercept when
log, (x-k) =0

x=-k=1

x=1+k

An example is shown above for A=1.
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Question 152 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2024
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/NHT/2024MM2-nht-w.pdf#page=3

A straight line passes through the positive x-intercept of the curve of the cubic y = x3 — x? — 2x and also through
its point of inflection.

The gradient of this line is:
A 2
9

B. 2
3

Question 153 (1 mark)

Inspired from VCAA Mathematical Methods ¥ NHT Exam 2024
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/NHT/2024MM2-nht-w.pdf#page=7

Newton’s method is used to estimate the x-intercept of the function:

F£:10,00) = R, £(x) = log,(2x + 1) — (4 - x%)
With an initial estimate of x, = 0, the estimate for x; is closest to:
A. 14717
B. 14718
C. 1.4752
D. 1.5628

E. 2.0000
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Question 154 (1 mark)

Inspired from VCAA Mathematical Methods ¥ NHT Exam 2024
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/NHT/2024MM2-nht-w.pdf#page=9

The finance team at a small technology company estimates that the production cost per item is given by the rule

C(n) = 0.5n%? — 37.5n + 1900 + % where n € Z* and n is the number of items produced.

The minimum cost per item is closest to:

. : - 1250 N
A $38.34 C(1n)=0.5n% —37.5n +1900 + —— ne Z
B. $38.35 !

Solve C'(n)=0, n=38.34.... but n is discrete
C. $1229.83

Ci(38)=122989.... C(39)=1230.05...
D. $1229.89

The minimum cost is closest to $1229.89
E. $1230.05

Question 155 (1 mark)

Inspired from VCAA Mathematical Methods % NHT Exam 2024
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/NHT/2024MM2-nht-w.pdf#page=9

The values for two continuous functions, f and g, and their derivatives are given in the tables below.

x=0 x=2 x=0 =2
f) 2 -1 9() § i
f'(x) -1 2 g'(x) 0 3
What is the value of%((g ° f)(x)) atx = 07 igl: f(x))
dh
A. _3 p i ¥
=g'(f(x))= f'(x)
B. -1
= g'Lf(EI}I] x f(0)
C. 0 r i
=g (2)= f(0)
D. 1 = 3'-. -1
E. 2 =3
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Question 156 (1 mark)

Inspired from VCAA Mathematical Methods ¥ NHT Exam 2024
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/NHT/2024MM2-nht-w.pdf#page=10

Let f : R — R be a continuous and differentiable function. Part of the graph of f is shown below. The stationary

points of f are at (—1, f(—1)) and (3, £(3)).

M

(-1, £C-1)

The solution to the inequality (x? — x — 2) f'(x)
A -1 <x <2

B. -1 <x<3

C.2<x<3

D. x < —lorx > 2.

E. x < —1lorx > 3.

h 4

>0is:

(x* =x=2) f(x) >0

F'(x)>0 when [1':—] <:1'<,!} , x2 —x—2>0 when [1': 1'{—1} L__-{'I'Z \";-2}
S0 t.\:—.\—E]f'(.\}}D:when [x:2<x<3}.

F (%) <0 when {x:x<-1}u{x:x>3}, x ~x-2<0 when {x:-1<x<2}
So ﬁ.\':—.\'—E]f'["l.'];a-ﬂ,when {1‘:3c:1'<:3}0nl‘;

Space for Personal Notes

MM34 [2.0] - AOS 2 Revision - Contour Check (Part 3) Solutions ‘1 49



https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/NHT/2024MM2-nht-w.pdf#page=10

G-OONTOU REDUCATION VCE Methods % Questions? Message +61 440 138 726

Question 157 (11 marks)

Inspired from VCAA Mathematical Methods ¥ Exam 2016
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2016/2016 MM2-w.pdf

Let f:[0,87] = R, f(x) = 2 cos (’2—6) + .

a. Find the period and range of f. (2 marks)

Marks 0 1 & Average

% 10 33 57 1.5

X

2z
f[0.87]—> R.f(x)=?,cn${ ?]+ﬂ'. Period = == 4, Range = [-2+ 1,2+ 7]

2

This question was answered well. However, some students included round brackets instead of
square brackets for the range. Range = I2+ T2+ z] was occasionally seen. Some students gave
approximate answers instead of exact answers.

b. State the rule for the derivative function f”. (1 mark)

Marks 0 1 Average
% 13 87 0.9
; o X
S(x)= blll[ 2]

This question was answered well. Some students did not write an equation, leaving their answer as

s'm(';]. Others made errors when using the chain rule. Some had their technology in degree

mode rather than radian mode.

¢. Find the equation of the tangent to the graph of f at x = m. (1 mark)

Marks 0 1 Average

[(®=-Lf(W=ry-x=—(x-m)y=—x+27

This question was answered well. Students were not required to show any working. The answer
could be obtained directly using technology. Some left their answer as —x+ 2.
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d. Find the equations of the tangents to the graph of f: [0,87] - R, f(x) = 2 cos G) + 7 that have a
gradient of 1. (2 marks)

Marks 0 1 2 Average

% 48 5 a7 1.0
S X)=Lx=3xorx="Tx, f[Ax)=nf(Ia)=nmy-a=Wx-3n)y-a=l(x-Tr),y=x-2my=x—0x

Once students found x = 37 or x = Tx the rest of the question could be completed using
technology. Some students gave only one of the equations of the tangents.

e. The rule of f' can be obtained from the rule of f under a transformation T, such that:
rre >R T()=[p ol B+ (]

Find the value of a and the value of b. (3 marks)

Marks 0 1 2 3 Average
% 48 34 9 10 0.8

T:R >R '/'( sl A Rl 7 SO N M ..
. E l y 0 al ¥y b I < A 4

oy 3 ! ’ .
y—Zcx»s[:J v, 2 f2ws[x ;”)UI. )"—ZHWS(X:;”)Oaﬂib.y'«— 2asin(2)#uﬂ(b.
a 2

1
2a--la- —.ar+b=0, b %
2 2

This question was not answered well. Many students were able to take the equations out of the
matrices and rearrange them. Some attempted to draw the graphs but were unable to describe the

transformations.
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f. Findthe values of x,0 < x < 8m,suchthat f(x) = 2f'(x) + . (2 marks)

—1| Marks 0 1 2 Average T

% 49 4 47 1.0
Solve f(x)=2/"(x)+ 7 for x, ?.cns(;] e ?.s'in[;] | :r.lan(;J= 1.

3ax Ta lla 157
272727 2

x 3 Ta llx 15a
2 4747 a4’ 4

Some students gave x g,

of 2f'(x)+a = f(x).

3 3 as the answer. Others tried solving 2 /"(x)+ & =0 instead

2

L]

S5a 97 13x

Space for Personal Notes
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Question 158 (12 marks)

Inspired from VCAA Mathematical Methods % Exam 2017
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2017/2017MM2-w.pdf

Sammy visits a giant Ferris wheel. Sammy enters a capsule on the Ferris wheel from a platform above the ground.
The Ferris wheel is rotating anti-clockwise. The capsule is attached to the Ferris wheel at point P. The height of P

above the ground, h, is modelled by h(t) = 65 — 55 cos ("—t) where t is the time in minutes after Sammy enters
the capsule and h is measured in metres. Sammy exits the capsule after one complete rotation of the Ferris wheel.

15

D e o

Platform

a. State the minimum and maximum heights of P above the ground. (1 mark)

Marks 0 1 Average

b. For how much time, is Sammy in the capsule? (1 Marks| 0 | 1 |Average
This question was well an; d.
% 16 84 0.9
Period = 7 30 . He was in the capsule for 30 minutes.

% 11 89 0.9

f
h(t)=65- 55cost—;]. range [~55+ 65,55+ 65]=[10,120], minimum height is 10 m and maximum

heightis 120 m

(Z

c. Find the rate of change of h with respect to t and, hence, state the value of t at which the rate of change of h is

\15

A common incorrect answer was 15 minutes.

at its maximum. (2 marks)

Marks 0 1 2 Average

% 29 42 29 1

MM34 [2.0] - AOS 2

7 (
Bl ”—’}, solve K'(f)= ”T” for 1, ¢ = 7.5 minutes

()= s
O)==3"m 5

Most students were able to find the derivative. There were occasions when Y20
X, =X,

was attempted

(average rate of change). Some students had their technology in degree instead of radian mode,
117? sin( 17—: )
54—0' . Many could not find the maximum rate of change. A common incorrect

answer was 15 minutes. Many found the value of t for the maximum value of h. Others gave a
general solution or two t values.

giving A'(1)=
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shown below.

As the Ferris wheel rotates, a stationary boat at B, on a nearby river, first becomes visible at point P;.
B is 500 m horizontally from the vertical axis through the centre C of the Ferris wheel and angle CBO = 9, as

=l

0
yd
~

> x
300 m N
4
Marks 0 1 Average
d. Find 6 in degrees, correct to two decimal places. (1 mql % | s | 36 | 04
tan(#) = % A=7.41°, correct to two decimal places

500

{65
Many students knew to get tan '| 5%0 | but they did not specify ‘degree’ for their technology. A
\ /

i PP
common incorrect answer was & = tan “ 5?0] 6.28°. Some used ¢ lun| :;;0 | instead of
\ \ 200/

] _oaf 65
Others used # =sin {500 J

. dy
e. Find " (1 mark)

Part of the path of P is given by, y = v3025 — x? + 65,x € [—55,55], where x and y are in metres.

_.af 65
d=tan (500"

Students should be familiar with the relevant functionality for the context and select it appropriately.

Marks 0 |

1

% 10

91

Average
09

dy X

| dx V3025

rationalise the denominator.

) . dy
This quESlan was answered well. Some students wrote — = ———— . There was no need to
dc \3025-x°

X
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As the Ferris wheel continues to rotate, the boat at B is no longer visible from the point P, (u, v) onwards. The line
through B and P, is tangent to the path of P, where angle OBP, = «a.

