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Section A: Recap 
 

 
Roots of Polynomial Functions 
 

𝑹𝒐𝒐𝒕𝒔 = 𝒙-𝒊𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕𝒔 
 

 
 
Polynomial Long Division 
 

 
 

𝑫𝒊𝒗𝒊𝒅𝒆𝒏𝒅
𝑫𝒊𝒗𝒊𝒔𝒐𝒓

= 𝑸𝒖𝒐𝒕𝒊𝒆𝒏𝒕 +
𝑹𝒆𝒎𝒂𝒊𝒏𝒅𝒆𝒓

𝑫𝒊𝒗𝒊𝒔𝒐𝒓
 

 
 

 
TIPS: 
 

 Always focus on the highest degree term first. 
 

 Always remember to fill in any missing powers of 𝑥 in the numerator or denominator with 
“placeholders” that have a coefficient of 0. 

 
 

 
Remainder Theorem 
 

 Definition:  
 

 Find the remainder of the long division without needing long division. 
 

𝑾𝒉𝒆𝒏 𝑷(𝒙) 𝒊𝒔 𝒅𝒊𝒗𝒊𝒅𝒆𝒅 𝒃𝒚 (𝒙 − 𝜶), 𝒕𝒉𝒆 𝒓𝒆𝒎𝒂𝒊𝒏𝒅𝒆𝒓 𝒊𝒔 𝑷(𝜶). 
 

 Steps: 
 

1. Find 𝑥-values which make the divisor equal to 0. 
 

2. Substitute it into the dividend function. 
 

  

Dee
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Factor Theorem 
 

 For every 𝑥-intercept, there is a factor. 
 

𝑰𝒇 𝑷(𝜶) = 𝟎, 𝒕𝒉𝒆𝒏 (𝒙 − 𝜶) 𝒊𝒔 𝒂 𝒇𝒂𝒄𝒕𝒐𝒓 𝒐𝒇 𝑷(𝒙). 
 

 
 
Factorising Cubic Polynomials 
 

 Steps: 
 

1. Find a single root by trial and error. 
 
 (Factor theorem: Substitute into the function and see if we get zero.)  

 
2. Use long division to find the quadratic factor.  
 

3.  Factorise the remaining factor. 
 

 
 
Rational Root Theorem 
 

 Rational root theorem narrows down the possible roots. 
 

𝑷𝒐𝒕𝒆𝒏𝒕𝒊𝒂𝒍 𝒓𝒐𝒐𝒕 = ±
𝑭𝒂𝒄𝒕𝒐𝒓𝒔 𝒐𝒇 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒕𝒆𝒓𝒎 𝒂𝟎

𝑭𝒂𝒄𝒕𝒐𝒓𝒔 𝒐𝒇 𝒍𝒆𝒂𝒅𝒊𝒏𝒈 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒂𝒏
 

 

 If the roots are rational numbers, the roots can only be ± factors of constant term 𝑎0
factors of leading coefficient 𝑎𝑛

. 

 
 

 
Sum and Difference of Cubes 
 

𝒂𝟑 + 𝒃𝟑 = (𝒂 + 𝒃)(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐) 
 

𝒂𝟑 − 𝒃𝟑 = (𝒂 − 𝒃)(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐) 
 

 
 
Space for Personal Notes 
 
 

 

-

remainder =O
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,
13 (start small

e. g. 23+4x- 2x+
Potential roots = 1

1
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2
,

3
,

6

I

(a+b)3 = a+ 3ab +3a+b

(a-b) = a - 3ab + 3ab2- b3
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Graphs of 𝒂(𝒙 − 𝒉)𝒏 + 𝒌, where 𝒏 is Odd and Positive 
 

 All graphs look like a “cubic”.  
 

 
 

 The point (ℎ, 𝑘) gives us the stationary point of inflection.  
 

 𝑛 cannot be 1 for this shape to occur! 
 

 
 
Graphs of 𝒂(𝒙 − 𝒉)𝒏 + 𝒌, where 𝒏 is Even and Positive 
 

 All graphs look like a “quadratic”.  
 

 
 

 The point (ℎ, 𝑘) gives us the turning point.  
 

 

3
,
3

,
7

, 9----

M

2.,4,6, 8,
10 ...



