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Section A: Recap

Average Rate of Change

Definition

(b, #())
(a, #()

» The average rate of change of a function f(x) over x € [a, b] is given by:

f(b) - f(a)
Average rate of change =
b—a
» Itis the gradient of the line joining the two points.
Instantaneous Rate of Change Definition

» Instantaneous rate of change is a gradient of a graph at a single point/moment.

Instantaneous rate of change = f'(x)

» Differentiation is the process of finding the derivative of a function.

» First principles derivative definition:
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Alternative Notation for Derivative Definition
dy
I( .
xX) =—
/ dx
Derivatives of Functions Definition
» The derivatives of many of the standard functions are in the summary table below:
f(x) f'(x)
xm nx x*1
sin(x) cos(x)
cos(x) —sin(x)
tan(x) sec?(x)
ex ex
1
log.(x) =
X
The Product Rule Definition

» The derivative of h(x) = f(x) x g(x) is given by:

h'(x)=f'(x)-gx)+9g'x)-f(x)
» Or, in another form:

d
a(u-v) =u'v+vu
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The Quotient Rule

» The derivative of a h(x) = % is given by:

ff(x)-gx)—fx) g'(x)

e = 9(x)?

» Or, written in another form:

d u, uv—-7vu
o) =

& Always differentiate the top function first.

The Chain Rule

y=f(g()

dy

e f'(g(x)g'(x)

» The process for finding derivatives of composite functions.

Stationary Points D

» The point where the gradient of the function is zero.

,()_Ody_o
f )= "dx
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VCE Mathematical Methods

CAS

Calculator Commands: Finding Derivatives

» Mathematica

f!x]

» TI

& Shift Minus

d
)

» Casio

& Math2

d
—()

¥

Tvpes of Stationary Points

Local Maximum Local Minimum Stationary Point of Inflection
0
+ —
o0
— 0\— +,/ "0 +
- +
CJ
3 0
G Sign test
» We can identify the nature of a stationary point by using the sign table.
x Less than a Bigger than a
f'(x) Negative Positive
Shape N - Decreasing curve Stationary Point U - Increasing curve

» Find the gradient of the neighbouring points.
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Strictly Increasing and Strictly Decreasing Functions

(a, #(a))

(b, £(b))

Strictly Increasing: x € (—oo, a] U [b, )

Strictly Decreasing: x € [a, b]
» Steps:
1. Find the turning points.

2. Consider the sign of the derivative between/outside the turning points.
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Graphs of the Derivative Function

f&) '
Stationary Point x-intercepts
Increasing Positive
Decreasing Negative

y value of f'(x) = Gradient of f(x)

» Steps
1. Plot x-intercept at the same x value as the stationary point of the original.
2. Consider the trend of the original function and sketch the derivative.
» Original is increasing — Derivative is above the x-axis.

» Original is decreasing — Derivative is below the x-axis.
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Section B: Warmup

VCE Mathematical Methods %

Question 1
Let f:R-> R, f(x) = x3+ 3x%2 — 9x + 3.

a. Find f(1).

(1) = -2

b. Find the average rate of change fromx = Otox = 2.

f(2)—f0) 5-3
2 2

i. Find f'(x).

fllr) =324+ 6x -9

ii. Find f'(—1).

fi(—=1) = —12
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d. Determine the coordinates and nature of any stationary points.

f2)=0 = 322 +62—-9=0 = 2°+22-3=0 = (z+3)(z—1) =0.
Function is

f(=3) 30 and f(1) —2. Stationary points (—3,30) and (1,-2).

— | positive cubic so

(—3,30) is a local maximum

(1, —2} is a local minimim

The graph of y = f(x) is sketched on the axes below. Sketch the graph of y = f'(x) on the same axes.

e.
Label all axial intercepts with coordinates.
W..-I-. i
|
J
|
f
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| | i
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f. Hence, state the values of x for which f(x) is strictly decreasing.

