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O MM12[1.5.1] - Identify the properties of polynomials and solve long division. C i
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O MM12[1.5.3] - Find factored form of polynomials.
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Section A: Algebra of Polynomial Functions

O
Sub-Section: Terminologies of Polynomials ®

Definition

Degree of Polynomial Functions
Degree = Highest Power of the Polynomial

Question 1
State the degree of each polynomial.

a. x3—4x24+5x+6

3

b. 3x + 5x% —x’

7

¢. A Quadratic.

(L
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a

Roots of Polynomial Functions

Definition

Roots = x-intercept A ——_

/
v ~
Discussion: Can a quadratic have more than 2 roots? Hence, can there be more roots than the '%"’.

Mo !
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Question 2

Find the roots of the following polynomial:

(x —1)%(x + 3)* = o

’L’i) 1—:'3

Space for Personal Notes
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Sub-Section: Long Division

o
-

Polynomial Long Division

» Division of polynomials:

Quotient

'bwhqybwuuu

I (o4
]
Remainder
Dividend ) Remainder
— = Quotient + —
Divisor Divisor

Question 3 Walkthrough.
Simplify the following using polynomial long division.

3x% + 10x + 20

}2-11.2 2x + 4

2x+Y ‘ 37(,2-¢Ioz+2°
-(32(.24 612‘ 1/ -
Hx +2.9
~(x8)

]

W

Xe& + —

|2

2x+4

TIP: Always focus on the highest degree term first.
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Your turn! .

Question 4

Simplify the following using polynomial long division.

w— L

S
-\ | %= Sa‘? < P%/
«(2-%2) |
T =2r+$
(- +2)

(&

‘ Now, a slightly more difficult example! '

Question 5
Simplify the following using polynomial long division.

B +x*+2

x5 Qa3
-3 | P> On+ 2

—Ll 1)\\' :11714|L+ ‘ig-

"‘lz-f Da
“(4n —j2n )7
12wt
(125 -30)
(38 C
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TIP: Always remember to fill in any missing powers of x in the numerator or denominator with
“placeholders” that have a coefficient of 0.

Question 6 Extension.
Simplify the following using polynomial long division.

x* +4x3 +3x%2 —2x+ 3
x+3

&t lg—f %Q»L
R

q
= ng H_2 +
X+ 4

Space for Personal Notes
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o

Sub-Section: Remainder Theorem

|
How can we find the remainder without long division? .

)

Exploration: Derivation of the Remainder Theorem ‘ %%( J
» Consider fﬁ;
f ( ) R | x (*) _
9() x ——=q(x) +m where R = Remainder

» Let's multiply everything by g(x).
f(x) = M@L&
» Remember, we are trying to find the remainder R before we do long division.
What functions do we already have before long division?
fx)=qx)-gx) +R
» How can we get f(x) to equal to the remainder R?

& We can substitute a value of x such that, the JV\SO/ ‘l (K ) is equal to 0.

f(a)—_zzo(\ 0 R

f@=__R

| B

Space for Personal Notes
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Remainder Theorem

» Definition: Finds the remainder of long division without the need of long division.

when P(x) is divided by (x — a), the remainder is P(a)
JdEms *

» Steps:

1. Find x values which makes the divisor equal to 0.

2. Substitute it into the dividend function.

Discussion: How do we find the remainder of f(x) + (x — 2)?

Discussion: How do we find the remainder of f(x) + (2x + 1)?

’f'(’/'z,)

Question 7 Walkthrough.
U+l = o

Find the remainder of the division, %, where, f(x) =x3+x?—-2x+5and g(x) = x + 1. X = =

K= (1)
= @;)2(-.)‘-2(4%5

= —(+| +2+5

=+ [ ]

k=7
o
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~

Your turn/

Active Recall: Remainder Theorem

1. Find x values which makes the AI‘WSO, equal to 0.

2. Substitute it into the J.m‘M function.

Question 8

Find the remainder of the division, %, where, f(x) = x3 — 2x? + 3x + 1 and g(x) = 2x + 4.
g(x)= ©

2x4=0 R- (=)
X s 2
= (2)-22)43(-2) + )
cf-f- 6

= /2‘
R=-2]

Question 9 Extension.