                          

 VCE Mathematical Methods ¾      
 

 

MM34 [0.7] - Polynomials - Workshop 5 

 
Graphs of Factorised Polynomials 
 

 Steps: 
 

1. Plot 𝑥-intercepts. 
 

2. Determine whether the polynomial is positive or negative. 
 

3. Use the repeated factors to deduce the shape: 
 

 Non–repeated: Only 𝑥-intercept. 
 

 Even repeated: 𝑥-intercept and a turning point. 
 

 Odd repeated: 𝑥-intercept and a stationary point of inflection. 
 

 
 
Odd Functions 
 

 
 

 E.g., 𝑥3, 𝑥5, 𝑥7 − 𝑥3. They are all odd powers.  
 

𝒇(−𝒙) = −𝒇(𝒙) 
 

 Property: Reflecting around the 𝑦-axis is the same as reflecting around the 𝑥-axis.  
 

 

d
&

"Let'
y = (x+2)(x- 1) -I ! 3

y = (x+2)(x- 1)4L ·in
⑤

y
=(+2)(x- 1)

Wi
nG

↳.
-
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Even Functions 
 

 
 

 E.g., 𝑥2, 𝑥4, −𝑥10, 𝑥4 − 4. They are all even powers.  
 

𝒇(−𝒙) = 𝒇(𝒙) 
 

 Property: It is symmetrical around the 𝑦-axis.   
 

 
 
Power Functions 
 

𝒚 = 𝒙
𝒏
𝒎 

 
 𝒎: Dictates the number of tails. 

 
 Odd 𝒎 = Two tails. 

 
 Even 𝒎 = One tail.  

 
 𝒏: Dictates the range. 

 
 Odd 𝑛: The range could be all real.  

 
 Even 𝑛: The range must be non-negative.  

 
 𝒏

𝒎
(𝑷𝒐𝒘𝒆𝒓): 

  
 Power > 1: Looks like a polynomial function. 

 
 Power < 1: Looks like a root function. 

 
  

*

e.g. y =x
e.

g. y=x -

above or below x-axis

-

on/above x-anis

e.g.to
e.

g. E , 54 ,/
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Section B: Warm Up  
 

 
Question 1  
 
a. Find the remainder of the division 𝑓(𝑥)

𝑔(𝑥) where 𝑓(𝑥) = 𝑥3 + 3𝑥2 + 2 and 𝑔(𝑥) = 𝑥 − 1.  

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
 

b. Use polynomial long division to write 𝑓(𝑥) = 𝑥3+2𝑥2+3𝑥+2
𝑥+2

 in the form 𝑓(𝑥) = 𝑄(𝑥) + 𝑎
𝑥+2

 for quadratic 
function 𝑄 and integer 𝑎. 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

①
-

f(x)= 13+3(+ 2

= 1 + 3 +2

= 6 -remainder

-

⑰+
x+2 I>+2x+3x + 2
-

- (x+2) ↓ ↓
f(x) = x+3 +m

0 + 3x+ 2

-(3+6)

- 4
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c.  
 

i. Find all the roots of 𝑓(𝑥) = 𝑥3 − 2𝑥2 − 𝑥 + 2. 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 
 

ii. Sketch the graph of 𝑦 = 𝑓(𝑥) on the axes below. Turning points occur at approximately (−0.2, 2.1) and 
(1.5, −0.6). 

 

 
 

(3-(x2- x+ 2 =0 Try : x =11
,
12

,
13

ci(x -2) - (x -2) =

02 factorize

(1)(x-2) = 0 being
x 1 =0 x-2=0

#x=2

- Y

↑
(00

2 ,
2 . 1)

.. 10 .2)

u
&

(1 . 5
,

-0.6)

↓
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d. Factorise the expression 𝑥3 + 27. 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
e. Expand the expression (𝑥 − 2)3. 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
f. Show that the function 𝑓(𝑥) = 𝑥3 − 3𝑥 is odd.  
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

= x3+ 33

= (2+3)(x
2
- 3x + 9)

=x
3
- 3x(2) + 3x(2)2- 23

=-61 + 12x - 8

want= f()) = -fex)

HS : f(x) = (c)- 3() RHS : -f(x)
=

- x3 + 3x =- (x3- 3x)

=
-x3+32

: f(-x) = - f(x)
- is old function !
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g. Sketch the graph of 𝑦 = 𝑥
2
3 on the axes below.  