Y
g P, (4 v)

500 m

A4

pa
~

f.  Find the gradient of the line segment P, B in terms of u and, hence, find the coordinates of P,, correct to two
decimal places. (3 marks)

Marks 0 | 1 2 3 Average
% 67 21 4 8 0.5
—u —\J3025-u" —65 —u 3025 1" —65
M= = or , solve = = for u
7 B2 500~u 025 - 500-u
w=129975..=13.00,v=1184421_..=118.44 correct to two decimal places

Many students were able to find the gradient of the line segment in terms of u, using their answer

from Question 2e. Others used h(f) or y =+/3025—x" instead of y=+/3025-x’ +65. Many
students were unable to find the second gradient expression where they were required to use rise
over run for the line segment P.B.

. . i Marks 0 | 1 Average
g. Find a in degrees, correct to two decimal places. (1 1|,

93 7 0.1

N

f
et 12.9975...
( {3025 - (12.9975...)

Some students used radians instead of degrees.

=13.67°, correct to two decimal places

h. Hence or otherwise, find the length of time, to the nearest minute, during which the boat at B is visible.
(2 marks)

Marks 0 1 2 Average

% 94 5 2 0.1 ——

3.737... :
Angle difference = 0 =90—(13.669...—7.406...)=83.737...°, % x30=6.978...= 7 minutes, to the

nearest minute

This question was not answered well. Some students wrote 7 minutes without showing any
working. As indicated in the instructions on the examination, for questions worth more than one
mark, appropriate working must be shown.

Space for Personal Notes
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Question 159 (13 marks)

Inspired from VCAA Mathematical Methods % Exam 2018
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2018/2018MM2-w.pdf

Consider the quartic f: R > R, f(x) = 3x* + 4x3 — 12x? and part of the graph of y = f (x) below.

4= F(x)

M

. . . . Marks 0 1 Average
a. Find the coordinates of the point M, at whid [~ 1
SRR f(x)=3x" +4x" 124", (-2, -32)

This question was answered well. Some students only gave the x value when coordinates were
required.

b. State the values of b €

for which the aranh of v = f(x) + h hasna x-intercepts. (1 mark)
Marks 0 1 Average
% 35 65 0.7
b>32

This question was answered well. Common incorrect answers were (=, 32), b=32, b=32,
[33, @) and b =33. Others used the x-coordinate and gave x > 2 as their answer.

Part of the tangent, [,toy = f(x)atx = —% is shown below.

4 l
g = £ T

N

c. Find the equation of the tangent [. (1 mark)

Marks 0 1 Average
% 27 73 0.8
80 41
l(x)=—x+—
®=g 5
An equation and exact values were required.
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d. Thetangentlintersectsy = f(x) atx = — % and at two other points.

State the x-values of the two other points of intersection. Express your answers in the form %E, where a, b

and c are integers. (2 marks)

Marks 0 1 2 Average

% 20 13 67 1.5
—1£4/42
3

Solve l(x) = fix) for x, x =

142

8

Exact values were required. There were many sign errors, for example x= . Some students

3
found the values of x where the gradient of / was equal to the gradient of .

e. Find the total area of the regions bounded by the tangent l and y = f(x). Express your answer in the form
avb
c

, Where a, b and ¢ are positive integers. (2 marks)

Marks 0 1 2 Average

% 38 13 49 11

142
784442
Area =J . _iu_ (H(x) = f(x))dx = 1;;_

Students who answered Question 1d. correctly were generally able to answer this question

correctly. Some students split the integral, which was unnecessary. Others put a negative sign in

front of the integral for the bounded area below the x-axis. Some had their terminals or expressions
_the reverse of what was required

Letp: R — R,p(x) = 3x* + 4x3 + 6(a — 2)x?> — 12ax + a?*,a € R.

f. State the value of a for which f(x) =

Marks 0 1 Average
% 51 49 05
a=0

Some students gave an additional expression a =—6x(x—2), which was obtained if technology
was used rather than equating coefficients.

g. Find all solutions to p’(x) = 0, in terms of a where appropriate. (1 mark)

Marks 0 1 Average
% 43 57 0.6
x=1 x= —liJI—c.r
-1+ J()_
A common error was x=l++-a. x= %, x =0 was often given. This comes from

forgetting to differentiate —12ax when differentiating p(x).

Question 1hi.
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i.  Find the values of a for which p has only one stationary point. (1 mark)

Marks 0 1 Average
Eas 82 18 02

l-a<0,a>1

This question was not answered well. Common incorrect answers were a=1, a=0 0or a>0.

ii. Find the minimum value of p when a = 2. (1 mark)

Marks 0 1 Average
% 47 53 0.6
a=2, p(x)=3x*+4x" -24x+4 p(1)=-13, the minimum value is —13.

This question was answered well. The minimum value needed to be stated, not just the
coordinates of the turning point.

iii. If p has only one stationary point, find the values of a for which p(x) = 0 has no solutions. (2 marks)

Marks 0 1 2 Average
% 92 4 4 02
Solve p(x)>0 forawhenx=1, a >Jﬁ+3 as a>1

This question was not answered well. Many students did not attempt this question. Some students
solved p(x)=0 or p'(x)=0 for x. Others tried to apply the discriminant to a cubic equation.

Others, who used a correct method, sometimes gave an incorrect inequality, for example

u<\/l-3+3.

Question 160 (10 marks)

A drug, X, comes in 500 milligrams (mg) tablets.
The amount, b, of drug X in the bloodstream, in milligrams, ¢t hours after one tablet is consumed is given by the

function:

b(t) = 45700 (e(-é) _ e(-%))

a. Find the time, in hours, it takes for drug X to reach a maximum amount in the bloodstream after one tablet is
consumed. Express your answer in the form alog.(c) , where a,c € R. (2 marks)

Marks 0 1 2 Average
% 19 8 73 16
b(t)=0, r:M hours

This question was answered well. An exact answer was required. Some students convertec
t=2.148... to 2 hours and 15 minutes.
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The graph of y = b(t) is shown below for0 < t < 6.

Y
A
300+
Amount of
deug X (mg) 200+ y = b(®)
100 1
]
¢ : : : : : —> +
0 1 2 3 4 5 (%)
A4

b. Find the average rate of change of the amount of drug X in the bloodstream, in milligrams per hour, over the
interval [2, 6]. Give your answer correct to one decimal place. ( 2 marks)

Time (hours)

Marks 0 1 2 Average
% 16 15 70 16
- oy
Average rate of change = M =

Some students used the average value of the function. Others made substitution errors. A common
incorrect answer was 33.5. Several students used the graph to approximate values rather than find
b(6) and b(2). Some students found the average of the gradientat b=2and b = 6.

-33.5 mg/h, correct to one decimal place

c. Find the average amount of drug X in the bloodstream, in milligrams, during the first six hours after one tablet
is consumed. Give your answer correct to the nearest milligram. (2 marks)

Marks

0

1

2

%

39

6

56

Average
1.2

6, which gave 1535.1... mg.

1 )
Average amount of drug = EJ‘:‘{b{r)}m =256 mg to the nearest integer
!

Some students used the interval [2, 6] from Question 2c., instead of [0, 6]. Others did not divide by
b(0) +b(1) + b(2) +b(3) + b(4) + b(5) + b(6)

thought that the first six hours meant t = 1 to t = 6 instead of t = 0 to t = 6. Others evaluated

6
_[r x b(t)dr or found the average rate of change.

F was often given. Some
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d. Six hours after one 500 milligram tablet of drug X is consumed (Tablet 1), a second identical tablet is
consumed (Tablet 2). The amount of drug X in the bloodstream from each tablet consumed independently is
shown in the graph below.

g Marks 0 1 2 Average
~ % 35 29 36 1
-
90f ]
400 T :
400 +
Vg PR
300 1 el | Bk o Sl
Amount of / 200 + / S.
/ o
T~
drug X (Mg) 200 + / f T
! 100 T ! Tmea
/ Tablet 1 | Tablet 2 Tt e
i
I & N N N N N M N N N i . .\ H
1 00 17 o} 1 2 2 4 5 e # - 4 0 H 1z
! Tablet
! @ Many students were able to trace over the first part of the graph from £ = 0 to t = 6. Some did not
P . join the two sections at x = 6, with some starting at the intersection of the two graphs. Students
< T could use addition of ordinates or define the function b, (1) =b(r) + b(r —6) and use technology to 4 +
o 1 sketch the graph and find the position of tuming point. Some students shaded the area under the,
J graph.

i.  On the graph above, sketch the total amount of drug X in the bloodstream during the first 12 hours after
Tablet 1 is consumed. (2 marks)

ii. Find the maximum amount of drug X in the bloodstream in the first 12 hours and the time at which this
maximum occurs. Give your answers correct to two decimal places. (2 marks)

Marks 0 1 2 Average

% 74 6 19 0.5

Total amount of drug = b(¢) + b(r — 6), maximum amount of drug is 455.82 mg, correct to two
decimal places, t = 7.78 h correct to two decimal places

This question was not answered well. Many students were unable to find the new rule and solved
b'(r) =0 for t, getting 324.34 mg for the maximum amount of drug. Some then added six to this
answer, 324.34 + 6 = 330.34 mg. Some assumed that t = 8. Answers were required to two decimal
places. Other students gave only one answer.

Question 161 (11 marks)

Inspired from VCAA Mathematical Methods ¥ Exam 2019
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2019/2019MM2-w.pdf

Let f: R > R, f(x) = x%e™*".

a. Find f'(x). (1 mark)

Marks

1

%

6

94

Average
1.0

FiRSRf0)=xe, fi(x)=2xe" -

2%

Other equivalent forms are acceptable.
This question was answered well. Some students appeared to transcribe the output from

technology incorectly: f'(x)=2x'e * —2xe¢ ™ and f'(x)=2¢ " —2x’¢ ™ were occasionally seen.

Others tried to find the derivative by hand or further engaged with the output from technology and
made errors.
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State the nature of the stationary point on the graph of f at the origin. (1 mark)

Marks 1] 1 Average
% 28 72 0.7
Minimum

This question was answered well. Some students did not understand what the term ‘nature of the
stationary point' meant. Common incorrect answers were point of inflection, stationary points and
turning points. Some gave the coordinates of the turning point, (0, 0).

