(S4ONTOUREDUCATION

Website: contoureducation.com.au | Phone; 1800 888 300
Email: hello@contoureducation.com.au

VCE Mathematical Methods 2
Functions & Relations | [2.1]

Workbook
Outline:
O G
——
Hyperbola Pg2-11
» Sketching Hyperbolas
» Finding the Rule of a Hyperbola Circles and Semicircles Pg 28-40
» Sketching Circles and Semi Circles
Truncus Pg 12-20 | » Finding a Rule for Circles and Semicircles
» Sketching Truncus
» Finding the Rule of a Truncus Functions and Relations Pg 41-48
» Relations
Root Functions Pg21-27 | » Functions
» Sketching Root Functions
» Finding a Rule of a Root Function

Learning Objectives:

MM12 [2.1.1] - Sketch and find the rule of Hyperbola Functions. C i

MM12 [2.1.2] - Sketch and find the rule of Truncus Functions.

MM12 [2.1.3] - Sketch and find the rule of Root Functions.

MM12 [2.1.4] - Sketch and find the rule of Semicircles and Circles.

O O O O 0O

MM12 [2.1.5] - Identify the type of relations and identify whether the relation is a function.
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Section A: Hyperbola

Sub-Section: Sketching Hyperbolas

Hands up if you remember what a hyperbola looks like!

Rectangular Hyperbola /9 X—h %0

N Al O ap 4
y=| k
¢ A= > ¢ 3 > y=| k
Qy \ | J 84
x=[ W x=|
wherea > 0 wherea <0

» Steps
1. Find the horizontal and vertical asymptotes and plot them on the axis.
2. Find the x- and y- intercepts and plot on the axes (if they exist).

3. ldentify the shape of the graph by considering any reflections, and sketch the curve.

Space for Personal Notes
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Question 1 Walkthrough. l’aéynm : = =2
Graph the following: a-a's\‘r"sz 8= —3
3
Y= x+2 _—3
X=-2 Y
T f 10-
! ]
I -
! 5 ]
! -
I -
: (-19)| :
( I L) Ll I I Ll I I l L) ) L) L) I I I )x
-0 -4 -k 4 o
!
L R R B R i > Y=-3
! -
s d
' ]
! -
T
o
3 .
x-ink: 0= 94 =3 g-'u* Y= %—3
3= _3
X2 ]
: e
v Nt+2=)
V. 2\
{=n==1)

NS
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Why does the hyperbola look like this? .
Exploration: Shape of a Hyperbola | %
» Consider the graph of y = x.
AN
pa N
N ) 7
\ %

» Let's sketch % on the same axes with the cues below!

» The graph ofy=xisthed.Mofy=3.

X

» What happens to i when x increases? [Increase
» What happens to % when x decreases?ecreases]

» Remembering that we cannot divide by 0, what happens to % when x = 07

o wdu‘f-ml. Asyerptute. !

Space for Personal Notes
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Active Recall: Steps for sketching hyperbolas

1. Find the horizontal and vertical asym ptot =  aNfpINt them on the axis.

2. Findthe x-andy- FlglEl{e=lelis and plot on the axes (if they exist).

3. Identify the Shape NNNOF the graph by considering any reflections and sketch the curve.

Question 2 l‘oﬁﬂm A= -2

drosgmptote: §= %

Graph the following, labelling all intercepts and asymptotes.

A )
g<-2
+ 3
104

. 0= 4--3_
‘l-iut- 0“‘1' M

2t
- g w2

ZXx=E=2

C
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: : x—a{ynpm P A=
Graph the following, labelling all intercepts and asymptotes. g H P 8

Active Recall: Hyperbolas and Linears

» Hyperbolas are reciprocals of livur Mﬂ'\s
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~ 3‘
Discussion: In which quadrants, can you find positive hyperbolas and why? '&‘.

g=+2¢- = Ve *3"0‘50‘&'? &‘.3

™~ 3\
Discussion: In which quadrants, can you find negative hyperbolas and why? ‘%

J=-% ¥ —v hypertoa =» 024

Space for Personal Notes
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O. |
Sub-Section: Finding the Rule of a Hyperbola @ ‘

Let’s try the other way around! .

Finding the Equation of a Hyperbola from its Graph

» We generally need three facts (h, k, and a) about the hyperbola.

