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Section A: Introduction to Circular Functions

VCE Methods %2 Questions? Message +61 440 138 726

(&0°
Sub-Section: Radians and Degrees
\
\
Radians and Degrees \
.
X =0

2(_@-0 T € '
s (e
ook —2 ot€yrees 180
180° = &€

360° =27

Question 1 'r[ 7[80
- 12
a. Find G)C in degrees: ( T’
5 80" ,
T T 45

b. Find 12° in radians:

1B
2 s [
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[
. o @
Sub-Section; Unit Circle @
(1)
REMINDER: Don't forget!
QGF\
o
=
a
i
54 >

sin = O/H
COS = /\-/H
tan = O/P'

Space for Personal Notes
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What is a unit circle and how do we use it? .

Exploration: Unit Circle ‘
Th@simply a circle of radius } .

e x-ax?  vrtclcredte

» Angles are measured from the

» It can be divided into four quadrants:

\P("'QK bose i oy

X—X(S

N

o

WV
» We can use the elementary definition of the trigonometric functions.

» Select the option below!

sin(@) = [X Value,Y Value , Gradient]
cos(0) = [X Value,Y Value, Gradient]

tan(0) = [X Value,Y Value, Gradient]

Space for Personal Notes
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Un|t CirCIe Definition
» The unit circle is simply a circle of radius 1.

Y

/N

S A
1.0 _\
\\\
-4
o)
& \ I_ X —_ X
N~ A0 O] angle stavts her 1j) I
T (&2
-1.0
\\
sin(@) =y
cos(@) = x
tan(0) = gradient
=
1 ~
Discussion: For which quadrant is cos, sin and tangent positive? r <
/
12 | 7!
11—
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|

Q
Sub-Section: Period @

L= howr o

N C) Sare. |

Yepeoias p,‘! %
Discussion: What would happen if we rot@o the value of sin and cos? '&""
< ®
Sin / S - repeetS 560
S

N
\J

™ 5‘

Discussion: What would happen if we rotate@ne value of tan? I&ﬁl

(X T
—>

p@'ioo(

REMINDER: Don't forget! Transformation

f(x) = f(nx)

Dilation by factor % from the y-axis.

A,y ' a
| | o Al leceton”
Period of a Trigonometric Function / Definition

Period of sin(nx) and cos(nx) functions = 27”

V(4

Period of tan(nx) functions =

n

where n = coefficientofxandn > 0
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Question 2

Find the period of each of the following trigonometric functions:
n=L

=
a. p(x)=ta
=4y ~

N - — —'—.— — k2-
LﬁPmook' “~ T3z T

=20

—§_ﬁ

b. q(x)ﬁﬁ(+g) n:%

L 20 o2 :y/nxé— =4

Question 3 Extension.
Find the period of the following trigonometric function:

f(x) = cos (;) + sin (g)
N

ook = L
PM#::_’TZ'/_}—':__%T{ \ F%':)O{ - l/s -—éﬂ-

poriod = Lo (4T, sT)

= |2

& L & « F

v sinf ) :

Y i) =

v ws(3) +sm(3)

O (10)

O (50

O (120
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|

O |

Sub-Section: Pythagorean Identities @

_—

H %
Discussion: What does sin?(0) + cos?(8) equal to? ( ‘&V‘
8 =SNG

= |
X =Cos &

Pythagorean ldentities

«— | ! 1 ] (SN
[0z 0o+ 06 08 to 8
[# 1%

sin?(0) + cos?(0) = 1

» (Can be used for finding one trigonometry function by using the other.