 

 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

-
we positie
g
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"noot faction"

W
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ro 7

⑧
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,
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Section C: Exam 𝟏 (20 Marks) 
 

 
INSTRUCTION: 20 Marks. 25 Minutes Writing. 
 

 
 
Question 2 (3 marks) 
 
Let 𝑓(𝑥) = 𝑥3 − 𝑎𝑥2 − 5𝑥 + 𝑏, where 𝑎 and 𝑏 are constants. When 𝑓(𝑥) is divided by 𝑥 − 2, the remainder  
is −4 and when 𝑓(𝑥) is divided by 𝑥 + 1, the remainder is 8. Find the value of 𝑎 and 𝑏. 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

f(z) = -4

f(- 1) = g

23- a(2)?- -(c) + b =
-4

(- 1)3- a(=1)2 3(- 1) +b = 8

8 - 4a -10 +h =
- 4 b -4a = -2 -Q

- 1 -a + 5 + b = S b - a = 4 -②

Q-Q : - 3a = -b,E
t
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Question 3 (5 marks) 
 
Consider the function given by 𝑓(𝑥) = 2𝑥3 − 3𝑥2 − 11𝑥 + 6. 
 
a. Find all 𝑥-intercepts of 𝑓(𝑥). (3 marks)  
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
b. Hence, find all 𝑥-intercepts for 𝑓(𝑔(𝑥)) where 𝑔(𝑥) = 𝑥2 + 1. (2 marks) 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 

 

f(z) = 2(3)
- 3(3)2- 11(3)+6

I Try : 11
,
12

,
13

= 54 - 27- 33 +6

= O = C-3) is a factor

f(x)=+3-2+>x-z)
x-3)2x- 3x2-11x+6

= (x-3)(2x- 1)(x+2)

I beli+ > f(x)= 0

3x2- 9x Xt=3,
/2

,
-2

-2+6

- 2+6

-

fly(s) = 0 f(z) = 0

g() = 3 , E
,

-2 f(b) = o

f(-2) = 0

x+ 1 = 3 x2 + 1 = 5 x+ 1 =
- 2

x2= 2 x=Yz x2=
- 3

Let5z no sol's no sol's
-
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Question 4 (3 marks) 
 
The function 𝑓: 𝑅 → 𝑅, 𝑓(𝑥) is a polynomial function of degree 4. Part of the graph of 𝑓 is shown below. 
 
The graph of 𝑓 touches the 𝑥-axis at the origin. 
 

 
 
a. Find the rule of 𝑓. (2 marks)  
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
b. Find the values of 𝑐 for which 𝑓(𝑥) + 𝑐 = 0, where 𝑐 ∈ ℝ, has an even number of real solutions.  

(1 mark) 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
 

 

&
(x- 2) y = - 2

⑨ ⑧

x
(x+2)

-0 or Oc-(4)

f(x) = ax(x+2)(x -2)

passes (52
,
1) :

1 = a(sz) (52 +2)((z -2)

1 = 2a(522- 22)

1 = 2a(2 -4)

1 = 2a .

-2
,

-4a= 1
,

a=
f(x) =

-Epi(iz+2)(x -2)

-
f(x) =

-c
-O or 07 -(41

C >0 or 0 > c z -

c = [ 1
, a)(203
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Question 5 (3 marks) 
 
Consider the function given by 𝑓(𝑥) = 𝑥4 + 𝑥2 + 2. (2 marks) 
 
a. Show that 𝑓(𝑥) is an even function.  
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
b. The gradient of 𝑓 when 𝑥 = 3 is 114. State the gradient of 𝑓 when 𝑥 = −3. (1 mark) 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

synuetry about y-axis

+(-x) = f(x)

f(x) = (-)4 +(x)2 +2

= x4 + x2 + 2 % fix) is even

= f(x)

n
=-1Wom=

m = - 114
↳ 3
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Question 6 (6 marks) 
 
Consider the function ℎ: [−3,1] → ℝ, ℎ(𝑥) = 1

2
𝑥3 + 3

2
𝑥2 + 3

2
𝑥 + 9

2
. 

 
a. Given that (𝑎 + 𝑏)3 = 𝑎3 + 3𝑎2𝑏 + 3𝑎𝑏2 + 𝑏3, write ℎ(𝑥) in the form of 𝑎(𝑥 + 𝑏)3 + 𝑐. (3 marks)  
 

___________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
b. Sketch 𝑦 = ℎ(𝑥) on the axes below. Label any endpoints, axes, intercepts, and stationary points.  

