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Section A: Compulsory

|

Sub-Section [1.1.1]: Find the Maximal Domain and Range of Functions @

Question 1 )

Find the maximal domain of the following functions.

a. f(x)=+vx+3

Need » + 3 = 0, therefore domain = [—3, 0)

b. f(x)=—S+1

x—

Need » — 2 # 0 therefore domain =R {2}

c. f(x)=1log.(4—x)

Need 4 — x = 0, therefore domain = (—oo. 4)

Question 2

Find the maximal domain of the following functions.

We need #* + 52+ 6 > 0 = (r 4+ 2)(x +3) > 0, therefore domain = (—oo, —=3] U [-2,00)
a f(x)=—-Vx?2+5x+6

Plot[x"2+5x +6, {x, -5, 8}]
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b. f(x) =log,(x?+6x+5)

We require o + 6z +5 > (0 = (x+ 5)(x + 1) > 0 therefore domain = R\, [-5, —-1].

Plot[x"2+6x+5, {x, -6, 8}]

c. f(x)=—5——

x2+2x-3

—— We require that 2% + 2z —3# 0 = (z — 1)(z + 3) # 0, therefore domain =R\ {-3,1}.}

Question 3 ))}

Find the maximal domain of the following functions.

a f(x)=log.5—x)+vV2x—-7 + 1

We require both that 5 — 2 >0 =% z <5 and 2r -7 >0 —» x > . Therefore the domain
" 2
is —.5).
2
1 1
b xX)=-—
f( ) x  x2-5x+4

We require that both z # 0and 2° — 52 +4 #0 = (z—4)(z—1)#0 = = # 1,4 |
Therefore domain =R\ {0, 1,4}.
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C. f(x)=-=xVxZ-3

We require both that x # 4 and 23>0 = x> V3orax < —v3. Therefore the domain
is (—o0, —v3) U (V3,4) U (4, 00).

Plot[x*2-3, {x, -2, 2}]

Question 4 Tech-Active.

2_
Find the maximal domain and range of f(x) = xz’isié + log,(3 — x?). Give the range correct to three decimal
places.

Domain = (—+/3, v3). Range = (—oc, 0.698).

TI: Mathematica: Casiio:
1_3_3 R Done #le Fx_] 3= m*L“[’—‘ﬁz] Sketch the function.
Define Ax)m— +ln{3-t“}
3 FunctionDesain [#[x], x]
x= 45 x+b
=43 exma4/3
dmﬂamHﬂ.\‘} -Jl_t.x'tqu_
FunctionRange|f[x] , %, ¥] /' N
— & FH&!LI{T].\'] x=0.466102 ¥ 5 0.697886 [
— | An.46s102) 0.697886 o —
Fhei[ffa], {u. =0, W ]
q i -~ Analysis=G-Solve-— fmax
3 .
.| (0.466,0.698) )
P

"\ 169-1t)
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o>
Q

Sub-Section [1.1.2]: Existence, Rule, Domain, and Range of @
Composite Functions

Question 5 )

The following functions are defined over their maximal domain.
f(x)=+vxand g(x) =x—3

a. Determine whether f(g(x)) and g(f(x)) exist.

flg(x)) does not exist since ran g(x) = R € dom f = [0, 00).
g(flz)) does exist since ran f = [0,2¢) C dom g = R.

b. Find the rule of any composition that exists.

g(f(x)) = flz) -3=x -3

c. State the domain of any composition that exists.

dom go f =dom f = [0,00)

Space for Personal Notes
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Question 6

The following functions are defined over their maximal domain.

f@) =Zand g() =

X

a. Determine whether f(g(x)) and g(f(x)) exist.

| f(g(x)) does not exist since ran g =R Y {0} € dom f =R {1}
| g(f(x)) does exist since ran f =R {0} = dom g.

b. Find the rule of any composition that exists.

1 1
g(flz)) = - L 1.

c. State the domain of any composition that exists.

dom go f =dom f=R" {1}.

