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Sub-Section [1.3.1]: Applving Transformations to Points @

Question 1
Consider the following transformations of the plane.

» S, adilation by a factor of 2 from the x-axis.

» T, atranslation of 2 units in the positive direction of the x-axis, and 3 units in the negative direction of the

y-axis.
» W, areflection in the y-axis, followed by a dilation

a. FindS(x,y) = (x",y".

J

by a factor of 2 from the y-axis.

S(x,y) =(x,2y)

b. Find T(x,y).

T(x,v)=

(x+2,y-=13)

c. Find W(x,y).

W(x,y) = (=2x,y)
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d. The point A(1, 1) is drawn on the axis below.
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Label the following points on the axis above.
i. B which is the image of A after having S and then W applied to it.
ii. C which is the image of A after having W and then S applied to it.
iii. D which is the image of A after having T and then W applied to it.
iv. E which is the image of A after having W and then T applied to it.

Space for Personal Notes
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Question 2

Consider the following transformation, T : R? - R?,T(x,y) = (3x + 6,—4y + 4).
T can be described using the following sequence of transformations,

» Adilation by a factor of a from the x-axis, followed by,

A dilation by a factor of b from the y-axis, followed by,

A reflection in the x -axis, followed by,

A translation of ¢ unit in the positive direction of the x-axis, followed by,

vy Vv v vV

A translation of d unit in the positive direction of the y-axis.

o

Find a, b, cand d.

We need to turn x into 3x and y into 4y using our two dilations, since the reflection will take 4y to —4y
— and then we can worry about the translations. —

Hence a = 4 and b = 3.

Now we simply translate our sequence to the right point, meaning ¢ = 6 and d = 4.

b. Describe T as a sequence of two translations, followed by two dilations, and a reflection.

We can rewrite our transformation as follows, T'(x,y) = (3(x + 2), —4(y — 1)). From here we see that we
|must get our translations to map (x, y) to (x + 2,y — 1) before applying our dilations / reflections. Hence
our sequence of transformations is as follows,

— A translation of 2 units in the positive direction of the x-axis, followed by,

— A translation of 1 unit in the negative direction of the y-axis, followed by,

A dilation by a factor of 3 from the y-axis, followed by,

A dilation by a factor of 4 from the x-axis, followed by,

A reflection in the x-axis.
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c. Find the pre-image of (3, —8) under T.

— IWesolve (3x + 6, -4y + 4) = (3,-8) for x and y.

Thus, 3x+6=3 = x=-1

Hence the pre-image of (3, —8

and -4y +4=-8 = y=3.

yunder T 1s (-1, 3).

Question 3

Consider the transformation T : R? — R? described by the following sequence of transformations.

» Avreflection inthe liney = x, followed by,

» Atranslation of 6 units in the negative direction of the x-axis, followed by,
» Adilation by a factor of § from the y-axis, followed by,

» Adilation by a factor of 5 from the x-axis, followed by,

» A translation of 7 units in the positive direction of the y-axis, followed by,

» A reflection in the x-axis.
a. Let(x',y") bethe image of (x,y) under T.

Express x and y in terms of x "and y .

V) )

_ |In order, the transformations take the point (x, y) to.

o y—=6
H —
3

v—=6
— — 3

¥

(x.y) = (v, x) = (y—6,x) = (}, _ 6,.};) [

Hence x" = 5 —2and y" = —5x — 7. We re-arrange for x and y to get,

3

v—6 B
,S_I.')H (‘T,ﬁx+7)

,—(5x + ?]) = (% ~2,-5x - ?] =,y)

and y=3x"+6 —
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b. The transformation T can also be described using the following sequence of transformations.

>

- | :
A dilation by a factor of 3 from the x-axis, followed by,

— A dilation by a factor of 5 from the y-axis, followed by,
— A reflection in the y axis, followed by,

A reflection in the line y = x, followed by,

Yy Vv Vv Vv Y
|

— A translation of —7 units in the positive direction of the y-axis.

— A translation of —2 units in the positive direction of the x-axis, followed by,

Fill in the blanks.

Space for Personal Notes
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8’ >
Sub-Section [1.3.2]: Transforming Graphs of Functions. @

Question 4 )

a. The graph of f(x) is shown below.

()
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a

On the same axes, sketch the graph of g(x) = —f (’Z—C)

b. Let f(x) = loge(x). The transformation T : R? » R?,T(x,y) = (x + 1,y + 3) maps the graph of f(x)
onto the graph of g(x). Find the rule for g(x).

Consider some points (x’, ') on the graph of g(x).

We observe that (x',y') = T(x,y) = (x + 1,y + 3) for some point (x, y) on the graph of f(x). To relate x’
with y* we express x in terms of x” and y in terms of ¥, specifically,

Y=x+1l = x=x-1 and V=y+3 = y=y -3
We substitute the above two into y = log,(x) to relate x’ with y'. Hence

¥ =3=log(x'-1) = y =log,(x'—1)+3

Thus the rule for g(x) is, g(x) = log,(x - 1) + 3
¢. Find the rule for the image of the graph of y = sin(x) under the transformation,

S: R? - R?,T(x,y) = (;,—y).

