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Section A: [1.1] - Functions and Relationships (Checkpoints)
| )

Sub-Section [1.1.1]: Find the Maximal Domain and Range of Functions @

Question 1 )

Find the maximal domain of the following functions:

a f(x)=vx?2+1

Need 2 + 1 = (0. This holds for all B since 2 > 0 for all £ € B. Therefore domain = R

b. f(x) =log.(x +4)

Need x + 4 = 0 therefore domain = (—4, o)

¢ f@)=—5-3

Need r + 2 # 0, therefore domain = R\ {-2}

Question 2

Find the maximal domain of the following functions:

We need 22 + 22 —3 =0 = (24 3)(x — 1) = 0, therefore domain = (—oo, —3] U [1, =)
a f)={yx+12%2-4

TT T[T T T TT 2%
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b. f(x) =log.(4 —x?)

We require 4 — 22 > 0 = (2 — 2)(2 + &) > 0 therefore domain = (-2, 2).

TTT [T T T [ TV V[T T T TTT
]

-2
-4
o f®) =g
We require that 27 + 5z +6 #0 = (z + 2)(z + 3) # 0, therefore domain = R\ {-3, —2}.

Question 3 )})

Find the maximal domain of the following functions:

a. f(x) = cos(x)log,

cos is defined for all B but for tlw I{Jg we require 2r =0 = z =0
and for the fraction we raqunt r? — 3& 0 = z#£vh
Therefore the domain is (0, v5) U l: o).
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x-3

b. fl)= |70

x+1

— T

We require that

- t-;
= () and that z # -1.
>+ 1

— If # = 3 then numerator > 0 and denominator > 0 therefore f({r) defined.

— If # = —1 then division by zero so f(x) not defined.
If # <~ —1 then both numerator and denominator < 0 so f(xr) is defined.
— Therefore domain = (—oc, —1) U [3, o).

If x € (—1,3) then numerator < () and denominator > () therefore f(x) not defined.

c. f(x)= ﬁ X Vx2Z —4log,(x?> — 1)

From the fraction we require that = # 2

from the log we require that #* — 1 >0 = z e R\ [-1,1].
Therefore domain = R\ (-2,2] = (—o0, —2] U (2, 00).

from the square root we require that 2> —4 >0 — z e R (-2,2)

Question 4

e2¥_1

Find the maximal domain and range of f(x) = o

y))),

The denominator is never zero so dom f = R.
— To find the range consider what happens as © — +oo.

e
lim f(z)= lim — =1
_ | 9> J'—[E‘X. fi‘J
li r)=——=-1
m f(z) =53

—1 The range is (—1,1).

Exp[2x] - 1
— Plot[&, {x, -1@, m}]
Exp[2x] = 1
| 4
tof
05
PRI B 1 Ll
-10 -5 ) 10
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Sub-Section [1.1.2]: Existence, Rule, Domain, and Range of @
Composite Functions

Question 5 )
The following functions are defined over their maximal domain:

f(x)=x?and g(x) =3 —x

a. Determine whether f(g(x)) and g(f(x)) exist.

Both compositions exist since both functions have domain = [E.

b. Find the rule of any composition that exists.

flg(x)) = (g(x))* = (3 — z)?
g(f(z)) =3- flz)=3 -2

c. State the domain of any composition that exists.

dom fog=domg=
dom go f =dom f =

Space for Personal Notes
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Question 6
The following functions are defined over their maximal domain:
f(x) = e?* and g(x) = log,(2x)

a. Determine whether f(g(x)) and g(f (x)) exist.

dom f =R and ran f = (0, 0c)
dom g = (), 0) and ran g = R
Therefore, both compositions exist.

b. Find the rule of any composition that exists.

flr:l'_,'{.!']:l = E.Z_I,llf;_;. — [._Zlingl (Zx) [’2“!.:"'_’ — -1.-!'-'_:
gl flz)) =log (2f(x)) = log,(2®) = 2x + log,.(2)

c. State the domain of any composition that exists.

dom feg=dom

g=R7
dom ge [ =dom f=E.

Space for Personal Notes
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Question 7 )))

For the following functions:
f(x)=x*+1and g(x) = x2—1_4

a. Determine whether f(g(x)) and g(f(x)) exist.

‘ 1
flglx)) exists since ran g = ( — DO, — _1] ({0, 00) € dom f =R,

| g(f(z)) does not exist since ran f = [1,00) € dom g =&Y {-2,2}]

b. Find the rule of any composition that exists.

flg(z)) = (g(z))* + 1= 1.

@42

c. State the domain of any composition that exists.

dom fog=domg=R"\ {-2,2}.

Space for Personal Notes
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Question 8 ))))

Functions are defined over their maximal domain unless specified otherwise.

For the functions f and g, determine whether f(g(x)) and g(f (x)) exist. State the rule and the domain of the
composite function that do exist.

i) =e*—e

1
gx) = =2

dom f=R and ran f =R

dom g = R\ {0,2} and ran g = (—oc, —1] U (0, o)
Therefore, fig(r)) does exist since ran g C dom f.
g(f(x)) does not exist since ran f & dom g.

1 1
r?—2r _ p2r—r?

=&
Flo(1)) = L,

(&

1)

=dom g =R\ {0,2} and ran f{g(z)) (—.’x:. 1 e'] U (0, o).

e

dom f(g(x

Plot[g[x], (%, -2, 3}]

4

Space for Per

Plot[f[g[x]]1, {x, -5, 5}]

. E; T 7
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oL >

Inverse Functions

Sub-Section [1.1.3]: Finding the Rule, Domain, and Range of

Q)
®

Question 9
For the function:
f:(0,0) >R, f(x) =log,.(3x)

a. Fully define the inverse function.

)

1

Now dom f~!=ran f=E

Swap rand y. r=log, (3y) = Jy=¢" = y= ;.f

L

X

e

FFL:R=R, Y = 3

b. Find the range of the inverse function.

ran f~! = dom f = (0, 0c).

Space for Personal Notes
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Question 10

For the function:

f : (b,—OO) g R,f(X) = m— 2

a. Find the largest value of b such that the inverse function exists.

\ 2 - 9 . - . .
flx) = (x4 1)°. The function must be one-to-one for the inverse to exist. f is a truncus with
an asymptote at * = —2. Therefore the smallest value of b is —2.

Plot[ -2, {x, -4, 1}]

(x+2) "2

SAERECZSRNE MRRts NRSL ERNE

b. Fully define the inverse function.

1 : 1 1
— -2 = (y4+2)P=— = y=+— -
{y + 2)2 .J A ..i':' + 2 J '||',-'.H' + 2
Since dom f = (—2,0c) =ran f~! and ran f~! =dom f = (-2, oc) we must have |

b

Swap rand y. =

— f1:(=2,00) = R, f-Mz) = —— — 2. |

W42

¢. Find the range of the inverse function.

ran f~! =dom f=(-2,00)

Space for Personal Notes
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Question 11
For the following functions:

f:(—o,k] >R, f(x) =2x>—-8x+4

a. Find the largest value of k such that the inverse function exists.
flzr) = 2(z —2)® — 4. Therefore f has a turning point at (2, —4) so it is one-to-one for
x € (—oe,2]. Therefore k = 2.

b. Fully define the inverse function.

: x 44
Swap rand y. z =2(y —2)? -4 = ! +

=(y—-2) = y= iy‘

e —

-

fxr 44

+ 2.

Now dom f~! =ran f = [-4,m0) and ran f~! = dom f = (—o0, 2]. Therefore,

— _1y . fx+4
Fl:i[-4,00) =R, flz)=2-/——.
V2
¢. Find the range of the inverse function.
ran f~! =dom f = (—o0,2].
d. Find the point of intersection between f and f 1.
The functions intersect on the line y = . Therefore solve
21 —Br+4d=r1x
207 —Tr+4=10
2z —1)(z—4)=0
T = é-l But only =z = é is in the domain for both f and f~'. Therefore intersection at
11
2°z2)

Space for Personal Notes
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Question 12

Find the inverse function of;

fx) = e?* + 4e* +1

And determine whether £ and £~ have any points of intersection.

y)))

now dom f~' =ran f = (1,00)

f(x) = (e* 4+ 2)? — 3. Swap z and y.

r=(e¥4+2)*-3

e =r+3-2

y=log (=24 vz +3)

f1:(l,00) 2 R, fHz) =log. (-2 + VZ +3)

A rough sketch of the functions will show that there is no intersection hetween f and !,

Plot|{Exp[2x] +4Exp[x] +1, Log[-2+ ST 3|}, {x -5, 51,
PlotRange -+ {-28, 20} |

201

104
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o>
Q

Sub-Section [1.1.4]: Finding the Composition of Inverse Functions @

Question 13 )

Let f:(3,0) > R, f(x) =x%—4x + 7.

Find the rule and domain for f~1(f(x)).

F~Yf(x)) =z for x € (3, 0c), since dom f~!o f =dom f = (3.00).

Question 14
Let f:R\{1} > R, f(x) = —=+3,

a. Find the rule and domain for f~1(f(x)).

F~YHf(z)) =x for z € R {1}, since dom f~1o f=dom f=R" {1}.

b. Sketch the graph of f~1(f(x)) on the axis below.

