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Section A: Introduction to Circular Functions
o —
QO
@

Sub-Section: Radians and Degrees

Radians and Degrees

(180)0
c j— ——
T
T C
0o
1= (180)
180° = i€

Question 1

a. Find G)C in degrees:

= 8°_ .,
-9‘1_«(.5/

b. Find 12° in radians:

c

o, TT

(80°
=By,
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o
QO

Sub-Section; Unit Circle @

REMINDER: Don't forget!

o

~apisodd(

sin = H-4
CoSs = T.::"_

— Hy
tan = 'g_:_é
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What is a unit circle and how do we use it?

~

%

Exploration: Unit Circle

» The unit circle is simply a circle of radius 1

» Angles are measured from the +‘ue w:&

» It can be divided into four quadrants:

QZ \P(x; D Ql

N
|—
@
A

S Fx

WV
» We can use the elementary definition of the trigonometric functions.

» Select the option below! _2_
]

sin(0) = [X Value(Y Value ,’Gradient]

cos(0) = Value, Gradient]

e

tan(0) = [X Value,Y Value, (radient|) _"L
%

Space for Personal Notes
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Unit Circle

» The unit circle is simply a circle of radius 1.

+

N
4 4

—

»——/

E
'j_

N

-1.0 O] angle stavts hevel1

T C
-1.0
sin(@) =y
cos(@) = x

tan(0) = gradient

Discussion: For which quadrant is cos, sin and tangent positiv‘e?/

-m

B
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oL~

Sub-Section: Period

,
‘

Discussion: What would happen if we rotate 360° to the value of sin and cos? +y

ﬁ&

L’ 810“)3 sowe!l CJ %0
4
o _ oy ™~ 3\
Discussion: What would happen if we rotate 180° to the value of tan? =
1%0_—
Chwme qmu,)—a Y
. 0
REMINDER: Don't forget! Transformation
fo) >
— 1 .
Dilation®y factor - from the y-axu
/7
a
Period of a Trigonometric Function Definition
Period of sin(nx) and cos(nx) functions = 27” .2%
Period of tan(nx) functions = = i
n

where n = coefficient of x an@
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Question 2

Find the period of each of the following trigonometric functions:

a. p(x)=tan (g)

'—'21t//

)

b. q(x) = cos (Zx +§)

p= 3T _ 41
2.) 3

4

Question 3 Extension. 21[. 4

Find the period of the following trigonometric function: / ")

f(x) = cos (;) + sin (g) 7 _(J’-j 6"‘

&CM[m,cw:)

Space for Personal Notes \\\ ///
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O |

Sub-Section: Pythagorean Identities @

™ ?\
Discussion: What does sin?(0) + cos?(8) equal to? ‘&V‘

(smcen 2(8) =

Pythagorean ldentities

«— | ! 1 ] (SN
[0z 0o+ 06 08 to 8
[# 1%

sin?(0) + cos?(0) =1

» (Can be used for finding one trigonometry function by using the other.

Space for Personal Notes
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Question 4

Find the value of cos (x) given that sin(x) = % d x is first quadrant.

4

SV + " () = |

[

% t s (x) = |

s*() = —ff
a XS tue o
coy(2) = 25 f its e )@

NOTE: Consider the quadrant to determine signs.

Space for Personal Notes
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@ >

Sub-Section: Exact Values

o,
®

The Exact Values Table
x 0 (0°) T 309 T (459 T 60 T (909
6 4 3 2
sin(x) 0 1 Q ﬁ 1
2 2 2
cos(x) 1 ﬁ E 1 0
2 2 2
tan(x) 0 . 1 V3 Undefined
an(x — ndefine
= i
TIP: Use the fact that sin is the y value, cos is the x value and the tangent is the gradient to =

remember the values well!

Space for Personal Notes
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Question 5

Without looking at the exact value table, evaluate the following.

. b4
a. SIn (—)
6

= L
2

b. cos (g)

1
N

. T
C. SsIn (—)
2

= |
d. tan(%)

3 3
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Is there a quick method to remember the exact values? .

%

Exploration: Exact values
» Hold your left palm up facing yourself.

Imagine the thumb to align with the positive y-axis, so the thumb is qo .

