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Section A: Compulsory Questions

Sub-Section [1.8.1]: Apply Transformations to Restrict the Number of @
Positive/Negative x-Intercept(s)

Question 1 )

Consider the following polynomials:

a. Givenf(x) = (x —4)(x +3)(x — 6), determine the values of k such that f (x + k) has no positive
x-intercepts.

k=6

b. Given f(x) = (x —1)(x + 2)(x — 5), determine the values of k such that f (x — k) has exactly one positive
x-intercept.

-h<k<-1

c. Givenf(x) = (x —2)(x — 7)(x + 1), determine the values of k such that f (x — k) has exactly two positive
x-intercepts.

—2<k<1

MM34 [1.8] - Polynomials Exam Skills - Homework Solutions ‘ 2




G-lo NTOUREDUCATION VCE Methods % Questions? Message +61 440 138 726

Question 2

Consider the following quadratic polynomials:

a. Given f(x) = x? — 4x + 3, factorise f(x) and determine the values of k such that f (x — k) has exactly

one positive x-intercept.

flz)=(x—3)(zx —1).

One positive z-intercept for -3 < k < —1

b. Given f(x) = x? + 2x — 3, factorise f(x) and determine the values of k such that f(x + k) has no
positive x-intercepts.

flz)=(z—1){z + 3).

No positive a-intercepts for k > 1

c. Given f(x) = x? — 5x + 6, factorise f(x) and determine the values of k such that f(x — k) has exactly

one negative x-intercept.

flz)=(z-3)(z - 2).

One negative z-intercept for —3 < k < —2

Space for Personal Notes
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Question 3 ))}

Consider the following cubic polynomials:

a. Given f(x) = x3 —4x? + x — 4, factorise f(x) and determine the values of k such that f (x + k) has
exactly one positive x-intercept.

f) = (x = HE*+ 1)

Exactly one positive x-intercept for k < 4

b. Given f(x) = x® —3x? — 4x + 12, factorise f(x) and determine the values of k such that f(x — k) has

one negative x-intercept.

flz)=(z—3)(z+ 2)(z — 2).

One negative z-intercept for —2 < k < 2
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c. Given f(x) = x3 — 6x? + 9x, factorise f(x), and determine the values of k such that f(x — k) has two
positive x-intercepts.

flz) = x(x - 3)%

Two positive z-intercepts for k£ >0

Space for Personal Notes
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Sub-Section [1.8.2]: Apply Discriminant to Solve Number of Solutions @&
Questions

Question 4 )

For each of the following quadratic equations, determine the conditions on k for the equation to have the specified
number of solutions.

a. x?+ x + 5k = 0 has exactly two distinct real solutions.

A>0 = 1-20>0 = L.-f::i

20

b. x%—4x + 4(k + 1) = 0 has no real solutions.

A< = 16-16—-16k<) = k>0

c. kx? —3x + 2k = 0 has exactly one real solution.

Space for Personal Notes
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Question 5

For each of the following quadratic equations, determine the conditions on k for the equation to have the specified
number of solutions.

a. 2x?%+4x + 2logz(k) = 0 has exactly two distinct real solutions.

A=16—16logy(k) =0 = logy(k) <1 = 0<k <3

b. log,(5)x? + 3x +log,(k) = 0 has exactly one real solution.

9
A= 9 — 4log,(5) log,(k) = 0 = k = 241082(5)

Cc. 4k*x? —2kx+ 1 = 0 has no real solutions.

A=4k2—16k <0 = kecR

Space for Personal Notes
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Question 6 ))}

For each of the following equations, determine the conditions on k for the equation to have the specified number
of solutions.

a. x%+ kx + 3 = 0 has two real solutions.

A=k 1250 = k< —-2V3or k> 23

b. 2x?% — 4kx + k% + 3 = 0 has no real solutions.