L
N
{7
4
< 7 X
b 4 -2 3 2 4 o
-2
-4
/ -0
W

MM34 [1.0] - AOS 1 Revision - Contour Check (Part 1) Solutions ‘14




G-OONTOURE DUCATION VCE Methods % Questions? Message +61 440 138 726
Question 15 ))}

Let f(x) = x2 — 2kx + 9, where x > 0and k > 0.

The function £~ © f is defined on its maximal domain.

Find the rule and domain for f~1(f(x)).

flr)=(x—=k)*+9-Ek* We want f to be one-to-one on as large of a domain as possible. Therefore,
the domain of f is [k, 0],

fYf(z)) ==z forz € [k,o00), since dom f~'o f=dom f = [k, oc).

Question 16 ))) )

Let f~1: E,n] - R, f1(x) = sin(x).

Define the function f and find the rule and domain for £ ~1(f (x)).

T
dom f=ran f~! =[0,1] and ran f =dom f~! = [;. ~]
Now f~!(w) =0 = f(0) = m. Therefore, }

f:[0,1] = R, f(z) =n —sin~(x)

fYfz))=cfor0<z <1

Space for Personal Notes
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Section B: [1.2] - Functions and Relationships Exam Skills (Checkpoints)

Sub-Section: [1.2.1] - Finding a New Domain to Fix Composite Functions @

Question 17 )

Consider the functions the following functions defined over their maximal domains:
f(x) =loge(x)and g(x) = e* -1

a. Show that f(g(x)) does not exist.

ran g = (—1,00) and dom g = (0. o)
Therefore, f(g(x)) does not exist since ran g € dom f.

b. Find the maximal domain of g such that f (g(x)) exists.

— We require that for all z in the maximal domain of g, g(x) > 0. Hence |

 m— ef—1=>0 = e&">1 = =10

—— Therefore, dom g = (0. 00

Space for Personal Notes
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Question 18

Consider the following functions defined over their maximal domains:
flx)=x?-2)?2and g(x) =vx —1

Find the maximal domain of f such that g(f (x)) exists.

Observe that the domain of g(z) is [1,00).

Thus for g( f(x)) to exist, we require f(z) = (22 —2P 21 = 2*—2>21lora?—2< -1
Wecansolvefor 72 —2=1 — z=+y3and2?—2= -1 — z = +1, and then sketch
y = x> — 2 to solve our inequalities.

4
A

N

h 4

From this graph we see that #? —2 < -1 if x € [-1,1].
Similarly we see that 2% —2 > 1 if # € (—o0, —/3] U [v/3, 00)
Hence the maximal domain of f for g(f(z)) to exist = € (—o0, —v/3] U [-1, 1] U [+/3, 20)

Space for Personal Notes
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Question 19 )})

Consider the following functions defined over their maximal domains:

flx) = ﬁand gx) =16 — (x — 1)2

Find the maximal domain of f such that g(f (x)) exists.

We require that ran f C dom g.
Observe that if € dom g, then (x — 1)® < 16, which leaves us with = € [-3,5].
Hence f(z) = g € [-3.5]. We proceed by solving f(x) = —3.5 and sketching our
- |
graph to get our inequality.
1 4
=3 = 3r=4 —= z=—-
1+z 3
1 . -
=h —= hg=—-4 — z=—
l1+=x 5
]
~
:
2t
[
L 1 L L N x|
e -2 - [ 1
-2 -
-4
6
v
From these three pieces of information, we see that the maximal domain of f such that
e 4 4
gl f(x)) exists is = € (—:x:.—_—] U {—T.oc)_
&) 3 5

Space for Personal Notes
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Question 20

Consider the following functions:

£:00,2) > R, f(x) =log,(4 —x?)and g: (—0,2) > R, g(x) =3(x — 1)2 -1

Find the largest interval of x-values for which f(g(x)) and g(f (x)) both exist.

y)) )

We need f(x) =log,(4 —x?) <2 »4—x2< 4->x2> 0.

Asx € dom f,x € (0,2)

qi4i= Plot[3 (x-1)72-1, {x, -8.5, 2.5}]
4

5
rd

- N Ao e
T

-0.5 ; W 2.0 25
~AF

1 . . . .
As g (1 + _E) = 0 and g(0) = g(2) = 2, from our graph we see that 3z° — 1 £ [0,2) when

1 1
re(0,1-— 1+—.2].
c( V3 V3 )

iy
Combining this restriction with our restriction for ran f € dom g, we get that,

T e [1 - L_ 2) .
V3

u

Space for Personal Notes
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8’ >
Sub-Section: [1.2.2] - Finding the Range of Complex Composite Functions @&

Question 21 )

Find the range of f(x) = e*"*1.

The range of g(x) = z* + 1 is [1, ”:::I
The range of h: [1,00) = B, h(z) =" is [e, 00).
As f(x) = h{g(zx)), the range of f is [E’ 0o).

Question 22

Find the range of f:[0,©) = R, f(x) = log;(3* + 8).

The range of g : [0,00) = R, g(xr) = 3% + 8 1s [9, 00).
The range of h: [9,00) — R, h(z) = logs(z) is [2, o).
As f(x) = h(g(z)), the range of f is [2, 00).

Space for Personal Notes
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Question 23 )})

Find the range of f(x) = /ﬁ where f is defined on its maximal domain.

- 1 )
The range of g(x) = ﬁ =1- p is R\ {1}.

Thus the range of f is the range of +/r on the intersection of it’s maximal domain, [0, 0o)
and the range of g. Specifically,

B\{1} N[0, 00) = [0,00)\{1}

The range of /x on this domain is [0, oc)\ {1}, hence the range of f is, [0,00)\{1}.

Space for Personal Notes
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Question 24 )))}

Consider the following functions defined on all real numbers:

f(x) = sin(x) and g(x) = log;(4x% — 4x + 2)

Find the range of g(f (x)).

We observe that the range of f(z) is [—1,1]. Hence the range of g(f(x)) is the range of g
restricted to [—1,1].

Now observing g(z), we note that it is the composition of log,(z) and 4z — 4z + 2 =
(2z —1)2 + 1.

The range of h(z) (2z — 1)? + 1 on the interval [-1,1] can be found by evaluating
h(—1), k(1) and the y-value of the turning point of h, which is 1.

As h(—1) = (=3)* +1 = 10, and h(—1) = 1> + 1 = 2, we see that the range of h on the
interval [—1, 1] is [1,10].

Since log,(x) is an increasing function, the range of log,(x) on the interval [1,10] is
[0, log4(10)].

Hence the range of g(f(z)) is [0,log,(10)]

Space for Personal Notes
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|

O |
Sub-Section: [1.2.3] - Finding the Gradient of Inverse Functions @

Question 25 )

Consider the function f: [0,0) - R, f(x) = x2.
The gradient of f at x = a is 2a.

Let g be the inverse function of f. Find the gradient of g when x = 2.

We observe that g(x) = /=, hence g(2) is V2.
When x = /2, the gradient of f is 2+/2.

Hence the gradient of g(z) when = = 2 is

22

Question 26
Consider the one-to-one function f with the following properties:

f@)=5f05)=7f(2)=3andf'(5) =1

Let g be the inverse function of f. Find the gradient of g when x = 5.

We have that g(5) = 2 and that f'(5) = 1. Therefore

. 1
.f—
g) =7

MM34 [1.0] - AOS 1 Revision - Contour Check (Part 1) Solutions ‘23
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Question 27 )})

Consider the function f(x), the gradient of f at x = a is 2f(a) + 2a, and f(0) = 1.

From this information, we can tell that the gradient of f =% at x = b is c. Find b and c.

i ) 1 . i :
If f(a) =b and f'(a) = —, we know that the gradient of f~! at z = b is c.
e
The only a for which we know f(a) and f'(a) is a = 0.
1

. 1 -
Hence b= f(0)=1. and e = —— = — = —,
o 10 e o) 2(1)4+2{(0) 2

Question 28 ))) )

Consider the differentiable, one-to-one, function f: (0, 1) — R. It is known that:
1. f'(x) =—=[f(x)]? forall x € (0,1).
2. ran f = (1, ).

If g is the inverse function of £, find the domain and range of g'(x).

Hint: g'(a) denotes the gradient of g at x = a.

The domain of g'(x) is the domain of g which is the range of f = (1, ).
The range of g'(z) is the reciprocal of the range of f'(z).

As f'(z) = —[f(x)]?, the range of f'(x) is (—o0, —1).

Hence the range of g'(x) is (—1,0).
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o>

Q

Sub-Section: Exam 1 Questions ®

Question 29
Let f:[0,0) - R, f(x) =Vx + 4.

a. State the range of f.

2, 00)

b. Letg:(—,c] » R, g(x) = x%+ 6x + 7, where ¢ < 0.

Find the largest possible value of ¢ such that the range of g is a subset of the domain of f.

We require g(x) = 2 4+ 62+ 7= 0.
We solve g(x) = 0 by completing the square, thus,
P46z +9-2=(+3)°-2=0 = z+3=42v2 = z=-3+2

As g(x) s a positive parabola, for g(z) = 0 either, z < -3 — V2 or x> —3 442
— Hence ¢ = —3 — /2. —

c. For the value of ¢ found in part b., state the range of f(g(x)).

For the value of ¢ found in part b, the range of g 1= [0, 20).
Hence the range of f(g(z)) is simply the range of f = [2, =)

MM34 [1.0] - AOS 1 Revision - Contour Check (Part 1) Solutions ‘25
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d. Leth:R - R,h(x) =x2+5.