>
» Imagine the pinky to align with the positive x-axis, so the pinky is o .
» Can you guess what angles the index finger, middle finger and ring finger represent?
» Label the angles on a unit circle as well as the finger.
N .
%0
- 60°
. 4]
< >
0

J/ (the number of fingers below)
2

sin(0) =

J/ (the number of fingers above)
2

cos(0) =

Space for Personal Notes
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Active Recall: The Exact Values Table

x 0 (0°) % (30°) % (45°) g (60°) g (90°)
sin(x) O -—2I— [% g 1
CoSs(x ﬁ 4,-2 J.
= 4 2 = 3 O
tan(x) O __%‘5 , “,"3 Wf “’2

Space for Personal Notes
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Section B: Symmetry
ﬂ_wg

Sub-Section: Supplementary Relationships

Discussion: Given that sin(30) = % how do we solve for sin(150)? I$0° (‘k)_ N [é)
— ”- , ”-

sn(isf) = £/,

§25 "W

Exploration: Reflection in y-axis

What does Reflection in the y-axis look like? .

» Consider the unit circle.

v

» Reflect the angle around the y-axis on the unit circle above.

» What is the angle in terms of 67

-6
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» How does that affect the sine / cosine / tangent functions?

» Scan the QR code below and have a look!

cos(t — 0) = +/EXos (0)
sin(mr — 0) :@—sin(e)
tan(mwr — 0) = +/6tan(0)

Space for Personal Notes
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Question 6

a. Find the angle at which %ﬂ corresponds to in the first quadrant.

S%!

old

b. What would sin (5?”) equal to given that sin (%) = %?

4, @"'c' %@

2

¢. What would cos (—n) equal to given that cos (E) = g?
st x
= "‘_"3 A ¢ I A
- . !1
2
d. What would tan (5?”) equal to given that tan (g) = %? "~ ::I‘_. o *
3 "9
= -1 ” G fA
Ji
NOTE: Visualise on the unit circle. P/

ALSO NOTE: In the second quadrant, the y value (sin) is positive.
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What does a Reflection in the x-axis look like?

~

Exploration: Reflection in x-axis

» Consider the unit circle.

N
O
o

» Reflect the angle around the x-axis on the unit circle above.
» Whatis the angle in terms of 67
» How does that affect the sine / cosine / tangent functions?

» Scan the QR code below and have a look!

cos(—0) :@/— cos (0)
sin(—0) = +6in C))
tan(—0) = +@an(9)

i

MM12 [4.1] - Circular Functions | - Workbook




G.ONTOU REDUCATION VCE Methods ¥ Questions? Message +61 440 138 726

Question 7

a. Find the angle at which HTH corresponds to in the first quadrant.

11

b. What wou sin( S

) eqpal to given that sin (%) = %?

—_—

.

¢.  What would{cos (MTH) eqial to given that cos (g) = ? ?
2 4
d. What would tan (HTE) equal to given that tan (%) = % ?

o\
N

/
E %; 108
T

),
q

&

NOTE: In the fourth quadrant, the x value (cos) is positive.

Space for Personal Notes
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What does Reflection in both axes look like? .
9
Exploration: Reflection in both axes $(‘

» Consider the unit circle.

SN
7

A4

» Reflect the angle around both axes on the unit circle above.

» What is the angle in terms of 87 1[*-6

» How does that affect the sine / cosine / tangent functions?

» Scan the QR code below and have a look!
Opf0
| et .
D[ e
cos(m+0) = +/€)os (0)
sin(rr + 0) = +/®in (0)
tan(m + 0) =@— tan(0)
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Question 8

a. Find the angle which 7?” corresponds to in the first quadrant.

b. What woulal to given that sin (g) = %?

> - ,
3 /¢
c. What o‘ al to given that cos (g) = ??
- -,
2

d. What woyld tan (7?11) equal to given that tan (g) = \/—1§?
L

1&”

NOTE: In the third quadrant, the gradient (tangent) is positive.

MM12 [4.1] - Circular Functions | - Workbook
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Let’s summarise .
Supplementary Relationships
9

(cos(11-0), foin(T1-6))

(o (M) \sin(T1+6)) ) (cos(-0)/ sin(-0))

WV

» Simply look at the quadrant to find the correct sign.

@ Second Quadrant (7 — 6)
cos(m — 0) = — cos (0)
sin(rt — 0) = + sin(0)
tan(mr — 0) = — tan(0)
@ Third Quadrant (7 + 6)
cos(mr + 0) = — cos (0)
sin(r + ) = — sin (0)

tan(m + 0) = + tan(0)
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G Fourth Quadrant (—6)

» Steps

1. Equate to cos / sin / tan(H).

cos(—0) = + cos (0)
sin(—0) = — sin (0)

tan(—60) = — tan(0)

2. Determine the sign () by considering the quadrant.

TIP: Simply draw the unit circle.

