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G"ONTOURE DUCATION VCE Methods % Questions? Message +61 440 138 726
Section A: Recap

The Exact Values Table
x 0 (0°) T 309 T (459 T (609 T (909
6 4 3 2
sin(x) 0 1 E E 1
2 2 2
cos(x) 1 E \/_i 1 0
2 2 2
tan(x) 0 % 1 V3 Undefined
Particular Solutions Definition

¥ Solving trigonometric equations for finite solutions.
» Steps:
1. Make the trigonometric function the subject.
2. Find the necessary angle for one period.
3. Solve for x by equating the necessary angles to the inside of the trigonometric functions.

4. Add and subtract the period to find all other solutions in the domain.
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a

Definition

General Solutions

» Solving infinite trigonometric equations.

» Steps:

1. Make the trigonometric function the subject.
2. Find the necessary angle for one period.

3. Solve for x by equating the necessary angles to the inside of the trigonometric functions.

4. Add period X n wheren € Z.

Definition

Period of a Trigonometric Function

/s

Period of sin(nx) and cos(nx) functions = -
- - n

Period of tan(nx) functions = n

>

Where n = coefficient of xandn > 0
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a

Amplitude, Period and Average Value

Definition

Fory = Asin/cos (nx + b) + k

AMPH‘M.AQ/
\ AVWAQ@

C Value

Consider the sign of our graph

Amplitude = |4|

Period = 2=

In|

Average Value = k

Graphing of sin and cos Functions Definition

1. ldentify Amplitude, Period, Mean Value and Positive/Negative Shape.
2. Create a “mini-version” of the graph you are about to draw.
3. Start plotting the function from when the angle = 0.

4. Draw the start and end of the periods, and plot the halves (turning points).

wv

Find any x-intercepts.

6. Join all the points!
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Finding the Rule

Amplitude (4) = w
Average (k) = M
a
Fraction of Period
F ” f Period Duration
raction of Period =
Period
) Duration
% of Period = Poriod X 100%

Graph of Tangent

Y = tan (K)

o

M
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Steps for Sketching tan Functions

1. ldentify:

& The period ==,

n

T

2. Find the vertical asymptotes by solving for angle = >

3. Find other vertical asymptotes within the domain by adding the period to the answer from the
previous step.

G Forinstance, for tan (Zx - g) solve 2x —g = %for x.

4. Plot the inflection point (h, k). (Midpoint of the two vertical asymptotes.)
& x-value of inflection point = x-value which makes angle = 0.

€ y-value of inflection point = vertical translation of the function.

eg: +an(x-k) +k

(W, )

5. Find any x-intercepts.

6. Sketch a “cubic-like"” shape.
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Section B: Warm Up (6 Marks)

INSTRUCTION: %

» Regular: 6 Marks. 9 Minutes Writing.

» Extension: Skip

Question 1 (3 marks)

Sketch the following function on the set of axes below, labelling all axes intercepts, endpoints, and turning points
with their coordinates.

f(x) =1—-2sin(2x),x € [0, 2]
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Question 2 (3 marks)

Sketch the following function on the set of axes below, labelling all axes intercepts and endpoints with their
coordinates, and the asymptotes with their equations.

h(x) = — tan(x) + V3,x € [-m, 7]
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Section C: Exam 1 Questions (19 Marks)

INSTRUCTION:

» Regular: 19 Marks. 5 Minutes Reading. 27 Minutes Writing.

» Extension; 19 Marks. 5 Minutes Reading. 19 Minutes Writing.

Question 3 (5 marks)

Consider the function:
g(x) = V3 + 2 cos(—x),x € [0, 2m]

a. Sketch the graph of y = g(x) on the axes below, labelling all axes intercepts, endpoints and turning points
with their coordinates. (3 marks)

(21T, 2+ 1/3)

(7_Tr

~

o 0
) 6')
: : : —>x
2 T 4n o 2m
3 3
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b. What fraction of the graph of g(x) lies above the x-axis? (2 marks)

Below for:
71 5 n
S 63 UM
/3 _ l

So, fraction below is —

21

Fraction above is:

< (1A)

Question 4 (3 marks)

» ran = [—4,6].
» f(0)=1.

