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Section A: Introduction to Circular Functions

VCE Methods %2 Questions? Message +61 440 138 726

o>

Sub-Section: Radians and Degrees

o,

Radians and Degrees

®
(7
/

a. Find (%)C in degrees:

B = us”

b. Find 12° in radians:

\;Lx_?:‘— = e

o - 180\°
O - c — [
5 1= () ST
C—:_Z-rl
|0 ., (T 7‘;,,0
X = 1° = (150)
Qoclins —= Dejvel’ 1800 — e 2(,0° =2
Deayees —2 (Lackloxs
v XL
- KO
Question 1

MM12 [4.1] - Circular Functions | - Workbook




G-.ONTOU REDUCATION VCE Methods ¥ Questions? Message +61 440 138 726

Sub-Section: Unit Circle

o>
O
©

REMINDER: Don't forget!

sin = O/("\

~apisodd(

o

)

N

CoSs = PY/H

tan = o/fr
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What is a unit circle and how do we use it? .

Exploration: Unit Circle
S

» The unit circle is simply a circle of radius

» Angles are measured from the —+V&  X-GXS Quetchockbv &

» It can be divided into four quadrants:

4
(Laok |
) e
q\‘\vo\ \ PCo o) Sin 69>“ %‘ ‘=-:j=j
L (/05(,@) :.—(_6_1' :2\(—_--1
{X ‘{‘ﬂucb>—_-%_-.'ﬂ£=m
\e » S x

N

\,k
O\V\mb\ e

Vv

» We can use the elementary definition of the trigonometric functions.

» Select the option below!

sin(@) = [X Value,Y Value , Gradient]
cos(0) = [X Value,Y Value, Gradient]

tan(0) = [X Value,Y Value, Gradient)

Space for Personal Notes
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Unit Circle

» The unit circle is simply a circle of radius 1.

Y
N
S A
1.0 _\
\\\
+
o)
p4 \ I_\ X —_ X
N~ A0 O] angle stavts her 1;2) Ik
T C
10
2
sin(@) =y
cos(@) = x

tan(0) = gradient

Discus\sion: For which quadrant Wnd t@positive?

S

Su R | 8l V& )

ws — e, | cos +VE

‘v =/ [ e AVE

S‘Ign —Vve | Sn —e

S e | o5 + e

Ity | o —\e SAETC
(/"@hg ———

—zn
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@
— Ihouwr e’ﬁ'@‘/ @ [
Sub-Sectigh: Period = renes) @

_——‘:0 < B<c”

Discussion: What would happen if we rotate 360° to the value of sin and cos7 ‘&*"
-/)

(3 %) {
& T
> yerioh = 260° = 2T

™ 3\

Discussion: What would happen if we rotat the value of tan? &
XY - (8p°=

//q . ‘7 orted = (8O 7\_

pii¥

REMINDER: Don't forget! Transformation
f(x) - f(nx)

Dilation by factor % from the y-axis.

Period of a Trigonometric Function

Period of sin(nx) and cos(nx) functions =2@

Period of tan(nx) functions Z:D

where n = coefficientofxandn > 0
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Question 2

Find the period of each of the following trigonometric functions:

I n=L
a. p(x)ztal%) r> 2 A 2

n=
b. q(x) = cos(%)x + g)

Lo &0 _ ani2 212 = i;[

n

Question 3 Extension.

Find the period of the following trigonometric function:

f(x) = cos (f) + sin (g)
A

2
ool = X -
R AN

= (&0 :
) :
0
o)) \
O (ix0) -
0
0 w
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o>
O

Sub-Section: Pythagorean Identities ®

Discussion: What doe@) + cos?(09) equ?l to?

o = (o5t

/83—9‘"9 S’ + 065G = |

&

Pythagorean ldentities

sin?(0) + cos?(0) = 1

» (Can be used for finding one trigonometry function by using the other.