Try the following question!

N\ &

Space for Personal Notes
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Question 9 Walkthrough.

N

If cos(8) = 0.8 where 6 is a first quadrant angle, evaluate the following.
£ Spp
a. cos(m+0)

xIQRI DL
o (T+e) -=éw.6

T -8

s 'Oo&//

b. sin(mw — 0)

Sa(t-6) = + dinb 519 = |-ofd
}_Egz =06, din"® = [- 0.64
20-3¢
Sin® =0-6 a Gisy QI

¢. tan(m+ 9)
Tou (467 = +1and
m-2Q3 = dnéd
é@ =6

o
[

<
(- -]
Y[

Space for Personal Notes
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Question 10
If sin(@) = 0.6 where 6 is a first quadrant angle, evaluate the following.

a. sin(mw+6)

= —0.6/,

b. cosCr +6)
086 < |-sin’®
= 0-G4
50 =0.8 b5 in 6‘(1,/
9 = o(Tro)= -0-¢,

¢. tan(m —0)

LA
tou(r-0) = - fut z
-6
= - 31o G
o n 9 6 b1 4
< - O"G \/
o-§
=3y JIC
Space for Personal Notes 4 2
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QL >
_ _ . Q
Sub-Section: Complementary Relationships ®

Let’s have a look at this right-angle triangle.

N = 90’
A twwm = 90

Exploration: Understanding Complementary Relationships

A

» Take a look at this right-angle triangle:

wsle)= 2
Sin(%-0)-2
B b« L
b ($-0)= &= _L a
ﬁ ) b fmp 7:= 9o
» What does sin (0) equal to? ) = T
v 2—9-
sin(0) = C

» On the triangle above, label % — 0.

What does cos (% — 6) equal to?

cos(;—e)z -C%'

» What do you notice?

Space for Personal Notes
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~ %
Discussion: Given that sin and cos swaps, what would happen to the value of tan? '%"’.

b (Fp) = ) e |

i §-0) Jin@ v

&%

Exploration: Understanding Complementary Relationships

== )

» We swap x: cos and y: sin of the unit circle.

sin (g — 9) — c0s(0)
cos (g — 9) — sin(0)

1
tan (g B 0) ” tan(0)

Space for Personal Notes
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Question 11

If sin(8) = é where 6 is a first quadrant angles, evaluate the following.

a. cos (g — 9)

¢. tan (g - 8)

MM12 [4.1] - Circular Functions | - Workbook
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Now let’s take a look at more complementary relationships in other quadrants. .

Exploration: Generalising Complementary Relationships

» Take a look at the unit circle below.

Zeo | 30

3T an
» Mark the angle %— 6. Which quadrantis itin? &‘
T . . . .
» Mark the angle S+ 6. Which quadrant is itin? &2
3 . L
» Mark the angle 5 — 0 Which quadrant is itin? Q'3

3T . W e
» Mark the angle ~ +0. Which quadrantis it in? Q+

G First Quadrant g"e - iNUese ‘o &
(fwf ;e

I)

(~ ]} $

MM12 [4.1] - Circular Functions | - Workbook ‘28
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& Second Quadrant %\-l'@

n 1'[&
g_g;s_(E +6) = +/Cxin (6)
_S_g_l E+ 0) = &)Y—cos(H)
G
m 1
an (g " 0) N +©tan(0)

& Third Quadrant

)

MM12 [4.1] - Circular Functions | - Workbook 29
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4.7
G Fourth Quadrant ___ "3 t0 .

Space for Personal Notes
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Complementary Relationships

» First Quadrant (g - e) ' '(' j

2 Cueln st’u
("lylm + Q )

Consider the quadrant for signs.

cos (g — 0) = +sin(9)

sin (g — 0) = +cos(0)

1
tan(;—e) = +tan(0)

» Second Quadrant (g + 0)
sin (E + 0) = +cos(0)
2

cos (g + 0) = —sin(0)

» Third Quadrant (?’2—" - 0)

2
¢ (311 0) B 1
an 2 tan(0)
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» Fourth Quadrant (3'2—" + 6)

3

sin (7 + 0) = —cos(0)
3

cos (7 + 0) = +sin(0)

an (3 0) - !
an\z ~ tan(0)

» Steps

1

2. Equate to the opposite trigonometric function cos /sin / @

3. Determine the sign (1) by considering the quadrant.

1. Note complementary relationship by identifying a vertical angle (237")

Space for Personal Notes
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Question 12 Walkthrough.