Find the maximum value of the function f and the values of x for which the maximum occurs. (2 marks)

Marks 0 1 2 Average
Yo 10 22 67 1.6

Solve f’(x) =0 for x, x =1 or x = 1, Maximum ,,“(I):1

e

Some students included x = 0 or only gave one answer for x. Others did not find the maximum
value. Some gave the approximate answer for the maximum value. An exact answer was required.

Find the valuesof d e JL_% | % | 3

Marks 0 1 Average
0.4
d<-=
) ) ; 1 1
This question was not answered well. Common incorrect answers were d =, d<—, d>

1 1 . 1 3
d>-g, d<gord< —x’¢™" . Some students wrate [7 7,711J Others did not attempt the
e

question.

|

Find the equation of the tangent to the graph of f at x = —1. ( 1 mark)

Marks 0 1 Average

% 21 79 0.8

1
y=-
e

This guestion was answered well. An equation was required.

Find the area enclosed by the graph of f and the tangent to the graph of f at x
decimal places. (2 marks)

Marks 0 1 2 Average

— 1, correct to four

% 32 12 56 1.3

. L2 g TS
Area of rectangle — integral of function =7—J‘ (r e }zir OR f[f—r e Jd\‘
e ! e

Area = 0.3568 correct to four decimal places

Most students were able to subtract f from their tangent. Common incorrect methods were

)

jié—,\'"e - }dx and _I[I(.r"e ¢ ]d.r and f[{.r"e 4 %}?’x .
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d. Let M(m,n) be a point on the graph of f, where m € [0, 1].

Find the minimum distance between M and the point (0, e), and the value of m for which this occurs,
correct to three decimal places. (3 marks)

Marks 0 1 2 3 Average
% 46 23 7 24 11

d :J(D—m ]3 +(e—f(m))’ , Solve d’(m)=0 form, o, My, = —(m° —2m)e ",

-1 1 Vi — ¥ 1 _me" —e

= , m = . . :
X, =X, (m —2m)e ™ m-0

M perpendicular = Pepecels

—(m* -2m)e™ (m’ -2m)e™

m =783 correct to three decimal places, d(0.738...) =2.511 correct to three decimal places

Many students were able to use the distance formula. Others found m but not the distance. Some
gave their answers correct to two decimal places.

Question 162 (11 marks)
An amusement park is planning to build a zip-line above a hill on its property.

_ 2
The hill is modelled by y = %,x € [0,30], where x is the horizontal distance, in metres, from an origin

and y is the height, in metres, above this origin, as shown in the graph below.

Y
A
OE
8-
o1
4 Hil
2
T T T T T T )X
0® 30
Marks 0 1 Average
% 7 93 10
a. Find 3_}/- (1 mark) o a(x=30¢ ., 3(-30+x) 3x(-30+x) 9(x—30)(x—10)
x Let F0=2000 /™= 2000 1000 2000

Other equivalent forms were acceptable.

9x(x-30)(x-15) and

This question was answered well. Common incorrect answers were 500

9(x* —40x+30)
2000
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b. State the set of va

vac farwhich tha aradiont af tho hill ic ctricths docraacina (1 marle)
Marks 0 1 Average
% 97 3 0.1
x<(0,20]

This question was not done well. Most students interpreted the question as asking where the

The cable for the zip-
where 10 < a < 20
vertically above the h

function modelling the hill was strictly decreasing, rather than the gradient of the hill and so the
most common incorrect response was [IO. 30] or a combination of round and square brackets
with those two values.

0 <x <aq,
xactly 3 m

C.

4
N
104
4 /.\A(A, b)
2- )
i 13 m
b_ 1
4 Hil
1 n
21 :
- |3 m
T L] T T T ? >x
0 ® 5 10 15 20 25 30

State the rule, in terms of x, for the height of the cable above the horizontal axis for x € [a, 30]. (1 mark)

Marks 1] 1 Average
% 38 62 0.6
3x(x-30)° 3 J
hix)= x(x ) i.:h ‘)LDEL
2000 2000 100 20

This question was generally well done. Some students did not give an equation. Others added 10,
instead of 3, to f.

d. Find the values of x for which the gradient of the cable is equal to the average gradient of the hill for
x € [10,30]. (3 marks)

Other

Average Gradient =

x=?(6iﬁ]:2ﬂi—ﬁ=20i——

Some students used

common incorrect answer was

Marks 0 1 2 3 Average
% 41 13 37 1.4
J(30)- /(10 1 9ﬁ-‘f—30ﬂ-‘f—10)__ 3

T =2 ri)-
[r(x) TIRAS

30-10  30-103, 2000 10°

10 10J3  60+1043

3 3

. . 3
A common incorrect answer for the average gradient was 0

0
I h(x) dxinstead of

[[1]

0

J-h'[x] dx .

({1}

30-10 30-10

Some students gave approximate answers for the x values, 14.23 and 25.77.

students did not use brackets correctly, giving x = as their answer. Another

ilﬂ[v’iﬂ&}
3

6+1043
—
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continuous and smooth join at A.

The gradients of the straight and curved sections of the cable approach the same value at x = a, so there is a

Marks 0 1 Average
% 48 52 0.5
3a(a-30)"

I State the gradient of the cable at 4, interms of a. (1 mark) ,. , ,, , , 220 .50

2000 50 20 a a

) 9a° 9a 27
Common incorrect answers were ——

34’ —180a% + 2700a — 20000
2000 '

-10 -10
f(ﬂ) ! instead of ha)-1
a a

Some students used

The answer had to be given in terms of a.

—t—, ——a ———a
2000 50 50 2000 100 a 20

3¢ 9a 7 27

3, 9 10 27 ¢
. ~ =42l and e

. Other students wrote ﬂ
a

ii. Find the coordinates of A, with each value correct to two decimal places. (3 marks)

Marks 0

% 69

2000 100 a 20

3> 9a 7 27 9(a-30)(a-10) o

2000

(11.12, 8.95) correct to two decimal places

3 Average

15 0.7

9(a-30)(a-10) +]0:3a{a 30]'+3.
2000 2000

Many students did not equate the correct expressions. Some students found the value of a but not
the value of b. Other students rounded their answers incorrectly, giving (11.11, 8.94).

iii. Find the value of the gradient at A, correct to one decimal place. (1 mark)

0

%

80

20

Average
0.2

H(ll.1..)=

question.

9(a-30)(a-10
w =—(.1 correct to one decimal place

2000

Students who obtained the correct value for a in Question 2eii. were generally successful with this

Space for Personal Notes
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Question 163 (13 marks)

Inspired from VCAA Mathematical Methods ¥ Exam 2020
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2020/2020MM2-w.pdf

The graph of the function f(x) = 2xe(1=*) \where 0 < x < 3, is shown below.

|

N

£(x)

0 3

a. Find the slope of the tangentto f atx = 1. (1 mark)

Marks ‘ 0 ‘ 1 ‘ Average
% 23 7 0.8
f{‘) - zl‘.ell-.\" }‘ f‘(l) — _2

Some students wrote the equation of the tangent instead of its gradient.

b. Find the obtuse angle that the tangent to f at x = 1 makes with the positive direction of the horizontal axis.
Give your answer correct to the nearest degree. (1 mark)

Marks ‘ 0 ‘ 1 ‘ Average
% 63 i 04

180+ tan"l(—Z) =117° to the nearest degree

63 and —63 were common incorrect answers.

¢. Find the slope of the tangent to f at a point x = p. Give your answer in terms of p. (1 mark)

—T T T

Marks ‘ 0 | 1 ‘ Average
% 33 67 07

2(1-2p% )" or(2e-4p'e)e”
Some responses contained transcription errors.

Instead of writing 2 (1 - 2p’ ]e"’:"'; some wrote 3{1 —2p° )e‘P: +1.

Brackets were not used well, and some students wrote the equation of the tangent instead of its gradient.
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i. Find the value of p for which the tangentto f at x = 1 and the tangent to f at x = p are perpendicular to
each other. Give your answer correct to three decimal places. (2 marks)

Marks | 0 ‘ 1 ‘ 2 ‘ Average
% 3 8 i 12

iy e L
Solve 2(1-2p° Je!F = forp, p= 0.655 correct to three decimal places

Some students solved 2{1—2p" |e™ = 2. Others knew that mmm, = —1 but were unable to connect this

information to their previous answers. p = 0.656 was often seen

ii. Hence, find the coordinates of the point where the tangents to the graph of f at x = 1 and x = p intersect
when they are perpendicular. Give your answer correct to two decimal places. (3 marks)

Marks |u K E E | Average
% %6 11 17 % 1.2

;-:%[1 P+ S(p).p=065525.. or =0.50..x+1.99... y=_2(x—1)42=-2x+4.
(0.80,2.39)

Many students successiully found that the point of intersection of the two tangenis occurred at x = 0.80 but
then substituted this into fix), getting the value 2.29 instead of substituting it into one of the two tangent

equations. Some students managed to find the equation of the tangent at x = 1 but did not know what to dof
with this equation, Others rounded too early
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shown in the graph below.

Two line segments connect the points (0, £(0)) and (3, f(3)) to a single point Q(n, f(n)), where 1 < n < 3, as

Qfa, #(n))

CRON

(o, #(0))

i. The first line segment connects the point (0, £(0)) and the point Q(n, f(n)), where 1 < n < 3.
Find the equation of this line segment in terms of n. (1 mark)

Marks |0 ‘ 1 ‘ Average
% 5 4 04
=20 ¢

‘Some students did not write a rule. Others left out x, giving the gradient as the final answer: v 2™

A number of students wrote the rule in terms of f{n7) and not s2. Other common incomect answers were
y=2xe™ y=2ne'" and y=2e""

ii. The second line segment connects the point Q(n, f(n)) and the point (3, f(3)), where 1 < n < 3.

Find the equation of this line segment in terms of n. (1 mark)
Marks ‘0 | 1 ‘ Average

% 72 28 03
20

_1!=M(:\ —n)+ Fn), _1':=7‘6?‘(.\—3)—6e'8 (many forms)
3-n n—3

A rule was required. Some students only wrote down the gradient. Others assumed f(3) =0

There were a lot of transcription errors: "~ was often written as &’ — 8.

