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O MM12[1.5.1] - Identify the properties of polynomials and solve long division. C i

O MM12[1.5.2] - Apply remainder and factor theorem to find remainders and factors.

O MM12[1.5.3] - Find factored form of polynomials.
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Section A: Algebra of Polynomial Functions

Sub-Section: Terminologies of Polynomials

Definition

Degree of Polynomial Functions

Degree = Highest Power of the Polynomial

Question 1 @

State the degree of each polynomial.

a. x3—4x24+5x+6

3

b. 3x + 5x% —x’

=

¢. A Quadratic.

2.
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a

Roots of Polynomial Functions

Definition

Roots = x-intercept

™~
Discussion: Can a quadratic have more than 2 roots? Hence, can there be more roots than the '%"’.
degree?

= Nox-ids 7—
e u / nowel \
Space for Personal Notes \

//
\/

F09 = i+ brte

9o cax+ b+ cxtd
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VCE Mathematical Methods 2

Question 2 @

Find the roots of the following polynomial:

(x —1)%(x + 3)*

Ereirs)

Space for Personal Notes
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Sub-Section: Long Division

o
-

Polynomial Long Division

» Division of polynomials:
Quotient
Divisor] Dividend
i
|
A C
Remainder
Dividend ) Remainder
— = Quotient + —
Divisor Divisor
Question 3 Walkthrough.
Simplify the following using polynomial long division.
3x2 4+ 10x + 20
2x + 4
§x+2
—(3x*t{x )
2 212 y
~(F12)
2

TIP: Always focus on the highest degree term first.
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‘ Your turn! .

Question 4
Simplify the following using polynomial long division.
x2—3x+5
x—1
-2
1 I ZI; - s
T ;3 - o Jrtss o L 2
7] 3 -(2*-2) x-=l
-2 —
T 1 1 (“Zx +5
X -(-
s ¢ R Puveand” 2xt2 )
Constent “ 3
‘ Now, a slightly more difficult example! .

Question 5

Simplify the following using polynomial long division.

3|11 06 2
X+ xt+2 3 12 3‘

x—3
2 33

x> 412 [ / / A

® g:{:':_,_’;;;— e = XFtiz + —3
T ez
-( FoPt2x )
T lxt2z
—(l2x~ 36 )

28
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TIP: Always remember to fill in any missing powers of x in the numerator or denominator with
“placeholders” that have a coefficient of 0.

Question 6 Extension.

Simplify the following using polynomial long division.
-3 | ¢ 3 —2
x* 4+ 4x3 +3x% —2x + 3 _3 _3 o

J
6

x+3
I 6 -2 g

e ({0

+3 Jx ¥+ 4134 33-2143 4
—( x%e 32° ) = wiate+ 3
x3+ .?x,z
=( 2%+ 3% )
O-2r+3
-( 222 )

7

Space for Personal Notes
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Sub-Section: Remainder Theorem

o
-

How can we find the remainder without long division?

~

» Let's |||U|tip|y everytllillg by g(X)
’ X) = iw © am z K
( )

» Remember, we are trying to find the remainder R before we do long division.

What functions do we already have before long division?
y & ?[p,) =0

» How can we get f(x) to equal to the remainder R?

& We can substitute a value of x such that, the MZ {:;’QI) is equal to 0.

9(x)
00 A )
Exploration: Derivation of the Remainder Theorem ‘7 ( f’
~(4g%) S 1
» Consider /&2, (;()
9(x) R f j
f(x) = CI(.X') + L where R = Remainder
g(x) g(x)’

f(a) = 4(a) 3[«) +K Jbt) =xqQ

&

)

f@=__R (7&“
(-~ X=Q
/ ~——————

\\ ——

Space for Personal Notes
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Remainder Theorem

» Definition: Finds the remainder of long division without the need of long division.
when P(x) is divided by (x — a), the remainder is P(a)

» Steps:

1. Find x values which makes the divisor equal to 0.

2. Substitute it into the dividend function.

Discussion: How do we find the remainder of f(x) +(x—-2)? p o

A-2=D ‘

Discussion: How do we find the remainder of f(x) + (2x + 1)?