If sin(a) = % and cos(B) = % where a, 8 are first quadrant angles, evaluate the following.

E——

s
a. Cos (; - a)

b. sin(Z+a)
sin(Era) = & el

g’ 182 = _ (x(a)
3

[
&

s/
& @
Yy=+Q3s z- 04
c. _s_i_rl(%n—a)+cos(37”+ﬁ)
(¥

* 6s(a) T sin (p)

= Sin(p)-cos(a)
206 . 3
S S

-:.),\r—sll

- —

3<f 2+ Claeedn h
%
("lylm + G?)

5@‘[&7 e I.. 8'.01[“)
= [-zf_sé
=3

= (ot(a) = %

Qar a is In Q1

Sa*(p) = (- aos"(l})
= [- 2?

<24
25

Sin(p) - 22 242,

MM12 [4.1] - Circular Functions | - Workbook
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Question 13

If sin(a) = 0.6 and cos(f) = 0.4 where «, 8 are first quadrant angles, evaluate the following.

x-Q2 =)

= —3sin(a)
- - O'G/,

&S o

g=ed Q3
(v e) s )

= -enla) —(a(p))

= sm(p)-m(a)
“% —-0-8

= 42—4

-——,/,

s

ox*(a) = |-sin(a)
= 664

s(a) =08 as a is in &l//

&.02( ﬁ) = ,_m'{ﬁ)
-0l
= 0.8¢

3\.0“3') = 1\'3-.@',

MM12 [4.1] - Circular Functions | - Workbook
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Discussion: How can we tell apart from supplementary relationship and complementary

relationships?
S = (20° §m= 100

o

Supplementary: trig(Horizontal Angle + 0)

==~ TC; 27 3 .- ~ . E 32 _
- 2 , 2' o
Supplementary vs Complementary _'E

Complementary: trig(Vertical Angle + )%

Question 14

If sin(a) = 0.6 and cos(B) = 0.4 where a, § are first quadrant angles, evaluate the following.

0.6,
41Q2 - @
b sm(%+ﬁ)

b

MM12 [4.1] - Circular Functions | - Workbook
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Section C: Solving Trigonometric Equations
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Sub-Section: Particular Solutions

Active Recall: Period of Trigonometric Function

Period of sin(nx) and cos(nx) functions =
Period of tan(nx) functions =

where n = coefficientofxandn > 0

2_&" _
A

X
a

™~ 3\

Discussion: How often would the solution to sin(x) = % repeat? I&I
- L)

od = M,zuls 0&7 f&ﬂd&- y 4

Particular Solutions

» Steps

2. Find the necessary angle for one period.

» Solving trigonometric equation for finite solutions.

1. Make the trigonometric function the subject.

3. Solve for x by equating the necessary angles to the inside of the trigonometric functions.

4. Add and subtract the period to find all other solutions in the domain.

Definition

MM12 [4.1] - Circular Functions | - Workbook
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Question 15 Walkthrough.

Solve the following equations for x over the domain specified.

2sin(2x) + V3 = 0 for x € [0, 27]

S me) -6
5;,,(1)=«_@ G8,4

3 2
Iry T an-6
J t
27‘—':1‘(-1"%,“-_% =£.?£-B'n

&2 = ﬂ%:- )

AT
3

x'."

N w4

Space for Personal Notes
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Question 16
Solve the following equations for x over the domains specified.
a. sin(4x) = —1forx ¢
snfZ) = ST _ T
; 72
Sa(F)= -
3) =P P 4p
3T -5% ) <25 g™ 2T
41: _Q_ s 2= "‘E‘ y) '?’ )% ' o3 #
=%
b. 2cos(2x—§)+1=0forx€[O,Zn].
cs (- %) —{1—
(Pt @06
52,3
7['0') +6
D‘CO‘ZEJ
Z-%=n-%, 5+ 3 3%
< 3! 3 s X= 51 '-!,%
. IR
- . 2L, 4 fr g =
that S Ths .
[
2% S 27@ J) -I;.n-: N _ 12 ) 2

X
= ne 3z C
MM12 [4.1] - Circular Functions | - Workbook l2. ! 38
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Question 17 Extension.
Solve the following equation for x over the domain specified.

sin?(2x) — 9sin(2x) — 5 cos?(2x) + 8 = 0 for x € (0,m)
Sia"(2n) = Y8in(2) - S Faint{2x))+ & = O
s> (24) - ‘ian(Zx.') -Jt S'&I'nz(:.x) +t=0