» Steps
1. Look for the asymptotes.

2. Subin a point to find the value of a.

Space for Personal Notes
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VCE Mathematical Methods 2

Question 4 Walkthrough.

Find the rule for the following graph, given they are in the form, y = ﬁ + k.

(3, 2

KA Sub (3,3):

s A=
Space for Personal Notes
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Your turn/

~

Question 5

Find the rule for the following graph, given they are in the form, y = ﬁ + k.

vd

3,.-3

MM12 [2.1] - Functions & Relations | - Workbook
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VCE Mathematical Methods 2

Question 6

Find the rule for the following graph, given they are in the form, y = xf‘h + k.

N

0 -8 -6 -4 -2 Ofc 2
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Section B: Truncus

VCE Mathematical Methods 2

Sub-Section: Sketching Truncus

Now, truncus!

Truncus

ceemeo

A
1
1
1
1
1
1
1
1
1
L
1

S |
1
1
1
1
1
1
1
1
v
(&
"
AN

X €-mmmmmm--

F"

wherea > 0

» Steps

2. Find the x- and y- intercepts and plot on the axes (if they exist).

i

x €oommmnnn-

1. Find the horizontal and vertical asymptotes and plot them on the axis.

3. Identify the shape of the graph by considering any reflections and sketch the curve.

Definition

b

wherea < 0

Space for Personal Notes
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VCE Mathematical Methods 2

Question 7 Walkthrough.

Graph the following:

1'“%7"?‘“" : = —|
d-osymptote: 4= O

Space for Personal Notes
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Why is the truncus shaped like it is?

VCE Mathematical Methods %2

~

Exploration: Shape of a Truncus

» Consider the graph of y = x2.

\\g
» Let sketch % on the same axes with the cues below!
» The graph of y = x is the WW of y = i

» The graph of y = x2 is the daﬂam;fb"'oréf y=—

P

» What happens to the xiz when x?2 increases?

decrense

» What happens to the xiz when x? decreases?

fncrense

» What happens to the iz when x? = 0?
X

w.n‘zf.-....L. Asypuaps toe

VvV
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Active Recall

1. Find the horizontal and vertical asym ptOt . end M them on the axis.

intercepts NNand plot on the axes (if they exist).

3. Identify the Shap 4 Mf the graph by considering any reflections and sketch the curve.

2. Find the x-and y-

Question 8 2L E ' ’ - = .2
Graph the following, labelling all intercepts and asymptotes. g_aw Pm . 8._-_ 2

-2 42
Y =x—az "

4 1=2

(x4)*
(2a-4)R = 4 2y
2x-4=2 or 2x-4=-2 C

15
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D

N\
Question 9 Extension. S-"’Z)[ =0 @ a'-'.' E
Graph the following, labelling all intercepts and asymptotes.
y= > _3
(5 — 2x)2 = x ._..;;_'
Y
10

(32) -t

N
llllll/x

1 (=0)

~ L] LA | L) L} L} | L L) L} L L L

6 -4 -2 , g
()]
P
=D =
3 N

X=d 2 O*ro_ 2—-3

[ 00 Ao’
3

Space for Personal Notes
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VCE Mathematical Methods 2

Active Recall: Truncus and Quadratics

nl

» Trunci are reciprocals of

“

Discussion: In which quadrants, can you find positive trunci and why?

e frunews = tue Quadratic
;

U
QL2

¥

e

Discussion: In which quadrants, can you find negative trunci and why?

“W duneus B —ue quadrotie
¢

Q34 ‘7<

-

&

Space for Personal Notes
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Sub-Section: Finding the Rule of a Truncus

Let’s try the other way around! .

Finding the Equation of a Truncus from its Graph

» We generally need three facts (h, k, and a) about the truncus.

? + k
YT x—hy?
» Steps
1. Look for the asymptotes.

2. Subin a point to solve the value of a.

Question 10 Walkthrough.

Find the rule for the following graph, given they are in the form, y = # + k.

~~%za 3
MM12 [2.1] - Functions & Relations | - Workbook 18
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Your turn! .

Question 11

Find the rule for the following graph, given they are in the form, y = # + k.

MM12 [2.1] - Functions & Relations | - Workbook ‘1 9
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VCE Mathematical Methods 2

Find the rule for the following graph, given they are in the form, y =

Y
AN
]

a
o + k.

