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Section A: Recap

a
Radians and Degrees Definition
(180)0
1€ = (—
T
T C
1° = (—
(180)
180° = «t€
a
Unit Circle Definition

» The unit circle is simply a circle of radius 1.
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\w,

M

=y 0 nr\gh/ Facts her 10 >
T c
-1.0
¥
sin(@) =y
cos(f) = x

tan(@) = gradient

MM12 [0.16] - Circular Function | - Workshop Solutions ‘ 2




G-OONTOURE DUCATION VCE Methods % Questions? Message +61 440 138 726
a

Period of a Trigonometric Function

Definition

[
period of sin(nx) and cos(nx) functions = —
- . T

period of tan(nx) functions = -

>

wheren = coefficient of xand n > 0

Pythagorean Identities

| Ny
— x

% 1 1 1
\L\xaz_,gﬁ’ 06 08 10
[+ 1%

sin?(0) + cos?(0) = 1

» (Can be used for finding one trigonometry function by using the other.
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The Exact Values Table

x 0 (0°) T 309 T (459 T 60% T 90
6 4 3 2
sin(x) 0 % \/75 ? 1
cos(x) 1 ? g % 0
tan(x) 0 % 1 e Undefined

Supplementary Relationships

Definition

(cos(T1-0), foin(T1-6))

(ws(ﬂ-i-e), sin(ﬂ+e)) . A sin(—-e))

A 4

» Simply look at the quadrant to find the correct sign.

& Second Quadrant ( — 0)
cos(m — 0) = — cos (0)
sin(mr — 0) = + sin(0)

tan(mr — 0) = — tan(0)
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@ Third Quadrant (z + 6)
cos(m + 0) = — cos (0)
sin(rt + 0) = — sin (0)
tan(m + 0) = + tan(0)
@ Fourth Quadrant (—6)
cos(—0) = + cos (0)
sin(—0) = — sin (0)

tan(—60) = — tan(0)

Complementary Relationships

» Consider the quadrant for signs.

G First Quadrant (g - 9)

cos (E — 0) = +sin(0)

2
sin (g — 9) = +cos(0)
1
tan(g— 0) = +tan(0)

& Second Quadrant (g + 0)

sin (g + 9) = +cos(0)

cos (g + 9) = —sin(0)
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1
tan (g + 0) = _—tan(B)

& Third Quadrant (37" - 0)

2
¢ (37r 0) _ 1
an 2 tan(0)

& Fourth Quadrant (37" + 0)
(3
sin (7 + 0) = —cos(0)
3 ]
cos (7 + 9) = +sin(0)

an (3T 6) = -
a2 ~ tan(0)

» Steps:
2’ 2

1. Note complementary relationship by identifying a vertical angle (E 3”).

2. Equate to the opposite trigonometric function cos /sin / tanl(e).

3. Determine the sign (1) by considering the quadrant.
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Supplementary v/s Complementar

Supplementary: trig(Horizontal Angle + )

Complementary: trig(Vertical Angle + 9)

Definition

Particular Solutions

» Steps:

2. Find the necessary angle for one period.

» Solving trigonometric equations for finite solutions.

1. Make the trigonometric function the subject.

3. Solve for x by equating the necessary angles to the inside of the trigonometric functions.

4. Add and subtract the period to find all other solutions in the domain.

Definition
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Section B: Warm Up (13 Marks)

INSTRUCTION:
» Regular: 13 Marks. 13 Minutes Writing.

» Extension: Skip.

Question 1 (7 marks)

a. Find (%")C in degrees. (1 mark)

135°
b. Find 150° in radians. (1 mark)
5
6
c. Determine the period of sin(3x). (1 mark)
21
3
d. Determine the period of tan (%) (1 mark)
3
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e. Evaluate sin (37”) (1 mark)

-1

s

f. Evaluate cos (— g)- (1 mark)

V3

2

g. Evaluate tan (%") (1 mark)

-1

Space for Personal Notes

MM12 [0.16] - Circular Function | - Workshop Solutions ‘ 9




G-lo NTOUREDUCATION VCE Methods ¥ Questions? Message +61 440 138 726

Question 2 (6 marks)
Given that sin(x) = % and % < x < m, find:

a. cos(x). (2 marks)

12
13

b. tan(x). (1 mark)

12

C. cos (x + g) (1 mark)

13

d. sin (27 — x). (1 mark)

13
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e. tan (g + x). (1 mark)
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INSTRUCTION:

» Regular: 17 Marks. 5 Minutes Reading. 25 Minutes Writing.

