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Section A: Recap

Midpoint Definition
/N
(<2, 42)
- ®
- (5
(e, 00)
- @
< 2 ?
2
A\ 4

» The midpoint, M, of two points 4 and B is simply the point halfway between A4 and B.

Xpt+Xp Yat+Ys
My = (5222 2)
(X, Ym) > 5
» The midpoint can be found by taking the average of the x-coordinate and y-coordinate of the two
points.
Distance Between Two Points Definition

» The distance between two points (x;, x,) and (y;, y,) can be found using Pythagoras’ theorem:

Distance = \/(xz —x1)%+ (y2 — ¥1)?
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Horizontal Distance

("2' 52)

("1: 51)

Horizontal Distance = x, — x{,where x, > x4

¥ Find the difference between their x-values.

Vertical Distance

("2: ﬂz)

("1:.51)

Vertical Distance = y, — y,,wherey, >y,

» Find the difference between their y-values.

MM34 [0.6] - Coordinate Geometry Exam Skills - Workshop Solutions ‘ 3




G-OONTOURE DUCATION VCE Methods % Questions? Message +61 440 138 726
a

Parallel Lines Definition

» Parallel lines have the same gradient.

mq =m,

Perpendicular Lines Definition

g=m2x+oz

» Aline that is perpendicular to another line has a gradient which is the negative reciprocal of the
gradient of the first line.
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Angle Between a Line and the x-axis

Y
N
o
€ / > x
/]
v
» The angle between a line and the positive direction of the x-axis (anticlockwise) is given by:
tan(0) = m
Acute Angle Between Two Lines
Y
N
"}
/
&
0
-
Z N
N0 \/ 7"
A\
0 = |tan"1(m,) — tan"1(m,)|
» Alternatively:
m; —m;
tan(0) =
1+ mmm,

MM34 [0.6] - Coordinate Geometry Exam Skills - Workshop Solutions ‘ 5




G-OONTOU REDUCATION VCE Methods % Questions? Message +61 440 138 726
a

Simultaneous Linear Equations

Definition

¥ Elimination Method.

¥ Substitution Method.

General Solutions of Simultaneous Linear Equations

» Two linear equations are either:
& The same line, expressed in a different form. In this case, they have infinite solutions.
& Unique lines which are parallel. In this case, they have NO solutions.

& Unique lines which are not parallel. In this case, they have exactly one solution.

Solving Systems of Linear Equations with Parameters

» Occurs when solving for three variables with two equations. We simply,
Let x = k, or
Lety =k, or

Letz =k

» And solve simultaneously.

Space for Personal Notes
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Addition of Ordinates
¥ Definition:

& Technique used to graph the sum/difference of two functions.

E.g.,y =sin(x) +Vx

Y
/N
voo'i'(x)
AT —— >x
A4

» The addition of ordinates involves adding the y-values of two functions.
» Steps to sketching f(x) + g(x):
1. Sketch f(x) and g(x) on the same axes.
2. Plot points for f(x) + g(x) by adding the y-values of f(x) and g(x).
» At x-intercepts, the sum equals to the other function.
» Atintersections, the sum equals to the y-value.
» When functions are equidistant from x-axis, the sum equals to 0.

3. Join the plotted points.

Definition

Space for Personal Notes
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a

Reflection of a Point Around a Vertical/Horizontal Line Definition

* (x, y)

» Midpoint must be on the line of reflection.

Definition

Finding the Reflection of a Point In a Line

mx + ¢

» Steps:
1. Find the perpendicular line passing through the point.
2. Find the intersection between the original line and the perpendicular line.

3. Find the reflected point (x, y) by treating the intersection from step (2) as the midpoint between
the original and reflected point.
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Section B: Warm-Up

INSTRUCTION: 5 Minutes Writing.

Question 1
Consider the line segment AB with coordinates A(1, 2) and B(5, 6).

a. Find the midpoint of AB.