Space for Personal Notes
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Question 7 )))

For the following functions:
f:00,6] > R, f(x) =x3and g(x) = Vx + 4.

a. Determine whether f(g(x)) and g(f (x)) exist.

flg(x)) does not exist since ran g = [0, oc) € dom f = [0,6].
g(flx)) does exist since ran f = [0,216] C dom g = [-4, 0o).

b. Find the rule of any composition that exists.

g(f(z)) =/ flz) +4= Va3 + 4

c. State the domain of any composition that exists.

dom go f =dom f=[0,6].

Space for Personal Notes
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Sub-Section [1.1.3]: Finding the Rule, Domain, and Range of @
Inverse Functions

Question 8 )

For the function:

1
fi(5,00) > Rf() =z

a. Fully define the inverse function.

_ 1
— o — = —

D—y T
Then dom f~! =ran f = (—o2c.0)

| =

Swap r and y. = =

fl:i(-oc,0) =R, f~Yx)=5-

I

b. Find the range of the inverse function.

ran f~1 = dom f = (5, nc).

Space for Personal Notes
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Question 9
For the function:
fi(—0,k] >R f(x) =x?+2x+1

a. Find the largest value of k such that the inverse function exists.

Fflr) = (z +1)% The function must be one-to-one for the inverse to exist. f has a local
minimum at {—1, (). Therefore the largest value of k is —1.

Plot[x"2+2x+1, {x, -2, 8}]

b. Fully define the inverse function.

Swapzrandy. r=(y+1)7? = y+1==+r = y==+7r- L
Since dom f = (—oc, —1] =ran f~! we take the negative and ran f = dom f~! = [0, 20)

Fli0m) =R, 7l ()= -1 -

c. Find the range of the inverse function.

ran [~! = dom f = (—o0,—1]

Space for Personal Notes
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Question 10

For the following functions:

filb,®) >R f(x) =—Vx+2.

a. Find the smallest value of b such that the inverse function exists.

V) )

f is one-to-one on its maximal domain. Therefore b = —2.

b. Fully define the inverse function.

Now dom f~' =ran

Swaprandy. r=—\¥+2 = ’=y+2 = y=1-2.

[ = (—oc,0]. Therefore,

f‘l t(—oo, 0] = R, f" () =2 _ 2

¢. Find the range of the inverse function.

ran f~' =dom f = [-2,0c).

d. Find the point of intersection between f and f 1.

The funetions intersect

x = —1,2. But only =
(=1,—1).

on the line y = x. Therefore solve
Viti=z
T4+ 2=2"
2tz —2=0

(z—2)z+1)=0

= —1 iz in the domain for both f and f~!. Therefore intersection at

Space for Personal Notes
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Question 11 Tech-Active.

Fully define the inverse and state its range for:

f:(=9,3] >R, f(x)= —x%+6x—12

f7li(—o0,-3] 2R, fYUYz) =3 - +/—2 -3

ran f~! = (—oc, 3]

1| Mathematica: Casio:
) . Fl_] ta=x"2en=12 define f(x) = —x"2+6x-12
E-e!::wﬂt]‘--\" +& x=12 Done
FungtionRenge| (¥ [x], = Infinity < x s B}, x; ¥] done
solvaldy)=x) 3

Solve(f(v)=x, v)
{v=—y—x=3 43, v=v —x-3+3}

1-'[4'.\.'—1 —l]l'_\'!'_l.'--jl"u—i +3 Solva[F[y] m x, ¥]

y+3=T=x}, [y+3-+-TF-x

D

Space for Personal Notes
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|

O |
Sub-Section [1.1.4]: Finding the Composition of Inverse Functions @

Question 12 )

Let f:R\{3} > R, f(x) ==+ 1.

xX—

Find the rule and domain for f~1(f(x)).

FYf(z)) =x for z € R\ {3}, since dom f~'o f=dom f=R" {3}.

Question 13
Let f : (=5,0) = R, f(x) = —(x + 5)?

a. Find the rule and domain for f~1(f(x)).

FYHf(z)) =x for z € (=5, 0¢), since dom f~!co f=dom f= (-5 oc).

b. Sketch the graph of £f~1(f(x)) on the axis below.

-4

(-5,-9)
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Question 14
Let f(x) = x2 — 4kx + 6, where x > 0 and k > 0.
The function £~ © f is defined on its maximal domain.

Find the rule and domain for f~1(f(x)).