» Extension: 17 Marks. 5 Minutes Reading. 17 Minutes Writing.

Question 3 (5 marks)

a. What value(s) can cos(x) take given that sin(x) =

%’? (3 marks)

@2

So cos(x) = +-.
5

Pythagorean identity: sin®(x) + cos®(x) = 1. (1M)

SN . .
Thus (;) + cos?(z) = 1 = cos’(z) = T (IM)
5] 1)

16

b. Hence, find the possible value(s) of tan(x). (2 marks)

sin(

x) 3/5

tan(r) =

cos(x)  +4/5
3
Thus tan(x) = +-—.

|
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Question 4 (2 marks)

Given that the period of the function tan(n?x) is 2. Find the value(s) of n.

Period is 2 =0 1 = 2. (1IM)
2 )
. m 'rT 2 T
Thus n? = — = n =+ .I"Z =4 T. (1A)
2 V2 2 -
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Question 5 (7 marks)

Given that sin(e@) = m, and cos(B) = 0.2.

a. Find the value of cos (% — a). (2 marks)

[

w . : . . .
COS (— — (}:‘) = sin(a) = m. (1M for m in answer, 1M correct sign)

b. Find the value of sin (3?” - ﬂ). (2 marks)

In
sin (?T - ﬁ) = —cos(3) = —0.2. (IM lor 0.2 in answer, 1M [or correct sign)

c. Find the value(s) of tan(a). (3 marks)

T

v1— m2

Thus tan{a) = +

By Pythagorean identity we have cos(a) = £v/1 — m2. (1M)
. (1M, correct fraction, 1A also include the 4).

Space for Personal Notes
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Question 6 (3 marks)
Consider the functions:
f(x) = sin(nx) and g(x) = cos(nx)

For what integer value of n will f(x) = g(x) have exactly 6 solutions for, x € [0, 2rr]? Justify your answer.

Interseet il sin(nx) = cos(nr) — tan(nx) = 1. (1M)

—— tan(nx) has period I (1M) —
Exactly 6 H{Jllll-l‘t}ll.‘-i :11;1 [0, 27|, 2 solutions per period so three [ull periods.
Thus period = ‘_;T Son =3, (1A)
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Section D: Tech Active Exam Skills

CAS

Calculator Commands: Solving Trigonometric Functions

» T » Casio » Mathematica
& solve(trig(..) = a,x) | & solve(trig(..) = a,x) | & Solve[trig[] == a &&
domain restriction domain restriction domain restriction, x]
& | is under control equal. & | is under maths 3.
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Section E: Exam 2 Questions (26 Marks)

INSTRUCTION:

» Regular: 26 Marks. 5 Minutes Reading. 35 Minutes Writing.

» Extension: 26 Marks. 5 Minutes Reading. 26 Minutes Writing.

Question 7 (1 mark)

% radians in degrees is given by:
A. 30°

B. 90°

C. 15°

D. 60°

Question 8 (1 mark)
For what values of k will sin(x + k) = sin(x)?

A. 2nm,n€Z

Space for Personal Notes
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Question 9 (1 mark)

Given that sin(a) = %and cos(B) = % with a € (O, g) and g € (37” Zn). Evaluvate,

sin(f)
cos(a)
A =
15
B -2
13
c. 2
25
D. -2

39

Question 10 (1 mark)

What are the coordinates of the unit circle in terms of x?
A. (x, m)

B. (x,£V1—x2)

C. (m x)

D. (\/1—x2,—\/1—x2)

Space for Personal Notes
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Question 11 (1 mark)

The following equation has no real solutions:

5
sin(n?x) = =

0<x<2m

Which of the following is the best explanation for why this is the case?