We apply the same logic as in part b.

x _— . . .
Observe that X' = = = x=2x",and y' = -y = y = —y’. Substituting these into y = sin(x) yields,

-y =sin(2x") = ¥y = —sin(2x")

Thus the rule for the image of the graph of y = sin(x) under § is, y = — sin(2x)
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Question 5

a. Letf(x)=2x? + 4. Thetransformation T : R? - R?,T(x,y) = (4x + 2,—y) maps the graph of f(x)
onto the graph of g(x). Find the rule for g(x).

Consider some points (x".y') on the graph of g(x).

We observe that (x,y") = T(x,y) = (4x + 2, —y) for some point (x,y) on the graph of f(x). To relate x’
with y" we express x in terms of x” and y in terms of y’, specifically,
X =2
4

’

and y=-y = y= —}1’

X=4x+2 = x=

We substitute the above two into y = 2x? + f to relate x’ with y". Hence

v X’_zz o (xf_Z)Z
—)-—2( 7 )+4=‘¢)--— 3 -4
. (x=2)?
Thus the rule for g(x) is, g(x) = - . 4
b. Find the rule for the image of the graph of y = —+/x + 1 + 3x under the transformation,

S: R?->R?,T(x,y) = (—x + 5,y + 1).

We apply the same logic as in part a.

Observe that X’ = —x+5 = x=5—-x"andy =y+1 = vy =y — 1. We substitute the following
two values into y = — Vx + 1 + 3x to get,

}3'—1=—V6—_r’+3(5—_r’) = y":—\aﬁ—x’+lﬁ—31"

Thus the rule for the image of the graphof y = —yx+ 1 + 3xunder § is, y = — V6 — x + 16 — 3x
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c. Letf(x) = x? + 5,andletg(x) = 3(f(x + 2) — 6).

i. Find and simplify g(x).

g(x)=3f(x+2)—-18
= 3({_r,+ 2)2+5) ~18
=3(x+2)° -3

ii. Solve g(x) = 0.

g(x)=0 = 3(x+2)°=3
= (x+2)=+I

- x==-2+1=-3 -1

Question 6 )))

a. Consider the transformation T : R? — R? that the following sequence of transformations can describe.
» Adilation by a factor of 3 from the x-axis, followed by,
» Areflection in the y-axis, followed by,
» A translation of 2 units up and 4 units left.

Find the rule for the image of the graph of y = e2**3 under T.

We see that under T,
(x,3) = (x5,3y) = (—x,3y) = (—x = 4,3y +2) = (x',))

We use algebra to express x in terms of x” and y in terms of y’, specifically,

y -2
3 . l—

X=-x-4 = x=-x"-4 and yV=3r+2 = y=

— We substitute the following values into the equation y = ¢* to get, -

y =2
3

— EE(—.['—-i:H-E

= y =37 42,

Thus the rule for the image of the graph of y = ¢>* under T is, 3¢ > + 2.
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b. The graph of f(x) is shown below.

(-2, 2) (V2 2)

N
2

W

The function g(x) hasarule, g(x) = —f(x) + a.

For what values of a does the equation g(x) = f(x) have 4 solutions?

We rewrite the equation g(x) = f(x) in terms of f. This yields,

f=-f)+a = f(x)=3

From the graph below, we see that f(x) = b has four solutions for b € (2, 6), hence f(x) = g(x) will have
four solutions for a € (4, 12).

c. The transformation S(x,y) = (—=5x + 3,3y — 2) maps the graph of f(x) onto the graph of g(x).

If the rule for g(x) = /x, find the rule for f(x).

Consider some point (x’, y") on the graph of g, then (x",y") = (—=5x+ 3, 3y — 2) for some (x, y) on the graph

of f.

We substitute x’ = —5x + 3 and y/ = 3y — 2 into ¥’ = V' to relate x with y. Thus,

V-5x+3+2
Jy-2=V-5x+3 = _\,—':%
NOx+3+2

Hence the rule for f is, f(x) = 3
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d. (Tech-Active.)
Let f:[0,00) > R, f(x) =e*+e7*.
The transformation T: R? - R?, (x,y) ~ (y — 3, —2x) maps the graph of f(x) onto the graph of g(x).

Sketch the graph of g(x) on the axis below, labelling endpoints and axis intercepts with their coordinates,
correct to 3 decimal places.

Y
N

14

(-11 o)
€ T T T T T T > x| x
- ofe 1 2 3 4 9 (7]
-1
(0, -1.425)
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Sub-Section [1.3.3]: Find Transformations From Transformed Function @&

Q>

a. Letf(x) = x?2andg(x) = 2x? + 1.

Describe a transformation that maps the graph of f onto the graph of g.

Question 7 )

o

y =1

|Choose some point (x’,y") on the graph of g(x). Then
the graph of f(x) such that,

= f(x’), hence there is some point (x, y) on

) 1
(I',:’ 3 ) =(xy) = (X,¥)=(x2y+1)

This gives us our transformation, 7 : B> — R%, T(x,y) = (x.2y + 1)

b. The transformation T : R? - R?, (x,y) » (ax + b,cy + d) maps the graph of y = e* to the graph of
y = 2e** + 3,

Find the values of a, b, ¢ and d.