N

8 -6 -4 -2

MM12 [2.1] - Functions & Relations | - Workbook
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Section C: Root Functions

VCE Mathematical Methods %2

Sub-Section: Sketching Root Functions

Now, root functions/

Square Root Functions

y=aJMﬂ—h)+k

(k)

a>0

(k)
bso

where:

>0 ,b%0

Q70

(k)
beco

where:

a>0 , beo

where: boe
aco , b>o

(k)

/ a0
Y

& v
where:

a,L0 ,b<0

MM12 [2.1] - Functions & Relations | - Workbook
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VCE Mathematical Methods 2

» Steps for sketching roots
1. Find the starting point (h, k).

2. Find the x- and y- intercepts and plot on the axes (if they exist).

3. ldentify the shape of the graph by considering any reflections and sketch the curve.

Question 13 Walkthrough.
> 2-3=0 S G xe3)
Graph the following:

y=vx—3-1
=20
Step 1: Find the starting point of the graph and plot it on the axis.

Step 2: Find the x- and 9~=mtereepts and plot on the axes (if they exist).

=~

/,

Step 3: Identify the shape of the graph by considering any reflections and sketch the curve.

9

N

N

N

MM12 [2.1] - Functions & Relations | - Workbook
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Active Recall: Steps for sketching roots

1. Find the %_M
2. Find the x- and y- 'Myg.ﬂ; and plot on the axes (if they exist).

3. Identify the Sm of the graph by considering any reflections and sketch the curve.
Question 14 ‘gP ’ 647 2)
Graph the following:
y=—+vVv4—-—x+2
2
2- @,2)
:
2 .
( | I L) I I | L) lﬁ-_lfl ] L) I L) I I L) L) L) | I L) I ! | > X
-2 - 1(00) 1 2 3 4
1
_2-
Vv
A=k 0= - JFx +2
R = =0
4 = 4—-X
c. =0

Space for Personal Notes
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VCE Mathematical Methods 2

Question 15 Extension.

Graph the following:
y=v2—-x-2
3
3.
2.
1.
< r > X
-6 -5 4 5 6
2-x =0 ﬁﬂ*—z!dq_, h = J3i-2
< -0-6
Space for Personal Notes l a7 g

O = dJ2n —2

2 = 4]3-)1.

44&“’)(

SN " —2

MM12 [2.1] - Functions & Relations | - Workbook
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Sub-Section: Finding a Rule of a Root Function

Let’s try the other way around!

Finding the Equation of a Root Function from its Graph

» We generally need three facts about the root function.

y=ayx(x—h)+k

» Steps
1. Look for the starting point (h, k).
2. Subin a point to solve the value of a.

ya. W
3. (fee S,gfg 1o Determine t\t}x—h

Question 16 Walkthrough.

Find the rule for the following graph, given they are in the form, y = a/+(x — h) + k.

"
sp: ( I=2)
) (21)
e > x
(1,-2)

MM12 [2.1] - Functions & Relations | - Workbook
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Active Recall: Steps for finding the rule for a root function

1. Look for the starting point Culk:)

2. Subina Pﬁd to solve the value of a.

Question 17

Find the rule for the following graph, given they are in the form, y = a/+(x — h) + k.

A
2,0
..‘ N
0 7x
5P @,1)

Space for Personal Notes Ga:'\}
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Question 18 Extension.

Find the rule for the following graph, given they are in the form, y = a/+(x — h) + k.

Y =- k,:&l ka"\g
Shb -1, 3-[3):
o (-1, 343)

/3'«13 ® addfH2) 43

— ).
. /
343+~ 3+aq3

%4 <:.u%’. ’
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Section D: Circles and Semicircles

Sub-Section: Sketching Circles and Semi Circles

Now, circles/ .

Definition

x-h*+ -k =1
wherer > 0

» Centre: Chl b)

» Radius: r

» Steps
1. Find the centre of the circle.
2. Find the radius of the circle.

3. Find axes intercepts (if they exist).

4. |dentify the shape of the graph and sketch the curve.

MM12 [2.1] - Functions & Relations | - Workbook ‘28
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Cavdre. = (1, -2)

Question 19 Walkthrough.