Space for Personal Notes
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Question 4 \/
Find the value @iven that sin(x) = % and x is first quadrant.
Ptnagoresn "I dontity Wiangle Metmool P
2 2., =\ QWOL) —l.-); "H
Sny Tes X = i ‘ 9.
(7)) tos’n = | (G & pU-rhcc
& ofn=|
L +ws
1 LQSC)L)=—/-£—‘ = + 3
s = |~ t;: 3
. quecl ] enex tVE
ws>X = 57
_ {9
wSxf/i%—» >wSéL)/ 3
‘X avaue €GB pygyn ":% (D Wrbn5k¢

)= Hen Ve

NOTE: Consider the quadrant to determine signs. /

P

Space for Personal Notes
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[
. O
Sub-Section: Exact Values ®
\rb/ﬁ;)\ /
/L 2 Al (3
/E. !! / N
The Exact Values Table [ _3’7“_(1
/
x 0 (0°) % (30°) % (45°) g (60°)

. _ 1 V2o V3 _
sin(x) 0 = > = -~ = B ;—_ 1 Y
cos(x) 1 ﬁ E 1 0

2 2 2
@ 0 % 1 & Undefined

I Y "W = ﬁnx

- (12434 24 2 PYEA

TIP: Use the fact that sin is the y value, cos is the x value and the tangent is the gradient to
remember the values well!

T\ )500: 1)
I
Space for Personal Notes Q\—%
T T '

o° (O o If P 6o~ os 1

., . = B %o
Sinou - =0 =2 <
(oS [ (—2;: d—:;_ i o

T O TfLé [ (3 vnotepne

SN
oS XA

ﬁW?(”i‘i =

MM12 [4.1] - Circular Functions | - Workbook ‘10




(S4ONTOUREDUCATION

VCE Methods %2 Questions? Message +61 440 138 726

Question 5

Without looking at the exact value table, evaluate the following.

. b4
a. SIn (—)
6

—
—

1
2

b. cos (g)

\

. T
C. SsIn (—)
2

\

d. tan (%)
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Is there a quick method to remember the exact values? .

%

Exploration: Exact values

» Hold your left palm up facing yourself.

P

g
Imagine the pinky to align with the positive x-axis, so the pinky is 0 .

Imagine the thumb to align with the positive y-axis, so the thumb is

Can you guess what angles the index finger, middle finger and ring finger represent?

v Vv Vv VY

Label the angles on a unit circle as well as the finger.

N

N

J/ (the number of fingers below)
2

sin(0) =

J/ (the number of fingers above)
2

cos(0) =

Space for Personal Notes
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Active Recall: The Exact Values Table

m 13 14 7.2
x 0 (0°) < (30%) 7 (459 3 (60°) 7 (90%)
sin(x) 0 ‘é‘_ % .—L—Z:_ f
cos(x) | g -‘3’3_ :’—i 0
JE .
tan(x) 0 3 ( (2 Wﬂd\‘m‘(

Space for Personal Notes
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Section B: Symmetry

J

Sub-Sectioff: Supplementary Relationships

1o )

(o 166°
7 10

Discussion: Given that sin(30) = % how do we solve for sin(150)?

eevene crngle

What does Reflection in the y-axis look like?

Exploration: Reflection in y-axis

» Consider the unit circle.

2~
N
(o)
3
,_-./
N2
x

v

» Reflect the angle around the y-axis on the unit circle above.

» Whatis t@w terms of 7
(o)

N ©

MM12 [4.1] - Circular Functions | - Workbook
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» How does that affect the sine / cosine / tangent functions?

» Scan the QR code below and have a look!

N\

cos(m—0) = +@os (9)

sin(t — @) # +/}-sin(0)
tan(m — 9) = +@n(0) — Sne_ ,}

Space for Personal Notes
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Question 6 Walz_-mwmq]h

/
a. Find the angle at wh1 esponds to in the/first quadra

l o
- \ﬁ ¢’ o,
Lo 1) 5

Latfmw(—‘l-
L5 sin =Y—alne
S

sep = 4 anf =t S

c¢. What would cos (56 ) equal to given that cos (6) = =1
L quoot 2
L3 cus =—2(__—-vmm—e

b G

U)Si%ﬂ:_.——aog,g(

i
~—
|
I
Jw)

d. What would ta (— equal to given that tan (6) =—=?