We first apply T to the graph of y = ¢*.

Let (x’,y') be a point on the image of y = ¢" under T. Then there is some pair (x, y) on the graph of
v = e* such that,

xX=b v -d
(X, ¥y)=(ax+b,ex+d) = (.x,y}:(]c P ,} . )

We substitute this into the equation y = e* to get,

¥
¥

b .
Y =ces +d=2¢""+3

By comparing coefficients, we see that,a = 1,b =4,c =2 and d = 3.

c. Atransf raph of g(x) = 2(x + 1) + 3.

— A dilation by a factor of 2 from the x-axis, followed by
— A translation of —1 unit(s) in the positive direction of the x-axis, followed by

T can be

— A translation of 3 units in the positive direction of the y-axis.

» Adilation by a factor of from the x-axis, followed by,
» A translation of unit(s) in the positive direction of the x-axis, followed by,

» A translation of units in the positive direction of the y-axis.

We observe that g(x) = 2f(x + 1) + 3. Thus any pair (x’,)") on the graph of g(x) satisfies,

Fill in the blanks.
y -3

2

=f&'+1)

Hence we can relate some pair (x, v) on the graph of f(x), to (x",)") by,

’

y -

(x,y) = (_x' +1,

We can then describe our transformation as above.

2 3) = (X,Y)=(x-12y+3)
MM34 [1.3] - Transformations - Hom ‘1 2
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Question 8

a. Letf(x)= L

2x+2

The transformations:
S: R? > Rz,(x,y) = (x + a,by),
and
T:R? > R?,(x,y) » (c(x + d),y).
Both map the graph of y = %onto the graph of f.

Find the values of a, b, ¢ and d.

r ..
We first apply § onto the graph of y = —, this yields the graph of,
X

b

1
we see that b= — and a = —1.

1
2x+2 2

Comparing coefficients to f(x) =

1
|Now we apply T onto the graph of y = = this yields the graph of,

Comparing coefficients to f(x) =

1
we see that ¢ = E and d = =2.

|
2x + 2

b. The functions : [0,365] = R, s(t) = % models the number of minutes per day James smiles t days after

the start of the school year.

A new function s, (t) models the number of minutes Sam smiles. It is known that s, (0) = s(0), but s;
decreases at half the rate of s at any point in time.

State a sequence of two transformations that maps s to this new model s;.

We first deal with the statement, “s; decreases at half the rate of s at any point in time”. This can be]

. - 1 .
achieved by a dilation by a factor of 3 from the r-axis.

However now we have the rule

, which evaluated at t = 0 is 100. Since we require that s5,(0) = s(0)

r+
we translate our model 100 minutes upwards. Hence the sequence of transformations is,

-~ A dilation by a factor of :l_—) from the r-axis, followed by,

— A translation 100 minutes upwards.

MM34 [1.3] - Transformations - Homework Solutions ‘1 3
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c. Letf(x) = tan(x)and g(x) = —2tan(3x + 6) + 8.

1
.- | — A dilation by a factor of — from the y-axis, followed b
Fl" in Hanon by a ractor o 3 rom tne y-axis, rollowe Y, egraph Off(x) onto the
graph — A translation of —2 units in the positive direction of the x-axis, followed by,
— A translation of —4 units in the positive direction of the y-axis, followed by,
> A — A dilation by a factor of 2 from the x-axis, followed by,
» A translation of units in the positive direction of the x-axis, followed by,
. Choose a point (x’, ") on the graph of g. We observe that,
»  Atranslation of g
-";2 = f3X +6)
> Adilation by a factor o Hence there is some point (x, y) on the graph of f such that,
Lo -8 -6 ;

» A reflection in the x -a) (x,y) = (Bx‘ +6, ‘_—2) = (,)) = (XT,—E;' . 8) =(3-2-20-4)

The last equation is useful for us since we are first dilating then translating x, but we are first translating

then dilating y. Hence we can read off the required transformations from the last equation.

Question 9 )))

a. Describe a sequence of three transformations that map the graph of f(x) = V4x — x? onto the graph of
gx) =v1—x2.

We first complete the square in f(x) to get, f(x) = —(4 —4x+2?) +4 = \)’4 —{x—2)%.

Geometrically, this is the top half of a circle centered at (2, 0) with radius 2, whilst the graph of g is the
top half of a circle centered at the origin with radius 1. So we should first translate f to be centered at the

origin, and then dilate f from both the x and y-axis by a factor of 5 lo shrink it’s radius to 1. Hence our

transformation is,

— A translation of =2 units in the positive direction of the x-axis, followed by,

- A dilation by a factor of % from the x-axis, followed by,

- . 1 .
— A dilation by a [actor ol 3 from the y-axis.