State the range of f(h(x)).

f(h(z)) = V2* + 54 4 = /2% + 9. Hence the range of f(h(z)) = [3, c0).

Question 30

4
(x+2)2°

Letf: (—2,0) > R, f(x) =3 —

State the rule and domain of f~1.

We solve = = f(y) for y, thus,

= =y+2 Sinece dom f = (-2, no)

The domain of f~! is simply the range of f which is (—oc, 3). Hence the function flis,

f" i (—oe0,3) —>]F~i.f‘]{;-}=i _9

S 3—=zx
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Question 31

a. Letf:R\{3}] >R, f(x) = % Find the rule for £ 1.

We solve fly) = x tor y. Thus,

1
T = = —=y—-3 = y=—+3

y—3

1
Hence the rle for f‘l is, f‘l[;r] =—+3
T

b. State the domain of f 1,

The domain of f~1 is the range of f which is R\ {0}.

c. Letg(x)=f(x—c)+dforc,deR.

Find the values of c and d, given that g = f~1.

—glx) = ; +d= . + 3. Hence d =3 and ¢ = —3.F———
r—c—23 T

d. Giventhat f'(1) = —; and f'(4) = —1, find the value of g'(1).

St 1 1
T ARy T
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Question 32

1

Find the maximal domain of f, where f(x) = Npemre

For z to be in the maximal domain of f, we require that =% — 6z +5 = 0.

We can factorise 22 — 6z + 5 as (x — 5)(z — 1) to see that it is equal to 0 when = = 1,5.
As r? —6x 45 is an upwards parabola, we see that it is greater than 0 when z < 1 or = > 5.
Hence the maximal domain of f is [ —o0, 1) U (5, o0)

Space for Personal Notes

MM34 [1.0] - AOS 1 Revision - Contour Check (Part 1) Solutions ‘28




(S4ONTOUREDUCATION

VCE Methods % Questions? Message +61 440 138 726

Question 33

a. Sketch the graph of f(x) =3 + ﬁ on the axes below, labelling all asymptotes with their equations and axial

intercepts with their coordinates.

(o, 4)

N

b. Find the values of x for which f(x) € (2,4).

We see that f(x) =4 when £ =0 and f(z) =2 when r = —2.
From the above graph we can see that f(x) € (2,4) when x € (—o0, —2) U (0, c0).

Space for Personal Notes

MM34 [1.0] - AOS 1 Revision - Contour Check (Part 1) Solutions

C




G-lo NTOUREDUCATION VCE Methods % Questions? Message +61 440 138 726

Sub-Section: Exam 2 Questions

Question 34

Which one of the following is the inverse function of g: (—,2] - R, g(x) = 4(x — 2)? + 3?

A fi[3,0) >R, f(x)=2+ x2_3
B. f:[3,0) >R f(x)=2-22
x-3

C. fi[3,0) >R, f(x) =4+

4

D. f:[3,0) > R, f(x) = 4 — X2

4

Question 35

The maximal domain of the function f is (—o0,1 — v/5] U [1 + /5, ).

A possible rule of £ is:

A f(x)=45-(x—1)2
B. f(x) =log.(5— (x —1)%)

1
C f)=Fomw

1
loge(5—(x—1)2)

D. f(x) =
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A.

B.

Question 36

Let f be a one-to-one differentiable function and the following values are known:

Let g(x) = f~1(x), the value of g'(3) is:

5

R

N |-

f(-1)=3f03)=7Ff(-1)=5and f'(3) = 2
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Question 37

Part of the graph of the function f is shown below. The same scale has been used on both axes.

N
N
x

h 4

The corresponding part of the graph of the inverse function £~ is best represented by:

A. 4 B. A
N
= —\ G
( \ > X < N X

N\ N7
C. /g\ D. /ﬂ\

N
(\
(\

N
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Question 38

Consider the following functions:

(L) 0 =t o+ 2)

g: (—OO, 3) - R, g(X') = COS(X)

The largest interval of x-values for which f(g(x)) and g(f (x)) both exist is:
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Question 39

3x+2 . b "
a. Express % in the form of a + e where a and b are non-zero integers.

Jr+2 3zx43)-7

3

r4+3 43

=

Henee a = 3 and b= —T.

b. Letf:R\{-3}-> R, f(x)=

3x+2
x+3 "

i.  Find the rule and domain of £~ and the inverse function of f.

— 3a

Hence —1(z) = .
ence f~(x) P—

We solve f(y) = = for y to get the rule for f~ L

The domain of f~! is the range of f which is R\ {3}

ii. Part of the graph of f is shown in the diagram below.

Sketch the graph of y = 71, labelling all points of intersection with their coordinates.

9
N
2
Wz, V2)
1
2. = N
< 1 2
h

MM34 [1.0] - AOS 1 Revision - Contour Check (Part 1) Solutions

€




G-OONTOU REDUCATION VCE Methods % Questions? Message +61 440 138 726

c. Letg(x)=—-V16—x2.

i.  Show that both f(g(x)) and g(f(x)) do not exist.

The domain of f is R\ {-3}.

The range of g is [—4.0].

Thus ran g € dom f hence f(g(x)) does not exist.
The domain of g is [—4, 4]

The range of fis B\{3}.

Thus ran f € dom g hence g(f(x)) does not exist.

ii. Find the largest interval on which both f(g(x)) and g(f(x)) are defined on.

We solve f(z) =4 = z=-2.

We solve f(z) = -4 = == -10.

From the graph of f we see that f(z) € [-4.4] if z € (—o0, —10] U [-2, o)
1 Thus gi f(x)) is defined for = € {—o0, —10] U [-2, 00) N
We solve g(z) = -3 = = = £/T.
1 Thus f(g(x)) is defined for z € [—4,4)\{£+/T}. -
Hence f(g(z)) and g(f(z)) are both defined on the intersection of the two sets,
1 specifically = € [-2,4]\{v/T}. -

This set contains two intervals, the bigger one being, [—2, 1.;?:1
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Question 40
Let f(x) = 27%and g(x) = 4x? — 4x + 3.
a.

i. State the rule of f(g(x)).

flg(z)) = g—4r? dr43

ii. State the range of f(g(x)).

—| The range of g(x) = (2x — 1)* + 2 is [2, 00).
As f is a decreasing function, which tends towards 0 as r — 0o, the range of [ is,

_ o] _

b. Leth:[a, o) = R, h(x) = g(f(x)). Find the smallest value of a such that h is a one-to-one function.

As g(z) = (22 — 1)? + 2, the largest intervals for which it is a one-to-one function on

1 1
are, [—,o00 |, or, | oo, —|.
2 ' 2

As f(z) is a decreasing function, the range of f when restricted to [, 0c) 1s (0,2°].

Since (0,277 € [% :x:) for all a, we must consider values of a for which

The smallest such value of a 1s a = 1.
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c. For the value of a found in part b., state the rule and domain for A1

We can solve h(y) = x for y. This implies that g(f(y)) = z, thus we will first solve
glz) = x for z, restricting our attention to z < 3 because of our work from part b.
——— This vields, -

7= %['l —vVr—2)

. 1. . .
Now we solve fly) = z, we see that y = —log, (E“ — /T — 2}) =1-—log,(1 —
v —2).

Hence the rule for A~ is h=!(z) = 1 — logs(1 — /x — 2).

. ) . . 1
The domain for h~! is the range of h. As the range of f restricted to [1,00) 15 (U. —] ,

2
L , 1
the range of k i1s simply the range of g restricted to | 0, 1k

1
As g 1s one-to-one in this interval, the range of g restricted to ((]. E] is [2,3).

—1 Hence the domain of k=1 is [2,3). —

d. How many solutions does the equation f(g(x)) + g(f(x)) = 0 have?

We sketch the graph of f(g(z)) + g(f(x)).
As it 1s entirely above the z-axis, our equation has 0 solutions.
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Section C: [1.3] - Transformations (Checkpoints)

Sub-Section [1.3.1]: Applying Transformations to Points

Question 41 )

Consider the following transformations of the plane:

» S, adilation by a factor of 2 from the y-axis, followed by a translation of 3 units up.
» T, atranslation of 2 units left and 1 unit up.

» W, areflection in the line y = x.

a. Find S(x,y).

S(I,_}’) = (21:}’ + 3)

b. FindT(x,y) = (x',y"). Express x and y in terms of x" and y'.

T(x,y)=(x=2,y+ 1) = (x,y).

Hencex' =x-2 = x=x"+2,andy =y+1 = y=y -1,

c. Find W(x,y).

W(x,y) = (y, x).
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Question 42
Consider the following transformation, T : R? - R?,T(x,y) = (—2x + 4,5(y + 3)).

T can be described using the following sequence of transformations:

4

vy Vv v vV

o

A dilation by a factor of a from the x-axis, followed by,

A dilation by a factor of b from the y-axis, followed by,

A reflection in the y-axis, followed by,

A translation ¢ units in the positive direction of the x-axis, followed by,
A translation of d units in the positive direction of the y-axis.

Find a, b, ¢, and d.

We need to turn x into 2x and y into 5y using our two dilations, since the reflection will take 2x 1o =2x
— and then we can worry about the translations. —

Hence a =5 and b = 2.