Graph the following circle: / / r -, 4-
(x =D+ +2)? @ @

/\

goiwk s (o-1)% (}+z)z= 4
{y+a)*= 3
Y+a= 23
“ Y Anff or Y=-2-i3
R 2+17 & -2-1.3

x-0-3 .

MM12 [2.1] - Functions & Relations | - Workbook ‘29
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~ g‘
Discussion: What do all the points on the circle have in common? ﬁ

&/)Tluamau ro.olus

Apot fom cut

2

Exploration: Derivation of Circle Equation | %%(

(7‘1, 1)
J d-= "R‘f"gﬁt [J;J )

» The common property of all points on the circle can be written by using d&"’m& Mﬁ .

V2=l )+ (Y=l )2= T

» Finally, what happens if you square both sides?

e

Cr-w)*t L;—w)’- -r

Active Recall: Steps for sketching a circle

1. findthe Cerdre of the circle,
2. Find the IM' 8 ofthecircle.

3. Find axes (Mb (if they exist).
4. Identify the Sb'ag of the graph and sketch the curve.

MM12 [2.1] - Functions & Relations | - Workbook ‘30
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Question 20

Graph the following relation and state the values of x and y over which it stretches. Include all axes intercepts.

x2—6x+y?—6y+9=0

NOTE: You will need to complete the square!

' RN

MM12 [2.1] - Functions & Relations | - Workbook 3
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Graph the following relation and state the values of x and y over which it stretches. Include all axes intercepts.

x2+2x+y2—-6y—6=0 Jl-‘-=+
. dis 2134

N

0, 3+4ﬁ3’) Y4<drc Jq

Y («)Ef(yoq’irc

- {}-s)"- s
Q
R 2
Cot1)% ty-3)"= It vt (e} (a)%
Core » C"'l?’) (x+1)= 2
radow; = ﬂ. at| = i.r?-:

MM12 [2.1] - Functions & Relations | - Workbook ‘32
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Now, semicircles! .
Semicircles
o~
=y (k)
4 0o
@O === ————
) 4
(k) =y
¢
Y A -r "’J—'l- x
¥=E/r2 - (y-k)?+h
» Steps
1. Find the centre of the semicircle.
2. Find the radius of the circle.
3. Find axes intercepts if they exist.
4. |dentify the shape of the graph and sketch the curve.

MM12 [2.1] - Functions & Relations | - Workbook ‘33
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Graph the following semicircle:

Question 22 Walkthrough. ( U / ( ety - ( | ,Z)

y 2% & _‘ﬁ
-
0 - 8-Ca-1)2 42 -
J2 W9-(o-n* +2
A= (x-1)? = >
. * -4~
4_(1_') = 4' =
(o Av02.2 -4
x-1)’=§ .
X tF X[12.2 2243
-l =
d N 8.2 or-t2 2214
xX=12J5 & 2- 2¢1.4
MM12 [2.1] - Functions & Relations | - Workbook < 2“ 2-8
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Where do the semicircle equations come from? .

VCE Mathematical Methods %2

Exploration: Derivation of Semicircle Equations

» Consider the circle equation:
(x — h)? + (y—k)? =12

» Try making y the subject!
Cy-w) = 2
YJ W) = ri (n-h)

d-h= 2 re (a4
A= k2 fri(xn)?

» What would happen when we pick one sign over the other?

-+ e S?\ ) m
Y

» So, by making y the subject, we get top and bottom semicircles!

» Similarly, what would happen if we make x

Active Recall: Steps for sketching a semicircle

1. Findthe __Cavtre of the semicircle.

2. Findthe____rodlwh  of the circle.

3. Find axes h.tu'_a.ﬁ' nif they exist.

4. Identify the wl- of the graph and sketch the curve.

MM12 [2.1] - Functions & Relations | - Workbook
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VCE Mathematical Methods 2

Question 23 p AR ." ) —3
Graph the following: x = \/—y? —4y +1 -3 = _.2
Y
p
b—
4-
2 -
pa ..'\
< T L — 2%
- 2 4 o
A5z p.9
Z’J}x -41
T 2 -0

e G
Cedne - (—3,-—2)

0= J.S’-[}fz)"—,}

r=s 9= S‘Cy-(a-)z

o

G e i,

NOTE: You need to complete the square for the function that is inside the root! ’/

MM12 [2.1] - Functions & Relations | - Workbook
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VCE Mathematical Methods 2

Graph the following: y = V—x2 +6x +4 + 2

N

4 -3 -2 A O

MM12 [2.1] - Functions & Relations | - Workbook
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0

Q)
Sub-Section: Finding a Rule for Circles and Semicircles @ ‘

Again, another way! .