-2
: 7 %) = (x",y"). Hence,

We can check our intuition, since our transformation takes (x, v) to (

(x.¥) =2x +2,2y)

Plugging those numbers into the graph ol f yields,

2y = B +8—-4(x +1)2 = \BxX +8—4(x)2 —8x —4 = {4 —4(x)? =21 - ().

From here it is obvious that the point (x", ¥') sit on the graph of y = g(x). hence our answer is correct.
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b. Letf: (—oo,—1] - R, f(x) = x? + 2x.

A transformation T : R? - R?, (x,y) = (ax + b,y + c) maps the graph of f(x) onto the graph of g(x).

The graph of y = ,/g(x) is shown below.

> %

-6 (50 -4 -2 of= 2

Find the values of a, b and c.

Let i(x) = 4/g(x). From the graph above we see that the function & is &2 : [-5,00) — E, h(x) = x + 5.
Hence the function g is, g : [=5,00) — R, g(x) = (x + 5)°.
We complete the square for f to get, f(x) = (x+ 1)* = 1.

Let (x’,y") be a point on the graph of g. Hence (x',y’) = (ax + b,y + ¢) for some point on the graph of f.

Hence,
"~ b (X =b x-b Y
(x,y):(x ,y'—c) ="}-"=j(r )+c={(r +l) —l)+|:'=(34:'+5)2
a a a
Now, since the domain of g is on the positive side of the line y = -3, but the domain of f is on the
negative side of the line y = —1 we will require a reflection in the y-axis. Hence a < 0, and by comparing
magnitudes we see that a = —1, thus,

b-xX+1Y=(x-b-1V=(x+5> = -b-1=5 = b=-6

Lastly we see that ¢ = 1.

MM34 [1.3] - Transformations - Homework Solutions ‘1 5
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c. Describe 3 different transformations of the plane that map the graph of y = x2 onto the graph of
y = 3(x — 1)3 + 5.

Consider a transformation T(x,y) = (ax + b, ¢y + d). We apply it to the graph of y = x” to get,

x-b\’ c 3
y=rc +d=—1(x—b}'+d
@

From here it i1s obvious thath = 1,d = 5 and % = 3. If we choose @ = 1| then ¢ = 3. If we choose a = -1,
@

. 1 X .
then ¢ = —3 and if we choose a = ——, then ¢ = 1. Hence 3 possible transformations are,

T, : R: = 1[@2,(;,}-) —(x+ 1,3y +5)

or TR R (x,y)— (-x+1,-3y+5)

X
or Tg:l&z—)ﬁz,(x,}’)i—)(—+1,}"+5).
‘.RJ'E

d. (Tech-Active)
Let f(x) = cos(m(x? + 16x)).

State a transformation that maps the graph of y = f(x) onto the graph of y = 2 cos(mx?).

2

We observe that cos(2kr + x) = cos(x) for all x and integer k. We observe that x> + 16x = (x + 8)* — 64,

thus,
cos(m(x* + 16)) = cos(m(x + 8)%)

From here it is clear that our transformation is given by, (x,y) — (x — 8, 2y)

Space for Personal Notes
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Question 10 Tech-Active.

Part of the graph of f : [0,0) — R, f(x) = 4e~%01x sin( x) + 10 is shown below.

TT.
40

Y
N

(13.388, 14.127)

(58.388, 7.234)

N

W
Letg(x) = 2f(5 — x) — 4.
a. Complete a possible sequence of transformations to map f to g.

1. Addilation by a factor of 2 from the x-axis.

2.1 2. A translation of 4 units in the negative direction of the y-axis. |

3. | 3. A translation of 5 units in the negative direction of the x-axis.

4. A reflection in the y-axis.

MM34 [1.3] - Transformations - Homework Solutions ‘1 7
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b. Find the value of x which,

i. Minimises g correct to 3 decimal places.

—r

We observe that g is minimised when f(5 — x) is minimised.

Hence 5 — x = 58.388 = x = —-53.388

ii. Maximises g correct to 3 decimal places.

We observe that g 1s maximised when f(5 — x) is maximised.

Hence 5 — x = 18.388 = x = —13.388

c. State the range of g correct to 2 decimal places.

Ran(g) = [2x7.234 — 4,2 x 14.127 — 4] = [10.47,24.25]

MM34 [1.3] - Transformations - Homework Solutions ‘1 8
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A transformation T'(x,y) = (x,cy + d) maps the graph of f(x) onto the graph of h(x). The graph of h has the
following properties:

» The global minimum of h is at (18.388,7.937).
» The global maximum of h is at (58.388,11.383).

d. Find the values of a and b correct to 1 decimal place.

As x’ = x, we know that

T((18.388,14.127)) = (18.388,c14.127 + d) = (18.388,7.937)
and T(58.388,7.234) = (58.388,¢7.234 + d) = (58.388, 11.383)

Hence we solve,
7.234¢ +d = 11.383 and 14.127¢ +d = 7.937

simultaneously for ¢ and d.

Hence c = 0.5 and d = 15.0

e. Sketch the graph of h on the axis below, labelling its global minimum and maximum.