Loguodl 9.
L5 ton=_M\

é@ *ﬂw%rﬁmv\[l)

NOTE: Visualise on the unit circle. /

ALSO NOTE: In the second quadrant, the y value (sin) is positive.
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What does a Reflection in the x-axis look like? .
9
Exploration: Reflection in x-axis 1 %

» Consider the unit circle.

N4
Y
\
©

» Reflect the angle around the x-axis on the unit circle above.
» Whatis the angle in terms of 67
» How does that affect the sine / cosine / tangent functions?

» Scan the QR code below and have a look!

n  €0s(—0) = +/— cos (0) J
j sin(—0) = +/— sin (0)
tan(—0) = +/— tan(0)

MM12 [4.1] - Circular Functions | - Workbook ‘17
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2= QRS

Question 7

b. What Wou@ual to given that sin (%) = % ?
= — S| ng) = — L
2

¢. What would cos (HTH) equal to given that cos (g) = ? ?
S )
— |
= T ws @ - &
2.
d. What would tan (HTE) equal to given that tan (%) = % ?

N
= ——'Tay\—g:—'\‘T'g

ant.

NOTE: In the fourth quadrant, the x value (cos) is positive.

Space for Personal Notes
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What does Reflection

Exploration: Reflection in both axes

» Consider the unit circle.

T &8

LN
v da

VCE Methods %2 Questions? Message +61 440 138 726

in both axes look like? .
9
o

» What is the angle in terms of 87

» Scan the QR code below and have a look!

I
[=]

A4

» Reflect the angle around both axes on the unit circle above.

» How does that affect the sine / cosine / tangent functions?

;e

cos(t+ 0) = +/— cos (0)
sin(m + 0) = +/— sin (0)

tan(m + 0) = +/— tan(0)

"
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ﬂ = T+ g

Question 8
a. Find the angle Wh@ﬂrresponds to in th@

qMoot
r~>3 Pek = %

b. What would sin ( ) equal to given that sin ( ) = %‘?
= — &n Z
— \
= =
c¢. What would cos ( ) equal to given that cos (6) = g‘?
= —wef
: — E
2
=19
Ne

d. What would tan ( ) equal to given that tan (6) =

:—raw'%
5 (8)

NOTE: In the third quadrant, the gradient (tangent) is positive

MM12 [4.1] - Circular Functions | - Workbook
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Let’s summarise .
Supplementary Relationships
9

(cos(11-0), foin(T1-6))

(o (M) \sin(T1+6)) ) (cos(-0)/ sin(-0))

WV

» Simply | uadrant to find the correct sign.

Second Quadran¥/(w — 0)

cos(m — 0) = — cos (0)

sin(m — 9) =;-I—- sin(0)

tan(w — 0) = <+tan(0)
@ Third Quadrant (7 + 6)

cos(mr + 0) = — cos (0)

sin(r + ) = — sin (0)

tan(m + 0) = + tan(0)

MM12 [4.1] - Circular Functions | - Workbook ‘21
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G Fourth Quadrant (—8)
cos(—0) = + cos (0)
sin(—0) = — sin (0)
tan(—0) = — tan(0)
» Steps

1. Equate to cos / sin / tan(H).

2. Determine the sign () by considering the quadrant.

Try the following question! .
ﬂ/

TIP: Simply draw the unit circle.

Space for Personal Notes

S i A
StY)

i,/ Tt
&V\ ﬁY\ — PS(SL_CC./
WS e
o tt™v (=
CoS
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Question 9 Walkthrough.

If ({05(9) = O.§ where 6 is a first quadrant angle, evaluate the following.
cos(rt )= — o3&

; 5
g QM = — 0.8

&
&5
\ﬁ@eg 4 ,:]5
3

X
b. ( sin{m — 6

5 Ve -5

Siu (&) =T S*W\W)

-
q>§
Ny
P

c. tan(n + 99

L)& Cfuadg
e &
$:GZ

+

tau (T+6) =t ten(y)
- 2

——

Lr

Space for Personal Notes
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Question 10

If sin(@) = 0.6 where 6 is a first quadrant angle, evaluate the following.

a. sin(m+ 0) z“‘

b. cos(m + 8) ;(“
= “"'0/'3@'

— e—
—

*
S
X
c. tan(m —6) _-]_
= —Tm e
3
'7".