(3,4)

b. Find the equation of the line segment AB.

m = 1 and through (1,2). Therefore,

y=zx+1

¢. Show that the equation of the perpendicular bisector of ABisy = —x + 7.

m = —1 and throngh the point (3,4)

y—4=—(x-3)
y=—x+7
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d. The point A(2,5) is reflected in the line y = x + 1 to become the point A’. Find the coordinates of A’

Solution: (2,5) is on the line y r+T.
y=x+1and y = —x 4+ 7 intersect at (3,4).
Therefore A'(4, 3)

Space for Personal Notes
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Section C: Exam 1 Questions (28 Marks)

Question 2 (5 marks)
Consider the points A(2,3) and B(5, 1).

a. Find the distance between points 4 and B. (1 mark)

b. The distance between point A and a point C(5, k) is 4. Find the possible value(s) of k. (2 marks)

VEF(k—32=4 = (k—32=7 = k=3+7|

c. Find the coordinates of the point A" obtained by reflecting A in the line x = —1 and then in the line y = 2.
(2 marks)

Solution: (2,3) — (—4,3) — (—4,1)
S0 A'(—4,1)

Space for Personal Notes
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Question 3 (5 marks)
Consider the linear equations:
(k+2)x+4y=6
3x+2k—-3)y=k—-1

a. For what value(s) of k, will the system have a unique solution? (2 marks)

Solution: Unigque solntion if gradients are the same. Solve
k42 3
1 2(k—13)
k=-3,4
Therefore, k # —3.4 for unigue solution.

b. For what value of k, will the system have infinitely many solutions? (2 marks)

— Solution: Need gradient and y-intercept to be the same. Same y intercept if

— i1 k-1
4 26—6
S k=4

c. For what value of k, will the system have no solutions? (1 mark)
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Question 4 (3 marks)
It is known that the acute angle made by the lines y = 3x + 3 and y = mx — 4 is 45°. Find the possible value(s)

of m.

Solution: We solve the equation
m— 3
1 + 3m
m — 3
. 1 Fom=—2
| + 3m
OR
m—3 1
- —1 = T —
| + 3m 2
S0 T 2 0rm -
r 2

Space for Personal Notes
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Question 5 (2 marks)

The graphs of the functions f and g are sketched on the axes below. Sketch the graph of f + g on the same set of

axes and label its axis intercepts with coordinates.

pa
< >x
-2 7
-6y
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Question 6 (8 marks)

James is leaving the gym located at the point J(3, 4). He decides to go for a walk to warm down.

James's location and two walking trails t; and t, are shown in the diagram below. The walking trail t; is modelled

by a linear function and the trail ¢, is modelled by a quadratic function.

4
N

10

o @, o)

I

2+
& 2
+1
(4, 0)

A4

N

-2 o|@ 2 4 o 8

-2
N\

a. Show that t; can be modelled by the line y = —%x + 2. (1 mark)

-2

1

1
y=—=zx+2
Y 9

Gradient — — -3 and y-intercept (0, 2). Therefor

b. Show that t, can be modelled by the quadratic y = (x — 7)% + 2. (1 mark)

~ ¢

quadratic so

6=1al4)+2 => a=1

| Therefore y = (x — 7)* 4 2.

1Solution: Turning point at (7,2) so y = a(z — 7)? + 2 the point (9,6) is on the
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¢. Find the distance from ] to t, when x = 5. (2 marks)

Calculate the distance between (3,4) and (5,6)

d 4+ 4 22

d. Find the shortest horizontal distance between t; and t, when y = 2. (1 mark)

i. Find the equation of the line perpendicular to t, that passes through J(3,4). (1 mark)

y=2x-—2

ii. Hence, find the shortest distance between J and t;. (2 marks)

’ . : ; 1 ;
Solution: Intersection of ¥ =T+ 2andy=2x—-2is ( ,

(1] e &
1] R
\ SO

<

8 6
distance between (3,4) and (:. —-)

MM34 [0.6] - Coordinate Geometry Exam Skills - Workshop Solutions ‘1 6




G-lo NTOUREDUCATION VCE Methods % Questions? Message +61 440 138 726

Question 7 (5 marks)

A gardener is designing a symmetrical flower bed. One pair of flowers are located at the points F; (2, 2) and
F,(10, 6) respectively.

a. Find the equation of the line that F; is reflected in to map to F,. (2 marks)

Solution: The line we want is the perpendicular bisector of (2,2) and (10,6). This
line is

y =16 — 2z

b. The gardener plants another pair of flowers. He plants the first flower at the point A(2, 6). The location of the
second flower is obtained by reflecting the point A in the line y = 2x — 8. Find the coordinates of where the
second flower is planted. (3 marks)

Solution: Perp line: y —;.r‘—l—?