Y

N

-15 (13.388, 14.127)

(58.388, 11.383)

-10- /_\ T

®
(13.388, 7.937) (58.388, 7.234)

-5-

M
X

NE 25 50 75 100 125 150 15 200
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Section B: Supplementary Questions

Sub-Section [1.3.1]: Applying Transformations to Points

Question 11 )

Consider the following transformations of the plane.

» S, adilation by a factor of 2 from the y-axis, followed by a translation of 3 units up.
» T, atranslation of 2 units left and 1 unit up.

» W, areflectioninthe liney = x.

a. Find S(x,y).

S(x,_}’) = (ZI?}’ + 3)

b. FindT(x,y) = (x',y"). Express x and y in terms of x" and y'.

T(x,y)=(x =2,y + 1) = (x', ).

HencexX' =x-2 = x=x"+2,andy =yv+1 = y=y -1,

c. Find W(x,y).

Wix,y) = (y, x).

Space for Personal Notes
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Question 12

Consider the following transformation, T : R? - R?,T(x,y) = (-2x + 4,5(y + 3)).
T can be described using the following sequence of transformations:

» Adilation by a factor of a from the x-axis, followed by,

A dilation by a factor of b from the y-axis, followed by,

A reflection in the y-axis, followed by,

A translation ¢ units in the positive direction of the x-axis, followed by,

vy Vv v Y

A translation of d units in the positive direction of the y-axis.

o

Find a, b, cand d.

We need to turn x into 2x and y into 5y using our two dilations, since the reflection will take 2x to —2x
—1} and then we can worry about the translations. —

Hence a = 5and b = 2.

Now we simply translale our sequence to the right point, meaning ¢ = 4 and d = 15.

b. Describe T as a sequence of two translations, followed by two dilations, and a reflection.

We can rewrite our transformation as follows, T(x,y) = (=2(x — 2), 5(v + 3)). From here we see that we
must get our translations to map (x, y) to (x + 2,y — 1) before applying our dilations / reflections. Hence
our sequence of transformations is as follows,

— A translation of 2 units in the negative direction of the x-axis, followed by,

A translation of 3 units in the positive direction of the y-axis, followed by,

A dilation by a factor of 2 from the y-axis, followed by,

A dilation by a factor of 5 from the x-axis, followed by,

A reflection in the y-axis.
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c. Theimage of (p, —5) under T is (2, q). Find p and q.

We apply T to (p, —5) getting, (-2p + 4, —-10) = (2, g).
Henceg=—-10and -2p+4=2 = p=1.

Question 13 )})

Consider the transformation T : R? — R? described by the following sequence of transformations:
» Adilation by a factor of % from the x-axis, followed by,

A translation of 2 units in the positive direction of the x-axis, followed by,
A reflection in the y-axis, followed by,

A translation of 3 units in the positive direction of the x-axis, followed by,
A translation of 5 units in the negative direction of the y-axis, followed by,
A dilation by a factor of 5 from the x-axis, followed by,

A reflection in the x-axis, followed by,

v Vv Vv Vv Vv Vv VY

A dilation by a factor of 3 from the y-axis.

a. Find (x',¥"), the image of (x,y) under T.

In order, the transformations take the point (x, y) to,

w3 o2 3o -2 )

- (—_1:+ 1,%- 5) s (=x + 1,y —25) > (=x+ 1,25 — ) > (=3x + 3,25 — y)

Thus (x’,¥") = (=3x+3,25 - y)
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b. Express x in terms of x" and y in terms of y'.

C.

X =3 3-x

As x' = -3x+ 3 wegetx = =

-3 3
Asy =25-ywegety=25—-y.

A transformation S : R? - R2 maps T(x,y) = (x',y')to (x,y).

Describe S as a sequence of 2 translations followed by 2 reflections followed by a dilation.

>

v Vv v Y

[

A translation of 3 units in the negative direction of the x-axis, followed by,

A translation of 25 units in the negative direction of the y-axis, followed by,

A reflection in the x-axis, followed by,

A reflection in the y-axis, followed by,

1
A dilation by a factor of 3 from the y-axis.

Question 14

a. Describe areflection in the liney = x + b using elementary transformations.

A reflection in the line y = ax can be described via the following transformation,

b. Describe a reflection inthe liney = ax + b using elementary transformations and T.

4

4

2

2

4

— A translation of b - units in the negative direction of the y -axis, followed by,
— A reflection in the line y = x, followed by,

— A translation of b - units in the positive direciton of the y-axis.

x(1-a?)+2ay y(a2—1)+2ax)
1+a? ’ 1+a?

T(xy) = (

— A translation of b - units in the negative direction of the y -axis, followed by,

- T, followed by,

— A translation of b - units in the positive direciton of the y-axis.
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C.

Find the image of the point (2, 4) when it is reflected in the liney = 3x + 5.

—8x+ 0y 8y+ 6.{)

We apply the transformations in b to our point, noting that 7 (x,y) = ( 10 ' 10

_|Hence in order, our transformations map (2, 4) onto,

-16-6 -8+12
10 7 10

. (2,=5)— (2,-1) ( ) =(-22,04) - (-2.2,54)

Show using coordinate geometry that T describes a reflection in the liney = ax.
Hint: Find the line going through a point (x,, y,) with a gradient — %

Then, equate that lineto y = ax to get a point (x4, y,).