-3

<z <1
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Section C: Exam 1 Questions (17 Marks)

INSTRUCTION: 17 Marks. 25 Minutes Writing. (1 wwier \wu7 Bdmtw) %

Question 2 (3 marks)

tan(2x)

a. Lety= —s Find %. (1 mark)

% sec*(2ai-223 — fan2n- 3u
=3 c —

2 Decant -3k kamCA)  Dxsecd(ea) — 34aul22)

= 2 _ -~

b. Let f(x) = x3tan(e®). Evaluate f’ (loge (g)) (2 marks)

fei= I tade™ + 1P secflerie fof o = 20
od h‘f [-g) = %

10, 0« Bl

+ C&B ({)ﬁ&'(ehﬂ(w} Cm";({) s ‘Jq o _';'
T

= 8o 0 BB (g (15 CB- §

_ B (e (AP + F A
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Question 3 (3 marks)
Let f:R->R, f(x) = xe*** where k € R.

a. Show that f'(x) = (2kx? + 1)e***. (1 mark)

== e* % xe**" 2exn

2
= (2k2?+1) e

& “,‘lcu‘“'-‘

b. Find thelvalue(s) of k g§r which the graph of y = f(x) and y = f'(x) have exactly one point of intersection.

(2 marks)

[ sk ¢

dex2-x ¢l =0

2
CZE:’-H}ekx&: Le o

/A'A=- )%-4-2e- = 0{

2kxi€ a HC

[ =

Sl

) ke

3

2~ N\
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Question 4 (6 marks)
Consider the functions f: R » R,f(x) = —x? + 5x — 4and g: R > R, g(x) = e*.

a. State the rule of g(f(x)). (1 mark)

e = q )

b. Find the values of x for which g(f(x)) is strictly decreasing. (2 marks)

[ef c,clquell)

/‘ { &t
A= e s ) <0
—2xt8 <0
S <2A

¢. Find the coordinates of the stationary point of the graph of f ( g (x)) and state its nature. (3 marks)

Gt 4= fegoul
I —

\ £ N
fgon-g'cs el I o
-ﬂ = l-—ig(ﬂ[‘tf ’xe 'L %ﬂ @ O 6
- é';ze’\-ef)-e" =0 % 7/ —_— \
—— - ’ N\
—2e™41" =0° (acat Mo
e*= I/,
ot l«.(s./z) — \.g) ?f' S- 3_‘:," —Cf'
(e (), %) —2 .
e AL
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VCE Mathematical Methods %

Question 5 (5 marks)

The graph of f(x) = ;\@— 4AQ+ 1 -is)!hn below.

v

-3

a. Sketch the graph of y = f'(x) on the axes above. Label all axes intercepts with coordinates. (3 marks)

{ ol = 4A3-8a

'{'Ca\lc 4a-Ex = O

dx(n2-2)=0

=0, £f2

b. For both f(x) and f'(x) state whether they are an odd function, even function or neither. (1 mark)

2

—fc;uz e

£
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A‘u o Bun fM
c. Let g be an even polynomial function of degree n > 2. Is it always true that g’ is an 0dd function? (1 rnark)

=od §

add ?

Space for Personal Notes
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Section D: Tech Active Exam Skills

Calculator Commands: Stationary Point
» ALWAYS sketch the graph first to get an idea of the nature of the stationary point.

» The turning points for a function f(x) can be found by solving f'(x) = 0 and subbing the result into
f.

» Example: Find the turning point for f(x) = e X ¥2x,

» TI

2 Done
Define](x)=e_x +2rx

solve i(f(x))=0,x
dx

A1) ¢

x=1

» (asio:

2
define f(x) = e X +2X

done

solve (-4 (£ (x)) =0, x)
dx

{x=1}
f(1)

» Mathematica:

Inf4]:= F[x ] := Exp[-x"2 + 2 x]

In[5]= Solve[f"'[x] ==© && y == f[x], Reals]

outls]= {{x=1, y=e}}
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Section E: Exam 2 Questions (20 Marks)

VCE Mathematical Methods %

INSTRUCTION: 20 Marks. 25 Minutes Writing.