GSM”(ZL) - $M(ZX«) +3=0

hot = tin(2%) ¢

ba-9a+3=0
23> Ja+4) =0
(u—l)(a-—l) =0

(;:.a=-_!zgg_1

sin(2)= L 02 gin(2n) = |

I (™
Space for Personal Notes ﬂ)(.'-"'%l%' 2x= <
- E , SK P
Tl T 4

r= '-24‘1 « ‘£

MM12 [4.1] - Circular Functions | - Workbook S- X = % ,% ? ‘%‘ / ‘39
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Question 18 Walkthrough.
Solve the following equations for x over the domains specified.

2tan (2x + ) + 2v3 = 0 for x € [0, 2]

y. Wéz"—* ‘C) = 03

(=]
(X
, Gﬂ Q2 o
Lt = X-0,2%-6
S c\/ -&
-—TC
+x 2n = ’3_:
]
7%
o )(,-«-._-E
z
P= X - 3T
2 K4

MM12 [4.1] - Circular Functions | - Workbook ‘40
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~ %
Discussion: Why do we need to find one angle only for tangents? 'ﬁ"’.
@wj soln i e /lwoo( %

Question 19

Solve the following equations for x over the domains specified.

ﬁtan(x—%)—l = 0 forx € (0, 3m)

bl §)= o

MM12 [4.1] - Circular Functions | - Workbook ‘41
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Calculator Commands: Particular Solutions on Technology

» Mathematica

€ Solve
[TrigEquation &&
Domain, x|

» TI-Nspire

& Solve
(trigequation, x)|domain

» (Casio Classpad

G Solve
(trigequation, x)|domain

CAS

Question 20 Tech-Active.

Solve the following equations for x over the domains specified.

/ @tan(x—g)—l = 0 forx € (0,3m).

b. 2cos(2x—§)+ 1 =0forx € [0,2m].

Space for Personal Notes
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Contour Check @

O Learning Objective: [4.1.1] - Evaluate exact values for sine, cosine, and
tangent

Key Takeaways

OO0 Radians and Degrees

(180)0
[ S
T
T c
= (550
180
180° = i€
O The Exact Values Table:
x 0 (0°) % (30°) g (45°) g (60°) g (90°)
sin(x)
cos(x)
tan(x)
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O Learning Objective: [4.1.2] - Applying Pythagorean identity to evaluate
trigonometric functions

Key Takeaways

O Pythagorean Identity:

sin?(0) + cos?(0) = _

O Learning Objective: [4.1.3] - Apply supplementary and complementary
relationship to evaluate trigonometric functions

Key Takeaways
O Supplementary Relationships:
O Look at the quadrant to find the correct sign.
O Second Quadrant ( — 0)

O Reflection around y-axis.

cos(m—0) =
sin(r — 0) =
tan(mw — 0) =
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O Third Quadrant (i + )

O Reflection around x- and y-axis.

cos(t+ 0) =

sin(m + 0) =

tan(mw + 0) =

O Fourth Quadrant (—0)

O Reflection around x-axis.

cos(—0) =

sin(—0) =

tan(—0) =

O Steps

1. Equate to cos / sin / tan(6).

2. Determine the sign (+) by considering the quadrant.
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O Complementary Relationships:

O First Quadrant (g — 0)

cos (g - 0)

sin (g - 0)

tan (g - 0)
O Second Quadrant (% + 6)

sin (g +0)

cos (g +0)

tan (g +0)

O Third Quadrant (32—" - 0)
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O Fourth Quadrant (3’2—" + 0)

i (3n+9)
sin >

(31’[ N 0)
CcoS >

t (3” + 9)
an 2

O Steps:

2. Equate to the opposite trigonometric function cos / sin /

3. Determine the sign (1) by considering the quadrant.

1. Note complementary relationship by identifying a vertical angle (— )

1
tan(6)’

m 3m
2’ 2
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O Learning Objective: [4.1.4] - Solve particular solution for trigonometric
functions

Key Takeaways

O Period
Period of sin(nx) and cos(nx) functions =
Period of tan(nx) functions =

where n =coefficient of xand n > 0
O Particular Solutions:
O Solving trigonometric equations for finite solutions.
O Steps:

1. Make the trigonometric function the

2. Find the necessary for one period.

3. Solve for x by equating the necessary angles to the of the trigonometric
functions.

4. Add and subtract the to find all other solutions in the domain.
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