Then, (x4, y,) is the midpoint of (x, yo) and (x4 ,vy ) = T (X0, Yo)-

We follow the hint.
|
A line going through the point (x;, o) with a gradient - has equation

-1
y=—(x—xp) +yg
a

There point of intersection (x;. y,) lies on both that line and the line ¥ = ax, hence,

-1 . ayp + Xp
ax; = —(x;—=xp)+yy = ax +x;=xp+ay; = x =
a a? + 1

ﬂz}'{} + dxg

dv, = =
anda y, ax 2+ 1

Since (xy,y;) is the midpoint of (xo, yo) and (x{, y;) we see that,

(-x;}!_"]!ﬁ) + {xﬂ! _"’ﬂ} = 2(-“!}.1} o (-xé!_"];)) = 2(-x|=_""|} - (-xﬂs yﬁ)

Hence
ayg + xo 2ayg + 2xp — a’xg —xp  xp(1 — a®) + 2ay,
}Cé = 2 Y —Xp = 3 = >
a-+ 1 a-+ 1 1+a
, a’yo + axp 2a’yy + 2axy — a’yo —vo  yo(a@® — 1) + 2ax,
and Yo = — - Vo = - = 5
as + 1 a- + 1 a + 1

This transformation sends the point (xg, yo) to T(xp, ¥o). Hence as (xp, ¥o) is arbitrary, T describes a
reflection in the line v = ax.
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Sub-Section [1.3.2]: Transforming Graphs of Functions.

o>
Q
©

Question 15

b. Letf(x) = e*. The transformation T : R? » R?, T(x,y)
the graph of g(x). Find the rule for g(x).

a. The graph of f(x) is shown below.

™
s
x

2 a o|& 1 2 4
-2
-4
-6

—&

On the same axes, sketch the graph of g(x) = f (—2x).

Consider some points (x”,y”) on the graph of g(x).

We observe that (x',y") = T(x,y) = (x — 1,y + 2) for some point (x, y) on the graph of f(x). To relate x’
with y” we express x in terms of X" and y in terms of )’, specifically,

==l = =%l and YV=y+2 = y=y -2
'We substitute the above two into y = e* to relate x” with y’. Hence

_‘.; 5 s 2 - e,wl _‘,r - e,\+l $ 2

Thus the rule for g(x) is, g(x) = "' +2

¢. Find the rule for the image of the graph of y = cos(x) under the transformation,

7 w2 (3.1
S=R*->R5T(x,y) = 3x,2y.

= (x — 1,y + 2) maps the graph of f(x) onto

— lyields,

1 ;
Thus the rule for the image of the graph of y = cos(x) under § is, y = = cos (—)

We apply the same logic as in part b.

’

X | N . .
Observe that x' = -3x = x = —gx, and y' = Ey = y = 2y'. Substituting these into y = sin(x)

N , 1 (¥
V = COs 3 = Yy = 2I:ZIZIS 3
X

2 3

)
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Question 16

a. Letf(x) = 5+x — 3. Thetransformation T : R? - R?, T(x,y) = (4x,3 — y) maps the graph of f(x)
onto the graph of g(x). Find the rule for g(x).

Consider some points (x’, y') on the graph of g(x).

We observe that (x’,y") = T(x,y) = (4x, 3 — y) for some point (x, y) on the graph of f(x). To relate x’
with y" we express x in terms of x" and y in terms of y’, specifically,

x
x'=4x=>x=I and V=3-y = y=3-y

We substitute the above two into f to relate x” with y'. Hence

J X o 5 i
3-y —51||'Z—3 = ¥y =6 2\{;

Thus the rule for g(x) is, g(x) =6 — % Vx

b. Find the rule for the image of the graph of y = e**2 — log.(—2x) under the transformation,

S: RZ->R?*,T(x,y) = (—2x — 1,y + 3).

We apply the same logic as in part a.

X'+ 1
Observe that x’ = -2x -1 = x= - 3 andy =y+3 = y =y - 3. We substitute the following
two values into y = —e**? — log,(—2x) to get,
y-3= e log,(x'+1) = ¥ = e i log,(x' + 1)+ 3

Thus the rule for the image of the graph of y = ¢** — log,(—2x) under S is, e - log,(x'+1)+3

c. Letf(x)

Solve g(x) = 5.

= (x — D(x + 2)(x — 3),andletg(x) = 4f(2 — x) + 5.

9x)=5 = 4f2-x)+5=5 = 4f2-x)=0 = f(2-x) =0.

Hence2 - x=-2,1.3 = x=-1,1.4.

Space for Personal Notes
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Question 17

a. Consider the transformation, T : R? — R? which can be described by the following sequence of
transformations:

» Atranslation is 3 units up and 2 units left, followed by,
» Adilation by a factor of 3 from the x-axis and % from the y-axis followed by,

» A reflection in the x-axis.

T maps the graph of f(x) onto the graph of g(x) = log.(x). Find the rule of f(x).