Space for Personal Notes
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Question 4

S tes>e = )
(%)2—(- WS = ]
% +0dTA 2
008")( = l_(‘%
Cos®x >~ 2

QX = .'_1'_76
T >
Tueot | = (v’

Sin*o—~cs®H= |

Find the value of cos (x) given thaf sin(x) = 2 anY x is first quadrant.
— 3
Pytrogoreonn | detiey
L ——

V' et = gﬁ

Tangie Methool
\ ( B
2/ \a |
5““‘"“’2:2:%1&,4
& y
- 24:7 g
RS x 5 i—g—
?M]
G wea = {5
3

NOTE: Consider the quadrant to determine signs.

Space for Personal Notes
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o>
. @
Sub-Section: Exact Values @
The Exact Values Table
VA V3 n T o E @
x 0 (0°) 5 (309 7 459 3 (60%) > (90°)
sin(x) 0 1 Q ﬁ 1
2 2 2
cos(x) 1 ﬁ E 1 0
2 2 2
@ 0 ! 1 V3 Undefined
an(x — ndefine
V3
L; —h:ymr: Jfrl?(.
>

TIP: Use the fact that sin is the y value, cos is the x value and the tangent is the gradient to

remember the values well!

Space for Personal Notes “ r
p — 2.
X |0%0 90"’%‘ sl 4o X ?6"_%

su O, [-x Z ez g

S 2z 0 =z 2 = = =7
wsx | [ 2 IS
town 2C 0 L J— (qu“v@x

M =ow \6 ( 5
L7756
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Question 5

Without looking at the exact value table, evaluate the following.

. b4
a. SIn (—)
6

0

b. cos (g)

\

. T
C. SsIn (—)
2

\

d. tan (%)
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Is there a quick method to remember the exact values? .

%

Exploration: Exact values

» Hold your left palm up facing yourself.

P

g
Imagine the pinky to align with the positive x-axis, so the pinky is 0 .

Imagine the thumb to align with the positive y-axis, so the thumb is

Can you guess what angles the index finger, middle finger and ring finger represent?

v Vv Vv VY

Label the angles on a unit circle as well as the finger.

N

N

J/ (the number of fingers below)
2

sin(0) =

J/ (the number of fingers above)
2

cos(0) =

Space for Personal Notes
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Active Recall: The Exact Values Table
V3 T V3 T
x 0 (0°) £ (309 7 (45% 3 (60°) 2 (90°)
sin(x) 0 ‘é‘_ % .—L—Z:_ f
G = I
cos(x) | = = =5 0
|
tan(x) 0 % }T% | (2 uolefnea(

Space for Personal Notes
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Section B: Symmetry

//’ (30 °

Sub-Section: Supplementary Relationships

™~ 3‘
Discussion: Given that sin(30) = % how do we solve for sin(150)? 'ﬁ

R Gn(Iso%) = Sn (309

4
=2

Exploration: Reflection in y-axis

3p° ) Pef-ang\R a
'hat does Reflection in the y-axis look like?

» Consider the unit circle.

l s

» Reflect the angle around the y-axis on the unit circle above. Ve:r— o

» Whatis the angle in terms of 67 8I7Y\

Sin (00) = —an (£°)

MM12 [4.1] - Circular Functions | - Workbook ‘14
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» How does that affect the sine / cosine / tangent functions?

» Scan the QR code below and have a look!

cos(m —0) = +/@os (0)

sin(mr — 0) @—sin(e)
tan(mz —0) = +[(—ran(0)

A QU

Space for Personal Notes @
)

T | C
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Question 6 Walz_-mwmq]h

AN

b. What WOUIT sin 1 ?ﬂ \-equal to given that sin (%)
RE- S Ly gm0t 2
L; $in =Y ~alne

c¢. What would cos (5?”) equal to given that cos (g)
Q Ly Juoct 2
L3 cus =X —valne
L EvD
S

=z

51

d. What would t - equal to given that tan (g)

L>Gupd 2
L5 fon=_tV\

SED

A(

0

)

a. Find the angle at whi@wsponds to in the first quadrant.

QR =

Pef—avgle

N

snE =+a"(}) ==

By
CosZ = — OB[EL)
= — \>
2
%?

NOTE: Visualise on the unit circle.