The varable x somelimes looked like i and vice versa. Brackels were used poorly. Some students only
wrote down part of the equation. Students need to make sure they scroll across the screen fo ensura they

iii. Find the value of n, where T < n < 3, T there are equal areas between
segment. Give your answer correct to three decimal places. (3 marks)

he function f and each line

Marks | 0 | 1 | 2 | 3 | Average
% 60 7 22 11 0.8

Solve I”{f[ x)—y, = J'-(_!', —f(x))dr for n, n=1.088 correct to three decimal places.
1 Y2

The majonty of students who attemptad this question were able to comrectly set up the integrals. However,
some were then unable to amive at the final response. There was no need to write out entire expressions.
This often led to transcnption ermors and misuse of brackets. Others used areas of tnangles:

" 3

[ FCrdte~nf () = 2B= )£ ()= F3)~ [ fcr), which gave n = 1.087.

] I

The area from x=# to x =3 is a trapezium, not a triangle. So, the correct formulation is

[ £ —Lnfon =L G- .1 G~ £
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Question 164 (13 marks)

Letf:R—> R,f(x) =x3—x.

Let (b, 0) be the x-intercept of the graph of g,,.

2a3

Let g, : R — R be the function representing the tangent to the graph of f at x = a, where a € R.

a. Show that b = ——. (3 marks)
3ac-1
Bl Marks |0 1 2 3 Average B
% 36 7 ] 49 17

e = 3a” —1, equalion of the tangen, y=0=(3a

a —a=(3a’-1)(a-b), a’ —a=3a" -3a’b-a+

— sludents left out brackets when multiplying (x —a) by

2 _1)(x— b)), substitule {mc;i n:I_.

Most students were able to find the equation of the tangent. When finding the equation of the tangent, many

] of [ja: - 1] (x —a). Some students did not show suitable steps.

i

2a

b, -2a" =b(1-3a"), b=—5—
3a -1 I

the: gradient I: 3a° -1 ]- L writing 3a — Lx—a)instead |—

b. State the values of a for which b does not exist. (1 mark)

% o4 46 0.5

1 \5
3a--1=0, G=t—r=:T

3 3

3
Some students wrote down only one solution, generally a = 5 or 3 Other incorrect answers were
N
il 11]d_J§ \\ES .

a=R\jtmp, = | and a<———, a>——. Somao gave approximate answors

c. State the nature of the graph of g,, when b does no

XISt (I mark)

Marks | 0 1 Average
% 7 23 02

Horizontal line

were undefined, asymplole, increasing, decreasing,
curve of fand not the tangent

The concept of the ‘nature of a tangent line’ was not obvious for many students. Common incomact answers

inflection, maximum and minimum. Many descnbed the
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i. State all values of a for which b = 1.1. Give your answers correct to four decimal places. (1 mark)

o

%o 40 60 06

a3

There were some decimal place erors such as @ =—-0.5051, a=13467 or a=1.347

ald
Solve . =1.1 fora, a=-0.5052 or a=0.8084 or a=1.3468 comect to four decimal places.

ii. The graph of f has an-x—lnt_ercep_t?at Hm =

State the values of a for which 1 < b < 1.1. Give your answers correct to three decimal places.

(1 mark)

Marks | 0 | 1 | Average
% a7 13 01

Sohe 1< 25— <1.1 fora, (~0.505.-0.500](0.808.L.347) corrct o throe docmal placos
i)

The coordinate (b, 0) is the horizontal axis intercept of g,,.

Let g, be the function representing the tangent to the graph of f at x = b, as shown in the graph below.

Fa

-

3

-1

e. Find the values of a for which the graphs of g, and g, where b exists, are parallel and where b # a.

(3 marks)
Marks | 0 1 ‘ 2 | 3 Average
% 82 3 ] ! 0.4

F(b)=3b 1 2 | : [ Y3 ¥
{}—1‘—|—3 -1,3 . —1=3a" -1, a—1l,——.0,—.
| 3a" -1, 347 -1 | 575

i~

2a° V3

condition &= b using the formula b = gives 0= +?

iag’ -
2a°
Many students did not use b =—
3a -1

Others did not eliminate the values where @ = b and included a=—-10and 1.

|
J
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f.

g.

Letp: R - R,p(x) = x>+ wx, wherew € R.

A property of the graphs of p is that two distinct parallel tangents will always occur at (¢, p(t)) and (—t, p(—t))
forallt # 0.

h.

Show that p(—x) = — p(x) forall w € R. (1 mark)

Marks (1] 1 Average
% 43 A7 08

pl—x)=(—x) —wx ==& —wx =2 +wx)=—p(x)

Some students did not expand the expression in brackets correctly. Others tried to show the required result
by substitution.

Find all values of w such that a tangent to the graph of p at (t, p(t)), for some t > 0, will have an x-intercept
at (—t, 0). (1 mark)

| Marks | 0 | 1 | Average
%o a7 3 003
)'—fi —wit= {3?"\ +w 'Jl:__'.'—r‘j 0= 134‘: +1|'][—2f} +£ =t L= —5?2, t=0w<0
This question was attempled by a small number of students. Some students found w = —5!: but were unable
to wrile down the values of w.

LetT: R> - R%T ([;D = 1(')1 2] [;] + [Z],Where m,n € R\[0}and h,k € R.

State any restrictions on the values of m,n, h and k, given that the image of p under the transformation

T always has the property that parallel tangents occurat x = —tand x = tforall t # 0. (1 mark)
Marks | 0 | 1 Average
%o 98 2 0.02

J1 =0 (odd function)

This quastion was attempted by only a small number of students. When the correct answer was given, it was
sometimes accompanied with incomect values of m and n. for example, m,n< R . The key word in this part
is restrictions. There wera no restrictions on m, 7 or k.

Space for Personal Notes
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Question 165 (14 marks)

Inspired from VCAA Mathematical Methods ¥ Exam 2021
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2021/2021MM2-w.pdf

A rectangular sheet of cardboard has a width of h centimetres. Its length is twice its width.
Squares of side length x centimetres, where x > 0, are cut from each of the corners, as shown in the diagram
below.

0
]
|
I
1
1
1
I

h em

|

|

1

1

1

I
v

The sides of this sheet of cardboard are then folded up to make a rectangular box with an open top, as shown in the
diagram below.

Assume that the thickness of the cardboard is negligible and that V;,,, > 0.

A box is to be made from a sheet of cardboard with h = 25 cm.

a. Show that the volume, V., in cubic centimetres, is given by V., (x) = 2x(25 — 2x)(25 — x). (1 mark)

Marks ‘ 1] ‘ 1 | Average
% 2 M 07
V=x(h=2x)(2h=2x) =x(25-2x)(50=2x) =2x(25 - 2x)( 25 - x)

This question was answered wall

Some students could not identify the dimensions correctly. Others used brackets incorectly or omitted
Lheackete foravamnle o D8 Ju S0 O

b. State the domain of V,,... (1 mark)

Marks | 0 | 1 | Average
o 56 |42 |04
(0,12.5)

(0. 25) was often seen. Some students had incorect brackets for example. (0 12 5]
c. Find the derivative of V,,, with respect to x. (1 mark)

Marks |0 ‘1 ‘A\rarana
4% 10 40 09

12x% —300x +1250

This question was well done. Somea incorrectly wrote 12x% — 300x + 12500 .
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d. Calculate the maximum possible volume of the box and for which value of x this occurs. (3 marks)

Solve P'(x)=0, x=——— " =—"" 4 F=
] &

253 2%
i}

—% . to find the volume.

-25(~f3+3)

chose the incomect r-value,

&

s
25(V3-3) _35.5 25 156253 15625

2 9

Exact values wara required. Some students found the x-value but did not find the maximum volume. Othars

There were some transcrption emors. ¥ = ——— was often seen.

o ——
3\5

e. Waste minimisation is a goal when making cardboard boxes.
The percentage wasted is based on the area of the sheet of cardboard that is cut out before the box is made.
Find the percentage of the sheet of cardboard that is wasted when x = 5. (2 marks)

4% 5

« 100% = 8%

25x50

Some students used volume and not area in the denominator, Many were able to work out that 100 cm? was
Cut out. Some were not able to convert their fraction to a parcentage” 0.05% was often sean.

Now, consider a box made from a rectangular sheet of cardboard where h > 0 and the box's length is still twice

its width.

i. LetV,,, be the function that gives the volume of the box.

State the domain of V. in terms of h. (1 mark)

Marks ‘l] |1 |.Avnra||e
Ya 67 33 04
£
1°3)

o2

‘Some students gave the equation, ¥ = x (/- 2x)(2k—2x) , and not the domain. Others had incorrect
brackets. (0, 25h) was sometimes seen.

ii. Find the maximum volume for any such rectangular

OX, Viox, T EIMS OT 7. (3 Marks)

% 42 13 12| 3 14

V =x(h-2x)(2h-2x), Fix)y=0,x=

Jr[«ﬁ—j'

X and then gave a negative volume

h(+3 5} - NS

|Many students were able lo find the formula, V= x(h—2x)(2h-2x) . Some chose Lhe incomrect x-value,

9
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g. Now, consider making a box from a square sheet of cardboard with side lengths of h centimetres.

Show that the maximum volume of the box occurs when x = % (2 marks)

) : . J h i ) (R
V=x(h-2x), F(x)=0, .\'=—r or .\'=—!: .1'=—r as the domain 1s |U_—J |
2 6 6 2)

Some students were able lo find the comect formula, ¥ = x(h- 2x ]2 _ Some did not show adequate workang
for a 'show that’ question.