» The period is 7.

A trigonometric function with rule f(x) = asin(bx) + c, satisfies the following properties:

Find a possible rule, for the function f, that satisfies all of these properties.

—*% = 1 (Average value, 1M)

6—(—4)
2

= 5 (Amplitude, 1M)

f(0) = 1 s0, using a sine function is a smart choice
period = m = coefficient in front of x is 2.

f(x) =5sin(2x) + 1 (1A)

Note: f(x) = —5sin(—2x) + 1 is also correct
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Question 5 (6 marks)

a. Sketch the following on the axes below, labelling all axes intercepts, endpoints, and turning points with their

coordinates. (4 marks)

y=ZSin(g— 3x)—\/§,xe —

m T

3’3

3]

R
18 3
_35] (3 74)
(o '
431 (?_g’ - 1/3)

b. What fraction of the graph lies below the x-axis? (2 marks)

Below for:
I_Z4IZ_3T(1Mm)
3 9 3 9
Therefore,
5t/9 _5/9 _ 5
2?” T 6/9 6 (14).
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Question 6 (5 marks)

a. Sketch the following on the axes below, labelling all intercepts, and endpoints with their coordinates, and all

asymptotes with their equations. (3 marks)

y=1—tan(§—x), X € [—m, 7]

.4

Y

b. What fraction of the graph lies below the x-axis? (2 marks)

Amount below is:

s s T T Vs
2tntsts=z(UM

Therefore, fraction below is:

n/2 1
2. =z (14)

21
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Section D: Tech Active Exam Skills
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CAS

Calculator Commands: Degrees and Radians

» Tl

& Doc—> 7- 2

Document Settings

Display Digits: | Float 6 n
Angle: | Radian -
Exponential Format: il
Degree

Real or Complex: Sradian

Calculation Mode: | Exact »

» C(Casio

& Change at the bottom of
the screen.

0
Alg Decimal Real (Rad

» Mathematica
& Inradians by default.

& Write "Degree.”

In[27]:= Sin[30 Degree]

1
out[27]= —
2

CAS

Calculator Commands: Solving trigonometric functions.

» Tl

© solve(trig(..) = a,x) |
domain restriction.

& | is under control equal.

» C(Casio

© solve(trig(..) = a,x) |
domain restriction.

& | is under maths 3.

» Mathematica

& Solve[trig[]] == a &&
domain restriction, x].
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CAS

Calculator Commands: Graphing

—_——

*10.5

XMin:
XMax:
XScale:
YMin:
YMax:

YScale:

» Open a graph page and plot your function.

» Zoom settings: Menu — 4 (window / zoom) — 1 enter your x and y-ranges.

N \ilindow Settings “.

-10.5
10.5031446540881
Auto d
-6.9182389937107 2 "1?';;
6.4150943396226 )
Auto d

OK Cancel

DelL I

b

» (Canalso click the axis numbers on the graph and alter them directly.

-

"-40.5

» Menu - 6 (Analyse) to find min / max x and y-intercepts.

» Restrict the domain to 0 < x < 2, use the bar to get it > < | | from ctrl+ =

fl(x)=x3—2x2|0<x<2‘

_\/H(x) .t - 2.2 10.5

k3

< F |
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¥ (Casio: Click graph & table, and enter the function.