Intersection of two lines (6, 4).
Therefore A'(10, 2)

Space for Personal Notes
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Section D: Tech Active Exam Skills

Calculator Commands: Simultaneous Equations on CAS

System of Linear Equations
Example:

The simultaneous linear equations ax —3y =5

. verview:
and 3x — ay = 8 — a have no solution for: 2

This program takes two linear equations and a
parameter and finds the parameter values for the
system to obtain a unique solution, no solution,
or infinite solutions.

AL a=3
B. a=-3

C. Botha = 3anda = -3.
Input:

o

a € R\{3
\3) system_solve(< equation1 >,<

equation 2 >,

. a€R\[-3,3
€ a \l ] < parameter >)

] J 5 e Us Ll Ve e o -
5_'|lift.r-._$'ﬂ.1'f'{li? K= t® e X=T* B l!‘-"-.':-lr' Other Notes:

b Solving: | @ X=3 =3

- g [ NS e At The program can only handle one parameter.
P Unique Solution: g=-3 and a=3
Pk Mo Solutions: g=-3

P Infinite Solutions: g=3

» Ormenu- 3-7.
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» UDF line functions:

Normal Line

2
norma!_lme(\ 7 -\‘.\.;"

Overview:

This program will find all the necessary information related
to a normal line at a point on a function, which includes:

Tangent Line

2
tangent_line (\' Y =x,X, .2)

P Derivative: 3-.\'2-1
» Gradient: 11

P Passes Through: [3 6]
16

P x-Intercept: [— 0
11

P Vertical Intercept: [0 -16]
P Tangent Line:
11- x-16

» The derivative.
» Derivative: 3- \':"-1 . . .
> Gradlent: 11 » The gradient and perpendicular gradient.
-1
» Perpendicular Gradient: = » The point on the function the normal line passes
» Passes Through: [..' c-] through.
P x-Intercept: [c-S O:f L. .
ok » The axis intercepts of the normal line.
P Vertical Intercept: |0 —
11 . :
‘ » The equation of the normal line.
» Normal Line:
68 x
s Input:
11 11 P
normal_line(< function >,< variable >,
< xpoint >)
Overview:

This program will find all the necessary information related
to a tangent line at a point on a function, which includes:

>

>

The derivative.
The gradient of the tangent line.

The point on the function the tangent line passes
through.

The axis intercepts of the tangent line.

The equation of the tangent line.

Input:

tangent_line(< function >,< variable >,
< xpoint >)
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CAS

Calculator Commands: Finding the Angle Between Two Lines

» The angle between two lines with gradients m, and m, respectively is:

0 = |tan"1(m,) — tan"1(m,)|

¥ Mathematica

& Use the Abs[] function.

In[126]= Abs[ArcTan[2] - ArcTan[1]] /Degree // N

out[126]= 18.4349

» TI-Nspire
& Find the modulus sign.
2
ARt CIk Il At AR o |
doa 8] b [] B Zo fio go o Fo

foan 573 T

ltan(2)~tan(1)| 18.4349

2

[tan™(2)-tan™(1)|

Casio Classpad

& Modulus sign under
Math1.

18.43494882
D
‘ Mathl |[ine| ™ | vm | z | 2
| Math2 | om |y loggd| Y
}; M_atha (W | %2 | x7 |logw(l)| solve(

CAS

solving,

m; —m;

tan(e) - 1+ mmm,

Calculator Commands: Finding the Gradients of Lines Given the Angle They Make

» If we know the angle and one of the gradients m,or m, then, we can find the other gradient by

» E.g, find the gradient of the line that makes an angle of 60° withy = —x.

» Mathematica

Solve[Tan[Ge Degree] = Abs[ el ], n11]

1-ml
*=+ Solve: Inverse functions are being used by Solve, so s
Reduce for complete solution information.