V) )

We see that under T,

x-2

(x,y) = (x =2,y +3) (x—;z, 3(y + 3}) - ( , =30y + 3]) =,y

For any point (x, y) on the graph of y = f(x), we know that y" = g(x") = log,(x”). Substituting x" =
and y' = —3(y + 3) into this equation yields,

-2 1 x—2
-3(}!+3}=logr(xT) = _'1,-'=—§log,l,(]c2 )-3

1 (-2
Hence, f(x) = -3 log, (1 3 )— 3.

x-2

2
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b. Consider the transformation S : R? — R?, which the following sequence of transformations can describe,
» Adilation by a factor of 2 from the x-axis and 5 from the y-axis, followed by,
» Atranslation 1 unit down and 4 units right.

Find the rule for the image of the graph of y = 25x? + 5x — 1 under S.

= L=

We see that under §,
(x,y) = (5x,2y) = (5x+ 4,2y = 1) = (2, y) -

X -4 7+ 1
Hence x = and y = X 7 I

Substituting these equations into y = 25x% + 5x — 1 yields

'-+] 1 a3 +
¥ =X -4+ (X -H-1=x"-T+11 = y =2x"-14x" + 21

-

Thus the rule for the image of the graph of y = 25x% + 5x — 1 under § is,

y =22 - 14x +21

c. Atransformation U : R? - R?,U(x,y) = (2x + 5,3 — 2y) maps the graph of y = af(x) + b onto the
graphof y = f(cx + d). Find the values of a, b, c and d.

o

and as v =3 -2y see that y = -
5 ,and as y v we see that y 3

As x’ = 2x + 5 we see that x = -

We note that if a pair (x, y) lies on the graph y = af(x) + b, then their image under U, (x’, y’) lies on the
graph of y = f(cx + d). Hence,

x -5

3—21, =ﬂf.(_r 2_5)+.b — :.-":—2(1_)‘.(

Equation coefficients yields,

)+3—2b=f(cx’+d}

—2a=l=>a=—% and 3—2b=0=b=% and |:'=l and d:—E

Space for Personal Notes
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Question 18

Consider the transformation T : R? — R?, which is described by the following sequence of transformations.

» A translation of 3 units upwards and 5 units left, followed by,

» Areflection in the line y = x, followed by,

» Adilation by a factor of % from the x-axis and % from the y-axis, followed by,
» A reflection in the x-axis.

T maps the graph of f : (—,2], f(x) = 3x? + 12x + 5 onto the graph of g.

Find the rule of g.

We see that under T,

y+3 x-5 v+3 x-5
; ] -_5" v 3 v 3, -_5 ‘—, - ,—— | = ,, i
(x,¥) = (x V+3)— (y+3,x }H(4 3 )H(4 3 ) (x",y")

'+ 3 -—5
Hence x’' = ‘T == _\-‘=4x’—3and}-"=_)‘2

Since our transformation will be inverting f, let us express x as a function of y.

= x=-2y+5

y=3x"+12x+5
—= y=3(x+2)"-7
y+17

=>T=(_I+2)2
+7
= x=- }; -2

Since x < —2. Now we substitute x” and y" into our equation to get.

Sy 5= ,‘-’-1_1;3+4_2

=}_2\,__2 xX+1
V3
L o7
— VN3 T2
Hence the rule for g is, g(x) = I; : +%
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Sub-Section [1.3.3]: Find Transformations From Transformed Function @&

Question 19 )

a. Letf(x) = x?and g(x) = 3x%2—2.

Describe a transformation that maps the graph of f onto the graph of g.

. S+ 2
Choose some point (x',y") on the graph of g(x). Then Y

= f(x"), hence there is some point (x, y) on
the graph of f(x) such that,

'+ 2
(x:} 3 )=(x,_v) = (,))=(x3y-2)

This gives us our transformation, T : R?> — R, T(x,y) = (x,3y — 2)

b. The transformation T : R? - R?, (x,y) = (ax + b,cx + d) maps the graph of y = log,(x) to the graph
ofy =5 —log.(2x + 3).

Find the values of a, b, ¢ and d.

We first apply T to the graph of y = log,(x).

Let (x",)’) be a point on the image of y = log,(x) under 7. Then there is some pair (x, y) on the graph of
¥ = log,(x) such that,

(.)) = (ax+b,cx+d) = (x,y) = (’” —b Y ‘d).
a [

We substitute this into the equation y = log,(x) to get,

y = clug(,(x — ) +d=5-1og,(2x +3)
. . 1 3
By comparing coefficients, we see that, a = 5 b= “5 c=-landd = 5.

c. Atransformation T : R? - R? maps the graph of f(x) = +/x onto the graph of g(x) = 3vx — 1 + 5.

— A dilation by a factor of 3 from the x-axis, followed by

— A translation of | unit(s) in the positive direction of the x-axis, followed by

— A translation of 5 units in the positive direction of the y-axis.