V) )

defined on [2k, o),

flx) = (x - 2k)? +6 — 4k, So f has a turning point at (2k, 6 — 4k?).
We must have that f is one-to-one on a domain that is as large as possible. Therefore f must be

FHf(z)) ==z for x € [2k,0c), since dom f~' o f = dom f = [2k, x0).

Space for Personal Notes
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|

O \
Sub-Section: Final Boss ®

Question 15 (13 marks)

Consider the functions f and g, defined over their maximal domains where:
f(x)= —vVx+3
9(x) = loge(2 — x)

a. Find the maximal domain of f(x) + $ . (2 marks)

We require that x > —3 (for f(x)) and = < 2 (for g(x))
and log (2 —x) #0 = 2—x#1 = r # 1. Therefore domain is

re(—3,2)\ {1}

b. Show that only g(f(x)) is defined. (2 marks)

dom f = [-3,0¢), ran f = (—oc,0)].
domg=(—o0,2),rang=E

flg(x)) is not defined since ran g € dom f.
But g( f{x)) is defined since ran f C dom g.

c. Find the rule, domain, and range of g(f (x)). (2 marks)

g(f(x)) =log. (2 — f(z)) =log, (2+ vz +3).
dom g(f(x)) = [-3,00) = dom f and ran g(f(z)) = [log,(2), oc)
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d. Restrict the domain of g so that f(g(x)) is defined

and the domain of g is as large as possible. (2 marks)

Solve —3=log (2—x) = 2—=x

We want log (2—2)4+ 320 = log (2—-z) = -3

Check by noting on this domain ran g = [-3, 00) = dom f.

=¢™3 = r=2— e * Therefore

3

dom g = [2 — e, 00).

e. Fully define the inverse function, f 1, of f. (2 marks)

Swap rand y. = —/y+3 = y=12? —3. Now dom f~! =ran f = (—oc,0) therefore,

fli(—c0,0) 5 R, f~'z) =2 -3

3

f.  Find all points of intersection between f and f 1.

(2 marks)

Intersections will be on the line y = x therefore we may solve,
| 2 g 2
—vr+d=z = r‘=r4+3d = z*-z-3=0

By considering the domains where both f and f~! are defined,

the only point of inte

1 V13

Y27 2
1+ /13

= 3

1- V"'ﬁ 1- v"ﬁ
& 3 I'J

rsection is at (

g. Find the rule and domain of £(f~1(x)). (1 mark)

flf~YHx)) =z for £ < 0 since dom fo f~! =dom 1.
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Section B: Supplementary
| )

Sub-Section [1.1.1]: Find the Maximal Domain and Range of Functions @

Question 16 )

Find the maximal domain of the following functions.

a f(x)=vx?2+1

Need 2 4+ 1 = 0. This holds for all B since 2 = () for all # € B. Therefore domain = R

b. f(x) =log.(x +4)

Need x + 4 = 0 therefore domain = (—4, =)

¢ f@)=—5-3

Need x + 2 # 0, therefore domain = R\ {-2}

Question 17

Find the maximal domain of the following functions.

a f)={yx+12%2-4

We need o2 + 22 — 320 = (x4 3){x — 1) = 0, therefore domain = (—oo, —3] U [1, 2¢)

Plot[(x+1)*2-4, {x, -4, 2}]
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b. f(x) = 10ge(4’ — xz) We require 4 — 2 > 0 = (2 — x)(2 + x) > 0 therefore domain = (-2, 2).

Plot[4- x*2, {x, -3, 3}]

c. flo)=

2+5x+6

We require that 2? + 52 + 6 #0 = (2 + 2)(z + 3) # 0, therefore domain = R\ {-3, -2}.

Question 18

Find the maximal domain of the following functions.

a. f(x) = cos(x)log,

V) )

cos is defined for all B but for tlw I{Jg we require 2r =0 = x =0
and for the fraction we raqunt x? — ?E 0 = = # +v5.
Therefore the domain is (0, v/5) U l: 0a).
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b f)= [

We require that

Tr—=3

1 > 0 and that = £ —1. -

| Ifx > 3 then numerator > 0 and denominator = () therefore f(xr) defined.

If € (—1,3) then numerator < ) and denominator > 0 therefore f(z) not defined.
— | If x = <1 then division by zero so f{z) not defined.