Question 166 (12 marks)
Let g(x) =log, (x?>—1)—1log, (1—x).

a. State the maximal domain and the range of q. (2 marks)

Marks | ] | 1 | 2 | Average
% Fi ir |6 11

Domain (-=,-1), range R

Some students only gave the domain and not the range. Others gave the domain as (—=-.1) or {—-x_l] or

[=1.—=2)

i. Find the equation of the tangent to the graph of g when x = — 2. (1 mark)

Marks |tl |I |Avarage
% 2 4 0

'

y=-x-2

An equation was required. Many students worked out the equation without using technology. This would
have been time consuming

ii. Find the equation of the line that is perpendicular to the graph of g when x = — 2 and passes through the
point (=2, 0). (1 mark)

Marks |u |1 |Av-raaa
% 5 |65 |07

Once agam, an equahon was required and it could be found easily using technology
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Letp(x) = e™2¥ —2e™* + 1.

c. Explain why p is not a one-to-one function. (1 mark)

Marks [} |1 |Ave|=go

| % 34 |86 |07

‘Fails the horizontal line test’ or ‘'many-to-one function’ or there exist two x-values for some y-values'

Some students wrole that there exsls two x-values for every y-value, which is not the case, or p fails the
wertical ine test. Others gave the meaning of a one-to-one function without relating it to the question

d. Find the gradient of the tangent to the graph of p at x = a. (1 mark)

Maks |0 |1 | Average
% B |e7 |o7

2(e" —1)e

Some students gave their answer In terms of x and not 4. There were some transcnption errors and brackels
were used poorly. Others wrote the equation of the tangent.

The diagram below shows parts of the graph of p and the [iney = x + 2.

4
N
31 5=x+2
25
1.
%
¢ r T T >
/'z 4  o|e 1 2 ’
A4

The line y = x + 2 and the tangent to the graph of p at x = a intersect with an acute angle of 6 between them.

e. Find the value(s) of a for which 8 = 60°. Give your answer(s) correct to two decimal places. (3 marks)

Marks |ﬂ |1 |i 3 |A\rnﬂgn
% 83 4 ] 4 04

p'(n)——tauf'ﬁ’}-tnn[lﬂ.‘i"}, a=-067, p'(a)=—tani(15%)=tan (165°), a=-0.11

This question was nol answered well. Some students were able to find either a=-0.67 or a=-0.11 but not
hoth.
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f. Find the x-coordinate of the point of intersection between the line y = x + 2 and the graph of p, and hence,
find the area bounded by y = x + 2, the graph of p and the x-axis, both correct to three decimal places.
(3 marks)

=750 q

¥ =-0.750, j (x+2)d+ j' p(x)dv =1.038

2 =0

Many students were able o find x=—0.750. Some wrote their answer as ¥ =—0.75, but three decimal
places wera required. Others were unable to set up the definite integrals correctly.

Question 167 (16 marks)

Inspired from VCAA Mathematical Methods ¥ Exam 2022
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2022/2022MM2-w.pdf

On a remote island, there are only two species of animals: Foxes and rabbits. The foxes are the predators and the
rabbits are their prey.

The populations of foxes and rabbits increase and decrease in a periodic pattern, with the period of both
populations being the same, as shown in the graph below, for all t > 0, where time t is measured in weeks. One
point of minimum fox population, (20, 700), and one point of maximum fox population, (100,2500), are also
shown on the graph.

The graph has been drawn to scale.

4000 Rabbit popalation
3500
30004
2500
20004
1500
1000+

500 (20, 700)

(100, 2500}

P (rumber of individaals)

Fox population

&

0 ———— 11—
0 20 4D 60 BO 100 120 140 160 180 200 220 240 200 280 300 320
+ {oaks)

The population of rabbits can be modelled by the rule r(t) = 1700 sin (Z—;) + 2500.

a.
i. State the initial population of rabbits. (1 mark) Question 2ai
Marks | 0 ‘ 1 ‘ Average
% 3 g7 10
2500 —
. .
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ii. State the minimum and maximum population of rabbits. (1 mark)

Marks | 0 | 1 | Average

% 1 89 09
800, 4200

Some students gave the coordinates (120, 800) and (40, 4200), without stating the minimum and maximum
values. Others had the minjmum as 700 and the maximum as 4000.

iii. State the number of weeks between maximum populations of rabbits. (1 mark)

160

. A common incorrect answer was 80.
The population of foxes can be modeled Dy the fule j (£) = asin(b(t — 60)) + 1600.

b. Showthata = 900 and b = . (2 marks)

% 19 13 68 15

2500 — 25
a:M=900, 160 b=
2 b 80

F

As this was a 'show that’ question, appropriate working needed to be shown. Students used a range of
techniques to find the correct values of a and b. Many students substituted in points from the graphs and
|sulved simultaneous equations. Other students took a similar approach using the derivative.

¢. Find the maximum combined population of foxes and rabbits. Give your answer correct to the nearest
whole number. (1 mark)

Marks | 0 | 1 ‘ Average

% 62 38 0.4
5339

This question was not answered well. There were rounding errors, with 5340 as a common incorrect answer.
A common incorrect approach was to add the maximum value of rabbits to the maximum value of foxes,
without recognising that the maximum values for each animal occurred at different times.

d. What is the number of weeks between the periods when the combined population of foxes and rabbits

is a maximum? (1 mark)
| Marks |0 | 1 | Average
% 43 a7 06
160

An exact answer was required. A common incorrect answer was 160.1

The population of foxes is better modelled by the transformation of y = sin(t) under Q given by:

90

Q:R2—>R2.Q([;D= E 930 [;]+[1280]
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e. Find the average population during the first 300 weeks for the combined population of foxes and rabbits,
where the population of foxes is modelled by the transformation of y = sin(t) under the
transformation Q. Give your answer correct to the nearest whole number. (4 marks)

t'—60)

1 ' y_ r(f-_r
7(r ~60) y -1600 .1"=900$i11[(— +1600
L 90

= %;_ 60, t = ——— ¥'=900y+1600, y=
T 90

1

300
00 | (5 +r()dr =142

Many students were able to do the transformation. Some did not add »(¢) in the integral. 1600 was a
common incorrect answer. Others subtracted »(r) . Some students used average rate of change instead of
|__average value

Over a longer period of time, it is found that the increase and decrease in the population of rabbits gets smaller and
smaller.

The population of rabbits over a longer period of time can be modelled by the rule:

s(t) = 1700 .e~0003¢ gin (Z—g) +2500, forallt>0
f.  Find the average rate of change between the first two times when the population of rabbits is at a maximum.
Give your answer correct to one decimal place. (2 marks)

Marks | 0 | 1 | 2 | Average
% 54 5 4 09
5(198.058..) —5(38.058...) 16
198.058...—38.058... h
200) —s(40
Some students rounded their values too early %WBS often seen. Some students found the

average rate of change between the maximum and the minimum populations. Others used r(r) instead of

g. Find the time, where t > 40, in weeks, when the rate of change of the rabbit population is at its greatest
positive value. Give your answer correct to the nearest whole number. (2 marks)

Marks | 0 | 1 | 2 | Average
% 69 12 19 05
d’ —0,t=156

dr*

d:
Many students solved f =0. A common incorrect answer was 41.8, 5(156.11...)=41.79... Another
it

common incorrect answer was 76 weeks. This is when the rate of change of the rabbit population is at its
greatest negative value.
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h. Over time, the rabbit population approaches a particular value.

State this value. (1 mark) | Average

Marks | 0 1
% 4 56 06
2500

This question was reasonably well done. A common incorrect answer was 0.

Question 168 (9 marks)

1

Part of the graph of y = f(x) is shown below.

a. State the range of f(x). (1 mark)

Consider the function f, where f : (—%,E) - R, f(x) =log, (x + %) —log, G - x).

| Average

Marks | 0 1
% 18 82 08
R

was (—26.2.26.2)

This guestion was answered well. Some students gave the domain rather than the range. A common error

i. Find f'(0). (2 marks)

‘ Average

Marks | 0 | 1 ‘ 2
% 9 6 85 18
. 1 1 2 2 4
fx)= 1+1 :‘ - :_'} 5 =——
yao L 2w+l 2x-1 (2x-1(2x+1) X -
2 2

1 ! —
035 S0)=4

Many students were able to find f'(x) . Some did not substitute v =0 into the denvative. A common

incorrect answer was (0)=0.

ii. State the maximal dom|

Marks | 0 | 1 | Average

% 43 a7 06

b | -

b | -

3
=/

f \ f A ‘
Common incorract answers were | —lAO ] 0. ! . R | —ll ] —ll , lll 1, (—=.=) and | O,—
L2 )\ \ 272, 221" 72) \2)

(1]
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c. Showthat f(x) + f(—x)

i

_ y=l .-“_1‘1| 1 _]1 |-’_11| (1 _1_0
f{1)+f[:_1)_ cge!\'\_{'zj_ 031{5_1 ,-+ Oge\_"_{'gf_ Ogets_‘"‘; -

Some students substituted —x incorrectly. Others substituted a value for x

1 1
X+— —x+—

2

=0 was occasionally seen.

d. Find the domain and the rule of £ 1, the inverse of f. (3 marks)

| arks |

% 12 14 23 51 22

) Y T
Let y= f(x), inverse swap x and y, solve x=log,_| Y+ l- log({ S-Y | fory,

riy=tegte L0

= , the domain is R
2 e+l 2(et 41

Many students were able to swap x and y. Soma wrole f"(v) = %fan| % , instead of f"(r) = %fanh % ‘

The tanh function is not part of the study design but the output on some students’ technology gave this

1
function and it is correct. Other students did not find the domain. Some found m . Some students did not
A

use their technolegy and tried to find the inverse function by hand. This would have been time consuming.

. 11 1 1 1
Let h be the function h: (_E'E) - R,h(x) = P (loge (x + 5) —log, (E — x)) where k € Rand k > 0.
kx _
The inverse function of h is definedby h™*: R -» R,h™1(x) = ek—l
2(e**+1)

The area of the regions bound by the functions h and A~ can be expressed as a function, A(k).
The graph below shows the relevant area shaded.

You are not required to find or define A(k).

e. Determine the range of values of k such that A(k) > 0. (1 mark)

Marks ‘ 0 ‘ 1 | Average

% a4 04
k=4

This question was not answered well. Some incomrect responses were k>0 and 4 <k <33,
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Question 169 (12 marks)

Inspired from VCAA Mathematical Methods % Exam 2023
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/2023MM2-w.pdf

Consider the functiong : R - R,g(x) = 2* + 5.

