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Section A: Recap

Amplitude, Period and Average Value

Definition

Fory = Asin/cos (nx + b) + k

Ampli'}'uiel

AVQ/VAg 17

o Value

Consider the sign of our graph

Amplitude = |4|

. 2
Period = ==
In|

Average Value = k
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a

Graphing of sin and cos Functions

Definition

» Steps:

1. Identify: _| Amplitude, Period, Mean Value and Positive/Negative Shape | ,

2. Create a “mini-version” of the graph you are about to draw.
3. Start plotting the function from when the angle = | : I .

4, Draw the start and end of the periods, and plot the halves (turning points).

5. Findany _| x-intercepts| .

6. Join all the points!

Finding the RUIe Definition
Amplitude (4) = M
Average (k) = ==
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Graph of Tangent

Y = tan (x)

-

M

Space for Personal Notes
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Steps for Sketching tan Functions

1. ldentify:
s
& Theperiod=_| ;; L
2. Find the vertical asymptotes by solving for angle=__| 2 |.

3. Find other vertical asymptotes within the domain by adding the period to the answer from the
previous step.

4. Plot the inflection point (h, k). (Midpoint of the two __| vertical asymptotes | )

& x-value of the inflection point = x-value which makes angle = 0.

€ y-value of the inflection point = vertical translation of the function.

5. Findany_| x-intercepts |

6. Sketch a_| “cubic-like” | shape.

g -|'om(x— k) +k

= (h, k)
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a
Fraction of Period Definition

) ) Duration

Fraction of Period = -
Period
% of Period Duration 100%
oof Period = - X 0
Period

Space for Personal Notes

MM12 [4.5] - Graph of Circular Function Exam Skills - Workbook Solutions ‘ 6




(S4ONTOUREDUCATION
Section B: Warmup Test (16 Marks)

VCE Methods Y2 Questions? Message +61 440 138 726

Question 1 (8 marks)

a. Find the general solution to f(x) = 0. (2 marks)

Consider the function f : R = R, f(x) = 2 — 4 cos(2x).

cos(2r)

Dy

2—4cos(2x) =10

A =

1

- (1M
2[ ]
:I:%+Emr

nT + i:n e Z [1A]
)

coordinates. (3 marks)

b. Sketch the graph of y = f(x) for x € [0,2m]. Label any endpoints, turning points and axes intercepts with

l‘[lA shape, 1A turning points, 1A endpoints and intercepts]

Y
/N
?.. 1C
T b 31
(2’ ) (2’6)
b..
54+
4..
3..
2..
1--(11,0) (57: 0) (?n 0) (111:, )
) b b’ | bl b.’ . :
‘o«iigﬁsﬁsﬁﬁzﬁ’”
41 4 2 4 4 2 4
-2
(OI _2) (TC; —2') (2-7:, —'2.)
-3+
b d
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c. Find the fraction of a period that f(x) is above 4 for. (3 marks)

flo) =4 = —dcos(2z) =2 = cos(2z) = —%. [1M]
cos(2x) = —%
2n 4w
S
w2
=g g [1M)
Period is w. So fraction of period is 2n/3-m/3 = % [1A] .

Space for Personal Notes
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Question 2 (4 marks)

Sketch the graph of y = —2tan (x - %) + 2 for x € [0,2m]. Label any asymptotes with equations and endpoints,
axes intercepts, and inflection points with coordinates.

LS

b

[1M asymptotes, 1M intercepts, 1M shape, 1M infleciton points and endpoints]

Space for Personal Notes
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Question 3 (4 marks)

Sketch the graph of y = —2sin (x - g) + 1 for x € [—m, 2r]. Label any endpoints, turning points and axes
intercepts with coordinates.