X

MENU &

& EditAnaIysis .
¥ | 9| Boy & Ikl

T2

r Factor
2 (@) Main Zoom In 15
| 14
Zoom Qut la
. v Auto 12
eAl:tivity Statistics Original 11
- - Square 10
- - - Round :
§ - G &
E Table Imteger :
. Previous 6
- Initialize 5
M 30 Graph Geometry Quick ’ g
: 2
e 1
S Picture Interactive X
2 Plot Diffcalc 12 &
2
— .
E Conics @ glrgth_ 4 1
X EAES
- g Deg  Real Tom
» Analysis - G-Solve to find intercepts.
» Use this button E:] ]Ito set the view window.
Yiew Window
File Memory
[ Ix-log [ ]y-log
¥min
max 5
scale: 1

dot :0.0324675324675325
ymin =1.765
max :0.563

1 P |

» Use | to restrict the domain — find it in Math 3.

M y1=43_2.52 | 0<x<2

» Mathematica: Plot[function, {x, xmin, xmax}, PlotRange — {ymin, ymax}]

& PlotRange is optional but can be used to make the scale appropriate for the question.
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Section E: Exam 2 Questions (30 Marks)

INSTRUCTION:

» Regular: 30 Marks. 5 Minutes Reading. 45 Minutes Writing.

» Extension: 30 Marks. 5 Minutes Reading. 30 Minutes Writing.

Question 7 (1 mark)

What is the amplitude and period for the following function:

fx)y=1-2 sin(4x—%)

B. 2,2w

O
N
NE

O
S
S

Question 8 (1 mark)

The general equation for all the asymptotes of y = tan(x), can be found by solving for x in the equation:
A. sin(x) =0

B. cos(x)=1

C. sin(x) =1

D. tan(x) =1
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Question 9 (1 mark)

Which of the following is false?

A. The amplitude of a trigonometric function does not depend on the dilation along the x-axis.
B. Some trigonometric functions can always satisfy the equation: f(x) = k, k € R.

C. The tangent function is defined for the domain x € R.

D. The sine function is defined for the domain x € R.

Question 10 (1 mark)

Which of the following has a range of [—3, 2]?
A. 2.5 cos(x)

B. 3cos(x)

C. 2.5cos(x) — 0.5

D. 2.5sin(x) + 0.5

Question 11 (1 mark)

What is the period and average value of the following trigonometric function?

y=sin(§x+2)—1

A m-—1
B. 4m,1
C. 4-1
D. 1,-1
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Question 12 (1 mark)

What is the equation for the asymptotes of the following function?

f(x) = tan(Zx - g)

nmww
A X—T+E
nm b4
B.x=%-1&
__(en—-1)m

C. x= >
D x_(6n+1)1'r

12

Question 13 (1 mark)

What fraction of the graph y = sin(x) lies above the x-axis?

A 1L
2

Question 14 (1 mark)

Which of the following is not the same as the rest, for n € Z?

A (6n—7)m
B. (6n+ )m
C. (bn—1)m
D. (6n—5)m
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Question 15 (1 mark)
Which of the following best represents a part of the graph of:
y = /3 — tan(x)
Y
A E. ol
44
-2+ 2+
41 41
Y Y
M M
C. o . o1
4 4+
24 24
) -2 0 / 2 . ) -z Q 2 .
21
41 44
o e
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Question 16 (1 mark)

N

0.5t

7

(2.TT, 0. 5)

(-2m,

A. y=0.5sin G) -1
B. y=—sin (g) +0.5
C. y=sin (g) —-0.5

D. y =sin (z) - 0.5

_1.5)’1'5£}

2

(0, -0.5)

Which of the following functions could represent the graph above?
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Question 17 (20 marks)

The height of a carriage above the ground on a Ferris wheel can be modelled by the following equation:

h(t) = 2 ("t+”)+3
(t) =2cos 2 3

where t > 0 is the amount of time passed in minutes.

a. How long does it take for a carriage to go around the Ferris wheel once? (1 mark)

Period of cosine is given by:

Period = = 8 minutes [1A]

w2 5

b. What are the maximum height and minimum height of a carriage in the Ferris wheel? (2 marks)