For the polynomial f(x) = 3x3 — 2x2 + (7 — 2a)x + 1, we get a remainder of 14 when f(x) is divided by
g(x) = x — 1. Find the value of a.

f(H=1Y4
- B’Z*G"la\>4 \= [ Y
q - 2a =14

Zq:"s
- -8
a, = Ly
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@
@

£6) An

x-2
lemande of i—’f): s £Q)

Sub-Section: Factor Theorem

Discussion: What division could f(2) be the remainder of?

-

Discussion: Hence, what does it mean when f(2) = 0?
R =o!

. A= T3 aVoJD{«-{
X .

This is called the ‘Factor theorem”

Factor Theorem D

» For every x-intercept, there is a factor:

if P(a) =0then,(x — a) is a factor of P(x)

Question 10 Walkthrough.

Determine if x + 4 is a factor of P(x) = 3x3 + 8x? — 20x — 16.

P-4) <3(-4) "+ 8(-4)" 20(-4)- 14

= "ML 112¢€ veo~ |4

~ O - o9& = )
X+ S a -f—;z_dpr ﬁ ‘IPL/HI.
11

N
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Your turn! .

Question 11

Determine if x + 2 is a factor of P(x) = 2x3 — 7x? + 7x — 2.

P-2) - 2(-2)* - #(-2) +H-2) - 2
= -l -28 —14- 2

= ——é@

P(-2) 0o = 242 5 pet &

fade- o P(x).

Question 12 Extension.

Determine if x — ; is a factor of P(x) = 6x3 — x% — 20x + 12.

P - 6(34) (&)l 1

27 _a
- é(?) L’,BQ—\'\’L
_ & 49 _

- k&= °

’. 7(’3/2_ "i [~ 8 t;'aa’
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0

Q
Sub-Section: Factorising Polynomials @

Factorising Polynomials

» The steps are;
& Find a single root by trial and error.
(Factor Theorem: Substitute into the function and see if we get zero.)
& Use long division to find the quadratic factor.

& Factorise the quadratic.

Question 13 Walkthrough.

Find all the roots of f(x) = x3 + 3x% — 6x — 8.
@ $C):(+3-6-9 #O

):=14344-§ :9-9:20 — X1 is a fage-.

O no L (B 10 () at

,§x3-ex')a N
_@— ’(é‘) = (X*‘)(l-rq)(z.;;

“8x - §

g -

-.ﬁifa)\ A Roots aure

NOTE: When the question asks for all roots, you cannot just factorise and end it there! P

A ==1,"4,2 /

Space for Personal Notes
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Your turn! .
Question 14
Find all the roots of f(x) = x3 + 12x2? + 17x — 90. 2 |
3(2)- 2> 122 )} e
\ ;2*‘2(1%1?[2)/0/0 -2 | w1 2x% 1Tx -9 0
2,2
-8+ Y4%+3y-90 (-2 L
_ /‘17(7’* (2%
- OIO- O = O
. L SGLTAR 28% )
”l_, Z 'S _9 N—2 s L{S;(,‘ﬁo
S 2 {fade - (4Sx -92)
(&
_ 9]
(Y _ (., N/ \7/
X/ =X=2) (Z+1) /\)( +5 )
Question 15 ' Roots e = 2'-4/.—5
Find all the roots of f(x) = —2x3 — 13x% — 5x + 6.

==

J(1) = 2-1%2+S+6 £(x) - (x )~ xt

= O

24) s a -ﬂay{-ﬁl = '(1”)(23(:”1")

-2 -lix+ 4 = —(x«1)(2x-)(x+6)
W+ 1 -—2x3—i3x‘-$au6

__2‘%’)(1 '
( l)l)l R.cahcw-c

-(Ix*- Gx
(- 1c*-1x
b«
i -{\64(_-:‘(‘) C
14
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Question 16

2
solve(()- x“=27x

Find all the roots of f(x) = 6x3 — 27x? + 21x + 18.

