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Section A: Recap

Sub-Section: Maximal Domains

Starting with a domain! .

Definition

Maximal Domain

¥ Definition: The largest possible set of input values (elements of the domain) for which the function is
well-defined.

» Three Important Rules:

Eunctions Maximal Domain
Vz z>0
log(z) z>0
1 z+0
VA

» Steps:

1. Find the restriction of the inside.
2. Sketch the graph if needed.

3. Solve for domain.
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Q>

Sub-Section: Domain of Sum, Difference and Product of Functions ® ‘

What about a domain of the sum of two functions?

~

Sums, Differences and Products of Functions

» Rules:
F+9x) = fO+gXx)

F-9)X=_{ fx)-g©x)
FxX)=_{ fx)xg©x)

» Idea:

Domain of sum or product of two functions =
Intersection | of the two domains
» Steps:

1. Find the domain of each function.

2. Find the intersection (draw a number line if needed).

T
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o>
Q

Sub-Section: Basics of Composition [ ‘

What was the “‘composition” of functions?

Composite Functions Definition
X > € > F( x) > 9
-4

¥ Definition: A of functions.

» Representation of the above:

y=__lg(fx)=g-f[
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Sub-Section: Validity of Composite Functions

[
Q
-

Did composite functions work all the time?

~

I

Validity of Composite Functions

L

»  Output of f(x):

» Input of g(x):

Inside

.F

Rangw of inside Domain of ountside

Outside

- g [

_| Range of Inside

. (Label Above)

Domain of outside . (Label Above)

» Composite Function is only valid if;

Range of Inside

IN

» Acronym:

Domain of Outside |

RIDO = Range of inside, domain of outside.
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|
Sub-Section: Domain of Composite Functions ®

How did we find the domain of a composite function? '

Domain of Composite Functions

Input of +he
wl:nposi'l'ion . f .

gof

G

Domain of Composite = Domain of Inside
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Sub-Section: Range of Composite Functions [

Range of the Composite Functions

| f

Range of Composite € Range of the Outside

» Finding the range of composition function: Use the domain and the rule, just like another function.

1 9 L
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o>
Q

Sub-Section: Basics of Inverses [ ‘

What does “Inverse” mean? '

Inverse Relation

» Definition: Inverse is a relation which does the ___| opposite

.F

lnpu-l'% | — > Output
Du‘|'|>u'|'€ e |— é‘npuﬂ'
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8’ >
Sub-Section: Swapping x and y ® ‘
Is there a better way of solving for an inverse relation? .

Solving for an Inverse Relation D

» Swapxandy.
.{:
>
|n|>u+9 90u{'pu+
0u‘|'|>u+é €|npw|'
<
.F—f
NOTE: f(x) = v.
Domain and Range of Inverse Functions
.P
>
|n|>u+9 - Output
Ou‘l'PuH'é €|npw|~
<
.FJ
Domf1l=_|Ranf ]|
Ranf™=_ | pomf| __
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Sub-Section: Symmetry Aroundy = x

[
Q
-

Why does this happen?

~

Svmmetry of Inverse Functions

(=
|

WV

» Inverse functions are always symmetrical around y = x.
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8’ >
Sub-Section: Validity of Inverse Function [ ‘
Does an inverse function always exist? '

Validity of Inverse Functions D

lnpnﬂ'% | — 1> Output
0u‘|'|9u'|'€ - |— €|npw|~

<€
.Pﬁf

» Requirement for Inverse Function:

f needs to be _| 1:1
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o>
Q

Sub-Section: Intersection Between Inverses [ ‘

Where do inverses meet? '

Intersection Between a Function and its Inverse

N
> x
» Equate with instead.
f(x) =xORf™(x) =x
» We cannot do this when the functionis __ [4ecreasing function.
NOTE: This only works for an increasing function. P/
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:

Sub-Section: Composition of Inverses

a
Composition of Inverse Functions Definition
O ¢# 0«0 & [
-1
foflx)=_LZ1 forallx dom f

flof(x)=|X forall x €| dom f

NOTE: Domain = Domain of Inside. p/
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o>
Q
©

Sub-Section: Find a New Domain to Fix Composite Functions

Fixing Broken Composite Functions

» Aim: Restrict the domain of the inside function so that the range of the inside function fits inside the
domain of the outside.