Now we simply translate our sequence to the right point, meaning ¢ = 4 and d = 15.

Describe T as a sequence of two translations, followed by two dilations, and a reflection.

We can rewrite our transformation as follows, T'(x,y) = (=2(x — 2), 5(v + 3)). From here we see that we
must get our translations to map (x, y) to (x + 2,y — 1) before applying our dilations / reflections. Hence
our sequence of transformations is as follows,

A translation of 2 units in the negative direction of the x-axis, followed by,

A translation of 3 units in the positive direction of the y-axis, followed by,

A dilation by a factor of 2 from the y-axis, followed by,

A dilation by a factor of 5 from the x-axis, followed by,

A reflection in the y-axis.
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c. Theimage of (p, —5) under T is (2, q). Find p and q.

We apply T to (p, —5) getting, (-2p + 4, —-10) = (2, g).
Henceg=—-10and -2p+4=2 = p=1.

Question 43 )})

Consider the transformation T : R?> — R? described by the following sequence of transformations:
» Adilation by a factor of % from the x-axis, followed by,

A translation of 2 units in the positive direction of the x-axis, followed by,
A reflection in the y-axis, followed by,

A translation of 3 units in the positive direction of the x-axis, followed by,
A translation of 5 units in the negative direction of the y-axis, followed by,
A dilation by a factor of 5 from the x-axis, followed by,

A reflection in the x-axis, followed by,

v Vv Vv Vv Vv Vv VY

A dilation by a factor of 3 from the y-axis.

a. Find (x',¥"), the image of (x,y) under T.

In order, the transformations take the point (x, y) to,

(x.y) = (I%) = (x+2,£] o (—x—}l,%) > (—x+ l%)

s (-_H 1%- 5] > (x4 1,y —25) > (—x + 1,25 — y) > (=3x + 3,25 — y)

Thus (x',y) = (=3x+ 3,25 - y)
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b. Express x in terms of x" and y in terms of y'.

J_3 3_ r
Asx’=-3x+3weget_x:=x = ol

-3 3
Asy =25-ywegety=25-.

c. Atransformation S : R? > R? maps T(x,y) = (x ',y ') to (x,y).

Describe S as a sequence of 2 translations followed by 2 reflections followed by a dilation.

» | = A translation of 3 units in the negative direction of the x-axis, followed by,
» | — A translation of 25 units in the negative direction of the y-axis, followed by,
» |~ A reflection in the x-axis, followed by,
- A reflection in the y-axis, followed by,
> 1
|- A dilation by a factor of 3 from the y-axis.
Question 44 ))))

a. Describe a reflection in the line y = x + b using elementary transformations.

4

4

2

— A translation of b - units in the negative direction of the y -axis, followed by,
— A reflection in the line y = x, followed by,

— A translation of b - units in the positive direciton of the y-axis.

A reflection in the line y = ax can be described via the following transformation:

x(1-a?)+2ay y(a2—1)+2ax)
1+a? ’ 1+a?

T(xy) = (

b. Describe a reflection in the line y = ax + b using elementary transformations and T.

2

4

— A translation of b - units in the negative direction of the y -axis, followed by,

- T, followed by,

— A translation of b - units in the positive direciton of the y-axis.

MM34 [1.0] - AOS 1 Revision - Contour Check (Part 1) Solutions

G




G-OONTOU REDUCATION VCE Methods % Questions? Message +61 440 138 726

c. Find the image of the point (2,4) when it is reflected in the line y = 3x + 5.

—8x+ 0y 8y+ 6.{)

We apply the transformations in b to our point, noting that 7 (x,y) = ( 10 ' 10

_|Hence in order, our transformations map (2, 4) onto,

-16-6 -8+12
10 7 10

. (2,=5)— (2,-1) ( ) =(-22,04) - (-2.2,54)

d. Show using coordinate geometry that T describes a reflection in the line y = ax.
Hint: Find the line going through a point (x,, y,) with a gradient — %

Then, equate that line to y = ax to get a point (x4, y;).

Then, (x4, y,) is the midpoint of (x, yo) and (x4 ,vy ) = T (X0, Yo)-

We follow the hint.
1

A line going through the point (xp, vg) with a gradient —— has equation
a

-1
y=—(x-xp)+ Yo
a

_| There point of intersection (x|, y;) lies on both that line and the line y = ax, hence,

-1 2 ayp + X
— ax; = —(x;—Xxp)+y = ax+tx=x+ayy = x = ——— L
a a’ + 1

— .‘_']‘2_‘,-'(} + dXxp =
andy, =ax) = —————
a? + 1

“|Since (x,, y1) is the midpoint of (xg, yg) and (x},y;) we see that,

(IE}!}":}) + (—rﬂs .""[]} = z(xls.""l} Sl (x:}:_""g]) = 2(_I|,}’|} - (xﬂa yﬂ)

—|Hence B
_ ayo + Xo 2ayy + 2xo — a’xg — X xo(1 — a?) + 2ay, -
x:} =2 S - Xp = 5 = 2
at+1 a*+1 Il +a
_ , L atyo+axg 2a’yg + 2axg — a@’yo = yo _ yol@® = 1) + 2ax =
and Yo = 7 —Yo = 2 - 2
a’+1 a+1 a-+1

| This transformation sends the point (xg, yo) to T(xg, yo). Hence as (xg, yo) is arbitrary, T describes a |
reflection in the line y = ax.
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Sub-Section [1.3.2]: Transforming Graphs of Functions

o>
Q
©

Question 45

a. The graph of f(x) is shown below.

Py

-2 - N E 1 2
-2
—4
&

%4
WV

On the same axes, sketch the graph of g(x) = f (—2x).

b. Let f(x) = e*. The transformation T : R? - R?, T(x,y) = (x — 1,y + 2) maps the graph of f(x) onto the

graph of g(x). Find the rule for g(x).

Consider some points (x”,y”) on the graph of g(x).

We observe that (x',y") = T(x,y) = (x — 1,y + 2) for some point (x, y) on the graph of f(x). To relate x’
with y” we express x in terms of X" and y in terms of )’, specifically,

==l = =%l and YV=y+2 = y=y -2
'We substitute the above two into y = e* to relate x” with y’. Hence
_‘.; 5 s 2 - e,wl R _‘,r - e,\+l $ 2

Thus the rule for g(x) is, g(x) = "' +2
c. Find the rule for the image of the graph of y = cos(x) under the transformation,

7 w2 (3.1
S=R*->R5T(x,y) = 3x,2y.

We apply the same logic as in part b.

_ ’

— lyields,
2 = cos —x L1 x'
Y =cos| | = y' = Scos| 3
X

1 ;
Thus the rule for the image of the graph of y = cos(x) under § is, y = 5 cos (5)

1 _ . .
Observe that x' = -3x = x = —gx, and y' = Ey = y = 2y'. Substituting these into y = sin(x)

)
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Question 46

a. Let f(x) = 5v/x — 3. The transformation T : R? - R? , T(x,y) = (4x,3 — y) maps the graph of f(x) onto
the graph of g(x). Find the rule for g(x).

Consider some points (x’, y') on the graph of g(x).

We observe that (x’,y") = T(x,y) = (4x, 3 — y) for some point (x, y) on the graph of f(x). To relate x’
with y" we express x in terms of x" and y in terms of y’, specifically,

x
x'=4x=>x=I and V=3-y = y=3-y

We substitute the above two into f to relate x” with y'. Hence
x 5
33—y =51||'I—3 = =6—§\f;

Thus the rule for g(x) is, g(x) =6 — % Vx

b. Find the rule for the image of the graph of y = e**2 — log,(—2x) under the transformation,

S:R?->R?,T(x,y) = (—2x—1,y + 3).

We apply the same logic as in part a.

x +1
Observe that x’ = -2x -1 = x= - 3 andy =y+3 = y =y - 3. We substitute the following
two values into y = —e**? — log,(—2x) to get,
y-3= P log,(x'+1) = ¥ = & log,(x' + 1)+ 3

Thus the rule for the image of the graph of y = ¢** — log,(—2x) under S is, e - log,(x'+1)+3

c. Letf(x)=(x—-D(x+2)(x—3),andgx) =4f(2—x)+5.

Solve g(x) = 5.

ox)=5 = 4f2-x)+5=5 = 4f2-x)=0 = f(2-x)=0.

Hence2 —x=-2,1.3 = x=-1,1.4.
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Question 47

a. Consider the transformation, T : R? —» R? which can be described by the following sequence of
transformations:

» Atranslation is 3 units up and 2 units left, followed by,
» Adilation by a factor of 3 from the x-axis and % from the y-axis followed by,

» A reflection in the x-axis.

T maps the graph of f(x) onto the graph of g(x) = log,(x). Find the rule of f(x).

V) )

We see that under T,

x-2

(x,y) = (x =2,y +3) (x—;z, 3(y + 3}) - ( , =30y + 3]) =,y

For any point (x, y) on the graph of y = f(x), we know that y" = g(x") = log,(x”). Substituting x" =
and y' = —3(y + 3) into this equation yields,

-2 1 x—2
-3(}!+3}=logr(xT) = _'1,-'=—§log,l,(]c2 )-3

1 (-2
Hence, f(x) = -3 log, (1 3 )— 3.

x-2

2
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b. Consider the transformation S : R? - R?, which the following sequence of transformations can describe:
» Adilation by a factor of 2 from the x-axis and 5 from the y-axis, followed by,
» Atranslation 1 unit down and 4 units right.