A=16k" -8k +3) <0 = —3<k< 3
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c. kx3+ 4x? 4+ 2kx = 0 has three real solutions.

x(kx? + 4x + 2k)
So, we need kx? + 4x + 2k = 0 to have two solutions

A=16—-8k?>0 = —V2 <k <2

Space for Personal Notes
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Sub-Section [1.8.3]: Apply Shape/Graph to Solve Number of Solutions @&
Questions

Question 7 )

The cubic function f(x) = x3 —6x? + 9x + 2 has turning points at (1,6) and (3,2). Determine the values of k
for which the equation f(x) = k has exactly two solutions.

From the shape of the graph k=2o0r k=6

Question 8

Consider the quadratic function g(x) = %xz — kx + 3. Determine the values of k for which g(x) = 2 has exactly
two solutions.

S . . . 1 . )
— We find the values of k for which a.’f"'? — kax + 1 = 0 has two solutions. ——

A=k2—2>0 = k< —v2ork>y2

Space for Personal Notes
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Question 9 ))}

The quartic function f(x) = x* — 4x3 — 2x% + 12x + 2 has turning points at (—1,—7) and (1,9) and (3, —7).

Find the values of k for which the equation f(x) = k has exactly two solutions.

L d

From the shape of the graph k > 9 or k= —T

Space for Personal Notes
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Sub-Section [1.8.4]: Apply Odd and Even Functions [

Question 10 )

For an odd function f(x), it is known that f(1) = 2 and f'(1) = 3.

Find the values of f(—1) and f'(—1).

f(=1) = =2 and f'(-1) = 3.

Question 11

An odd function f(x) = %x3, has a tangent line of y = 6x — 8 at the point (2,4). Find the equation of the line
tangentto f(x) whenx = —2.

Line with gradient 6 passing through (-2, —4)

y=0x+8

Space for Personal Notes
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Question 12 ))}

Let f(x) = (x—3)(x —5)(x + 1)(x + 3). Find the value of k such that f(x + k) is an even function.

Note that f(z+ 1) = f(1 — z), so f(z) is symmetric about the line z = 1.
Therefore if f is translated 1 unit to the left it will be symmetric about & = 0 and therefore
an even function.

kE=1.

Space for Personal Notes
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Sub-Section [1.8.5]: Identify Possible Rule(s) From a Graph
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Question 13

Part of the graph of y = f(x) is sketched below. The point (2,2) is a stationary point of inflection. Determine the

rule for f(x).

3.5¢

251

0.5+

)

N

-05 0
-0.5¢

(h,k) =(2,2)

So,ruleof f(x) =a(x—2)3+2 (1)
Subx =3andy = 3into (1)
3=a(3-2)3+2

1=a

Hence, f(x) = (x — 2)? + 2

Space for Personal Notes
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Question 14

Part of the graph of y = x» , where m and n are positive integers, is shown below.

Y
A~
Z
~
NV
a. lIsittruethatm > n?
No. n >m

b. Determine whether m and n are odd or even.

Both are odd.

Space for Personal Notes
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Question 15 ))}

Let f(x) be an odd function. Part of the graph of y = f(x) is shown below.

Determine a possible rule for f(x).

4

N

Must have the factors z(x — 1)%(z — 2)%, then we use the shape and fact that f(x) is odd
1 to concliude that a possible rule is -

i flz) = —z(z — 1)%(z — 2)%*(z + 1)3(z + 2)? -
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o>
Q

Sub-Section: Exam 1 Questions ®

Question 16
Let f:[-1,3] 2 R, f(x) = x3 — 3x? + 4.

a. Show that x — 2 is a factor of f(x).

f(2)=8-3x44+4=0

Therefore ©» — 2 is a lactor.

b. Fully factorise f(x).

flz)=(z-2)%(z+1)

c. Itis known that the graph of y = f(x) has a turning point on its y-intercept. Sketch the graph of y = f(x),
labelling all axes intercepts, turning points and end points.

Y
N
54
104 (3,4
34
24
14
('11 0) Gl (21 o) N
—s . . > x
-2 -1 0 1 2 32 4
-14
W
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d. Letg:R-R,g(x) =x%—3x%+4.