» Steps:
1. Write down the RIDO statement with the domain of the outside (as it is fixed).

2. Sketch the inside function to see what domain is needed.
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) g

Sub-Section: Find the Range of Complex Composite Functions

Q)
®

Finding Range of Complex Compaosite Functions

.F

» Aim: Find the range of complicated functions.

» Steps:

1. Break the function into composition

2. Follow the to find the range.

of two simple functions.
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8’ >

Sub-Section: Find the Gradient of Inverse Functions [ ‘

This is a fun application of inverse with calculus! '

, , (1)

REMINDER: Gradient of a Point
Gradient at int dy
radient at a point = —
p dx
a
Gradient of an Inverse Definition

(b, o)
Gradient = %

\
.3

If Gradient of f at (a, f(a)) =m

Gradientof f~'at __ |(f(a) a) = %
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Section B: Warm Up

INSTRUCTION: 5 Minutes Writing.

Question 1
Consider f(x) = v2x and g(x) = 2x — 1, both defined over their maximal domains.

a. Is f(g(x)) defined?

No. The range of g 15 R, but the maximal domain of f 15 only x = 0.
Since range of mside 15 not a subset of domam of outside, f(g(x)) cannot exist.

b. Find the large restricted domain of g such that f(g(x)) is defined.

Step 1
Range of mside € [0, o)

Step 2
2x — 1 needs to be a subset of [0, 00)

Step 3
Graph of y = 2x - 1 shows that x = 1/2 is the largest domain for which the range will be
[0, )
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c. Find the range of y = log5(x? + 9).

[2, @)

d. Consider the one-to-one function h with the following properties:
h(3) =2and h'(3) = 5.

Find the gradient of h=! at x = 2.

L] =
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Section C: Exam 1 (20 Marks)

INSTRUCTION: 20 Marks. 26 Minutes Writing.

Question 2 (7 marks)

Consider the two functions:

1
fD—)R,f(X):m'l‘l

g:10,0) > R, g(x) = Vx+ 4
where D is a restricted domain of f.

a. Define g~1, the inverse function of g. (2 marks)

r=vy+1 — y=ao"—4. dom g~' =ran g = 0, o)

g ':[0,00) 2R, g '(z)=7"—4.

b. The gradient of g=* when x = 3 is 6. Find the gradient of g when x = 5. (2 marks)

1
5 =3 = ¢'(5) = =
i) g (9] G
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c. Find the restricted domain, D, of the function f such that the composite function g o f is defined. (3 marks)

Solution: We require that ran f > 0, therefore —— + 1 > (). Solve
! Y T rre

1
E-%—l*[l
r+2=-1
T=-3

Then by considering the shape/a rough sketch of the hyperbola we see that
r < —3or x> 2 Therefore,

D= [—co, -3 U (=2,00) = R\ (—3, -2

1
Plot[ — + 1, {x, -5, 51]
xr2
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Question 3 (6 marks)

Leth(x) = g(f (x))-

a. Write down the rule and domain of h(x). (2 marks)

Consider the functions, f(x) = ﬁ and g(x) = 2x + 3 defined on their maximal domains.

tdom A7 =ran h = R\ {3}. Therefore,

R ':B\{(3] 2R hl(z)=

o
Solution: h: R\ {2} — R, h(x) = . — 5 +3
b. Define the inverse function, h=1, of h. (2 marks)
3 ion: 9
Solution: r— - 43
v—2
2
r— 3=
y—2
2
- 9
Y=7"73 +2

c. Find the point(s) of intersection between h and h~1. (2 marks)

Solution: Intersect on the line y = =.