If & < —1 then both numerator and denominator < 0 so f(x) is defined.

— | Therefore domain = (—oc, —1) U [3, oc).

c. f(x)= ﬁ X Vx2Z —4log,(x?> — 1)

From the fraction we require that x # 2

from the square root we require that 2> —4 >0 — z e R (-2,2)
from the log we require that +* —1>0 = r R\ [-1,1].
Therefore domain = K\ (—-2,2] = (—o00, —2] U (2, 00).

Question 19 ))) )

e2¥_1

Find the maximal domain and range of f(x) = o

The denominator is never zero so dom f = [E.
To find the range consider what happens as = — oo,

,2x

lim f(x)= lim ﬁ,,, =1

—] oo J'—[}'x (i-J —
i () = gog=-1

—1 The range is (—1,1). —

Exp[2x] =1

Plot[
Exp[2x] + 1

, (%, -18, m}]

10} -

Space
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Sub-Section [1.1.2]: Existence, Rule, Domain, and Range of @
Composite Functions

Question 20 )
The following functions are defined over their maximal domain:

f(x)=x?and g(x) =3 —x

a. Determine whether f(g(x)) and g(f(x)) exist.

Both compositions exist since both functions have domain = [E.

b. Find the rule of any composition that exists.

flg(z)) = (g(x))* = (3 — x)?
g(f(z)) =3-flr) =3 -27

c. State the domain of any composition that exists.

dom feg=domg=R
domge f=dom f=R

Space for Personal Notes
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Question 21

The following functions are defined over their maximal domain.

f(x) = e* and g(x) = log,(2x)

a. Determine whether f(g(x)) and g(f (x)) exist.

dom f =R and ran f = (0, 2¢)
dom g = (0.~) and ran g =R

Therefore, both compositions exist.

b. Find the rule of any composition that exists.

ff:,l{.e]\ — E.';:'_I.Il:J'_;' — f_Zli:-!;__’. (22) ['EI!.':I'_’ — _1"!.'_’
g(f(x)) =log (2f(x)) = log,(2*) = 2z + log,.(2)

c. State the domain of any composition that exists.

dom fog=dom
dom go f = dom

g=RT
f=R

Space for Personal Notes
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Question 22 ))}

For the following functions:

1
x2-4

f(x)=x?>+1and g(x) =

a. Determine whether f(g(x)) and g(f(x)) exist.

1
flgl(x)) exists since ran g = ( — oo, — _1] U(0,00) € dom f = R.

g(f(x)) does not exist since ran f = [1,00) € dom g =R {-2,2}.

b. Find the rule of any composition that exists.

. 1
flg(z)) = (g(x))"+1= (22— 1) + 1.

c. State the domain of any composition that exists.

dom fog=domg=R"\{-2,2}.

Space for Personal Notes
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Question 23

composite function that do exist.

i) =e*—e

1
gx) = =2

Functions are defined over their maximal domain unless specified otherwise.

For the functions f and g, determine whether f(g(x)) and g(f (x)) exist. State the rule and the domain of the

y)))

dom f=Rand ran f =R

dom g =R\ {0,2} and ran g = (—¢
Therefare, f(g(x))
g(f(x)) does not exist since ran f & dom g.

Plot[g[x], {x, -2, 3}1]

Space for Pe

=4+

Plot[f[g[x]1], {xs -5, 5}1]

o, —1] U (0, oc)
does exist since ran g C dom f.

fqu:}} gri—2r _ p3z—x?
1
flo) == —e
[
dom fig(r))=domg=R" {{]. 2} and ran f(g(z)) =

(—.’x:. 1o r] (D, o).
- I
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@

O |
Sub-Section [1.1.3]: Finding the Rule, Domain, and Range of @

Inverse Functions

Question 24 )

For the function:
f:(0,0) >R, f(x) =log,.(3x)

a. Fully define the inverse function.

1

1.

Swap rand y. r=log (3y) = Jy=¢e" = y= —{f
Now dom f~!=ran f =R I

FLRSR, fz) = ET

b. Find the range of the inverse function.

ran f—! = dom f = (0. 00).