4
N

(-TC) 1 - .JE) 1
i (3_1t 4
4 r
24
N

[1A shape, 1A intercepts, 1A turning points, 1A endpoints]

Space for Personal Notes
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Section C: Exam Skills

Sub-Section: Identifying the Correct Graph

REMINDER: Amplitude, Period and Average Value

Fory = Asin/cos (nx + b) + k

Ampli'l'u.ie,

AVWAQQ/

o Value

Consider the sign of ouv gvaph

Amplitude = |4]

Period = 2~

In|

Average Value = k

REMINDER: Finding the Rule

max—min

Amplitude (4) = >

- max+min

Average (k) = >
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Question 4 Walkthrough.
The graph shown below has a rule of the form y = a cos(nx) + k.

Find a possible rule for the graph.

(2x, 2)

. . 1
Period is 4w => n = >

Has negative cos shape.
Average value is —1 and range is [—4,2].

y=—3cos(§)—1
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Question 5

The graph shown below has a rule of the form y = a sin(nx + b) + k.
Find a possible rule for the graph, given that a, n, b, k are all greater than zero.

)

< } + t R i > X
2 g 4 B1id 2
3 3 3
4+
oTT _1)
(12’
R
Periodist%:z?”:n=3

a=2k=1

y =2sin(3x+b) +1

Ix e ph=rtsp=l
—_ :_ﬁ = —
12 2 7

y=251n(3x+%)+1
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(1)

REMINDER: Steps for Sketching tan Functions

1. ldentify:

& The period ==,

n

T

2. Find the vertical asymptotes by solving for angle = >

3. Find other vertical asymptotes within the domain by adding the period to answer from the previous
step.

G Forinstance, for tan (Zx - g) solve 2x —g = gfor x.

4. Plot the inflection point (h, k). (Midpoint of the two vertical asymptotes.)
& x-value of inflection point = x-value which makes angle = 0.

€ y-value of inflection point = vertical translation of the function.

g '|'o\n(x— k) +k

(h, k)

5. Find any x-intercepts.

6. Sketch a “cubic-like"” shape.
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Question 6

The graph shown below has a rule of the form y = tan(nx) + k, where n, k € R.
Find a possible rule for the graph.

< i Il 1 | L > »
-2 [ 145 A 1 1.5 2
Periodisl=>n=mx
y = tan(mx) — 1
TIP: Simply check if the asymptotic x-value makes inside equal to 90 + 180n degrees. =
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Question 7
The graph shown below has a rule of the form y = —tan(nx — b) + k, where b,n, k > 0.

Find a possible rule for the graph.

T

. . 1
Periodis 2t = n = 5

Inflection point at (2?” 1) >k=1
Then shape and point = a = -1

1X27r b=0>h T
- _ = = = —
2 3 3
N (1 7T)+1
y = —tan 2x 3
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Section D: Technology Exam Skills
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CAS

Calculator Commands: Degrees and Radians

» Tl

& Doc—->7-2

Document Settings

-

» Casio
& Change at the bottom of
the screen.
0
Alg Decimal Real (Rad

» Mathematica

& Inradians by default.
& Write "Degree”.

In[27]:= Sin[30 Degree]

1
out[27]= —
2

CAS

Calculator Commands: Solving Trigonometric Functions.

» Tl

& solve(trig(..) = a,x) |
domain restriction.

& | is under control equal.

» C(Casio

& solve(trig(..) = a,x) |
domain restriction.

& | is under maths 3.

» Mathematica

& Solve[trig[] == a &&
domain restriction, x].

Space for Personal Notes
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Calculator Commands: Graphing

» Open a graph page and plot your function.

» Zoom settings: Menu — 4 (window/zoom) — 1 enter your x and y-ranges.

Iﬂ | Window Settings ul

Min: | =105
XMax: |10.5031446540881 |

XScale: | auto 9
X
Y IV - - ==
Ton  YMin: [-6.9182389937107 | R
Max: |6.4150943396226 |
YScale: Auto Y
OK Cancel
"!.J‘ I
» (an also click the axis numbers on the graph and alter them directly.
]
—— +—> x
0.5 10.5
» Menu- 6 (Analyse) to find min/max x and y-intercepts.
_ _ _ < * |
» Restrict domain to 0 < x < 2 use the bar can get it from ctrl+ = > < |

f1 (x)=x3—..x2|0<\’<2|
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» (asio: Click Graph & Table, and enter the function.