[mis2-43], [m-2+43}]

» TI-Nspire
& Find the modulus sign.
=]

tan(60)= mitl

solve mi

1-m1

m]=—(\/3_—2) or m]=\l3_+2

>

Casio Classpad
& Modulus sign under
Math1.
solve(tan(60)=‘ Iln_l;i ‘, ml)

{ml_v'?—1 ml_v’?ﬂ}
v3+l’ Vv3-1
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Section E: Exam 2 Questions (25 Marks)

Question 8 (1 mark)
Consider the following pair of simultaneous equations:
x+ay=3
(a=3)x—-2y=1-2a

For what value(s) of a, do the equations have infinitely many solutions?

A a=1
B. a=2
C.a=12
D. a € R\{1,2}

Question 9 (1 mark)

The distance between the point (2, 5) and the line y = 5 — x when x = a is V2. The possible value(s) of a are:
A. 0,2

B. 0,3

C. 1 only.

Question 10 (1 mark)

The point (1, 3) is reflected about a line y = mx + ¢ to become the point (6, 4). The values of m and c are:
A m=5-c=-16

B. m=5,c=22

C. m=-5c¢c=21

D. m=-5,c=16
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Question 11 (1 mark)

When x = a the vertical distance between the functions f(x) = (x — 2)? + 3 and g(x) = x + 2 is 1. All possible

values of a are:

A a=273

B. a=3,4

C. a=1,2734
D. a=234

Question 12 (1 mark)

The obtuse angle made by the linesy =3x —1andy = —%x + 2 is closest to:
A. 98°

B. 108°

C. 118°

D. 158°

Question 13 (1 mark)
The shortest distance between the linesy = 3x +2and y = 3x + 12s:

A

B.

553 °

Space for Personal Notes
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Question 14 (9 marks)

Consider the function f(x) = 2 — 2(x + 1)?(x — 2)(x — 1). The graph of y = f(x) and the tangent line to f
when x = 1 is shown below.

Y
N
')
Z N
< rdal
A\ 4

a. The tangent line has a y-intercept of (0, —6). Find the equation of this tangent. (2 marks)

Line through (0, —6) and (1, 2).

iy =8r — 6

b. State the angle that this tangent with the positive x-axis. Give your answer correct to the nearest degree.
(1 mark)

arctan(8) = 83"

MM34 [0.6] - Coordinate Geometry Exam Skills - Workshop Solutions
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c. Find the equation of the line that is perpendicular to this tangent. (2 marks)
. . . 1
Line with gradient 3 and through (1,2).
1, ! T E
d 8 8
d. Another tangent line, with the same gradient as the other tangent, can be drawn to the graph when x = a and

a < 0. Use the fact that the shortest distance between the two tangent lines %

(4 marks)

87 .
7 to find the value of a.

Solution: The
17

liney = ——x 4
8 8

—_— by

second tangent has equation y -

and this tangent is at

S8z + ¢. Intersection of the unrumll'_

Sc 136 + ¢

It must be that the distance between (

g5 (17.
65H

)

by inspecting graphs we see that ¢ =

65
. 2I8T
,2) and A is =. So we solve
284/65
9 9
- 136 + ¢ fi 2187
1) +4 - 2) =
65 12865
2955 1419
— ==
128 ° 128

1419

is the correct solution.

-l

a 1419 .
We now solve f(z) =8z + —— to find z =

Therefore a =

I

128 &

Space for Personal Notes
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Question 15 (10 marks)

City planners are using a Cartesian plane to model locations for their new park.

It has been decided that the park will be in the shape of an equilateral triangle.

The vertex A(2, 2) is the vertex of the triangle that has the smallest x- and y-coordinates.

The two sides of the triangle that are adjacent to A are modelled by lines that are inverse functions of each other.

a. Show that two sides of the triangle can be modelled by the lines. (3 marks)
y=(2—-+3)x+2V3-2and,

y=02+V3)x—-2-2V3

— Solution: We want the equation of inverse functions that make an angle of 607 and ——
meet at the point (2, 2). Further note that both gradients must be positive since A
— 1 has the smallest r and y coordinates of the triangle. S—

Therefore we solve

m L
I

T3 =+v3and m >0

— 1 and so m = 2+ +/3. So one line has gradient 2 — /3 and the other has gradient 2 — /3. |
Now we just find the equation of the lines through (2, 2) with these gradients to get

—1 NI ANSWET _—

y=(2 V"E’H i 2¢/3 — 2 and
— y=2+V3)r-2-2V3 —
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If the triangle has another vertex at the point B(5, 8 + 3v3), find the location of the final vertex C and the
equation of the line that passes through B and C. (2 marks)

Solution: We find the equation of the line that makes an acute angle of 60° with
—dy=(2+4 \/J_i).r 2 — 2v/3 and passes through the point B.
The line has gradient —1 and passes through B. Therefore

] y=13+3V3 -z

— is the equation of the line that passes through B and C.