Question 6 (1 mark)

closest to:
A. 1.02
B. —1.02
C. 1.37

D. 0.73

2x
The average rate of change for the function with the rule f(x) =y = —4e 5 from y =—-3 to y = —11is

forl= =3, fcxl o - fesl

< )€-3)
o -y

Question 7 (1 mark)

Find the gradient of f(g(x)) at x = 2.

i g (figon)
U Tegigtx

Let f(x) and g(x) be differentiable functions, with the following values given:

f2)=3, f'4) =5,

fcge2)) -g 'c2)
fis) ~6
S=§
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Question 8 (1 mark)

Giventhat f(1) = 2 f'() = (1) = 4,)'(1) = 5, find the gradient of f(x)g(x) atx = 1.

A 13 -f‘ca(?(u-(- -fcn?‘c i

B. 22

C. 18

D. 20

Question 9 (1 mark)

The graph of the function f is shown below:

AN
d

The graph corresponding to f” is:

A. 4 B. Y

AN
7
N
d

§

N
Vv
X
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Question 10 (1 mark)
Suppose f(x) and g(x) are differentiable, and the following values are given:

f@=5710B)=4493=2406 =1

NYiC)

900 atx = 3.

Find the gradient o

A.

. fonqol - fouatay
7 @ij‘ 7

alN

| w

K

0o
N | =

Question 11 (1 mark)

The rule of g (x) is: &fwz 3(3[_; a2t bex 24 ox < of

A. g(x) = —4x3 —6x>+72x + 10

B. g(x)=—3x3—9x2+27x+16tl: Je{ikq %a‘g % Cw(l e
C. g(x) =3x*+8x*+10x+10 (AJIe2 &f"‘ foM= EA_C?(-,“

D. g(x) = 2x3 +12x? + 6x + 10

Consider the graph of g with the rule g(x) = ax3 + bx? + cx + d, where a # 0, hasy/_-intﬁm@
turning points when x = —3 and x = 2 and passes through (3,64).

Space for Personal Notes
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Question 12 (1 mark)

The graph of f(x) = ax® + bx* 4+ x3 — 3, where a and b are real constants, will have three stationary points
when:

A. a>—% -(‘cm)c 5.03-""" 45)\3"‘ 3,‘7
4b?
bas= = @{: Sax’ Gbn +3)
C. a<% =0 ¥
450
D. a>%

Space for Personal Notes
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Question 13 (13 marks)

A tranquiliser is injected into a muscle from which it enters the bloodstream. The concentration, x, mg/L, of the
tranquiliser in the bloodstream, may be modelled by the function:

5t .
7+ t2’

x(t) =

Where t is the number of hours after the injection is given. The graph of the equation is shown:

0.84

0.0¢

0.44

0.2+

. . . . . >+
0 5 10 15 20 25 30”7

a. The tranquiliser is effective when the concentration is at least 0.5 mg/L. Find, correct to two decimal places,
the length of time in hours for which the tranquiliser is effective according to this model. (2 marks)

xEl=c.5
£=4d.01313, Q2% 25

q.26264-0.03 713
= £ 4qh-
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i. @he coordinates for the stationary point of x(t). (2 marks)
2lti=0

€= J-)
S—
(b z5)

ii. the nature of the stationary point from part b.i. (1 mark)

MM,

iii. Hence, find the maximum concentration of tranquiliser in the bloodstream. Give your answer correct to
three decimal places. (1 mark)

- o CC {, m
Zr—'-) Ll 2L —’j

c. For what times, is the concentration of transquiliser in the bloodstream strictly decreasing? (1 mark)

te [P w)
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d. According to this model, the derivative of x with respect to t gives the measure of the rate of absorption of the
tranquiliser in the bloodstream.