(2 marks)  
 

 
 

h(x) = z(x+ 3x2+ 3x+ 9)
= ((x3 + 3x2+3x + i+ 8)

=) +0)

= ((x+1)+ 4( - 4)0. 0. 1

E

x= 1 : y = 2(2)+4 z(x+13+4 = 0

= 4+4 = 8 · (1
,
8)

(x+1)= - S

et3
-

y =k

- co+1+4 =· y-int :

x+ 1
=

- 2

②
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c. How many solution(s) will ℎ(𝑥) = 𝑘 always have for 𝑘 ∈ [0,8]? (1 mark)  
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
 

 
 
Space for Personal Notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

①
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Section D: Tech Active Exam Skills 
 

 
Calculator Commands: Factor and Expand 
 

 All the technologies have a “factor” and “expand” function.  
 

 The general syntax is 𝒇𝒂𝒄𝒕𝒐𝒓(𝒆𝒙𝒑𝒓), or 𝒆𝒙𝒑𝒂𝒏𝒅(𝒆𝒙𝒑𝒓).  
 

 Example: Factorise the expression 2𝑥3 − 23𝑥2 + 33𝑥 + 108 and expand the expression 
(𝑥 + 1)5(𝑥 − 2)3. 

 
 𝐓𝐈:   

 

 
 

 Casio:  
 

 
 

 Mathematica:  
 

 
 

 
 
Space for Personal Notes 
 
 
 
 
 

 

menu +> 3 -> 2
, 3
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Calculator Commands: Turning Point 
 

 ALWAYS sketch the graph first to get an idea of the nature of the turning point.  
 

 The turning points for a function 𝑓(𝑥) can be found by solving 𝑓′(𝑥) = 0 and subbing the result into 
𝑓. 

 
 Example: Find the turning point for 𝑓(𝑥) = 𝑒−𝑥2+2𝑥. 

 
 𝐓𝐈:   

 

 
 

 Casio:  
 

 
 

 Mathematica:  
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 𝐓𝐈 𝐔𝐃𝐅: We can use the analyse function. 

 
 

 Analyse a Function 
 

 
 

 
 Overview: 

 
 This program will find for a given function: 

 
 Coordinates of endpoints. 

 
 The maximal domain. 

 
 The equations of straight-line asymptotes. 

 
 The rule of the derivative. 

 
 Inflection points and their nature. 

 
 Stationary points and their nature. 

 
 There are two analysis programs: 

 
 Analyse which analyses a function over 

the domain 𝑅 or the maximal domain. 
 

 Analysed which analyses over a domain 
with specified start and end points. 

 
 Both are found in the methods_func 

library. You can switch between the two 
on the calculator page by adding/removing 
the ‘𝑑’ to reference the appropriate 
program. 

 
 Input: 

 
𝑎𝑛𝑎𝑙𝑦𝑠𝑒(< 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 >, < 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 >) 

 
𝑎𝑛𝑎𝑙𝑦𝑠𝑒𝑑(< 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 >, < 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 >, 
< 𝑙𝑜𝑤𝑒𝑟 𝑏𝑜𝑢𝑛𝑑 >, < 𝑢𝑝𝑝𝑒𝑟 𝑏𝑜𝑢𝑛𝑑 >) 
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 Other notes: 

 
 It is recommended to use the analysed 

program when working with trigonometric 
functions. 

 
 Be careful when using functions with 

parameters since some parts of the 
programs may not be able to give a 
solution. :/ 

 
 If at least one of the bounds is “?”, the 

asymptote finder will be disabled and the 
program will analyse over the maximal 
domain. 

 
 

 
 

 
Calculator Commands: Using Sliders/Manipulate on CAS 
 
 

 Mathematica 
 

 
 

 
 

 NOTE: The function must be typed out 
instead of using its saved name. 

 

 
 𝐓𝐈-Nspire 

 

 
 

 
 

 
 

 
 Casio Classpad 

 

 
 

 
 
Space for Personal Notes 
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Calculator Commands: Finding the equation of a polynomial that passes through points.  
 

 Given 𝑛 points, we can find a degree 𝑛 − 1 polynomial that passes through all these points.  
 

 Example: Find the equation of the quadratic function that passes through the points (0,6), (2,2), and 
(3,3). 