MM12 [4.1] - Circular Functions | - Workbook
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What does a Reflection in the x-axis look like? .
9
Exploration: Reflection in x-axis %

» Consider the unit circle.

N
O

» Reflect the angle around the x-axis on the unit circle above.
» Whatis the angle in terms of 67
» How does that affect the sine / cosine / tangent functions?

» Scan the QR code below and have a look!

cos(—0) = +/— cos (0)
sin(—0) = +/— sin (0)

tan(—0) = +/— tan(0)
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Question 7
uestion 0(9{:!21;

a. Find the angle at which 117” corresponds to in th@.

s—J ~g

Por-~T

TN

b. What would sin (MTE) equal to given that sin (%) = % ?

5 fuool 3
b5 J-vau/'@

snT= - @I =-1

¢. What would cos (HTH) equal to given that cos (g) = ? ?

Iy _ _
wsp= ek o= &

d. What would tan (HTH) equal to given that tan (g) =

Ten [g ::_'(Wl% ’=-§%

Lo
V3

NOTE: In the fourth quadrant, the x value (cos) is positive.

Space for Personal Notes
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What does Reflection

Exploration: Reflection in both axes

» Consider the unit circle.

LN
v da

VCE Methods %2 Questions? Message +61 440 138 726

in both axes look like? .
9
o

N
o

» What is the angle in terms of 87

» Scan the QR code below and have a look!

I
[=]

A4

» Reflect the angle around both axes on the unit circle above.

» How does that affect the sine / cosine / tangent functions?

;e

cos(t+ 0) = +/— cos (0)
sin(m + 0) = +/— sin (0)

tan(m + 0) = +/— tan(0)

"
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Q?

Question 8 ¢ /’ '\ ~
_'T =
a. Find the angle Whighr% correlsponds to in the first quadrant.
_q’
—

b

nool 3

b. What would sin (7?) equal to given that sin (6) ?

N |-

= — &n Z
— \
= =
c¢. What would cos ( ) equal to given that cos (6) = g‘?
= —wef
: — E
2
)
Ne

d. What would tan (?n) equal to given that tan ( 6)

T
g
=z
3

NOTE: In the third quadrant, the gradient (tangent) is positive

MM12 [4.1] - Circular Functions | - Workbook
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Let’s summarise .
Supplementary Relationships
9

(cos(11-0), foin(T1-6))

(o (M) \sin(T1+6)) ) (cos(-0)/ sin(-0))

WV

» Simply look at the quadrant to find the correct sign.

@ Second Quadrant (7 — 6)
cos(m — 0) = — cos (0)
sin(rt — 0) = + sin(0)
tan(mr — 0) = — tan(0)
@ Third Quadrant (7 + 6)
cos(mr + 0) = — cos (0)
sin(r + ) = — sin (0)

tan(m + 0) = + tan(0)

MM12 [4.1] - Circular Functions | - Workbook ‘21
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G Fourth Quadrant (—6)

» Steps

1. Equate to cos / sin / tan(H).

cos(—0) = + cos (0)
sin(—0) = — sin (0)

tan(—60) = — tan(0)

2. Determine the sign () by considering the quadrant.

TIP: Simply draw the unit circle.

Try the following question!

N\ &

Space for Personal Notes
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Question 9 Walkthrough. e
Pet=o H<B<”

If CO@ = 0.8 where 8 is a first quadrant angle, evaluate the following.

—_— 1 -
ot &F’ w(e) = —  Uus(B)
= —0.5

O Shn 4 %%
&
¢. tan(mw+6) ?
7[’?; fun(Tc &)= % T O

fz,wt3
o &
S G

LP

Space for Personal Notes
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Question 10 — S?_— = 0

If sin(@) = 0.6 where 6 is a first quadrant angle, evaluate the following.

a. sin(r +6) @ R g P

.-s—«SW\.O’ fz"

= =0k 5”’ Zér[\g

b. cos(m + 0) ;("

X
c. tan(m—0) '
= —Tmm @
-~
Ny 2
(.S( ‘[V\"-U\ g
Space for Personal-N §
—1e
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8’ >
Sub-Section: Complementary Relationships ®

~

Let’s have a look at this right-angle triangle.