3

r—2

il

Therefore points of intersection are (1,

F3==

2—(x—2)(x—3)

..I'E —ar+4 =1l
(r—4)xz—1)=10

r=1.,4

1) and (4.4)
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Question 4 (7 marks)

Consider the function:

1
fila,) > R, f(x) =§x2 —2x+5

a. Find the largest value of a such that the inverse function £~ exists. (1 mark)

| .
Solution: I|r|.."| G!.r' )y 1
-|.l'|!:|!'!1'1.ill'|'. i _" N
b. Define f~1. (2 marks)
Solution: dom f~!' = ran f = [3.00) and ran f~! = dom f = [2, )
| .
r==(y—=2)"+3

2{xr — 3) 11;*'_’1"

Y +v2r —-642
By considering ran f ' conclude that
f1:3,00) >R, f(x)=24 V22 6.

c. Giventhat f is an increasing function, show that f and £~ do not have any points of intersection. (2 marks)

Solution: Would intersect on the line y r. Consider

I >
! 2r4+H=1
2
1 ”
— r4o5=10
9

|
hen A =1—-4x - x5 9 .

)

0. So the equation has no real solutions. Therefore

1o intersection.
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Letg: R>R g(x) =5x>—2x +5andh: R > R h(x) =2~

d. Find the range of h(g(x)). (1 mark)

glx) has a local minimmm at (2, 3). Therefore ran hig(z)) = |8, o)

e. Find the minimum value of c such that h(g(x + ¢)) is one-to-one over the interval [1, o). (1 mark)
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INSTRUCTION: 5 Minutes Writing.

Calculator Commands: Finding the domain and range

» T » TI-

UDF

» (asio Classpad

& domain (f(x),x), f Min

Analyse a Function: Find intercepts. citical poits.
and their . , maximal domain, asympt

analyse(cfunctions, o

& Graph the function and

analysed{<functi
<lower bour

and Fmax.
Define fid)={9-x> Done
domain (fx)x) -3%x<3
fMin(Ax) x) x=-3orx=3
fMaxz(fx),x) x=0
A3) 0
Ao) 3

X
an a.{)sed(

262
P Start Point: [-5 ——

P End Point: {5 e TR

P Maximal Domain:
x#-1.68469 and
x#-0.629579 and a-te® tow

x=0.214
-55xs<5

3 2
5. x3-3 x243-x41
-

3 2
=Juys =0 oxkd

273 and _5.4.3.24142345

use G-Solve to find min
55) and max values for the
' range.

77

-316 "
529

» Mathematica

n[271= f[x ] := V9 -x*2

In[128]:= FunctionDomain[f[x], x]

out[128]= -3 =x =3

In[129]'= FunctionRange[f[x], »x, ¥]

out[129]= @ =y =< 3

» Mathematica UDF :
& FInfo [f [X], {x, x min, x max}, y]

Returns useful information about a
function, including derivative, domain,
range, period, horizontal intercepts, vertical
intercepts, stationary points, inflexion
points, left and sided asymptotes, oblique
asymptotes and vertical asymptotes.

x2-1

FInfo[ y {x, -Infinity, Infinity}, y]

X (x2 - 3)
x?-1

The function is — -

* [x?-3)

ER]
The derivative is - -
x* (x? - 3)7

Domain: x « - V3v- V3 cxcBvOcx c WBuxa A3
Range: yeR
Period: @
Horizontal Intercepts: (-1, 1)
vertical Tntercepts: Mone
Stationary points: (]

Inflexion points: {{[(@-v.8r. ), (@-v.aza. )}y {(@ewri. ], [@onzs. ]}

Left sided asymtote: y-0
Right sided asymrote: y=0
oblique asymtote: {8}

Vertical asymtote: [x-8, x=— V3, x=3 ]
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CAS

