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G.ONTOUREDUCA'HON Year 10 Mathematics

Section A: Recap
o

Q
Sub-Section [3.2.1]: Carry Out the Process of Completing the Square @

Completing the Square for Monic expression Definition

» To complete the square of a quadratic expression: x? + bx + c.

@ Step 1: Halve the coefficient of the middle (x) term, g.

& Step 2: Square x + b (Note: b can be + or —).
2

2
& Step 3: In order to keep the original quadratic the same, subtract (g) from the expression.

& Step 4: Keep constant c in the equation.

» So, we can write the formula as (x + 2)2 — (2)2 +c.

» If you ever forget how to do it, you can watch these two TikTok videos!

Completing the Square for Non-Monic Expressions Definition

» To complete the square of a quadratic expression:

ax* +bx +c
» Step 1: Take out the factor a for the first two terms:

be
M
a

» Step 2: Halve the coefficient of the middle (x) term, g .
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» Step 3:Squarex + 2% (Note:s can be + or —).

bracket.

2
» Step 4: In order to keep the original quadratic the same, subtract (%) from the expression in the

» Step 5: Keep constant c in the equation.

b\* b2
ax2+bx+c:a<x+—)
2a

Question 1

a x2—-10x+1

Complete the square for the following quadratic expression.

Here,a =1,b = —-10,c =1

Half the coefficient of middle term, — % =-5

Now,
x2—=10x+1=x%—-10x+ (-5)?% - (-5)?%+1

= (x?=10x + (=5)*) —25+1
=(x—-5)?%-24

b. 2x?+6x+1

2x2+6x+1=2x*+3x)+1 (1)
Here complete the square for x? + 3x.
So,a=1,b=3,c=0
Half the coefficient of middle term,%
Now,
crm=vrnt(Q) Q) =+ -() @
2 2 2 2

Sub (2) into (1),
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Question 2 Additional Question.

Complete the square for the following quadratic expression.

a. 3x%2—-12x+2

b. x24+2x+5

3x2—12x+2=3(x%2—-4x)+2 (1)
Here complete the square for x? — 4x.
So,a=1,b=-4,c=0
Half the coefficient of middle term, —% =-2

Now,
x2 —4x = x% —4x + (=2)? — (=2)?
=(x-2%-4 (2
Sub (2) into (1),
3(x2 —4x)+2=3((x—2)2—-4)+2
=3(x—2)2—3(4)+2=3(x—2)2—12+2
= 3(x—2)%—10

Here,a=1,b=2,c =5

Half the coefficient of middle term,% =1

Now,
x?+2x+5=x*>+2x+(1)>-(1)?+5
=x?+2x+(1)>)—-1+5
=(x+1%*+4
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—q
Sub-Section [3.2.2]: Factorise by First Completing the Square @

Definition

Factorising Monic Expression by Completing the Square

x:+bx+c

» Step 1: Complete the square by using the formula:

2

2+ bx + —( +b)2 (b) +
X XT+C=|X 2 2 C

2
¥ Step 2: Simplify the expression and combine like terms — (g) and c.

» Step 3: Factorise using the difference between two squares.

a’ — b*= (a + b)(a — b)

Factorising Non-Monic Expression by Completing the Square Definition

ax? + bx +c
» Step 1: Complete the square using the formula:
2 2
2 _ b\ _b
ax“+bx+c=a(x+
2a
» Step 2: Simplify the expression and combine like terms —E and c.