Exploration: Understanding Complementary Relationships

» Take a look at this right-angle triangle:

c /A
2 b
6 [
A
» What does sin (0) equal to?
sin(@) = ya

» On the triangle above, Ia@

What does cos (% — 6) equal to?

cos(;—e)z %

» What do you notice?

sino)— (oS ( I}.”é)

Space for Personal Notes
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Sy s _ |
Z‘:—a ﬁv\ —m,/\

Discussion: Given that sin and cos swaps, what would happen to the value

H
Ii ;MP

=

Exploration: Understanding Complementary Relationships

» We swap x: cos and y: sin of the unit circle.

i

Space for Personal Notes
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T
g Az

Question 11

—
2
If sif(8) = é re 0 is a first quadrant angles, evaluate the following.

a. Cos@ 0) \
>

_ Sn(b)

—
—

I
>

b. sin (g— 9)
_ Los(B)

_ 2l
)

¢. tan (g - 9)

(t

o ||
RS
— oL
(‘2/\?1

- (k22 ==z

MM12 [4.1] - Circular Functions | - Workbook
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Now let’s take a look at more complementary relationships in other quadrants. .

Exploration: Generalising Complementary Relationships

==

» Take a look at the unit circle below.

\

» Mark the angle %— 6. Which quadrantis itin?

» Mark the angle % + 6. Which quadrantisitin?
» Mark the angle 37” — 6. Which quadrantis itin?

» Mark the angle 37” + 6. Which quadrant is it in?

& First Quadrant

ASSW?{AMJ

MM12 [4.1] - Circular Functions | - Workbook ~ ‘28
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& Second Quadrant

& Third Quadrant

)

MM12 [4.1] - Circular Functions | - Workbook 29




G.ONTOUREDU CATION VCE Methods ¥ Questions? Message +61 440 138 726

& Fourth Quadrant

cos <—+ 0) = +/—sin (0)

2
sin (?’2—” + 0) = +/—cos(0)

1
tan(0)

tan (31r+ 9) =+/—

Space for Personal Notes
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Complementary Relationships

Consider the quadrant for signs.

» First Quadrant (g - e)
n -
coS (E — 0) = +sin(0)

sin (g — 0) = +cos(0)

1
tan(g—e) = +tan(0)

» Second Quadrant (g + 0)

sin (g + 0) = +cos(0)

cos (g + 0) = —sin(0)

» Third Quadrant (32—” — 0)

2
¢ (31‘[ 9) B 1
an 2 tan(0)

MM12 [4.1] - Circular Functions | - Workbook ‘31
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» Fourth Quadrant (3'2—" + 6)

3

sin (7 + 0) = —cos(0)
3

cos (7 + 0) = +sin(0)

an (3 0) - !
an\z ~ tan(0)

» Steps

1

2. Equate to the opposite trigonometric function cos /sin / @

3. Determine the sign (1) by considering the quadrant.

1. Note complementary relationship by identifying a vertical angle (237")

Space for Personal Notes
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S

Question 12 Walkthrough. @ (—[—'

If sin(a) = % nicos(ﬁ) = gwhere a, B are first quadrant angles, evaluate the following.
. g
a. Cos (5 a) % \ \ AU
uodk /

=+ 3

@R 3
= tesl =T

Mﬂﬂ" /}vqm*

@ Ge

=~ 3P

_ — 2 2l

MM12 [4.1] - Circular Functions | - Workbook
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O

ChNy, A [ o
J K P LA )
A

Question 13 3’ 2 __L

R E g
If sin(a) = O.g an%cos(,[?) = 0.4 where a, f are first quadrant angles, evaluate the following.

()

= '—O'é

i

qud ny WL@“% 7 @

c. sin (32—n+a) — cos (?—ﬁ)

= 05 () — (—- Q'W\[B))
— _ 2
g (8

MM12 [4.1] - Circular Functions | - Workbook ‘34
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~ 3‘
Discussion: How can we tell apart from supplementary relationship and complementary '%"’.

relationships?