How many hours after the injection is the rate of absorption into the bloodstream 0.3 mg/L/h?

Give your answer correct to two decimal places. (1 mark)

xlice)= 0.3

= %4 .

So that the tranquiliser concentration does not get too low, the exact same tranquiliser is re-applied when t = 8.
From this point onwards the concentration of tranquiliser in the bloodstream is measured by a new function x4 (t).
LY

e. State the domain for x4 (t). (1 mark) ot )

| \

fc Ex, ) M 7 «-,,A,_‘\’

f. x4(t) has therule x,(t) = x(t) + x(t — a). State the value of a. (1 mark)
Qo

argu-z er"“

o= §

g. Find the time it takes for the concentration of tranquiliser to double from its value at ¢ = 8. Give your answer
in hours correct to two decimal places. (2 marks)

y C'E.) - 2‘1(8)

£ -§

t= 41N

T 098 Wm

(
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VCE Mathematical Methods %

o~ rs \
(2ap/
h. Determine the times, t = 8, when the concentration of tranquiliser in the bloodstream is strictly decreasing.
(1 mark) )
=" xX,'(€l=0
xg) N
\ €= [o-%0
= ’ ‘\—14’4,~
€ TW.wo,00)
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Section F: Extension Exam 1 (13 Marks)

VCE Mathematical Methods %

INSTRUCTION: 13 Marks. 16 Minutes Writing.

Question 14 (3 marks)

ax?
cos(2x)

For the function f(x) = 3x3 tan(2x), f'(x) =

(b sin(2x) + cx sec(2x)). Find the values of a, b and c.

{tal= G’ o (22U
+ 3 Seconl-2

V2
= 2 (35w ¥ LusectR)
(2}

a=2

= Qa0+ 6 e ?(2x)

b=3

C=2

Ax2sm(2n) 6x33ecC 2

= c =+

Space for Personal Notes
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VCE Mathematical Methods %

Question 15 (7 marks)

Letf: [0,0) - R, f(x) = @— x — 4.

a. Find the coordinates of any stationary point of f and determine its nature. (3 marks)

T 2 hesle 4 fip”

{‘cxl-: s-@ - =0
S (

»

§:ﬁ -
e B 1l — N
’ <
=) —-—E"’q
%)= 5:154- ¥ ftl ) F=A= F-[= IF
5_2% : S -
__-;_S'-f.—%..q f_q}as.#—(_‘-(_ a’-
FITRTIER T 2T 2 (AL MAA

Let A and B be the coordinates of the x-intercepts of the graph y = f(x). Let C be any point on the graph of

y = f(x) that lies between the points A and B.

b. Determine the coordinates of A and B. (2 marks)

“Sweke) 2 Sowelly?® p=b
0=SIA ~X —4 [Z= %, |
Cef [X= x= 6, |
0= SA-A7- & (€, ) & Cc0)
Al-Ssa-+4 &= o
(A-x)A-D=o
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y > 2 |
¢. Hence, determine the maximum possible area of the triangle il'? C. (2 marks) 'e'f : c‘j‘, ¢ )

=4der>F =5
] Is—)‘?
(5% Ce0—4-)
(35 /
=&

Question 16 (3 marks) lf Jore "fmw

Let f:[0,121] > R, f(x) = 2sin (3) =2, e fhed ( x.))

The rule for f' can be obtained from the rule of f under a transformation T given by: % e 'Mﬁuj—v

B2 s T2 S
T:R* - R4, (x,y) = x+2,ay+b
Ca—

Find the values of a and b.

) Pl f° 3 fnd o & &
aC
fare 3o (%) = (BT

x= 1= 3%%
x= x'= =4 b3
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Section G: Extension Exam 2 (12 Marks)

VCE Mathematical Methods %

INSTRUCTION: 12 Marks. 15 Minutes Writing.