XAl =0 L= f( £y,
2%+ e ¥

Question 7 Walkthrough.

where, f(x) = x3+x?—-2x+5and g(x) = x + 1.

Find the remainder of the d1V1s1on, ﬁ’

geo =o Rz fen = -1+l t2+S

x=-—i =7y
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~

Your turn/

Active Recall: Remainder Theorem M
1. Find x values which makes the W equal to 0.

o &
2. Substitute it into the M function.

_Aameraifor
Question 8 @

Find the remainder of the division, £&2 where, f(x) = x3 — 2x? + 3x + 1 and g(x) = 2x + 4.

> g(xy
Cd' jcx) =D E_s %(_z,)
S, 2=-2 -=-8_8_£+/

Question 9 Extension.

For the polynomial f(x) = 3x3 — 2x2 + (7 — 2a)x + 1, we get a remainder of 14 when f(x) is divided by
g(x) = x — 1. Find the value of a.

@ g69=0: R= 7t0=14
= S-2+7-2a-+/

S J-2a = |4
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Sub-Section: Factor Theorem

Discussion: What division could f(2) be the remainder of?

), fo)
214

X-2

Discussion: Hence, what does it mean when f(2) = 0?

|_; (:O
- (2) faq
l&amafjr-;ifj

This is called the ‘Factor theorem”

Factor Theorem

» For every x-intercept, there is a factor:
if P(a) =0then,(x — a) is a factor of P(x)

Remocdr 2 2 = Fre)
X /

Question 10 Walkthrough. : K‘ °

Determine if x + 4 is a factor of P(x) = 3x3 + 8x% — 20x — 16.

=4)=07

P-4) = 3(~4) +8(10)+86 16

=092 1128+ D14
=0

s (x44) Ka fodw?f«”&)
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‘ Your turn! .

Question 11 @

Determine if x + 2 is a factor of P(x) = 2x3 — 7x? + 7x — 2.
Pl-2)=5? Ct x+2 =o:
- x: -2

/\_}
R= FC-2)= 2(8) -3/4) it -2

» le-28-/¢-2
= -6

=~ (otz) INT a j&w 7L/[»)

Determine if x — % is a factor of P(x) = 6x3 — x2 — 20x + 12.
- % o Eejumsudu b divided by x-4
IS JW ?] : g
- 73 - -(4) -
R- 1) = 4(3) (%) - 300tz

-
o

by
ke

. S C
MM12 [1.5] - Polynomials - Workbook ce (1*27 ) Aﬂf‘“’ 4 fo‘) 12
as B=Tlzl37y
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Sub-Section: Factorising Polynomials

Factorising Polynomials

» The steps are;

& Find a single root by trial and error.

& Factorise the quadratic.

(Factor Theorem: Substitute into the function and see if we get zero.)

G Use long division to find the quadratic factor.

O |
°

Question 13 Walkthrough.

Find all the roots of f(x) = x3 + 3x? — 6x — 8.

L. Finding o Susle Reot (T'4E) :

Sub x,-:l
3‘(’3 < 1+3-6-8 = -

Subx=2:
F23= 8+ 2—[2—g{5

+

@ (x-2)is a -fadv"
%M’_

=4 setd
a-Z)J x3+ 3x*- 6x-8
-( x3-2%)
S—¢x
~{5.Z (05 )

NOTE: When the question asks for all roots, you cannot just factorise and end it therel p 0 P

-(if—? ) /

Space for Personal Notes

\ = (%2)( 3 +9

= €22 Yxrq (2D
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Your turn/

VCE Mathematical Methods 2

~

Question 14

Find all the roots of f(x) = x3 + 12x2? + 17x — 90.

1. thmq a Jin.q(e ﬁwl’('l'q-E)

Sub:c-l

3{03 /'f/2.f/.7.._ ?0 = -

Subx=2:

FC2)= 8+ F8+24-9 @

s (2 fx—z)lsa.fadv"
2 -Spdudic Division:

212 172 -%

r

2 28 90

Cx—a) ( -H4l+4$")

I 14 45 0

Question 15

Find all the roots of f(x) = —2x3 — 13x% — 5x + 6.