2421 x+ 18=0,x)
-1

X==— Orx=2o0rx=23

g

Space for Personal Notes
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Sub-Section: Rational Root Theorem

x=k L

/aMofsgrc 3,“

Discussion: Consider (2x — 1)(3x — 1)(6x — 1). What are the roots and could we have gotten
that from trial and error?
L 2

3613'36121‘011-[ x4 2,3,76

3?353

* —
= l) ‘1,‘)"&“/'2,[‘
So, what should we do?

Rational Root Theorem

» Rational Root Theorem narrows down the possible roots.

] Factors of constant term a,
Potential root = + - —
Factors of leading coefficient a,,

. t tant t
» I the roots are rational numbers, the roots can only be 4 —Z8ctors of constant term do
factors of leading coef ficient a,’

Definition

Question 17 Walkthrough. _{. é , 3 3
g '/ 6 / 2 ) 3 %

Find all the roots of f(x) = 6x3 + 13x? — 14x + 3.

Ju)#o
L(-1)7©

f(2)7z0
{12)- 6(-27)13(2) - 11(-3) 3 :

(L2 FH2 13 ‘
— 1204120 =Y

Hed | 6ass 3ant

{(x)- (“3)(5‘?’5’”4
,g(( g) =0 — X+2 ¢ a {)a,ufw - (Xf’),)(&ﬂ)@x“'_/

UV

N
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NOTE: All the roots are part of the suggestion given by the rational root theorem.

4

P

Question 18

Question 18

Find all the roots of f(x) = 2x% — x? — 22x — 24.

= 6 —¢-24 +4¢4

Find all the roots of f(x) = 2x3 — x? — 22x — 24.

1L(-z>= 209} -(~2* —22¢-2)~2¢
P 2(-3) — 4 t44-2¢4

& Z(‘qu2.12.3¢84 %63

21@}

l‘flkz‘[‘2l 12 3(8\ "flb\ﬁ 1

J
:.f(x)a (2+2)(2n2 ~S2-12)

.-.(7&(—2)[211_ . —(3J

- (7”'2) [2;{ (x- Q)+3(1~QJ
{(1) = (xfz) ZZZM-.S)(I "‘f)_j

2= -2,4,~ 3

o «ID

Discussion: Why is rational root theorem called a rational root theorem?

stos r akionad solutons

 frouhors)

Space for Personal Notes
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Question 19 Extension.

Find all the roots of f(x) = 6x3 + 19x2 — 24x — 16.

v ( 3 E - =10= )
solve\6- x“+19-x 24- x-16 O,X
=

.

—

x=-4 Oor x==— Or x=

w |

Space for Personal Notes
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|

Sub-Section: Sum and Difference of Cubes 6

) 2
a "b = (l o fa-Ur
Sum and Difference of Cubes

a3 + b3 = (a + b)(a® — ab + b?)

a3 — b3 = (a — b)(a?* + ab + b?)

Question 20 Walkthrough.

Factorise the following polynomial as much as possible.

= (x+s)(x®-5x 425)

Question 21

Factorise the following polynomial as much as possible.

8x3 — 216

@ 62‘%_ 21b @ 87(3- 2) b
- (@)= ) = §(x*-27)

= 3_/4)3
= (Zx-é)(‘/xla&x 456) 3(% (3) )
- 8("'3)(1143“@

MM12 [1.5] - Polynomials - Workbook ‘1 9
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Question 22 Extension.

Factorise the following polynomial as much as possible.

32x3 — 256

Space for Personal Notes
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Section B: Graphs of a Polynomial
| )
O |
Sub-Section: Graphing Polynomials in the Form of a(x — h)™ + k ®

t _ [ [ \” |
47 =)k
Graphs of a(x — h)" + k, where n is an Odd Positive Integer

» All graphs look like a “cubic”. n OAJ ( n >')
Y Y
N N

Sl'o\'l'ior\mg point Slwl'ionavg point

of inflection of inflection
AN{(W3)
3 (, ©
¢ ] —>x < ' “>x
0 0

a>0

» The point (h, k) gives us the stationary point of inflection.

h 4

4
N

A<D

» n cannot be 1 for this shape to occur!