Find the values of k such that g(x — k) = 0 has two positive solutions.

If the graph is translated by more than 1 unit to the right, therefore £ > 1.

Question 17
Let f:R - R, f(x) =3x — x3.
It is known that the graph of y = f(x) has a turning point when x = 1.

a. Show that f is an odd function.

f(=2) =3(—2) — (—z)* = =3z + 2% = — (32 — 23) = — f(z).
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b. Sketch the graph of y = f(x). Label all axes intercepts and turning points with coordinates.

4
Y
31
A G2
1
. (-V3, 0) (0, 0) (+3, 0 .
S -3 -2 - o= 1 2 3 7
1}
21
+, -2
~34
N

Axes intercepts: (—v/'3,0),(0,0), (v/3,0)
Turning points: (—1,—-2) and (1, 2)

c. Consider the function g: R » R, g(x) = 3x — x3 + k, where k is a real constant.

i. Find the values of k for which g(x) has exactly two x-axis intercepts.

ii. Find the values of k for which g(x) = 1 has exactly one solution.

k <—-1lork > 3
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Question 18
Consider the function f(x) = x3 — ax? + bx + 8, where a and b are integers.
It is known that x — 2 is a factor of f(x) and that f(x) has a remainder of —24 when divided by x + 2.

Find the values of a and b.

— We know that g(2) = 0 and g{—2) = —24. This yields the equations

— 1 —da+2b+16 =0
—4a —2b=-24

adding the two equations

_ 1 — —8a+ 16=-24

Question 19
Consider f:R - R, f(x) = —x3 + ax?and g : R - R, g(x) = ax where a is a positive real constant.

a. Find the coordinates of the x-intercepts of the graph of f in terms of a, where appropriate. (1 mark)

(0,0) and (a,0)
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b. Find the values of a for which the graphs of f and g have only one point of intersection.

Intersections occur when f(x) = g(x)

; 2
—.;r:i + ar® = ar

x(x? —ar+a) =0

There is always an intersection at (0, ().
— For this to be the only intersection we require that x? — ax + a has no real solutions.
Consider the determinant

A=a’—-da<0 = 0<a<Ad.

One point of intersection if 0 < a < 4.

The graphs of f and g have three points of intersection when a > 4. Let the x-coordinates of these three points of
intersection be r,s and t where r < s < t.

¢. Find the values of r, s and t, in terms of a, where appropriate.

— 1 We know that r = (), now use the quadratic formula to solve I

S 2 — ax +a=I) I—

ax /ala —4)

_ T =

N 2

s0 we have

] 0 a— y/ala —4) 1 ¢ a+ 4/ ala—4) [
8= Aalle —

2 2

-

Space for Personal Notes
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Sub-Section: Exam 2 Questions ®
Question 20
Let p(x) = x3 — 3ax? + 2x — 2, where a € R. When p is divided by x + 2 the remainder is 10.
The value of a is:
A -2
B. -1
C. 1
D. 2
Question 21
Y
N
¢ b /\4 S
€ 0 5 7 X
N\ 4 \
The rule for a function with the graph above could be:
A y==-2(x+b)(x —c)’*(x—d)
B. y=2(x+b)(x —c)*(x—d)
C. y=-=2(x—=b)(x—c)*(x—d)
D. y=2(x—-b)(x—c) (x—d)
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Question 22

A graph with rule f(x) = x3 — 3x2 + ¢, where c is a real number, has three distinct x-intercepts.
The set of all possible values of c is:

A. [0,4]

B. {0,4}

C. (0,4)

D. (—x,4)

Question 23

The equation x3 — 3x2 — 9x + ¢ = 0 has only one solution for x when:
A -5<c<27

B. c<-5

C. c<-=5o0rc>27.

D. c<—-5o0rc = 27.

Question 24

A set of three numbers that could be the solutions of x3 + bx? — 22x + 40 = 0, where b € R, is:
A. {145}

B. {—224}

C. {-5,—42}

D. {=52,4}

Space for Personal Notes
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Question 25
Consider the quartic f: R - R, f(x) = 3x* —

a. Find the coordinates of the point M at whi

4x3 — 12x2.

ch the minimum value of the function f occurs.