» Use | to restrict domain - find it in Math 3.

M y1=43_2.52 | 0<x<2

» Mathematica: Plot[function, {x, xmin, xmax}, PlotRange — {ymin, ymax}]

— & Edit Analysis * X
vl ox A
. Factor v
Main Zoom In s
- Zoom Out 13
- LS AI.I'tO 12k
. eActivity . Statistics Original 11
. . Square L0r
- Round :
i nn ol Graph& Integer I
............. | 4Bl Tahle Previous ;
- Initialize st
3D Graph @ Geometry Quick ' 2
ﬁ . i|
pr— 1t
Picture Interactive A S S 5
Eplot Diffcalc 12 i i
A il
— al
Conics WL DiffEq- af
1 BE
- 1NN Deg  Real L
» Analysis— G-Solve to find intercepts.
» Use this button EIE ]Ito set the view window.
Yiew Window
File Memory
[Jx-log [ ]y-log
¥min =4
max 5
scale: 1
dot :0.0324675324675325
ymin :=1.765
max :0.563

& PlotRange is optional but can be used to make the scale appropriate for the question.
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Section E: Exam 2 (30 Marks)

Question 8 (1 mark)

The x-intercepts for y = 3 sing + 3, where x € [—3m, 57], are equal to:

A. —2m,0,2m

B 3w om
2’2

C. —m0,m

Question 9 (1 mark)
The graph shown below could have the rule:

A

A

A. —3cos(x+§) +2
B. 3sin(x+5) +1
C. —35in(x+§)+2

D. 3cos(x+%)+2
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Question 10 (1 mark)
Letf : (n 5—”) — R, where f(x) = 3 cos(2x).

The range of f is:

A. [-3,3]

5 [52)

242 2

2’ 2

o ()

c. |-

Question 11 (1 mark)

take is:

A.

w3 ol

NS

Let f : [0,a] - R, where f(x) = cos(3x — m). If the inverse function £~ exists, then the largest value that a can

Question 12 (1 mark)

A. h: (—%,g) - R, h(x) = —4tan(3x)

2w 2T

B. h:{—= —) - R,h(x) = —4tan(3x)

@]
=

T
g;

o1l

(-3
( ) -> R, h(x) = itan(Bx)
D. h: ( %,g) -> R, h(x) = ——tan(3x)

Let g : (—gg) - R, with g(x) = tan(3x). The graph of y = g(x) is transformed by a dilation by a factor of 4
from the x-axis, followed by a reflection in the x-axis. The resulting function h is given by:

MM12 [4.5] - Graph of Circular Function Exam Skills - Workbook Solutions
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Question 13 (1 mark)

Given the function f : [O, 47”] — R, where f(x) a + b sin(kx), and a, b, k € R, which of the following statements
is FALSE?

A. f hasamaximumaty = a + b and occurs when x = %

.. 3
B. f hasaminimumaty = a — b and occurs when x = %

C. Therangeof fis[a —b,a + b].

D. The graph of y = f(x) consists of three full cycles.

Space for Personal Notes
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Question 14 (12 marks)

A theme park ride features a pirate ship that swings back and forth in a circular motion. The lowest point of the
ride is 2 metres above the ground, and the highest point is 14 metres above the ground. The height of the top of the
ship follows a sinusoidal pattern with time. The ship completes one full swing every 20 seconds, starting at its

lowest point when t = 0.

a. Show that the height h(t), in metres, of the top of the ship above the ground after ¢t seconds can be modelled
by: (2 marks)

b. Sketch the graph of h(t) for t € [0,40] on the axes below. Label any maxima and minima with coordinates.