» Step 3: Factorise using the difference between two squares:

a’ — b? = (a+ b)(a — b)
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Question 3
Factorise the following gquadratics using the method of completing the square:

a x’+6x+4

Here,a=1,b = 6,c =4 =

Half the coefficient of middle term,g =3

Now, B
x2+6x+4=x2+6x+3)>-(3)?%+4
= (x+3)?-5=(x+3)2— (V5)’
=(x+3+V5)(x+3-V5) (a®-b2=(a+b)(a—Dh)) -

7x?—14x+1=7x*-2x)+1 (1)
Here complete the square for x? — 2x.
So,a=1,b=-2,c=0
Half the coefficient of middle term,—% =-1

b. 7x%? —14x+1

Now,
x2=2x=x*-2x+(-1D)*-(-1D*=x-1D*-1 (2
Sub (2) into (1),
7(x?=2x)+1=7((x—-1)?-1) +1
=7(x-1)*-6= (\/7(x — 1))2 - (V&)
=(V7(x-1)+V6)(V7(x—1)—V6)  (a?—b%= (a+b)(a—Db))
= (V7x = V7 + V) (V7x — V7 — V&)

MA10 [3.2] - Quadratic Algebra Il - Workshop Solutions ‘ 6




G.ONTOUREDUCA'HON Year 10 Mathematics

Question 4 Additional Question.

Factorise the following quadratics using the method of completing the square:

a. 5x%+20x+4 S5x2 4+ 20x +4 =502 +4x)+4 (1)
Here complete the square for x? + 4x.

So,a=1,b=4,c=0 —
Half the coefficient of middle term,% =2

Now,
x2+4x=x24+4x+(2)*-(2)?*=x+2)?*-4 (2)
Sub (2) into (1),
5(x2+4x)+4=5((x+2)?—-4)+4
=5 +2)?-16=(V5x+2)) - @7
=(V5(x+2)+4)(V5(x+2)—4) (a®-b%=(a+b)(a—Db))
= (V5x + 25 + 4)(V5x + 2V5 — 4)

b. x2—-8x+11

Here,a =1,b = —8,c =11 —
Half the coefficient of middle term, —g =—4

Now,
x2—8x+11=x%—-8x+(—4)? - (—-4)? + 11 A
—(x—42-5=(x-4?2-(V5)
= (x—4+V5)(x —4-5) (a®> —b%*=(a+b)(a—Db))
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Q>

O |
Sub-Section [3.2.3]: Solve a Quadratic Equation Using Factorisation & @
the Null Factor Law

» The null factor law simply states:

)
then =0 ov
Question 5
Solve the following equations:
a. m?=14m
m? = 14m
m?2—14m=0
mm—14) =0
Thenm=0 or m—14=0=>m =14
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b. n2—=n—-20=0

n2—-—n—-20=0
n?—5m+4n—-20=0

nn—5)+4n—-5)=0
n-5mn-4)=0

>n—-5=0o0or n—4=0
n=5o0or n=4

c. 2x2—-20x—32=0

2x2—20x—-32=0

2(x2 —10x—16) =0
Now, using completing the square method
2(x* —10x + (=5)2 = (=5)?—-16) =0
2((x=5)2-41)=0
2((c+5)2 - (Va)") =0
2(x+5+\/ﬂ)(x+5—\/H)=O

Then, x +5+V41 =0 or x+5—+41 =0
>x=-5-v41 or x=-5++/41
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@

Sub-Section [3.2.4]: Use the Quadratic Formula to Solve a Quadratic @
Equation

Definition

The Quadratic Formula

¥ For any quadratic equation ax? + bx + ¢ = 0, the general formula of solutions is:

B —b + Vb?% — 4ac

2a

X

& Where a, b are the coefficients of x2, x respectively, and c is the constant term.

Question 6

Solve the quadratic equation x? — 7x + 9 = 0 using the quadratic formula. Leave your answer in surd form.

x2=7x+9=0
Here,a =1,b =—-7,c =9
Using quadratic formula,

Lo TNV ED? - 4MO)

2(1)
_7+V49-36 7113
B 2 2

7++4/13 7—+13
Thus, x = ZJ_ or x= ;/_
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Question 7 Additional Question.

Solve the quadratic equation 4x? — 10x + 4 = 0 using the quadratic formula.