Supplementary vs Complementary

Supplementary: trig(Horizontal Angle + 0)

Complementary: trig(Vertical Angle + 9)

Question 14

If sin(a) = 0.6 and cos(B) = 0.4 where a, § are first quadrant angles, evaluate the following.

a. sin(mr+ a)

b. sin G + ﬁ)

¢. sin(mr — a) — sin (37” — ﬂ)

MM12 [4.1] - Circular Functions | - Workbook ‘35
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Section C: Solving Trigonometric Equations

8’ ]
Sub-Section: Particular Solutions ()
(V)Y VaVWasY '( —
) YA
Active RecalkPeriod gf Trigonometric Function 2‘
Ei } 2T -
Period of sin(nx) and cos(nx) functions = N\
Period of tan(nx) functions = —?_,L\;
where n = coefficientof xandn > 0

Particular Solutions Definition

» Solving trigonometric equation for finite solutions.
» Steps
1. Make the trigonometric function the subject. SM (J

2. Find the necessary angle f@ -3 Z 20lS ( ;E

3. Solve for x by equating the necessary angles to the inside of the trigonometric functions.

AN e
Reavvens
4, Add and subtract the period to find all other solutions in the domain.

MM12 [4.1] - Circular Functions | - Workbook ‘36
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1
t

Question 15 Walkthrough.

Solve the following equations for x over the domain specified.

2sin(2x) + V3 = 0 forx € [0, 2]

A Ry | yote = 9 golS

(

29 “%ﬂl’g‘
Zﬂ /_n [
= 5, % :

N —
Space for Personal Notes _ __(T "f' —{T @E
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Question 16

Solve the following equations for x over the domains specified.

a. sin(4x) = —1forx € [—m, m].
@é‘o[wrc'ovx -ﬂm/ [ Pmoo’t
= 3T
\r/
x= 27
&

@ : hn 2T E

Aol [ Subtract periocls f)f,,,\,,aL— = =5

:"’gj——'n
X 130 3q
6/8/8 I ¥

b. 2cos 2x—— +1—0forx€[0 2m]. ) wg(‘ﬁ"%_:qj—-) OQ@F_ %

CDSO[WHOV\ erv0 ol
S ONFN

DL—'CL "’""lﬂl
A = ‘7.‘1—

P—tg

2 Ak [ Subtrect periools P@n‘do(-'ii_:ﬂg—r/'

P LU S
12-—1 C—1 o

Rei — Contacts
o hnsnll/ 0490 198 2F2.

o emai| Pej @ Lontoweslucxtion .com-ay
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Question 17 Extension. 5 {ﬂ"x{“t S g'lt_ |
hpe>1
Solve the following equation for x over the domain specified. 0\)(2' [D—?\.) = ) —SWN C)’x)
—

sin?(2x) — 9sin(2x) — 5 cos?(2x) + 8 = 0 forx € (0,m)

Sif-ex) —aginlen) —5( (—sint(2)) + & =
ST BX) —Tsin() t 3 =0
Lot A=sncn)

bA* = A T3>0
25 =34+ = O

(6—)(2a-1) =0

ant2e) =1 Sin ) =% —f—ex X
_ 1
290= —;2_ g*l: %( %
g A-E 5
INY, pdim ado(/gubmafﬂg ?)em‘qyt

=T T &7
I"F % e

Space for Personal Notes
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Question 18 Walkthrough.
Solve the following equations for x over the domains specified.

2tan (2x + ) + 2v3 = 0 for x € [0, 2]

MM12 [4.1] - Circular Functions | - Workbook
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(G-
] YA\

N,

Discussion: Why do we need to find one angle only for tangents?

Question 19

Solve the following equations for x over the domains specified.

@tan(x—g)—l = 0 forx € (0, 3m)

TomO-L)= é

5="7
x: %

&) Ado\ [cutret (Jartoe’\ ) period =T

= T
L _D.ilg—\( 2

MM12 [4.1] - Circular Functions | - Workbook ‘41
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| G

CAS

Calculator Commands: Particular Solutions on Technology

b. 2cos(2x—§)+ 1= 0forx € [0, 27].