Find the rule for the image of the graph of y = 25x2 + 5x — 1 under S.

—We see that under S,
(i, y) = 5x,2y) = Sx+4,2y - 1) = (1, y)
— ] -4 v+ 1 [

X
Hence x = 5 and y = =

——{Substituting these equations into y = 25x> + 5x — | yields —

’
Y+l > > >
—— =W -+ (X --1=X"-W+11 = y =2"-14x" +2I

—Thus the rule for the image of the graph of y = 25x% + 5x — 1 under § is,

—] y=2x - 14x + 21 |

c. Atransformation U : R? - R?, U(x,y) = (2x + 5,3 — 2y) maps the graph of y = af (x) + b onto the graph
of y = f(cx + d). Find the values of a, b, ¢, and d.

o

As x" = 2x + 5 we see that x = T, and as ' = 3 — 2y we see that y = 2‘

We note that if a pair (x, y) lies on the graph vy = af(x) + b, then their image under U, (x’, ') lies on the
graph of y = f(cx + d). Hence,

x =5

3—2}! =Hf(x 2-5)+b I ‘\-‘!=—2{If(

Equation coefficients yields,

)+3—2b=f(cx’+d}

—2a=l=>a=—% and 3—2b=0=‘¢b=% and c:l and .:;f=—E

I
(]
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Question 48

y)) )

Consider the transformation 7 : R? - R?2, which is described by the following sequence of transformations:

» A translation of 3 units upwards and 5 units left, followed by,

» Areflection in the line y = x, followed by,

» Adilation by a factor of % from the x-axis and % from the y-axis, followed by,
» A reflection in the x-axis.

T maps the graph of f : (—, 2], f(x) = 3x2 4+ 12x + 5 onto the graph of g.

Find the rule of g.

We see that under T,

@y @=35y+H o+3x-5e (}:3°x;_5)+—> (-"‘13

'+ 3 F— 5
‘Hencex’=}T = }-‘=4x’—3and_\-"=_)‘2

- Since our transformation will be inverting f, let us express x as a function of y.

= x=-2y+5

. y=3x+12x+5
= y=3x+2)°>-7

:%:(x+2)2

y+7
| =~x-—ﬂT—2

Since x < —2. Now we substitute x* and y’ into our equation to get.

i Sy 45— 4x +-’-I-_2
3
2Vx + 1
] = -2y =- -7
! V3
i N FE
YENT3

. x+1 7

| Hence the rule for g is, g(x) = 3 + 3

x—5

) = (x',y)
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Sub-Section [1.3.3]: Find Transformations from Transformed Function

o>
Q
©

Question 49
a. Letf(x) =x2?and g(x) = 3x% — 2.

Describe a transformation that maps the graph of f onto the graph of g.

)

. S+ 2
Choose some point (x',y") on the graph of g(x). Then Y

the graph of f(x) such that,

'+ 2
(x:} 3 )=(x,_v) = (,))=(x3y-2)

This gives us our transformation, T : R?> — R, T(x,y) = (x,3y — 2)

= f(x"), hence there is some point (x, y) on

y =5—log.(2x + 3).

Find the values of a, b, ¢, and d.

We first apply T to the graph of y = log,(x).

Let (x’,y") be a point on the image of y = log,(x) under T. Then there is some pair (x, y) on the graph of
¥ = log,(x) such that,

a C

(x"\y)=(ax+b,cx+d) = (x,y) = (_x —b’y _d).

We substitute this into the equation y = log,(x) to get,

xX'=b

Y = clugc( ) +d=5-1og,(2x +3)

1 3
By comparing coefficients, we see that, a = 7 b= —5 c=-landd = 5.

c. Atransformation T : R? - R? maps the graph of f(x) = v/x onto the graph of g(x) = 3vx — 1 + 5.

— A dilation by a factor of 3 from the x-axis, followed by
— A translation of | unit(s) in the positive direction of the x-axis, followed by

— A translation of 5 units in the positive direction of the y-axis.

b. The transformation T : R? - R?, (x,y) » (ax + b, cx + d) maps the graph of y = log, (x) to the graph of

1 unitle) in tho nacitivio diroction of tho a_avic faollowiod hyvy

> Atranslation of —|We observe that g(x) = 3f(x — 1) + 5. Thus any pair (x’, y') on the graph of g(x) satisfies,
i y =3 ,

» Atranslation of | g £ - 1)

Fill in the blanks. Hence we can relate some pair (x, y) on the graph of f(x), to (x’,y") by,

(x,y) = (_x’ - 1%) — (,y) = (x+1,3y+5)

We can then describe our transformation as above.
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Question 50
a. Letf(x)=4(x—5)2

The transformations:

S:R? - R?, (x,y) » (x + b,ay),

T:R? > R? (x,y) » (cx + d, ).

Both map the graph of y = x? onto the graph of f.

Find the values of a, b, ¢, and d.

and

—IComparing coeflicients to f(x) = 4(x —5)* weseethata =4 andb=5. |——

—INow we apply T onto the graph of y = x°, this yields the graph of, R

) . . 1
—ICDmparmg coefficients to f(x) = 4(x — 5)* we see that ¢ = 5 and d = 5.

We first apply S onto the graph of y

= x?, this yields the graph of,

y = a(x — b)*. L

s EE

b. Consider a function f : [0,) = R, f(x) = 100 —

A different function g has the property, that g decreases at half the rate of f at any point in time and that
g(0) = f(0). State a single transformation that maps the graph of f onto the graph of g.

4x.

%wo: 100-2x=f(§).

Since g decreases at half the rate of f at any point in time and g(0) = f(0), we know that g(x) =

Hence a dilation by a factor of 2 from the y-axis will transform the graph of f onto the graph of g.
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_ f(4x+12) _
5

c. Letg(x)= 20.

Fill in the blank lines to make the f

1
A dilation by a factor of 5 from the x-axis, followed by,

A translation of —12 units in the positive direction of the x-axis, followed by,

A translation of 20 units in the positive direction of the y-axis, followed by,

1
A dilation by a factor of 1 from the y-axis, followed by,

graph of g(x).
# A dilation by a factor {Choose a point (x’, ') on the graph of g. We observe that,
_ —5(y +20) = f(4x' + 12)
» A translation of
Hence there is some point (x, y) on the graph of f such that,
i -12  y+100 - 12 J
» A translation of (ty) = (4 + 12.-5)' — 100)) = (X)) = (x oyt ) _ (A -~ (20 . 1))
4 5 - 5
» Adilation by a factor | The last equation is useful for us since we are first dilating then translating then reflecting y, but we are
first translating then dilating x. Hence we can read off the required transformations from the last equation.
» A reflection in the x-axis.
Question 51 )})

a. Describe a sequence of three transformations that map the graph of f(x) = V7 — 6x — x? onto the graph of

gx) = V4 — x>,

x—b

As j(

a

By completing the square, we observe that f(x) = 4(x — 2)%.

For x > 2 this can be simplified down to f(x) = 2(x = 2).

) = x we observe thata = 2 and b = —4.
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b. Letf:[2,0) >R, f(x)=V4x?— 16x + 16.

A transformation T : R? - R?, (x,y) ~ (ax + b,y) maps the graph of f(x) onto the graph of
g:[0,0) > R,g(x) =x.

Find the values of a and b.

By completing the square, we observe that f(x) = /4(x — 2).
[For x = 2 this can be simplified down to f(x) = 2(x — 2).

x—=b

) = x we observe thata = 2 and b = -2.

Asf(

¢. A function f has its only stationary point at (2, 3) and its only x-axis intercept at (-5, 0).
A function g has its only stationary point at (6, —2) and only x-axis intercept at (—8, 0).
A transformation T : R?> - R?, T(x,y) = (ax + b, cy) maps the graph of f onto the graph of g.

Find a, b, and c.

We know that T maps stationary points to stationary points, hence T(2,3) = (2a + b, 3¢) = (6, -2). This

implies that ¢ = 3

Since T has no vertical translations, it maps x-axis intercepts to x-axis intercepts. Hence
T(-5,0) = (-5a + b,0) = (-8,0).

We solve —5a + b = —8 and 2a + b = 6 simultaneously to find a and b.

Subtracting the first equation from the second yields 7a = 14 = a = 2. Substituting this back into the
first equation implies that b = 5a -8 = 10 -8 = 2.
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Question 52 Tech-Active. ))) )

Let f(x) =x*+x3+x%+x+ 1and g(x) = x* + 2x3 + 4x% + 8x + 11.

A transformation T : R? - R? , T(x,y) = (ax + b, cx + d) maps the graph of f onto the graph of g.

Find a, b, c, d and show that they are unique.

We observe that the rule of g is,

x—b 4 3 ;
glx)=cf 0 +d=x"+2x +4x +8x+ 11

We expand out f and compare the coeflicients to get the following simultaneous equations.

bc bc bc be

P A A A Y
a a a a*

c 2bc 3b'c 4bc

t_= 8
a a a’ at

] ¢ 3bc 6bc [
2 @ e !