C.

h(t) = 8 —6cos (%)

The midline is halfway between 2 and 14, so it’s at 8. The amplitude is 14 — 8 = 6.
[IM] Cosine starts at a maximum, so to start at the minimum we use —cos. The

period is 20 seconds, so:
b

== [1M]

2T
Period = —
erioe 50

. ¢ r
So the rule is h(t) = 8 — 6cos (%)

(3 marks). [1A shape, 1A max and mins, 1A endpoints]
k
)
20+
15+ (10, 14) (30, 14)

=51

h

Determine the height of the top of the ship 5 seconds after the ride begins. (1 mark)

h(5) = B metres.

MM12 [4.5] - Graph of Circular Function Exam Skills - Workbook Solutions
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d. Find the first time after the ride begins when the top of the ship reaches a height of 10 metres. Give your
answer in seconds correct to two decimal places. (2 marks)

Solve h(t) = 10 [1M]
t = 6.08 seconds. [1A]

e. For how many seconds in the first 60 seconds is the top of the ship higher than 12 metres? (3 marks)

Solve h(t) =12 = t = 7.323,12.677 [1M]

— Then 12.677 — 7.323 = 5.3564. [1M] —
Over 60 seconds there are three full periods.

| So total time above 12 metres is 3 x 5.354 = 16.06 seconds. [1A]]

f.  The operator adjusts the ride so it starts at its maximum height instead. Write a new rule for h(t) under this
condition. (1 mark)

hit) =8+ fHUh(H}). [1A]

Space for Personal Notes
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Question 15 (12 marks)

In an underground mine, the temperature varies periodically over a 24-hour cycle and follows a sinusoidal pattern.

The temperature T (t), in degrees Celsius, at t hours after midnight is given by the rule:
T
T(t) =16 + 65sin (ﬁ (t— 10)>

a. Sketch agraph of T(t) for 0 < t < 24. Label any endpoints and minima and maxima with coordinates.
(3 marks)

[1A shape, 1A turning points, 1A endpoints]

T

)

25

(16, 22)

20 4

15 -

(24, 13)

10
(4, 10)
54
-
< : $ : + : + —> t}
0 4 8 12 1o 20 24 28
e

b. Find an equivalent rule for T'(t) in the form a — b cos (% (t+ c)), where a, b, ¢ € [0,24]. (2 marks)

T .

Rule must be of the form 16 — ﬁ(:u:-s(é{! + E:J). [1M]

By looking at the shape we see our graph can be obtained by translated T(f) =
T .

16 — (i(:u:-s(—tf,): 4 units to the right.

The period is 24 so a translation 4 units to the right is the same as a translation 20
units to the left. Thus

T(t) = 16 — 6 (-U:-s(%{! + 20)) [1A]
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C.

Determine the times during the day when the temperature is exactly 16°C. (2 marks)

—Solve T'(t) =16 =— t=10,22 [1M]
|50 the times are 10:00 am and 10:00 pm [1A] .

Calculate the amount of time in the 24-hour period that the temperature is above 18°C. Give your answer in

hours correct to the nearest minute. (2 marks)

7| Solve T(t) = 18 = ¢ = 11.298,20.702. [1M]
_| So above for 20.702 — 11.298 = 9.40384 hours which is 9 hours 24 minutes.

[1A]

The average temperature in the mine is too warm for the workers to work at maximum efficiency.

The ventiallation system is adjusted so that now the temperature in the mine is given by T, (¢t) = T(t) —k,

where k € R.
Find the value of k if the temperature in the mine is below 15°C for 80% of the time. (3 marks)

—— Over a 24 hour period must be below 15° for 0.8 x 24 = 19.2 hours.  [1M]
Let Ty(t) = K + fi:-iiu(;;(f. ~10)).

Let t; and t5 be two solutions to T5(t) = 15, where 5 = #;.

6

— w

[1M]

w )

12 — 21 aLI'{:Hiu( = _ K ) = 4.8

T [H]
K =10.1459

Therefore k = 16 — K = 5.85 [1A]

) . _ 12 ) 15 - K 12 ) 15 - K
We solve T3(t) = 15 == {; = 10+— arcsin (o = 22— — aresin : .

By considering the shape of the graph, we require that i, — 1] = 24 — 19.2, So solve
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