- —
—

ZAg

(;r

Space for Personal Notes

MM12 [4.1] - Circular Functions | - Workbook

e




G-.ONTOU REDUCATION VCE Methods ¥ Questions? Message +61 440 138 726

e — 8) [>
Sub-Section: Complementary Relationships @
Let’s have a look at this right-angle triangle.
4
Exploration: Understanding Complementary Relationships %

» Take a look at this right-angle triangle:

» What does si@ual to?
» On the triangle above, Iab@

What does cos (% — 6) equal to?

» What do you notice?

sin(g) = 0S8 ( Z- 9’)

Space for Personal Notes
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SN o€
i § L

C oS S ™
éf tana SN p g

Discussion: Given that sin and cos swaps, what would happen to the value

|
Ton b

9

Exploration: Understanding Complementary Relationships %

» We swap x: cos and y: sin of the unit circle.

/4
si (E — 0 )/- cos(0)

Space for Personal Notes
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Question 11

If sif(8) = éw re 0 is a first quadrant angles, evaluate the following.

b. sin(%—@) _Q_F
e = —
= S
c tan(g—e)
| _
= = - oG
tan g 25
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Now let’s take a look at more complementary relationships in other quadrants. .

Exploration: Generalising Complementary Relationships

» Take a look at the unit circle below.

\

» Mark the angle %— 6. Which quadrantis itin?

» Mark the angle % + 6. Which quadrantisitin?
» Mark the angle 37” — 6. Which quadrantis itin?

» Mark the angle 37” + 6. Which quadrant is it in?

& First Quadrant

> =
MM12 [4.1] - Circular Functions | - Workbook ) ‘28
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& Second Quadrant

cos (E-I— Q)=+/— si‘r 0)
—ve

& Third Quadrant

MM12 [4.1] - Circular Functions | - Workbook '29
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& Fourth Quadrant

cos <—+ 0) = +/—sin (0)

2
sin (?’2—” + 0) = +/—cos(0)

1
tan(0)

tan (31r+ 9) =+/—

Space for Personal Notes
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Complementary Relationships

Consider the quadrant for signs.

» First Quadrant (g - e)
n -
coS (E — 0) = +sin(0)

sin (g — 0) = +cos(0)

1
tan(g—e) = +tan(0)

» Second Quadrant (g + 0)

sin (g + 0) = +cos(0)

cos (g + 0) = —sin(0)

» Third Quadrant (32—” — 0)

2
¢ (31‘[ 9) B 1
an 2 tan(0)

MM12 [4.1] - Circular Functions | - Workbook ‘31
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» Fourth Quadrant (3'2—" + 6)

3

sin (7 + 0) = —cos(0)
3

cos (7 + 0) = +sin(0)

an (3 0) - !
an\z ~ tan(0)

» Steps

1

2. Equate to the opposite trigonometric function cos /sin / @

3. Determine the sign (1) by considering the quadrant.

1. Note complementary relationship by identifying a vertical angle (237")

Space for Personal Notes
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’rr
> &
Question 12 WW @ L+ )—j——’
If sin(a) = < 2 and cos(,B) == Where a, B are first quadrant angles, evaluate the following. ?j\ £ @’ /
2
B s £
4t
= +&in(o) z
f"a’( I

MM12 [4.1] - Circular Functions | - Workbook
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>
Question % é ! _3

If sin(a) = 0.6 @S cos(B) 9.4 where @, B are first quadrant angles, evaluate the following.

a.cos,-ug j’(—l

_ —sn()
- —0.b

MM12 [4.1] - Circular Functions | - Workbook ‘34
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Discussion: How can we tell apart from supplementary relationship and complementary %
relationships?
A v
iy
xil z 21

Supplementary vs Complementary

Supplementary: trig(Horizontal Angle + 0)