— c 4b£k L
R

Pr— {‘ [
prial

— We solve these equations to geta=2,b=0,c = 16 and d = 5. —

Any other such values of a, b, ¢, d must satisfy those simultaneous equations. As those equations only have one
solution, our values of a, b, ¢ and d are unique.
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Section D: [1.4] - Transformations Exam Skills (Checkpoints)

Sub-Section [1.4.1]: Apply Quick Method to Find Transformations @

Question 53 )

Find the image of the graph of y = x2 under the transformation, T : R? -» R? , T(x,y) = (1 — 2x,y + 5).

Apply the transformation x — 1 — 2x in an opposite manner, so we replace x with XT_l Thus, (applying
the y-axis transformations as well) we get,

_(x—1)2 :

Question 54

Describe a sequence of transformations that maps the graph of y = x3 onto the graph of y = 2(3x + 2)3 — 3.

In our equation we replace x with 3x + 2, thus we apply those transformations in reverse
including the order.

» A translation of 2 units left, followed by,
» Adilation by a factor of% from the y-axis, followed by,

Then we apply the y-axis transformations as normal.

» Adilation by a factor of 2 from the x-axis, followed by,

» A translation of 3 units down.
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Question 55

Find the image of the graph of y = 21log,(x) — 3 under the following sequence of transformations:
» Adilation by a factor of 3 from the x-axis, followed by,

» A translation of 2 units left and 3 units up, followed by,

» A reflection in the y-axis, followed by,
»

A dilation by a factor of 5 from the y-axis.

V) )

We observe that the last 3 transformations apply to x, thus applying them in reverse

(including the order) yields,

! ! +2
S>=X O —=X > —=
X SX SX 5X

Applying the y-axis transformations in order yields,
y = 3y +3
Thus, the rule for the image of our graph under the transformations is,

1 1
y=3(210g2(—§x+2)—3)+3=6log2(—§x+2>—6
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Question 56 ))))

Consider four linear functions, p; (x), p,(x), q1(x), and g, (x).

A transformation,
T:R? -5 R%T(x,y) =(x",y")

maps the graph of y = f(x) onto the graphof y = (p; ° p, ° f ° q2 ° q1)(x). Express x "interms of x and y ’
in terms of y.

By the quick method we apply the reverse of the x-axis transformations in the reverse |
order, thus x’ = (g7t o gz 1) (x).
We apply the y-axis transformations in the correct order, this yields y' = (p; o p,) (y).
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Sub-Section [1.4.2]): Apply Transformations of Functions to Findits @
Domain and Range

Question 57 )

The function f : R — R has a range of [2, ).

The transformation, T : R? - R?,T(x,y) = (5 — 2x, 3 + y) maps the graph of f onto the graph of g. State the
domain and range of g.

We simply apply T to both our domain and range.

As x is a real number 5 — 2x can be any real number.

Asy > 2, we know thaty + 3 > 5.

From here we see that the domain of g is R and the range of g is [5, ).
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Question 58
The function f : (—o, —1] = R has a range of [—2, o).

Describe a sequence of transformations that maps the graph of f onto a graph of a function with a domain of
[0, o0) and a range of (—oo, 2].

— Since our domain and ranges both swap the signs of the oo, we require reflections about both axes.
— » A-reflection about the x-axis, followed by, —
— ¥ A reflection about the y-axis. —
— After applying these transformations, we have a domain of [1, c0) and a range of (—oo, 2]. —
— » We just need a translation to fix the domain. —

— ¥ A translation of 1 unit to the left. —
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Question 59 )})

Consider the function, f : R\{-2} - R, f(x) = ﬁ - 5.

The following sequence of transformations maps the graph of f onto the graph of g:
¥ Areflection in the x-axis, followed by,

» Adilation by a factor of 3 from the x-axis, followed by,
» Adilation by a factor of § from the y-axis, followed by,

» A translation of 3 units up and 2 units left.

State the domain and range of g.

Recall that the domain of f is R\{—2} and the range of f is (=5, o).
Under our transformations,

)P (x,—-y) - (%x, —3y) - (%x -2,3- 3y)
Now we just apply these transformations to our domain and range.
If x # —2,then ~x — 2 # —3 and if y > =5, then 3 — 3y < 18.
Hence the domain of g is R\{—3} and the range of g is (—oo, 18).
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Question 60 ))) )

Letf:(—2,1] > R, f(x) =2(x + 1)2 - 3.
Consider the transformation, T : R? - R?, T(x,y) = (ax + b, cy + d) where a and c are both non-zero.
The transformation T maps the graph of f onto the graph of g.

a. Explain why the range of g will always be of the form [p, q] for some real p < q.

| The range of f is [-3,5].

| Let v = cy + d. We note that 3’ is in the range of g if and only if y is in the range of
f.

| As we know that —3 < y < 5, we see that —3c+d < vy < 5c+d if ¢ > 0 or,
3c4+d>y >5c+dif e < 0.

1 As ¢ # 0, in both cases these restrictions create an interval with square brackets.

b. Explain why the domain of g will always be of the form (p, q] or [p, q) for some real p < q.

The domain of f is (—=2,1].

Let x" = ax + b. We note that x’ is in the domain of g if and only if x is in the domain of f.

As we know that —2 < x < 1, we see that, —2a+ b <x <a+bifa>00r,—2a+b>x>a+b
ifa<0.

The first restriction produces a range of the form (p, q] whilst the second produces a range of the form

(q,p]

c. For what values of a, is the domain of g of the form (p, q]?

a>0
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Sub-Section [1.4.3]: Apply Transformations of Functions to Find @
Transformed Points and Tangents

Question 61 )

The equation of the tangent to the graph of f(x) at the point (1,3) isy = 2x + 1.
The transformation, T(x,y) = (x% + 1) maps the graph of f onto the graph of g.

Find the equation of the tangent to the graph of g at the point (1, 2).

As the image of the point (1, 3) under T is (1, 2), we simply apply T to our tangent line.

Thus, our tangent to the graph of g at (1,2) is,
1 2x+ 4
—] y=z @+ D+1=— —

Question 62
The points (2,4) and (4, 7) lie on the graph of f(x).

Evaluate g(2), where g(x) = 3f(6 — x) + 5.

g(2)=3f(6—-2)+5=3f(4) +5.
As the point (4, 7) lies on the graph of y = f(x), we see that f(4) = 7, hence,
g(2) =21+ 5 = 26.
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Question 63

Consider the transformation, T : R? — R? described by the following sequence of transformations:

» Adilation by a factor of 2 from the x-axis, followed by,

¥ A translation by a factor of 4 in the negative direction of the x-axis, followed by,

» Adilation by a factor of % from the y-axis, followed by,

» A translation by a factor of 5 in the positive direction of the y-axis.

The image of A(u, v) under T is (3, 7). Find the values of u and v.

V) )

Under T we observe that,
y) > (x2y) > (x—42y) > x—4
3,2y >x—4
Applying this transformation to A yields,
u—4
T(A) = (T 20+ 5) - 3,7).
Thus,u =13and v = 1.
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Question 64 ))) )

The graph of y = f(x) is drawn below along with two tangents at x = 4 and at x = —1.

Y

N

(0, ©
(0, 2)

T30 \ © o

v

Find the equation of the tangent to the graph of g(x) = 1 — 3f(2 — 2x) when x = —1.

A possible transformation that maps the graph of f onto the graph of g is,

1
T:R? > R%,T(x,y) = (1 —Ex,l - 3y>
Thus, the pre-image of (—1, g(—1)) under T is (4, f(4)), thus T maps the tangent to f at x = 4 onto the
tangentto g at x = —1.

This tangent has the equation, y = 2 — gx.

Applying T to this tangent yields the equation, y = 1 — 3 (2 — 2_32x) =-3—-2x
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Sub-Section [1.4.4]: Find Transformations with Constraints

Question 65

Consider the transformation, T : R? — R? given by the following sequence of transformations:
» Adilation by a factor of a from the x-axis.

» A translation by a factor of b in the positive direction of the y-axis.

T maps the graph of f(x) = /x onto the graph of g(x) = V9x + 6.

Find the values of a and b.

)

Under T we see that (x,y) — (x,ay + b).

Thus, the image of the graph of £ under T has a rule of, y = avx + b = g(x).
We take the 9 out of the square root in the rule of g to get g(x) = 3vx + 6.
Now we can compare coefficientstogeta =3 and b = 6
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Question 66

The transformation, T : R? - R?, T(x,y) = (ax + b,y + ¢) maps the graph of y = 2% onto the graph of
y=8x23"1_5

Find the values of a, b, and c.

The rule for the image of the graph of y = 2x under T is,

x—b

N y=2a +c=8x23x—1-5 -

As we do not have a dilation from the x-axis, we take the 8 into the exponential to get

y = 23x+2 — 5.

From here, we can compare coefficientsto get c = —5,a = %and b = —6.
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Question 67

The graph of y = x3 — 3x is drawn below.

(-, 2

(0, 0)

@ -2

The transformation,
T:R?2>R%4T(x,y)=(a—x,b—y)
Maps the graph of y = x3 — 3x onto the graph of y = (x — 1)3 — 3x + 5.

Find the values of a and b.

w

The image of the graph of y = x3 — 3x under T s,
y=b—(a—x)*+3(a—-x)=b+ (x—a)®—-3x+3a
Thus,a=1landb+3a=5=b=2.
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Question 68 ))) )

Consider the functions:
f:[-1,0) >R, f(x) =x%+2x + 2

g:(—o,1] >R, gkx) =4Q2x—1)? +3

Describe a sequence of a dilation followed by two translations and lastly a reflection that maps the graph of f onto
the graph of g.