(2,—32)

b. State the values of b € R for which the graph of y = f(x) + b has no x-intercepts.

b= 32

A tangent line [ is drawn to the graph of f when x = %and has the equation I(x) = — 77x + i—z

¢. Find the coordinates of all points where th

2

e line I intersects the graph of f.

1 53 1
(E‘_lﬁ)’ (E
1
(ﬁ

I — J. I —
(1 - v"lii{i) = (36v/166 + m)) |

1

l f——
= (m 36y um))

(v‘ﬂ + l) \
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Letp: R - R,p(x) = 3x* — 4x3 — 12x%2 + 2a,a € R.
d. Find the values of a for which:

i. p(x) = 0 has three solutions.

S({z) has a local minimum at (-1, —5). Note p(x) = f(x) + 2a.|

pla) = 0 has three solutions when a = () or a =

w

Bt | Zm

ii. p(x) = 0 has two solutions.

5

a < () or E < < 16

e. Find the value of k for which the function g(x) = 3x* — (4 — k?)x3 — (12 + k)x? + (24 — 12k)x + 3k is
an even function.

| We just require that 4 — F2=0and 24 — 12k =0 = k=2

Space for Personal Notes
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Question 26

James is designing a waterslide that launches you into the water. The waterslide's cross-section is modelled by a

function;

The graph of f is shown below.

&

f£:10,28] - R, f(x) = ax3 + bx? + cx + d.

304
25}
201

15..

1o}

-5

a. Showthata = i,
256

h=—-2c¢=-32d=38
8 4

¢

W

this vields

Solve the following system of equations:

F(0)=d =38
f(8) = 512a + 64b + 8¢ + d = 26
f(24) = 13824a + 576b + 24¢ +d = 2

19
f(28) = 21952a + T84b + 28¢ 4+ d = —
1 1 3
(= L b=—,c=—,d=238
256 8 4

MM34 [1.8] - Polynomials Exam Skills - Homework Solutions

C




(S0ONTOUREDUCATION

VCE Methods % Questions? Message +61 440 138 726

b. f(x) can be written as f(x) = g(x)(x — 8) + r where r is an integer.

Find g(x) and r.

r =26 and g(x) =

2 3x 3

256 32 2

c. Theslide is supported by a support beam with equation s(x) = 38 — ax where a > 0.

Find the values of a for which:

i. f(x) = s(x) has three solutions.

_| We solve f{x) = s(x) and get solutions
—] r=0, z=16—-8v7—4da, ,r=164+8v7T—da |—

—] The solutions must be > 0 because of the restriction on f's domain. |

3 7
So three solutions if 1 <= 1
ii. f(x) = s(x) has one solution.
T
a > —
1
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Leth: R - R, h(x) = f(x).

d. Describe a sequence of translations that map the graph of h(x) onto the graph of an odd function.

C{JllHi(l(!l’ ) ‘.l'&LIl:‘}lEl[.iUll o units l'i"ll[. }lllll t’) units up. .l‘ll{! image nf h- lll][ll‘l' 1.111"5
=1 |
11'}11[Hﬁ)1’1[1?1[.i()11 is

3 : P . 3 2 .
) 3 1Y . 3 3 ) ] a ‘
hr—a)+b= 2-1'}(5* (—L—_—).ﬂg— (L—E——).ﬂ— Hu , —%+%+b+33

256 8 256 4 4

We get an odd function if we set the coeflicients of the constant and @~ term equal to

ZET0
3 2 E
i} i) Ja
— — 4} 13+38=0
256 8 @ 4
B} 1 _
256 8
32 554
this yields a = —— and b= — >

: 27
Therefore a sequence of translations to make A{x) an odd function is

. 32 .
e A translation 3 units left

. 254 .
e A translation — units down.
27

Space for Personal Notes
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Section B: Supplementary Questions

Sub-Section [1.8.1]: Apply Transformations to Restrict the Number of @
Positive/Negative x-Intercept(s)

Question 27 )

Let f(x) = (x — 1)(x + 4)(x — 2)2. Find the values of k such that f(x + k) has no positive x-intercepts.