Complementary: trig(Vertical Angle + 9)

AT,

If sin(a) = 0.6 and cos(B) = 0.4 where a, § are first quadrant angles, evaluate the following.

a. sin(mr+ a)

b. sin G + ﬁ)

¢. sin(mr — a) — sin (37” — ﬂ)

MM12 [4.1] - Circular Functions | - Workbook ‘35
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Section C: Solving Trigonometric Equations

Sub-Section: Particular Solutions

Active Recall: Period of Trigonometric Function Q_,T[
Period @nx) andnx) functions = L
Period of tan(n) functions = :H:VAV‘,

where n = coefficientofxandn > 0

™~ 3\
Discussion: How often would the solution to sin(x) = @ ‘%
/ j
ﬁ? i

Particular Solutions Definition

» Solving trigonometric equation for finite solutions.

» Steps

2. Findth@)rone period. P@i— — Q. ay\a\f\s

3@OI’ x by equating the necessary angles to the inside of the trigonometric functions.

4. Addand subtra@ to find all other solutions in the domain.

MM12 [4.1] - Circular Functions | - Workbook ‘36

\ —
1. Make the trigonometric function the subject. SN == S = I —



G.ONTOU REDUCATION VCE Methods ¥ Questions? Message +61 440 138 726

Question 15 Walkthrough.

Solve the following equations for x over the domain specified.

2sin(2x) + /3 = 0 for x € [0, 27]

Space for Personal Notes
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Question 16

Solve the following equations for x over the domains specified.

a. sin(4x) = —1forx € [—m, m].
@So[wrc'ovx -\ﬁ?\/ | Pm‘oo’(
= 3T A
T =2 N
N
x= 27
&

@ Adel [ Subtrect  porocls periodk = "%Y =L

":_"'S,_IZ—'?]
X 130 3q
6/8/8 I ¥

ox-T1 m thangle
§0\5 ,Qc»/ 2
3
I '
\ 430 |
T4 "T(-f'i I
7. 3 3
_T 2T &¢T
2a- 5 = 2 ('3
Al
= ) T3 .
- 511) ;)/2’ s P@n‘ao*(
| Z 4 27? S
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Question 17 Extension. 5 {ﬂ"x{“t S g'lt_ |
hpe>1
Solve the following equation for x over the domain specified. 0\)(2' [D—?\.) = ) —SWN C)’x)
—

sin?(2x) — 9sin(2x) — 5 cos?(2x) + 8 = 0 forx € (0,m)

Sif-ex) —aginlen) —5( (—sint(2)) + & =
ST BX) —Tsin() t 3 =0
Lot A=sncn)

bA* = A T3>0
25 =34+ = O

(6—)(2a-1) =0

ant2e) =1 Sin ) =% —f—ex X
_ 1
290= —;2_ g*l: %( %
g A-E 5
INY, pdim ado(/gubmafﬂg ?)em‘qyt

=T T &7
I"F % e

Space for Personal Notes

MM12 [4.1] - Circular Functions | - Workbook

C




G.ONTOUREDUCA‘“ON VCE Methods ¥ Questions? Message +61 440 138 726

Question 18 Walkthrough.
Solve the following equations for x over the domains specified.

2tan (2x + ) + 2v3 = 0 for x € [0, 2]

MM12 [4.1] - Circular Functions | - Workbook
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(G-
] YA\

N,

Discussion: Why do we need to find one angle only for tangents?

Question 19

Solve the following equations for x over the domains specified.

@tan(x—g)—l = 0 forx € (0, 3m)

TomO-L)= é

5="7
x: %

&) Ado\ [cutret (Jartoe’\ ) period =T

= T
L _D.ilg—\( 2
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| G

CAS

Calculator Commands: Particular Solutions on Technology

b. 2cos(2x—§)+ 1= 0forx € [0, 27].