IO T T,

a. State the value of lim g(x). (1 mark
xmme % % 75 07

5

This question was done well. Some students did not attempt the question and appear not to have recognised
the notation lim g(x). A common incorrect answer was 6
==

b. The derivative, g'(x), can be expressed in the form g'(x) = k x 2%,
Find the real number k. (1 mark)

og,(2) or In(2)

Ihis question was done well. Some students did not include the base.

i. Leta be areal number. Find, in terms of a, the equation of the tangent to g at the point (a, g(a)).
(1 mark)

Marks | 0 | 1 | Average
% 48 52 05

v=1log (x—(alog () -1)x2 +5 or y = 2 log, (2)x - a2% log, (2)+ 27 + 5

An equation was required. There were many transcription errors such as v =2°1n(2) - 2°aln(2) + 2a -5 and

v=2"In(2)—2"1n(2)+2° + 5. Some students attempted to find the equation by hand, making algebraic
EITOrs,

ii. Hence, or otherwise, find the equation of the tangent to g that passes through the origin, correct to three
decimal places. (2 marks)

u:m ‘o ‘1 ‘z ‘Avetaqa

% 52 34 15 06

= —a2log,(2) +2° +5.a=2.617 84.... y=4.255x

Some students did not substitute (0.0) into the correct equation. Many misread the question and found the
equation of the tangent line at x =0  giving v=0.693x+6 as the answer. Some substituted @ =0 rather

than x =0 into their equation. v =4.255x+ 8.14E — 10 was often seen.
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Leth: R > R,h(x) = 2% —x2,

d. Find the coordinates of the point of inflection for h, correct to two decimal places. (1 mark)

Marks |o |1 |Averaue

% 2 il 06
(2.06.-0.07)

Many students gave the coordinates of the stationary points (049.116) and (3.21.-1.05) rather than the
coordinates of the point of inflection. There were some rounding errors

e. Find the largest interval of x-values for which h is strictly decreasing.
Give your answer correct to two decimal places. (1 mark)

I
% 65 35 04

[049.321]

Round brackets were often seen; these were incorrect as the largest interval of x values was required, which
included the interval endpoints. In some cases, it was impossible to determine whether the student meant

round or square brackets. Another incorrect response was (—=2.0.49|U[3.2L=)  These students have

incorrectly interpreted the question requirements as asking for intervals where the function is strictly
increasing

f.  Apply Newton's method, with an initial estimate of x, = 0, to find an approximate x-intercept of h.

Write the estimates x; , x, and x5 in the table below, correct to three decimal places. (2 marks)

x,=-1.443.x, =-0.897., x, =-0.773

Many students were familiar with Newton's method. Answers wera required to three decimal places. Some
students only had one correct answer. Others had rounding errors,

X3

g. For the function h, explain why a solution to the equation log,(2) X (2*) — 2x = 0 should not be used as
an initial estimate x, in Newton's method. (1 mark)

The solutions to log, (2)= 2 — 2x = 0 will give the x values of the tuming points of the graph. The tangents

—— to the graph will be horizontal lines and 7'(x) =0 . Hence, Y. =X, _% will be undefined.
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h. There is a positive real number n for which the function f(x) = n* —x™ has a local minimum on the x-axis.

Find this value of n. (2 marks)

Six)=0and f(x)=0.n=-¢

{ This guestion was not done well. Many students indicated that '(x)= 0 but did not combine it with |—
fix)= 0. Some formulated the question correctly but did not provide an answer. Others found an
1 approximate value for the answer such as # = 2.7 . An exact answer was required —

Question 170 (12 marks)

Inspired from VCAA Mathematical Methods % Exam 2024
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/2024MM2-w.pdf

Consider the function f: R = R, f(x) = (x + 1)(x + a)(x — 2)(x — 2a) where a € R.

a. State, in terms of a where required, the values of x for which f(x) = 0. (1 mark)

Marks ‘u

‘ 1 | Average

85 09

% 15
-1.—-a.2. 2a

This question was answered well.
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b. Find the values of a for which the graph of y = f(x) has:

i. Exactly three x-intercepts. (2 marks)

Marks ‘ 0 ‘ 1 | 2 ‘ Average
% 29 61 10 08
-2 - .0
2
-

ii. Exactly four x-intercepts. (1 mark)

| 0 ‘ 1 | Average

This question was not answered well. Some students did not exclude 1.

c. Let g be the function g:R - R, g(x) = (x + 1)?(x — 2)?, which is the function f where a = 1.

i. Find g'(x). (1 mark)

Marks ‘ 0 | L ‘ Average
% 5 95 1.0

2(x)=2(x-2)(x+1)(2x-1)=4x —6x" —6x+4

ii. Find the coordinates of the local maximum of g. (1 mark)

e

Marks ‘ 0 ‘ L ‘ Average
% 24 76 08
-‘"l_ﬂ] or (0.5.5.0625)
| 2°16

Lo

Exact answers were required. (0.5.5.06) was sometimes seen.

iii. Find the values of x for which g'(x) > 0. (1 mark)

Marks | 0 | 1 ‘ Average

% 29 n 07
|—1¢]V-(2 )

This question was answered well. Some students used square brackets instead of round brackets. Others
put ™ instead of
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iv. Consider the two tangent lines to the graph of y = g(x) at the points where:

\/_+1 \/_+1

2

x = and x

Determine the coordinates of the point of intersection of these two tangent lines. (2 marks)

Marks | 0 ‘ 1 ‘ 2 ‘ Average

% 32 17 51 12
3 J' 9) 3(243+9) .
» —3‘vr‘— { ':=—3~J'3-'1'——( 2 or v, —3~J_ J_ =—3/3x Vr T
3 «ﬁux—zl—g' _3(3(4x-2)-9) ,, ..
or W= Q ¥, =; | ]__"_'] or (0.5.6.75) —
4 : 4 274,
This question was answered reasonably well. A common incorrect answer was é%]

d. Let g remain as the function g: R - R, g(x) = (x + 1)?(x — 2)?, which is the function f where a = 1.
Let h be the function h: R - R, h(x) = (x + 1)(x — 1)(x + 2)(x — 2), which is the function f where
a=-—1

i.  Using translations only, describe a sequence of transformations of h, for which its image would have a
local maximum at the same coordinates as that of g. (1 mark)

Marks ‘ 0 | 1 ‘ Average
% 63 3T 04

-

1 17
Translate 5 unit to the right and Ezl.ﬂﬁzi units up.

Some students incorrectly translated to the lefl and down. Others had an incorrect value for the vertical

. 81 . .
translation such as 6 Exact answers were required. 1.06 was somelimes seen.

ii. Using dilation and translations, describe a different sequence of transformations of h, for which its image
would have both local minimums at the same coordinates as that of g. (2 marks)

Marks |1J |1 ‘Z |fwarags —

% 76 19 5 0.3
1 9
Dilate by a factor of 33'_ = 3\;_ from the vertical axis, translate 2 unit to the right, translate ) units up
Jioo : ) 3 : _ 9
OR translate . units to the right, dilate by a factor of — from the vertical axis, translate Y unmits up.
10

This gquestion was not done well. The vertical translation could be completed at any stage in the sequence.
The other transformations had to be in the correct order.
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Question 171 (11 marks)

A model for the temperature in a room, in degrees Celsius, is given by:

12 + 30t 0<t

IA

1
fo) = 3
22 t>

W] =

Where t represents the time in hours after a heater is switched on.

a. Express the derivative f'(t) as a hybrid function. (2 marks)

Marks |u ‘1 |2 |Avcrago

% 1 41 48 14
( 1 1
jSO USF(E 30 U(r(;
f()=4 or f'(r)= ’
1
0 t>= 0 r>=
| 3 3

b. Find the average rate of change in temperature predicted by the model betweent = Oand t = %

1
Many students included ? in the domain.

Give your answer in degrees Celsius per hour. (1 mark)

c. Another model for the temperature in the room is given by g (t) = 22 — 10e7%,t > 0.

Marks ‘ 0 ‘ 1 | Average
% 35 65 0.7

Average rate of change = 20

1 27 -
A common incorrect answer was 30°C /h where 3 was substituted into 12 +30¢ | giving Jf =

Some students incorrectly found the average value of the temperalure

12
30

i. Find the derivative g'(t). (1 mark)

Marks ‘D ‘1 |Averags

% 5 g5 10
gt =60e™

This question was answered well.

ii. Find the value of t for which g'(t) = 10.

Give your answer correct to three decimal places. (1 mark)

Marks |o | 1
% 15 85

| Average
09

£(®H=10, 1=0.299

occasionally seen.

Some students gave the exact answer. There were some rounding errors:  =0.298 and 1 =0.300 were
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d. Find the time t € (0,1) when the temperatures predicted by the models f and g are equal.

Give your answer correct to two decimal places. (1 mark)

Marks ‘ 0 ‘ 1 ‘ Average
% 37 63 07

fHy=g(t), =027

Some students incorrectly included ¢ =0 but 7£(0.1).

e. Find the time t € (0, 1) when the difference between the temperatures predicted by the two models is the
greatest.

Give your answer correct to two decimal places. (1 mark)

Marks ‘ 0 | 1 ‘ Average
% Ikl 29 03

A common incorrect answer was 3 which is the time when f(f)—g(t) is a maximum. The maximum

difference occurs when g(f)— f(f) is a maximum or |f(f]| —g(!)l = |g(f) —f(f)| is a maximum.
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f.  The amount of power, in kilowatts, used by the heater t hours after it is switched on, can be modelled by the
continuous function p, whose graph is shown below.

15 0<t<04
t) = =z
p(®) {0.3 +Ae"1t  £>04

The amount of energy used by the heater, in kilowatt-hours, can be estimated by evaluating the area between
the graph of y = p(t) and the t-axis.