1. Fwtuq Py Jw.le Reot (T'4E) :

= 0-2 Y(x+9 )(nts)

Subx,—l

fw‘ “2—-13-8516~-/4

Sub 2=-):

FE13= Q=13+ 5+¢ -{aj

7

PO [)_-H)nsa.-fadw
J.MDM;M

=l [-2-13 -5 ¢

3. Facitnie :

'.0 l 82,—7' "‘

2 | -5_
-2 =l § O

= (at] )( =20l 46)
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=Question=t6=

Find all the roots of f(x) = 6x3 — 27x? + 21x + 18.

1. Finding o Sigle Reot (T4ED:
v v

(,.;l.:. ( .).IS a.fada"

2 Long Diision,*

4

~(

) 62220t 18

l
-~
o
-

Space for Personal Notes
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0

Sub-Section: Rational Root Theorem

00

Discussion: Consider (2x — 1)(3x — 1)(6x — 1). What are the roots and could we have gotten

that from trial and error?
La = )
x % ) 8, é

So, what should we do?

Rational Root Theorem

» Rational Root Theorem narrows down the possible roots.

] Factors of constant term a,
Potential root =% . —
Factors of leading coefficient a,,

. t tant t
» If the roots are rational numbers, the roots can only be 4 —0ctorsof constant termdo
factors of leading coef ficient a,

Definition

Question 17 Walkthrough.

Find all the roots of f(x) = 6x3 + 13x? — 14x + 3. 2. L&q Mmg
L. Foding 2. Susle Reot (A2T ) 8 3
[ﬁﬂ)‘/6 3 322 3
= 1,35 Ny 3 x o+ 13- [4xt
Al A AR L Lert-at)
lox?= Kx.
&bx&'l‘: 3 _(/hz-gx)
= . e : =6
HE)= G(L)rnlifm(i)+3, SBebme: (7
s = (2-1)( 3% H-3) 0

=€
sF 12 -243 .
={ee) (e )Ce13)
MM12 [13) - Bgtyondhts Tufkbook / 4. Foud. Rest:

s @r-1)is a..fa.dor ~ <3 L oX= ﬁ,{-,

-3
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NOTE: All the roots are part of the suggestion given by the rational root theorem. p/

Question 18

Find all the roots of f(x) = 2x3 — x? — 22x — 24.

1. Firding & Smgle Root (RRT ) :
v v

=+ i"z'x'zl‘,':]' 224 1 Z' 23,1, 6,8 22444

g 28 2¢
Sub x=4: 2 3 ¢ O
ﬁ?) = 1{?)£[f}£n(ﬂ -24 3. aclrite: o«
= 28—/ - 39 -2¢ = (x-¢ )(2r%7e46)
=0 = (x4 ) (2%43)(xt2)
< (1'1') is a fnclb" % Fud, Reot:

PN & q-'-:é,._z

a2
Discussion: Why is rational root theorem called a rational root theorem? %

=y

C*mﬂomlaa- &k a m Haf
O be nffer. a$ o

Space for Personal Notes &'S . ﬁ = J;' ! \194
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Question 19 Extension.

Find all the roots of f(x) = 6x3 + 19x2? — 24x — 16.

1. Finding o Simgle Reot (RRT ) :
v v

RR = + fnaeR,16]
T3, 6]

= tln24806,%, 4,8, 244
Sub x=-4:
61)= 660 19Es)-2469) - 16
= 6(-64) +19(1L) € %16
= —3% + 3¢ +30=0

2 (#4) is a fndb"

3. Mn'g Y S—

= (w4 )(6*0-¢) <
= (atq ) (3¢)(2xt1)
4. Fud Rest:

= I S W |

3/'2

2 -M’c, Division.:

416 19 -24 -6
24 20 6,

6-5s -4 O

Space for Personal Notes
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-

Sub-Section: Sum and Difference of Cubes

Sum and Difference of Cubes D

a3 + b3 = (a + b)(a? — ab + b?)

a3 — b3 = (a — b)(a?* + ab + b?)