4x2 —10x+4=0
Here,a = 4,b = —10,c = 4
Using quadratic formula,

(10 + JE1002 =40 (4)

2(4)
_10+V100-64 10++v36 10+6
N 8 B 8 8

10+6 10—-6 1
Thus,x =——=2 or x=—=-
8 8 2
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@

Sub-Section [3.2.5]: Use the Discriminant to Determine the Number of @&
Solutions of a Quadratic Equation

The Discriminant

» The discriminant, often denoted by A (Delta), is the part inside the square root of the quadratic
formula.

Discriminant = A= b% — 4ac

» The discriminant gives us very useful information about the number of unique solutions that exist in
the quadratic equation.

If A> 0,2 distinct real solutions exist.
If A= 0,1real solution exists.
If A< 0,noreal solutions exist.

» Corresponding graph for each scenario.

] Y Y
N ™ N
<t x bﬂ x & = > x
<+ N2 <+

Two veal solution One veal solution No veal solution
A>0 Aa=0 A<O
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Question 8

Find the discriminant for each of the following quadratic equations. Hence, state the number of real solutions they
have. You do not need to solve the equations.

a x2—4x+4+10=0

x2—4x+10=0
Herea=1,b = —4,c =10
D = b? — 4ac
=(—4)?-4(1)(10) =16 —-40=—-24 <0
-~ No real solution exists.

b. 2x2—-5V2x+4=0

2x2—5V2x+4=0
Here,a = 2,b = —5v2,c = 4
D = b?% — 4ac
2
=(-5v2) —4(2)(4)=50-32=18>0
-~ 2 distinct real solutions exists.
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Question 9 Additional Question.

Find the discriminant for each of the following quadratic equations. Hence, state the number of real solutions they
have. You do not need to solve the equations.

a 4x’+4x+1=0

4x> +4x+1=0
Here,a= b =4,c=1
D = b? — 4ac
=4)?-44)(1)=16-16=0
~ only 1 real solution exist.

b. 9x2—-1=0

9x2—-1=0
Herea =9,b =0,c = —1
D = b? — 4ac

=(0)2-409)(-1)=36>0
~ 2 distinct real solutions exists.
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Question 10 (2 marks)
Determine how many solutions the following equation has:

x> +3x+1=7x—-1

In[12]:= Discriminant [xz +3x+1-7x+1, x]

put[18]= 8

[BTherefore 2 solutionsil

Question 11 (4 marks)

Complete the square by finding the missing values.

2
a. (x—g) =x2—%x+g.(2 marks)

We know, (a — b)? — a? — 2ab + b2.

2
Compare (x—%) =x2—%x+%with (a—b)? —a? — 2ab + b?
O
8
2
— Thus,(x—) =y -y 428

8 64

10 5
a=x,b= and2ab=?x=>2><x><§

b. x2—5x+[ = (x—[])° (2 marks)

Compare x2 — 5x +[_| = (x —=[])* with (a — b)? — a? — 2ab + b?
—_—] a=x,b=unknownand2ab=5x:>2><x><§

2
| Thus,x2—5x+=(x—§>
4 2
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Question 12 (6 marks)

Solve for x using factorisation.

9+3x
2x

a. = x. (3 marks)

b. (x —3)% = 2x + 2. (3 marks)

94 3x
2x
9+ 3x = 2x X x = 2x?
2x>—3x—9=0
2x>—6x+3x—9=0
2x(x —3)+3(x—3)=0
(x—3)2x+3)=0
Thus,x —3=0o0r 2x+3 =0
=>x=3 or x=—%

(x—3)2=2x+2
Since, (a — b)? = a? — 2ab + b?
=>x2—6x+9=2x+2
x> —6x+9—-2x—2=0
x2—-8x+7=0
x2=7x—x+7=0
x(x—7)—1(x—-7)=0
x—7Nx-1=0
Thus,x —1=0 orx—7=0
>x=1o0ox=7
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Question 13 (4 marks)

If the equation (1 + k?)x? + 2kqx + q? — p? = 0 has a unique real solution, then find g2 in terms of p and k.

Compare (1 + k?)x? + 2kqx + q* — p? = O withax? + bx + ¢ = 0.
So, a=1+k? b=2kq c=q?—p?