Space for Personal Notes
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Question 25

For the function:
b R ! 2
: —00) > =
fib=) > RO = e

a. Find the largest value of b such that the inverse function exists.

f(x) = (z + 1)%2. The function must be one-to-one for the inverse to exist. f is a truncus with
an asymptote at * = —2. Therefore the smallest value of b is —2.
P1ot[— -2, {x, -4, 1)]
(x+2)~2

b. Fully define the inverse function.

2- I

. 1
— Swapzrand y. r = ——5 -2 = 2P =—— = y=x— -
wap x and y. a w122 = (y+2) —— y NEEw;

Since dom f = (=2,0¢) =ran f~! and ran f~! = dom f = (-2, oc) we must have

_ Fl:(=2,00) 5 R, fla)= —— _2. |

Wi+ 2

¢. Find the range of the inverse function.

ran f~! =dom f= (-2, o0)

Space for Personal Notes
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V) )

Question 26

For the following functions:
f: (—o,k] > R, f(x) = 2x? — 8x + 4.

a. Find the largest value of k such that the inverse function exists.

z € (—o0,2]. Therefore k= 2.

flz) = 2(x — 2)® — 4. Therefore f has a turning point at (2, —4) so it is one-to-one for

b. Fully define the inverse function.

. r44 " (x4 4
— Swapzandy. z=2(y-2)2 -4 — i (y—2)° = y= ill'i’llll ! -;- +2.
Now dom f~! =ran f =[-4,) and ran f~! = dom f = (-0, 2]. Therefore,
lx + 4
— Fli[-4,00) 5 R, flz)=2— 'V"” J; _ —

¢. Find the range of the inverse function.

ran f~! =dom f = (-0, 2.

d. Find the point of intersection between f and f 1.

The functions intersect on the line y = . Therefore solve
2 —Sr+d4=1x

207 —Tr+4=10
(2r—1)(z—4)=0

b | =

5

L, . . ) .
= E.-l. But only = = is in the domain for both f and f~'. Therefore intersection at

Space for Personal Notes
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Find the inverse function of;
fx) = e?* + 4e* +1

And determine whether £ and £~ have any points of intersection.

Question 27 ))) )

f(x) = (e* + 2)? — 3. Swap r and y.

r=(e¥4+2)* -3
ey =r4+3-2
y=log (-24 vz+3)

now dom f~! =ran f = (1.00)
f1:(l,00) 2 R, fz) =log. (-2 + VT +3)
A rough sketch of the functions will show that there is no intersection between f and f=!.

Plnt[{Exp[z x] +4 Exp[x] =1, Lng[-I* Ay e 3]], {x, =5, 5},
PlotRange -+ {-28, 20}

20

MM34 [1.1] - Functions & Relations - Homework Solutions
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o>
Q

Sub-Section [1.1.4]: Finding the Composition of Inverse Functions @

Question 28 )

Let f:(3,0) > R, f(x) =x%—4x + 7.

Find the rule and domain for f~1(f(x)).

FYf(x)) =z for x € (3, o), since dom f~'e f =dom f = (3. 00).

Question 29
Let f:R\{1} > R, f(x) = —=+3,

a. Find the rule and domain for f~1(f(x)).

F7YHf(x)) =z for zr € R\ {1}, since dom f~1o f=dom f=R"\ {1}.

b. Sketch the graph of f~1(f(x)) on the axis below.

4
N
{7
4
€ > X|
-6 -4 -2 J 2 4 6
-2
-4
/ -0
W
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Question 30 ))}

Let f(x) = x2 — 2kx + 9, where x > 0and k > 0.

The function £~ © f is defined on its maximal domain.

Find the rule and domain for f~1(f(x)).

flz)=(x—k)*+9—k* We want f to be one-to-one on as large of a domain as possible. Therefore,
the domain of f is [k, o),

f~Yf(z)) ==z forzx € [k,o0), since dom f~!o f=dom f = [k, o).

Question 31 ))) )

Let f~1: E,n] - R, f1(x) = sin(x).

Define the function f and find the rule and domain for £ ~1(f (x)).

dom f=ran f~' =[0,1] and ran f =dom f~' = [7. ~]
Now f~1(w) =0 = f(0) = w. Therefore,

F:[0,1] =R, f(z)=n —sin~(z)

fYf(z))=cxfor0<z<1.

Space for Personal Notes
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