We want 2 — k<10, s0 k=2

Question 28

Let f(x) = x3—2x% — 5x + 6. Find the values of k such that f(x + k) has exactly one negative x-intercept.

Notethat f(x) = (x — D)(x + 3)(x + 2).
For exactly one negative x-intercept, we need
—2—-—k<0andl -k = 0.

Hence, -2 < k < 1.

Question 29 )})

Let f(x) = 2x? —15x + 14 and g(x) = x? — 10x + 8. Find the values of k such that f(x + k) and g(x + k)
have exactly two intersections with negative x-coordinates.

Note that f(x) = g(x) isequivalentto f(x) — g(x) = x> = 5x + 6 = (x — 2)(x — 3) = 0.

Therefore, f(x + k) = g(x + k)will have exactly two intersections with negative x-coordinates
| for3 — k < 0, therefore k > 3.

Space for Personal Notes
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Question 30 ))))

Let f(x) = %x + 3and g(x) = 2x% — 4x — 22. Find the values of k such that f(g(x + k)) has exactly one
negative x-intercept.

Note that f(g(z)) = 2% — 22 — 8 4)(x + 2). Therefore, fig(x + k)) will have exactly

= (x—
one negative a-intercepts for —2 < k < 4.

Space for Personal Notes
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@

Q
Sub-Section [1.8.2]: Apply Discriminant to Solve Number of Solutions @&
Questions

Question 31 )

Find the values of k such that the equation x2 — 2*x + 4 has no solutions.

(=2F)2—4.1-4<0 = 2% <2 = 2k <4 = k<2

Question 32

Find the values of k such that the equation x? — 2kx + 5k has exactly two solutions.

(—2k)? — 4.5k >0 = 4k* - 20k >0 = k* -5k >0 = k<O0ork>5.

Space for Personal Notes
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Question 33 )))

Find the values of k such that the equation (x? — kx + 4)(x? — 2v/3x + k) = 0 has exactly three solutions.

Either 2% — kx + 4 gives two solutions {which requires k < —4 or k > 4) and 2% — N3+ k

gives one solution (so that k = 3), or 2% — kx + 4 gives one solution (so that k = +4) and
12— 2v/3x + k gives two solutions (so that k < 3). Therefore, k = —4 is the only acceptable

value.

Question 34 ))) )

Let f(x) = x? —4x +3and g(x) = x? — 6x + k. Find the values of k such that f(g(x)) has exactly four
solutions.

The equation f(g(x)) = 0 gives g(x) = x> —6x+ k=1 or g(x) =x?> —6x+k = 3.

These two equations in total will result in four solutions if both equations individually have two solutions.
The discriminant for each equation is positive whenever (—6)% —4(k —1) > 0

and also (—6)? —4(k —3) > 0,i.e., k < 10.

Space for Personal Notes
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Sub-Section [1.8.3]: Apply Shape/Graph to Solve Number of Solutions @
Questions

Question 35 )

Suppose f(x) = x? — kx + 3. Find the value of k > 0 so that f(x) = k has exactly one solution.

We may solve (—k)? —4-1-3 =0 to find k = +2+/3. We reject k = —2+/3 because k > 0
is specified in the question. Hence, k = 2+/3.

Question 36

It is known that the quartic f(x) = x* — 8x3 + 22x2 — 24x + 8.5 has turning points at (1, —0.5), (2,0.5) and
(3,—0.5). Find the values of k such that f(x) = k has exactly two solutions.