A. We are not given the value of n.

B. There are real solutions but they are not in the domain x € (0, 2m).

C. The range of the sine function is [—1, 1] but %g > 1.

D. % is inside the domain x € (0, 2m).

Question 12 (1 mark)
What is the range of y = tan(x)?
A. R

B. R*

Question 13 (1 mark)

Solve the following equation for the given domain:

V3tan (x — g) =1,

Wy

D. —

x €[0,m]
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Question 14 (1 mark)
Why does tan(x) have a period of 7?
A. Itis asymptotic.

B. Its values repeat every r radians.

Q)

cos(x) and sin(x) has a period of 7.

D. Its period is not .

Question 15 (1 mark)

Which of the following equations is true?
A. sin (g - x) = —cos(x)
B. sin (3771 — x) = cos(x)
C. cos (% + x) = —sin(x)
(

D. cos(=+ x) = sin(x)

1.

Question 16 (1 mark)

How many x-intercepts will sin(nx) have over (0, nm]?

A —n

Space for Personal Notes
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Question 17 (6 marks)

Consider the following unit circle:

14 0.5
7
1
]
]
A - -0/5 0
13
\
\
A -05
N
AN
S

a. If the line makes an angle of, 8, with the y-axis. Express the coordinates of the unit circle in terms of 6.

(2 marks)

. . T . .
| Makes an angle 6 with the y-axis. Thus makes angle 5~ # with the x-axis.|

COS(% — 9) = sin(#) and sin(g - 9) = cos(#). (1M)
Thus coordinates are (sin(), cos(f)). (1A)

b. Find the coordinates in terms of y, for x > 0. (2 marks)

Thus (v/1 —92,y). (1A)

y = cos(0) and sin(0) = /1 — cos?(0) = /1 — y2. (1M)

MM12 [0.16] - Circular Function | - Workshop Solutions
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c. Express tan(0) in terms of y, for x > 0. (2 marks)

sin(#) |
tan(f) = . (1M
wn(f) cos(0) (1M)
VI
Thus, tan(f) = v-—J (1A)
Y
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Question 18 (10 marks)

The height of a point on the pump of an oil rig relative to the ground can be modelled using the following
function:

f(t) = 2sin(t) =2, fort > 0
where y = 0 is the ground level and t is measured in seconds.

a. How long does it take for the point to first return to its starting height? (1 mark)

| It takes 7 seconds for the point to first return to its starting height. (1A) |

b. What is the maximum, and minimum height of the point? (2 marks)
Hint: sin and cos can only be between —1 and 1.

Max = 2 — /2. (1A)
Min = —2 — /2. (1A)

i. For what values of t € [0,4m], will the point be level with the ground? (3 marks)

We must solve f(t) = 0. —

2
Thus sin(t) = 5 (1M)
37 97 11w

. (1M any correct solution, 1A all four correct solutions).

b=y
474 4 -

= | =
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ii. Hence, state the values of t € [0, 4] for which the point is above the ground level. (2 marks)

We solve f(t) > 0. |
T 3T ( ‘
t e (II Tj) U (I T) (LA correct intervals, 1A correct brackets used.)

d. The height of another point on the pump is modelled by g(t) = sin(t) — /2 instead. Can this point reach the
ground level? Justify. (2 marks)

- The ground is at y = 0. |
The range of sin(t) is [—1, 1], thus the range of g(¢) is [-1 — V2,1 — v/2]. (IM)
—| Thus this point never reaches ground level. (1A) i
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Section F: Extension Exam 1 (9 Marks)

INSTRUCTION:
» Regular: Skip.

» Extension: 9 Marks. 10 Minutes Writing.

Question 19 (9 marks)

Solve the following trigonometric equations, giving all solutions in the given domain.

a. Solve the equation sin(2x) = %for 0 < x < 2m. (2 marks)

1 5
Let 27 = #. Then solve sin(f#) = 3 = = — ; (1M)
G
Then,
T O T
dr=—, — = r=—,—
G 6 12° 12

Also, 2x € [0, 47|, so repeat the angles in that interval:

127 12 0 12

—
Pt

1ldm 17w Jm 1Vw
| — =l P R e
6 6 SRS TR
. T o 13m 17
Solutions: r= — S kil (1A)

b. Solve the equation tan?(x) = 3 for 0 < x < 2. (2 marks)

Take square root:

— 7 2w 4w om
tHn[J;]=:l:v"ﬁ = :r=q_ -

373

1

e

P
.