 
 𝐓𝐈:   

 

 
 

 Casio:  
 

 
 

 Mathematica:  
 

 
 

 
 
Space for Personal Notes 
 

 

menu -> 3-> 7 (sore systemequations)ea
riches
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Section E: Exam 𝟐 (27 Marks) 
 

 
INSTRUCTION: 27 Marks. 34 Minutes Writing. 
 

 
 
Question 7 (1 mark) 
 
Let 𝑓(𝑥) = 𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 2. It is known that 𝑓(𝑥)

4−𝑥
 has a remainder of 20, and 𝑓 has a factor of 3𝑥 − 1. Find the 

values of 𝑎 and 𝑏. 
 
A. 𝑎 = − 97

66
 and 𝑏 = − 371

66
. 

 
B. 𝑎 = − 17

6
 and 𝑏 = − 1

6
. 

 
C. 𝑎 = 7

2
 and 𝑏 = − 13

2
. 

 
D. 𝑎 = 259

78
 and 𝑏 = − 563

78
. 

 
 

 
Question 8 (1 mark) 
 
Consider the following quadratic 𝑦 = (𝑥 + 1)2(𝑥2 + 2𝑘𝑥 + 10). It is known that the quadratic has three distinct  
𝑥-intercepts. What are the possible value(s) of 𝑘?  
 
A. 𝑘 < −2√10 ∪ 𝑘 > 2√10. 

 
B. 𝑘 = ±2√10. 

 
C. 𝑘 = ±√10. 

 
D. 𝑘 < −√10 ∪ 𝑘 > √10. 
 

 
 
Question 9 (1 mark)  
 
The function 𝑓(𝑥) = 𝑥5 + (𝑘 − 1)𝑥4 + 3𝑥3 + 𝑥 is an odd function when: 
 
A. 𝑘 ∈ 𝑅. 

 
B. 𝑘 = −1. 

 
C. 𝑘 = 1. 

 
D. 𝑘 ≤ 0. 
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Question 10 (1 mark)  
 
Given that 𝑎 < 0, which one of the following equations can correspond to the given graph? 
 

 
 
A. 𝑦 = −𝑎(𝑥 + 1)3(𝑥 − 5)2. 

 
B. 𝑦 = 𝑎(5 − 𝑥)(𝑥 − 1). 

 
C. 𝑦 = 𝑎(5 − 𝑥)4(𝑥 − 1). 

 
D. 𝑦 = −𝑎(5 − 𝑥)6(𝑥 − 1)3. 
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Question 11 (1 mark)  
 
What is the minimum degree of the following polynomial? 
 

 
 

A. 5. 
 

B. 6. 
 

C. 7. 
 

D. 8. 
 

 
 
Question 12 (1 mark) 
 
The equation 𝑥3 − 9𝑥2 + 15𝑥 + 𝑤 = 0 has only one solution for 𝑥 when: 
 
A. −7 < 𝑤 < 25. 

 
B. 𝑤 ≤ −7. 

 
C. 𝑤 ≥ 25. 

 
D. 𝑤 < −7 or 𝑤 > 25. 
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⑲
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Question 13 (1 mark)  
 
The following graph could have a rule:  
 

 
 
A. 𝑦 = 𝑥1/3. 

 
B. 𝑦 = 𝑥2/3. 
 
C. 𝑦 = −𝑥2/3. 
 
D. 𝑦 = −𝑥1/3. 
 

 
 
Question 14 (1 mark) 
 

Consider the function 𝑓: 𝑅+ → 𝑅, 𝑓(𝑥) = 𝑥
𝑝
𝑞  and 𝑔: 𝑅+ → 𝑅, 𝑔(𝑥) = 𝑥

𝑚
𝑛 , where 𝑝, 𝑞, 𝑚, and 𝑛 are positive 

integers, and 𝑝
𝑞
 and 𝑚

𝑛
 are fractions in simplest form. 

 
If {𝑥: 𝑓(𝑥) > 𝑔(𝑥)} = (0, 1) and {𝑥: 𝑔(𝑥) > 𝑓(𝑥)} = (1, ∞), which of the following must be false? 
 
A. 𝑚 > 𝑝 and 𝑞 = 𝑛. 

 
B. 𝑝𝑛 < 𝑞𝑚. 

 
C. 𝑓′(𝑐) = 𝑔′(𝑐) for some 𝑐 ∈ (0,1). 

 
D. 𝑓′(𝑑) = 𝑔′(𝑑) for some 𝑑 ∈ (1, ∞). 
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Question 15 (8 marks) 
 

 
 

A train is travelling along a straight-level track from 𝑀 towards 𝑄. 
 