Max height: 2+ 3 =05 [1A] Min height: —24+3=1 [1A]

c. Rewrite h(t) in terms of the sine function. (2 marks)

T
| Using the identity cos(x) = sin (E - ,r) [1M some appropriate working)

1

wt 7
h(t) = 2sin (—? + {—) + 3 [1A or any equivalent formulation)|
5
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d. A carriage can only take passengers when the Ferris wheel is at its lowest point. find the time ¢, in minutes,
when this occurs. (3 marks)

The minimum occurs when:

cos (? + E) =—1 [1M]

=

mw
— + -

1

=m+ 2mn I

wlH

8 _
] — 3+ 8n, ne Z U{0} —

[1A for 8/3, 1A for general solution with correct domain restriction)|

e. Sketch the graph of h(t), for the first 2 periods on the set of axes below, labelling all turning points and axes-
intercepts. (4 marks)

1%

[1IM shape, 1M over two periods, 1M turning points (exact values needed),
1M y-intercept]
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f. A good view of the city can be seen when the carriage is more than 2 m above the ground.

i. For what fraction of the ride can passengers get to see a nice view? (2 marks)

Let us solve h(t) = 2 over the first cycle.
4
We get t = q,cl. [1M]

Then by the shape, we have the portion below as

4-4/3 1

3 3

i

so the portion above is 3 [TA]

ii. Atwhat times is the carriage at exactly 2 m and travelling upwards? (2 marks)

From above and the shape of the graph we have the first time is ¢ = 4. [1M]
The period is 8 minutes. So all values are

t=448n, neZ"U{0} [1A]

iii. At what times is the carriage at exactly 2 m and travelling downwards? (2 marks)

©

First time occurs at £ = —. [1M]

The period is 8 minutes. So all values are

1
t=g+ 8n, neZ U{0} [1A]
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g. To make the ride more exciting, the Ferris wheel has been reprogrammed to follow a new path such that the
height can be modelled by:

nt w ymt
hpew(t) =2 COS(Z+ §> — sin (?+ §) + 4

What is the total time for one ride (one ride is one complete cycle) now? (2 marks)

Find LCM of periods: -

2 2
7] Period of cosine = ?T =8, [Deriod of sine = ?T =6 [1M] i
) 4 m/ 3

LCM of 8 and 6 is 24 minutes which is now the time of the ride. [1A]
_| Alternatively the answer could be found by just sketching the function on CAS and

seeing when it starts to repeat.
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Section F: Extension Exam 1 (16 Marks)

INSTRUCTION:

» Regular: Skip

» Extension; 16 Marks. 2 Minutes Reading. 20 Minutes Writing.

Question 18 (7 marks)

Consider the following function:
/x0T
fx) = 251n(§_§) +1,x € [0,3m]

a. Sketch f(x) on the set of axes below. Label all axes intercepts and turning points with their coordinates.
(3 marks)

b. What fraction of f(x) lies above the x-axis? (1 mark)

3n—-m/3 _ g(lA)

3w
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c. Consider another function,

X T
g:R%R,g(x)zZsin(E—§)+1.

What fraction of g(x) lies above the x-axis? (1 mark)

3n-m/3 _ 2
4am 3

(1A)

d. Now consider the function
h:R—-> R h(x)=gx)+k

Find the value of k such that % of h(x) lies above the x-axis. (2 marks)

By symmetry we will have that % of

y=251n(§—g)—1

lies below the x-axis. So % will lie above. (1M any reasonable
method that leads to answer)

Thus k = =2. (1A)
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Question 19 (9 marks)

Consider the function:

f(x) = 2sin?(x) — cos(x) — 1

a. Solve the equation f(x) = 0. (3 marks)

We can write

Let w = cos(x), then:

So cos(x) = 3 O cos(x) = —1

-

f(z) = 2(1 — cos?(z)) — cos(z) — 1 = —2cos’(x) — cos(z) + 1 [1M]