. We observe that g(x) = 3f(x — 1) + 5. Thus any pair (x’,y’) on the graph of g(x) satisfies,
» A translation of

y -3
» A translation of 3

Hence we can relate some pair (x, y) on the graph of f(x), to (x’,y’) by,

= f - 1)

Fill in the blanks. s
(x,y}:(_x'— l‘T) — (,y)=(x+1,3y+5)

We can then describe our transformation as above.
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Question 20

a. Letf(x) = 4(x — 5)2

The transformations:

S: R? —)Rz,(x,y) = (x + b,ay),
and
T:R? > R?,(x,y) » (cx +d,y).

Both map the graph of y = x? onto the graph of f.

Find the values of a, b, ¢ and d.

We first apply S onto the graph of y = x?, this yields the

y=al(x—b)

graph of,

2

—{Comparing coefficients to f(x) = 4(x — 5)* we see thata = 4 and b = 5.

Now we apply T onto the graph of y = x?, this yields the graph of,

x—d
y=

C

).

. . |
—|C0mparmg coefficients to f(x) = 4(x — 5)* we see that ¢ = 3 and d = 5.

b. Consider a function f : [0,0) = R, f(x) = 100 — 4x.

A different function g has the property, that g decreases at half the rate of f at any point in time and that

g(0) = f(0). State a single transformation that maps the graph of f onto the graph of g.

f(x)

B2 450 - 100-2x=f(f),

2

Since g decreases at half the rate of f at any point in time and g(0) = f(0), we know that g(x) =

Hence a dilation by a factor of 2 from the y-axis will transform the graph of f onto the graph of g.
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_ f(4x+12) _

c. Letal(x)= 20

1
— A dilation by a factor of 3 from the x-axis, followed by,

— A translation of —12 units in the positive direction of the x-axis, followed by, S Map the graph of f(x) onto the

0] - A translation of 20 units in the positive direction of the

y-axis, followed by,

1
A dilation by a factor of 1 from the y-axis, followed by,

. Choose a point (x’, y") on the graph of g. We observe that,
» A translation of
—5(y' +20) = f(4x' + 12)
» A translation of __ | Hence there is some point (x, y) on the graph of f such that,
x—12  y+ 100 x-12 y

» A dilation by a factor () = (4x +12,-5/ - 100)) = (x'.y) = ( PR ) = ( . (20 * 5))

. . _| The last equation is useful for us since we are first dilating then translating then reflecting y, but we are
» A reflection in the x- first translating then dilating x. Hence we can read off the required transformations from the last equation.

Question 21 )})

a. Describe a sequence of three transformations that map the graph of f(x) = V7 — 6x — x? onto the graph of

gx) = V4 — x>,

x—b

a

—Asf(

By completing the square, we observe that f(x) = /4(x — 2)%.

For x > 2 this can be simplified down to f(x) = 2(x - 2).

) = x we observe thata = 2 and b = —4.
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b. Letf: [2,0) >R, f(x) = V4x2 — 16x + 16.

A transformation T : R? - R?, (x,y) = (ax + b,y) maps the graph of f(x) onto the graph of
g: [0,0) = Rg(x) = x.

Find the values of a and b.

By completing the square, we observe that f(x) = 4(x —2)>. ——
[For x > 2 this can be simplified down to f(x) = 2(x — 2).

x=b

) = x we observe thata = 2 and b = -2.

As f‘(

¢. A function f has its only stationary point at (2, 3) and its only x-axis intercept at (-5, 0).
A function g has its only stationary point at (6, —2) and only x-axis intercept at (—8, 0).
A transformation T : R> - R?, T(x,y) = (ax + b,cy) maps the graph of f onto the graph of g.

Find a, b and c.

We know that T maps stationary points to stationary points, hence T(2,3) = (2a + b, 3¢) = (6, -2). This

implies that ¢ = —

3

Since T has no vertical translations, it maps x-axis intercepts to x-axis intercepts. Hence
T(=5,0) = (—=5a + b,0) = (-8,0).

We solve —5a + b = —8 and 2a + b = 6 simultaneously to find a and b.

Subtracting the first equation from the second yields 7a = 14 = a = 2. Substituting this back into the
first equation implies that b = 5a -8 = 10 - 8 = 2.
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Question 22 Tech-Active. )))}

Letf(x) = x* + x3 + x2 + x + land g(x) = x* + 2x3 + 4x% + 8x + 11.
A transformation T : R? - R? , T(x,y) = (ax + b,cx + d) maps the graph of f onto the graph of g.

Find a, b, c, d and show that they are unique.

‘We observe that the rule of g is,
x=b 4 3 7
g(x)=cf — +d=x +2x +4x +8x+ 11

We expand out f and compare the coefficients to get the following simultaneous equations.

be . FPe bBe . b .
C——+ — — — + —

a a a a’
¢ 2bc 3bc 4bc

d=11

- — =8
a a a’ a*
LN
at al at
— ¢ dbe |
P
¢
— P 1 |

We solve these equations to geta =2,b=0,c = 16 and d = -5.

Any other such values of a, b, ¢, d must satisfy those simultaneous equations. As those equations only have one
solution, our values of a, b, ¢ and d are unique.
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