Finding the Equation of a Root Function from its Graph

» We need generally three facts about the circles/semicircles.

(x—h)?*+ @y —-k?=r?

y=+Jr2—(x—h)?2+k

x=+Jyr2—(y—k)?+h
» Steps
1. Identify the center, (h, k).

2. ldentify the radius, r.

Question 25 Walkthrough.

= 2 2
Find the rule for the following semicircle. g -"'rs' - [ 2~ z)z - '

MM12 [2.1] - Functions & Relations | - Workbook ‘38
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Active Recall: Steps for finding the rule of circles and semicircles

1. Identify the centre, “‘\p ) .

2. ldentify the radius, Y .

Question 26

Find the rule for the following semicircle.

N

4

MM12 [2.1] - Functions & Relations | - Workbook ‘39
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VCE Mathematical Methods 2

Question 27 Extension.

Find the rule for the following semicircle.

G

= "‘\i ﬂ"‘(o'('-.z z

——"

X I-Jﬁ-—[gz;'ﬂ

—

N

4

-2

MM12 [2.1] - Functions & Relations | - Workbook
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Section E: Functions and Relations

8’ >
Sub-Section: Relations ® ‘
Let’s take a look at all types of relations! .

Definition

Types of Relations ~ — ﬁulnl\‘m‘u‘\ blw &?J

» There are four types of relations:

One to One Many to One

3 )

One x to One y. Many x's to One y.
One to Many Many to Many
—4

J

1

A -
N

N

A
/

One x to Many y's. Many x's to Many y's.

MM12 [2.1] - Functions & Relations | - Workbook ‘41
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VCE Mathematical Methods 2

Question 28
State the type of relation for each of the following graphs.

a.

N

S

N
v

3

MM12 [2.1] - Functions & Relations | - Workbook
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0

A
Sub-Section: Functions @ ‘

What is a function?

Functions D

y=fX)

» Functions are relations which make one y-value at any given x-value.

~ B‘
Discussion: What types of relations are functions? # &V'

ey
M“y.@f/g [y Fo 12

Misconception

Misconception: "An equation between x and y can either be a function or a relation.
In other words, functions are not relations.”

Truth: Functions are in fact a subset of relations. All functions are relations.
BUT all relations are NOT necessarily functions.

{All Functions} < {All Relations}

Space for Personal Notes
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VCE Mathematical Methods 2

Question 29
State whether the following relations are also a function.

a. y=x

wm/\
\

VA

Space for Personal Notes ~ %,
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VCE Mathematical Methods 2

Question 30

a.

For the following tables of inputs and outputs, identify which are (i) valid relations, and (ii) valid functions

X y
1 6
2 6
6 ~1
1 2
Rolafion
fanchion X
X y
~1 2
1 1
1 1
1 2

Relakion /
Funchon X

Discussion: What is the maximum number of times a function can hit any vertical line?

/\O

i

MM12 [2.1] - Functions & Relations | - Workbook
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Vertical Line Test

» Definition: Tells apart between functions and non-function relations.

/

S

Passes : fanchion fails : Not function

Every function only intersects a vertical line once.

Question 31
Which of the following graph(s) describes a function? Which of the following graph(s) show a relation?

Y

7~

€ dPx € - \ 4
-4 -2 2/(9 8 5 =

I S .

-10f

B/ Rbn
Fanebon v/ Ranebion X<

~
1

10

5

2% Ix
Discussion: How many times would a many to one and.ane.to ane function hit a horizontal line?

a,Hz, /:'/

MM12 [2.1] - Functions & Relations | - Workbook
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VCE Mathematical Methods 2

Horizontal Line Test

» Definition: Tells apart between many to one and one to one functions. (And relations.)

Definition

fails: N\o\r\g +o one Passes: One 4o one

NOTE: One to one function hits any horizontal line drawn maximum once.

4

P

Space for Personal Notes
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Question 32
Which of the following graph(s) are one to one, and which are many to one?

a.

MM12 [2.1] - Functions & Relations | - Workbook ‘48
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Contour Check C!