By inspection of the graph, k > % ork = —%.

Space for Personal Notes
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Question 37 ))}

It is known that the quartic f(x) = x* — 4x3 — 8x?2 + 48x + 3 has turning points at (—2,—77), (2,51) and
(3,48). Find the values of k such that f(x) = k has exactly two solutions.

By inspection of the graph. —77 < k < 48 or k > 51.

Question 38 ))) )

Let f(x) = x* — 16x3 + 46x% — 48x + 20 and g(x) = —x* + 2x? + 3. It is known that the quartic h(x) =
2x* — 16x3 + 44x2 — 48x + 17 has turning points at (1, —1), (2,1) and (3, —1). Hence or otherwise, find the
value of k such that f(x) = g(x) + k has exactly three solutions.

First note that f(x) = g(x) + k is equivalent to f(x) — g(z) =k, le. 22* — 1627 + 442° —
48z + 17 = k. By inspection, we conclude k =1
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8’ >
Sub-Section [1.8.4]: Apply Odd And Even Functions [

Question 39 )

Show that the function given by f(x) = x> — 2x2 + 1 is neither even nor odd.

Observe that f(1) = 0 and f(—1) = —2. Notice that f(1) # f(—1) therefore f is not even.
Similarly, f(1) # —f(—1), so f is not odd either.

Question 40

Let f(x) = x* — (k? — 5k + 6)x3 + k3x2 + 10. Find the value(s) of k so that f(x) is an even function.

Set k so that the coefficients of the odd power terms are zero. Hence k? — 5k + 6 = 0, i.e.

EF=2ar k=23

Question 41 )))

The tangent to the graph of f(x) = x? — 4 at the point x = 2 is given by h(x) = 4x — 8. Denote the tangent to
f(x)atx = —2 by k(x). Find the rule for k(x) by applying a reflection to h(x).

Note that f(r) is an even function, so it is symmetric about the y-axis. The tangent at
r = —2 may obtained as a reflection of h(x) across the y-axis. Hence, k(r) = 4(—x) — 8 =
—dx — 8.
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Question 42 ))) )

The tangent to the graph of f(x) = x3 — 3x at the point x = 2 is given by h(x) = 9x — 16. Denote the tangent to
f(x)atx = =2 by k(x). The rule for k(x) can be obtained from the rule of h(x) via the following sequence of
transformations:

» Atranslation of a units in the positive direction of the x-axis.

» A translation of b units in the positive direction of the y-axis.

State the values of a and b and hence or otherwise, find the rule of k(x).

We want to map the point (2,2) to (—2,-2), so we need a = —4,b = —4 and k(z) =

9(x +4) — 16 — 4 = 9z + 16. |
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Sub-Section [1.8.5]: Identify Possible Rule(s) From a Graph @

Question 43 )

Part of the graph of f(x) is plotted below. The point (3,5) is a stationary point of inflection. Find a possible rule
for the function.

The function could be f(x) = 2(x — 3)% + 5.

MM34 [1.8] - Polynomials Exam Skills - Homework Solutions ‘37




G-OONTOU REDUCATION VCE Methods % Questions? Message +61 440 138 726

Question 44

Part of the graph of f(x) is plotted below. Find a possible rule for the function.

1(4, 0)

N

A
01-

The rule for this function could be f(x) = —4(x — 2)*(x — 3)(x — 4).
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Question 45 ))}

Part of the graph f(x) is plotted below. Find a possible rule for the function if the function is known to be even.

N
4100, 4)

N

The rule could be given by f(z) = (z — 1)(z — 2)(z + 1){x + 2).
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Question 46 ))))

Part of the graph f(x) is plotted below.

44(0, 4)

. /N e 6O f20) o
-4 2 0 N_"2 4 4

\2
_X
N

Find a possible rule for the function if the function is known to be odd. Write your answer in the form.