Space for Personal Notes
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Question 23 Walkthrough. Pomt &e N\-(' (e pron

Sketch the graph of y = (x + 2)3 + 3 on the axes below.

. (—2/3)

J- (l)gkz
=€«

= (f

(x'f 1);-(- &;D
Ll-( 1)25 -3
)

r A 2: (-3)3!
X=-2-(3)3

Question 24 POJ . (', - S )

Sketch the graph of y = (x — 1)3 — 5 on the axes below. < f . 3_, - -
I d:C0)>-8--¢
Q +83 o) : Co,-6)
/ i

4-

2] I

) OASZO)

& = = =1 s © -

«,-s)

MM12 [1.5] - Polynomials - Workbook
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PoI:

Question 25

Sketch the graph of y = %(x — 2)3 4 6 on the axes below.

Y
10+

(Z,6)

o€ & A+ Z (R PER WA R
(2-|1 {o)
4
-0 g
| |
\r - 3(‘1) 16
; —10\'
L(x-2)%b="7 - ~4+6
& J }
-
(=2- UZ) 3I/l/hatabauz‘el/en powers?
| (o)
Graphs of a(x — h)" + k, where n is an Even Positive Integer D
LN
» All graphs look like a “quadratic”. n (3 w
4 4
pa 0 ! N
(k) ) (nK)
° a <o
a>0
» The point (h, k) gives us the turning point.

MM12 [1.5] - Polynomials - Workbook
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1Tr:
Question 26 Walkthrough. ’

Sketch the graph of y = (x + 2)* + 1 on the axes below.

(.

/. \
(,1_/1)

4 e Lz)"+l

= (0,17)

Question 27 'TP - C [) q)

Sketch the graph of y = —(x — 1)* + 4 on the axes below.

C':")

MM12 [1.5] - Polynomials - Workbook
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Question 28 Extension.

TFr: (2,-3/

T 374 (-2)"-3

(o,s) - 6-3
-3

Sketch the graph of y = %(x — 2)* — 3 on the axes below.

4 )

Space for Personal Notes
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o

Sub-Section: Graphing Factorised Polynomials

What about the graph of a factorised polynomial? .

Exploration: Graphs of Factorised Polynomials

All - ¥ linear factors
correspond to - MW"’ of the graph. ( .t
4 2 -
N . ‘
in q i
\g\// < e “md ))
o i b C
acbeccC ;
» Eg., f(x) =(x—a)(x—b)(x— c)results in x-intercepts at (a, 0), (b, 0) and (c, 0).
—
All S_?@_ linear factors
correspond to - jga;efﬁ ¢e twn. mh of the graph.
)

( bouce off
‘fL\( -ax§

“\/""

eq f(x):( x-a)l(x -lr)

6
o “hlaw

MM12 [1.5] - POWI’IOIﬂ]lS - Workbook ‘26
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M linear factors

infleetron

\

NUVASETS

v

» Eg, f(x) = (x—a)*(x — b) will have an x-intercept (a, 0) which is also a local minimum/maximum.

correspond to x M} ‘ W%M\q nhb"of the graph.

(C'A’S o x-aik
'lh( aCIJAf

» E.g., f(x) = (x —a)®(x — b) has an x-intercept (a, 0) which is also a stationary point of inflection.

» Steps:

1. Plot x- mtercepts

3. Use the repeated factors to deduce the shape.

Non-Repeated: Only x-intercept. A) x
R

Even Repeated: x-intercept and a turning point.

R

Graphs of Factorised Polynomials Definition

’
2. Determine whether the polynomial is positive or negative. C .Mh‘a wep( b T
or < O

Odd Repeated: x-intercept and a stationary point of inflection. t

[ 9y

Space for Personal Notes
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Question 29 Walkthrough.

Sketch the graphs of the following functions on the axes provided. Ignore the y-axis scale.

a. y=fx+1)2(x—2!
,—A

Pos shepe

4 3 -2 4 0

MM12 [1.5] - Polynomials - Workbook
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Your turn! .