Learning Objective: [2.1.1] - Sketch and find the rule of hyperbola Functions

Key Takeaways

O Rectangular Hyperbola

O Steps for sketching:

1. Find the horizontal and vertical %&m and plot them on the axis.

2. Find the x- and y- ‘Mn and plot on the axes (if they exist).

3. ldentify the gﬂ‘!\e of the graph by considering any reflections and sketch the curve.

O Finding the Equation of a Hyperbola from its Graph

O We need generally three facts about the hyperbola.

O Steps

1. Look for the M;gp'% .

2. Subina PO\\A" to find the value of a.

MM12 [2.1] - Functions & Relations | - Workbook ‘49
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Learning Objective: [2.1.2] - Sketch and find the rule of Truncus Functions

Key Takeaways
O Truncus

a

= 4k
Y= a—n2 "

O Steps for sketching:

1. Find the horizontal and vertical a"&“‘fm and plot them on the axis.

2. Find the x- and y- |'-ku"‘?'s and plot on the axes (if they exist).

3. lIdentify the g""!”- of the graph by considering any reflections and sketch the curve.

O Finding the Equation of a Truncus from its Graph

O We need generally three facts about the Truncus.

a

R

O Steps

1. Look for the Rg;_u(ﬂ'o"@ :
2. Subina E!!"dr to find the value of a.
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Learning Objective: [2.1.3] - Sketch and find the rule of Root Functions

Key Takeaways

[0 Square Root Functions

y = a\/b(x—h)+k
O Steps for sketching

1. Find the mﬁ pohd

2. Find the x- and y- "Ju"!’“ and plot on the axes (if they exist).

3. lIdentify the Mg of the graph by considering any reflections and sketch the curve.

O Finding the Equation of a Root Function from its Graph

O We need generally three facts about the root function.

y=a,/x(x—h)+k

O Steps

1. Look for the starting point Ck‘ “") .

2. Subin a point to solve the value of a
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Learning Objective: [2.1.4] - Sketch and find the rule of Semicircles and Circles

Key Takeaways

(x — h)? + (y — k)? =1?
wherer > 0

0 Radius:

O Centre: [k,‘b)
r

O Steps

Find the cenihre of the circle.
2. Find the roslsd of the circle.

Find axes ‘M (if they exist).
4. I|dentify the Mb of the graph and sketch the curve.

O Semicircles

—

W

y=+Jr2—(x—h)?2+k

x=+/rE= (-2 +h

O Steps for finding the rule of circles and semicircles

1. Identify the centre, Ck‘ ":)

2. Identify the radius, ¥ .
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VCE Mathematical Methods 2

Learning Objective: [2.1.5] - Identify the type of relations and identify whether
the relation is a function

O Types of Relations

O There are four types of relations:

Key Takeaways

Vv
N

N

Vv

N

R N
/N

A 4
<N

LN

MM12 [2.1] - Functions & Relations | - Workbook

C




@ONTOUREDUC ATION VCE Mathematical Methods ¥,

O Functions

y=f(x)
O Functions are relations which make one y-value at any given x-value.

[0 Vertical Line Test

O Definition: Tells apart between functions and non-function relations.

_—

-4
Passes : fanchion fails : Not function
Every function only intersects a vertical line end

[0 Horizontal Line Test

O Definition: Tells apart between many to one and one to one functions. (And relations.)

Sl

fails: Many +o one Passes: One 4o one

O One to one function hits any horizontal line drawn at most ones
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Website: contoureducation.com.au | Phone; 1800 888 300 | Email: hello@contoureducation.com.au

VCE Mathematical Methods 2
Free 1-on-1 Consults

What Are 1-on-1 Consults?

Who Runs Them? Experienced Contour tutors (45 + raw scores and 99 + ATARs).

Who Can Join? Fully enrolled Contour students.

When Are They? 30-minute 1-on-1 help sessions, after school weekdays, and all day weekends.
What To Do? Join on time, ask questions, re-learn concepts, or extend yourself!

Price? Completely free!

One Active Booking Per Subject: Must attend your current consultation before scheduling the next. :)

\ A AL AA

SAVE THE LINK, AND MAKE THE MOST OF THIS (FREE) SERVICE!

Booking Link

bit.ly/contour-methods-consult-2025
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