Since, given equation has unique solution= D = 0
b? —4ac =0

(2kq)? —4(1 + k*)(¢* —p*) =0
4k? 2—4(q2—p2+k2 2_k2p2) =0
4k?q* — 4q° + 4p* — 4k*q* + 4k*p* = 0
—4q* + 4p* + 4k*p* = 0
—q?+p?+k*p?=0
q% = p? + k?p?

q* =p*(1 +k?)

Question 14 (3 marks) Extension.

Solve the following equation for x.

x*—13x24+36=0

[24]:= 5D1UE[K4 -13x? + 36 = e, x]

ti24]= {{x— -3}, {x= -2}, {x= 2}, {x->3}}
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Question 15 (3 marks) Extension.

Find the value(s) of m for which the graphs of y = mx + 2 and y = x2 + 3x + 2 have One point of intersection.

m=3

In[55]= Solve[m#ex+2 == x"2+3x+ 2, x]

out[55]= {{®x =8}, {(x=-3 +m}}
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CAS

Calculator Commands: Solving Equations Using CAS

» TI-Nspire

© In a Calculator page use Menu > Algebra >
Solve and type as shown ending with x.

.
solv0(2 x“-41 x-O,\') x=0 or I-ﬁl
2

(eeartsnd o el
solve\d x“+4 x-15=0x Xr— O X

)

)

& Note: If your answers are decimal then
change the Calculation Mode to Auto in
Settings on the Home Screen.

& Use Menu > Algebra > Solve and type as
shown.

» (asio ClassPad

& In the Main application, type and highlight
the equation.

& Tap Interactive > Advanced > Solve.

& Edit Actionllnteractive|
05 1 | 1., | f&| Transformation ’
- solve Advanced »
dSolve Calculation ’
taylor Complex »
laplace List »
invLaplace Matrix 3
fourier Yector »
invFourier Equation/Inequality »
FFT Assistant »
IFFT Distribution/Inv. Dist *»
Financial ’
Define
Alg Standard Real Rad ]

Hesize Swap Fotate Esc

Ed Bd b O

Main

04

Menu
| m] m]
| m]| m]

ettings

&

& Tap OK.

solve(Z-x2+3-x—1=D, x]
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Question 16

Solve:

x2—x—-210=0

x=15 or x=-14

CAS

Calculator Commands: Factorising Via CAS

» TI-Nspire

& Menu > 3 Algebra > 5
Complete the Square.

completeSquare(x?‘ +6 x+ 2,x)

» C(asio ClassPad

& Add keyboard, select ‘abc’.

abc T ofiy T Math TSymholW

& Type in ‘completesqr’ and enter the
expression in the bracket.

completesqr {x"2+6x+2)

1(2|3(4|5(6|7|8|9|0|-
q|wle|r|t|¥y|(u|li|o|p|@
s|d|(flg|h|ilk|]]:
$|z|x|c|v|b|n|m|, |. [cars
- -+~ Space EXE
Alg Decimal Real Deg @ (@

(x+3)2-7
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Question 17

Factorise the expression by completing the square:

x2—9x +1
gy 9 77 9+\/77
omiEr Ty T )Pt
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Question 18 (6 marks)

(in metres) is given by:
S=-2x*+8x+6

a. Express the equation in the form of S = a(x — h)? + k. (2 marks)

Lucas is a cyclist riding along a curved track. His speed S (in metres per second) along the track at any position x

=—-2x24+8x+6
—2(x%? —4x - 3)

N “

—2(x? —4x+ (-2)> = (-2)*-3)
-2((x—2)?—-4-3)

—2(x—2)>+14

b. Hence or otherwise, determine the maximum speed and the position x where it occurs. (1 mark)

S=-2(x-2)2+14
Since maximum of y = —ax? + b occurs at x = 0, maximum of S occurs at x — 2 = 0.