:g g =D
E

[ 0z Y 08 1
+ Chours)

i. Given that p(t) is continuous for t > 0, showthat A = 1.2e*. (1 mark)

—I Marks ‘ ] | 1 ‘ Average

% 45 55 0.6

0.3+ 4% =15, 03+ 4e'=15, de*=12, 4=1.2¢"

Most students substituted the correct values into the equation. Students must make sure they show
adequate working for 'show that’ questions.

ii. Find how long it takes after the heater is switched on until the heater has used 0.5-kilowatt hours of
energy.
Give your answer in hours. (1 mark)

Marks | 0 | 1 | Average

% 63 37 0.4
1.5t=05, .':i

3

An exact answer was required. Some students solved p(t)=0.5 for ¢ or found p(0.5).

iii. Find how long it takes after the heater is switched on until the heater has used 1-kilowatt hour of energy.
Give your answer in hours, correct to two decimal places. (2 marks)

Marks | 0 | 1 | 2 | Average
% 61 1" 27 07

I{o.s +4e¢™)dr=04, a=133
04

Some students solved p(f)=1 for ¢ or found p(1). Others just gave the answer. For questions worth more
than 1 mark, appropriate working must be shown. Some students transcribed A incorrectly into the function.
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Question 172 (11 marks)

in 2021.

The points shown in the chart below represent monthly online sales in Australia. The variable y represents sales in
millions of dollars. The variable t represents the month when the sales were made, where t = 1 corresponds to
January 2021, t = 2 corresponds to February 2021 and so on.

F000

©000

5000 1

$ Caillion)
g
®
L
L ]
[ ]
[ ]
[
L
L 2
L
L
o

[
(=3
<
<
L ]
[ ]

2000

1000+

0 -7 7T T T T T T T T T
0 2 4 & 8 10 12 14 {6 8 20 22 24 26 28 30 32 34 30
Months
Souvea : Aastralian Buvean of Shatistics, Retail Trade, Australia, Decomber 2023

a. A cubic polynomial p : (0,12] - R,p(t) = at® + bt? + ct + d can be used to model monthly online sales

The graph of y = p(t) is shown as a dashed curve on the set of axes above.
It has a local minimum at (2, 2500) and a local maximum at (11,4400).

i. Find, correct to two decimal places, the values of a, b, c and d. (3 marks)

Marks |u |1 |2 |3 |mmga
% 30 16 12 42 17

p(2)=2500, p(11)=4400, p'(2)=0. p'(11)=0

Ba+4b+2c+d=2500, 12a+4b+c=0, 1331a+121b+11c+d =4400, 363a+22b+c=0

a=-521. b=101.65. c=-344.03, d =12823.18

Some students only wrote the answers without showing adequate working. Others had only two cormrect
equations.

Some had p'(2)=2500 and p'(11)=4400. Others rounded 101.646...to 101.64 . The value of d was
sometimes missing.

ii. Letq:(12,24] - R,q(t) = p(t —h) + k be acubic function obtained by translating p, which can be
used to model monthly online sales in 2022. Find the values of h and k such that the graph of y = ¢q(¢t)
has a local maximum at (23,4750). (2 marks)

Marks | ] | 1 | 2 | Average

% 65 9 26 0.6
h=12, k=350

Many students did not realise they only needed to translate the point (11.4400) to the point (23.4750) .
Some gave solutions outside the domain. Others translated the local minimum, giving =21, k =2250 as

their answers, h=—12, k=350 was sometimes seen
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b. Another function f can be used to model monthly online sales, where:
Tt mt
£:(0,36] = R, f(t) = 3000 + 30t + 700 cos (E) + 400 cos (?)

Part of the graph of f is shown on the axes below.

Marks | 0 ‘ 1 | 2 | Average
% 19 16 63 15

©000

(38, 5150)

5000

3 4000

P uillion)

3000

2000

{000

o2
0 2 4 & B i f2 14 {0 f8 20 22 24 26 28 S0 32 34 3w
Mot

H More care needs to be taken when sketching graphs. The tuming points and endpoint needed to be in the
I Complete the graph Of f on t correct positions. Some students labelled the endpoint incorrectly. Round brackets are required around the

Label the endpoint att = 34 coordinates. Others made the graph discontinuous at 7 =24

ii. The function f predicts that every 12 months, monthly online sales increase by n million dollars.
Find the value of n. (1 mark)

Marks | 0 ‘ 1 ‘ Average

Ya 4 a9 0.6
360

A common incorrect answer was 30 which is found by calculating £'(12)

iii. Find the derivative f'(t). (1 mark)

Marks | 0 ‘ 1 | Average
% 23 i 08

400?51'11[’&] 350:rsin|’£\]
3 s

f)y=- +30

3 3

This question was answered well. There were some transcriplion errors: 7 was often omitted and brackels
were not used well.

iv. Hence, find the maximum instantaneous rate of change for the function f, correct to the nearest million
dollars per month, and the values of ¢ in the interval (0, 36] when this maximum rate occurs, correct to
one decimal place. (2 marks)

Marks ‘ 0 ‘ 1 | 2 ‘ Average
% B5 14 21 0.6

Maximum instantaneous rate of change =725
t=102,1=222_ t=342

Many students gave extra + values or only one ¢ value. Others did not give the maximum instantaneous rate
of change or found the minimum instantaneous rate of change.
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Question 173 (11 marks)

Inspired from VCAA Mathematical Methods % Exam 2017
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2017/nht/2017MM2-nht-w.pdf

The temperature, T°C, in an office, is controlled. For a particular weekday, the temperature at time ¢, where t is the
number of hours after midnight, is given by the function:

Vs
T(t) = 19+6sin(ﬁ(t—8)>,0 <t<24

a. What are the maximum and minimum temperatures in the office? (2 marks)

7 y
— T(#)= ]‘J+ﬁsini\ I’:z:r—."-:] , range of function is [—ﬁ+1l}. ﬁ+10] = [I.'a‘. 25] , minimum temperature is |

13 °C, maximum temperature is 25 °C

b. What is the temperature in the office at 6.00 AM? (1 mark)

re)=16 =C

c. Most of the people working in the office arrive at 8.00 AM.

What is the temperature in the office when they arrive? (1 mark)

T

rg)=19 °C
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d. For how many hours of the day is the temperature greater than or equal to 19°C? (2 marks)

Solve T(1)=19 °C, 8<1 <20, 20-8=12 hours

e. What is the average rate of change of the temperature in the office between 8.00 AM and noon? (2 marks)

r(12)-T(8) _ 33

3 °C/hr
12-8§ 4

Average rate of change =

i. Find T'(t). (1 mark)

Bl i i-Aii-iammani

T T T Fi 3 b/ 2
TY(t)=—cos| —(t—-8) | or T'(t) = ——cos| —t +— |, or equivalent
( 2”[12{ J ( 1”{12 3} .

ii. Atwhat time of the day is the temperature in the office decreasing most rapidly? (2 marks)

—1 Find the minimum of the derivative, decreasing most rapidly at 8.00 pm or 20 hours}——

Space for Personal Notes
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Question 174 (13 marks)
Let f: R > R, where f(x) = (x — 2)?(x — 5).

a. Find f'(x). (1 mark)

f:R— R, where f(x)=(x-2)(x-35), f"(x)=3(x—4)(x-2), or equivalent

b. For what values of x is f'(x) < 0? (1 mark)

Solve f'(x)<0,2<x<4

i. Find the gradient of the line segment joining the points on the graph of y = f(x) where x = 1 and
x = 5. (1 mark)

5) —
£()=—4, £(5)=0, ‘ﬂ“:—{l”ﬂ
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ii. Show that the midpoint of the line segment in part c.i. also lies on the graph of y = f (x). (2 marks)

{
Midpoint | E
L2

440"
2

=(3,-2), f(3)=-2 hence midpoint lies on the graph of y = f(x)

iii. Find the values of x for which the gradient of the tangent to the graph of y = f(x) is equal to the gradient
of the line segment joining the points on the graph where x = 1 and x = 5. (2 marks)

Solve f'(x)=1, x=

9+ 23

3

oarx=

9-23

3
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Let g: R - R, where g(x) = (x — 2)? (x — a), where a € R.

d. The coordinates of the stationary points of g are P(2,0) and Q(p(a + 1), q(a — 2)*), where p and q are
rational numbers.

Find the values of p and q. (2 marks)

| : . 2a+1)

g:R—= R, wheregix)=(x-2)(x-a), gix)=0,x=2orx= L
2 (Ha+1)) 4 3 4
==, g =——g-2),g=—
P=3 873 _J TAME ALY

e. Show that the gradient of the tangent to the graph of y = g (x) at the point (a, 0) is positive for a € R\{2}.
(1 mark)

T T TR

g'la)y=(a-2)", (a-2) 20, whena =2, g'(x) =0, gradient of the tangent is positive forae R\
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i. Find the coordinates of another point where the tangent to the graph of y = g(x) is parallel to the tangent
atx = a. (2 marks)

[ e e RN T W mm W T

fQ_ ; )
g'(x)=(a-2), S-a 4 ]

L 3‘:3?1

ii. Hence, find the distance between this point and point Q when a > 2. (1 mark)

Aa+1) )

3

8-a

-
J

4 3 ) 4 ,
{_)[ .—E{u—l} J and[ .—Em—zy .

4

i 2 _ 2
distance = ‘_iw_g}‘__i{“_er +[Hin_2{a+|]
\ 27 27 3 3

=aq-2

- - -

Space for Personal Notes
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Question 175 (12 marks)

Inspired from VCAA Mathematical Methods % Exam 2018
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2018/nht/2018MM2-nht-w.pdf

Let f: (0,00) = R, f(x) = x — xlog,(x). Part of the graph of f is shown below.

4

a. Find the values of x for which:

i -1<f'(x) < —%. (2 marks)

f'(x)=-log,(x), \E <x<e

ii. ~ < f'(x) < 1. (1 mark)

1 1
—<Xx<—=

e e

i. Find the equation of the tangent to the graph of f at the point (a, f(a)) in the form y = mx + c. (1 mark)

y=-log (a)x+a

ii. Find the coordinates of the point of intersection of the tangent to the graph of f at x = a and the tangent

tothe graph of f atx = % (2 marks)

a +1

: 2 _y
Tangent at _'c=l, }-‘=—|ug_,[l)1‘+l, —Iug_,{u]x+a=—Iug_,(l]x+l, ¢ R
a a a a a | 2alog (a)

2a

|
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iii. Hence, find the coordinates of the point of intersection of the tangents to the graph of f atx = e and
x = é Express each coordinate in terms of e. (1 mark)

i. Foravalue of b > e, the tangent to f at the point (b, f (b)) and the tangent to f at the point
(2, f(2)) intersect the x-axis at the same point.