Calculator Commands: Finding the composite function

> TI » CASIO » Mathematica
Definej’(x)=1n(.\') Done define f(x) = In(x) . Inf41)= fx ] i= Log[x]
one
Define glx)=x"+3 bone define g(x) = x"2+3 In[142]:= g[x_] i=x"2+3
2 done
et inb2+2) F(g(x)) inf142]:= F[g[x]]
In(x2+3) out[143]= Log[3 + )(2]
CAS
Calculator Commands: Finding the inverse function
P T » CASIO » Mathematica
Definej(x)=x2+4' x+9 Done define f(x) = x"2+4x+9 In[154]:= F[x ] :=x"2+4x+9
done In[155:= Solve[f[y] = X, ¥]
solve(f(y)=x,;u) y=—( =5 +2) or y=yx-5 -2 solve(f(y)=x,y) (v e5 2, yei 52} oulissl= {{y »-2-+-5+x}, {y=-2++-5-x}}
NOTE: It doesn't tell us which branch is correct. ’/
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Question 5 Tech-Active.

Find the domain and range of f(x) = x;l

[xn2-1

= '1I|I| r2

In[21]:= FunctionDomain [F [x], ]

Inf2o].= F[x ] :

outf21l= X = -1 | | x=1

In[22]= FunctionRange[f[x], x, y]

out[?2]= B =y = 1
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Section E: Exam 2 (23 Marks)

INSTRUCTION: 23 Marks. 30 Minutes Writing.

Question 6 (1 mark)

The function f definedby f 4 > R, f(x) = (x —2)? + 3 will have an inverse function if its domain 4 is:
A R

B. (—,3]

C. [3,6]

Question 7 (1 mark)

The linear function f : D - R, f(x) = 2 — x hasarange of [-5,1). The domain of f is:
A. (-51]

B. (—1,5]

C. (1,7]

D. [7.1)
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Question 8 (1 mark)

Let f be a one-to-one differentiable function, and the following values are known:

f@)=3f3)=4f(2)=5andf'(3)=6

Let g(x) = f~1(x). The value of g'(3) is:

A.

ull R

AR

Question 9 (1 mark)

Letf: [-1,3] > R,f(x) =2x—1andg:D > R,g(x) =x%—1.
The largest interval D such that f © g exists is:

A. (0,2)

B. [0,2]

C. [-2,2]

D. [0,3]
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Question 10 (1 mark)

Part of the graph of y = f(x) is shown below.

S x

The inverse function f~1 is best represented by:

Space for Personal Notes
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Question 11 (8 marks)

Health insurance provides MediBear (C,,) and Bopa (C,) offer cost-based health insurance plans represented by
the functions:
Cm = V4x — 3,2 <x <10 and C, = C;z (x)

where C represents the amount paid for the plan by the customers in tens of dollars and x represents the plan's
benefits rating.

a. Define the function Cp. (2 marks)

Co: |Vo. V3T 2R, C, (z 43

b. Graph the two functions on the axes below. Label all endpoints with coordinates. (2 marks)

10+
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C.

d. What plan benefit rating results in both plans having the same cost? (1 mark)

e.

What is the maximum plan benefit rating for a plan offered by Bopa? Give your answer correct to one decimal
place. (1 mark)

Find the values of x for which C,, < Cp. (2 marks)

3. 10

Space for Personal Notes
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Question 12 (10 marks)

Consider the function f : [a,©) - R, f(x) = x? — 2x — 2.

a. State the smallest value of a for which f has an inverse function. (1 mark)

e a=1

b. Define the inverse function, f 1. (2 marks)

7' -3 ) =R, [T z)=14++/x+3

c. Sketch the graphs of f and its inverse on the axes below. Label all axes intercepts, endpoints and points of

intersection with coordinates correct to two decimal places. (3 marks)

107

(3.50, 3.50)

(1,-3)
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d. Letf and f~1 intersect at the point P. It is known that f has a gradient of 1 + /17 at P. Find the acute angle
made by the tangents to f and £~ at P. Give your answer in degrees correct to two decimal places. (2 marks)