2m 4dx 5
Solutions: = = CRIEE

[

ke

. (1M at least one correct solution, 1A all correct)
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c. Solve the equation sin(x) = cos(x) for 0 < x < 2m. (2 marks)

=

Divide both sides: tan(xz) =1 == == %

Solutions: =

T oW
T o7 4

Ly

4

(1M, getting tan equation)

d. Solve the equation 2 cos?(x) — 3 cos(x) + 1 = 0 for - < x < m. (3 marks)

Let y = cos(x), then:

Socos(r)=1 = =10

| =

And cos(z) =
— ] T

Solutions: = =), —-3

w8

[

1
U —dy4+1=0 = (2y—1){y—1)=0 = y=3, 1

T T _ .
== r=—— — (1M for two different cos equations)

[

(1A)

(1M)
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Section G: Extension Exam 2 (12 Marks)

INSTRUCTION:
» Regular: Skip.

» Extension: 12 Marks. 15 Minutes Writing.

Question 20 (5 marks)
Consider the following two functions:
g(x) =sin(x) and f(x) = cos(x — k),0 < x <27

a. For what value of k will f(x) have three x-intercepts? For this value of k state the value(s) of x where f(x)
crosses the x-axis. Just provide one possible value for k. (2 marks)

k= % (IM or any k — g + nmw,n € £)
x =0, 2. (1A)
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b. Suppose k € [0, 27]. Provide a value of k for which f(x) = g(x) has:
i. 3 solutions. (1 mark)
k=27 (1A)
=5 (1A,
ii. 2 solutions. (1 mark)
T 37
| k= m. (LA or any k € [0, 27| except for k = ‘—:: TT}
iii. Infinitely many solutions. (1 mark)
k= "_: (1A)

Space for Personal Notes
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Question 21 (7 marks)

The temperature T'(t) in degrees Celsius inside an office at time t hours after midnight is modelled
by:

T(t) = 21 + 3 cos (% (t — 4)),

where 0 < t < 24.

a. State the maximum and minimum temperatures in the office, and the times at which they occur. (2 marks)

The cosine function has range —1 < cos(-) < 1, so:

Minimum: T'(t) = 21 — 3 = 18°C
Maximum: T(f) = 21 + 3 = 24°C

The cosine function reaches a maximum when its argument is 0, so:

m
“(t=4)=0 = t=4
glt=4)

The cosine reaches a minimum when its argument is w, so:

™

si=t)=m = t-4=6 = t=10
]

Now note that the function has two periods and period = 12. So,
Maximum temperature: 24°C at t = 4,16 (4 am, 4pm) (1A)
Minimum temperature: 18°C at ¢ = 10,22 (10 am, 10pm) (1A)

b. Find the exact value of t for which the temperature is first 23°C. What time of day, to the nearest minute, does
this t correspond to? (3 marks)

We solve:

21 + 3cos (%[f - 1}) =23 = cos (%[? - 1]) = % (1M)
3 i :

Now H(}l\-’(.“.

T 2 fi 2
Z(!‘. —A)=xcos™ () = t=4a% Zeos™1 (2
i 3 T 3

B 2
Earliest time: f=4— = cos™! (q) (1A)

]

This is t = 2.3968 so at 2 : 24 am. (1A)
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C.

What fraction of the day is the temperature above 22.5°C? (A day starts at midnight and ends at midnight 24
hours later.) (2 marks)

Solve:

21 + 3 cos E(f —4)] =225 = cos E(! —4)) =
6 6
i i1

m™

F(!—--l]::l:% — t-4=42 = t=2andt=6 (IM)
] .

So temperature is above 22.5°C between £ = 2 and ¢ = 6. Since the period is 12, it
also oceurs between t = 14 and ¢ = 18,

Total duration = (6 — 2) + (18 — 14) = 8 hours

Fraction of the day =

8

1 .
51-3 (A
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