A

7° 7
12

X==—"=0rx=

—

» Mathematica » TI-Nspire » (asio Classpad
& Solve & Solve G Solve
[TrigEquation && (trigequation, x)|domain (trigequation, x)|domain
Domain, x|
Question 20 Tech-Active.
Solve the following equations for x over the domains specified.
a. \/§tan(x —g) —1=0forx € (0,3n).
In[1]:= Solve[Sqrt[3] *Tan[x-Pi/3] -1:=20 && 0 < x <3 P1i, x]
7 37 S5rn
Out[1]= {{x - 5}, {x B 7}, {x - 7}}
In[2]:= Solve[2Cos[2x-Pi/2] +1=20 && 0 < x <2Pi, x]
T 11 19 2371
Out[2]= {{X-) E}, {X - ?}, {X -> ?}, {X - ?}}
1. *Doc raD [I] X
A

)
olve \/3_ tan|x——|-1=0,x||0<x<3: &t
2

x=1.5708 or x=4.71239 or x=7.85398

)
solve|2- cos|2: x——[+1=0,x||0=x=2- 1t

2
11'm 19- 7 231
or x= or x=
12 12 12

Space for Personal Notes
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Contour Check

G

tangent

O Learning Objective: [4.1.1] - Evaluate exact values for sine, cosine, and

OO0 Radians and Degrees

Key Takeaways

0
° = (350)
180
180° = ¢
O The Exact Values Table:
x 0 (0°) % (30°) g (45°) g (60°) g (90°)

sin(x) 0 ‘—2': % %_ )
cos(x) ( % % -'): 0
tan(x) o) -g% ) € Wndekineo

MM12 [4.1] - Circular Functions | - Workbook

é




G.ONTOUREDUCA‘“ON VCE Methods ¥ Questions? Message +61 440 138 726

O Learning Objective: [4.1.2] - Applying Pythagorean identity to evaluate
trigonometric functions

Key Takeaways

O Pythagorean Identity:

sin?(0) + cos?(0) = _ /

O Learning Objective: [4.1.3] - Apply supplementary and complementary
relationship to evaluate trigonometric functions

Key Takeaways
O Supplementary Relationships:
O Look at the quadrant to find the correct sign.
O Second Quadrant ( — 0)
O Reflection around y-axis.
cos(m—0) = — wsb
+ Qin O

sin(r — 0) =

tan(m—0) = _ — ton&
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O Third Quadrant (i + )

O Reflection around x- and y-axis.

tsS G-

cos(m+0)=__

sin(m+0) = ___ gin b

tan(m+ ) = 1 fomn &

O Fourth Quadrant (—0)

O Reflection around x-axis.

cos(—0) = + o6

sin(—0) = ___ Sn b

tan(—0) = _— tunb”

O Steps
1. Equate to cos / sin / tan(6).

2. Determine the sign (+) by considering the quadrant.
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O Complementary Relationships:
. T
O First Quadrant (5 — 0)

T
COsS

T

sin (2

tan (721:

O Second Quadrant (’2—’ + 0)

(z-

+ Sin B

0)
0)
0)

+ (o2 &
|

——

T tamp
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O Fourth Quadrant (3’2—" + 0)

sin(37n+9)= — w# @

cos<37n+0>= + Sn &

3T - __L-
tan (7 + 0) = i

O Steps:

1. Note complementary relationship by identifying a vertical angle (%32—”)
1
tan(6)’

2. Equate to the opposite trigonometric function cos / sin /

3. Determine the sign (1) by considering the quadrant.
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O Learning Objective: [4.1.4] - Solve particular solution for trigonometric
functions

Key Takeaways
O Period
)]
Period of sin(nx) and cos(nx) functions =__ "

X
Period of tan(nx) functions =_«n _

where n =coefficientof xandn > 0

O Particular Solutions:
O Solving trigonometric equations for finite solutions.

O Steps:
N
1. Make the trigonometric function the S‘Ab\)w

2. Find the necessary a'l E]kS’ for one period.

N R
3. Solve for x by equating the necessary angles to the |V\Q\d€ of the trigonometric
functions.

4, Add and subtract the Pmdok to find all other solutions in the domain.
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