Looking at the domain of f and g, our reflection must be in the y-axis.

We now complete the square for the rule of f to get f(x) = (x + 1)2 + 1.

Since we have 1 dilation, we can bring the 4 into the square in the rule of g to get g(x) = (4x — 2)2 + 3,
and from here we see that we need to apply,

» Adilation by a factor of % from the y-axis.

This maps the rule of £ onto the rule of y = (4x + 1)? + 1. As our last transformation will be a reflection
in the y-axis, we need to use our two translations to map the graph of y = (4x + 1)? + 1 onto the graph of
y = (4x + 2)? + 3.

Hence our two translations are,

» A translation ofi units left, followed by,

» A translation of 2 units up.

Lastly, we apply our reflection in the y-axis.
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Sub-Section [1.4.5]: Find Transformations of the Inverse Functions

Question 69

2
x—-1

Consider the function, f : R\{1} = R, f(x) = + 4.

The transformation, T : R? - R?, T(x,y) = (x + a,y + b) maps the graph of f onto the graph of its inverse
function. Find the values of a and b.

)

The horizontal asymptote of f is y = 4, whilst the horizontal asymptote of f~tisy = 1.
Thus, we need to translate the graph of f 3 units down, i.e. b = —3.

The vertical asymptote of f is x = 1, whilst the vertical asymptote of f~1is x = 4.
Thus, we need to translate the graph of f 3 units to the right, i.e. a = 3.

Question 70

Consider the one-to-one functions, f(x) and g(x). The transformation T : R? - R?, T(x,y) = (3 — x,2y +
maps the graph of f onto the graph of g.

Describe a sequence of transformations that maps the graph of £~ onto the graph of g=1.

7)

We can swap x and y in the equation of T to get a transformation S : R? —
R?,S(x,y) = (2x + 7,3 — y) that maps the graph of £~ onto the graph of g~*.
From here we can read off a sequence of transformations.

» Adilation by a factor of 2 from the y-axis, followed by,

» A reflection in the x-axis, followed by,

» A translation of 7 units to the right and 3 units up.
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Question 71 )})

Letf:(—,2] > R, f(x) =3x?—12x+ 11land g : [-3,) » R, g(x) = 2vVx + 3 + 4.

a. Describe a sequence of transformations that maps the graph of f onto the graph of g=1 .

We first find the rule for g~ by solving g(y) = x for y. Thus,

x—4 T — 4)2
2y +3+d=1 = ?T= vt = y=¥_3

Furthermore the domain of g—*

o s [—3, 00).

is the range of g which is [4,00). Similarly, the range
of g~
From here we see that our transformation needs,

e A reflection in the y-axis

to align our domains (Now the image of f after this reflection has a domain of [—2, og),
— which a simple translation can map to the domain of g—1). -
The rule for the image of the graph of f after applying that reflection is

Yy = 3.2 + 122 + 11 = 3(x + 2}2 - L

Now we apply the following transformations to map the graph of f onto the graph of
.

1
e A dilation by a factor of 3 from the z-axis, followed by,

e A translation of 6 units to the right and 2 units up

b. Hence, or otherwise, describe a sequence of transformations that maps the graph of g onto the graph of f=1.

To map the graph of =1 onto the graph of g we would just swap x and y in the transformation in part a.
However, we are mapping the graph of g onto the graph of =1, thus we also need to swap our
transformations and their order. Thus, our transformations are,

» Atranslation of 6 units down and 2 units to the left, followed by,

¥ Adilation by a factor of 12 from the y-axis, followed by,

¥ A reflection in the x-axis.
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Question 72 ))) )

Consider the function f which has the property that f(x —3) — 3 = ™1 (x).
The transformation, T : R? - R%,T(x,y) = (4x + 1,2 — y) maps the graph of f onto the graph of g.

Describe a sequence of basic transformations (translations, dilations, and reflections in the x- and y-axis only) that
maps the graph of g onto the graph of g=1.

We will approach this problem by mapping the graph of g onto the graph of f. then onto

the graph of f~!, and finally onto the graph of g~

Observe that the transformation S : R? — R? S(z,y) = (

z—1

,2— y) undoes T, hence

maps the graph of g onto the graph of f.

Then we apply the transformation R : R> — R?, R(z,y) = (x + 3,y — 3) to map the graph
of f onto the graph of 1.

We can swap z and y in the rule for T to create a transformation Q : R? — R?, Q(z,y) =
(2 — 2,4y + 1) that maps the graph of f~! onto the graph of g='.
We compose these 3 transformations to create a transformation

U:R? = R%,U(z,y) = Q(R(S(z,y)))

~ o(r(e52a)

r—1
T

rz—1 r 3
—34(—y—-1D+1) =-S5, 4y —:
5 3,4(~y )+) (4 W 3)

Hence our transformation ) can be described with the following sequence of
transformations,

e A reflection in both the z-axis and the y-axis, followed by,

1
e A dilation by a factor of 1 from the y-axis and a dilation by a factor of 4 from the

— z-axis, followed by,

e A translation of 1 units left and 3 units down.
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Sub-Section [1.4.6]: Find Opposite Transformations [

Question 73 )

Describe a sequence of transformations that maps the graph of y = 3e?**1 — 4 onto the graph of y = e*.

1. . 4
Observe that §(3€”H —4)+ =

Thus we can undo the "y” transformations with,

— e2r+1.

1
¢ A dilation by a factor of 3 from the z-axis, followed by,

4
e A translation of 3 units up.

Since 2x + 1 = 2’ we can undo the ”z” transformations with,

e A dilation by a factor of 2 from the y-axis, followed by,

e A translation of 1 unit right.

Question 74

The transformation, T : R? - R2, T(x,y) = (Zx + 3,% y— 4) maps the graph of y = f(x) onto the graph of

y = x3,

Find the rule of f.

Choose a point, (z,y) on the graph of y = f(x). Let (2/,7") be the image of that point
under 7' 1
We can substitute ' = 2z + 3 and o = 3¥ 4 into the equation 3’ = (2)3 to get,

1 : ‘
gy —4=(r+ 3)) = y=f(z) =322 +3)° +12
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Question 75 )})

The following sequence of transformations maps the graph of f onto the graph of y = v/x, for x € (2, ):

» Adilation by a factor of 3 from the x-axis, followed by,
» A translation of 2 units left and 4 units up, followed by,
» A reflection in both the x-axis and the y-axis.

State the rule and domain of f.

Under our transformation we see that,

(z,y) = (z,3y) — (x — 2,3y +4) — (2 —x, -3y — 4)

Choose a point (x,y) on the graph of x, and let (z',v') = (2 — z, -3y — 4).
We see that 3 = v//, thus substituting the above values into this equation yields the rule
for f(x), specifically,

2— 4
*39*4:m:>y:f(.‘1:):— v =

3
Now choose some z in the domain of f. Then 2 — 2 = 2’ is in the domain of the image of

funder T, hence 2 —x > 2 = x <.
Hence the domain of f is (—o0,0)
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Question 76 ))))

Describe a transformation different from (x,y) = (x,y), that maps the graph of y = a(x — k)> + b(x — k)3 + h
onto itself.

We first map our graph onto the graph of y = az® +ba®. Then the transformation (z,y) —
— (—=, —y) will map the graph of y = ax® + bx?® onto itself, after which we can undo our first ——
transformation to get back to our original graph.
— 1 The transformation to map the graph of y = a(z — k)® + b(x — k)® + h onto the graph of }——
y = ax® + bx® is (z,y) — (x — k,y — h), and we can undo that transformation with the
— | transformation, (z,y) — (x + k,y + h). Now we combine these 3 transformations to get, |

(z,y) = (x—k,y—h)—= (k—z,h—y)— (2k — z,2h — y)

Hence T : R? — R%,T(x,y) = (2k — z,2h — y) is our desired transformation.
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Sub-Section: Exam 1 Questions ®

Question 77
The following sequence of transformations maps the graph of y = f(x) onto the graph of y = %cos (g - 2x):
» A translation of% units in the positive direction of the x-axis, followed by,

» Adilation by a factor of% in from the y-axis, followed by,

» Adilation by a factor of 2 from the x-axis.

Find the rule of f.

Under our transformations,

1
_ (m,ym(m+gyy)w(§.r+%,2y):(m’,a’) |

If a point (z,y) sits on the graph of y = f(z), then (2,y') sits on the graph of ¢y =

1 T
= oot ——2.,’).
2(‘0‘6(3 €T

— We simply substitute & and y into this equation to get —

9 1 (Tr Tr) 1 (71' )
— =—cos|——xr— =) = y=-cos|—= —=x —
=583 6 Y=31°®\s

— Hence f(z) = %cos (% - T) —
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Question 78
Letf:]R—>]R,f(x)=2—%x3,and letg:R- R,g(x) =6—2x.

a.

i. Find(g ° fH(x).

(90 /))=6— (4—2%) =24

ii. Find (f ° g)(x) and express it in the form k + m(x — h)3, where m, k and h are integers.
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b. The transformation, T : R? - R2,T(x,y) = (x + b,ay + c), where a, b and c are integers, maps the graph of
y=(f ° 9)(x)onto the graphof y = (g - f)(x).