Question 30
Sketch the graphs of the following functions on the axes provided. Ignore the y-axis scale.
a. y=02+x)(5-—x)2

L
>0
d f'%l"’M
S

.wh’m odd

C3)

b. y=(x+3)3x—-1)(x-5)

. - 5
PogTH\& C 2 °)
Stuuhion
(13, ) Po.w ‘Uj
mf ")

“6

. 3
MM12 [1.5] - Polynomials - Workbook ‘j-\M (3) -\)( S) ‘29
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Question 31
Sketch the graph of the following function on the axes provided. Ignore the y-axis scale.
- b y=x-1)°x+1D*(x—2) ALs ("'c)
- -_—
PoT (i °©)
( even ) N\ 7 g
gt (0,
/

-3

Space for Personal Notes
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Contour Check C!

Learning Objective: [1.5.1] - Identify the properties of polynomials and solve
long division.

Key Takeaways

O The degree of a polynomial is the polynomial's ‘\'\3‘*&} v power.

\
O The roots of a polynomial are its -/ r gf )

O For polynomial long division:

Dividend

— = Quotient + M'W

Divisor m ,
0

Learning Objective: [1.5.2] - Apply remainder and factor theorem to find
remainders and factors.

Key Takeaways C
O When P(x) is divided by (x — «), the remainder is E ‘ Q) f, 5
O If P(e) =0then (x —a) isa :ﬁag“’ of P(x).

MM12 [1.5] - Polynomials - Workbook ‘31
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Learning Objective: [1.5.3] - Find factored form of polynomials.

Key Takeaways

O Steps to factor a cubic polynomial are:
O Find a single root by trial and error.
(Factor Theorem: Substitute into the function and see if we get 0 )

O Use ,Qnﬂ At!ﬁ\ 0N 1o find the quadratic factor.

O Factorise the quadratic.

O Rational Root Theorem narrows down the possible roots. If the roots are rational numbers, it
must be that any.

Factors of _omtaat &r# q,

Potential root = +
~ Factors of %ﬂf&u a,

O Sum and difference of cubes:

a3+ b3 =( a+(r )(a® — ab + b?)

@-b=( Q=0 )a?+ab+b?

MM12 [1.5] - Polynomials - Workbook ‘32
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Learning Objective: [1.5.4] - Graph factored and unfactored polynomials.

Key Takeaways

O Graphs of a(x — h)™ + k, where n is an 0dd Positive Integer that is not equal to 1:

O The point (h, k) gives us the stationary point of iﬁg(&‘ { 0.

O Graphs of a(x — h)™ + k, where n is an Even Positive Integer:

O The point (h, k) gives us the t'WV\\N\ Wt

O These graphs look like a ola. 7 M/W“
O Steps to graphing factorised polynomials:
1. Plot x-intercepts.

2. Determine whether the polynomial is positive or negative.

4
J =(« —Q) (l—(f) (I-cf
3. Use the repeated factors to deduce the shape: -—

Non-Repeated: Only__ %~ Nl"‘d‘b‘ﬂf (C«b x-arxy (ke o 'Mc)

Even Repeated: x-intercept and a {; !gl!‘!% E’Qlﬂt ( b Ouncer ’(f x—am)
0dd Repeated: x-intercept and a M%_MM{W -

MM12 [1.5] - Polynomials - Workbook ‘33
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Website: contoureducation.com.au | Phone: 1800 888 300 | Email: hello@contoureducation.com.au

VCE Mathematical Methods 2
Free 1-on-1 Consults

What Are 1-on-1 Consults?

Who Runs Them? Experienced Contour tutors (45 + raw scores and 99 + ATARs).

Who Can Join? Fully enrolled Contour students.

When Are They? 30-minute 1-on-1 help sessions, after-school weekdays, and all-day weekends.
What To Do? Join on time, ask questions, re-learn concepts, or extend yourself!

Price? Completely free!

One Active Booking Per Subject: Must attend your current consultation before scheduling the next. :)

VVVYYVYYVYY

SAVE THE LINK, AND MAKE THE MOST OF THIS (FREE) SERVICE!

Booking Link

bit.ly/contour-methods-consult-2025
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