22 —u+1=0
T Lyu—1=0
(2u —1)(u+1)=0
1

==, —1
U 5

[1M]

T = i% t2nm or z=(2n+1)r neZ [1A]

b. Consider the function:

g:[-1,1] > R, g(x) = —2x?> —x+ 1

i. Find the range of g. (2 marks)

Now also note that

Check values at endpoints:

g(—1)=—=2(1)+1+1=0
g1) = =2(1) =1 +1=—2 [1M]

. 0?9
glx) = -2 (:1:71) +§

. . 19 .
s0 there is a maximnn at (3. 3) Therefore,

9

ran g = [72., g} [1A]
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ii. Hence, state the range of f. (1 mark)

Note that f(z) = g(cos(x)), and cos(x) € [-1,1]
So range of [ is the same as range of g over [—1, 1]:

9
ran f = {—2, g] [1A]

c. Partof the graph of y = f(x) is shown on the axes below.

Use your answers to the previous parts to sketch the rest of the graph of y = f(x) for x € [0, 2]. Label any
axes intercepts and endpoints with coordinates. (3 marks)

4

N

2+

(2w, -2)
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Section G: Extension Exam 2 (15 Marks)

INSTRUCTION:
» Regular: Skip

» Extension: 15 Marks. 2 Minutes Reading. 18 Minutes Writing.

Question 20 (15 marks)

S
Time

The height of the tip of a minute hand of a clock on the wall is modelled by the following equation:
m(t) = 2.3 + 0.4 sin (E - 1201Tt)
6

where m(t) is the height t hours after a certain moment.

a. How far above the ground in the centre of the clock? (1 mark)

4 The centre of the circular motion is the vertical translation, which is:

7 23m [1A]
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b. How long does it take for the minute hand to go around the clock once? (1 mark)

2m 1 R
150= — 60 hours = 1 minute [IA]

Period =

i.  What was the initial height of the minute hand? (1 mark)

m(0) = 2.3 + 0.4sin (;I

1
) =23404-5=23+02=25m [14]
.

ii. Determine the initial trajectory. That is, is the minute hand moving down or up? (1 mark)

— Since the sine function has a negative coefficient for ¢, the graph is decreasing initially. |—

Down [1A] |

iii. After how many seconds is the minute hand first at the same height that it started at? (2 marks)

|
Solve m(t) = 2.5 = t = — of an hour [1M]

90
1 2
— x 60 = = minute = 40 seconds. [1A]
90 3

iv. Hence, determine the digit that the minute hand was pointing to when t = 0. (1 mark)

2 [1A]
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d. For what fraction of the time is the minute hand above 2.5 m. (1 mark)

At 2.5m when the minute hand is at 2pm.

Above 2.5 when hand is between 10 and 2. Thus above for

3

1
=3 of the time [1A]

e. The height of the tip of the hour hand can be modelled by the following:
h(t) = 23+ 0.15sin (% — at)
6

where h(t) is the height t hours after a certain moment.

i.  What is the length of the hour hand? (1 mark)

The amplitude gives the length:

0.15m [1A]

ii. Find the value of a. (1 mark)

Hour hand completes one cycle every 12 hours, so:

o g
~Z I 1A

“T 12 %
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f.  On the set of axes below, draw one period of h(t). Label all turning points and endpoints. (3 marks)

A (10, 2.45)

2351 (12, 2.3%5)

23+

225¢

22t

2154

(4, 2.15)

21 ¢

2051

1 2 3 4 35 e # B8 9 10 11 12

1M shape, 1M endpoints, 1M turning points.

g. Find the height H metres, such that the hour hand of the clock is above this value exactly 1 hour over a full
cycle. Give your answer correct to three decimal places. (2 marks)

4<

By symmetry the clock is highest from 11: 30 AM to 12: 30 PM. (1M)

Our clock starts at 2 PM when t = 0.

So, our desired height will be h(9.5) = h(10.5) = 2.445. (1A)
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