N

s

_ (f1(0), x<0
feo = {le(x), x>0

1 The function could have the rule

- ] 2z = 1)z - 2), x =)
f("}_{ -z —1)(—2—2), <0

Note that the rule for 2 < 00 can be obtained by applying a reflection in the y-axis, followed

4 by a reflection in the z-axis to the rule for x > 0.
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Q

Sub-Section: Exam 1 Questions ®

Q>

Question 47

Find the value(s) of k so that the equation (x? — kx + 16)(x? — 2v/7x + k) = 0 has:

a. Exactly one solution.

Either 2 — kx+ 16 has no solutions and x2 — 2+/7x + k has one solution, or 22 — kz + 16
has one solution and z2 — 2Tz + k has no solutions. Hence k = 7 or k = 8.

b. Exactly four solutions.

We need both 22 — kx + 16 and x* — 24/Tx + k to have two solutions. Therefore we
need —8 < bk or k > 8 and also k& < 7. Hence, k < —8.

Question 48

Suppose that f(x) = x2 — 7x + 6 and g(x) = x? — kx + 1. Find the values of k so that the equation

f(g(x)) has:

a. Exactly two solutions.

The equation f{g(x)) = 0 gives g(x) = 1 or g(x) = 6. Therefore, there will be two
solutions if

o 2% —kr+1=1gives two solutions and x? — kx + 1 = 6 gives no solutions: This
never happens because 2 — ko + 1 = 6 will always give two solutions.

e 22— ke +1 =1 gives no solutions and x? — kxr + 1 = 6 gives two solutions:
, = .
Note that this never happens because x= — kx always leads to a selution (the
discriminant is never negative).

e 2’—kr+1=1and2?—kr+1=6 gives a single solution each. Note that this
never happens because x? — kxr — 5 = 0 always gives two solutions.

IICIL(ZC._ o {'Sllffll \-'H,lll[‘! {J[ .Iru.' exists.
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b. Exactly four solutions.

Similar to above, now both g(z) = 1 and g(x) = 6 need to give two solutions each.

Therefore, k& 2 0.

Question 49
Suppose that £(x) is an odd function such that f(x) = (x — 2)? for x > 0.

a. Write down a possible rule for f(x) in the form:

f1(x), x <0

fe) = {fz(x), x>0

—(—z-2)% <0

— We can apply reflections across the r-axis and y-axis to obtain the rule for @ < 0. —
Note that for z < 0, one can simplify the rule further to obtain —(z + 2)°.

x—2)2, x
— flx) ={ (: 2)%, >0 . I

b. Itis known that the tangent to f(x) at the point x = 3 is given by the rule h(x) = 2x — 5. By applying an
appropriate sequence of transformations to h(x), find the rule for the tangent at the point x = —3.

By sketching out the function, we can notice that the tangent at * = —3 can be
obtained through translating the tangent at x = 3 so that (3, 1) is mapped to (-3, —1)
Therefore, we should translate 6 units to the left and 2 units down. Thus, k(x) o
2(x +6) — 5 —2 =2z + 5. Alternatively, one could also apply reflections across botl
the x- and y-axes.
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Question 50

Consider a quartic of the form f(x) = ax* + bx3 + cx? + dx + e. It is known that the quartic satisfies the
following conditions:

» f(1)=0.
> f(2)=0.
> £(0)=4.

»  Also, f(x) is even.

a. Find the values of a, b, c,d and e.

We require b = (0 and d = 0 since f(r) is even. Furthermore, f(1) = 0 tells us that
a+c+e =0, f(2) = 0 tells us that 16a + 4c + e = 0 and f(0) = 4 tells us that
¢ = 4. Therefore, a+ ¢ = —4 and 16a + 4¢ = —4. Solving this system of equations, we

=

conclude a = 1 and ¢ = —5.

b. Verify that f(x) can be factorised to (x — 1)(x + 1)(x — 2)(x + 2).