A

7° 7
12

X==—"=0rx=

—

» Mathematica » TI-Nspire » (asio Classpad
& Solve & Solve G Solve
[TrigEquation && (trigequation, x)|domain (trigequation, x)|domain
Domain, x|
Question 20 Tech-Active.
Solve the following equations for x over the domains specified.
a. \/§tan(x —g) —1=0forx € (0,3n).
In[1]:= Solve[Sqrt[3] *Tan[x-Pi/3] -1:=20 && 0 < x <3 P1i, x]
7 37 S5rn
Out[1]= {{x - 5}, {x B 7}, {x - 7}}
In[2]:= Solve[2Cos[2x-Pi/2] +1=20 && 0 < x <2Pi, x]
T 11 19 2371
Out[2]= {{X-) E}, {X - ?}, {X -> ?}, {X - ?}}
1. *Doc raD [I] X
A

)
olve \/3_ tan|x——|-1=0,x||0<x<3: &t
2

x=1.5708 or x=4.71239 or x=7.85398

)
solve|2- cos|2: x——[+1=0,x||0=x=2- 1t

2
11'm 19- 7 231
or x= or x=
12 12 12
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O Learning Objective: [4.1.1] - Evaluate exact values for sine, cosine, and

OO0 Radians and Degrees

Key Takeaways

0
° = (350)
180
180° = ¢
O The Exact Values Table:
x 0 (0°) % (30°) g (45°) g (60°) g (90°)

sin(x) 0 ‘—2': % %_ )
cos(x) ( % % -'): 0
tan(x) o) -g% ) € Wndekineo
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O Learning Objective: [4.1.2] - Applying Pythagorean identity to evaluate
trigonometric functions

Key Takeaways

O Pythagorean Identity:

sin?(0) + cos?(0) = _ /

O Learning Objective: [4.1.3] - Apply supplementary and complementary
relationship to evaluate trigonometric functions

Key Takeaways
O Supplementary Relationships:
O Look at the quadrant to find the correct sign.
O Second Quadrant ( — 0)
O Reflection around y-axis.
cos(m—0) = — wsb
+ Qin O

sin(r — 0) =

tan(m—0) = _ — ton&
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O Third Quadrant (i + )

O Reflection around x- and y-axis.

tsS G-

cos(m+0)=__

sin(m+0) = ___ gin b

tan(m+ ) = 1 fomn &

O Fourth Quadrant (—0)

O Reflection around x-axis.

cos(—0) = + o6

sin(—0) = ___ Sn b

tan(—0) = _— tunb”

O Steps
1. Equate to cos / sin / tan(6).

2. Determine the sign (+) by considering the quadrant.
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O Complementary Relationships:
. T
O First Quadrant (5 — 0)

T
COsS

T

sin (2

tan (721:

O Second Quadrant (’2—’ + 0)

(z-

+ Sin B

0)
0)
0)

+ (o2 &
|

——

T tamp
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O Fourth Quadrant (3’2—" + 0)

sin(37n+9)= — w# @

cos<37n+0>= + Sn &

3T - __L-
tan (7 + 0) = i

O Steps:

1. Note complementary relationship by identifying a vertical angle (%32—”)
1
tan(6)’

2. Equate to the opposite trigonometric function cos / sin /

3. Determine the sign (1) by considering the quadrant.
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O Learning Objective: [4.1.4] - Solve particular solution for trigonometric
functions

Key Takeaways
O Period
)]
Period of sin(nx) and cos(nx) functions =__ "

X
Period of tan(nx) functions =_«n _

where n =coefficientof xandn > 0

O Particular Solutions:
O Solving trigonometric equations for finite solutions.

O Steps:
N
1. Make the trigonometric function the S‘Ab\)w

2. Find the necessary a'l E]kS’ for one period.

N R
3. Solve for x by equating the necessary angles to the |V\Q\d€ of the trigonometric
functions.

4, Add and subtract the Pmdok to find all other solutions in the domain.
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