Question 17 (1 mark)

. o (3,7)
B. 2 {:'
A =
C. <
D. % 7=f4: C7c 3)

Let f be a one-to-one differentiable function such ghat f(3) = 7, f(7) =8, f'(3) = 2 and f'(7) = 3. The
function g is differentiable and g(x) = f~1(x) fgr all x. g'(7) is equal to:
————

We=

Question 18 (1 mark)

Consider the functio

It is known that g(0) = =3,g9(2) = =2 and g(3) = 3.

A, x = minimum. ]C‘(I(
B. x = 2, local maximum.
C. x = 2, local minimum.

D. x = minimum.

= [ﬂc1|+2~v‘o‘, => Oa

Also g'(0) = =2,"g'(2) = 1 and g'(3) = 5 and that f has only one stationary point.

Which of the following options lists the x-coordinate and nature of the stationary point of f?

C frole 9ol 40 = =3

-[tz)= 3(214:7‘0)

fl

) +ax—t
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Question 19 (1 mark) IA (HC C“ﬁ"l.))

Let f be a differentiable function. The derivative of log, ( f (x)) with respect to x is:

fr)
> f(x)

O ———— )
" o fon T

£1(%)
C.
(F@)?

D. f'(x)loge(f(x))

Question 20 (1 mark) /

Consider the differentiable function f. It is known that f'(1) = 2,f'(2) = 4and f'(6) = 1.
\’V-

Y= 3 fCar+()+

% =3 f r(Z)H-l) ‘2
2= =(F'

Exd =2
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Question 21 (8 marks)

A train is moving along a railway. The train driver sees a large rock ahead and immediately applies the brakes

when the front of the train is at a point P that is 5.5 km away from the rock at the point R.

The train's initial speed is@cm /h an@ after the train passes the point P the train speed is given by:

s (x Z 1) P x

Assume tha

/ Find the value of k in terms of w. (1 mark)

v=w. |

R
ss/

w=k-ln (é')

=9

w
= aCt)

<~
/ Ifv =%whenx = 2, find the value @2 marks)
Jolu(2) . ’rnrr 1
“atg) T on =X
)
(N3
(2
Soin(z) ) .
—r/

[.\66)'@[2')

—fat2)

c. Show that the location where the train stops is independent of its initial speed w. (2 marks)

24] — (B
B 4 = (n(6) (;
L~ W (RS 7 -~
U= ——(6) i ¢ ) @& wWw-°0
I w230
z-t) (@)
C €
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VCE Mathematical Methods %

k. (3 marks
(3 ks) -xd -ﬁ(\/)

. d™v N .
d. Find a general formula for ey the n™® derivative of v, where n > 1. Leave your answer in terms of x,n and

_ﬁ“gﬂ

K n-

n=1\: o‘v_ . ) 4 =_("‘) ! %.‘

' \/), x | dc"” Cre\)

d% N
“=® r? < r')H\\"J __).l%”}
X2

2l
L dhv _ —bk f2
< X C"*Qq‘ Ix (:3"

MM34 [0.9] - Differentiation - Workshop

C




(S4ONTOUREDUCATION

Website: contoureducation.com.au | Phone; 1800 888 300 | Email: hello@contoureducation.com.au

VCE Mathematical Methods %
Free 1-on-1 Consults

What Are 1-on-1 Consults? %

Who Runs Them? Experienced Contour tutors (45 + raw scores and 99 + ATARsS).

Who Can Join? Fully enrolled Contour students.

When Are They? 30-minute 1-on-1 help sessions, after-school weekdays, and all-day weekends.
What To Do? Join on time, ask questions, re-learn concepts, or extend yourself!

Price? Completely free!

One Active Booking Per Subject: Must attend your current consultation before scheduling the next. :)

\ A AL AA

SAVE THE LINK, AND MAKE THE MOST OF THIS (FREE) SERVICE!

Booking Link @

bit.ly/contour-methods-consult-2025
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