Find the values of a, b, and c.

| Looking at the z-transformations we need to turn (z — 3)% into 23, hence we will map |
T+ 3.

‘ 1 : 3 : ‘
Looking at the y-transformations, we observe that :1(2 +423) + 3= 2 + x3, thus we

1
‘ st m:e ==y + . —
must map y — ~y + 2

Hence b=3,a = — and ¢ = —.
‘ 4 2

Question 79
Letf:[1,0) > R, f(x) =4(x —1)2—3andletg:[2,0) > R,g(x) =1—+vx—2.
a. Let g1 be the inverse function of g.

i. State the domain and range of g~1.

1]

Dom g~! = Ran g = (—o0, 1].
= Dom g = (—, 2].

Ran g~}

ii. Find the rule of g~1.

We solve g(y) = x for y, thus,

r=1—+/y—2
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b. The transformation, T : R? - R2, T(x,y) = (ax + b,y + ¢) maps the graph of f onto the graph of g~*.

Find the values of a, b, and c.

Due to the domain of g we know that we need a reflection in the y-axis, hence a < 0
The rule for the image of the graph of f under T is,

x—0b 2
y=4 . -1) —3+c¢ I

Since —3 + ¢ = 2 we see that ¢ = 5.
After bringing the 4 into the quadratic we see that a = —2, thus we require that,

2(“'"_25—1):b—m—2=1—m — b=3

Question 80

Let f : R\{a} > R, f(x) = — +b.

xX—

a. Find the rule and domain for the graph of £~ in terms of a and b.

— We solve f(y) =z for y, thus

1 1 1
— z=——+b = y—a=—— = y= +a
y—a r—b r—0h
Hence the rule for f~1is f~1(x) = ; + a, and the domain for f~! is the range of
x—b

— £ which is R\{b}.
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b. The following sequence of transformations maps the graph of f to the graph of £ 1
» Atranslation of 4 units in the positive direction of the x-axis, followed by,
» A translation of 4 units in the negative direction of the y-axis.

Find the value of a in terms of b.

| Under those transformations we know that (z,y) — (x + 4,y — 4), hence the image of |
the graph of f under that transformation is,

1
= ——+—+b—-4
Y :1:747(;,—’_

Since this is equal to

; + a we see that 4 +a = b and b — 4 = a.
x—b
| Both of these conditions imply that a = b — 4.

c. Letg(x)= ﬁ + d. A transformation,
T:R?2->R:ET(x,y)=(x+hy+k)
maps the graph of g onto the graph of g~ 1.

What restrictions are there on the values of h and k?

| Under T the rule for the image of the graph of g is,

1
y=———+4+d+k
r—h-—c

‘ 1 ‘
Since this is equal to g~ '(z) = P +c, weseethat h+c=dand d+k =c.

‘ Ash=d—cand k = ¢ — d we see that h = —k.
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Sub-Section: Exam 2 Questions ®

Question 81

The graph of the function f passes through the point (2, —3).

If h(x) = 3f(x — 2), then the graph of the function h must pass through the point:
A. (0,1)

B. (4,-9)

C. (0,-9)

D. (4,-1)

Question 82

The graph of the function f : R = R, f(x) = 2* — 1, is reflected in the y-axis and then translated 2 units to the
left and then 3 units up.

Which one of the following is the rule of the transformed graph?
A y=22%42
B. y=2%"*+2

C. y= (%)_Z_X +2

D. y=i(%)x+2
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Question 83

-1

The transformation T : R? — R?, which maps the graph of y = 4 — log, (x ) onto the graph of y = log,(x),

T2
has the rule:

A T(xy) = (5 4-y)
B. T(x,y)=2x+1,-y—4)
C. T(x,y)=QQx+1,4-y)

D. T(x,y) = (xz;l,—y — 4)

Question 84

Consider the graph of f and g below, which have the same scale:

Y 4

A
7

4 = 9()

—_—— ] €
4= %) \ J

If T transforms the graph of f onto the graph of g, then:
A T:R?>R:ET(x,y)=(1—x,y-05)
B. T:R?> > R%T(x,y)=(x—3,y—5)
C. T:RZ->R%4T(x,y)=(x—3,5—7Y)

D. T:RZ->R:ET(x,y)=(1—x,2—7v)
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Question 85

The graph of the function g is obtained from the graph of the function f:[—2,3] » R, f(x) = 2x? —4x + 5, by a
dilation of factor 2 from the y-axis, followed by a dilation of factor é from the x-axis, followed by a reflection in
the y-axis, and finally, followed by a translation of 1 unit in the negative direction of the y-axis.

The domain and range of g are respectively:

A. [-6,4] and E 6]
B. [—1,%] and [21, 41]

C. [-6,4]and 2,7|

3’3

D. [—6,4] and [0, 6]

Question 86

The Contour Ferris Wheel pictured below takes 30 minutes to complete a trip.

Thus, the height of the bottom of a carriage t minutes after the start of a trip is given by,

h(t) =8 — 5cos (%)

a. Describe a sequence of transformations that maps the graph of sin(t) onto the graph of h.

| Observe that sin(t) = cos (t — g)

T . . . 15
Thus we first translate our graph é units left and dilate by a factor of — from the

‘ . ™ ‘
y-axis.
.. mwt
This gives us y = cos )
‘ E ‘
To get this into our desired form we now, simply reflect our graph in the t-axis, then
| dilate it by a factor of 5 from the ¢-axis and translate it 8 units up.
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b. The horizontal displacement, d from the bottom of the carriage to the centre of the roller coaster t minutes
after the start of a trip is,

d(t) = 5sin (;T—;)

The transformation, T(t,y) = (t + a, y + b) maps the graph of h onto the graph of d.

i. Findb.

ii. Find the possible value of a.

| . ) ) (t — a) 7t
‘V\-c require 9 sin ( 5 ) = —5cos (1_5>

. . T . Ta T 15
Since sin | x — 3) =" cos(x) we simply neec =73 = a= 5
5

i
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¢. 15 minutes into a trip on the Ferris Wheel, Caitlin crashes her car into the Ferris Wheel. This causes the Ferris
Wheel to stop for 5 minutes before starting again at half speed.

The height of the Ferris wheel in this trip, h; : [0,7] — R is given by the following function:
h(t) 0<t<15
hi(t) =1k 15<t<20
h(pt+q) 20<t<r

Find a set of possible values of p, g, k, and .

| We know that & = h(15) = 8 — 5 cos(m) = 13. |
Since it would take 15 minutes to finish the trip before Caitlin crashed her car into
| the Ferris wheel, it will now take 30 minutes in double time. —
Hence r — 20 = 30 = r = 50.

1
| Since we are going at half speed, after the crash we see that p = —=. Now we simply b———

1
| require that h (5 ><20+q) =13 = 104¢g=15 = ¢q=5

d. Part of the graph of h, is drawn on the axis below. Draw the rest of the graph of h, labelling endpoints with
their coordinates.

141
2-

10 -

2: ©, 3 (50, 3)

1 1 | | 1 L] 1 1 1 | T I\+
5 0 15 20 25 30 25 40 45 50 55 60

N
(=}
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Question 87
Consider the function, f : (—1,1) > R, f(x) = 2x — 1)? (x + 1).

a. State the range of f.

From the graph of f we see that the range is [0, 2].

b. The following sequence of transformations, T, maps the graph of f onto the graph of g:
» Adilation by a factor of 3 from the x-axis, followed by,
» Atranslation of 2 units down and 5 units left, followed by,
» A reflection in the y-axis.

i. State the rule of g.

— Under T we see that (z,y) — (2,3y) — (z = 5,3y —2)—~ (b —2,3y —2) = (2',¢/). —
From the quick method, as z = 5 — 2’ we see that g(z) = 3f(5 —z) — 2 = 3(z —
— 6)(2z — 9)? —2 —

ii. State the domain of g.

— We apply the transformation x — 5 — z onto the interval (—1,1) to get the domain ———
of g.
——1 Thus the domain of g is (4,6). A

iii. State the range of g.

——1 We apply the transformation y — 3y — 2 onto the interval [0, 2] to get the range of |——
qg.
— | Thus the range of g is [—2, 4] I
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c. The tangent to the graph of f at the point A (— %j—;) is given by the equation:

_9 9x

iy

i. Find B, the image of A under T.

ii. Find the equation of the tangent to the graph of g at point B.

We simply apply out transformation to the line to get,

9 95-a Mx 256
y—B(J 9(5 1})2_ Tx 59

8 |

4 8

d. A transformation, S: R? - R?,S(x,y) = (—x,a — y) maps the graph of f onto itself.

i. State the value of a.

| The rule for the image of the graph of f under S'is y = a — f(—x).
As this is meant to equal f(x), we see that a — f(0) = f(0) = a=2f(0) =2

ii. Hence, or otherwise, describe a sequence of transformations in terms of S and T as required, that maps the
graph of g to itself, but does not map A4 to itself.

Let 77! : R? — R? undo the transformation T'. Specifically,

. 2
T_l(_’)’j,y) = (5 -, y_;;)_ )

To map the graph of g onto itself, we can first apply 7! to map the graph of g onto
| the graph of f, then apply S to map the graph of f onto itself, and then apply T to
map the graph of f onto the graph of g.
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