Now we find the intersection of y = 13+ 3vV3 ~zand y = (2 -~ V3)z + 2V3 — 2 to
—] get the coordinates C' (8 + 3v3,5))

NOTE: Because the lines are inverse functions we could have immediately gotten

and then used the two points to find the equation of the line:

Hence, find the area of this triangle ABC. (2 marks)

Note: The formula %bc sin(A) may be helpful.

Solution: Equilateral triangle with side length 64/2 + /3

1 2 .
Area = = x (m,-’z - ﬁ) x sin(60°) = 27 + 18/3
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c. Find the locations of the other two vertices if the triangle has an area of 100. Give your answer correct to three

decimal places. (3 marks)

| -

Solution: We know that area =

X

>

Since area = 100 it must be that s° = —

We find that the other vertices are at (5.933, 16.679) and (16.679, 5.933)

]S
>

2 . - -
x s°, where s is one of the side lengths, |

100

V3

Space for Personal Notes
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Question 16 (6 marks)

a. Reflect the point (a, b) in the line y = x — ¢. (2 marks)

Solution: Equivalent to reflecting the point (a — e, b+ ¢) in the line y = =.

Therefore, (b+ c.a — ¢)

b. Find the rule for the transformation T: R? —» R? that reflects a point (a, b) in the line y = %x + 6. (4 marks)

Solution: Perpendicular line through (a,b): y = ~2x 4+ 2a + b
A) l

— Intersection of the two lines: | =(2a + b~ 6),=(2a + b 4 2-1))

)

-

Let (z,y) be the reflected point.

—

a4tz 2 . .
—_— =(2a+b—-6) = =(3a+4b - 24)
~ )

-

and

==(2a + b+ 24)

a-+y 1
=

~

t

: e : 1
Therefore the transformation that reflects a point in the line y = 5% 6 is

2 2 1 : 1 :
T:R° >R T(z,y) = (-;(Ii.r b4y — 24), =(4x - 3y 4 lN))
5 5

Space for Personal Notes

MM34 [0.6] - Coordinate Geometry Exam Skills - Workshop Solutions

C




G-lo NTOUREDUCATION VCE Methods % Questions? Message +61 440 138 726

Question 17 (6 marks)

The graph of the general hyperbola f(x) = % where k > 0, is shown below. The point A is located on the graph
with coordinates (a, S) where a > 0.

Point A is reflected around two axes to point A" where their mid point is located at (0, 0).

a. State the coordinates of A’ and plot its coordinates relative to A on the graph above. (1 mark)
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b. Show that the distance between the points A and A’ can be expressed as

2Va*+k?

a

. (2 marks)

L —_ - — [ ot + #?
Jo—-al*t G5--§|* o = 4=

o)™ (2]

2 JoHel

[ /=S

¢. Find the minimum distance between the two branches. Give your answer in terms of k. (3 marks)

— in terms of k. (3 marks)

%
o

g
v i bl AL A -§—=—E"’"

¢. Find the minimum distance between the two branches of the hyperbola given by y = f(x). Give your answe

£-0\ /[—k)_— ¥
E=INEIESN i

Cox-0

| 7 Nt 4
ne

— = S —

S N o~ I
k() fe"s 0t A o=
Ao P

- | 1, J.u," = . _ J"_ |

] i PR .

= 225 _ ey {27[€ )
— d . > -

Space for Personal Notes
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Question 18 (3 marks)

possible values of c.