Question 20 Walkthrough.

Factorise the following polynomial as much as possible.

x> 4125

x s

= C"*’)(JLZSSZ-fZS')

Question 21
Factorise the following polynomial as much as possible.

8x3 — 216

-= ?[La—%)

< 3(‘*—* 3Xx,2—r3--r ﬂ)/

MM12 [1.5] - Polynomials - Workbook ‘1 9
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Question 22 Extension.
Factorise the following polynomial as much as possible.

32x3 — 256
r $2 Cls_ 9)

= 32(x-2)(x2e 21t &),

Space for Personal Notes
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Section B: Graphs of a Polynomial

VCE Mathematical Methods 2

o>
o,

Sub-Section: Graphing Polynomials in the Form of a(x — h)™ + k ®

Graphs of a(x — h)™ + k, where n is an Odd Positive Integer

» All graphs look like a “cubic”.

9

N

Hovizontal Point
of Inflexion

(k)
< /

Hovizontal Point
of Inflexion

0

A4
» The point (h, k) gives us the stationary point of inflection.

» n cannot be 1 for this shape to occur!

Space for Personal Notes
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Question 23 Walkthrough. /—-3

Sketch the graph of y = (x + 2)3 + 3 on the axes below.

Rt [—-2 ,S) [ J: (2)%3

=

Question 24

Sketch the graph of y = (x — 1)3 — 5 on the axes below.

b.
4

2.

Pox : (1,-57)
YAt ye ()2 s ¢

MM12 [1.5] - Polynomials - Workbook
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Question 25
AT : ( = /‘)
Sketch the graph of y = %(x — 2)3 4 6 on the axes below. 7..1‘“1';; c '2,_, 5_2) 'sfé
3 L— )
=~ftl~-2

4 8 b6 -4 -2 g8 {0 12
2]
44
-0
=3
—10\'
What about even powers?
Graphs of a(x — h)" + k, where n is an Even Positive Integer
» All graphs look like a “quadratic”.
4 4
N N
Ofi= «
> X

A
=
z

(k)

N
o

Vv

» The point (h, k) gives us the turning point.

C

MM12 [1.5] - Polynomials - Workbook
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Question 26 Walkthrough.

4

Sketch the graph of y = (x + 2)* + 1 on the axes below.

&z

\)""TP: (—2,!) y-,‘d:\];-[z};/
=12
y B -,:
4= (0%,
-2

U g.'“lz) ("’/ 2 )

Question 27

Sketch the graph of y = —(x — 1)* + 4 on the axes below.

4

f W‘(ll‘l’)
foit: ge (-t
= 3

Cu4)

MM12 [1.5] - Polynomials - Workbook
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Question 28 Extension. (-P ('.2 ’3)
Sketch the graph of y = = (x — 2)* — 3 on the axes below. f‘l ‘d—. d’ AL _z)f j
= € =3
- 8'/1

(6(9)

Space for Personal Notes
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Sub-Section: Graphing Factorised Polynomials

What about the graph of a factorised polynomial?

:
~

Exploration: Graphs of Factorised Polynomials

All hé\'\m‘g linear factors

correspond to LMQP_Q_ of the graph.

Y

N

All

correspond to

v

» Eg., f(x) = (x—a)(x— b)(x— c)results in x-intercepts at (a, 0), (b, 0) and (c, 0).

linear factors

7P f X"ﬂi!_fc;ft’— of the graph.

MM12 [1.5] - Polynomials - Workbook
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» E.g., f(x) = (x —a)?(x — b) will have an x-intercept (a, 0) which is also a local minimum/maximum.
All Cubedl linear factors

correspond to SPOT ;“_Mkwt_ of the graph.
Y

N

A4

» E.g., f(x) = (x —a)3(x — b) has an x-intercept (a, 0) which is also a stationary point of inflection.