=t 1
{ tan™ (1 4 +/17) — tan™! (—-—...)‘ = 67.91°
1+ 17

Consider the function g : [2,0) - R, g(x) = log,(x + 1).

e. Find all possible values for a such that g(f (x)) does not exist. (1 mark)

To not, exist we necsd ran f =2 = a € (] vo.1 4 \,.r'!:_b:-

f. Ifa = 4, find the range of g(f(x)) when it exists. (1 mark)

log(T), o0)

Let’s take a BREAK (Extension Stream)! .

Space for Personal Notes

MM34 [0.2] - Functions & Relations Exam Skills - Workshop Solutions ‘33




(S4ONTOUREDUCATION

Section F: Extension Exam 1 (13 Marks)

INSTRUCTION: 13 Marks. 20 Minutes Writing.

VCE Methods % Questions? Message +61 440 138 726

Question 13 (5 marks)

Consider the two functions f(x) = ﬁ and g(x) = 1 + cos(x) defined on their maximal domains.

a. Determine whether or not the functions f o g(x) or g © f(x) exist, and justify your answer. If the composite
function exists, state its rule and domain. (2 marks)

Solution: fo g(z) does not exist becanse ran g — |0.2| ¢ B\ {2} = dom f.
go flx) does exist since ran f = R\ {0} € dom g = K.

. 1
go flr)=1 +H_1-( 1})_ with domain B\ {2}

b. Find the values of x for which f~1(x) > f(x). (3 marks)

Solution: r =

1
— 7 = — + 2. Solve,
T

y—2
1
— I
r—2
r—2r—1=0
(r—1)2—2
.1'—1J_vr2

Consider the shapes of the two graphs to conclude that f~'(z) > f(z) for

z € (=00, 1= V2)U(0,2) U (1 + V2, 00)
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Question 14 (4 marks)

Let f: (—o0,k) 2 R, f(x) = -2’

a. Find the rule for £~ in terms of k. (1 mark)

1 .
where k is a real constant.

FU:

1
i'"] — K —=
v/ L

b. Find the exact value of k so that f = f~1 has one unique solution.
Express your answer in the form %, for positive integers a, b and rational number c.

HINT: There will be one unique solution if y

x is tangent to £ and f~1 when they intersect. (3 marks)

. : : 1
Solution: Fquation 1 is: —_—
(x —K)*
Equation 2is: fl(z)=1 = ————— =1
! ] ) (z — k)3
. . . . . 1
E2 — (r—k)* = —=2. Then mmltiply E1 hy .
r— K
1 =
2 r—k
— k=23z
Sub k = 3z mto E2 — (—2z)" = -2 — = 73 Then,
3
"= 5273

Space for Personal Notes

MM34 [0.2] - Functions & Relations Exam Skills -

Workshop Solutions

C




G-OONTOU REDUCATION VCE Methods % Questions? Message +61 440 138 726

Question 15 (4 marks)
Let f: [—%, a] - R, f(x) = V4x + a — 2, where a is a positive real number.

a. Thegraphsofy = f(x)anditsinverse y = f~1(x) may have up to two points of intersection.
Find the x-coordinates of any possible points of intersection of the graphs of y = f(x) andy = f~1(x) in
terms of a. (2 marks)

We solve.

Vvir+a—-2=r

(T 1 :ﬁ]2 — 4T+ a
rP+4r+4=4r+a

B

rm =a—4
r=4+va—4

b. Determine the set of values of a for which the graphs of £ and £~ have two points of intersection. (2 marks)

Solution:

4 G : > ) 2 L e
From part a. the x-value of any point of intersection must satisfy ©° — a — 4. This
—1 will have no real solutions if @ < 4. and one real solution if @ — 4. Therefore we must

~

have a > 4 for two possible points of intersection.