The area of the triangle enclosed by the linesy = 2x — 2,y = — %x + ¢ and the x-axis is 5 square units. Find the

9 9
Solution: Lines intersect at %lir { ‘_”}.;{Er l})
H 5
x-intercepts at r =1 and > = 2¢.
o . 1 2 1 .
Area of triangle given by E[!r l)=(2e=1)==(2e¢~-1 )2
| H ]
Solve
1, . -
=2 1)>=~5
(2¢ —1)* =25
2 =45
c=—-2orc=3

Space for Personal Notes
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Section G: Extension Exam 2 (15 Marks)

Question 19 (1 mark)

and b is:
A. azz%i
B a:%ora—%
C. a=22
1
D a=’1’_%or =%

The lines y = —ax + 6 and y = bx — 2 make an angle of 45° when they intersect. The relationship between a

Question 20 (1 mark)

The transformation that describes a point being reflected in the line y = —2x + 3 is:

A. T:R? > R%T(x,y) = (12-3x-2y 6—2x+3y)

5 ! 5

B. T:R? > R, T(x,y) =

12—-3x— 4y 6— 4x+3y)

(
C. T:R? —>]R{2,T(x y (24 3x— 2y 12— 2x+3y)
(=

D. T:R? > R T(x,y) =

12—-3x— 2y 6— 2x+3y)

Question 21 (1 mark)

A. 8

The area of the triangle formed by the lines y = %x — E,y = 32 — 4x and the x-axis is:
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Question 22 (12 marks)

Sam is running through the countryside.

He starts his run from the origin and runs in a straight line. The path he takes sees him cross a set of train tracks

somewhere in the first quadrant.
The train tracks are modelled by the line y = 600 — x.

All measurements are in metres and the diagram below shows the situation.

4
T

S

< N

A4

a. Find the shortest distance that Sam can run to reach the train tracks. (2 marks)

300V2
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b. Sam runs a total of 400v26 metres before he stops. If he runs three times further after crossing the train tracks

than before crossing, find the possible equations of the line he runs along. (2 marks)

— | Solution: He must reach the train tracks after running 1004/26 metres.
We solve

vz +y? = 100v26 and y = 600 — =
— x = 100, 500

Intersection with train tracks could be at (100, 500) or (500, 100).
Therefore the possible equations of the line he runs along are
1

N Y=DT OTY = —T
el

c. Sam runs along a line that makes an angle of 8 with the positive x-axis. Find the value of 8 given that Sam's
line makes an angle of 70° with the train tracks and that he crosses the train tracks at a y-value less than 300.

Give an exact answer in degrees. (2 marks)

0 = 25°
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decimal places. (3 marks)

The front of a train is located at (0, 600). Sam starts his run from the origin at the same time that the train starts
moving at a constant speed. Sam runs at a constant speed of 4 m/s.

d. Sam runs along the line that makes an angle of 30° with the positive x-axis. Find the speed that the train must
travel at for Sam and the front of the train to meet at the same point. Give your answer in m/s correct to two

Solution: Intersection of y =

1
x and y = 600 — 2 is at (900 30043, 3003 300).

ﬁ
B Therefore Sam has run 600441 Juf_i metres which takes him 150 Evﬁ seconds. i
_| The train travels a distance of 9004/2 — 3006 metres (distance fu]m (0,600} to 1).
900+/2 — 300./6

Therefore the trains speed is

150+ 1

123 -

22 1.90 m/s.

e. Itis now known that the train travels at a constant speed of 5 m/s. If Sam runs along the line y = mx, where
m > 0. Find the values of m such that Sam crosses the train tracks before the train has reached his crossing

point. (3 marks)

It takes him

Solution: If Sam runs along line y = mee, he intersects track at [ (

600 600m )

L+m 1+m

1 [/ 600
-'IV m o+ 1

seconds to reach this point 1.

The train travels a distance of

2 600m "\ 2 |'II L+ m?
| — 150, .
m+ 1 \I (1+m)*

[/ 600
UI (m 1

metres to reach § and therefor

» takes

)

120V/2

T
We want all times where Sam crosses [ before the train. Therefore we solve

—_—

[ 14 m? 12012
15(1\’; @ : :i], << l‘i:,m:.» 0

00

600m ) 2 60042
T

n+ 1 L+m

seconds.

= 0 < <

5

Space for Personal‘~otes
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