¥ - i " ¥ % . r
We have found previously f(x) = 2* — 52 + 4. Now, we can factorise x* — 522 + 4 =

(22 = 1D)(z? —4) = (z — )(z + 1)(z — 2)(x + 2).

c. Find the values of k so that f(x + k) has exactly two positive x-intercepts.

Setting 1 —k > 0and —1 —k <0 gives -1 < k < 1.
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Sub-Section: Exam 2 Questions ®

Question 51

The minimum degree of the following polynomial is:

) () /
/

20 ™~(1.9 40 (/0
B ~ 2 3

S
> (=

&
~

-1}

A 4
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Question 52

A possible rule for the following function given below is:

A a(x —1)3(x +4)%(x + 1) where a < 0.
B. a(x —1)3(x +4)?(x + 1) where a > 0.
C. a(x —1)?(x+4)3(x + 1) where a < 0.

D. a(x —1) (x + 4)3(x + 1) where a > 0.

Question 53

Let f(x) = x3 — (k? — 5k + 6)x? — (k3 + 5k)x. If f(x) is odd, then k must equal:
A. 1or3.

B. 1or?2.

C. 2or3.

D. 2oreé.
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Question 54

Let g(x) = (x — 1)2(x — 5)? — 4. There will be exactly four solutions to the equation given by g(x) =
k whenever:

A —-16<k<8
B. -4<k<12
C. -4<k<0

D. -4<k<16

Question 55

Let h(x) = x* — 10x? + 9. The function h(x + k) will have exactly three negative x-intercepts whenever:
A 1<k<3

B. 1<k<3

C. -3<k<1
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Question 56

Consider a cubic of the form f(x) = ax3 + bx? + cx + d. Suppose that f(x) satisfies the following conditions:

> £(0) =4
> f()=o0.
> f(-2)=0.
> f(4)=0.

a. Calculate the values of a, b, c and d.

b. Sketch the graph of the function y = f(x), labelling all turning points and intercepts.

Since f(1) =0,f(—2) =0,and f(4) =0
=>f)=nx-Dx+2)x-4) (1)
Now, atx =0, f(x) =4
So,subx =0and f(x) = 4 into (1)
4=n(0-1)0+2)(0—-4)
1
=>n= E
Subn = % into (1)and expand.

1
fx) =§(X— Dx+2)(x—4)
Ji€9) =%x3 —éx2 —3x+4

2
Thus, a:%'b = —%,c: —3,andd =4

(-0.73205, 5.19015)

4400, 4)

) i

-b

(-2, 0)
-4

(2.73205, -5.1015)

(1, 0) (4, 0 a
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c. Find the value(s) of k such that f(x) — k = 0 has exactly:

i. 2 solutions.

k =5.19615 or k = —5.19615

ii. 3 solutions.

—5.19615 < k < 5.19615

d. Letg(x) =x% — kx + 5. State the values of k such that f(g(x)) = 0 gives the maximum number of
solutions possible.

exactly two solutions each if k < —2+/7 or k > 2+/7.

The equation f(g(x)) = 0 is solved whenever g(x) = 1,0r g(x) = —2,0r g(x) = 4. These three equations give

Therefore, the maximum number of solutions is six, and we have six solutions whenever k < —2+/7 or k > 2/7.
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Question 57

The part of the graph of f(x) is shown below. Furthermore, it is known that the function f (x) is a quartic and also
even.

Y
N
24
40, 9
«— : 20 (0 N
- 0 1 2 3 4
v

a. State the rule for f(x).

flz) = 3(z — 2)(z + 2)(z + 3)(z — 3)

b. The tangent to the graph of f(x) at x = 3 isgivenby y = gx — g

i. Describe a sequence of transformation(s) that can be applied to h(x) to obtain the tangent to the graph of
f(x)atx = —3.

Reflection across the y-axis.

ii. Hence, write down the rule for the tangent to the graph of f(x) at x = —3.
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c. State the values of k so that f (x — k) has exactly:

I. 3 positive x-intercepts.

2<k<3

ii. 3 negative x-intercepts.

—3<k< -2
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