Graphs of Factorised Polynomials Definition

» Steps:
1. Plot x-intercepts.
2. Determine whether the polynomial is positive or negative.
3. Use the repeated factors to deduce the shape.
Non-Repeated: Only x-intercept.
Even Repeated: x-intercept and a turning point.

Odd Repeated: x-intercept and a stationary point of inflection.

Space for Personal Notes
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Question 29 Walkthrough.

a. y=x+1%*(x-2)

t=-,2

Sketch the graphs of the following functions on the axes provided. Ignore the y-axis scale.

MM12 [1.5] - Polynomials - Workbook
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Your turn/

~

Question 30

Sketch the graphs of the following functions on the axes provided. Ignore the y-axis scale.

a. y=02+x)(5-x)2

1=-2,5 2

AN

b. y=(x+3)3x—-1)(x-5)

xt—s'l's' )

10

MM12 [1.5] - Polynomials - Workbook
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Question 31

A "_l’Z

7‘3'12' X =;é

Y

U

Sketch the graph of the following function on the axes provided. Ignore the y-axis scale.

y=(x-1)3x+1)2*(x-2)

| !

S eny | \S(28)

5

Space for Personal Notes
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Contour Check C!

Learning Objective: [1.5.1] - Identify the properties of polynomials and solve
long division.

Key Takeaways

O The degree of a polynomial is the polynomial's llﬂbﬁ‘ '- power.
O The roots of a polynomial are its hﬂldm#h :

O For polynomial long division:

Dividend ;QW

- = Quotient +
Divisor ynsor

Learning Objective: [1.5.2] - Apply remainder and factor theorem to find
remainders and factors.

Key Takeaways

O When P(x) is divided by (x — «), the remainder is Haz .
O If P(e) =0then (x —a) isa .jww of P(x).

MM12 [1.5] - Polynomials - Workbook ‘31
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Learning Objective: [1.5.3] - Find factored form of polynomials.

Key Takeaways

O Steps to factor a cubic polynomial are:
O Find a single root by trial and error.
(Factor Theorem: Substitute into the function and see if we get éefD )

.
O Use LO\? M’M-to find the quadratic factor.

O Factorise the quadratic.

O Rational Root Theorem narrows down the possible roots. If the roots are rational numbers, it
must be that any.

. Factors of MM:MQO

Potential root =
~Factors of Wﬂ

O Sum and difference of cubes:

ad+b3=(_tb )(a®—ab+b?)

B-p=( &b  ya+ab+b?)

MM12 [1.5] - Polynomials - Workbook
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Learning Objective: [1.5.4] - Graph factored and unfactored polynomials.

Key Takeaways
O Graphs of a(x — h)™ + k, where n is an 0dd Positive Integer that is not equal to 1:
O The point (h, k) gives us the stationary point of %.l !""' .
O Graphs of a(x — h)™ + k, where n is an Even Positive Integer:
O The point (h, k) gives us the 7?

O These graphs look like a Pmédq—

O Steps to graphing factorised polynomials:

1. Plot x-intercepts.
2. Determine whether the polynomial is positive or negative.
3. Use the repeated factors to deduce the shape:

Non-Repeated: Only M .
Even Repeated: x-intercept and a ” J/ R’% i

0Odd Repeated: x-intercept and a sﬂ)I .
Tofutio

MM12 [1.5] - Polynomials - Workbook ‘33
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Free 1-on-1 Consults

What Are 1-on-1 Consults?

Who Runs Them? Experienced Contour tutors (45 + raw scores and 99 + ATARs).

Who Can Join? Fully enrolled Contour students.

When Are They? 30-minute 1-on-1 help sessions, after-school weekdays, and all-day weekends.
What To Do? Join on time, ask questions, re-learn concepts, or extend yourself!

Price? Completely free!

One Active Booking Per Subject: Must attend your current consultation before scheduling the next. :)

VVVYYVYYVYY

SAVE THE LINK, AND MAKE THE MOST OF THIS (FREE) SERVICE!

Booking Link

bit.ly/contour-methods-consult-2025
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