The train will travel along a section of track 𝑀𝑁𝑃𝑄. 
 
Section 𝑀𝑁 passes along a bridge over a valley. 
 
Section 𝑁𝑃 passes through a tunnel in a mountain. 
 
Section 𝑃𝑄 is 6.2 𝑘𝑚 long. 
 
From 𝑀 to 𝑃, the curve of the valley and the mountain, directly below and above the train track, is modelled by the 
graph: 
 

𝑦 = 1
200

(𝑎𝑥3 + 𝑏𝑥2 + 𝑐) where 𝑎, 𝑏, and 𝑐 are real numbers. 
 
All measurements are in kilometres. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

x=4
② ⑧

2 -253

⑳

f(x) = 2 (a .
x+ b . xz+ c)
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a. The curve defined from 𝑀 to 𝑃 passes through 𝑁(2,0). The gradient of the curve at 𝑁 is −0.06 and the  

the curve has a turning point at 𝑥 = 4. 
 

      From this information, write down three simultaneous equations in 𝑎, 𝑏, and 𝑐, and hence, show that 
      𝑎 = 1, 𝑏 = −6, and 𝑐 = 16. (4 marks) 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
_____________________________________________________________________________________ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Gradient =O

f(a) = 0 -> 0 = zo(fa + 4b + c)

f(2) = -a .0
- 0.06 = 25 (12a +4b)

f'(4) = 0

0 = 500 (48a + 86)

Sa+4b + c = 0

-12 = 12a+4

48a+8b = 0 bath = 0
,

b = ba

- 12 = 12a + 4)-ba)

- 12 = - 12a
.
it

b ==64)=

8(1) + 4(-6) + c = 0

8-24 + c =0

E
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b. Find giving exact values: 
 

i. The coordinates of 𝑀 and 𝑃. (2 marks) 
 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 

 
 

ii. The length of the tunnel. (1 mark) 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

 
iii. The maximum depth of the valley below the train track. (1 mark) 

 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 
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f(x) = 0

x = 21253

m(2+253
,
0)

p(2-253 ,
0)

Length = 2 -(2-253)

= 253 km

f(4) = -0. 08

nax depth = 0.08 km.
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Question 16 (11 marks)  
 
Consider the following function of the form 𝑓(𝑥) = 𝑎(𝑥 − 𝑏)3(𝑥 − 𝑐)3 where 𝑏 > 𝑐. 
 

 
 
The turning point of the graph is given as (1

2
, − 729

64
). 

 
a. Find the values of 𝑎, 𝑏, and 𝑐. (3 marks) 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 

_____________________________________________________________________________________ 
 
 
 
 
 
 
 
 
 
 
 
 
 

f(x)= a(x-2)3(x- cx)3

f(z) = -E
,

sole for a:

a= 1

=,b= 2
,

c= -
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b.  
 

i. Show that 𝑓(𝑚 + 2) = 𝑓(−𝑚 − 1) is true for all values of 𝑚. (2 marks) 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

 
ii. State the value of 𝑟 such that 𝑓(𝑟 + 𝑚) = 𝑓(𝑟 − 𝑚) for all values of 𝑚. (1 mark)  

 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

3 3

f(m +2) = (m +2 -2)(m+2 + 1)
= m3(m+3)3

f(m -1) = (-m - 1 -2) (m - 1 + 13

j:= (- m -3) (m)3
3

=

- m3(- (m+3)) = - m3 .

- (m+3)

= M
3

(m+3)3

⑰II
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c. Consider 𝑔(𝑥) = 𝑥 + 𝑘. 
 

i. Find the value(s) of 𝑘 such that there are no negative 𝑥-intercepts for 𝑓(𝑔(𝑥)). (2 marks)  
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 

__________________________________________________________________________________ 
 
 

ii. Find the value(s) of 𝑘 such that there is only one negative 𝑥-intercept for 𝑓(𝑔(𝑥)). (2 marks)  
 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 
 

 
iii. Find the value of 𝑘 such that 𝑓(𝑔(𝑥)) is an even function. (1 mark)  

 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 

 
__________________________________________________________________________________ 
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