>x=2
Subx =2intoS = —-2(x —2)? + 14
S=14

Thus maximum speed is 14m/s occurring at x = 2 metres.

form. (2 marks)

c. Use the null factor law to find the exact positions where Lucas's speed is zero. Express the answers as surd

Find exact position when S = 0.
— 2(x-2)*+14=0
14—-2(x—2)2=0

— (1®)' -(V2x-2) =0

Thus, V14 —vV2(x —2) =0 orvi4++V2(x—2)=0

— 1 iz _
x—ﬁ+2—\/7+2, or
V14 . .
— x=—"F+2= —/7 + 2 (not possible, x cannot be negative)

Hence, At (2 + /7) metres Lucas's speed is zero.

— | (VIA-V2(-2))(VIE+V2(x-2))=0 {a®-b*=(a-b)a+bh)} |

MA10 [3.2] - Quadratic Algebra Il - Workshop Solutions
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d. Hence or otherwise, determine if Lucas stops beyond 5 metres. (1 mark)

Since,2 <7 < 3
224+2<\V74+2<342
4<+7+2<5

Since,v/7 + 2 < 5, Lucas does not stop beyond 5 metres.

Question 19 (10 marks)

Dreamworld on the Gold Coast, Australia, features a ride called The Giant Drop, where riders are lifted to a great
height before being released in free fall. The height h (in metres) of a rider on The Giant Drop can be modelled by:

h = —5t% + 20t + 115

Where t is the time (in seconds) after launch, and v, is the initial upward velocity in metres per second. The tower
itself is 115 metres tall, and the ride propels passengers 16 metres above the tower before they fall.

a. Find the time t when the rider reaches its maximum height. (2 marks)

Yo

10

Sub vy = 20into tay —
20

tmax = 0° 2 sec

From (a), tyax =
Yo
10"

b. Determine how long the rider spends above 130 metres before falling back below this height. (3 marks)

Solve for h = 130.
—5t2 4+ 20t + 115 = 130
—5t24+20t—15=0
Using quadratic formula,
—20 4+ /202 — 4(=5)(=15) —20 ++/100
2(=5) B -10
1 1
t = E(ZO - 10)’E(20 +10)=1,3
So, the rider is above 130 metres from 1to 3
Thus, time above 130m = 3 — 1 = 2 sec.

t =

1
=—(20F10
7o ¢ )

MA10 [3.2] - Quadratic Algebra Il - Workshop Solutions

Cc




(S0ONTOUREDUCATION

Year 10 Mathematics

C.

Determine how many times the rider reaches the launch height of 115 meters by calculating the discriminant
of the quadratic equation. (2 marks)

—5t2 4+ 20t + 115 = 115
—5t2+20t =0
Here,a = —=5,b = 20,c =0
s0,D = (20)% — 4(=5)(0) = 400 > 0
Hence, rider reaches the launch height 2 times.

d. Solve for t when h = 115 m using the quadratic formula to verify the total ride time. (3 marks)

h =115
—5t%2 + 20t + 115 = 115
—5t2+20t =0
Using quadratic formula:

¢ = Z20V50  (tom (d), D = 400)

2(-5)
_T20£20
==
Thus,t =2—2, 2+2
t=0, t=4

Hence, total ride time is 4 sec.

MA10 [3.2] - Quadratic Algebra Il - Workshop Solutions
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Free 1-on-1 Consults

,
What Are 1-on-1 Consults? —L}‘

Who Runs Them? Experienced Contour tutors (45+ raw scores and 99+ ATARs).

Who Can Join? Fully enrolled Contour students.

When Are They? 30-minute 1-on-1 help sessions, after-school weekdays, and all-day weekends.
What To Do? Join on time, ask questions, re-learn concepts, or extend yourself!

Price? Completely free!

One Active Booking Per Subject: Must attend your current consultation before scheduling the next:)

vVvyvVvvYyvyy

SAVE THE LINK, AND MAKE THE MOST OF THIS (FREE) SERVICE!

G

Booking Link

bit.ly/contour-maths-consult-2025
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