Find the value of b. (2 marks)

2 b
log,(2) log.(b)’

b=2or4, sinceb>e, b=4

ii. If the tangent to f at the point (p, f(p)), where 1 < p < e, and the tangent to f at the point (g, f(q)),
where g > e, intersect on the x-axis, show that p? = q°. (2 marks)

P __ 9
| log (p)  log (g)

. plog,(g)=qlog,(p). log,(¢")=log,(p?). ¢" = p’

1
d. Find the equation of the tangent to the graph of f at the point where x = eZz. (1 mark)
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Question 176 (9 marks)

Inspired from VCAA Mathematical Methods % Exam 2019
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2019/NHT/2019MM2-nht-w.pdf

Parts of the graphs of f(x) = (x — 1)3(x + 2)3 and g(x) = (x — 1)?(x + 2)3 are shown on the axes below.

9
y = 'F(K> A~

/

The two graphs intersect at three points, (—2,0), (1,0) and (c, d). The point (¢, d) is not shown in the diagram
above.

a. Find the values of ¢ and d. (2 marks)

c=2,d=64

b. Find the values of x such that f(x) > g(x). (1 mark)

[—’x;.—E)u{E. @)

MM34 [2.0] - AOS 2 Revision - Contour Check (Part 3) Solutions ‘1 98




G-lo NTOUREDUCATION VCE Methods % Questions? Message +61 440 138 726

c. State the values of x for which:

i. f'(x)>0.(1mark)

N
|
b | =

, IJU{L )

ii. g'(x)>0. (1 mark)

(<o-2)o 25 Jol12)

d. Show that f(1 4+ m) = f(—2 — m) for all m. (1 mark)

—_ _f'I;1+m'}=J'?!:‘[J’l!+3}3._f-[—2—J'J!}=[—m—3}'1{—.’ﬂ)} =m (m+3), sof (I+m)=f(2-m)|—

e. Find the values of h such that g(x + h) = 0 has exactly one negative solution. (2 marks)

-2<h=<l

f.  Find the values of k such that f(x) + k = 0 has no solutions. (1 mark)

"
k }E
64
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Question 177 (10 marks)

Inspired from VCAA Mathematical Methods % Exam 2022
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2022/NHT/2022mm2-nht-w.pdf

Letf:R - R, f(x) = —=(x—2)* +=.

Part of the graph of f is shown below.

a. Find f'(x), the derivative of f, with respect to x. (1 mark)

} } + } + :\>x
0 05 1 15 2 25 3

f’[.r]=_gt_\-_3]: or fr[-")=—E.r3+ "

5

b. Give the coordinates of the stationary point of f. (1 mark)

5

3
--; Il

i. Show that the x-coordinate of D is 3. (1 mark)

c. The graph of f has a tangent with a gradient of —gwhen x = 1.

The graph of f also has a tangent with a gradient of — g at another point, D.

Foe-tie-

(x-2)" =1,

x—2==1,

2y =-

6
g

x=1o0rx=23, since x =1 is given, the other point Dis at x=3.

MM34 [2.0] - AOS 2 Revision - Contour Check (Part 3) Solutions




G-lo NTOUREDUCATION VCE Methods % Questions? Message +61 440 138 726

ii. Determine the equation of the tangent that touches the graph of f at point D. (1 mark)

|11 =

19_6v
5 5

iii. The tangent to f at point D intersects the graph of f at another point, M.
Give the coordinates of point M. (2 marks)

Solving f(x)= E - GT"

19) |
j 0. | or (0.038)

iv. Find the obtuse angle, in degrees, that the tangent to f at point D makes with the positive direction of the
horizontal axis. Give your answer correct to one decimal place. (1 mark)

129.8°

v. The graph has two regions:
The first region is bounded by the graph of f and the tangent to f at point D.
The second region is bounded by the graph of f, the tangent to f at point D and the horizontal axis.

Find the total area of the two regions. Give your answer correct to four decimal places. (3 marks)

319 o6x N 19 6x )
‘-4rm-=jc|\?—?—fm,m < fix j £ (x)dx = 27015,

or

Fixa

‘—4r;,f.-=J'C 19 é—‘—f[ }d J' E 6_‘}; _
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Question 178 (9 marks)
A spring with a weight attached is suspended from a stand. The base of the weight is 40 cm above a bench.

The spring is released and moves vertically up and down above the surface of the bench, such that the height of the
base of the weight above the bench over the next 10 seconds is given by the function:

1
h(t) = 20e75 cos(2mt) + 20, 0 <t <10

Where t is the time, measured in seconds. A graph of the function h over the first 10 seconds is shown below.

h (contimetves) Stand
404
Spring
304 Weight
:
i hoom
201 !
—¥ Beack
101
+ (seconds)

The dashed curve b, lies above the graph of h and the dashed curve b, lies below the graph of h. Both b, and
b, bound the graph of h.

t
The dashed curve by, has the equation b, (t) = 20e 5 + 20.

a. State the equation of the dashed curve b,. (1 mark)

I

b, (t)=—20e * +20

b. Find the average value of the height, in centimetres, of the base of the weight above the bench over the first 10
seconds. Give your answer correct to two decimal places. (2 marks)

10
—ljir(r]dr
10-10 ]

= 20.01
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i.  Write down the rule for the derivative of h. (1 mark)

#

I(t)= 4e_*7{c05[2.7r] +107sin( 2x1))

ii. Find the time, in seconds, and the height above the surface of the bench, in centimetres, of the point of
maximum positive rate of change in h over the first 10 seconds. Write your answer as a coordinate pair,
correct to one decimal place. (3 marks)

Max of /1'(f), (0.7, 18.9)

d. Determine the total distance travelled by the base of the weight over the first 2 seconds of its motion. Give
your answer correct to the nearest centimetre. (2 marks)

Method 1:

(40—1.894. )+(36.382...—1.894.) +(36.382..~ 5.176..)+ (33413...—5.176.) +(33.413..— 33.406..)=
132

Method 2:

L‘|J.:’{r]|dr - 132

Space for Personal Notes
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Question 179 (13 marks)

Inspired from VCAA Mathematical Methods % Exam 2023
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2023/NHT/2023MM2-nht-w.pdf

The amount of caffeine present in Kim's body after they drink espresso coffee can be modelled mathematically.
Students suggest that the amount of caffeine, C in milligrams, in Kim's body t hours after consuming an espresso

1
coffee can be modelled by the function C(t) = 65e  s.

a. How much caffeine will be present in Kim's body 2 hours after they consume an espresso?
Give your answer in milligrams, correct to one decimal place. (1 mark)

506

b. How long will it take for the amount of caffeine in Kim's body to reach 10 milligrams after drinking an
espresso? Give your answer in hours and minutes, correct to the nearest minute. (2 marks)

Solving C(t)=10 for [

898 minutes which is 14 hours 58 minutes

c. Atwhat rate is the amount of caffeine in Kim's body decaying 4 hours after they drink an espresso? Give your
answer in milligrams per hour in the form ——, where a and b are positive integers. (2 marks)

b/e'
1
C'{4}=—§el
a _ 65
b~fe 8-fe

Kim consumes another espresso coffee 4 hours after consuming the first.
The students then suggest that a more appropriate model for the absorption of caffeine, in milligrams, in Kim's
body t hours after they consume the first espresso is:

1

65e 8 0<t<4
C,(t) = — 1
2(6) 65(1 e)e‘§ t>4
1—+/e
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d. Whent > 4, is the function C, strictly increasing, strictly decreasing or neither? (1 mark)

Strictly decreasing

e. Show that the function C, is not continuous for t > 0. (1 mark)

f. Using C,, find the maximum amount of active caffeine in Kim's body and the time at which this level was
reached. Give the maximum amount of caffeine, in milligrams, correct to one decimal place. (2 marks)

¢, is not continuous at /=4 and so is not continuous for #>0

_l
65¢ * = 65{

1-e

1
e -3
]€ ., 1044+304

t=4

C,(4)=104 4

g. Find the derivative C,’(t), giving your answer as a hybrid function that includes the relevant domains.

(2 marks)
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h. Use the derivative C,'(t) to find the times during which the amount of active caffeine is decreasing by at least
8 milligrams per hour. Express your answer in interval notation, correct to one decimal place. (2 marks)

Solving G, (1) <-8
(0.0.1](4,7.9]

Question 180 (10 marks)

Inspired from VCAA Mathematical Methods % Exam 2024
https://www.vcaa.vic.edu.au/Documents/exams/mathematics/2024/NHT/2024MM2-nht-w.pdf

Consider the function f: R - R, f(x) = x3 — px, where p € R.
Part of the graph of f is shown below when p = 3.

3

V

a. Find the values of the x-intercepts of f, when p = 3. (1 mark)

x=0x= i«ﬁ

b. Use the derivative f' to find the coordinates of the turning points of f, when p = 3. (2 marks)

Solving f'(x)=0 or 3x’-3=0

(-1.2) and (1.-2)
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i. Find the value of p for which f would have exactly one stationary point. (1 mark)

p=0

ii. Find the values of p for which f would not have any stationary points. (1 mark)

p<0

d. The graph of f passes through the origin for all values of p.

i. Use calculus to show that the tangent line to f at the origin has the equation y = — px. (2 marks)

f'(x)=3x" - p gives ['(0)=-p

The tangent line is given by v=—-pv+ ¢, where ¢ =0 as it goes through the origin |

Therefore y = — px

ii. Find, in terms of p, the area of the region bounded by the function f, the line y = — px and the
linex = p,wherep > 0. (2 marks)

P

4= [(f()+ pr)y

i}

P
4

iii. The expression for the area found in part d.ii. also gives the area bounded by a cubic functiony = kx3,
the x-axis and the line x = p, wherep > 0.

Find all possible values of k. (1 mark)
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