Now we must consider whether the points of intersection are within the domain of

both f and f~! by considering endpoints.
= — o a 1
dom f~! =ran f = [-2, VHa — 2] and dom f = —7@

The pomnt (va —4,/a — 1) is always in the domain of both f and f~'.

S SR 1 ]

a
!

When a > 8 the point (—ya — 4, —v/a — 4) is not in the doman of f~1.
Two points of intersection for 4 < a < 8.
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Section G: Extension Exam 2 (16 Marks)

VCE Methods % Questions? Message +61 440 138 726

INSTRUCTION: 16 Marks. 20 Minutes Writing.

Question 16 (1 mark)

A. a€eR”
B. aeR"
C. a € R\{0}

D. a€[0,1)

Let f(x) = vax + b and let g be the inverse function of f.
Giventhat f(0) = 1and g’'(x) > 0, then all possible values of a are:

Question 17 (1 mark)

A. (b—1,b+3)
B. [b—1,b+3]
C. (b,3]

D. (b—1,b+3]

The range of the function given by f : (0,3] > R, f(x) =x?—2x+bis:

Question 18 (1 mark)

domain of Lis:
g

A [—a,a)

B. [—a,a]

C. (—a,a)

D. R\ {a}

The functions f(x) = log,(a — x) and g(x) = —+/x + a are defined on their maximal domains and a € R*. The
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Question 19 (1 mark)

Let f be a one-to-one differentiable function, and the following values are known:

f(@)=b,f(b) =c,f'(c) =d,and f'(b) = k.

Let g(x) = f~1(x). The value of g'(c) is:
A =
a

B. 1
k

QR

(S

Question 20 (1 mark)

Consider the functions f(x) = x? + b, where b € Rand g(x) = /(x — 2)(x — 3) defined on their maximal
domains. The composite functions g(f(x)) will have domain equal to R if:

A b <-2
B. b <-1
C. b>3

D. b> 2
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Question 21 (11 marks)
Consider the function f : [V2,0) -5 R, f(x) = V2x? —4.

a. Define f~1, the inverse function of f. (2 marks)

"+ 4

f1:]0,00) 2R, f7(x) = \

b. Find the coordinates of the point P, which is the intersection between the graphs of y = f(x) and
y = f71(x). (1 mark)

=]
]
—

c. Sketchthe graphsof y = f(x),y = f~1(x), onthe axes below. Label all axes intercepts. (2 marks)

9
10+

2--
(0, 72) ¢
1--

4 -3 2 A0
-+

2+

-3t

-4+
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d. Find the acute angle between the tangents to the curves y = f(x)andy = f~1(x) at the point P.
Give your answer in degrees correct to two decimal places. (2 marks)

o
f'(2) = 2. Therfore # = |tan '(2) — tan! (j)‘ — 36.87°

Now, consider the one-to-one increasing function g : D — R, where g(x) = Vkx? — 4 and k € R*.

e.

i. Find the domain D in terms of k. (1 mark)

G r

(%]

T.

v I3 v I3

u:[;

function, therefore

o

=

s . @ i ]
Solution: kr" >4 — z < ——orzx > —.

).

Hut it 15 an inrrf’.-ﬁing one-to-one

ii. Find the value(s) of k such that g and g~ do not intersect. (1 mark)

St " Jr* +4
«om on [ r)
V) \ I
2
Solving g(r) =g Yz) = =z . —
vE=
Therfore no intersection for k& < (0, l)

, which is defined for &
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f.

Thetwo curvesy = g(x)andy = g~(x) intersectat x = c, where ¢ > 1. The angle between the tangents
atx = cisé.

It is known that tan(6) = %. Determine the value of ¢ and k. (2 marks)

Solution: We solve the simmltaneous equations

1
g'le) -

Iy . C
. g le) 9 r oy gy
tan(f) = |————— | = — amd (e =g '(c)
) 1+1 10 nelr=4 '

&

=4 and k =

H= |
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